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Abstract

For probable values of the lunar electromagnetic proper-
ties, a transverse magnetic surface wave may be propagated
along the solar wind plasma-moon interface in the frequency
range from about one kilohertz to about ten kilohertz. The
horizontal propagation characteristics of this surface wave
as a function of frequency may be used to probe the lunar
electromagnetic properties to a probable maximum depth of

about fifty kilometers.



iii

The electromagnetic fields of idealized dipole sources
located within a few meters of the lunar surface and immersed
in the solar wind plasma are considered. For a vertical elec-
tric dipole, or broadside to a horizontal magnetic dipole, the
surface fields at radial distances greater than about ten kilo-
meters are found to be dominated by the surface wave. These
sources may also excite transverse magnetic wave guide modes
confined between the plasma and a lunar conducting basement.

If a wet model of the moon is adopted, only the surface
wave mode will be present, and it will be sensitive to the
depth of the ice to water transition, expected at about one
kilometer, and to lunar dielectric properties between the
transition depth and the surface. If the moon is dry, a
thermally activated conductive basement is expected at about
one hundred kilometers, and the surface wave will be sensitive
to dielectric properties to a probable maximum depth of about
fifty kilometers. For the dry model, the fields due to the
wave guide modes become important bélow about two kilohertz

for the horizontal magnetic dipole source.
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L. INTRODUCTION

For radio transmission on the earth in the very low fre-
quency band (v3 to 30 kilohertz), the ground and the ionospheric
plasma are effectively good electrical conductors, and the trans-
mitted wave energy is confined to the earth-ionosphere cavity;
The waveguide nature of this propagation has been thoroughly
investigated and has been exploited as a means of probing the
ionosphere.

Studies of the electrical properties of the Apollo lunar
samples, and of similar materials of terrestrial origin under
expected lunar conditions, show that in the frequency range
above about one hundred hertz the outer region of the moon
may be considered as a low loss dielectric. If water is pre-
sent in the subsurface lunar material, a conductive basement
at about one kilometer is expected. If no water is present;
as now seems more probable, a thermally activated conductive
basement at about one hundred kilometers would be expected.

For frequencies .in the range from one kilohertz to the electron

plasma frequency (v28 X 103

hz), the solar wind plasma is con-
sidered to be isotropically in cutoff. On the sunward portion
of the moon, where the solar wind is directly incident upon

the lunar surface, this cutoff frequency region may be exploit-
ed to propagate a transverse magnetic surface wave along the
plasma-dielectric interface. The depth attenuation of such a

sur face wave is frequency dependent, and thus its radial pro-

pagation characteristics are sensitive to possible depth



variations in the lunar electromagnetic properties. In addi-
tion, wave guide modes contained within the plasma-conductive
basement cavity may be excited.

The purpose of this investigation is to examine the exci-
tation and propagation properties of the surface wave and wave
guide modes, and to determine to what extent they may be used

to probe the electromagnetic properties of the lunar interior.



II. TORMULATION AND SOLUTION OF THE DIPOLE EXCITATION PROBLEM

II. A. MODELING OF THE ELECTROMAGNETIC PROPERTIES OF THE LUNAR

INTERIOR AND THE SOLAR WIND PLASMA

The electromagnetic properties of the moon on a horizontal
scale of about one hundred kilometers, and on a slightly great-
er depth scale, are approximated by a horizontally stratified
medium consisting of N electromagnetically linear, isotropic,
homogeneous layers. As shown in Appendix A, for oscillating
fields the electromagnetic properties of each layer are con-
tained in the dimensionless parameters Kmag and %, which are,
respectively, the relative permeability and the complex rela-
tive diclectric constant.

Two major models of lunar depth variation in K are adopt~-
ed. The first is a wet model in which a transition from ice
to water is expected at about one kilometef. The values of
conductivity and dielectric constant are taken from freguency
and temperature measurements performed on watexr contaminated

2 2,3,4
lunar samples and terrestrial samples of similar composition.
The second model assumes the lunar material devoid of all
water and the values adopted for the electromagnetic parameters
are typical of measurements made on uncontaminated lunar sam-

5 3,6
ples and dry geologic samples. The dry model is expected to

have a thermally activated conductive basement at about one

!
hundred kilometers.



