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ABSTRACT

Trensient natural convection temperature fields end circulation
patterns were investigated experimentally for fluids contained in ver-
tical cylindrical tanks and subjected to a uniform wall heat flux,
Evaluastion of the deta, which were obtained for a wide range of condi-

tions, '
Prandtl Number (Pr = Jd{): 2 to 2000

3
gf(T - T )L
X 5 &), 103 to 1011 (laminar and
re turbulent flow regimes)

Grashof Number (Gr =
. L
Aspect ratio (5): 1 to 3

Fourier number (%g): 0.0002 to 0.08,
led to development of a useful theoretical model for the system.

An 8-in, diameter, Pyrex cylinder, costed with & transparent,
electrically-conductive fiim to permit uniform wall heat generation by
resistance heating, was sealed between two insulated end flanges to
form the basic experimental enclosure. Temperature detas from an inter-
nal network of thermocouples end dye tracer observations indicated that
the system could be divided into three regions for purposes of analysis:
a thin boundary layer region rising along the heated walls, a mixing
region located in about the top 10% of the system where the boundary
layer is discherged and mixed with upper core fluid, and a main core
region with no radial temperature gradients. After an initiel period,
defined ass the time required for the first warm fluid to reach the
bottom of the vessel, the axial tempersture in the main core was
observed to be nearly linear in height. Consequently, a boundary layer
analysis was made for the case in which temperature at the outer edge
of the boundary layer varies linearly with height. The solution indica-
ted that, for a given outer edge temperature gradient, a limiting value
of boundary lsyer energy and momentum occurred. A theoretical model to
describe the transient temperature distributions within the enclosure
was developed, based on the analytical expression for the limiting boun-
dary layer energy, an energy balsnce around the mixing region and a
radially-mixed, plug flow model for the main core. The model predicts

that



1., The core temperature is a linear function of axisl distance,
x, with a constant gradient which varies as:

laminar % %% = A(Fo)[’/g/(RaNu)l/9
turbulent %’* L - 11.5(pr) /45 (76)8/15 / (Ratwu) /15

gﬁgﬁ
p)
k7>

[

where RalNu

2. The temperature of the core fluid at the midplane of the
cylinder is equal to the mixed mean fluid temperature.

Experimental data agreed closely with this model, except during an
initial period when the core temperature is not a linear function of
axisl distance. A method is presented for computing the temperature
distribution during this period by means of an iterative technique.
Initiel temperature distributions may also be estimated from curves
representing the experimentsl data in which dimensionless temperature
is presented ss a function of dimensionless time and height.

Methods for extending the boundary layer model analysis to con-

~ stant wall tempersasture systems and to systems with cooling at the walls
are indicated. Also, it is shown analytically that the dependence of
the Nusselt number on the Rayleigh number for laminar flow changes from
a 1/4-power to a 1/3-power relationship in the presence of a constant
core temperature gradient.
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I. SUMMARY

A, Background

This study was directed towsrd obteining an improved quantitative
understanding of tramnsient nstural convection within enclosed fluids.
Such phenomena play en important role in 2 number of diverse engineering
applications, including thermel stratification of cryogenic fluids,
emergency cooling of nuclesr reactors, and heating of buildings or
storage vessels filled with fluid on hot days.

The specific system selected for study consists of a vertical
cylindricel tank, partially filled with liquid, as shown in Figure l-1.
Initially the fluid is iscthermal and motionless. At some specified
time, » uniform constant heat flux, q,s is suddenly imposed at the side
walls. The resulting naturasl convection circulations are completely
characterized by the trensient temperature end velocity fields within
the fluid. These fields depend on the fluid properties, the body force
field (gravity, in most cases, but any body force field, e.g. centrifugal,
may be considered), the system geometry end the manner in which heat is
supplied to the fluid boundaries.

