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ABSTRACT

The direct numerical solution of resistivity data for the
case of horizontal layering is presented as the solution of a
set of ﬂonlinear algebraic equations, Two specific methods,
Newton and Steepesi Descent, were set up for three layer analyses
on a digital computer, These were applied to field data, and to
data derived theoretically for three and four layer cases.

The case of a thin second layer was found to display a
special kind of indeterminacy. It was found that the analyses
do not and cannot theoretiecally be expected to yield the actual
values of resistivity and thickness for these thin layers, but
rather, a good value for their ratio (conductive layer) or pro-
duct (resistive layer) can be obtained, The question of ultimate
resolubility of this type of information in the presence of meas-
urement error is discussed quantitatively. It was found that, as
the resistivity of the third (lowermost) layer increases, it be-
comes increasingly difficult to detect a thin, resistive second
layer. When the second layer is not thin relative to the first,

the resistivities and thicknesses are determined with reasonable



accuracy. These solutions do not appear to be unique, but altern-
ate solutions differ sufficiently for the true solution to be
easily distinguished,

In addition, the problem of analysis in the case of resis-
tivity variations in three dimensions is discussed, The exact
solution is shown to be intractable due to mathematical limitations,
By an approximation the equations can be linearized, and a numer-
ical method for solution of the approximate equations is pro-
posed, but not applied,

It is concluded that these numeriecal methods will not find
immediate widespread application due to the time and expense
involved in computation, When necessary, however, reasonable

solutions can be obtained,
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PART ONE
I INTRODUCTION

The direct interpretation of earth resistivity data is
an inverse boundary value problem, As such, few general math-
ematical tools are available for its solution, as compared
with those available for the direct problem, The few inverse
problems whieh have been solved are quite specifie, The re-
sistivity problem has been attacked by several authors, how-
ever, no practical general solution has been presented,

Langer (1933) derived an analytical method for develop-
ing the terme of a series expansion of resistivity, €@ ,
which varies continuously with depth, Attempts at application
of the method by Slichter (1933) and Langer proved it to be ex-
cessively laborious and the assumption of & continuous resist-
ivity variation in practical examples is questionable,

In most practical examples where it may be assumed that
conductivity is a function of depth alone, & rather better
assumption would seem to be that of stepwise changes, i,e,

a medium composced of several homogeneous horizontal strata,
ecach of fixed reesistivity and thickness., In a second paper,
Langer (1936) extends his first derivation to the case of con=-
tinuous variation with a single discontinuity, In aprlication,
however, this method is more cumbersome tham the first, and
thus of even more limited practicality. Pekeris (1940) pre~-
sented & graphical solution for the case of discrete hori~-
zontal layers, This technique works quite well, but is limited
in application by the assumption that succeeding layer thick-

nesses increase with depth (Rogers, 1951).
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Stevenson (1934) treate the problem of three~dimensional,
continuous resistivity varlation, He reduces the exact sol-
ution to an approximate linear integral equation, but is unable
to solve it., Applying this same approximation to the case of
horizontal layers, however, Stevenson derives a series solution
which gives & better result on the one example done than does
the Langer-Slichter method, The methods are equally laborious,
unfortunately.

The present work gives the development and results of &
numerical method for solution of the horisental layering pro-
blem, and an approximate numerical method for solution in the
case of three-dimensional variation, These methods are useful

only with the aid of high speed computers,

11 HORIZONTAL STRATIFICATION

k CAL FORMULATION OF THE PROBLE
If we assunme that the earth actually is composed of homo-
geneous, horizontal strata, then any clectrical measurecments
which are made on its surfa:e can be reduced to give the sur-
face potential variation about a point source, ¢(r) . It is
w'th this function and functions derivable from it, that we
shall deal. It is a well known fact that, for the geonetry

considered, (surface resistivity normaliged to unity)

2o () = /I(Anka..,(N)d2 (1)
(e.g. see Sunde (1949) pp. 40 £f), where n 1s the number of

layers,
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and € and d; are the resistivity and thickness, respectively
of the i-th layer., As is also well known, equation (1) can be
solved immediately for k;,.... (A) by an inversion theorem of

Hankel., The solution is

e () = 3/ 74500 3)

o

and the function k12'°-°n<k is known as the Slichter kernel,
It is seen that a 5lichter kernel can be (a) derived from fileld
data by an integration, and (b) calculated algebraically from
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equations (2) for any given set of assumptions as to the G 2*

and dgy. The method of analysis presented in thie paper starts
with the kernel integrated from field data by means of (a), and,
by & process of iteration, adjusts the values of the parameters

€ and dy in a calculation of type (b) until the kernel cal-
culated in this fashion fits very closely the integrated kernel,
It is then assumed that the final values of the parameters in
(b) are the desired solution, There is, at present, no math-
ematical justification for this last assumption, i.,e., whereas
a perfect fit undoubtedly indicates one sclution to the problenm,
there is no reason to believe there are not other solutions,
In fact, experience indicates that more than one solution does
exist; however, the physical requirements (positive and real €
and d4 ) reduce the number of allowable solutions,

The following is a mathematical description of the problem,

Beginning with the potential funetion as measured in the fileld,

and using equation (3), a kernel is calculated for m values of A

k(W)= X/ eI (L) dr (&)
Next, values of ky,ees,(A) “are calculated from equations (2)
using the same )\; , assuming n layers (~>~) , and gueseing
at the values of € and dy (by comparison of the apparent re-
sistivity or kernel ¥ C&& with available curves of these

functions). There results the set of equationa to be satisfied:

rr 2
K =/; [klz ..... n(%) - kO\J)J =0 m=En=3 (5a)

-5 [k 010

el

or
2

ninimam ~> 2~--3 (5b)
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Por a slight simplification of notation, the unknowns € and
dy are designated by the more general £ . Since there are (n~1)
unknown thicknesses and (n=-2)%* unknown resistivities,

> =1, 2, = === ,2n~-3

Further, in order to denote the number of iterations having

taken place, the first estimates of the 5. are §f) , ete.
The problem is to minimize the function chfv and, by
definition,

K(E.() = minimum m > 2n—3 (6)

The problem is similar to that of approximating the roots of a

set of nonlinear transcendental equations,

THODS OF LU
Several general methods are described in the literature,
Two of these have been tried in the numeriecal work - Functional
Iterationl (Newton's Method) and Steepest Descent? - and the
latter was found to be somewhat more effective in the difficult

case of thin intermediate layers,

Hewton! &

In this approach it is assumed that the kernel is an
analytic function of its variables, As such, it can be expanded
in a Taylor Series in these variables, and its partial deriv-
atives relative to each ecan be evaluated for any set of assumed

values. The relative sizes of these derivatives determine the

# The resistivities © and € are assumed known inasmuch as
they are the asymptotes of the apparent resistivity curves
at very small r and very large r , respectively,

1. see von Sanden, 1923; Householder, 1955.
2. see Householder, 1955.
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relative changes to be made in each, and the values of an
nerror?,€ , determines the magnitude of the change. The series

expansion of the kernel takes the form:

)il (7)

ki ....A.nO‘j;g« +cl§,,) = k,a.....n()v,’é«) +2Z [3§~ 4E.

o=/

(neglecting cross terms and higher derivatives).

The Newton first approximation ie:

kla..‘...ﬂ()J.E«"'A‘gd) ~ k/a.....no\j,g ) Z AE,, (8)

and is obviously exact only for linear functlons, For a
funection as complex as is the Slichter kernel the approximation
is generally useful only when AE. is snall,

The normal iterative technique of Newton is applicable for

m= 2n - 3, and can be formulated:

A klz....{.a ( ) (L) (9)
where 555 ) = k(}y) - l</z(‘}ﬂ (>‘J) (9a)
@ _RF k@
and Aklzn()&) - “Z/ ag A § = (9b)

for every value,k=)y. Since there are a like number of equations
and unknowns (2n-3), the ¢; can be reduced, in theory, to zero,
(Hore than one its¥dtion is required because of the assumption
involved in equation (8)). When the €, are gzero, the condition
of equation (5a) is satisfied.

For the purpose of reducing the effect of errors in in-

dividual data points, the following least-square modification
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vwas used, Minimize the funetion:
Z [€() Akle.,...(f) (A/)] m == 2n—3
with respect to the L., visz:

’”r 3 2
0=—2_ Z [@W'—Ak/zﬁ) O\J)} X =12,..27-3

= Z —Zng [go N (’z,)o\/)]

(10)

(11)

By virtue of (Sb) this becomes:

Z k/g ()!k_/! =3 Bklﬂ ..... h(x,/) Ag Ze(l.) ..... (A) (12)

J=7 B=1 bg s=1 b’s’.‘
220 & ke G0 kinll) - S dke M)
5 0% § gl el = § ¢ e

forx=1, 2,...., 2n~3., These equations can be summarized in

matrix notation, as follows:

[ﬂ“ﬁ:] {Ag”} ={A°‘} (137
hd bk/a... @ )\) bl</2....{) A
Txg =J; v Y 375‘,,( 2
= L /z......np\[
N, =J_Z7€f’ bkzgﬁ )

The solution vector is obtained in a straightforward manner

by any of the standard methods of linear algebraic equations,

Then
gl - 80+ A%D

2 ()= ke D0, E47)



and the entire procese is repeated until the gﬁ no longer
diminish in size at each iteration, or until the minimum sig-
nificant error (data roundoff) in K is reached.

Here, it is seen that a solution to this formulation
also satisfies equation (6), but the solution ie obtained in

a rather roundabout fashion,

Steepest Descent
The usual procedure is to minimise the function by chang-
ing one parameter at & time so as to make as great a reduction
as possible, arnd then to proceed with another parameter, repeat-
ing the process until no further improvement can be made. The
parameter chosen to be changed at each iteration is that which
contributes the largest component to the gradient of the funo=-
4 tion K, and the amount by which 1t is to be changed is estimated
jzby an approximation of the Newton type Q</%%§J s Or by trial
and error. The method as applied in this work was modified in
several ways, as dictated by the computing facility and the
particular problen,
Rather than search for the best parameter to change each
time, it was thought more advisabls to change all parameters

simultanecusly. Thus

€20\ _  (elid _np®
K(§« ) - K(Eq MK“) (1&.)

where M 18 chosen to minimize K(gf*l)) each time, and K,‘(i)
is the contribution of a change in ?Ef’ to the gradien: of
K Sfo . In practice it was found expedient to modify K (1)



from 1ts true value

K(t) ‘oé{% > [;( bl:g(f@) )2]—'5

o e~ £ 2KED [ (s, )T o

in order to compensate for the tendency of the method to ignore
parameters of very large numerical values until the very end of
the iteration, The change was helpful in some cases, but it is
not certain that it was helpful in all., This tendeney to ignore
some paraneters could be very troublesome in a problem of this
nature, whers all parameters are not dimensionally equivalent,
The method of caleculation of M (eguation l4) was developed
in an empirical fashion, and could probably be improved upon
with great advantage in reducing computing time, A first esti-
mate was obtained by approximating the ratio of first to second

derivatives of K along the path, g, of grad K,

W ZaK /agu

e T IK/EE)

Trial values of K were then caleculated using nultiples oy M

(16)

and g,u' and equation (14), ¢y and ¢, being near unity and
unequal, The trial values of K obtained, plus the value

K@§f§ iteelf (corresponding to M' multiplied by eq = 0 )
were used to interpolate for a new value of M, Two kinds of
interpolation were used, depending on proximity of K to a min-
imum, Letting the first two trial values of K be O, and 0, ,
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corresponding to ¢; and ¢y, when

lo-a) < KED)
8 linear interpolation to 6=0 was used, When
lo-6)] > K(EY)

however, a second order interpolation to 6 = minimum was used,
That is, at the beginning of the calculations, when K(Eo(f))

ies large, it was assumed

e, = C|°( +B
O2=caex +3
Solving for 6=0
c=62—6
Cci—~—C2
As the iterations proceeded, K(’s'f)) decreased, until a

point was reached at which

lo-6] > K(ED)
and thence the second order interpolation was employed, Assume
ing

O, =clex+cB+7

O = clox +cB+y

6= KEY) = » (es=0)
and solving for O = minimum

__ c2(6,-63) + ca(65-6)
6,c,—02 c2 +03(c,~c2)
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In the numerical analyses, c has generally bLeen between ; and

3/2, indicating that the estimate M! is not too far wrong.

