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ABSTRACT
Title: Noise in Electrode Systems

Author: %William R. Sill

Submitted to the Department of Geology
and Geophysics in April, 1963 in partial
fulfillment of the requirements for the
degree of Master of Sclence at the

Massachusetts Institute of Technology.

Measurements were made of the noise voltage and
impedance on silver-silverchloride, lead, copper,
aluminum and platinum electrodes. The measurements
were made in the frequency range of .02 to .2.0 cps.
Certain of the electrodes (Ag-AgCl and Pb) were found
to have a near inverse frequency (f~') power spectrum.
The frequency dependence of the noise voltage sQuared
for the other electrodes fell in the range, £~' to £ >

The possible noise sources are investigated in
Chapter 4. These sources are; thermal noise, shot noise,
current modulation nolse and nolse caused by fluctuations
in concentration and temperature. It 1s shown that the
shot noise is equivalent to the thermal nolise of the

reaction resistance and that the concentration



fluctuation noise 1is equivalent to the thermal noise of
the warburg impedance. The total thermzl noise
(reaction resistance, warburg impedance and solution
resistance) is well below the level of the observed
noise over most of the freqQuency range. The power
spectrum of this noise 1s proportional to f'%r. As
current modulation mechanism 18 set up which gives rise
to an inverse frequency (f~') spectrum. An investi-
gation of the values of the parameters involved
indicates that this mechanism 1is capable of producing

noise of the observed magnitude.
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CHAPTER I

Introduction

Many types of geophysical techniques utilize electrodes
to measure natural and artificlal electric potentials. In
certain of these investigations the signals measured are
small in comparison to the background nolse and methods of
eliminating and reducing the noise level must be employed.
One source of nolse in these measurements is the spontaneous
fluctuations in potential of the electrodes. The purpose of
this work was to measure the magnitude and the frequency
dependence of these noise levels in various electrodes and to
investigate thelir possible sources.

Measurements of nolse voltage and impedance were made on
silver-silver chloride, copper, lead, aluminum and platinum
electrodes. The measurements were made with a variety of
electrolytes (distilled watter, aqueous Na Cl, aqueous
Cu SO4 ) and in most cases both with and without a small
net D.C. current. The noise voltages for the silver-silver
chloride and lead electrodes were the smallest measured
(<.lLuv). The noise power in these two electrodes exhibits

a dependence on frequency which is of the form ' to £/% .

L]



Copper and platinum have slightly higher noise levels (.1-.5uv)
and aluminum exhibited the largest noise voltages (loo‘pv).
The noise power in these electrodes had a dependence on
frequency of the form f ° to £ . Allowing a net D.C.
current to pass through the system caused little or no
increase in nolse. In most cases no significant increase
was noted until the magnitude of the D.C. current approached
the order of the exchange current.

Spontaneous fluctuations in systems are a common
phenomena. Two familiar examples are the fluctuations in
density of a gas and Brownian motion. PFluctustions and
their effects are readily observable as in the scattering of
light by dgnalty fluctuations. Another common and easily
observed effect is that of the thermal noise voltage produced
in resistors by the random thermally excited motion of
electrons. Any thermodynamic system 1f observed under high
enough resolution will be seen to undergo small, but macro-
scopic, fluctuations. In this work we will investigate the
detalls of these fluctuations.

In light of the above discussion, one possible cause of
electrode nolse is the fluctuations in concentration of the
active lon specles. These fluctuations are analogous to the

fluctuations of density in a gas. The processes involved in



generating noise by this mechanism are investigated and the

spectrum of this type of noise is found to be of the type

f .

»-

Another mechanism investigated 18 one that causes 2
modulstion of the exchange current. This mgchanlsm might
involve the adsorption of an atom or ion that affects the
reaction rate and thus the conductivity. The spectrum of
this noise 13 of the relaxation type but a proper super-
position of spectra of this kind can give rise to a -
spectrum., The importance of this mechanism depends of course,
on the magnitude of the exchange currént.

Noise associated with current flow and with a '
frequency dependence 1s encountered in many electronic devices.
The "Flicker effect" in tubes and "excess nolse" in semi-
conductors are two examples. No really satisfactory explan-
ation has yet been found for this typo of nolse in these
devices,

The thermal noise of the electrode-electrolyte resistance
as well as the "shot noise”" assoclated with the exchange current
are also investigated as noise sources. Both of these
sources of noise have flat spectra for the frequencies of

interest here.



The experimental results of this work show that the
noise power has a strong frequency dependence of the form
£™" where n 1s in the range 1 to 3. As stated previously,
the treatment of concentration fluctuations results in a
f™%  dependence and the thermal and shot noise have flat
spectra. The mechanism involving the modulation of exchange
current can be made to yleld a £~/ spectrum by the super-

position.of elementary spectra and by a proper choice of

limits,



CHAPTAR 1IX

Experimental Study of Electroda Noilse

Experimental Procedure

In preliminary work it was noted that mechanical
motions, surface waves and stirring of thae electrolyte
gave rise to large potentlal fluctuations. In an effort
to avold these effects, the electrode holder and tank
system was maede mechanlcally rigld and the tank could
be fllled to the exclusion of all air. Convection was
inhibited by placing fiberglass in the electrolyte path.
The size of the tank (approximately 1 liter) wae large
enough 80 that no rapid temperature changes could take
place. The electrode geometry wag Tixed by sealling the
electrodes In a luclte holder with epoxy resin.

The electrodes were kept reasonably clean though no
special care was taken in this respect. The lead and
aluminum electrodes were physically cleaned at (irst
but then allowed to oxidize, thereafter “he oxide layer
was not removed. The copper electrodes were polished to
begin with and were occasionally cleaned with zacid. The
sliver-silverchloride electrodes were prepared by ancdice
deposition on silver wire gauze in a .ln HC1 solutlon at a
current density of lma/cm*. The geometries of the electrodes

are as follows:



Area Separation

Ag-Ag C1 3.0 em'® 1.5 em?
Pb 2.7 1.5
Al 2.7 1.65
Pt 3.0 1.5

*Not accurate, probadly larger

The measurements were taken and recorded using a
Keithly (Model 150) D-C microvoltmeter, a Krohn-Hite
low frequency band pass fllter and a Sanborn two channel
recorder. The general measurement technigue used was to
amplify the electrode signals with the D-C amplifler and
then band pass the amplified signal and record 1t on one
channel of the Sanborn recorder. The unfiltered output
of the Keithly amplifier was recorded on the second channel.
In this way a permanent record was made of both the filtered
and unfiltered noise. The measurements were made in four
band passes: (1) .02-.06; (2) .06-.2; (3) .2-.6; (4) .6-2.0 cps.
The impedance measurements were made with a XKrohn-Hite
oscillator (.01-10°cps) and & Tektronix oscilloscope. The
ocgcillator was used to drive a current through a large
resistor in series with the electrodes. The voltage developed

across the electrodes was displayed on the horizontal sweep



of the scope and the driving voltage was displayesd on the
vertical sweep. Measurements made on the ILissajou pattern
developed give the magnitude and the phase angle of the

impedance.



Nolise Data

In the following tables the measured noise voltages
(% peak to peak) are given for the four bands measured.
A11 voltages are in microvolts (10™° volts) and the

current measurement data are given in terms of current

densities ( mpa/om®).



Noise Measurements

Ag~-Ag C1

Distilled VWater

band {cps)
.02- .06 :03-.07T v .05-.10 v .05-.07 pv  .015-.03 uv
06-,20 ,03-.05 »05-,10 +05=- .07 .015-.03
.20-.60 05,07 «05-,10 Ol-.05 .015~.03
.60-2.0 ,05-,10 «05-.10 .03-.05 .015~.02
.0ln NeCl 0.1ln NaCl
.02-,06 ,002-.005 MV +005-.007mv .005-.01 pv
.06-.20 .,002-,010 .002-.005 .005-.010
.20-.60 ,002 ,001-.002 .002~.007
.60-2.0 ,001 .001-.002 .001-.002
Net Current
Distilled Water
I{ua/ed) 0.0 0.53 4.5 28.0
.02~,06 +05-.10 pv .05-.10 uv  .10-.20 v .30-.75 pv
.06-.20 ,03-.05 05-,07 «10-.,15 45~ .60
.20-.60 .03 .05 «05-.07 «20-,30
60-2,0 ,03-.05 .05 .05-.10 «15-.30



Nolse Measurements
Cu

Distilled Water

band (cps)
.02-,06 ‘20"30.FV «50=.TOuv .60-1.0va .30-.6Qﬂv
.06-,20 .10-.15  .20-.30  .50-.60  .15-.20
.20-,60 .08-.12 .05-,08 «15-.30 07
+60-2.0 .07-.10 +05-,06 .05-.06 .07
.Oln Na Cl 0.1n Na Cl
.02-.06 .30-.50 M 10-.40 yv  .15-.25 uv
.06-.20 .40-.50 »10-.30 +10-.15
+20-.60 .,05-.10 07-.15 .02-.10
.60-2.0 .03 .05 .02
.0ln Cu SO,,
.02-.06 +015-.030 .OlO—.O&Qﬂv +015-.022 av ‘015"03Qﬂv
.06-.20 .007-.015 +005~.,010 .015-.020 .008-.015
.20-.60 ,007  .003-.005 ,008-.015 .008
.60-2.0 .003 .002 .007 .007
.0ln Cu S0,

.02-.06,  .010-.015u4y .010-.020 4y

.06-,20 .008-.010 .005~,020

.20-.60 .008 .005-,008

.60-2.0 .005

‘;”'A ’
e



Noise Measurements

Cu

Net Current - Distilled Water
I()ua/cm‘) 0.0 0.43 3.1 7.7
.02-.06 . 40-.TOpv  .60-.80 v 2.0-2.5 4y 5.0-10.0 yy
.06-.,20 .15-.30 .30-,40 1.0-2.0 2.5-3.0
.20-,60 ,05-,10 .15-.20 BCT «3-1.0
.60-2.0 05 .08-.15 «1-.15 Ny 4