The electromagnetic propagation properties of the solar
wind plasma at the earth's orbig are adaquately described
above a few hertz by the tensor form of gj obtained in Appendix
A by neglecting collisions and ion motio;. In the limit v>>
electron cyclotron frequency (one hundred hertz), the influence
of the solar wind magnetic field becomes negligable and pro-
pagation becomes isotropic. On the sunward portion of the
moon the solar wind plasma impinges directly upon the lunar
surfacg, and in the frequency range above one kilohertz is

considered as an isotropic half-space overlaying the stratified

model of the moon.

II. B. ELECTROMAGNETIC FIELDS OF OSCILLATING DIPOLES LOCATED
A DISTANCE h ABOVE THE HORIZONTALLY STRATIFIED LUNAR

9
MODEL

In a homogeneous region in which the source of the electro-
magnetic fields lies exterior to the region, the Maxwell équa-
tions III.A.15 to 18 may be used to resolve the oscillating
fields into two partial field?, the one derived from the oscil-

lating cartesian electric Hertz vector II:

T v
(3 W ‘Y =
(v * = K"‘“aK) A II.B.1

where

IT.B.2

ti = 103€,§: ‘7‘AWI.



T
W w
= UV o+ = K 1)
E '\_’_T cr '“Mg\’( - II.B,3
and the other derived from the oscillating cartesian magnetic

Hertz vector Ef:

- IIoBa4

where
Y (A)-L - %
H= vov- T + = K W
— — c’® "““3 w -— II.B.5
IJI.B.6

E = —Lw/uo VAT

If the entire source of the electromagnetic fields in a
region is due to dipole oscillators activated by external power
sources, in this region equations II.B.1l and II.B.4 are replac-

|
ed by the inhomogeneous Helmholtz equationsO

(V? + 0-2; ng \TQT_\: = = —e% II.B.7
and
(Vz + %; Kmo.% Rj TI* =- M I1.B.8

where Eo and Mo are the prescribed electric and magnetic polar-
izations. In terms of the prescribed current distribution Qo’

we may write II.B.7 as:

1A

T
Vz * (A__)_; KN \t,<> W = - V)
( P’ 3 0 .L(‘OE‘—QK II.B.9



As the source of electric polarization we consider a line
of length Al carrying the current €I with time dependence exp(iwt).
As the source of magnetic polarization we take a circular loop
of area Aa with positive normal &, carrying the current I, again
with the time dependence exp(iwt). Under the assumption that
the source dimensions are small compared to a wavelength, the
amplitudes of the currents may be assumed constant. Under the
further approximation that the source dimensions may be consid-
ered infinitesimal, we may write for the oscillating electric
dipole:

~
J;° ) 3 lag § () II.B.10

and for the oscillating magnetic dipoles:

Vﬂo = %1 Ao g(\'\ II.B.11

where §(r) is the Dirac delta function and the sources are
located at r = o, on the z axis at a height h above the strat-

ified lunar model (Figure 1).

We first consider the electric dipole source II.B.10 with
€ = 2. The primary fields in the upper region may then be
written in terms of an electric type Hertz vector with only a

z component:

-

WiLe W

TF - lag o exp (~ik,r) II.B.12
0’1 H \ gl
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Figure 1. Coordinate system for treating dipole sources a
height h above a horizontally layered lunar model

FIGURE 1



where

r=lc s (W) 1°

T
2 w W
s T Ko K,

The secondary fields in each layer may then be expressed in

and

terms of an electric Hertz vector with only a z component

which must satisfy the homogeneous Helmholtz equation:

2 S
(vz N }eh) W“v‘ =0 n= 04\, N

In the upper region we may combine II.B.12 and II.B.1l3 and

IT.B.13

write the total electric Hertz vector as:

? S
Woe = Mo « T I1.B.14

°y
where
2
(v" * J«J M, =0
II.BQlS
except at the source. 1In cylindrical coordinates we may write
the solutions of II.B.13 and II.B.15 in terms of linear combina-

tions of

exp(rik,,z) H,( *.0)
exp (t Lk, 2) H ( J?z(,\ﬂ

II.B.16

where Hi and Hg are the Hankel functions of the first and second
kind, k2 = k2 + k2 and k and k are defined in the fourth
n P n,z n, p

quadrant of the complex plane. The solutions involving

1

H (kpp) may be rejected as they represent incoming waves at

infinity. The general solution for Hn , Mmay then be written:

14



T\‘g [ exp i S ?) + by ep (o) Wl ddep

Writing II.B.l1l2 as:

vi&””WMWuEMME@Mk
TMee = g« we, X<, il ¢
' v (}21 X, 3 II.B.18

the solution in the upper region may then be written:

b)%__\z_g exp(—t}co%\@e\\w \) ex?( i’uz(i‘ \'\\)]H J}arp\ﬂc A,Qc
< szg :) (}21 jk‘ IT.B.19
where