The iteration then proceeded, using

M = cit
in equation (14).

Because of the very great flexibility of the procedure,

Mt could probably be estimated sufficiently well by replacing
equation (16) with

o= g
at a considerable saving in computing time, Alternatively,
the interpclations might be eliminated by a better estimate
of M' in the third order iteration,

The procedure followed here, effectively an interpolation
within an interpolation, might be oritized as highly inefficient,
inasmuch as three times as many values of K are calculated as
are actually used in a normal iteration, However, it was found
thait the procedure justified itself by a convergence of K at

four to five times the rate without these inner interpolations,

RESULTS AND DISCUSSION

Programs which would perform the analyses were written
for the ¥ I T Whirlwind computer. These programs were designed
for the three-layer c¢ase (n=3), with the object of studying the
accuracy required of a kernel for a definite solutiocn, and for
observing the behavior of the method under the non-ideal cir-

cumstances (excess layers, random errors, leteral resistivity
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variations, etc.) which exist in field data.

In the majority of cases, 10 values of )\ (m=10), were used,
All kernels were normalized to P\ =1, and the theoretical kernels
to dy=1, The input data were:

(a) the number and values of )~j

(b) values of ©, and C;

{c) estimates of @, » 44, and 4,

(d) the kernel values ,é (k‘/)
and the output consisted of the values computed for (,, dy,
and dp. Operation was entirely automatic, calculation ceasing
only when the value of K reached a preset value, or began to
oscillate in random fashion, Before beginning, an algebraic
simplificetion was made by dealing with

fo = /[H—k()\)] - (data)

and

Ad

'Fvas(>\)= / [l + k:as()\)] -z =z Mes <" (function)
rather than with k()) and k123()).

Several hundreds of kernels were calculated on the Whirl-
wind, using expressions (2). Others, including apparent resis-
tivity data from the field, were made available through the kind-
ness of Mr, E, E, Maillot, of Douglas, Arizona, It was believed
that the thin second layer situation would be the most critical
test of the method, and 25 three~layer cases of this kind were
analyzed, in addition to two four-layer cases and five field
cases, The majority were first done with a Newton technique

developed earlier (Vozoff, 1955a). The Steepest Descent ap-



proach was used to attempt to overcome the difficulties encoun-
tered with the Newton method and proved to be better able to
handle the thin-layer case,

All theoretical kernels were calculated to an accuracy of
seven decimal places, and rounded off to the desired accuracy,
usually three places, for analysis, Thes result of this, of
course, was the introduction of a random error € of .5 maxl-
mum in the last place, Since the values of kB(A) ranged be-
tween zero and 10, the individual errors in f3(1) were between
¢ and €/11, However, the individual percentage errors in
fB(l) were in general much higher than in k3(A), especlally
at large A where ka(1) went to unity asymptotically.

Results obtained with both techniques applied to theoreti-
cal three-layer kernels are presented in Table 1, and Figures

2 - 31 , Analyses of four-layer kernels by the Hewten
Kethod are presented in Table 2 and Figures 32 - 35 , and
analyses of field duta by both methods are given in Table 3
and Figures 36 - 41 , Slichter kernels for the cases analyzed
are shown in Figures 2,4,7,12,16,20,25,29,32,38,

With regard to the three-layer analyses, Steepest Descent
was applied in cases where the Newton Method had difficulty,
as mentioned earlier, Two additional very diffiecult cases
were done with Sieepest Descent only (26 and 27).

The nature of the results was found to rest upon several
factors, some of which are not yet fully understood, Success
of solution can be measured by two criteria, the closeness of

fit, K, and the quantity €,d, or dz/eé, as appropriate.



a) The ratio 62/61 appears to be the single most important
factor, as might be cxpected, The larger this ratio,
the better the solution, No obvious correlation would
be found with any of the other paramneters,
b) Inmprovement of data accuracy will usually result in a
better solution (compare Casca 9a and 9b, 1l3a and 13b,
l4a and 14b, 17a and 17b and 19a and 19b), Case 26, an
extremely difficult one, shows little improvement with
nore accurate data,
e) Different initial cstimates of parameter values sometimes
led to slightly difrferent solutions in the lNewton tlethod,
This behaviour was not observed in Steepest Descent analy=
ses,
Experience with the Newton Method in the present appli-
cztion has shown that, in initial iterations, the magnitude
of changes arec often over-estimated, In addition, the direc-
tion of change for some (never all) of the parameters may be
in the wrong direction during a large portion of the iterations,
As K (§.) becomes smallier, predictions assume their expected
behaviour, The iterations normally continue in this fashion
until some small value of K (5.) is reached at which time they
begin to vscillate in apparently random manner, Due to the un=-
usual nature of the function being minimiged, the oscillations
may be unstable if K'(§;) is sufficlently large., Two possible

causes of the overshoot are:
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a) negative second partial derivatives of k12"'(>3) with
respect to the Eo*,

b) non-zero minimum error.

In most cases, the solution could be made to converge only

by reducing the magnitude of changes made in the parameters

at each iteration to a small fraction of that caloulated,

The fraction was then systematically increased to unity near

the solution,

1t appears that, in view of the factors discussed, the
Newton Method is more sensitive to data inaccuracy than is
Steepest Descent as used here and therefore the latter is to
be preferred in any practical work,

Figure 1 shows the progress and final results of one
Steepest Descent solution (Case 27). In the first row are
true values of O, d,, dy, ©, and 65. The numbers to the
right of the vertical slashes representing the exponent of
ten, In the second row are the first estimates of Fh, dy
and d; and K(%,) due to error of estimation. The third and
fourth lines are 9; and 63 (see section on Method), and the
f£ifth line ie ¢. On the sixth line are the results of the
first iteration, The second layer resistivity, 92, has gone
from 5 x 1072 to 2.1295 x 10-1, d, from 1 x 10~} to -6,2728 x
10-2, d, from 1,4 x 10° to 1,3568 x 10°; and K(&.) from

7,307 x 102 to0 1,034 x 10~4+ The 93 apd © of the second

% gaece Hildﬂbraﬂd' 19}693 P. 36‘!'.



- 16 -

iteration appear on lines 7 and 8, ete, The space between
lines 8 and 9, 12 and 13, ete, which does not occur between
lines 4 and 5 indicates that the program has switched from
the linear interpolation to the second order interpolation,

Comparison of lines 1, 2 and 6 shows that, although K(§)
has been reduced sonsiderably, the changes in Qé and d, have
overshot the mark, and the solution is forced to backstep,
K(z)(€;) being considerably larger than K(1)(E). 1In the
second iteration, this covershoot is compensated by a large
increase in dj, Succeeding iterations then recover slowly
from the shock of the first estimates, The entire process
required about 4,5 minutes on the Whirlwind Computer,

A comparison of the results of the two methods applied
to field cases B and C, shows that the solutions are very

gsimilar., In all cases, however, dy;> d; 80 that the agrce-

ment 18 not unexpected,

Examination of the curves of resistivities, integrated
potentials, and 3lichter kernels, Figures 36 - 38 shows
several interesting factors regarding their behavior, With
the possible exception of case B, none of the resistivity
curves display the form expeeted of a three-layer case, The
curves are ragged, especially at small r., In the process of
integration to rf(r) many of the "irregularities” have disap-
peared, and after Lhe second integration to k(A) the curves
have become quite smooth, However, much of this detail may
have appeared in k{(A) for A>1, At this highest value of

the kernels differ considerably from their asympitotic value
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(k{(\)—1 as A»>e°), and therefore a great deal of shallow detail
must have been eliminated,
Regarding individual cases, Case A did not satisfy the
initial assumptions in two respects:
a) the r$(r) did not reach a constant value at larger , and
smoothing was necessary with attendant uncertainty in 93.
b) lateral variation and possible anisotropy existed as shown
by later field nmeasurements,
Drilling showed a weak conductor at a depth of 6,2, HNote
that the solution 1s nearly degenerate.
Case B drilling encountered a conductor at a depth of 5,0,
Case C would appear to be of at least four layers, from the
apparent resistivity curves, Likewise, Case E appears to be
at least four layers, Note that its solution is degenerate

giving an equivalent {wo~layer solution of

Q = 1O @, = 0147

d, =0-53

Case D, which had the smoothest apparent resistivity variation,
also had the smallest minimum error of solution, 3.1 x 10-7,
This value is probably considerably smaller than the data
errors, and, as such, is deceptive,

No drill data are available on eases C, I, or E,

It would seem that, in the present work on field data,
the kernels should have been integrated to a larger value of A\
in order to allow definition of shallower structure, For this

some purpose, further analysis progranms should assume more
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layers: at least four, and probably five,