40,0 67.0
.Oﬂ-r.QG 20.0-25.0 UV 1500-3000 uy
.06-,20 3.0-6.0 T50-1000
«20-,60 1.5-2.0 300-600
.60-2.0 1.5-2.0 300-400
I(/xa/cm’) 0.0 0.43 3.7 43,0
.02-,06 1-5‘"3-0/\/ 5:0=T5 uy 2.0-—2.5/uv 7-5"10-0/uv
.06-,20 .4- .8 1.0-1.5 1,0-1.5 3.0- 5.0
+20-,60 3= 6 3=+ 5 «5-1.0 3.0- 5.0
60-2,0 ,07- .1 07 .25 1.5-3.0
I( pa/cm*) 0.0 43 3.7 2%.0
.02-.06 .30-.60uy  .20-.60 4y  .30=.60 uv .50-.80 uv
06~.,20 .15-,20 .20-.50 «30-.60 .30-.60
«20-,60 07 07=-.15 «15-.39 «30~ .45
.60-2.0 .07 .07-.15 .15-.30 .30- .45



Noise Measurements
Cu
Net Current - .0ln Na C1
I(pa/bmz) 0.0 0.43 3.7 20.0
+02-.06  .80-1.,50mv .75-1.004y .75-1.004 1.00-1.50.y

.06-.20 +30-.60 «15-.30 +15- .30 +50-1.00

.20-.,60 ,08-.15 15 .15 +25-.50

.60-2.0 .08 .10 .15 .20
O.1ln Na C1

I(pa/cm®) 0.0 0.43 3.7

‘02«- uOé -60" 075/4\1 075‘1000,“\/ w?ﬁ‘l-ﬁoﬂv
.06~.20 ¢30“ .40 030""t60 130"'“5

220~ .60 15 .15 .15

060"2 .0 vc? oG? alo
.0ln Cu 804

I(}.ta/cm’) 0.0 0.43 3.7

.02~ .06 +015-.030, .015-.030,y «030-.050 4y
'06" » ?20 .008"’ 1015" 000?“' 0015 1020" ¢35

-20"60 0008 .008 .008- ¢°15

o60"2 00 0007 -007 :008
0.1n Cu 304

I(pa/em*) 0.0 0.43 3.7

:02-.06  010-,020,y .008-.015 4, .030-.060 4v
.06-.20 ,005-.020 .008-.015 .015-.030
.20-.60 .005-.008 ,008-.015 .007-.015
.60-2.0 005 005 .005



.02-.06 .05~.10)w .05~.1va '05"°8MV

.06-.20 +05-.07 .03-.05 .03-,04

.20-,60 .03-.07 .03 .02

.60-2,0 .03-.07 .03 025~ .03

+0ln Na C1 O0.1n Na Cl

.02-.06  .30-.60 W .30-.45v  .30-.H5 4y .30-.45 uy

.06-,20 «30-.45 .30~ .45 +20-,30 «15-.30

.20-.60 ,15-.25 .15-.30 .08-.15 07-.15

.60-2.0 07-.15 07-.10 .08-.15 +07-.10
Distilled Water - Currert

I(pa/bmz) 0.0 0.48 4.1 27.0

.02-,06 070wy -10-.15 4y .10-.15 4y .20-.50 py

.06-,20 025 .05- .07 .05-.07 .30-.50

.20-.60 025 .03-.05 .05 «15- .40

.60-2.0 .025 .03-.05 .05 .15~ .40

.0ln Na Cl O0.1n Na C1

I(pa/cm?) 0.0 0.48 0.0 0.48

.02-.06  .30-.60 4y -60-.80 4y .30-.45,, .30-.45,y

.06-,20 .30-.45 .30-.60 .15-.30 .15-.30

«20-.60 «15-.25 .30~ .45 07-.15 .07-.15

.60-2.0 .07-.15 .30-.45 07=-.15 07-.15

Noise Measurements
Pb

Distilled Water

(LN



Band
.02-.,06
.06-.20
.20-.60

‘60"‘2 .0

002'ﬂ06
.06-,20
120"060

«50-2.0

hOO-TOO/AV

300-500
70-150
25

750-1100 4y

300~ 450
50- 100
30

.0ln Na Cl1

-02" '06
006“‘ 020
.20~ .60

060"’2 -0

750~1000 uy

300-800
300-600
300

Nolse Measurements
Al

Distilled Water

800-1500 72 750-1000 uv  500-T750 uy

450-600 300- 600  300-500
300-600 150- 300 100-200

50-100 30- 40 25- 50
750-1500 uv

400- 100

75- 100

50
0.1n KC1

300-6004v  300-600 4y  400-750 uv
150-300 300-450 300-600
150-300 200-300 150-300
150-200 150-300 150-200

. &
<%



I{ua/cm?}

¢02" 006
006‘ 020
»20"' ¢60

. 0"2 .0

002“ 006
n06"' 020
020" ;60

-60"2 .0

I(ma/cm®)

.02-.06
+06-.,20
+20~.60
.60-2.0

I(pa/em?) .

.02-,06
«06-.20
.20-.60
.60-2.0

Net

0.0
500-T00 uv
250- 400
100-200
30
520
800+~1000uv
250- 500
150- 250
100~ 200

0.0
300-600 uv
150-300
150-200

150 -200
0.0
300-600 uy
300-450
200-300
150-300

Noise Measurements

Al
Current - Distilled Water
0.48 4.8 52.0

300-1000 uv  1500-3000uv 750-3000uv

250~ T0O 1500-3000 1000-2000

250~ 400 1500-3000 T750-1000
100~ 150 750+1000 600- 750
.Oln Na Cl
0.48 4.1 27.0
300-600uy  300-600uv 300600y
300-600 300-600 300-600
300 300-450 300-450
150-300 150-300 200-300
0.1n Na C1 |
0.52 b1 21.0
300-600 uv  300-600uv  300-450 mv
300-600 150-300 150-350
150-300 150-250 150-300
150 150-250 150-300

1t



Noise Measurements
Pt

Distilled Water

Band

;02"&06 OIS‘OBG/'(V .lO*oQO/AV

.OG" 020 ¢15 007"" le
.20-.60 07 +05-,10
.60-2 .0 007"‘ '10 005

Net Current - Distilled Water
I(pa/cm?) 0.0 0.57 5.2 43.0
.02-,06 ‘10"39MV I-Q‘Q'Q/AV 1.0«1.5/4V 2.0»3.Q/4v
.06~.20 07-.15 1.0-1.5 1.0-1.5 1.5-3.0
.20-.60 .05-.10  1.0-1.5 1.0-1.5 1.5-2.0

060‘200 .05-.10 100"105 100 105"3.0

Pt
L



Discussion of Experimentsl Data
Ag-Ag Cl Electrodes

The Ag=-Ag Cl electrodes in distilled water exhibit a
near f~' dependence for the noise voltage squared. This
dependence incresses slightly (£'° ) in Na Cl solutions
and at the same time is accompanied by a drop in noise
voltage by a factor of 100" ., The impedance data shows
that the concentration of the reacting species increases
in the Na Cl solutions causing an increase in exchange
current. With a net current passing through the system
there 18 no significant increase in noise except at 2

current density of 28 ua/em®.
Pb Electrodes

In distilled water the noise power has a dependence
on frequency of the form £ '3 . fThe impedances are small
and the noise voltages are comparable to those of the
Ag-Ag Cl electrodes. }In the Na Cl solutions the impedance
increases as well @&s the nolse voltages. As a result of the
increase in impedance, we see that the concentration of active

ions has decreased.



The current measurements Iin distilled water show little
increase untll a current density of 27 ua/em® at this point
the frequency dependence 1s almost £~' . 1In .0ln Na Cl1,
there 18 a slight increase for .48 ua/em® in the lower
frequency bands {.02-.06 and .06-.20) and a larger increase

at the two higher bands {.20-.60 and .60-2.0).
Cu Electrodes '

The frequency dependence of the squared voltage in the
various solutions are, distilled water -- £7% ¢o r3,
.0ln Na C1 -£2to £ 3, .1n Na C1 -f 2 to £7*°, .0ln Cu 304-
£"%¢0 72, and .1 Cu S04 -£ "%, There is little
difference in the noise voltages in distilled water and
Na Cl solution, even though the concentration of active
lons increases Iin the salt solutions. There 1s, however,
an order of magnitude drop in the noise level in Gu 504
solutions. The current measurements in distilled water
show signiflcant increases for 3,y4/cmz. The measurements
with sslt solutions show slight incresses in nolse for

current densities above 3‘}MV%m“.

et
S



Al Electrodes

The nolse voltages for the Al electrodes are 2t least
two orders of magnitude larger than that observed for the
other electrodes. In the salt solutions there 18 no
significant increase in nolse for the low {reqQuency bands,
(.02-.06 and .06-.20) but there 1s generally some increase
in the bands (.20-.60 and .60-2.0). The result of this is
to change the frequency dependence from £ *in distilled
water to £7°° in the salt solutions. Crude measurements
on aluminum foil electrodes showed a large increase in
noise in salt solutions, but as noted above, this effect
was not observed here. The impedance measurements show
that there is little or no difference in the concentrations
of active ion specles in distilled water and salt solutions.
The noise voltages in dist;lled water show some increase
above a current density of 4.8 ua/em®*. The largest
increases were in the high frequency vands (.20-.60 and
.60-2.0). The salt solutions showed little increase

even for a density of 27/ua/bmb.



In conclusion, a few general remarks can be made
about the nature of the noise in electrode systems.
We see that the noise 18 smallest for those electrodes
generally considered reversible, such as Ag -Ag Cl in
Na C1 solutions, Cu in Cu SO, solutions and Pb in
distilled water (PbCO, reversible with respect to
CO; in solution). The frequency dependence for those
electrodea}ia also near f~! . with any particular
electrode, the noise increases as the concentrations

of active ion species (m; ) decreases.