T 08
Hw iwe, K,
The boundary conditions requiring continuity of tangential E

Q, =

and H at the interfaces are obtained from II.B.2 and 3. 1In

terms of the electric Hertz vector, they require that at the

th

interface between the n and (n—l)st media:

dMae _ DWWz
N Dz II.B.20

and

A\

\ ¥
Ko The = Koo The 11.5.21

Substitution of II.B.17 and II1.B.1l9 into II.B.20 and II.B.21
leads to 2(N-1l) equations for the 2(N-1) unknown coefficients,
and the solution is obtained by analogy with the plane wave

solution for parallel incidence of Appendix B.
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In the upper region the fields are obtained, using II.B.2

and 3, from the electric Hertz vector:

Ry @xp (e, () B, (e ) e d e
S0l

'y

-~

IL.B.22
where Ry is the plane wave reflection coefficient for parallel

incidence.

Considering now the magnetic dipole source II.B.11 with
2 = ¢, the fields in the x-z plane will be transverse magnetic

and are determined from a magnetic Hertz vector with only a y

component, H; g which in the plane is symetric with respect
!
to y. In analogy with the verticle electric dipole case, the

solution in the x-z plane for the upper region may be written:

Ru exp(i e s (2R) W (Yeep) e d e,

« Toa[esplikre)
(e~ X2)*

o,;a"' 4w s

L
2

ITI.B.23

where the fields are now determined using II.B.5 and 6.

Considering the source to be the magnetic dipole of II.B.1l
with ¢ = 2, we may write the fields in terms of a magnetic Hertz
vector with only a z component. Proceeding as before, the mag-

netic Hertz vector in the upper region is written:

T *% ) L%[ex\a(-l}z,ﬂ . %__ Ry exp(r }z,’z (z—\\\) H: (}LC (,\ ,er J,,k(_'
) v (g~ 22N
e °

) Hvw
-0Q

II.B.24



where R, is the plane wave reflection cocefficient for perpen-
dicular incidence, and the fields are determined from II.B.5

and 6.

11
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ITI. C. POLES OF THE TRANSVERSE MAGNETIC PLANE WAVE REFLECTION

COEFFICIENT IN SIMPLIFIED CASES

As shown in II.B., the formal solutions of the excitation
problems are cbtained as contour integrals involving either
the parallel or the perpendicular plane wave reflection coef-
ficients, as obtained in Appendix B. To determine the physical
significance of the poles of the reflection coefficients, we
first examine the parallel reflection coefficient for a half
space overlaying a two layer medium in which medium one is a
perfect dielectric of depth hl and medium two is a terminating
half space of infinite conductivity. The condition that the

reflection coefficient for parallel incidence, R , have a pole,

i}

then simplifies to:

s fe, s
SR ‘tonh('t je\ﬁh\ﬂ; II.C.1

eow \<° eqw K‘
where k_ _ = a_ -ib/ with a’ b’ > 0 and k> = k2 _ + k2
n,z n n n, n-— n n,z o
If we choose k_ as positive real with k <k.,, k will be
p p 1 1,z

positive real. 1In the limit that the upper region approaches
infinite conductivity, each term in II.C.l approaches zero,

and the condition for a pole becomes:

~—to, tan(- Q\“\ I1.C.2

c_wK



and is satisfied if

al! h, = mm ‘ m=0,1,...«

| may not excede %Kl . These poles then represent

the transverse magnetic wave guide modes.

where a

If the upper region represents the solar wind plasma in
cutoff, the first term in II.C.l becomes positive imaginary,
and a smaller value of ai’m is required to satisfy each mode
condition. Thus the zero order mode vanishes, and its
disappearance coincides with the emergence of én independent
surface wave solution, for which kp>kl and kl,z = —ibi.

The condition for this surface wave pole is given by:

S, - 22 e (bR =o

Co IT.C.3
This surface wave solution remains when the conducting
basement is removed and the dielectric is allowed to extend
to infinity. !
No surface wave is present in the case of the plane
wave reflection coefficient for perpendicular incidence, R,,

and hence we restrict our further attention to the verticle

electric and horizontal magnetic dipole sources.