One interesting result noted in all of the work with
theoretical kernels ie that, in these thin layered cases,
a fixed relationship was found to hold between the resis-
tivity and thickness of the second layer in successive iter-

ations, That is, if

dy << 1 (e=di=1)
then

de Q2= ¢ C2>>1
and

dz/(pz" Ca Q. <<1

where c3 or ¢, is approximately equal to the value obtained
using the exact values of d, and Cp. This was so even if the
individual values of resistivity and thickness vere f{ar fronm
their true values, That this should be so, and is a kind of
indeterminacy can be shown as follows, The approximate ex-

pression for flzB(A) in the case d,<1, 1s
0,- 0= (0 ) (00D A, /P

t
fas (1) &
3(l) 2 Cs"?a'(fa‘(%)( (’a‘(’a)ldz/()z
where L=éﬁx& , and assuming

ez 1224,
Thus, if
P> =°
in a manner Such that
Cadp = oy
then

1~ \3” lx
pma(l) - %’ '%.T%;ECT
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1f
0— 0

in a manner such that

da/()z =c

—_— __t_»__ Pl“Cg +(’l(’9cl)\
V™ 2 ~er gt G e

The limiting value of fIRB(A) in both cases is independent,

to a first approximation, of (, or d, individually,

Civen a thin comductor, whose depth, thickness, and resis-
tivity are known approximately, it would be highly desirable
to be able to prediet whether its presence can be verified
and its location established by field measurements, neglect-
ing analysis difficulties, Assuming for simplicity that the
problem is to distinguish a two-layer kernel (0},d;,(3) from

a three~layer kernel (?l,dl,ez,dz.QB) in which dp<< d;, and

Cd, = ¢,
or
dz/(’fcz
as appropriate, a functional inequality would be required

relating ¢ to the data errors and layer parameters, That is

F«(°) > Fz(d‘, ()',Qs )AR)

in order for the center layer to be detectable, where [3R

is the largest relative error in any data point., If it ecan
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be assumed that the condition
m 2 m 2
2ZIAGOL] > f_[e;(l'&)]
1= L=y
is necessary for the analysis to be able to differentiate be-

tween the two nearly identical cases, it can be shown that

ZZ[;?E*»C D ] >A'é Z[Q +0,-(@,-%5 )\'—1 Ce™ ==

and

22:[@+Q3+C?\ ]2 7|692 Z_[E’ +€3—-(€ 6’ -)E ]

are sufflclent conditions for resolution, 1In these inequalities

2 — o

theAfB(Ai) are the differences between the exact values of the
functions fB(A\) and fz(li)’ and the ef()q) are the absolute
errors of the function f3(Al) resulting from errors in the origi-
nal measurements, Several examples were calculated for dl=63=l,
and for various values of @3, to examine the importance of the
value of this latter parameter, Using the same values of A as
were used in the analyses (1.0, .6, .4, .2, .1, .06, .04, .02,
.01, ,006, m=10), andAk=.Ol (relative error of measurements),

the following minimum values of ¢ and c, were obtained:

€3 c1 €2
10-3 10-2 Impossible
10-2 10~2 170
10-1 1.4x10°2 1.5
1 9.6x1072 9.6x10-2
10 5.5 L. 6x1072
102 3.3x103 4.1x1072

103 Impossible 4.1x102
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It is seen that, with data accurate to one percent, a conductive
center layer cannot be distinguished if Q3-< 10‘3, and a resistive
center layer cannot be distinguished if ?3 > 103. An increase

of data accuracy to .1 percent would extcnd this range ofl@ by

a factor of 10, roughly.

The general approach used in solving the horisontal layer-
ing problem cannot be extended to cover general multi-~dimensiocnal
variation. This is so because the differential equation re-
lating potential and conductivity is no longer separable, as
will bs seen below, What is sought, then,is some other method
of relating subsurface conductlivity to surface potential vari-
ations,

Assunming a continuous, inhomogeneous, isotropic resis-
tivity function,

a= a (P) 0< T < oo
the differential equation for potential at a point P due to

a source at point Q, is

2 P,Q)
Vo (pQ =-vsP)rvorQ) - gf,(g) =R(RQ) (17)

8(P) = log a(P)
Pewp (pl,pz,ps) observer coordinates

3= Q (qy,95,95) source coordinates
If the expression is considered & kind of Poisson equation,

Q(?.Q) represents the "sources?, Equation (17) arises directly



from conservation of current, The usual boundary conditions
must be imposed on all solutions,

For the purposes of the discussion which follows, it 1s
necessary that the differential equation be transformed into
the corresponding integral equation. This is done by treating
equation (17) as if it were a Poisson equation, and performing
the obviocus integration:

Ld(P,Q) ‘}{G(P,Rma,q)da

(18)
‘{G(P,R)%_%)Qld}z +/RG(P,R)VS(R)'V®(R,Q)dR

over all space., In the geophysical problem measurements are

made on the surface p3ﬂ0 of a half-space, and

(T'”U'(P) P3>0

o =0 pB<.0
The boundary conditions are satisfied if we take
G (P,Q) = 1/rpQ
T(PysPysP3) = Tpy,Pys=py)
fo = (=) o (pyma)? ¢ (pymap?] 2
PQ 1 *1 2 72 373

Rewriting equation (18) and substituting the Green's function,

1 VS(R)VO(R,Q)

P = + dR (}.
4rd(P,Q) W fz/ TRD (19)
and we desire a solution for ¢ in terms of §, Equation (19)
is an integro-differential equation for ¢ which is

(a) nonlinear
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(b) inhomogeneous
and (c¢) singular in kernel and limits
in three dimensions., As such, no exact solution could be de-
vised, and it can be safely said that none exists, Mathemati-
eal work is being carried on at the present time on problems
{(a) and (e).

The nost formidable of the individual difficulties, proba-
bly, is the nonlinearity. G&ince a linear approximation can be
devised rather readily, an effort was made to see if this approxi-
mation could be solved, and under what conditions it was valid,
The simplification consists of setting

O (R, )= 1/ryy (1)

in the right side of equation (19). Thus

~ 1 VS(R V 1
o (R,0) > i+ gl LRl

i O e ey (20)

This is equivalent to substituting the entire expression for §
(right side of equation (195 for ¢ under the integral, and re=-
taining the first term only. The substitution is a standard
method of solving inteEral equations,

The problem was carried to this point by Stevenson (1934)
who was unable to solve it, Several methods of solution’inelud-
ing expansions in Fourier integrals and in orthogonal functions,

were attempted in connection with present work, with no results

of practical value,
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A practicable numerical solutlion was devised, however, from
rather different considerations, Assuming (a) that all resis-
tivity changes oceur within a limited volume, T, and (b) that
the actual resistivity distribution of this volume can be ap-
proximated by an array of rectangular blocks, each homogeneous

and isotropic, equation (20) can be written

(@) und(P,Q) - ;%5 ==¥/%§£E%§§RQdR = o(P,Q) (21)

Contributions to the integral will arise only at the faces of

blocks., At such an inte ‘face the integrand will become

Sng.rRQ— = AS«nu °rRQ__ (22)
TRP TRQ rpp TRQ

and the integral will be

TR

dR (23)
TRPTRQ

e(P,qQ) = ZAS.(n.‘

where

fi, is the unit vector normal to the interface
& is an index for the particular interface,
x = 1’ 2y, = = -0
The integrals are now in two dimensions rather than thres,
Equation (23) can be rewritten
e (P,Q) =) c. (P,Q)a5, (24)
o

c.(P,Q) = —-—-—an
Trpt RQ

which is a linear equation in the 4S_,. If the blocks are cubes
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of unit dimension, and the vclume of variation ls assumed to

be of dimensions lxmxn, there are l{mxn) + (m+i) (lxn) +

(n+1) (1xm) =0 interfaces, and lxmxn =¥ unknown conductivitiss,
Thus equation (24) can be written as a linear equation in ¥

unknowns
6 (P,Q) =2 Dyqy (P,2) Sy
Dy g (Fo3) = 2{3-[«/ﬁ. (P,4,R)= :!I (P,2,R)]
+ 5 Ljafx (7,Q,R)~- a{/x (E’,i‘e,a)]
N Q-L/S/: (r,,m)- (P,Q,R)H
“

. r dA
I (P,q,R) = 322
RQ™RP
where &, is the surface bounding cuves (i-1), Jj, k and (i,j,k),

<, bounds cubes (i,3,k) and (i+1), 3, k , ué bounds i, (j-1),

k and (4,j,k), ete. The factor of 2 arises from the symmetry
about the plane p3~0.
Values of the coefficients dijk are now being integrated
en the M,I,7. Whirlwind Computer by Hallof and Ness (1955).
It remains to be seen just how effectively the method will handle

the problem.

IV CONCLUSIONS
The methods described can be applied in a straightforward

manner, with the aid of a high~speed computer, The solutions
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obtained, at least in the horizontal layering analysis, are
probably as good as can be obtalned by any means, depending
chiefly on the guality of the data, From the standpoint of
the geophysicist in the field, however, neither is very satis-
factory, as they require time-consuming, expensive processing
of the data., The improvemcat of the solution, over that ob-
tainable by matching curves, is questionable with the data
acouracy ordinarily obtained. Only in situations where it

is considered sufficiently important to improve the accuracy

of measurements will these techniques be of real advantage.



TABLE 1

PHREE-LAYER ANALYSES OF THREE-LAYER KERNELS

A ———————

TRUE VALUES SOLUTION
Ql Gé 93 Rads Qq Ca Q3 Cody A
Case
dy da dp /0, dy dp K dp/Cp
1 1 1 1. 1.00 1
1% 1 1 1.06 2.05 10-1h 8
1 .1 10 1 .100 10
2 1 10 100 1.00 9.98 7x10~8 100. L
1 %1 1 1 .105 1
3 1 1 10 .997 1.05 5x10=7 10.0 5
1 .1 10 1 L0994 10
b 1 1 10 1.00 . 994 4x10™7 10.0 5
1 .05 5 1 2.5x10"3* 5 3
5 1 .5 10 1.12 3,2x10" 6x10" 12.6 3
N 1. .05 5. 1. .101 5,
s¥F® 3! "5 10. 1962 1.01 6. x10-6 10. 3
6 i .éo +2 no solution 3
1. loc .2 5.0 l. I§026 a2 S.ll 3
bxx% 7. 05 .923 1.20 5.x10~7
7 1 .05 .2 1 .0480 .2
1 .5 10 1.002 485 2x10~7 10.1 3
1 10 5 5 1 11.3 5 4.9
8 1 .5 1.004 h24 9x10~8 3
1 .05 5 1 .203 5
9a 1 1 2 .973 412 8x10~8 2.03 3
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TABLE 1 THREE-LAYER ANALYSES OF THREE-LAYER KERNELS
TRUE VALUES SOLUTION
()l‘ Qg (’3 ()2d2 ()1 ()2 (’3 ?252 AF¥
Case
dy dp dp /02 dy da K dz/C2
9b 1 .05 5 1 .0888 5 11
1 .1 2 .996 .178 5x10~ 2.00 5
1 10 .1 1 1 20.9 W1 .978
10 1 .1 645 .0L68 3x10-3 3
. B 10. .1 1. 1. 1.42 .1 1.27
10a ™% 77 .1 JT42 .893 1.7x10"7 3
1 10 .1 1 1 19.3 1 1.01
LOb##x 5 .1 .987 L0524 7107 3
1. 10. .1 1. 1. 19.6 .1
10g#¥# 5 1 1,22 0443 9.,%x10-2 3
1 10 . R 1 no solution
11 1 .1 3
1. 10. .2 1. 1. 19.5 .2 1.01
Llss® 5~ .1 .988 L0516 6.x10~7 3
1 .5 10 1 .992 10
12 1 .1 .2 .688 . 504 10-6 .508 3
132 3 .1 1 .903 <535 8x10-8 1.23 3
1 .1 1 1 .0994 1
13b 1 .1 1 1.000 L0994 6x10~14 1.00 8
1 10 1 1 1 5.98 1 1.02
lia 1 .1 .992 171 10-10 5
1 10 1 1 1 6.92 1 1,01
14b 1 .1 .996 146 7%10-8 3

- 28 -



TABLE 1 EE-LAYER ANALYSES OF THREE-LAYER KERNELS
TRUE VALUES SOLUTION

e %1 R2 03 0,q, 0 02 Cs Ppd, A
d1 da dz2 /P2 dy dz K a2 /02
1 .75 .1 1 1.87 .1

16 1 .1 .133 .651 .155 10-3 .083 3
1 .05 .2 1 171 .2

17a 1 .1 2 .976 1.12 3x10-6 6.6 3
1 .05 .2 .1 .075 .2

170 3 .1 2 <997 .158 Lx10=}l 2,11 5
1 10 5 1 1 5,00 5 -36.