The constant wall heat flux case, which is studied in detsil in
this work, is often encountered for tanks of stored liquids in which
heat transfer from the surroundings is limited by the outside heat trens-
fer coefficient and the temperature difference between the surroundings
and the wall is large relative to internal fluid temperature varistions.
The constant wall heat flux cese is often encountered in the storage of
eryogenic fluids. A constant wall temperature, on the other hand, is
a common thermal boundary condition for systems in isothermsal environ-

ments with high outside heat transfer coefficients. Since heat transfer
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FIGURE 1-1

A Sketch of the System
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through the bottom of vertical storage tenks is, in many cases, very
much less than that through the sidewalls, bottom heating wes considered
negligible for the purposes of this study.

A group of dimensionless paremeters; which are importent in transient
natural convection systems, may be found by the techniques of dimensional
analysis (54) or by consideration of the dimensionless form of the
partial differential equations describing the system behavior. These

groups are:

3
gB(T, - T )L

Gr, Grashof Number =

1,2
>
Pr, Prendtl Number = —;
(1-1)
hl
Nu, Nusselt Number = =
at
Fo, Fourier Number = 13

Geometric Factors ( %’, for example, for a vertical,

cylindrical enclosure)

In problems for which wall heet flux, q,° is specified rather
than wall temperature, Tw’ the value of the Grashof number is not known
directly. For these systems a modified Grashof number may be used,

which is

3 4
gB(T - T)L ghq L

Griu = o o . (1-2)
¥ %4

In eddition, the product of the Grashof and Prandtl numbers,

Ra, Rayleigh Number = (Gr)(Pr)

is significant as an index of natural convection intensity. The
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Rayleigh number msy be considered &s a ratio between the product of the
buoyent end inertial forces driving the flow and the viscous forces
tending to retard the flow.

For a heated or cooled vertical flat plate in an isothermal medium,
conduction predominates over convection below Reyleigh numbers of eabout

103, Between Rayleigh nmumbers of 10° end about 10° to 107

s the natural
convection flows are laminar. At still higher Rayleigh numbers, the
convective flow near the plate becomes turbulent.

Although bulk sversge temperatures can be computed from an energy
balance if the well heat flux is known, this technique does not provide
any ides of detailed internal temperature distributions, In the case
of a vertical cylindricel tank, there has been no generesl reliable method
for predicting temperature 2s a function of radius, height and time from
known system parameters. As examples of systems requiring a detailed
knowledge of netural convection temperature fields, one might include
thermally stratified cryogenic propellant tanks, liquid-cooled nuclear
reactors (in case of coolant pump failure), tanks of petroleum crude
products kept from solidifying by well heeting, and systems in which
boiling (freezing) is initiated at some local "hot™ ("cold") spot. In
addition, a knowledge of transient temperature distributions could lead
to a better understanding of the generel mechanisms controlling nstural
convection within enclosed fluids.

This thesis was therefore concerned with en analyticel and experi-
mental study of transient nstursl convection temperature fields. A
detailed experimental study, including mepping of tempersture fields and
qualitative observation of flow pestterns, was conducted for one special

group of systems: liquids conteined in vertical cylindrical tanks and
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subjected to a constent side-wall heat flux. Heating levels, fluid
properties and tank height-to-diesmeter rstio were varied; effects such
ss heat transfer at the bottom surface, vaporization at the upper liquid
surface and boiling were minimized or eliminated. Evalustion of the
experimentsl data for this psrticular case provided a basis for develop-
ing a useful system model. Theoretical analysis of the model then led
to analyticsel techniques for correlating the data. The results can be
extended with little difficulty to include systems with other thermal

boundery conditions.
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B. Prior Work

The most general theoretical approach for determining naturel con-
vection temperature and velocity distributions within enclosed fluids
is to formulate and solve the three-dimensional pertial differential
equations for conservation of mass, energy and momentum for specified
boundary conditions. Unfortunately, this spproach leads to formidable
mathematical problems and attempts to solve the equations by numerical
techniques have met with only limited success as extremely large
emounts of computation ere required.