IMPEDANCE DATA

In the following work the total measured impedance
at 10° cps was assumed equal to the solution resistance.
The phase angle © (1n degrees) 1s the total phase shift.
The values of Z, at 1 cps ( ¢ 1s generally near 45° at
1 cps) are taken as the values of the warburg impedance
(at 1 cps). The values of Z, are calculated from the
observed impedance Zrand the phase angles © . See

figure 2.1.

Flgure 2.1

Zr Z,

o ¢

Rsg

Z+ = total impedance (in ohms)
Rs
/=)

solution resistance = Z+(10%cps)

total phase angle

4%
Z 7[RI+ Z2-2 R Zr (oe O]

LAY

fo s



10”'

107%

10°
10
10

107"

-~ 4

10

Impedance Measurements

Zr 8
28,3000 1.5°
28,600 0.0
28,600 0.0
29,000 1.5
31,500 4.3
34,400 8.6

26,9000 0,0°
27,100 0.0
27,100 0.0
27,200 1.5
27,200 1.5
28,600 4.3

.0ln NaCl
2830 1.5°
303 2.8
328 4.3
36k 5.7
38 7.2
39 7.2

Ag-AgCl
Distilled Water
Zy-R  Z+ Z+ 9 Zr-Rg 2,
31,8008 2.0°

300a 32,700 1.5 900A

300 33,000 1.5 1,200

700 1,000n 33,700 3.0 1,900 3,200M
3,100 3,800 35,200 6.0 3,400 4,500
6,100 7,400 41,400 10 9,600 6,300

2004
200
300
300
1,500

.1n NaCl
1140 7°
200 28n 141 9 27a 340
45 55 167 10 53 60
81 90 182 10 68 72
10 110 187 9 73 78
111 120 187 7 73 70

Faly
2, ‘:‘



Impedance Measurenments
Cu
Distilled Water

freq. Zr O Zr-Rs  Z, Z+ ® Zr-Rs 2,
110° 12,5000 6° 21,0004
10° 14,150 9  1,650a 2,200a 21,000
1 34,400 24 21,900 22,000 26,500 5,500 6,300
8,600 9,200
13,600 13,200

6°
0

10’ 19,700 19 7,200 8,000 22,000 3 1,000n 1,700A
&
10" 65,000 18 52,000 52,000 29,600 7
6

10%* 77,800 10 65,300 65,500 34,600

103 4,700n ©° 14,7000 3°
10* 4,900 3 2000  300n 14,9000 3 2000
10' 5,400 9 1,200 1,300 15,400 7 700

1 8,100 12 3,400 3,600 21,200 12 6,500
107 11,200 6,500 6,600 28,300 12 13,600
10 16,100 12 11,400 11,600 37,400 9 22,700

.0ln NaCl .1n NaCl
10° 1981 10° 380 7°
10™ 272 15 an 137 50 18 11n
10’ hou 22 206 275 92 32 54 621
1 718 30 520 600 182 32 144 162
107" 1,200 32 990 1,000 495 30 k57 510
107 2,600 26 2,840 2,500 1,000 26 962

¢,
fo <}



Impedance Measurements

Cu
.01n CuSo0, -1n cusoy
freq.  Z; ® Zr-Rg Z, Z v 8  Zv-R
10° 3230 4° 670 3°
10? 364 6 410 54 76 6 9
10 425 7 102 114 90 7 23
1 485 7 162 171 101 7 34
10™ 595 5 273 276 106 6 39
107* 646 4 323 325 106 4 39
Pb
Distilled Water Distilled Water
10> 8,900n ©° 6,300n 0°
10° 8,900 o0 6,300 0
10 8,900 0 6,300 0
1 9,100 1.5 2000 3400 6,460 o 1000
107 9,200 -7 300 360 6,670 0 312
10* 9,500 o0 500 320 6,870 1.5 510
.0ln NaCl .1n NaCl
10° 2781 12° 1310 44°
10° 606 30 328% 3950 W45 30 3140
10° 1,070 24 792 830 585 7 454
1 1,720 22 1,42 1,370 636 12 505
10 2,98 18 2,700 2,720 970 22 839
0% 4,950 15 4,570 4,580 1,720 20 1,590

Z\

120
25
36
41
4o

550

36040
484
540
900
1,580



Impedance Measurements

Al
Distilled Water

freq. ZT e Zr-Rs 2, Zr 8 Zr-Rs  Z.
10° 8,500n 3° 16,2000 0°
10* 8,700 &4 2004 680 16,200 1.5
10 10,400 16 1800 3400 16,700 6 5000

1 23,000 49 14000 19000 20,800 18 4600 70000
10’ 123,000 60 114000 130000 41,000 18 24800 30000

107 341,000 10 332000 400000 62,000 10 36300

Distilled Water .0ln NaCl
10> 15,4000 T° bysp  7°
10* 15,700 2 3004 605 22 1600 2560
10’ 16,150 9 750 1,520 44 1,080 1,240

1 26,000 26 10,600 13,000n 5,550 39 5,100 5,000
107 67,600 34 52,200 53,600 10,700 13 10,250 9,900

10 129,000 12 113,600 114,000 12,100 7 11,660 11,700

Al - .1n NaCl Pt - Distilled Water
107 531 22° 39,0000 10°
10? 121 55 68a 240 40,000 1.5 1,0004
10' THT 69 684 720 40,000 1.5 1,000

1 4,140 49 4,090 4,550 43,400 13 4,400

-1

10 8,370 15 8,320 8,500 75,600 39 36,600

2

107 12,100 6 12,050 12,000 185,000 43 146,000

P



In this work we will assume a simple equivalent
circuit for the electrode. The theory behind this
representat ion of electrodes as a combination of circuit
elements 18 worked out in full by ¥Msdden and Marshall
(1959), Por a brief review of their work see Appendix D.
The electrode-electrolyte system is represented by the

following circuit.

Figure 2.2
—IWW—AN—VW—
R\ W R S
Where R, = the reaction resistance
W = the warburg impedance
Ry = the solution resistance.

The reaction resistance, as the name implies, 1s the

result of the impedance to flow of current presented by

the energy dbarrler of the reaction. The warburg impedance
i8 associated with the diffusion of the resacting specles

to the electrode surface. The warburg impedance has a
phase shift of 45° and is proportionsl to £ 2 ., The
above representation (Figure 2.2) of the electrode impe-
dance has then a dependence on frequency of the form

£~ due to the warburg impedance. The impedance measure-

ments made here show & frequency dependence of the form

n
E



f"1 to f"7 in the frequency range of interest
here (10°* to 1 ¢ps). The circuit in Figure 2.2 is then

at best, a rough approximation.

Prom a conslderation of reaction rate theory we can

gvaluate the circult elements. (Appendix D)

-2

= 2.5 /0 2.1
M F

Aer*o
R, - f% &5 j0° e RT 2.2
-0Gs .
- 0!8 ’R:F

20 = F""‘I,'.‘" 55.5 Lo

Where my = concentration of active ion
species in moles/liter

2z, exchange current

AGE = gctivation energy contains electric
potentlial term

In their work, Madden and Marshall (1959) found a remarkably
small range of values for the parameters R, 4G, ,W and m:
considering the wide variety of electrodes and conditions
for which these parameters were measured. The reaction
resistance was found to be quite small (1-100 L-cm?) and
for this reason they referred to it as the "catalyzed
reaction resistance”. They concluded that the reacting
ion species 1is a minor constituent with a concentration of

1 to 10 x 10°° moles/liter. The activation energy is



similar for all the electrodes measured and 1s of the
order of 7 Kecal/mole.

It was found in this work that the concentrations
of active ion species (m: ), calculated from the warburg
impedances, fall in the range 10 7 to 10°° mole/liter.
The following table zgives the average warburg impedance
for 1 em” of surface area at 1 cps. From these values
of the warburg impedance the concentrations of the active
ion specles were cealculated. The exchange currents were

calculated assuming an sctivation energy of 7 Kcal/mole.

e
o



warburg concentration exchange
impedance zof active current

at leps for lcm ion )
mi (Gelss)  Z(TRE)

dlstllled water

Ag-Ag C1 100-10000  2.510%-2.510° 10~ -107°
Pb 120 0 21077 71072
Cu 1,200-7,4000  210°-310°  1-810-3
Al 2,600-7,000.0 10~ -410%  1-31073
Pt 1,0000 1.410°5 5 1073

.0ln Na C1

Ag-Ag C1 300 8 1077 3 107
Pb 550 A 5107 10~
Cu 200 A 1077 4 1072
Al 1900 0 107° 4 1073

+.ln Na Cl

Ag-Ag C1 25 n 1073 3 107
Pb 2000 1077 4 1072
Cu 50-150 o 1- 5 107 107 -5 1072
Al 17000 n. 1.5 10 % 5 1073

.oln Cu SO,
Cu 57 0 4 107% 1.3 107

«1n Cu 801
Cu 120 2 1073 6 10~

]



CHAPTER III

Inverse Frequency Nolse

The experimental data shows that the noise voltage
squared has a strong frequency dependence of the form £
where n varies from 1 to 3. Noise of this type with n=1
is common in a wide variety of electronic devices such as
oxide coated valves, carbon microphones, carbon filiments
and resistors, germanium filiments, thin metal films and
rectifying barrliers. The noise power 1n these devices 1is
also proportional to the current and because of this it is
generally considered as a result of conductivity fluctuations.
Its widespread occurrence 18 an indication that it is -
assoclated with a basic property of current flow in semi-
conductors. This would lead one to look for some common
mechanism in all these dévices but there has not yet been
a good explanation for any single one. Most of the elementary
mechanisms proposed to modulate the conductivity give rise
to a relaxation spectrum.

The freqQuency range over which £~' noilse has been
observed is remarkable. At the low frequency end oberservations
on devices have been made down to ld’q cps with no deviation

from a £~ spectrum. At the upper 1limit the noilse generally



falls below the shot or thermal noise. The high frequency
measurements extend to 10"cps. The range of e noise then
covers up to 10 decades.

Many theories of inverse frequency noise have been
proposed, most of these give rise to a f~' dependence only
in a portion of the total spectrum and then only under certain
conditions. (Schottky, 1926; Richardson, 1950; MacFarlane,
1950; Van der Ziel, 1950; du Pre, 1950) One method of
deriving an inverse freQuency spectrum 1s by the superposition
of a distribution of relaxation spectra. This method will be

outlined in the following sections.