18 1 .1 917  -7.18 104 3
1 1.5 1 .15 1 .708 1

19a 1 1 1.39 .0840 10~4 3
1 1.5 1 .15 1 1.46 1 .157

19 5 1 .996 108 5x1012 5
1 .1 10 1 .012 10

20 1 .01 .1 3.51 4,08x10~k 8x10=3 .033 3

21 1 100 1 1 1 2.20 1 1.20
1 .01 .904 .543 105 3
1 2 10 .02 1 31.4 10 -.094

22 1 .01 .976 -.003 6x10"° 3

26an#w 1 .05 5 1 «514 5 6
1 .01 .2 1.87 -.33 3x10~ b
1 .05 5 1 .517 5

26b### .01 .2 1.87  -.34 2.6x10-6 6
1 .1 5 1 .120 5

2TwwE 4 01 1 .930 .0198 9x10~8  .165 6
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TABLE 2

~LAYER NEWTON ANALYSIS OF

UR-LAYER KERNELS

IRUE VALUES SOLUTION
?1 Ca C3 ?a Gl P ?3
Case
di da dj dy d2 K
1 100 1 .01 1 49,2 .01
23 1 1 4 977 2.12 Lx10~2
1 .01 1 100 1 .0252 100
24 1 1 L .987 2.65 1.3x10"5
1 10 1 .1 1 10.7 .1
25 1 I 1 1.05 3.63 10-3
o
TABLE 3 THREE-LAYER ANALYSIS OF FIELD KERNELS
FIRST ESTIMATE SOLUTION
()1 ? Q 91 e Q
2 3 2 3
Case d1 da2 s d1 d2 X
1. 2.0 1.48 1 1.53 1.48
A .15 7.0 8.5x10-2 145 271.3 2, 4x10-k
1 .6 .2 1 L6541 .2
B .2 X 1.7x10-3 .152 2.68 1.2x10-5
Bl 1 .6 .2 1 .629 .2
.15 3 3.x10~4 <174 2.72 1,.3x10"5
1 4 .21 1 .252 .21
¢ .5 A 3.7x10-2 <271 5.72 1.7x10-4
1 .25 .2101 1 .251 .2101
CHuk .3 6 3.3x10~4 .272 5.97 1.7x10~h
. 1 .75 .175 1 .708 .175
.1 2 1.2x10-2 L2543 .882 3.1x10~7
E 1 -2 Olh’, 2 l 1' 00 'll.’7
.2 5 1,.2x10 ~1.70 +2,23 2.1x10"7
# Degenerate Solution - 30 - #%*%* Steepest Descent Solution
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PART TWO

I IKTRODY

The resistivity analysis problems fall into the class
of inverse boundary value problems which have received very
little attention from mathematicians., Tho cause of this, and
as a result of it, they do not yield readlly to existing ana-
lytical techniques, except in a few very special cases,

In the normal boundary value problem, one has a medium
of given geometry mnd physical properties undercoing s physiocal
disturbance, and wishes to find the effeet of the particular
medium on the disturbance, In the steady state (D.C,) problems
dealt with here, the disturbance is a function of position, and
has assoclated with it a mathematical function, a potential, which
pernits systematic treatment of the physical problen,

In the normal three dinensional formulation, then, one is
given the differential or integral equation which the suitable
potential must satisfy within a medium, the conditions w iech
the potential nust satisfy at boundaries betveen media of diff-
erent properties, and the analytic representation of the bound-
aries, This information is dictated by physical considerations
and is often idealized or simplified for mathematlical recasons,
From it, one attempts to find the potential everywhere in the
medium,

One is sometimes able to write down all possible solutions
to the differential equation in the medium. When this totality

of solutions is forced to conform to some given boundary cond-
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itions on a surface, (by integral equation formulation or by
standard differential equation techniques) only a certain com-
bination of the set of possible solutions is found allowable,
The inverse problem is that in which one attempts to de=
termine, quantitatively, the properties of the medium from
measurements, at a surface, of the response of the nmodium to
disturbances, Mathematically, it is more difficult, and few
examples are to be found in the literature (Slichter, 1954;
Jost & Kohn, 1953; Langer, 1933). These are mainly specific
examples; there is no general theory such as exists for the
direct problem, and each new type must be solved starting from

serateh,

II

DIRECT PHROBLEMN

Electrical prospecting is a standard method in geophysical
exploration, In it one ap;lies currents to the ground, and
measures the voltage distribution, usually sll at the surface,
in order to find regions of anomalous conductivity. Juali-
tatively, the concept, its application, and interpretation
are relatively straightforward, However, in a few cases
qualitative interpretation is not sufficient, and it would
be quite worthwhile to have available the tools of quanti-
tative interpretation,for which we must go to the mathematical
formulation of the problemnm,

Papers have been appearing on the subject since 1928,
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(Ollendorff) but, with one exception, there has been very little
mention of the case of general heterogeneity. The exception,
a very interesting paper by Stevenson (1934) discusses both the
normal and inverse boundary value problems, indicating formal
solutions for both,
The following is a mathematical statement of the generel
problem, indicating two new kinds of solutions.
The statement of conservation of current at any point in
space 1is
Ve d==s
where 8 18 the magnitude of current source at the point,
Then ifo (7) is the conductivity at the point P
J(i) = < (P)VH(P)
Vi =oV2 o V= -8

VR + Vs + 2 =0 (1)
3 = Y& = /(1ogr)

Equation (1) is the differential cquation which our potential
must satisfy, Ae indicated above, we can handle both the direct
and the inverse problems as either differential or integral
equations, each being advantageous for specific purposes, The
proofs for existence and uniqueness of solutions to the direct
problem have been rigorously developed in the work on elliptic
differential equations (Zernstein, 1950; Petroveky, 1954; Murray
and Miller, 1954) and will not be given here,

Reciprocity of the Green's Function for the potentials
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¢(r,2) and ¢(3,P) (i.e, interchangability of sender and re-
ceiver positions) is not obvious for an inhomogeneous mediunm,
It follows directly, however, from the self-adjointness of
the differential equation

V2 +7ovd = 0
(Sommerfeld, 1949, p.50). It can also be verified that the

normalized differential equation
V24 +Usb = 0
is not self-adjoint., C(Construetion of a solution to the direct

problem is not of interest here,

The problem of proving the existence of a solution to
the inverse problem apsarently does not arise (provided the
rhysical assumptions are satisfied) because the data are ob-
tained from measurements on a real earth, 3Stevenson's formal
construction of a solution (1934) includes a plausibility
argunent for ite uniqueness, This argunent is implied in
the work here; uniqueness has never been rigorously shown,
to this writerts knowledge,

Part of the difficulty in solution of the inverse problem
can be seen by reference to the differential equation (1).
Both S and ¢ are unknown functions, hence the problem is non-
linear, Further, it is non-linear in three dimensions, It

will be seen how these facts hinder solution. If equation (1)



is rewritten (source at )

2 4 bl o [ 3 P s
V24 (P,Q) = =70(P,0) "75(P) - Ehk = Q(P,Q) (2)
one can see the obvious resemblance to a Poisson equation,
whose solution is (integrating over all space)

L ¢(P,Q) = - 76(P,R) @ (E,Q)dR (3)
R

=+ /6(r,R)[V0(R,2) V5(r)+ ST aR  (3a)
R

(This kind of solution was given by Stevenson and developed
independently by T, R, Madden (personal communication). 4
plysical picture of the solution as a distribution of inter~
acting collections of charge, when all changes in resistivity
are finite discontinuities, was pointed out by Madden,)

The physical requirement that there be no vertical current
flow at the surface can be handled in either of two ways, each
requiring a different Green's funetion, Iif r3 =0 is the earth's
surface, rq positive downwards

(a) a’(rl,rz,rz) ﬂcr(rl,rz,-rS)

G(r,R) = T‘%; = [(p1~rl)2+(p2~1‘2)2"‘(?3"1‘3)2X - 4

or (b) g (1) = 0 r3<:0
] 1
G(P,R) = emee 4 mweme
g iR TPR

2 2 2
ron " &(pl-rl) +{py=r ) +(p,y+ry) ]é

It 1s seen that these are equivalent, Using (a), and recog-
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nizing that in the practical problem of isolated sources
3(P) = S(P’Q)
A o(r,a) = /30 dn o/ TORQETSE) g ()
R RP R PR

The source term simplifies to

/a l
RU‘RGPGO’QP

Thus it is, unfortunately, this three-dimensional, non-linear,

PQ

inhomogeneous integro-differential equation whose solution we
desire. To further complicate the mathematical situation, the

equation is singular both in the kernel (#) and in the limite
( "'°°»°°)
Instead of the integro-differential equation, we can write the

pair of integral equations
b §(P,Q) = ~R/G(P,n) ©(R,Q) 4R (3)

and €(R,Q) = - é—_%‘-ﬁ)—- -/e!('r,q)vs(a)-vc;(a,'r) dT (5)

An infinite series solution for the second equation can be
written by substituting the entire right hand side of the
equation for ©(R,Q) inside the integral

€(R,Q)= - é_%%)'— ,/[‘.21_.12%}. E’(U,Q)VS(T)-VG(T,U)dl{]VS(R)-VG(R,T)AT
=~§L%.’3L). ﬂ%ﬂ_ﬁl -//[E’(U,Q)VS(T)-VG(T,U)dU]VS(R}VG(R,T)dT

and repeating the process an infinite number of times, The
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expressions can be simplified somewhat by writing
H(4,B) =/8(&) VG(4,B)

©(x,Q) = = %+W4/ﬂm,r)/a(r,u)ew,w) 4Ud?
- %%%JH(R,T)/&&‘PdM?# H(R,1)/A(r,u) B yar
s Jur,m) [u(r,0) /u0,v) Sutv,w) /(,Q) dudvdudr

ete., in whiech the H(A,B) acts as an influence function., It
is this form of the expression which suggests the physical
picture of a source function composed of interacting charge
densities., When conductivity changes occur at surfaces of
finite discontinuity, the magnitude of interaction suggests
that the surfaces act as layers of charge,

Substituting this expression for o into the expression for ¢

b §(p,Q) = g{ﬁl =) /f;f.?,a)a(a,az) dr (6)
R

- /a(y,n)/a(n,u)ﬁ(u,'r) €(7,Q) 4d7dUdR

Thus, the potential is expressed as an infinite series, the
first term of which varies as #u The function H(A,B) contains
a gradient of ;ﬁg, meaning a variation as (;i;)z. Succeeding
terms of the expansion for §, therefore, depend as

a) <% on the distance betweeon P and loscations of con~

ductivity gradients,
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b) on the distances between locations of conduct-

L
2
ivity gradients

|

and e) =5 on the distance between the potential source (Q)
) and locations of conductivity gradients,

all modified by the angular relationships Y78(A)-rAB. Since all

integrals must be dimensionally equivalent, there is no a priori

reason to say that the contributions from suceessive terms nust

diminish in magnitude, If, however, the conductivity gradients

are non-vanishing only over finite ranges, it would be expected

that the multiples of ;’5 will force such diminution, It is
interesting to note that, despite the apparent dissymmetry in
P and Q, $(q,P), must equal ¢(P,Q).

