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ABETRACT

The effect of viscosity on quasi-geostrophic motions in stratified
fluid systems is investigated both for simple laboratory models and cir-
cularly symmetric ocean currents.

It is shown that the motion consists of both a barotroric and a
baroclinic mode. For the barotropic mode viscosity enters the system pri-
marily through convergence in the Ekman boundary layer. The convergence
in this boundary layer causes the barotroric disturbance to decay with a
spin-down time Lroportional to t= \f“" o where H i{s the depth of the
fluid, ) 1s the kineatic viscosity coefficient and Slo is the basic ro-
tation rate. The baroclinic mode is unaffoctied by the Ekman friction ef-
fect and its characteristic decay time is the much greater internal diffu-~
sion time scale,t= .EL- o

The first pltt of this pajer discusses the transient spin-up re-
sulting when a rotating cylinder containing a stably stratified fluid sye-
tem has its rotation rate impulsively changsd at t = 0, The spin~up time
and the quasi-stealy velocity in the haroclinic mode are shown to be func-
tions of the internal rotational Froude number, Experiments with salt so-
lutions, both continuously stratified and two-layer, are shown to be in good
sgreement with the theory. Experiments with two-layer immiscible fluid sy s~
tems are discussed and it is shown that Eiman layers forming at the inter-
face between the layers control the upper lnyer spin-up in such cases,

In the seocond part of tho Fajer simple ocean current models are die-
cussed, It is shown that in currents generated by time varying wind stresses
the barotropic amplitude is limited by Ekman friction, so that tbe baroclinic
mode dominates for long period forcing.

The decay of a baroclinic eddy subject to internal viscous diffusion
is studied and it is shown that if heat diffusion is neglected in certain
asymptotic cases the eddy will diffuse horizontally but retain its initial
vertical structure,
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Finally, the @ effect is included and certain special solutions
are obtained which indicate that both and friction enhance the baroclinie

mode for long reriod forcing,

Thesis Supervisor: Jule G, Charney
Title: rrofessor of Meteorology
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Chapter 1

Introdaction and Summary
"It is more imjortant to have beauty in one’s

equations than to have them fit exjeriment”
- FoAM, Dirsc

The unique character of the viscous boundary layer established in
8 rotating fluid system when a geostrophically balanced current flows above
a rigid boundary has been recognized for many years., The Swedish Oceano-
grapher Ekman (1905) derived the mathematical form of the velocity profile
in such a layer, now known as the Ekman spiral, However, the Ekman boundary
layer effects have not generally been included in analytic studies of atmo-
spheric and oceanic motions. Charney and Eliassen (1949) showed that the
entire effect of friction in the LCkman layer could be represented by a con~
dition on the vertical velocity at the top of this layer, The present work
makes use of this fact in an effort to evaluate the role of Ekman layers in
determining the response of the oceans to wind stresses.

A complete theory of the general circulation of the atmosprhere must
take account of the interaction of the ocean with the atmosrhere at the sca
surface., The wind stresses acting on the ocsan ganerate currents, and these
current may change the heating distribution over the oceans, causing noniinear
feedback to the atmospheric driving system, It is obvious that if we hore
to study this complex interaction process successfully we must first under—

stand the response of the oceans to variable wind stresses, This problem

has been treated analytically by Rossby (1938), Charney (1853) and Veronis
Stommel (1936). In these studies it was concluded that the ocean responds

baFotropically, provided that the forcing frequency 48 less than the order
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of one year, Thet is, the currents generated reach all the way to the bottom,
Veronis and Stommel, by including the latitudinal variation of the Coriolis
raraneter, were &ble to show that for very long periods the response is baro-
clinic, and the motion is confined primerily to the layer above the thermo-
cline., They also found a strong dspendence on the sratial scale, such that
for horizontal scales less tﬁan 100 km, the baroclinic mode predominates even
for reriods &s short as several days, whereas cyclonic scale motions (~1,000 km)
Lroduce a barotroric resionse for periods as great as several months, An im-
rortant question is then: why don®t atmospheric storms rroduce strong baro-
tropic conponents in the observed ocean currents?