Relaxation and Shot Nolse Spectra
Given a random process f(t) the Wiener-Khintchine theorm
glves the relation between the power spectrum and the auto-

correlation function of the process.

P, (w) =& f B(™) oo w¥ dP (3.1)
) = [T F () Coo w0t dw (3.2)
$, (1= Lom 2 [T ) feeT) dE 5.3

T— ©

e} 1
U g



4,(0) = F(O' = [ &, (wWdw (3.4)

Where

& (w) = Power denstity

$,®) = Autocorrelation function

For a function of time of the following form where the zero

crossings have & Polsson distribution.

A
Fe)y 1 ]
-A
2
The autocorrelation function iz (Lee, 1960)
—  _ak?
= )z 2

g = f&)° € (3.5)

K= average number of zero crossings per second

5el= A /4
If the function r(t) represents the fluctuations in

conductivity of amplitude A/2 and of average length of

time 1= I/K then the power spectrum of these fluctuations

1s obtained by inserting equstion (3.5) in (3.1).



= af&)* (3.6)
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Spectra of this general type are known ss relaxation or

shot nolse spectra. This spectrum is [lat up to a frequency
of £.= //%  and then drops off as £~° . Although the
spectrum in equation (3.6) has the same form as a shot nolse
or a relaxation spectrum, it might be misleading to use these
terms here because the characteristic time 7c is defined
differently and {8 not related to k. For a relaxation

spectrum the fom is

_2f®Y T
., = Tt (3.7)

Where 7. refers to the time to the time constant of the
exponent1al wavelets, g(t) A/i exp(-7/7.) and k 18 the
average number of wavelets per second. In this case f—‘a:?
18 a function of both k and Tc .

In shot noise 7. refers to the transit time of an electron
and k=1/e and since the integral of each wavelet over all
time must be equal to the electronic charge e, we have A=e.
With this we can write for the spectrum of shot nolse.

(Equation 3.7)



/
(1+w*t?) (3.8)

(0]
3|y

Z(w) =

Below the cutoff frequency we may write

s NT -
2¢)'=2ez 4t (3.9)

which 18 generally referred to as the full zhot noise

formula.

Derivation of £-! Spectrum

Considering equation (3.6), if instead of a single
relaxation time we have a distribution g( 7 ) of times,
where the probability of a time between 7 and T+dT 1is

dP= g(t)dT
and

J:,w ()41 = (Normalizat on)

We can then construct a new power apectrum by an integration

over the distribution of relaxation spectra.

' iy
P () =f° K (,T%;?,?z) 47 (3.10)



It 1s possible to obtain a £/ spectrum by the proper

choice of g{ T ) which proves to be

| ————e
O outside the above interval (3.11)

Substituting the above in equation (3.10) and integrating

we have

/ £&)° I - -
Fy=28 L Jalon -t

This function is independent of «w 1if wWT. K| and
varies as w-2 if wWT>)! | The desired w-!
dependence is obtained if wT is so small that tan w™
approaches 0 and w™ 18 so large that tan™ wTe
approaches oo . These conditions can be stated
alternatively a8 w1t 1<Kw?, -+ By a proper choice
of 7, and 7. the w-/ region can be extended as far
as is necessary. Within these 1limits we can rewrite

equation {3.12)

F'w)= 1€/ <5
(3.13)

G'6) = FO/ear/T.

L RW



If the time 1T 18 dependent on an activation energy so

that 7T can be expressed in the form (Appendix B)

v =1 eE/KT (3.24)

Then a rather narrow distribution of energies mey gilve
rise to & wide distridbution of times T ., With the ald
of equation (3.14) we can rewrite equation (3.11) in terms
of energles.

- KT - E/kT
g(E) - TQ(EI—E')

g(E)dE = ___————(Ed E_-E) (3.15)

The limite for a ' spectrum can then be written as

E, <K KT & 1 /wte K Ea (3.16)
We can now investigate the restrictions placed on the
activation energles if we wish to construct a £
spectrum. Stating the conditions on wT, and w1t~ as,
wt &1 wte ) 10

for the range 10”7 to 104 cps we have

-7
7. L /10 sec Ty 10° sec



Wwith To = 1.66 10™'> (See Appendix B, equation B-15)

we can write for the activatlon energies.
E/{.35ev (8 Keal hmole)  E,) Iley (25 Kcal /mole)

We have here a derivation of a £~/ spectrum obtained by

a superposition of a distribution of relaxation type spectra.
It was further assumed that the distribution of characteristic
times was the result of a distribution of the activation
energliee of some process. The results obtained here will

be used in the following chapter to derive a '

spectrum for current modulation noise.

-



CHAPTER IV
Noise in Electrode Systems

Noise in electrode systems can dbe expected from a
variety of sources. One would be the simple thermal noise
due to the total resistance of the electrodes and the
solution. We might also expect some noise similar to
shot noise assoclated with any currents in the system.
This applles to the exchange currents as well a&s any net
currents flowing through the system. A reaction or any
other mechanism, such as the adsorption of an lon, that
modulates the exchange currents could also give rise to
potential fluctuations. Fluctuations in concentration and
temperature are another possible source of noise. In the
next sections these noise sources will be investigsted in

greater detall.

Thermal Noise

Any resistance has a noise power charﬁcteristic of its
temperature due to the thermal motion of the charge carriers.
The spectrum of this noise is flat in so far as the resis-
tance is not a function of frequency. The noise power is

given by the Nyquist equation.

-,
§ .
LV A



E*=4KT RAF (Volts)?

The noise voltage in micro volts is then

JE = 12911 [RAE]E mV (4.1)

Noise voltages calculated from this formula are well below

the observed values for low frequencies but at high freqQuencies
is often of the same order of magnitude as that observed.

We see then that the "excess noise" tends to fall below the
level of the thermal noise at frequencies of the order of

1 cps. This 18 not true for the aluminum electrodes where
even at the high frequencies the noise was three orders of

magnitude greater than the thermal noise.

Shot Noise

Since currents are flowing across the electrode-electro-
lyte boundary we would expect this to give rise to "shot noise".
This type of noise 1s caused by the random arrivals of
individual charge carriers at the electrode. The spectrum
of shot noise is flat out to the reciprocal of some character-
istic time. The characteristic time in dlodes is the flight
time of the electron and by analogy we will use here the time
it takes a charge carrier to cross the energy barrier. From

Appendix B (Equation B.10 and B.12) we have that this time

o
L



Thermal Noise

Table 4.1
Elec~- band Distilled Water .0ln NaCl .1n NaCl
trode (cps)
Thermal Observed Thermal Observed Thermal Observed
.02-.06 007 .25 .001 .50 .0006 .25
06 -.20 012 .10 .002 .50 .0010 .15
" 20-.60 017 .10 003 .10 0014 .10
.60-2.0 .028 .08 004 .03 .0022 .02
.0ln CuSO .ln CusS0
.02-.06 .0006 .030 .0003 .015
.06~.20 0012 015 .0006 .010
o .20~-.60 .0019 .008 .0009 .008

.60"2 QO 0%3& 0007 ‘6015 0005



Thermal Noisel
Table 4.1

Elec- Dband Distilled Water .0ln NaCl .1ln NaCl
trode (cps)
Thermal Observed Thermal Observed Thermal Observed

Noise Noise Noise Noise Noise Noise
.02-.,06 .005 .07 .0005 .005 .0004 .010
1.Calculated from

AgCl total measured

.20-.60 014 07 .0015 .002 .0010 .005 impedance

.60-2.0 .026 .07 .0029  .001 .0018  .002

.02" .06 0003 ilo 0002 045 0001 oh’s

.06-.20 .005 07 .003 A5 002 .30
Pb - 20"’ » 60

'20‘ ’60 0008 007 ¢004 .30 a003 015

060"2 '0 0014 007 0006 010 .00# 010

06-.20 017 600 .005 300 .00 450
Al ‘

.20~ .60 017 500 007 300 .006 300

.60-2.0 .022 100 .010 200 .009 300



1s r=[C*]/[A1 «x 107 sec. For all frequencies
of interest here the spectrum is flat. The spectrum is

given by

2 Z'ae_ /
Z(w) -"‘—'77 (,+ w;,rz) (4.2)

and below the cutoff frequency we may write

A2 =2€2, Af (4.3)

If 1, 1is the exchange current Iin amp/cm* and R, 1is

the reaction resistance in .2-cm’ then the noise voltage

squared is given by

AE = 4eZ, REAF (4.4)

From the reaction rate theory of electrode impedances
(Appendix D; D~40) we have for the reaction resistance

R, & RT/F 2o . With this equation, 3 becomes

AE'= 4KT R Af (4.5)



This we see to be Just the thermal nolse associated with
the reaction resistance. 3Since the reaction resistances
are small (/- ,0%® N-cm? ) this noise is also small.
As for magnitudes we can refer to the thermal noise calcu-~
lations where the noise is determined for the solution

resistance in series with the electrode reaction resistance.

Current Modulation Noise
Por an electrode in equilibrium, the anodic and cathodlic
currents are equal and the exchange current which 1ig equal

to either one can be written

(Figure 4-1)
L J
AG' I f\: O(VC F
'l
AG-AGEL| S /’_
// I Ve F

KT -4__6_?.,.. aVe F ("}né)

24. ‘20 = F’!%l: € RT —ﬁ—% (“-7)



Where Qo< activity at the surface of the electrode
AGT = activation energy of cathodic reaction
AG: = activation energy of anodic reaction
Ve = equilibrium potential associated with
the activity a.
Suppose the reaction is catalyzed by a mechanism that
reduces the energy barrier by an amount B8 G* in one
direction and increases 1t by (1-8) G* in the other
direction and that this effect acts uniformly over a small

garea & . The anodic and cathodlce currents are then

_ (Ae.*-xve F-86%) /RT
Ze= 6F5 Qo C (4.8)

_ ~(AG: +(1-Ve F + (1+8)G%) /RT
Za = JFE}%— e (4;9)

The net current 1, wlll be given by the difference of

thegse two currents.