The object, then,is solve the integral equation (6) for S(R)
= logo(R). The equation is insoluble analytically because of
the difficulties mentioned previously, the non~linearity being
the major obstacle, One may, of course, approximate the sclution
by trial and error, Such a procedure with a three dimensional
function, however, borders on the impractical, even with the
best of modern computing facilities,

By neglecting all but the first two terms on the right
side of equation (6) we are left with a linear approximation
to §(P,3) which is tractable,

awdw(p,fz)%% -c-_-(-b- Rfe(?,a) B (R,Q) dR (7)
- /Vs(“z_‘v‘?;ﬁl dr
R PR

~ )

NO_(Q)pr o (Q)

SO VS(R) - rag IR
e ot [
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It is this approximation which we will attempt to solve for
5(R).

The quality of the lincar approximation can be studied
in a special case in which the direct potential problem is
soluble exactly in c¢losed form. That is, in the case of a
single vertiecal discontinuity, where

o, —- 9z
0 - g [ 7]

for P in medium ofoc-, and

GOy

for P in medium of 07 €sece Figure 1)

The approximation in this case is

! (S S (’3 C[e)d"a
0FA) = g ~ T L / / o

-0 -0 a

o) =Bl ‘*z/ ﬁ"a/ O O O )
=(5- Se) (a—?;)/; /G [KP'-':):‘ ry +(Pe-a)2]? [(q,—c)2+ r "'(‘1 - a)e] :

4 major point of difference is the manner in which the conduct-

ivities enter, In the exact solution the conductivities enter
in algebraic funetions which have finite limits as the contrast
inereases, The same is truc of the sphers in an otherwise
homogeneous medium, In the approximate expression there is

no saturation of effect with increasing contrast, which is a
strong indication of the importance of succweding terms in the

expansion, That this saturation actually ocours was observed



by Hallof (1955) in model experiments with finitc sized con-

*
ductors, iHe foundthat the factor

3 (o7 —0cz)
o7 R0z

gave much closer agreement with experimental results than did
o
log o3

A first glance at the succeeding terms of the expansion
(equation 6) gives the impression that, in the case of a single
surface of discontinuity, these terms are identically zero.
However, if they are set up for a region of finite thickness,

©, of gradient (8,-5,) /5, and the limiting operation (5-0)
is performed, it bocomes quite clear that these terns remain
finite, and there is an interaction effect within the surface,

One mipght speculate that a comrarison of the exact solution
with the terms of the expansion may point the way to exact
solutions of the integrals in the expansion,

The question arises of the amount of information which is
necessary for a solution, The conductivity is a three dimen-
sional function, whereas the potentials ¢$(¥,Q) on the surface
from a fixed source, {,, on the surface are $(pl,pz,0;Qo), a
two-iimensional function, The logical step is to measure O(P,u)
with a one~dimensional variation of Q, i.e. measure @(pl,pz,c;ql,o,O)
for example, with PysPys and 9> each varying over the entire range
(= ,© ), This is only a plausibility argument, and is the one

given by Stevenson, (It should be emphasized that the mathematics

% A factor which he was able to justify theoretically,



w 1l -

and many of the arguments up to this point follow very closely
the work of Stevenson, who, unfortunately, carried the solution
no farther,) Por the development of the first kind of solution
the validity of the argument is assumed. A more logieal argument

will follow from the limiting case of the second kind of solution,

Eirst Kind of Solutlon
Morse, (1953, p. 926, ff) presents a series solution which

is applicable to equation (7)., Let us first put it in form

| e w' 2 dR (8)
bro(Q)4(P,Q) - o= =0 (7,Q) vé/;PR TRQ

PQ
Rext, the procedure is to represent the functions © and S by
series or integrals valid over their entire rangej O with co-
efficients determinable numerically or snalytically, and 8
with coefficients determinable by comparison with those of 9,
Trying the integrals first, let
S(R) = i/x(x)o‘“'ﬁ dx

8 is represented as the Fourier transorm of the function A(K),
and when either S(R) or A(K) is known, the other is uniquely
defined, Then

-~J KR
rRQ* -1KA(K)e dK
TpR TaQ

- / ;—L;-;- / - um*xa(x)e""“a dRdR
PR TRQ

Assuming that S(R) is well enough behaved, the order of
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integration can be reversed

™. 'K
o(r,q) = /- 1A(K) ;:"3‘3";:3— e~k Ranax
PR TRQ

= . i‘//ﬁ(ﬁ)?(?,q,K) dK

o) = ) B o

and A(X) would be determined by a suitable inverse transform
type of operation on ©(P,l), the operator determined by the
form of F(P,4,K)., It was found impossible to evaluate the
integral F(?,4,K) in terms of simple funetions, however, If
a series reprcsentation is used instead, in the hore that the
result might be an infinit: series of tractable functions one
obtains similar results, vig; let

3(8) = 5§g égg o Agia £yra)alrphy(rydwy (rydup(ry)us ()

where the tj’gk’ and hl are sets of functions orthogonal over
the infinite range, and the W, are chosen to forece convergence
of the series by approximating the variation in the r, co-
ordinate, Then

8(#,3) =/ reaV LZ T T Ajkafigehy wywpw, |

3
Fer'Ra

4R

= ‘J;E;AmMW‘WzWa ’”RQV[ Fl‘b}\ll dR

rea MRa

=*%3 ’*‘1/ [0 9 hy (- 02)F, gy 4o 137%“”"’”“ 4R



provided that the integrals converge,

o(P,@) = 7 J L A T (P,Q)

Jkl
3 k 1
Vl wzva

+ (rzoqz)fjg;hl - (r3'q3)tjgkhi ] dRr

By setting the wy = 1, one could conceivably devise sets of
functions f, g, and h which would yield an FJkl(P,Q) in terms
of standard functions. A great deal of effort was devoted to
this problem, however, and it appears to be impossible,

It would seem more advisable, if one must deal with fune-
tions of umatypé P(P,J,K) or ijl(P,Q), to calculate their
mappings in.threa dimensions, Although the nmappings need be
éllcnlated énly once; a threefold infinity is neceseary, again

removing the task from the realm of immediate practicality,

Second Kind of Solution

If we can assume further (i.e, in addition to the linear-
ity) that the conductivity does not vary beyond a limited
region of space, and that the region can be considered as
being made up of homogeneous blocks of given geometry but
unknown conductivity, a solution cen be written which gives
results from finite calculations, This approach has many

interesting poéoibil&tieo, in that the blocks can simulate



many common geologie geometries for which the mathematical
problem has not been solved (vertical strata under overburden,
for example) in addition to the general three-dimensional
variation, However, it will have to be applied with care if

it is to be a good approximation as well as a practicable solu~
tion, A genersl cescription will be given tefore going into
detail,

Let the space of variable condustivity be consldered as
divided into a three-dimensional array of cubes, the logarithm
of the conductivity of the typlcal cube being

Sijk 1=1, 2, « ==l J=1l, 2, -~ =mnj}

k™ en, «n ¢+ 1, « =« = , -1, +1, 42, =~ ~-,n ~l, n
and

843k * 51,3,k

by virtue of our earlier assumptions. Then from equation (8)

1
o(7.Q) 'Jg2;/Y7S(§;; (FRa) dn

-

Obviously, all contridbutions to the integral come from the inter-
faces between cubes, Considering an element of area of an inter-
face, normal 3, across whigch there is a change of condustivity/A\s,

A
H(R,Q) = 2§ nerg,
Ry
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If we sum over all interfaces [lxmx(n*l) + 1x(m+1)xn + (1+1)xmxzn

- Bmexn)* lxm + lxn 4+ mxn in all

e(r,Q) = Z'Z&s n_ ,47/-——i§1- dA (9
= "RQ TpR

'Hero dA is the elenment of arsa on interfaceoc, Por a given
geometry, the values of the integrals are constants and can

be calculated for all e, The unknowns, then, are the/AS , or
the sijk’ of whigh there are a given number, Since the number
of observations, ©(P,3), is arbitrary, it is seen that a solu-
tion can be written in terms of a set of linear equations if
we choose the number of observations equal to the number of
unknowns,

These equations in terms of conductivities would be

8(r,q) = ZD“,‘ (P,Q) 8y 4

// rgﬁda
(00 2(1 / «/“aa TRp
e Jx
rRQ FRp

=4 PRQ TRP

FRQ TRP

rpndA }

[// = Feal/ e~

whereoc; is the surface bounding cubes {(iol), 3, k]and (4,3,k),
>, 1is that bounding cubes (1,3,k) and (141), j, k ,>, is that
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between i, (3-1), k¥ and (1,J,k), ete. The factor of two arises
from the symmetry of conductivity distribution about the plane
rq = 0.

In the limiting case of a triple infinity of cubes we will
obviously require a like number of observations, Thus we are
led back to the necessity for a double infinity of recelving
points (P coordinate), and the single infinity of source points
(7 coordinate), or vice-versa, a double infinity of sources and
a single infinity of receivers,

In setting up a routine for practical interpretation, based
on this last approach, our cholce of geometry is dlctated by
several considerations, These are

a) There is a normal decrsase in resolving power with
depth, In the limit, very little detailed information
can be expected from depthe much greater than the
maximum sender~-receiver distance,

b) The minimum "wavelength® of lateral conductivity
varistions which can be discerned is limited by the
minimum spacing of surface stations.

Field s¢xamples will seldom, if cver, satisfy the assumption
of no conductivity variations outside of a restricted volune,
Since the resistivity measurements are assumed to extend well
beyond the area of direct interest, conductivity variations out-
side of this area can possibly be represented well enough by &
few large bloeks, It will be noted, however, that some defini-

tion will be lost within the volume of interest if we are forced
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to consider changes outaldes for two rcasons; the anount of data
is the same for a greater volume, and the aprroximations at the
edges wlll be poor,

It would be best to fllustratec the use of this method with
a sim;le two-dimensional example. liowever, the coefficients
Dj y) are st411 in the process of integration, by P .G, Hallof
and K., Ness (1955).

IIT HOR Ll i D _MED

If the geological situation is such that the conductivity
can be assumed to be a funetion of depth only, considerable
simplification appears in the mathematies, This approach is
of interest where there are flat-lying sediments, at water
tables in gravel-filled valleys, and in a few other situations,
(gross earth structure, for example).