Intuitively, actusl problems can often be reduced to two dimensions

because of symmetry. Hellums (36), Wilkes (103), and Barakat (4) have
obtained numerical solutions to the two-dimensional naturel convection
equations for certain limited cases. Hellums and Wilkes considered
systems with one hot and one cold wall, and solved the transient equa-
tions to find the steady-state temperature and velocity distributions.
Hellums found computation times in the order of an hour (IBM 704) were
necessary to resch steady-state even for gases at very low Grashof
numbers. At higher Grashof and Prendtl numbers, computation times would
be in considerasble excess of one hour. Wilkes' method, again applied
at the Prandtl number for air, became unstable at Rayleigh numbers
above 200,000,

Barakat considered a vertical heated cylinder filled with liquid
and was able to achieve stable solutions at very much higher Rayleigh
numbers. However, the required computation times were agasin very long
and convergence was not achieved in regions where temperature and
velocity gradients were steep, that is, near the walls, in the corners,

and just below the upper 1liquid surface. Barakat (5) noted that compu-
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tation times required to obtain an accurate and reasonably complete solu-
tion by this method would be exhorbitant on any present day computer.
Noble (60) has recently made further improvements in numerical methods
for treating two-dimensional natural convection problems, but the solu-
tion times for high Grashof number cases still appear excessive.

The complexity of the anslytical problem has led to the formulstion
of several greatly simplified models for natural convection stratifica-
tion phenomena, especially in relation to cryogenic tank systems.

Bailey (3) hes suggested a two-temperature level model for the centrsl
region of a vertical cylindrical tank. The lower region remains at the
initiel fluid temperature while the upper warm stratified layer gradu-
ally grows in depth as the energy of the system incresses. The tempera-
ture level and the rate of growth of the warm upper layer is determined
by use of the boundary layer equations for flow along an infinite,
heated verticsl plate in an infinite, isothermal fluid medium. His
model does not correspond well to temperature data taken in cryogenic
tanks which generally show linear axial temperature profiles and negli-
gible radial tempersture gradients. Neff (59) and Ruder (75) assume a
model in which the axial temperature gradient is described by an error
function dependence. Their model agrees better with data than the
simpler model suggested by Bailey, but it is empirical and depends on
knowledge of the surface temperature. TFor cryogens, the surface tempera-
ture is often the saturation temperature corresponding to the tank
pressure level; in general, however, the surface temperature can not

be accurately estimstec. Both of these models are also limited to a
rather short time in that they apply only to the period before the

first warmed fluid has reached the bottom of the system.
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Mashs (50) has made & thorough experimentsl study of the temperature
fields for natursl convection within horizontal cylinders subjected to
a constant wall heat flux. An empirical correlation was developed for
estimating transient heat transfer coefficients. Mashs also evaluated
seversl finite difference schemes in an attempt to obtain a numerical
solution to his problem, but concluded that computation times would be
excessive without computers significantly faster than the IBM 709,

The classical boundary layer problem of natural convection flow
along & heated (cooled) infinite vertical plate immersed in an infinite
fluid medium has been trested extensively in the literature. Although
the solutions for temperature and velocity fields near the plate in this
classical case would be modified if, &s would be expected for enclosed
fluid systems, & non-uniform temperature were present outside the boun-
dary, the boundary layer analyticel techniques ere valid for more complex
cases. Laminar naturel convection solutions for the classical problem
heve been obtained by Ostrach (65) and Sparrow snd Gregg (Qé:’ 98) for
various thermsl boundary conditions at the wall. Turbulent flow along

a constant temperature wall wes anslyzed by Eckert and Jackson (17).
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€. Experimental

Naturel convective flow was induced in a fluid contained in a
vertical cylinder as a result of a constant wall heat flux. The
experimental enclosure (Figure 1-2) consisted of an 8-in. diameter
Pyrex cylinder held by tie rods between two gasketed-end flanges. A
thin-film, transperent, electrically-conductive coating (E=C coating,
Corning Glass Works) had been deposited on the outside of the cylinder
to 8llow resistsnce heating of the wslls while also permitting visual
observation of flow tracers. The two-foot long cylinder was subdivided
into three 8-in. long cylindrical sections by circumferentisl silver
bands deposited over the E-C coating. Electrical contact to the
heating film was made by copper straps fastened over the silver bands,
Since each secticn could be heated independently, the system could be
used to provide a constant wall heat flux to liquids at depths of
8-, 16, and 24-in., i.e.,<§ ratios of 1 to 3 were possible. A Variac
controller was used to vary the input power. Heating rates ranged from
20 to 2000 BTU/hr ftz, The bottom and top of the vessel were insulated
with gless wool. A free liquid surface was present in all tests. A
surfactant film of stearic acid was used to retard surface vaporization
when necesssary.