‘ ~(AGE Ve F-pG¥RT  {AGT+(-0VeF s (1-8)4¥ m’]

_AGY, o VeF [ €4 “WE -(1-p)&*
=¢FEF 2.6 7 RE [CR""Z{; e(o-WE ~( ")%r] (4.11)



+
Where FVo =AG-AG: (4.12)
Qo= €xp (Vo‘Ve)-gi.
Equation 4.11 can be rewritten with the aid of eugations

4,12 and 4.6,

LT s _(-8)a*
éPdeo[CRT—e .ﬁ—‘:]

(4.13)

If the current pulses are catalyzed by an atom diffusing

onto the surface of the electrode, then the total increased
current flow will depend on the number of atoms on the surface.
Let n be the number of these atoms (catalyzed spots) on

the surface at any moment and let T be the average number.

The fluctuating current 18 then
2¢) = (h- F\)Z‘P

For a Polsson distribution of the number of atoms we have

that

Sn*=(n-n)® =R

The autocorrelation function is then

., =T
¢y =R zF e (4.14)



Where Tc 18 the average length of a current pulse, or
the average time spent by an atom on the surface. The

spectrum of 1{t) 1is given by

_g_fm—— . > -t
o

Zp(w)? = hZF e Coo w0 dT

Integrating and substituting from equation (4.13) the

expression for 1lp we have for the spectrum

= ;2.2 & (PGP __ T
Z'?(w)zz 2”;" $ [C RT_-e RT_] m)

(4.15)
For G* small compared to RT we can rewrite this as
. ahz: &° [ 5:*]2_I=._—
2p()* = —77 LRT] (1+w?td)
(4.16)

We have seen previously (Chapter III) that a distribution
of time constants can give rise toa ! spectrum if the

distribution 18 of the form

qry = 17 /L Ti /¥, rrte

~

and if we remain within the limits cof, KK I<KC w To .
With these restrictions we can write for the £~! spectrum

derived from equation 4.16.



' — . V4
e~
= (4.,17)

In Chapter III we have seen that for the r~! region to
extend from 10°¥ %o 10é c¢ps we need to have s range of
sctivation energles, for the catalyzing agent, from .35ev

(8 Keal/mole) to 1.lev {25Kcal/mole). It does not seem
unreasonable to expect a range of activation energies of
this magnitude. We have then that a proper distribution

of activation energles for the mechanism that catalyzes

the current pulses can give rise to a £~ spectrum for the
current fluctuations. The question now arises as to how the
current fluctuations give rise to voltage fluctuations.

This will be taken up in the f{ollowing sections.

Iet us conslder the case where the electrode surface
consists of a number of "hot spots” where the energy
barrier 1is small compared to the rest of the surface. The

energy barrliers are as follows,



{Pigure 4-2)

AGT"'GI' xVeF

Iy .
| \—— AGI — xVeF

Catalyzed surface

------ Uncatalyzed surface
The exchange currents are:
Catalyzed:
~AG, «VeF
S T = t 'Rt
ZC "Za - F-&h— ao e -‘; (2;018)
. . -AG2 _f|-«\Ve F
-5 _ - KT - (1-%)
Uncatalyzed:
. . -(46|#+6')/RT 1-!15
Ze :Zo =F LpI‘ Qo c kT (M-QO)
L _(A6z+&")RT -(1-A)VeE
Z.=z,=-F EF e RT (4.21)

In both cases the anodic and cathodic currents are equal
and no net currents flow. The potential Ve 18 then the

equilibrium potential and 1t is found to be (Appendix C; C-4)

= - RT
Ve = Vo= T L do (4.22)

Although both the catalyzed spots and the uncatalyzed surface
glve rise to the same equilibrium potential Ve , the current

density 1. 1is larger for the catalyzed spots by a factor



exp(G/RT). The total current carried by the catalyzed
spots will depend however, on their total area. We see
then that the importance of the "hot spots" in carrying
current depends on how much the energy barrier is reduced
(G’ ) and on the total area catalyzed.

Let us further suppose that in the process of
catalyzing the reaction, the rate in one direction
(cathodic) 1s favored with respect to reactions in the
other direction (anodic). This corresponds to an energy
reduction gG*™ in the cathodic direction and an increase
(1-p) G* in the anodic direction. There will be then a
net cathodic current at the catalyzed spots. If no current
1s withdrawn from the system, the uncatalyzed surface must
change 1ts potential in such a manner that 1t can sustain
a net anodic current. The magnitude of this change in
potential (V¥ ) will depend on the areas of the catalyzed
and uncatalyzed surfaces. The energy barriers under these

conditlons are shown in the following dlagram:

[N



(Figure 4-3)

D6F+G - Ve F + Y V¥F

—_— AGT—RV&F'& G*

S~
-
/".

8GF-06) +VEF . F

————— — MG -BG; Ve F

06 -p&i-YeF- 6*

——— Uncatalyzed-net anodic
current

Catalyzed-net cathodlc
current

If we have that
N= The number of catalyzed spots
& =Average area of a catalyzed spot
Ar=Total area of the electrode

The currents are

Catalyzed:
—~(AGF-xVe F -B&4%) /RT
2t=nN&F hﬁ-‘:ao C( (4-23)
_(AGE +(1-\Ve F+(1-8)G%) /RT
Za = nAFy’hI (a6 x / (4-24)

ey



The net cathodi¢ current is
- (AG-MNe F-pe* Vhr  —(4GF +(r)VeF +(-8)6*
nc=nsF5ﬁT[(I e L glartmtrd?) )/RT]

P AR
L

Uncatalyzed:

5 =y -ne)F T g, & A6 ST ICRI/RT (4.26-8)

~(AGT +G +(I~)Ve F ~(1-¥)V*F ) RT
Zq- (AT n‘)FB—' (4.26*‘3)

The net anodic current is

- (AGT +G*(-a\e F- (- )V*F ) /RT
Zna=(be-no)F 5T [€

e_(AC-'..ﬂG'—«VeF +HYV¥ F)/mr] (4.27)
- o

Equating the two net currents (Equations 4.25 and 4.27)

. - eveF ¥ Vo-Ve).E &*
N& Qo e—(AG.-«Ve Ve [e% _E'l_o C( o= C)RT -(l—,&)_%‘_]
- AGII "‘(VCF T Vp Vc +) v*'F _yyx _ ,
=(Ar-né) A, C ( )% [—‘;e( (e G%F]c%’ .

With the aid of Equation 4.22, we can rewrite this as

[ a0 [0 5056



Equation 4.29 gives the relastion between the areas involved
and the change in potential V* caused by the net cathodlc
current of the catalyzed spots. On the assumption that

G*¥ and V*F are small compared to RT, we can rewrite
Equation #.29

!

.
ne 4t - (Ar -né) YXE @ T (4.30)

With the final assumption that n< 1s small compared to

A+ we can write for the potential change VX

VE = I‘f; —6’;@%’

(4.31)
Recalling {rom our previous work that the fluctuating
current 1s caused by 8 change in area of the catalyzed
surface, we see that ’c’he fluctuations in current will gilve
rise to fluctustions in V¥ . The fluctuations in V¥

assoclated with the change in catalyzed area ave

_ - |
AV = (_n_—TAn_T).é_ g ew (4.32)

The mean square deviation in voltage is then

192
— =L % Q_l
SV¥? = —ﬂ,;;[% e (4.33)



and the sutocorrelation function for this process is

o - %z [%*8 %’_]zef/’t’g,

(4.3%)
Where the time constant 1. 18 the same as that for the
current fluctuations since the voltage fluctuations are
caused by the current pulses. The spectrum in the ™

region is then

N U L
e [ e¥]

E@** B2 ol (4.35)

Making use of Equation 4.31, we can write this in terms

of the potential VX .

2
/ V*

E@™= [ty w0 (4.36)

Unfortunately we cannot substitute directly into
Equations 4.35 and 4.36 and obtsin an order of magnitude
for the expected noise. We c¢an, however, make use of the
observed voltages and estimate the values of some of the
parameters and see 1f the results are reasonable.
Integrating Equation 4.36 for the noise in the band

.02 to .06 cps, we have for the average number of

catalyzed spots



o AE? {4.37)

Where we have let Ar = 1¢cm® and L.f/t, = 10.
The observed voltage in this band is of the order of
-lpv. We have then for the average number of catalyzed

spote

10" V* (4.38)

He

h

With the aid of Equation 4.37 we can rewrite Equation 4.31

as follows

o e% - Lo AE® (4.39)

We are now in & position to evaluate some of the para-
meters involved. We have previously assumed that V*p
and G* are small compared to RT. The potential V* must
then be small compared to 25 mv and G* must be small
compared to .6 Kcal/mole. The value assigned to & 1in
the following calculations i3 the same as the surface area
of an adsorbed water molecule. This 18 probably a
minimum for this parameter. For the case where the

observed voltage AE(.02-.06 cps) = 1077 wvolts, the



surface area 6= 107'° om? and the potential V* = 10
volts, we have

—_ -8
n=1j0’ ne =10 cm*

G"‘eG’/RT =2.38 10° Kcal/mole
If G 18 .1Kcal/mole, then

¢’ = 10 Keal/mole

Under these conditions the total current carried by the
uncatalyzed surface is five times greater than that
carried by the total catalyzed surface. If V™ is

greater, say 10?volts we have then

_ _ -¢
A= 109 né = J6 cm®

< GI/RT
Gt e =2.38 10 Kcal/mole

If G* 18 .1 Kecal/mole then

@’ = 8 Keal/mole
The currents for the catalyzed and uncatalyzed surfaces
are then about equal. Both of these cases are in falir
agreement with the work of Madden and Marshall (1958) in

which they found the energy barrier G, to be approximately



7 Keal/mole. In toth of the above cases since the
uncataslyzed and catalyzed currents are at least egual
we should expect that messurements and calculatlons
carried out to determine the energy varrier would give
values close to G, + G. ({The energy barrier for the
uncatalyzed surface). Since G’ (the difference in
energy barriers between the catalyzed and uncatalyzed
surfaces) 1s of the same order as G; given by Madden
and Marshall (1958) we must have then that G, (the

energy barrier of the catalyzed reaction) is small.