The theoretical problem, for a point source on the surface,
has been discussed at great length and with considerable e¢legance
by several writers, Lanfer (1933) and Slichter developed solu=-
tions po the direet and inverse problems for the case of &
smoothly-varying (%), Their inverse sclution, in terms of a
Taylor series cxpansion, approaches the true solution asymp=-
totically if o is, indeed, smooth, It was hoped that the solu-
tion would behave similarly in the case of a discontinuity in o,
but thls was soon shown not to be the case, Because of this
difficulty, as well as the general laboriousness of the entire

procedure, the work 1s generally conceded to be of little
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practical value, A later naper by Langer treated the above

case with a single discontinuity, but was even more laborious,

A direct solution to the case of discontinuous variations
(i.e, homogeneous, isotropic layers) was first given by J,.C,
Maxwell, and another was developed much later by Ollendorf, and
by Stefanesco and Schlumberger,

Within the layered medium, the potential muet satisfly
several conditions,

a) Within a layer, Laplace's equation must hold

V=0

b) Across the boundaries betwesn layers, § must be

contlinuous

93(8) = 03, (5)

and ¢) The normal component of current aoross boundaries

must be continuous,

APy
fia?iw o1 d)_o;’lm

There are the additional requirements, of course, that there

be no vertical current flow at the surface, and that the po-
tential go to zero at infinite distance from the source, The
former was mentioned in the discussion on general inhomogeniety,
and is handled in the same way; either by adjusting the Green's
Funetion, or by assuming an image space symmetric about the

surface,
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This problem can be looked at, physically, in two ways
giving equivalent solutions which differ in mathematical form,
Maxwell, consldering this as similar to the clectrostatic
problem, presented his expression for surface potential in
terms of infinite series of images, multiply reflected about

the planes of discontinuity. For a two layer case, sourse

at (0,0,0) PR
- 1[1,, 7 )
ero = F{iee LAy 2d21*}
where
00
/12 01%02

9,~ resistivity of upper medium

c = Ve

d = thickness of upper mediunm
92 = pesistivity of lower medium

oo = thickness of lower medium

For a greater number of layers, one must deal with reflections
of the original source in each of the interfaces, as well as
the multiple reflections of each of these images from all inter-
faces (see Figure 2 for the three~layer case), The expression
for surface potential becomes unwieldy very rapidly,

This image formulation of the solution has, thus far, not

been of much aid in solving the inverse problem, slthough a



- 20 -

great deal of effort has been expended to thies end (s.g. see
Evjen, 1938). Formulae and tables for calculating surface
potentials from images are given by Hunmel (1929) and Roman
(1931).

An integral solution of the direct probl-m, first presented
by Ullendorf (1928), results immediately from the simplification
of the integral formulation for the general problem, It differs
in concept from the image approach in that the flow of current
is thought of as sustaining charge distributions on the surfaces
of discontinuity. The potentials are obtalned by the usual
method of volume integration of the product of charge density
and {reen's Function,

In the exact trestment, the charge density depends on
the geometrical factors, the magnitude of the discontinuity,
and the location and magnitude of all other discontinuities,

The linear approximation, used by Stevenson (1934) for the
laysred case (and applied here to the general case) neglects
interaction within discontinuities and between adjacent dis-
continuities,

Our general differential equation of potential

eV 20 +rvh = - §(7,Q)
modified for a homogeneous medium, is
V2 " - )
At any non~source point, this reduces to Laplace's equation

920 . 1260 . 1 226, 22¢
VIRt ERE 5270

%
whose solution is obtained immediately by assuming separability
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and non-dependence of the solution on?.. This procedure (in
our circular-cylindrical coordinate system) gives us two equations,

Assuming

¢(r,z) = R(r)z(z)

2
S v i B0
and

22 . .o

The first of these two 1s a Hessel equation, satisfied by
Bessel's functions of the first and second kind, of gero order
Jo{Ar) and Y,(Ar)., The second expression is satisfied by the
exponentials e*A% and e~A3, Thus the solution in any layer is
of the form

[Ag(Me*A2 + B, (R)e=AB | [ J (Ar) + Y, (Ar)]

The Y, term does not apply because it becomes infinite overy-
where on the axis, whereas our potential must remain finite,

This reduoes the form of the solution to

[A(N)e*22 4 B (Ne=23 ] g (Ar)

Since it is valid for all real, nositive values of A, the

most peneral solution can be written
ao

by(rz) = [[ay(Ne*?2 + By(M)e=2E] g (hr) ar
0
which, at the surface is

03(r,0) = /14y + 53] 3o(Ar) ad = Sig(Ar) ad

The function k (A) is the Slichter Xernel,
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The A3()\) and Byj(A) are different in each layer, their
values determined by the beoundary conditions, Thus in the
bottom medium

Ap(A) = 0O

in order that the potential go to sero as 2 goee to infinity.

At the boundary between layers (n) and (n=1) at depth gz = hn~1

¢, (r,2) = ¢, _, (r,2)

and aéﬁgﬂéziﬁi e aspgf;ir'S)

0
-Ahp. +Ahga =Ahp-s
or Bn(k)e 1 = An-1 (Ae + En_l(ﬁ)a

and

~Ah +Ah ~-2h
n& (Ae g I[A 1 (Ae - Bn 1(}\)e ]

n

In this fashion, all of the Ay and By are determined in terms

of the conductivities and B,, At the surface, 3 = 0,

o0

0(r,0) = S[a(0) + B (1) I, (Ar) dn
0
The requirement of no vertical current flow at the surface

implies
A (X)) =B (Q)

For a uniform earth, this same requirement forces 3 to be a
constant (A = O) and
o

$(r,2) = B /e 5 (ar) a2 = B (r2+32)} (Hankel transform)
[«

in agreement with equation (6) if B= Similarly, for the

26m *
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two layer case the surface potential is easily shown to be

o

another Hankel transform, equivalent to laxwell's expression

27§(r,0) = = [ .:.'* % ’Z‘ (“/f%)n ]
P, Mg

For n horizontal layers, the writing of the Sliehter Kernel

-

e

5
>3

k)

can be guite messy, obviously, It has been systematized in
two different ways., GStefanesco and Schlumberger (1930) have

presented it in determinant notation, Sunde (1949, p.55) uses

a substitution system, The latter notation has been adopted

in this thesis:

217'4;(1"6) bl Q/ klzcuon 30(7\?) a?A
- -22d
k“t *ese = 1 /U‘La"!:a? -
12 f l*y”lz' . ‘ng"zAd

/llz..'n - ea “ngggohtn
Q‘+€2k23”'n

- l=s(po1)mesone=?rn-;

e 4 (mul)mt "na"ﬁdm" 1

/I - g‘m-‘l‘?@kg‘ E+1 !o-oa
(o= f)me-en m= 1 m*m(m+ 1) *n

K(mei)meron

2N\
1=/{n-{)n® n-
k(nvi)n = /u(n L ~2an,;
1*(nw 1) n®
HM(n=1)n = ...9.'1.:!.;.?.&..
Rnet On

The direct boundary value problem can be considered solved,
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INVERSE FROBLEM

The Numerical Approach

The inverse problem for Lhe cass of horisontal strati-
fication has been attacked in a variety of ways. Because of
the complexity of the expressions involved, however, a general
method for numerical analysis has not previously been devised,
Such a method, and its results, are presented here,

The procedure developed requires an enormous amount of
numerical computation, and would have been completely impract-
ical before the advent of high-speed digital computers, The
calculations are comparatively simple and repetitive, making
them ideally suited to computer application., An interesting
aspect of the type of analysis is that it is quite general - -
an iterative, numerical curve fitting - - and is applicable to
other problems in geophysical analysis, notably gravity inter-
pretation, It is this approach of course which is proposed in
the interpretation of three-~dimensional resistivity problems.

Some objection might Le raised to the use of the Slichter
kernel for analysis, rather than the apparent resistivity or
the potential, That is, the Slichter kernel can be obtained
only by an integration, whereas the other quantities are avail-
able with almost no further effort from the field data. The
counter to this argument is that the relatlionship betwcen the
various parameters (resistivities and thicknesses), and the

measured quantities is an integral one., If numerical analysis
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is to be done, an integration must be made somewhere in the pro-
cess, Considering the ease and convenience of interpretation
by curve~-matching, it is trerefore quite difficult to Justify
numerical work from the practical standpoint unless the results
are far superior,

Consider the expression for the surface potential

‘#’(?,O)Eq)(l‘)“ﬁ-} /”k(l)Jo(/\r) dA (10)
"o
o; = gurface resistivity =1

This can be considered a Hankel transform of k(A) /A.

The inverse transform would then read

k() = A / rd(r) J (Ar) dr (11)

0
Thus we have & means of obtaining the Slichter kernel from
observational data, the choice of A being completely arbitrary.
Hext, an assumption is made of the number of layers. This point
deserves rather careful consideration for scveral reasons, and
is discussed below, Once the choice is made, however, one has
a funetional (transcendental) form which the cbserved kernel
must fit, under proper choice of the parameters di and Qi'
The present method fits the funetional form to the observed
kernsel, in the least square sense, by adjusting the values of
the parameters,

Before proceeding, some discussion of the practical aspects

is in order, Computational urocedures for obtaining ¢(r) from
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field resistivity date are presented in the Appendix, as is
the numerical integration of ecquation (1l1l) from field potentials,
The practical application of this procedure requires that, oe-
yond some finite distance from the source, the function rf(r)
assumes a constant vilue, This is equivalent to the assumption
that the lowermost layer be a basement, i.e, that it have infie-
nite depth ecxtent. Geologically, this is an impossible assump-
tion to satisfy. For analytical purposes, it will suffice that
the "basement® layer be several times thicker than the combined
thicknesses of the layers above it, The minimum thickness re-
quired of the (assumed) lowermost layer, in order that the
layers below it do not influence the result, will depend on
the thicknesses and resistivities of all layers in the geologiec
section and the accuracy of the analysis, On the other hand,
practical limitations are imposed on the maximum dimensions
with which one can deal., Createst of these is the dearth of
extended areas of laterally uniform geology. The result of
these various factors is that it is possible to encounter arecas
underlain by uniform horiszontal layers which are not suscept-
ible to treatment by the analysis presented here,

The problem arises of the number of layers to be assuned.
The answer is often obvious from the form of the kernel, 1If
some doubt exists, an excessive number can be assumed, resulting
in layers of zero thickness, or conductivities equal to those
of adjacent layers, The limited accurscy of the data can be

thought of as imposing & certain maximum "resolving power" on



the method, such that only layers of outstanding thickness or
resistivity can be discerned. The net effect of this is to
average together adjacent layers of like resistivity, and ig-
nore thin layers, More discussion of these effects will follow,
The problem of fitting the "observed® kernels with thelr
functional form is described mathematically as the aolution of
s set of non-linear transcendental equations, as the following
will show, A3 stated previously, the Slichter kernel k(Aj)
can be evaluated, by integration, for arbitrary values of
A= Aj; (j= L, 2, = = -, m), Assuming n layers, an expresaion
can be written for the kernel, using the same values of 7\*73,
the (2n-1) unknowne® remaining in functional form, There re-

sults the set of equations to be satisfied
klaunon (Al) - k(}l) = 0

2°*°n (%) - k(’kz) = 0
(12)

Kypeee, (A - k(A ) =0
the k(AJ) being constants, Obviously, this is a set of non-
linear equations in (2n-l) unknowns, and ¢an be sclved exactly
if m = 2n - 1, Because of the errors which exist in the k(lj),
it has appeared desirable to use an excess number of data points
k(A ), suech that m, 2n~1, and to obtain a least square fit, vis
ZU‘J.z‘" (xy) = k(24}]1 ? = ninimum (13)