In none of the previous studies of this problem has bottom friction
been specifically included in the analytic formulation. Thus, one purpose
of this paper is to examine the role of bottom friction in maintaining the
baroclinicity of the oceans,

In chepter 2 we briefly review Rossby’s ideas on the diffusion of
currents in & homogeneous fluid. The equations of motion are non~dimension-
alized, and it in shown that Rossby’s fourth order diffusion equation is
actually the asymptotic equation appropriate for a two-layer model in which
the bottom layer is infinitely deep and motionless. In most ordinary labore-
tory and ocean Bodels, Lovever, Elman botton friction dominstes and Rossby‘s
solution is inapvoropriate,

Chapter 3 is dewoted to a discussion of the transient motion which
resulis when a cylindrical vessel containing @ stratified fluid in steady
state rotation has its rotation rate impulsively chenged. This so called

spin-up problem was studied for a hosiozeneous fiuid by Greenmspan and Howard
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{1063}, Their problem is closely ri’ated to the generation of oceszn currents
by wind stresses, because in both cases the interior £luid i8 forced by the
vertical flux of mess out of an Eiman boundary lﬁyer; Furthermore, the mathe-
matical solutions for the spin-up problem have the distinct advantage of being
verifiable by simple laboratory experiments, The theory indicates that in a
stratified fluid the Ekman layer convergence spins the fluid up to 2 quasi~
steady state which is not solid body rotation, It is, rather, a geostrophi-
cally balanced flow in which horizontal density gradients create a vertical
shear in the angular velocity, This quasi-steady velocity is equal to the angu-
lar velocity of the cylinder at the top of the Ekman boundary layer, but de-
creases exponentially away from the boundary., The exjponential decrease is yro-
portional to the inverse square root of the parameter € , where € may be
called the internal rotational Froude number:
€= --%——“: L
q3f H
P

Here € 1is the basic rotation rate of the cylinder, L and H are the radius
and depth respectively, g is the gravitational acceleration and f%ﬁ is the
fractional density difference between the fluid at the bottom and top of the
cylinder. € may be regarded as a measure of the ratio of the rotational force
to the static stability force. Similarly, the spin-up time, which is less
than that for a homogeneous fluid, 18 a function of € such that as € decreascs
the spin-up time also decreases,

Chapter 4 extends the spin-up rroblem discussion to two-layer labore-
tory systems. It is shown that two fundamentally different two~=layer models

are possible. The first, composed of tmmiscible fluids, has a zero order
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dengity discontinuity at the interfacas, In this case Ekman layer viscosity

is a first order effect at the interface &nd the top layexr srins-up to solid
body rotetion in & small multiple of the spin-up time for a homogeneous fluid,.
An instance of the seccnd type of tvo-layer nmodel is & fresh water top layer
and salt water bottom layer, Here the density discontinuity is destroyed by
diffusion and a boundary layer develors in which the density chenges contin-
uously from its value in the top layer to its value in the bottom layer. It
turns out that Ekman friction at the interface 18 a second order effect in
thie cage and the srin=up process is closely analogous to that for the contin-
uously stratified model. The bottom layer, forced by the rigid bottom boun=
dary, spins~up to mo0lid body rotation. But the top layer, which has a fres
surtface, is not forced directly by friction but responds conly to the pressure
field induced by curvature of the interface. Thus, in the gquasi-stcady state
there is shear betuween tha top and bottom layers. Only on the much longer
diffusion time scale will the top layer apyroach solid body rotation at the
new rotation rate.

In Chapter 5§ a simple experimental procedure for confirming the spin-
up theory of the rrevious two chapters is described. Results of experiments
for both two-layer and continuously stratified fluids are displayed. Dis~
cussion of the rroblems presented by possible baroclinic instability and mixing
at the vertical boundaries is relegated to the aprendices,

The remaining chapters are devoted to applying the results of the
spin-up theory to simplified models of the real oceans, In the sixth chapter
it 32 shown that if & wind stress acts on the ocsan for & finite time both
baroclinic and barotropic currents are genersted, but the barotroric mode dg~

cay®s on the spin-up time scale, leaving a guasi-steady bsroclinic current
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whose amplitude is dependent on the frequency and scale of the forcing.
In the seventh chapter the evolution of such a barorlinic vortex
is studied. The theoretical development must be carried tothe next higher
order to include viscosity effects in the interior. The resulting solution
indicates that in the absence of heat diffusion the current decays slowly
through horizontal spreading due to both the meridional circulation and
horizontal eddy diffusion, with very little change in its vertical structure.
Finally, in the efyiith chapter the rols of latitudinal variation of
the Coriolis jaremeter (the m calledié‘-effect) is discussed. Solutions
are obtained for eimple Rarmonic traveling disturbances, It is shown that
increases the baroclinicity of the response for low frequency driving

forces, and that kuvttom friction enhances this effect.