~



Noise Due to Fluctuations in Thermodynamic Quantitles.

In considering the origin of the electrode noise, some
contribution can be expected from the statistical fluctuations
of the thermodynamic quantities involved. Fluctuations in
temperature and concentration are statistlically independent
and it is these two Quantities with which we wlll deal. 1In
the following discussion we will, for the most part, consider
the fluctuations in concentration but the development of the
temperature fluctuations follows a parallel course.

If SN, 1z the instantaneous deviation of the number of
moles of solute from its average value ﬁ, then the mean

square deviation is given by (Appendix A)

NV 2N
(5N) = -k S& (4.40)
= N T AT

Por a dilute solution assumed to be ideal the chemical

potential is

A= Mo + RT Lo %, (4.42)
Where
~ N
= N (4.43)

N, = Number of moles of solvent.



Inserting Equations 4.42 and 4.43 in Equations 4.40 and

4.41 we have
2- — ..N—'—-
(6N Na Na = 6,025 10%7 (4.44)
This can be rewritten in terms of concentration as
m@ m. Vv NA

Where the volume (V) 1s in liters and m, 1s 1in moles per
liter. For any given volume and concentration we ¢an then
calculate the mesn square deviation in concentration. Since
the electrode potentlal 1s dependent on the concentration

according to the relation

E =Eo.+ ART/F Lu wm, (4.46)
We have for the voltage fluctuations,

differentiating equation 4.46

de = 2rT dm (4.47)

This then is dependence of noise voltage on fluctuations
in concentration. Making use of equation 4.45, we can
write for the nolse voltage

SE = 2aRT |
F T[miVNa%

LY



This noise voltage ( SE ) is the total integrated noilse
produced by fluctuations in a given volume V. In the
next section we will consider the frequency distribution

of the concentration fluctuations.
Correlation of Pluctuations

The preceding treatment of thermodynamic fluctuations
does not result in any knowledge of the frequency spectrum
of the fluctuations. This can be investigsted by considering
the correlation of fluctuations in time. (Landau and
Lifshitz; 1958) Consider that [ , a thermodynamic
quantity, is some function of time X(t). Let sX(t)
be its deviation from the average value X. The auto-
correlation function and the spectral density sX(o)* of

X(t) are defined in the usual manner.

4,0 =  TX® §K(t M) (k.48)

§ X' = 5,£°7§@) Cos wt AT (4.49)

The spectral density sX(w)* can be determined providing

that the correlation functlon is known.



In order to find the autocorrelation function & (*)

we make the assumption that at every moment of time the state
of the body is determined by the value of X. Assume further
that the quantity JSX(t) has at some time, 2 value which
i1s larger than the root mean square deviation [_ﬂ‘z}% .
Then consistent with the assumptions made above the rate
of change of ¢ X will be determined by S$X or that

SX = §X(5X). Expanding SX in powers of S X

and retaining the linear term only.

dléx] _ ) s (%.50)
dt

Iintegrating this equation, we obtain the two relations

sX(t)=X, e Mt

sx(e+1) = X, e AT AT (4.51)

Substituting these in the equation for the correlation
function

z _,\T'
éé‘) = 5)(@:) (3;’52)

Inserting Equation 4.52 in 4.49, we have for the spectral

power density

p——g

2 ro _\T
JX(b)zzzjrxLeA C,,,wfcif’

(4.53)

X



Performing the integration we obtain

SX(w)2= 2.8X° A
1 (Az+u)z)
(4.5%)

= 2_5(; T % = \//\
r (1+w? 1)

Which 18 a relaxation type of spectrum. We recall that
this spectrum is flat for frequencles below the cutoff
weZ 1/ re
The treatment thus far has been for any thermo-
dynamic quantity X. With the substitution of the concen-

tration m for X Equation 4.50 becomes

%%‘- = -Am (4.55)

Compare this to the ordinary diffusion equation.

om _ _ n ¥m
t =~ DA (4.56)

Or for small differences

Am _ _am
At An?

The constant A 18 then seen to be

4,
A= D/Aan? (4.57)

-

5~
“



Where D 18 the diffusion constant which for aqueous

solutions is approximately 10~ ° cm®/sec.

At this point it may be 1in order to recapitulate
some of the results obtalned thus far. An expression
for the mean square fluctuation as well as the spectral
distribution of the fluctuations has been found. The
mean square fluctuation we recall, is a function of the
volume considered. This volume can be expressed as a
product of an area and a length V = AL. The spectral
distribution 1s also dependent on a length through the
equation for the constant (Equation 4.57). For a
small volume (V = AL), where the dimensions of A are

large compared to L, we can write

_— 3
m? = /0 Lin am
S _"U——AL /< RS (4.58)
and
A= D/L3 (4.59)

Any deviation in concentration in the volume composed of
unit area and length L may be represented by the Fourier

gerlesn.

Jm(«)-*—z,s[anc”'l%’i‘ rbnm-"—g—"] (%.60)



Integrating the fluctuations § m(x) over the length

£ << L we have

(- Cos ”—,_’1-“):[ (4.61)

. Q_»\__L_ ) '_"_U_g th
SonSm(«)c'ﬂ'-‘;[nw AT T

For small nw2/L (small n-low frequencies)

sin ntr4/tL, » ntre/L and (1- cos nt2/L) -~ 3(nwe/L)

then
L nrfd ~
An gy A = = Aul (4.62)
L nd \ ~ o’
b N (I—Cc—v-T_—)——- bn nRL (4.63)

For large n (high frequencies) the contributions to the
summat ion are proportional to A, = 2L/n. Separating the
summation in Bquation 4.61 into two parts, the first over
the high frequencies (n largé) and the second over the low
frequencies (n small) we have taking the dividing point

where 2= 0 or n=L/0.

«© n=\L/¢
Slsmwdrs I (Qutbn)e + £ (@nt by ntrg)y  (4.64)
h=L/¢ )

Since we are interested in the squares of the amplitudes

(mean square deviation) we have from Equation 4.64

“~ oo. 2% L/.Q 2 4-65
[&?Sm@)a@dzz L%e(ahf b”)‘,'l—}‘z + g(d""'bn r_;ifl‘:()) Yk ( )



The first sum on the right is small since the sum

Z 1/n* is a convergent series with a sum less than
2. In the second sum the terms assoclated with b, are
small since they contain term £/L and £<< L. We can
then write

S smemde 2 T
0 m. X = 5 av‘,a (4.66)

We have previougly derived an expression for the mean

square deviation (Equation 4.58)

_— 3 . 2
SR = me’ Hﬁ(ymmdd (4.67)

Utilizing Equations 4.67 and 4.66 and letting the

summation over n go into an integration, we have

e , 3
fé"‘fo A 2%dn = %A (4.68)

L (WA 2
e

+d
L (‘-)[2 (4.69)

b :



The a. 's then have a white light spectrum. For any
eigenfunction of the fluctuation, we have the correlation

function

ot T

) = ai e (4.71)

Where An= D/Xa A% L /n

The total correlation function is a sum of terms as in

Equation 4.71. |
. bT
2 2
) = 2 Ax € AR (4.72)

The power spectrum is obtained in the usual manner.

2 —PI'L
smiot = 2 [T 4z € R | comardr

_ T p/ya y.
= ) du [0y ] (4.73)

Letting the summation over n go into an integration

over A we have

dn=-L/y@d}  Jimds. n=1;)=L
I‘I=003)=O
2 L 3 2
Shw) = 2[ mio® Ld) _D/A
Ty JLN, ? 2 :
A A [D//)" .},w—] (}4'74)
_ amyo® D L )




By substituting C9 = D/w®and ui= >/
and letting L go to infinity, we have for the integral
in Equation 4.74

© dJu  _ 1 __
o C3(1+U1)  2/27C° (4.75)

Equation 4.75 has been evaluated by integration in the

complex plane. We can now rewrite Equation 4.T74.

3
- myo -
8 m(w) I Na D% W (4.76)

Recalling Equation 4.47 we have for the noise voltage

caused by these concentration fluctuations

z_ (2RTY J l

Whnere m’ 18 in moles/cm3® and A 1s in em? .
With the aid of Equation D-42a3, we can rewrite this in

terms of the warburg lmpedance
T
Loz:-‘ 4-—-———--K
SE(wW) = w

This then differs only from the thermal noise due to the

warburg impedance by a factor 1Az .



We have seen previously that the total thermsl nolse
(solution, reactlon resistance and warburg) 1s less than
the observed nolse except at the higher f{requency band
passes. The concentration fluctuation noise or
equivalently the warburg thermal nclse is then a minor

source of noilse for most of the frequencles of interest

here .

Thermal Fluctuations

The treatment of thermal fluctuations is parallel
to that of the concentration fluctuations and we need not
go into the detalls here. The mesn square thermal

fluctuation is (Appendix A, A-1T7)

$T? KT 3/0 7 2
T = = d
Nu,o Cp (deg) (4.78)
Where V=AL is in em® . Since we are dealing with thermal
diffusion we replace, in the previous work, the diffusion
constant D by the thermal diffusivity «~ . The final

expression for the spectrum of the thermal fluctuations

is then
2 _ T? |
STHW) = o % (4.79)
Where
2_ _K_ = )0 3 cm?t/sec

I (4.80)



The temperature coefficient of many electrodes is of
the order of 100 uV/deg. We can then write, with the
aid of Equations 4.78; 4.79, and 4.80, for the noise

voltage.

SE( =077 Them (uv)° (4.81)

We see then that the nolse voltages due to thermal fluctuations

are too small to be of any importance.