# Consisting of n resistivities and (n-l) thicknesses, In
practice, the uppermost and lowermost resistivities are known
from the asymptotes of the apparent resistivity curve,
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Two methods of numerical analysis were applied to the problem,
The first was s Newton-Least Squares analysis, described in
general terms in von Sanden {1923), The application with de-
tailed description of results is described in Vosoff (19552),
Although the results were generally satisfactory, several
difficulties arose with the method as originally programmed,
one of these was the neaesaity of sclving a (2n-3) x (2n-3)
mnatrix which, in the type of example used, was often near-
singular., This being an intrinailc difficulty of the Newton
method, it was deemed necessary to apply & second method, A
Steepest Descent approach (e.g. see Householder, 1953) was chosen
and modified as described below,

In the normal steepest descent problem, one has a set of
equations to be satisfied, here, equations (1i2)

Ky = Kjgeesg (Ny) = k()g) = 0 J=1,2,--=-,n
These, in turn, are satisfied by

m
kK =] k% =0 m = 2n-3
J=1

Let the (2n-3) unknowns be termed £_ ,o< = 1, 2, = = «,(2n-3),
Then X can be considered a continuous funetion in (2n-3) space,
and to arrive at the point

K=XK(Z.) =0
from some starting point

K=K (gD
(g*_tho correct values of the unknowns, ,f” first approxie-

mations to these values), we must proceed along the vector\/K,



The components of this vector are

Ko =35 [z; (%5—;)2]%

A general procedure such as described will bring us to a min-
imum provided that the starting point is on a closed hyper-
surface within which a minimum exists. 3ince the gradient
direction will not, in general, be constant within the volune
traversed, it wlll be neceassary to proceed to a minimum value
along a caleculated gradient, then to calculate a gradient at
the new position, using the new position coordinates as seconc
approximations to the solution, snd to repeat the process until
the minimum is reached. Normally, this is done changing one

variable at a time, Thus

k (£8+9) = k (g ), ete. (14)

the value of M taken to minimize K (Q}*”) at each iteration,
M might be estimated by one of several kinds of approximations,
or determined by trial and error,

The procedure actually employed embodied several modifi~
cations, All parameters were changed simultaneously. It was
a least-squares fit rather than an exact fit, and used m=10,

n=3, Lquation (13) would be
5 (\y) 2 (15)
K = Kqn - k = mininmun 15
j{-nlﬁ 123 (N X))

In order to explain and avoid the extrapelation difficulties

which arose in the Hewton mebthod, some calculations were done
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to determine the shape of the error surfaces.”” It was found
that negative second derivatives were not uncommon at pointe
distant from the minimum, In the vicinlty of the mininum, the
sccond derivatives were always positive (Pigure 4), This ob-
servation, coupled with the fact that the minimum of the curve
is always greater than gzerc would seem to make the Hewton meth-
od singularly unsuitable for the particular problem.*ﬁﬁ The
least-squares modification is probably of seme help in the latter
respect, because it secks to minimize a funetion rather than
find its root., It le difficult to see how it would avoid the
complications arising from negative second derivatives,

The steepest descent approach, on the other hand, takes
into consideration both first and second derivatives, and really
does not require a null value,

The coefficient N was first estimated by approximating the

ratio of first to second derivatives of K along the path defined

byvk, i.e,
¥ ! oK dg‘i
“ 9 ds
MY = ?{*’ g ii (16)
8¢y 3K 442

#% These are the multiedimensional surfaces whose projections
arc curves of K as a function of one variable, all others
held fixed, In the case of only two variables (a,b) they
would be three-dimensional surfaces K(a,b) (see Fig. 3).

#%#% See Hildebrand, 1949 p. 304.



Trial values of K were then calculated, using clx', ezni,
and equation (14), The conetants ¢, and c, are near unity,
and unequal, The values thus obtained, and the previous value
of K (§xi), corresponding to M' multiplied by zero, could be
used to interpolate for a new value of M, Two kinds of inter-
polations were used, depending on proximity to the minimum,
This procedure was arrived at empirically, because it was suited
to the shapes of the error surfaces, Letting the two triel
values of K be &, and 8,, when [elnezkx(§:f5 a linear inter=-
polation to © = O was used, but when |93-85| 2 K( §2'\) a para-
bvolic interpolation tc © = minimum was used, That is, at the
beginning of the calculation it was found in general that
\el-ez\d

In this case it was assumed

01 = ep+f

0, = eg+f
and the equations were solved for the value of ¢ glving,

& =0

This was
;-6

c = -
8;-¢,

As the solution was approached, a point was reached at whieh
|oy - 5|2k
and thence a parabolic interpolation was used, Assunming
01 = 1%« + 038 +
0y = 0% + €0 +
03 KEM =Y  (c3=0)
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and solving for that value of ¢ which causes © to be mini-

nized

c = - 32(9&-63) + 3&2(93-'9‘!&).
elul - 92c2 + 93(°1"°2)

In the analyses done numerically, ¢ has generally ranged be-
tween % and 3/2.

The iteration then proceeded, using

M= el
in equation (14).
Becauvse of the flexiiility of the procedure, computation

time could probably have been saved by replacing equation (16)

by
Mlg—-&-‘
Ks
the Newton estimate or, alternatively, the interpolations might

have been found unnecessary if a more nearly accurate expression
was used for the third order iteration,

Tho procedure used here, effectively an interpolation within
an interpolation, would seem to be highly inefficient at first
glance because three times as many velues of K are calculated
as are actuslly necessary for a normal iteration. It was found
that this was justified since K decreased four to five times as
fast as it did without the inner interpolation.

The resistivity problem differs from the classical steep-
est descent problem in that the variables of the former are not

all dimensionably equivalent, This implies that, in any particular
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field case, the numerical values of the resistivities may
generally be of a different order than thoss of the thick-
nessaes, A8 a result, in many cases the process would ignore
one variable completely in the early iterations, changing
this variable only after all possible reductlion of K had been
made with the others, This was especially outstanding in theo-
retically derived kernels of thin, highly resistive, second
layer;?z was ignored entirely at first,

This tendency was reduced considerably by the artifice

of modifying the components of gradient f{rom

Ko Jé/z (359) ]

to

S A A :

In the initial diacuaaion on steepest descent it was
stated that the iteration would proceed to the local minimum,
The obvious question is: How do we know this is the desired
solution? That is, are there other solutions to our equations,
and, if so, how many and of what nature? From the standpoint
of the pure mathematician these questions must go unanswered,
since, as far as can be ascortained, mathematice has not yet
provided an answer in our case of transcendental equations in
several variables, The posslibilities of embarrassment whieh
might arise from a multiplicity of roots are diminished scne-

what by the physical restrietions on the solution. Negative



values are inadmissable, and complex values will never appear
in numerical computation with real numbers. In the numerical
work done, & second solution was oLtained in one case, This
solution had negative resistivities and thicknesses, although
the corresponding minimum value of K was less than that for
the true soclution, Both mininma lay within the roundoff error

of the kernels,

Computation

A numerical study of the method was carried out to
a) determine accuracies necessary for definite analysis
b) observe the behavior of the method under conditions
of excess layers, lateral resistivity variations,
and random errors in data
¢) compare this method with othrer methods of analysis,
For thie purpose, a program was written to analyze kernels
as three-~layer cases on the M,I,T, Whirlwind computer, Input
data were
a) the number and values of A\

J
b} values of Ql and €3

¢) estimates of QZ’ d, and 4,

d) the kernel values k (1)),
A considerabls amount of machine algebra was saved by dealing

with
e300 =1/ (10 500] - 3
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and

f123(A) = 1/[1 * k(N ] - =t /2

~22d
tl"e 1

rather than with kB(R) and klzg(k).
The part played by A in the analysis is perhaps worthy

of comment, The parameter )\ is, in a senss, equivalent to the

wave number of hyperbolic (wave) equations, and has the dimen~
. 1
sions of -¥~. ecause of thccharacter of the function J (Ar),

the major contribution to the Slichter kernel
k (A) —.lj//r¢(r) Jo (ar) ar
o

is from small values oqkhe argument (Ar). At large values

of A, the contribution from small values of r 4is dominant,

whereas decreasing values of A put inereasing emphasis on

the information from greater r, As a result, although the
behavior at small r is always imnortant because of the nature
of the physical problem, one could yrobably increcase the accur-
acy of analyses of deeper features by using more of the smailer
values of X\ in the analysis, This is equivalent in a sense

to increasing the sise of units of r, i,e., increasing spread
dimensions in the fleld, Examination of the curves in Figure 5
shows that kernels of cases satisfying our assumptions vary
rapldly in only a restricted range (usually several decades),
and approach constant values at large and small X ., It is,of
course, this region of rapid variation that is used for inter-

pretation,
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Results and Discussion

With the Newton Method, some 30 cases were analyzed, in-
cluding five integrated from field measurements, two derived
from the four-layer formula, and the rest from the three-~layer
formula, The last wsre restricted to the difficult case of a
thin second layer, Of the 30 cases, the lswton lHethod could
not handle two and had difficulty with others, (Causes of diffi-
culty were a too thin second layer, and very low resistivity
contrast between adjacent layers (giving near-degeneracy further
aggravated by the small second layer thickness),

Several of the more difficult cases were chosen for analy-
sis with the new technique, Hesults are presented for four of
these, together with two of the field cases, and two additional
examples of the difficult category (Tables 2 and 3, Figures 5-17).

For thick 4, (62225) it was found that the Newton method
gave better solutions than did the steepest descent,

One interesting result noted in all the work is that in
these thin-layered cases & very definite relationship is found
to hold, in successive iterations, between the resistivity and

thiekness cf the second layer, That ia, if

dz<< 1
then
42 .
&7 6>8
and
dgez = ¢, @3 4<p2



- 37 -

where ¢y and ¢, are approximately equal to the values obtained
using the exact values of (°, and d,. This is so even if each

of the solutions for 02 and d, are far from the correct values,
That this could be so,and is 3 kind of indeterminacy can be shown

dk P)
as follows., The expressions for e and 3§§ are

ok Gl =03, 0203
9Py T 12 [ Pavey v Y b Teyvey) b2 'l]

d )\?(J/It't'
- o200

where I is another large algebralc term in the same variables,

Let d, << l, Then if f-g<< 1, and neglecting terms in

€3
n
e2)
€3
a| 272
(Rdz)
€2
e3 Ady
we find
ok udgem
302 12
ok . haoyty?

%

ody
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The determinants can be considered Jacobians, the first as

a{£y,k)

3(P,,4,)

fl - tl (dg/(’z)
and the second as

9 (£5,k)

o( 5.d5)

£y = 25 (4,6
The implication is that these functions, rl and :2, must exist,
hence k {(and thérafore K also) cannot vary if 92 and d, are
changed so as to keep the appropriate function fixed (dl assuned
constant)., The problem of a thin second layer might be reduced
to a two-variable problem, at least for a portion of the compu-
tationoe.