The test fiuids, glycerin, water, and an 85 weight per cent
mixture of glycerin in water were used to provide a wide range of
physical properties. The fluid was not agitated or stirred in any way
for at least 24 hours before any run was started. It was, therefore,
isothermal and quiescent. A test was started by switching a specified
voltage across each of the heating sections which was filled with

liquid. The test was continued until boiling started or system tem-
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perature approached a temperature of 2500F. Typical test durations
7ranged from one-half to six hours.

During an experiment, temperature measurements were recorded and
when desired visual and/or photographic observations of flow tracers
were made. Preliminary tests had indicated that no discernible
azimuthal in temperature gradient existed. Consequently, most of the
temperature measurements were made over a single redial plane.

The thermocouples were made of 3-mil copper-constantan wire and
the beads were approximately 10-mil dismeter spheres. Thirty-eight
were used. The wires were threaded on a vertical support lsdder but
extended away from the ladder to preclude any flow disturbance. The
positioning of thermocouples in the measurement matrix (Fig. 1-3) wes
such that an arithmetic average of the readings along a horizontal row
would represent a volume average fluid temperature at that particular
height. In any test, data were recorded from about twenty-five loca-
tions which were selected to give good coverage for the particuler liquid
depth being studied. Using an adjustable probe, liquid surface tempera-
tures were also measured. The probe was resised to keep the bead of the
surfece thermocouple just submerged as the liquid expanded slightly dur-
ing the course of a run. A few additional temperature measurements
were made outside of the data plane to check the assumption of symmetry,
to measure well temperatures, and to obtain an independent temperature
reference. The last determination was made with an accurate thermometer
which hed a calibration thermocouple bonded to its bulb.

Dye was injected into verious parts of the system through o long,
22-gauge hypodermic needle. Injection near the bottom corner of the

vessel permitted observation of flow up the wall. The streaklines were
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photographed at various times after injection. A second hypodermic
needle was used to inject dye into the region just below the surface.

Typical temperature data are shown in Figure 1-4 and sketches made
from photographs of tracer movements are presented in Figure 1-5. The
temperature plot presents profiles showing the increase in temperature,
relative to the initiel fluid temperature, as a function of dimension-
less fluid height at particulsr times after the start of heating. The
solid line represents an average fluid temperature; the dotted and dashed
lines indicate the sxial temperature profiles at the center line and at

a radisl point only 0.05-in. from the wall.
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D, TFormulation of Model

Analysis of temperature deta and observation of dye tracer paths
from sbout thirty tests covering a wide range of experimental conditions
led to a number of important conclusions which sllow a visualization
of the process.

1. Side-wall heating results in a thin boundery-layer type of
flow up the walls. For most tests, the boundsry layer was not suffi-
ciently thick to encompass the thermocouple located only 0.05-in. from
the wall. The meximum thickness of sbout 0,5-in. was obtained only for
the high viscosity glycerine test fluid near the top of the %’= 3 con-
figuration.

2. Boundary layer fluid is discharged radially inward slightly
below the liquid surface., Figure 1-5 indicstes the type of mixing
observed near the top of the cylindrical core region. Although the
mixing behsvior was complex and veried in detail from test to test,
it wes generally confined to about the upper 10% of the core region.

3, Below the mixing region, radial tempersture gradients in the
fluid are smell. The waerm core fluid settles gradually as cooler fluid
from lower regions in the core feed the boundary layer. Still warmer
fluid is deposited near the surface by the exit boundary layer flow.

A plug flow model sppears reasonable for this region.

4. Below the mixing region and efter an initisl period of time,
the exial core tempersture is essentially linear with height. The
value of the core tempersture gradient varies with time, fluid proper-
ties and wall heat flux level.