Conclusions

In the previous sections we have some Iinteresting
results. We have seen that the shot noise assoclated with
the exchange current was equivalent to the thermal nolse
of the reaction resistance and that the concentration
fluctuation noise was equivalent to the warburg impedance
thermal noise. In retrospect these results are not sur-
prising since both of the above treatments and that of the
thermal noise are based on the statistical behavior of the
charge carriers. If we allow the simple representatlion of the
the electrode impedance as a reaction resistance ané a
warburg impedance in series with a solutlion resistance,
then the total thermal noise power will have 2 £ %
dependence on frequency due to the warburg impedance.

In gectual electrode systems the frequency dependence

of the impedance 18 not as simple as our model would
indicate and the equivalent circuit representation is

more complicated. The observed frequency dependence of
the impedance, in the range of interest here (lo‘zto leps),
was found to be from £~ to £f~7 . We would expect
then that the spectra of the thermal noise to exhibit a

similar range of frequency dependancies. The magnitudes



of the thermal noise as calculated from the observed
impedance and Nyquists formula (Table 4.1) are well
below the observed nolse in the low frequency band
passes. It is only for certain electrodes in the higher
frequency band passes (.2-.6 and .6-2.0 cps) that the
thermal noise becomes of the same order of magnitude as
the observed noise. This type of nolse probably sets
a lower limit on the nolse levels in electrode systems.

Only the postulated current modulation noise
mechanism gives rise to an inverse frequency spectrum
Sut here we cannot calculate the magnitude of the noise.
As we have seen, the best that can be done is to show
that the values of the parameters needed to produce the
observed noise are not unreasonable.

All of the noise sources have a voltage squared
which is inversely proportional to the area of the electrode.
That this must be so can be demonstrated by considering
the electrical power, P= E*/R. In this case both E
and R, the electrode resistance, are inversely proportional
to the area so that the electrical power is independent
of the area. If this was not the case (E“ not proportional
to A~ ) then two electrodes of different areas would have
a net power transfer between them, a condition which is

forbidden by the laws of thermodynamics.

~
(.



In any future work it might be of interest to

investigate this dependence of nolse voltage squared

on the area. The nolge i3 alao dependent on temperature.
This dependence is linear for the thermal nolise while the
current modulatlion noise iz dependent through the factor
exp{G’ /RT). The current modulation noise has then =
strong temperature dependence. Other complications may
arise in studying the temperature dependence of the
nolse such as a change in the resctions involved Iin

carrying the current.



APPENDIX A
Fluctuations of Thermodynamic Quantities

The theory of fluctuations of thermodynamic quantities is
dealt with in many works (Tollman, 1938; Landau and Lifshitz, 1958;
Callen, 1960). The treatment of the topic as is given by Callen
is particularly clear and it i8 his method and notation that will
be followed here.

Consider a system described by two sets of extensive variables
ﬁ‘,'fa, ...fs and f},, +ev Xt, The first group of variables undergo
fluctuations and the circumflex indicates an instantaneous value.
The varlables of the second set are constant. The varilables ﬁu
fluctuate by transfers to and from appropriate reservoirs. The
probability that X, will be found in the range dX,, that X, will
be found in the range dﬁ,, ... and that fs will be found in the

range dXsy 1s defined as

W d dia dfs (a1

Where W 18 a function of ﬁ. oo is, Xegwr oo ¥t and of the
characteristics of the reservoirs.

We then postulate that there exists a function of the
instantaneous extensive parameters of the system, 8 (f. ...i},

Xyt +.. Xt) called the instantaneous entropy and having the



following property. The probabllity, WdX, ... dXs that the
instantaneous extensive parameters are in the ranges ax, - dﬁs
1s given by
. (a-2)
W= o, exp '{EC §- z,: Fe Ke - Sm{F:"'F:])
Where
K = Boltzman's constant
§ = instantaneous entropy

{),= normalizing constant such that

JV\/JYIHJYS:'
F. = F. 18 the intensive parameter of the reservolir
_ 28 - _25
E<- DXK FK - D-X-F
Sw«[ﬁf--'ﬁf] 18 the maximum value of
A ~
S- z: FL Xu.

If the varliables f}.are glven thelr average values X, the
instantaneous entropy takes on a value S referred to as the
equilibrium value.

The calculation of average or equilibrium valuee will be
simplified if we assume that the distribution function W is =0
sharply peaked that the average and most probable values are nearly
identical. The most probable values of ﬁsgare these that maximize
W. Since the exponential is a monotonically increasing function of
its argument, the most probable values of ﬁ}gara those that

maximize the Qquantity.



§- ZF R Sulf7 K] (1-3)

The term S,[F° ... 2] 1s not a function of X« so that the

condition reduces to

5- L F.Xx = madximum (a-4)

This condition will be satisfied when X,= Xx . The condition on
° ° . o ~
SJF° ... Fy] that it be the maximum of S -XF X, leads to the

expression

Sw[ R R']= $-ZR X (2-5)

Utilizing this relation we can rewrite equation (A-2) for the

distribution function.
W= . exp&(5-5-[ZR(EX) o)

Consider that X 18 the fluctuating variable then by definition

R = X

The average value of the deviation is defined as

SS\( = (?n_yk): O

The average value of the deviation 1s then zero. The mean square

deviation or second moment is not zero and is gilven by

Ge-Ty = (R - 2RuXu *%e = (R) - X



Adopting the notation §X« for the deviation of X
X (%=X = §X; §Xa

The second moment c¢an bhe written as

(SY,SQ»&\ = S(Sy; SYK)WA)?.JQs (A-7)

In order to carry out the integration we note that because of

the form of W, as given in equation (A-6) we may write

AW =_\ )W“ JK.S(A\“W (4-8)

D Fw

With the aid of equstion {4-8) we can now write equation (A-7) as

(Si) Si\s\ = _KSS’X\_; %’\!F—VK Cﬁ(\' OI?; (£-9)
__x 2 §% W d3
=-K ar—x[ I 0 df]
s kfw 2 KR dfe o
Since
P) 6. 1= (. =Y ] = =X
DF« [S Xs] g‘ﬁ\‘[x) X,] = DFL (a-11)



Equation (A-10) can then be written as

—_— D S - ‘3—)‘() A"'12
(S X, st = — K ﬁ"[ﬁx\,—} K BF« ( )

The first term in equation (A-12) 1s zero because §§, vanishes

independantly of F, . The fluctustion moments are then given by

(5%, sRe) = — K —XF%\‘)F,"’FKq ,Few "' Fs (4-13)
The case we wish to deal with haséﬁ)=&fk 8o that
(SXK)2 = -K ;F-':; (A-14)
Making use of the following relations
Fu, =%:2\1, =—J‘l—'— %—-U[(]‘ N, = mole number
2T
A= SN,
We have for the mean square fluctuation in mole number
(5!’\7.)1 = - KT/%‘%}. (a-15)

FPor thermal fluctuations the general equation (A-1%) becomes

T = - K %—E (2-16)

Where

:i



In d1lute solutions we need only consider the mole numbers (N) and

the heast capacity per mole (Cp) of the solvent. The thermsl

fluctuation2 are then

B N Cp (1-17)

Where in aqueous solutions

3
Nuzo = L2V e )
(2-18)

C},: 18 Ca/ /c/e‘a—mde



APPENDIX B

Reaction Rate Theory

let the reaction be represented by
A =X
further let us suppose that we have
A= CF=X
end let [Cf] and [c*] be the concentrations of sctivated complexes

passing from left to right and right ¢to left respectively.

A+ cta y
(B |

Pt
14+

Pot. E.

veaction coovd walte

Consider how Jjust the case
A= c*F (B-1)

So that
aN, = aNc (B-2)

We have from elementary statistical thermodynamics that the

partition function (Q) for a mixture of two gases.
B [ Na c
A= Nal Ne! Fa® fe (B-3)

Where N 1is the number of particles in the volume of the system
and is the molecular partition function.

The Helmholtz free energy 1is given by

= -KT L &
(B-4)

iy



And the condition for equilibrium is

2F ) |
(b NC)TV =0 (B-5)

vtilizing equations (B-2), (B-3), (B-4), and (B-5) we have
Ne _ fo (8-6)
Ne fo
Let [C*] be the number of molecules per unit volume and let
$.= £./\y be the partition function per unit volume. We can

then write

/
L. _‘é_ (2-7)

Recalling that the definition of the molecular partition function 1is

- €2
73

L= Z W, € KT
rd
The lowest energy level can bde factored out leaving
- £ —(€7-€<) kT
f.=e T 2. \A/z'e(,
_  —€=
= & 1<T c
— —Ec
Where 4 - S W e (€, -€)/ T

Equation (B-7) can then be rewritten

[c*]l _ 4. "(éﬁ_éa-)/KT__ 4 - e i
ZEE A B o




Where & 18 the difference in the zero energy level of the
reactants and the activated complex.

As i3 well known the partition function can be factored into
products of translational, rotational and vibrational terms. With
regard to the complex we will factor out of # the translational
term along the direction of the resction coordinate S . The
translational partition function is of the type

{Cvansy = %{ (atrm <T)%

S50 that we have

1
4, = j’gr, (2frm <T)* & (8-9)

Where o= does not include the factor due the above mentloned
tranelational motion.

Let U be the average velocity over the distance S . The
time of passage over the distance S is8 7' =8/ . The

forward reaction rate is then

e (B-10)
Forwerd reaction rate = [c*] A /8
The mean velocity as given by elementary theory is
—ma
© AET
G- LT de ey (3-11)

s ), Tm

e



Combining equations (B-10)and (B-11)
€o

¥ - KA
wT = [ae
Foward reaction rate= » %a (B-12)

~
"Jump Frequency"= 2= "h fa

Letting £=I ' and KT = .é/D‘3 sec”
Por h
We have
&o
“~ 3 ~ kT
zZ= ¢ )0’ e (B-13)
or
13 €2
v=106 107" @ KT (B-14)

= = Probability(per second) that a molecule passes over

the energy barrier

T = The average time before a molecule passes over the

energy barrier



APPENDIX C

ELECTRODE POTENTIALS

Prom Glasstone Laidler and Eyring (1941)

EqQuilibrium Potentlals

Consider the reaction at an electrode surface where
the activity of the reacting ion in solution is 4o and
the product of the reaction has unit activity. The
reaction between a metal and its ion 1in solution is an

example of the above.