Two examoles ofﬁhis indeterminate condition are illustrated
in Table 1, Both sets of kernels are identical to within one
percent, and the usual accuracy qf field data,

The maximum difference between the second pair of kernels
occurs between A= 1,0 and A= C,4, .Comparison of several other
such kernels, whose values were known to greater accurasy, has
shown that the maximum difference nearly always lies within
this range (dl-?lvl in all cases),

Hence, if a greater concentration of kernels in the range
1.0>2>,}, were to be used in the analyses, better definition of
the second layer should be expected (assuming that the errors
are sufficiently small), If the references to optical termi-
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k(A
Pzﬂlﬂ;dza,l ,=100;d,=.01 A
A PA) A(R)

1.0 1.09 1.09 0.00
.6 2.15 1.15 0.00
A 1.16 1.16 0,00
2 1.13 1,13 0,00
1 1,08 1,08 0,00
.06 1,05 1,05 0.00
04 1.04 1.04 0.00
.02 1,02 1.02 0.00
.01 1.01 1.01 0,00
006 1.01 1,01 0,00

k()
Pz“.l§d2”¢l Gz“.@ljdz*.@l
A £(2) k(D) A

1.0 915 .91, 001
» .872 .870 . 002
A .862 . 861 .001
2 .886 . 885 . 001
oi . 926 «925 «001
.06 . 950 . 950 . 000
04 . 965 964 .000
.02 .98 381 , 000
.01 « 990 . 990 000
.006 « 994 « 994 . 000

TABLE 1

1=dy=1
93”1

IXlustrating near~indeterminacy in three-layer cases,



nology in deseribing these analytical methods can be carried a
bit farther, this latter procedure would be analogous to a focusing,

Table 2 illustrates the effectiveness of the Steepest Descent
analysis in the case of small ds, Column A indicates the number
of decimal places to whieh the kernel data were accurate, Cole
umn E shows the sum of squares error due to round-off in each case,

Regarding the effect of using fs(A) rather than klza(A) for
analysis, the Whirlwind computer performed arithmetic operations
maintaining a?out nine deeimal places of asceuracy. Storage accu-
ragy was seven decimal places, Thus in the worst case of k(A)
near unity, the use of IB(A) caused no loss of accuracy when the
data were accurate to four places or less,

Other errors introduced in algebraic manipulations, and in
the approximation used to caleulate the inverse exponentials, are
quite small, usually less than 10-6 4t any point,

In cases 5, 6, 10, and 11 the final K is quite close to E,
and departure of the solutions from their true values results
almost entirely from rounding off the kernels. Cases 26 and 27
do not have such satisfactory resulte, as might be expected with
dg = ,01ld;. Little improvement was obtained by using six places
rather than four places accuracy in Case 26, There is the possi-
bility that the minimum is a secondary one but several analyses
from different initial estimates led to solutions essentially the
same, Another minimum closer to the true sclution seems unlikely,

The examples of field data analyses in Table 3 have thick

d2 and are thus not particularly difficult, The apparent resis-
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tivity curves indicate that Case B can probably be approximated
by the three-layer representation, although small lateral resis-
tivity variatlions oecur near the sourse. The smoothing obtained
by integrating the potentials from the original (difference)
measurement 1s not sufficient to remove the effect of these
lateral inhomogeneities, This difficulty might possibly be
eased by taking, in the field, measurements about several
adjacent centers, and averaging, Alternatively, individual
analyses night be made, and the solutions averaged,

Case C appears t0 consist of at least four layers. It
would appear that a four or five layer analyels would be a falr-
er test of the methods in both cases,

The use of multiple senders suggests another possible,
related, approach to the resistivity analysis problem, The
field cases presented here are from “hardrock" regions, i,e,,
regions of charasteristically complex geology. If, on the other
hand, a large number of cases were collected at various stations
in a region of relatively simple geology (a large, unmetamor-
phosed sedimentary basin, for example) one could possibly apply
restrictions on the allowable variation of parameters between
stations, and, using an excess of data, obtain a consistent
picture of the entire area, This procedure would take some-
what longer than a single analysis, but not a great deesl longer,
because the first solution would presumably be a close approxi-
mation to the others,

The analyses of four layer kernels, by the Newton Method,

gives an interesting result, It appears that the analyses
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vield the quantity @4 d, or Gz/dz (as applicable) characteristie
of the second layer only, ignoring the third layer, Individually,
the O, and d, indicate that the solution smooths the second and
third layers together, as might be expected,

In coneluding, a comparison should be made of the present
regultes with those obtained by curve matehing with the same data,
Unfortunately, the only existing curvee for d, < 1l are those of
the Schlumbergers (1955), These curves are of df(r)/dr inm
terms of apparent resistivities, and thus are not suitable for
direct comparison. It should be stated that the measurement
required to obtain this type of curve has the obvious disad-
vantage of amplifying lateral discontinuities. Preliminury
somparisons of potentials with their corresponding kernels
indicate that the kernel is always a mors sensitive indicator
of resistivity varlations, This implies that interpretation
of kernels is to be preferred to interpretation of potentials,

especially when comparing curves (see Figures 16 and 17).



TABLE 2

Case

10

10a

10b

11l

26a

260

27

3%

1.
1.

1.
1.

1.
1.

Minimum significant error due to roundoff of data.

Theoretical Values

G
dg
.05
.5

1o0.
.5

.05
.01

.05
.01

'1
.01

$

.2

5.

5.

5.

4,0,
do/ 02

10.
5.0

ey e,
dy da
1. .101

. 962 1.01
1. 4.26

.923 1.20
1. 1.42

. 742 .893
1. 19.3

. 987 0524
1. 19.6
1.22 <0443
1. 19.5

. 988 .0516
1. «51h
1. 87 . 33
1, . 517
l. 8? hant™ 3“
l» .120

.930 .0198

Solutions

5.
9.x10~8

b4

2x10”7
3x10-7
2x10~7

2x10-7

5x1.0-7
8x10~10
9x10~13

7x10-13

This column indicates number of places accuracy of kernel used.
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a,0
d2/%2

10.
5.11

1,27

1.01
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IABLE 3

=LATER ANALYSIS OF FIEL R

+25

*2
3.x10"h

.2101
3.3x10-4

L3

+629
2,72

251
5.97

%3

K
.2
1,3x10~5

.2101
1,7x10-4
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APPENDIX

It is desired to perform numerically the following inte~

gration:
oo

k (A) = )\:/,re(r)J° (Ar) dr
Here rQ(r) is constant for

r>T,
by virtue of the assugption that below some depth 4

d=dy +dy + . . . +d 3
the resistivity is constant, and §(r) diminishes as 1/r.

The gensral field procedure is to measure changes in §(r)
between fixed intervals from the source, ¥When the point r, 1s
reached, the potential can be evaluated by the following algebra,

O(ry) /ryey = $lryeq) /7y

¢(ri) - ¢(ri+l) = Ady
Fiel ~ Ty =/\r, the measuring interval
¥y >Te

Ory) = =AQy ryyy /ry (lergyy/ry)
Starting with the value of §(ry)

$(ryy) = @(ry) +A03,

¢rin) = 0(ryy) +Ad3_p, ete.,
and the potential curve can be integrated inwards to i = 1,
The (usually smooth) ré(r) curve can be extrapolated to r = 0,
In the work done, r¢(r) was determined at 20 equally-spaced

points, ineluding r = O and r = r., These were replaced by two



Appendix ii

sets of fifth order polynomials (Milne 1949, p 265, £f.) one
fitted to the first six points, the other to the last 15, The
reason for this was that c¢hanges in r¢(r) are usually much more
rapid near the origin., The polynomials gave two series, each
representing r¢(r) in their respsctive intervals
ri0(rg) = oo + e3Pt + ¢,P% ¢ ogP2 4 ¢ PY + cgP2 = Py
i =0,,2,3,4,5
rd(ry) = 4, + le% + dng + d3p§ + a,ph + a;p2 =,
1 =5,6,7, - - =,19
Hearranging by powers of r

2 3 b 5 = - - -
Fl = 50 + glr + gzr + gBr + ghr + gsr i 0,1, .5
Py = hy + hyr + hor? ¢ hard + hyrd 4 hgrd 4 = 5,6, - - -,19

The integral becomes

r 1'19 o<
R(A)ﬂi// gl(r)Jo(Ar)dr +)y/92(r)J°(Ar)dr + Ar19¢(rl9l//3°(kr)dr
o rs5

1‘19
where
Ti9 = T¢
Then
5 Fs5 5 T19
k(A) =)2> 8, S Jo{Ar)dr +Ax h, J&; Jolar)dr + Ario8(ryg) R
L= ) 4mo rg

R = J//Jo(Ar)dr
r19

But the indefinite integrals

/r’ Jolar)dr

can be evaluated analytically
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b 2 b
[o(r)ar = 3 [ 91000) + 3500 + 350m) + . L )a
b \ b
a/rJo()\r) dr = ;‘-2- J1(Ar) ]a

b
/2350)er = ’%-3 [ P23, (ar)er 350r) - 20330m)

+ JB(AP) + J5(/\r) + . 0) ]
a

b b
a‘/1'3.7‘._,(/\:-)&" = %z’[ A3r3J1(Ar) - 2)?:2J2(Ar) ]a

b
a‘/x-‘uu,o\r>m~ = %; [ (AR)231(Ar) = 3(Ar)37a(Ar) + 3(Ar)235(Ar)
b
* 3A03,(A0) + 18(I5(AR) + Jalhr) + Jg(Ar) + o . 0) ]
8

b b
/33oNe)ar = 25 [ (Ar)30100) = 4ARAIR(A0) + 8203000 ]
a a

The J, can be evaluated by machine during the integration
process, It is preferable, however, to decide on a fixed set
of Aand r, and to obtain the values of the functions from tables
(Harvard University Press series) which are then retabulated in
the computer storage. Because the coefficients g and h often
take on very large values, it is important that the values of the
Bessel functions be quite accurate in absolute value., The above
mentioned tables are of more than sufficient accuraey, In the
evaluation of the infinite series, it was found necessary to use
Bessel functions of order 29, with the maximum product A\r = 38
(at A= 2), The final algebraic form of the integration was thus
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g1=h

Jl(krf,) [ Q(EO'hG) + -}T}' + (Ez'hz)(r52" %z) + (83"1’13)1'53 + (ga"hh)rf,z" + (85‘!‘5)?551
b o 2 r 3 b o 1&

Jz()\l‘S)[ - 2(53—h3) '*'%— - 3(8A*hh) —%— - 1&(85"}‘5) —2):' ‘B

- (&)~ - 3
35hr5) [ alegoh,) - 2 B2 + Bwix:.zi,sz ‘ SW\

2 [(gooho) - .(_%2::{3.%_ . .'i‘ﬂ%:i}l] [.;5(7\1-5) + 370es) + dglirs) + o . . )

hy 2_2 5
Jl()\rw) [L‘aho + Y + hy(ryg?- ..):2 + h3r193 + hhrm’* + hgryg® - 2r19¢(r19)]

2h h 8h
J3(rr19) [2 hy - =%+ 27\"’;1‘19 + 72‘ r19> - 2“19‘?(1‘19)}
3h
Iy g) [ "i% "19]

[ 2hg - ..2%25 + -1%\“-‘5 - 2r19¢(r19)l [_Js(lrm) + dq(ryg) + Jg( r19) + . -J= R(1)
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The error introduced by using the polynomial rather than the
data points was computed in each case,and was found to be well
within the limits of accurscy.

An alternate scheme, proposed by Hooney (1955) is to fit
second order polynomials to the points taken three gt a time,
The algebra is simplified considerably, but the question arises
of fit between points, in complex segments of the curves, As
a third, and certainly simplest, alternative, one might draw
the r@(r) curve very accurately and perform the entire inte-
gration using, say, Simpson's rule, This is essentially the

same as Mooney's method,
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