13
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II. D. APPROXIMATE EVALUATICONS OF THE ELECTROMAGNETIC FIELDS

ALONG THE LUNAR SURFACE

The integral in II.B.22 and 23 is now evaluated, using
the contour of Figure 2 as R goes to infinity, where the modes
are now considered leaky in order to handle losses in the lunar
models. In the leaky mode approximation, the poles of the plane
wave reflection coefficient for parallel incidence are determined
numerically from III.B.7 by allowing kp to acquire a negative
imaginary part while restricting kp and kn,z to the forth quad-
rant of the complex plane.

In addition to the wave mode poles, the integrand possesses
branch points at the origin and infinity due to the Hankel func-
tion, and at kp = kn. The branch points due to the Hankel func-
tion and to the dielectric layers, for which kn is pure real,
may be connected through infinity in the upper half plane, and
do not affect the integration. The branch points corresponding
to the conducting basement and the cutoff plasma are charac-
terized by kn having a large imaginary part. These branch
points are connected through infinity as shown for kp = % ko
in Figure 2. The contributions to the contour integral from
these branch cut integrations are seen to be heavily damped,
and may be neglected for distances at which the primary fields
become insignificant.

Under these conditions II.B.22 and 23 may be written as

residue sums over the leaky modes, kp j:
14
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II.D.1
Source elevations h, or receiver elevations 2z, on the
order of lunar orbital heights are seen to be impractical
for examining the modes because of the severe mode field

attenuation due to the term exp(ik (z-h)). We therefore

0,z
confine further examination of the fields to sources and re-
ceivers with elevations above the lunar surface on the order
of meters, for which this attenuation is negligible.

In Figure 3 the magnitude of the transverse magnetic
field of the surface wave and of the primary field are plotted
as a function of frequency and radial distance for a vertical
electric dipole source of unit strength ( one ampere meter ),
where the moon is modeled as a dielectric with K=9. It is
seen that for radial distances greater than about ten kilo-
meters, the approximation made in writing the fields as a mode
sum is valid in the frequency range where the surface wave is
present.

The addition of a conducting basement confines the low
frequency surface wave fields, and may introduce wave guide
mode fields. For the wet lunar model, the depth of the base-

ment is too shallow for the wave guide modes to be excited in

the frequency range over which the surface wave is present.

k

]

k. B



17

6 X (0° hz.
o]
l9>1_ |
4 X 103 hz.
©
ol _
7
-
s
= ©
P ©
~ >
e S
o £
-— Q

l 1 | l ] | ] 1 1
10 20 30 40 50 60 70 80 90 100

,O ( KILOMETERS)

Figure 3. Magnitude of the TM fields of a unit vertical
tric dipole. K.=9r h_ = imfinj
electric dip 1 1 ity FIGURE 3



18

For the dry lunar model, the basement depth is greater than the
penetration depth expected for the surface wave above one kilo-
hertz, and thus the surface wave will be confined more than the
wave guide modes.

In Figure 4 a conducting basement is introduced into the
previous example at a depth of one hundred kilometers, and the
surface wave and wave guide mode fields compared at four kilo—'
hertz. The fields due to the wave guide modes are found
negligible above one kilohertz for the vertical electric dipole,
and above two kilohertz for the horizontal magnetic dipole,

compared to the respective surface wave fields.
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II.E DISCUSSION OF RESULTS

From section II.D we expect both major models of the lunar
electromagnetic properties to admit a surface wave solution
between one and ten kilohertz, the fields of which dominate the
surface fields of vertical electric and horizontal magnetic
dipoles located within meters of the lunar surface, at distances
greater than about ten kilometers.

The horizontal propagation characteristics of these surface
waves for varying lunar electromagnetic properties are shown in
Figures 5 through 10. In each case the plasma frequency is
taken as 27 x 103 Hertz.

In Figures 5 and 6, the phase and group velocities of the
surface wave are shown for a dielectric moon, with K a constant
with- depth. The dielectric constant of the lunar material
should be on the order of nine, and thus a surface wave is
expected for frequencies below about ten kilohertz.

In Figure 7, a change in the dielectric constant from K=
nine to twelve is introduced at different depths. This change
is typical of a change in dielectric properties that might be
associated with a change in rock type. It is seen that a
variation of this type is detectable to a maximum probable
depth of about fifty kilometers for frequencies above one
kilohertz.

In figure 8, a basement with a conductivity of 1073
mhos/meter is introduced at different depths, and the associated

attenuation coefficient, Im(kp), is shown in Figure 9. As in
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the case of variations in the dielectric properties, conductive
basements below about fifty kilometers are not probed by the
surface wave above one kilohertz. In Figure 10, the
attenuation coefficient for the wet model is presented for

different values of the basement conductivity.