Chapter 2

Transient Fiow in A Homogeneg Incompressible Fluid

Co.Go Rossby (1937} was the first worker to study in some deteil the
frictional dacay of yeostrophically baslanced currents, In the first of his
p8pers on the adjustnent of large scale flow to the Coriolan pressure field
he heuristically obtained an equation which he believed to govern the diffu;
sion of momentum for a zonally uniform current in a homozeneous, incompressible
fluid on an infinite rotating plane.

In the rresent chapter, &g an introduction to the methods of analysis
which will later be aprlied to stratified fluids, we reaxamine the problem
treated by Rossby with the addition of frictional effects at the bottom boun-
dary. It is advantageous to express the govarning equations in nondimensionsal
form to clearly exhibit the conditicns under which Rossby's solution is valid,

The esquations of horizontsl momentum for a fludd bn an infinte rota-

ting plane may ba written

* T - 2
AU Ut LRI L wrAW _fur e =L 2P LW y VW o
v T e T S T S5 ~W= g A
VT L\ AV L VY L v o * »
TL ;—;r*"‘g)-}!, WSS +fu ""‘é-*é-s-, *)),%.‘_’*, *J),,V*zv* (2.2)

where £ is the Coriolis parameter, u* and v* are the velocity components in

the x’ and y* directions respactively, p’ is the pressure, P! is the con-

stant density, ‘Va and M, are viscosity coefficients for vertical and hori-

+ v s
zontal stresees respectively, and V* is the horizontal Laplacian ?—;.‘ “%—;z a
1f we were modellinz the ocesns M, and VH viould be eddy stress coefficients

and generally unequal. But for laborstory models with laminar flow V=), Y,

where V' 1s the molecular Xinematic viscoeity coefficient. For the scales of
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motion in which we are interecsted vertical eccelerations are nmegifvible
compEred to the gravitational scceleration, thus the hydrostatic approxi-
mation iz valid:

op* * .
<5 = - (a-3)

To close the system we need the continuity equations

IN* L QuT. Qy* ‘ (2.4)

dx* T ox* dy*
In the sbove equations, as in the rest of this work, dimensional varizbles
are starred. All other variables are nondimensional,

We apsume that the motion is indeypendent of x and let the initisl
current be iit' ::'u(y)o Introducing the sceles U, L and H which represent
typical horizontal velocity, horizontal scale, and vertical scale respe-
tively, we defineg nondimensional variables which are of order unity pro~
vid;d that the motions ars hydrostatic and in approximate geostrophic balance:

w = ol p vé= v U Re W = wlU R {‘-
- .

x = xL | )/*:.-')/L_ . 27 = zH

P""-:P:‘(l“'ﬂceh) where psf = p“%H

H rejpresents the mean free surface heizht of the fluid and h is a

’

J

nondimensional measure of the deviation from that mean, The nondimensional

parameters € and Roare Jefined:

£ A

Ro s the Roéaby number which iz small for seostrophic motions x/‘ and
w" are scaled with Ro because they represent the small diverzent component

T | by,

of the motion, Usinz the additional paremeters $ .‘.%y_& and ‘5:4, Eo="!

L ya . uL
the nondimensional equstions wmay be written as:
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M 4 Rov 3 ay ). — 3 . | 41* .5)
)/( 4+ Rov ‘7‘ +Rows Jl.) Aov = 7(@54: ...}. o /(g 2 (2%
Y+ Rov I¥ aow = __ah Sy ., RSB N

Ro (§% N Q,)-w. 5 +RoR N AL LA (@)
- u @)
3&. Y’
From (2,6) we obtain 2 ( £)
T - 33‘1 o Ro) . -
s+ (

Therefore u i3 independent of Z to O(RE") rrovided that Ry %! which is
the cese for all systems of interest to us. Now, at the bottom boundary u
must be zero and a boundary layer must develop, Charney and Eliassen (1949)
shoved that the frictional dissipation in this Ekman boundary layer may be
1n91uded in the equetions for the interior az z condition on the vartical

velocity at2 = 0, Dinensionally this condition may be expressed as

Yy Ju* Ao .9
We{BE e we= B2 (2-9)

1t equation (2.5) is differentiated by 2 é'; and the non-linear term

which 18 O[Ra) 1s neglected then we obtain the vorticity equation:

2, ()~ 21 - mud, = .