Enevgy

distance

The forward and backward rates may be written as:

v S
T RT RT o
rare=a°5rre -aoK.eRT
B&* - (1- YVE (- %) XE
- - (1- -(1-«)
T RT RT _ RT
rate = 1 € = K. €

If V is the equilibrium reversible potential (Ve) the

rates are equal and

b



Where

il —

AGo= A ¥ AG*

Std. Free Energy Change

Therefore we may write from Equation 3

Ve A—;C:"’L“,_Bp":r,évxdo

= vo—‘Fgl':I,LA.do

This is the familiar equation for the potential of a

reversible electrode at equilibrium.

Dynamic Electrode Potential

If there is a net flow of current at an electrode one
rate of reaction exceeds the other. Since each ion carries
8 charge ¢ we can write for the anodic and cathodic currents

¥

Fo K, €

h

Ze

_ -(l-—e()ME
Zo= F Ko © T p

Where V is the potential of the electrode when the net
current i8 2, . The net current assumed cathodic is the

difference of the cathodic and anodic current.

dﬂ&f:‘—_ e—(n-«) %—‘;—_ }

2, =2.-2, = Flane ~ Ka

e
i3



The activity a in the above equatilon is the activity in
the vacinity of the electrode surface. The activity a
will, in this case, be less than the activity a. which
exists in the bulk of the solution. The current carried
by diffusion of the active species into the region of
the electrode is

z&=fén=%9(ao‘a> 8

Where t = effective transference number of all the other
ions

§ = thickness of layer over which the gradient

Utilizing Equation 8 we may rewrite Equation 7

~(V-Vo)
én= F[ao— = o(\/‘:—
25 +k € ke 9

If K, is small, the discharge of ions is the rate

determining step, and we have from Equation 9

o ~(1-x)E
2. & F[aoK\C%—Kze %T] 10

This 18 the same as Equation 7 except that 4, replaces Q.

This condition will hold only for small current densities.
The other case to be considered is where diffusion 1is

the rate determining step. Here K, is large and we can

rewrite EQuation O

~(V-Vo) & ]

ED -
Z, % st [a.-¢ 11

Y4
o
g



From Equation 4 we have that the second term in the brackets
~in the above equation 1is equal to the activity a. We have

then

. . ED
2 y a-o"o-
.2 E2[a.-a] .

Which we see is equal to Equation 8.

We have then, that 1if diffusion is the rate limiting

process, the dynamic electrode potentlal is equal to the
equilibrium potential of an electrode in contact with an
ion of activity 4. The activity a being the value of the

activity at the surface of the electrode.

C



APPENDIX D

ELECTRODE IMPELANCES

The treatment of electrode impedances as outlined
below is a simplified and condensed version of that
developed by Madden and Marshall in thelir publication

on Electrode and Membrane Polarization. For a more

complete treatment, the reader 18 referred to their
original work, (Madden and Marshall, 1959).

The model used here treats the ions of the diffuse
layer as point charges moving through a viscous fluid
under the influence of an electric fleld and concentration

gradients. The equations of motion are

P _ 2P 2(PBE)
20~ 22n >(hE)
o+ D"‘ D t M 2% D-2
Where P = positive ion concentration
D = diffusion constant
M = Mobility

E = electric fleld.

The condition on E from Poissons' equation is

E _ —
3e-£(P)



Consider now the case where the electrolyte is a mixture
of active ifon species, those taking part in the electrode

reactions, and an inert or supporting electrolyte.

Let 2, N. Dbe the active ion specles concentration

A, n. be the supporting electrolyte concentration

Pp,=Dp, = Dn,=Dn= =D
Mp, = Apa = Ani = Muz =M
P=R, +4FR

AP+ AR = Fa
AN+ B2 = N3
R+P. = C = Total salt concentration

We can then rewrite Equations 1, 2, 3 in terms of P; and h,

N3 _ N B(n E)

3¢ = DS tA4 S y
SR el

322 p 57 M T 5

3E - E(B-ns) 6

The solution of this set of equations, assuming

sinusoidal time dependance is

- A
l:73 ':A' e—‘-‘d‘ "'Aze 7
_\r, -—tz#
Ny =-4, € 41— A4, € 8
O, ¥
_ -2F ‘ E
E - Z_,‘_l A| e +C o 9

o



Where 2

2 _.,2 _ QCF

F=K"= ZRrT 10
VNN |

ey = 11

The solution for E can be used in the flow equation for

the active ion species.

RIS °AF; >( RE)
= D e— 2
2% o T 12

For sinusoidal time dependance we have

4
: AR = -\ A
R=pdAR _ 2F
ow Az 327 MFo2 2= e "
Assuming a solution of the form
_f’ -
AP—;—"—Me z¢+Nev'4
We have
. 1 2
JwwM =M D v
14
and 2 'u_) _ =
w= S =an
VWN = ND“‘?-_/“Poz géfAl 15
and ~ P
NE 2822 A f eyt
We have then
2 4, %4
E = = £\, A‘ e + Eoo 16
-G % -—‘G.K
Ns = -Al e + Az e 17
-\ % —\t‘l.¢
AR = A, (1-Pasc)e '’ +(h,~-M)e
18
~C\ 4
APZ’-'- Poz c . e:'\rz"l
Pz J, +M 19



If only the P, species reacts at the electrode and

« 18 the complex fraction of the total current carried

across the boundary by P, , the boundary condition will

then be

8t N =o0
flow of P

flow of nh,

Where Zo,, the total current.

flow of P, = d Z»

o

]

With the aid of Equations

16, 17, 18, and 19, these become

2 2F Poz _ 2 _ Poz
W T b M T A = I (%o 22) 20
- C-Foz) M- 2. (C Poz) 2
-l R Gy LR (R R G s
aF C _ _ - Zoo 22
HMepah <k -, 2DF
The solution of these eqQuations gives
A= .:zDFrg Lo-] 23
A Zeo
Ay = aDFY 24
o Zop [ZL Poz /C]
M = Z2DF %2 25
S5 w* T %*

e,



If the impedance of the electrode is linear for
small current densitles, we can express the faradalc
current in a Taylor expansion. Let the c§ncentraticn
of the reacting species be C; and the driving voltage

acting across the fixed layer be Ve, then
z« = £(C2, V&)

and in series form

YL FC Ve de; +>HCC?)VF)7 Ve

Z' = ' +Z -
< Zu0 7 0C; o VYF o6
Where for equilibrium Zxo =°
Consider the reaction P = X

Where the product X has unit activity and therefore the
accumulation of this product does not influence the

reaction. We have then considering Equation 26
flow oansdéw=Vr/9—,6APz 27

From Equations 19, 23 and 25 we have

APr _ Poz @-0 , (2= Po2/C)
Zeo 2¢DFVGE 2DF S o8

The displacement current 1is given by

(1-) 2o = JwCr VF 29

€y



Where Cr = fixed layer capacitance.

The reaction impedance is

Ze= VF /O< 2o D-30

From the solution of equations 27, 28, and 29 this can

be rewritten as

s p(ﬁ—Poz/C> R
Zea= Ry T D-31

Where R = :
Loy Poz B KCF
e 2C F D-32

The first term in Equation 31 is a pure resistance and

the second 18 an impedance which is proportional to
-y -zf

WwW=2E€ ZF . This term is referred to as a warburg

impedance and 18 given the circuit symbol —W— .

The warburg impedance 1s assoclated with diffusion

phenomena. We can now represent the fixed layer

impedance by the following circuit.

C
| oF
R

W= REG-FRz/0)
2F/D jw




The equivalent circuit elements R and W are given in
terms of the parameters © and 8 . By considering the
reactlon rate theory for the electrode processes we can
evaluate these two parameters.

Let the electrode reaction be represented by
A=C
The reaction rate theory gives us for the forward and

backward rates

-+
KT - %{Go
vate = 7 da € N
< D-33
v =
- A&
—— KT =T D-34

Yate = N ac e

Where AGE = AGH +xVeF
AGE = DGz -(1-0VeF

™
I

Ve = The equilibrium potential

The equilibrium rates in Equations 33 and 34 multiplied
by F are referred to as the exchange currente and are
given the symbol Z, . For a driving voltage VF we
may rewrite Equations 33 and 34 in the form.

-Z?‘lf"_o(VFF
T

z=F g, %F D-35

=+
N - DG _ (1 VeF
2-:,:5;1“4&@?‘? (-2 RT D-36



Making an expansion of these currents about their

equilidbrium value Z, we have

-+ . - AOa . =

2 = ?o + Zo -_Z; + Zo P'(E\’Ljr VF D"'37
- ) . . F
2 = 2o + 2o Az: - 2o (i _O()—F—\"'_T VF D-38

If we allow d, -, and fa, =o we have for the net current

.

v =2, | A4 FV
Zot Zo[ac + —F‘T'l—f]

D-39

On comparison of this with Equation 27, we have for the

parameters g and O .

. RT

6 = FoZo D-40
—_ Z.o

F= St

We can now investigate the dependence of the warburg
impedance on the concentration of the active 1on

species C; . The calculations are simplified if we make
the assumptions that C; << ¢ and R£ & . From

Equation 31 we have

W _": RT l . mo’¢$
- F FG pw Cz 1n cIm3 D-42-a




Upon substitution of the values for the constants

and changing C, from meoles to moles .
Cwm3 Litew

Y 2.5 1072

W C, 1[13 C; 1in mole/liter

D-42-b

Assuming that the surface concentration of a species
is proportional to its concentration and using 10'5
molecules/cm? as the water molecule surface concen-

tration we have for the exchange current (amp/cm* ).

KT Cs 0/5
= F 7 (s& 4/023}6

Cz. Y MOIG.'D
Ihhtec

With the aid of Equation 43 we can write for the reaction

D-43

resistance.
, i
& /.4 10~ T
R 2 e
D-44
mol‘S
and C7 1m htev~
_ AGS
%-1-‘ f5 5508 e RT D-45
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