In addition to variations in the electromagnetic properties
of the moon with depth, the propagation characteristics of the
surface wave are sensitive to variations in the electromagnetic
properties of the solar wind plasma, which may be in time. In
the higher frequency region of the surface wave propagation,
the surface wave propagation is sensitive to the electron density,
as shown in Figure 11. 1In the low frequency region, the
direction and magnitudé of the solar wind magnetic field become
important as wé/w becomes non negligable with respect to unity.
To avoid the complexities in this frequency region, the present

analysis has been restricted to frequencies above one kilohertz.
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IIT. APPENDICES

IIT. A. ELECTROMAGNETIC WAVE PROPAGATION

In rationalized mks units the Maxwell equations for a

macroscopic medium are:

v-R=p IIT.A.1
v-8=0 5 IIT.A.2
B
Z = TII.A.3
YY)
_ 2L IIT.A.4
vall = 3 v 3%

where the field vectors are related by the constituitive rela-

tions:

D=ecEP IIT.A.5
H o= 8//u° -M IIT.A.6
}
In a linear medium IITI.A.5 and III.A.6 become:
D=¢K-E :
- = - ITII.A.7
B = /uo \é‘“"‘&. ‘V_\_ III.A.8

and the Maxwell equations are supplemented by Ohm's law:

J = o.E III.A.9

If in addition to being linear the medium is isotropic,

equations III.A.7, 8, and 9 reduce to:

29



30

= o po— ITITI.A.10
R = /A Kma H IIT.A.11
= ° 4 -

IIT.A.12

J = ot
Under the assumption that the fields are oscillatory with
exp (iwt) time dependence, Ampere's law then becomes:

VAN (G‘+ Lwe, K)E

IIT.A.13
Because of the form of III.A.13 it is convenient to define a

complex relative dielectric constant:

K = K -e,w = K(\—- L Lon S) III.A.14

where tan §is the loss tangent of the medium and represents the
ratio of conduction current to displacement current. The for-
malism of a complex dielectric constant absorbs both the explicit
charge and the current density in the Maxwell equations, which

may now be written:

III.A.15
%A =0 III.A.16
TP ey o
VaE = ~lw K"‘“bH III.A.17
: III.A.18
VaH = Lwe, K E .

For a homogeneous medium we may combine the curl of III.A.
18 with IITI.A.17 to obtain an equation for the magnetic field

vector,
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w?t o
VA<VI\5\ = 'Z; KMA%K \‘\

- s IIT.A.19
which is reduced by III.A.16 to the homogeneous Helmholtz equa-

tion for the cartesian components of the magnetic field vector:

X o
3 w
Vor =3 K K)H = O
( Ct T Treq - III.A.20
Taking the curl of III.A.17 and combining with III.A.18 and III.

A.1l5 we obtain an identical equation for the cartesian field

vector E:

i

2 w?t o )
*r — =
(V c_} Kw«g K\ © III.A.21

If the fields are those of a plane wave in the form:

exp (Lw"c ~'\..1Q_2_-r_}

IIT.A.22
equations III.A.20 and III.A.21 admit the solution
Jt s de e s 8, ¥ |

= AR = 7 KWQK ITI.A.23

If the linear, isotropic, homogeneous medium under consid-
eration is a temperate plasma in which the collision frequency
of momentum transfer for electrons and the ion motion may be
neglected, the electron equation of motion may be solved for
exp(ipt) fields to yield the complex relative dielectric con-

stant

xc¢
]
i

15,

IIT.A.24



where w = ete is the one dimensional free oscillation

€ m
O e

frequency of the electron component of the plasma and dgr Mg

e
and n, are respectively the electron charge, mass, and number
density.

If the plasma medium is in a magnetostatic field the pro-
pagation is anisotropic and the tensor forms of the relative
dielectric constant and the conductivity are maintained through
use of equations III.A.7 and III.A.9. Proceeding as in the
isotropic case, the complex relative dielectric constant is
defined as:

‘g

|\ - =
—
s

e, w

Iox¢
Y

ITII,A.25

where 1 is the unity matrix. For plane waves of the form III.

A.22, equation III.A,21 is replaced by:

'~

,9_;,\()3,\‘:5».&& E(_—'E__=o TIT.A.26

Cl

Again neglecting ion motion and the electron collision

frequency, the tensor complex relative dielectric constant be-

1
comes in cartesian form:

(Ve
)~ @ R
W (- L wt (- W ©
\Y « w
K= L (@ III.A,27
— H — T
G- W - 5L
o o |- @
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where mc =}qe—) and B = B2.