LTI
AtN "

O‘

Substituting from the continuity equation and integrating in Z we get

L. (22 LW —w. Bu — 2.1
where \r! is the vertical velocity at the free surface s&‘h 1 i{‘ o Thus,
d.‘.‘ = 2b _Rev
""a“"" :%% « Now 3t 3t - Ko %., o Then to u\Ro) ‘the velocity

at the top may be written W, == gah . Differentiating the vorticity equation
t



by 3 and substituting from (2.2) forwpme obtain

K E¥e —R 2w = o SV
b‘t( —-eu)+ Hay" -

where &£ = \I:{; R4} messures the strength of Elman friction. The three
parameters ¢ , £ and K, control the nature of the time ewlution of the
field., The followinzs cases are of interest. 1f the fluid is vexry
deep, so that E<<! and Ru/E > | , then horizontal diffusion dominates,
The time cale is set by the value of K3 which may be very small but must
still bulance the % terms for any time dependent motion to exist. The
diffusion i1s of two possible classes depending on the magnitude of € .
1) Por low rotation rates, € << | there will be an aprroximete balence
between the first ani last terms in equation (2,12), This is just the form
of an ordinary diffusion equation and the half width of the current u.(y)
increases as \Fe °
2) For bizh rotation rates, €>> | the balance is between the second and
fourth terms, The resultins equation is a fourth order Jdiffusion-type equa~
tion in which the current half wiith increases as 't‘/" o Therefore rotation
is stabilizing azainst horizontal diffusion, This latter case is the equation
which Rossby studied, Hs nezlected the time derivative in both momentun
equations, retaining only the time rate of change of the free surface height,
His solution is valid then only in the case €>2| . For tyrical currents in
a homogeneous ocean if the hrrizontal scale L= 1,000 kmc €=/ ; and
Rossby‘s results are not valid. Rossby®s result is however spprorriate for
& two layer fluid system in which the bottom layer is very deep. For in

that cagse € involves the reduced gravity (} 3 e » Where AF is the
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-3
density difference between the layers. In two layer ocean models e.\j) % AX{0

so that € = !03

(for [_ =0 km. ).

in a typical laboratory model the scales sre: L. = ‘OZCM °
Hxowm oX¥x2gec! o WX Qemsal Therafcreoe"c. 5 and R,2,6407 .
where welh"ve used the molecular viscosity ccefficient fox; WALETY Y 0 cnttel o
Similerly, in a homogenecus ocean model we chcose scalés tyrical of Gulf
Strear sddies: [_':;o.'w. o Heem , £ x(5" sec! . and U x 10 emsed’
Eddy viscosity values of MYy 'klcscm’sac" end Y, % 125w sec! are typi-
cal of those quoted in the literature (see for example Hill (1962)). Thus,
Ex./ eandRy>.0l . 1Inboth cases E/R, >> | . 8o that bottom
friction completely dominates in the decay process.

To analyze this case it 18 convenient to define new independent vari~

ables S=Et and vlr-'ﬁ Y o Then equation (2,12) mey be written in the form
> T
_g_,( W ~y| + % =0
s

T m (2.13)
1f we try aclutions of the form
u,s) = L [f(ks)e " dk (2.14)
AT -
we f£ind that §(k,S) , the Fourier transform of U , must satisfy the eque-
tion 1
k —
4+ ()€ =0
Hence

$(k,s) = G(k,0) e-Té“‘S (a.15)

where G(Kk,0) 1s the Fourfer transform of the initial condition
-+ Q0 _qun
G(k,0) = [ uin,o)e dn'
-

For the initiel condition we will assume a jet symmetric about y: o with &



Gausaian distribution in '*); o v

W(no) = —— € (2.6

vz A

wshere A is & constant, Ths gourier tranafore of (2,16) {is,
2

G(koo= e 2
Hence, we abtein as an integral expression for u. °
“w AT — K s
A

u(n,s) = -_rif-g e * e "adn dk (2.17)

squation (2,17) may ve numerically inteirated to obtein typical values of

W for various 7 and § . For an initial width A= 2L the evolution

Ya
of W 4in time for verious values of 'rl is plotted in Fizure 2,1, DBscause
n= Ve ¥y increasin: the value of 'l corresonds either to increasiny
the horizontal distance from the orisin or increasinz ¢ /or a ziven Y o
Now € measures the magnitude of the free surfece heivht perturbations, For
large € the chanze in momentum due to Ekman friction is therefore accom~
panied by large nass adjustments due to chanves in the free surface 2zictht,
and & corresponding diffusion of the geostrorhic current, For small
the free surface is essentially level, there is very little meas sdjustment
and the current eimply decays exponentially with very little diffusion. The
latter is essentially the spin-down problem treatei by Greenaspen and Howard
(19.5). The opposite case Rufk >> | o which is apvropriate for the motion
of the tor layer in 2 two layer model with & very deer lower layer, may be

solved in 2 gimilar manner usinz the Fourier transform. The interal ex~-

pression for the velocity is in this casge 4
S°° ~-KA

—_ -l
win,s)= gl e * e cos kn dk (2. 18)

L]

Comparison with equation (2,17) indicatez that the high wave numbers diffuse
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nay eonclude that nost of the energy input for the baroclinic wmode 4s at the
lenz pericds of several months or more. Stommel and Veronis (1854) arrived
at the same conclusicn using & two-layer model, However, in their casz the

Qiaeffect was regponsible for the baroclinic resionee at long periods. The
present analysis sugzesets that it is not necessary to include Q for a quali-
tative explanation of the baroclinicity of the oceans because Ekman layer
friction provided a strong dampinz effect on the barotmopic response, It
also appears that in studies of large scale air-sea interaction the tran-
slent effects of individual synoptic systems can be neglacted, for such stu
tems excite primarily the berotropic mode and due to Ekman dampinz the ocean
hae a short "memory" for this sort of energy inmut,

On the other'haﬂd, climatic variations on the time scale of secveral
months excite the baroclinic molde which decays very slowly onthe internal
diffusion time scale. Hance, the ocean has & long "memory". for baroclinic
energy inputs and therefore feedback to the atmosphere may be significant,

The two-layer model of chajpter 4 may also be used to derive an ex-
pression analozous to (3.€), 1In the two-layer model the wind stress acts
as a body force on the tor layer and Ekman friction acts as a body force on
the bottom layer., 'Uﬁing the ecaling of the present chapter the results for

the two-layer model may be written

VY = [unaal-%) H t )'JB(KV)
b e R R o Rl
'y [ VAe, (e.11)
V= o 6 ()] (k)

where G(t) and H(t) sre defined in (3.9), but the inverse spin-up time
oC is now — (‘.+_€34n,) H/u‘z
ﬁ ( l + G'/k? -‘-el/k?.)
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Chapter ¥

Zhe rveluiion of 8 Berociinic Vortex

in the pvevicus chapier 1t was shown that a wind driven circulation
in 8 stratified cocean oconsiste of a ba:ﬁtrop:lc componeht which decays at
the Ekman layer epin-down rate, and a barocclinic mods which, in the abssznce
of internsl Zriction, is nond-éay!ng, In the rresent chapter we consider
a8 slightly different initiel value problem, At 1= O vwe suppose that a
ciroularly aymmetric vortex exists, with a given vertical mementum distri-~
bution, Wa then wish to determine the time evolution of the vortex. By
analozy to the laboratory spin-up rroblem wé anticipate tbat the vortex
will decsy on the spin-~up time scale until the vorticity at £ = U becomes
zero. The rezaining baroclinic wode must then be dissipatsd on the much
longer diffucion time ecale,

Eddies which develop in the Gulf Stream and cut off as closed vortices
are a possible example of ths mort of free vortices to which this theory

way apply. Tyjpical scales for a Gulf Stream ¢ddy (see ‘smeumeo')) are

L=10" tms, H = 4x105 cms.
‘ X s (r_l‘)

I: "' 20 -
U T 40 emvae Az x40 emved’

The horizontal eddy diffusion is difficult to estimate but 1s probably in

the range M e ‘Io,‘i -106 em sed ! o The above estimates lead to typical
values of the nondimcnsionsl paramsters,

As an initial distribution of vorticity we choose & Guussisn distri~

bution in the horizontal end a hyperbolic sine in the vertical

N

~¥

VY = €' sirhQz (7.2)






<) ( T = —W .?,;i(vz-%-%:.. >
5T )\”'fav-'*"""a )= g & % oo

whara the % ~gifect has agaln been neglected,
In a styatified turbulent system such as the ocean thae Yrandtil number

Oz 4s generally a function of depth and is greater then one, According
to Munk and Anderson (1948) O3 X /O in the region above the thermscline,
S8ince the high velocity in Gulf Strean edt;iec is confined quite near ths suyr~
face, at least initially, we shall for the rresent essume that o"'z << l
so that the temperature diffusion terms may be neglected in equation (7.7).
This course has the additional advantage of eliminating the nesd for boundary
conditions on the tempereture fiald,

The boundary conditions for the velocity field are

Vo=V, =W at z=o (rigid bottom)
end

Vo — OV _
%{’%’é"’w”o al 2= (free surtace)

If we sgain expand the equation (7.3) through (7.9) in & perturbation
saeries in 1 we obtain for the interior,

z — BPo o ' '

o = 55 = 3 (7.5)
Vs + |
‘s:_t__' - V:r (V -+ ai")voe ("‘q)

z
aT'I' WI A
3 t 2 =09 (7.41)
4 a(evEyYy _ T
R - (Fa2)
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