W
- <
In the limit 59 < l’the tensor III. A. 27 may be replaced

by the scalar III.A.24, thereby making the propagation isotropic.

III. B. REFLECTION OF PLANE WAVES FROM A HORIZONTALLY
STRATIFIED MEDIUM CONSISTING OF N ELECTROMAGNETICALLY

9
LINEAR, ISOTROPIC, HOMOGENEOUS LAYERS.

As shown in Appendix A, the electromagnetic properties of
the nth linear, homogeneous, isotropic layer may be character-

ized by the independent parameters On Kn, and K In

n,mag’
addition, if the fields are those of a plane wave, the cartesian

field vectors in the nth layer satisfy the homogeneous Helmholtz

egquation
E
T =
(v"ar}c“)H = 0
-~ ITT.B.1
2
\ v 1
where k2 =Y. XK and X_ = K %
n 2 n" n,mag n n —
c e W

Choosing the coordinate system of Figure 1, we consider
a transverse magnetic plane wave having only a horizontal
magnetic field component to be incident upon the stratified

medium. The incident magnetic field may then be written as

HW3 exp (Lot -t v IIT,B.2
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From symetry, the magnetic field in the nth layer will have
only a y component which will satisfy the scalar homogeneous
Helmholtz equation
(i\?’z + ~Jki W... =0
3 III.B.3
The general solution to III.B.3 may be written as

H“vg = F“ QXP(—LQ’(“’.{%\ + o, exp(k 92“11%)] exp (~L§2xxw

IIT.B.4

where k° = k> _+ k® and k. _ = a’ - ib_ with a’, b’
n X n n n

> 0. Also,
n,z n,z n -

since the incident wave is infinite in extent, kX is pure real.
The boundary conditions on the fields at the interfaces require

the continuity of tangential E and H. In terms of the magnetic
th

field the conditions at the interface between the n and
(n-—l)St layers may be written as:
L III.B.5
and from III.A.18 ;
B H“’AA \ - = B\-\“—\\Aa \ ey
S = twe W S = twe, Naa III.B.6
From III.B.2, a0 = Ho and the assumption that the terminating

’

layer N is semi-infinite requires by = o. Substitution of III.
B.4 into III.B.5 and III.B.6 then yields 2(N-1) equations for

the 2(N-1) unknown coefficients in terms of the known coefficient

a,. The solution obtained using transmission line theory is:
R = == . %, 11.B.7
\\ - bo hand I Iu .

S. * “Z.
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where

2,\“ * S\\ _ho‘“\f\ ((‘ '&2“1%\’\'\3
Sh =+ Z\_m tom\‘\(’\. ,g'zn,%‘n“\

S\'\ n= \."L"-u N"‘\

N

N w= N
and
S = /?2“\1\_) we L, 2,000 N
" c.w K., e

In the above solution, R, is the reflection coefficient for

0
parallel incidence and Zq is the surface impedance.

If we now consider a transverse electric plane wave with
only a horizontal electric field to be incident upon the strat-
ified half space, we may proceed by analogy with the previous

case of parallel incidence, now writing the electric field in

the nth layer as:

E“,,.3= [Om exp(—kkn,;2\+ bn exP (L }z“ﬂ%zi} ex\:(—‘\ }z‘xﬁ III1.B.8

The interface boundary conditions are then written in terms of

the electric field:

= E“""'S III.B.9

E“‘,3

and using III.A.17:
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i

dE,, ( ___\_.__ \ BE‘M’%( \ \
3% Lw)*o K\‘\\m_% S—?‘ '\.(JO/J‘, \<V\~\\mo.%

III.B.10
Equations III.B.8, 9, and 10 may be transformed to eqguations

IT1.B.4,5, and 6 for parallel incidence by making the substitu-
tions:

By = Moy
}*o K\'\,mo.é — e, K, III.B.11

Therefore, by analogy with IITI.B.7, the solution for perpendicular
incidence is:

R - _\_;_0_:_ So_Y\

A

II1.B.12
where
, .
Sn Ym:\ + S“ ‘\:cm\f\ (u &Tn,z\’\v) =2, N=\
Sh * \{vw\ Tanh (-\' 'Qz“ﬂ' \"h
Y, =
4
SN e N
and
y X
S“ - "t "= \,’L’“-N
w}*° K\‘\,M&% .

In analogy with the surface impedance Zl, Yl represents the

surface admittance.
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