On the basis of these observetions, the system was divided, for

analyticel purposes, into three regions: a boundary layer, a mixing



29

region, and a main core region as shown in Figure 1-6. Radisl tempera-
ture gradients were assumed negligible in the main core and, after an
initiel period corresponding to the time required for the first warm
fluid to sink to the bottom of the core, the axial core temperature dis-
tribution was assumed to be linear with respect to height.

If, in fact, the core temperature distribution is linear, then for

the cylindricel system used here, the temperature ot a dimensionless
X
L
fluid. Since the energy input to the fluid was known as a function of

height of = = 0.5 should be equal to the bulk average temperature of the
time, the bulk fluid temperature could be computed by an energy balance
by assuming that average fluid property values, based on the bulk
temperature, could be used. The mid-plane temperature measurement was
read directly from temperature profile curves similar to the ones shown
in Figure 1-4.

Experimental data obtained for the entire range of conditions
studied were used to test the hypothesis that the midplane temperature
rise 1s equsal to the bulk average temperature rise. Figure 1-7 shows
that the results obtained from plotting the observed midplane tempera-
ture rise sgainst the computed bulk temperature rise. Above about
10°F, the agreement is good. The discrepsncy at lower temperatures is
due to the start-up effect mentioned previously. At the start’of heating,
the averasge fluid temperature begins to rise immediastely. However,
the midplane core temperature does not begin to change un%il warm core
fluid sinks to its level. The midplane temperature represents an
averege temperature only after & linear tempersture gradient is

established throughout the core.
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E. Ansglysis of the Model

1. Boundary lLasyer Region

Assuming that the fluid is initially isothermal and quiescent, a
step change in the wall heat flux to a finite value results in the
initistion of a boundary layer flow. The time to establish a fully
developed nstural convection boundary layer flow is smell (typical
durations for the starting transient are 1-5 sec) and during this
time, the bulk is essentislly not affected. In fact, for a period
thereafter, since the boundary layer flow raste is small, the heet trans-
fer may be modelled by assuming an isothermal bulk fluid feeds this
boundary layer. Since the boundary layer thickness is small relative
to the tsnk radius, the cylinder wall may be treated as a vertical
flat plate.

The integral form of the momentum and energy equations for

boundary layer flow are

5 00 ' 00 ST

3% u(T - Too)dy - "@qE" -f u ono dy (1-3)
) P %
00 (e

2

5‘;[ way = Bgf (T - T )y - -\Cf,l’ (1-4)
o) o

where
x = distance measured up from start of vertical plate

fluid density

-
i

Cp = fluid heat capacity

B = fluid thermal expansion coefficient
g = gravitestionsl acceleration
“C. = wall shear stress
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y = distance from the plete in the normal direction
TOO= temperature at y = oo

u = fluid velocity

T = fluid temperature

To solve these equations, it is necessary to assume a functional
form for the velocity and temperature profiles. Profiles of the type
used previously by others (17, 65, 96, 98) for the case of T, = constant,

were chosen.

- -«2
- =—g- -..X
T Too 2k 3|1 )
Laminar Flow (1-5)
- 12
- Y A
u w 3 1 3
L -’
T'Too [ (251/7
T -T )
W 00
Turbulent Flow (1-6)

o
it
5]
o
3
[ e |
]
kg

where
6 = boundary layer thickness
T = temperature at point y inside the boundary layer
(y varies from zero st the wall to & at the edge

of the boundery layer)

Tw = wall temperature
T o= temperature outside boundery layer (at y= 8)
u = fluid velocity

€
]

characterigtic fluid velocity
q = wall heat flux

k = thermal conductivity
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When these profiles are substituted into Egqs, 1-3 and 1-4, a pair
of simultsneous ordingry differential equations ere obtained which give
5(x) end w(x), for specified fluid properties. The boundary layer flow
rate is proportional to (wS) end the thermal energy flow rate is propor-
tional to &Dﬁz).

In an enclosed system, as heating progresses, werm fluld is
deposited in the core region and the boundary layer solutions based on
a constant temperature everywhere outside the boundary layer are not
applicable. However, the last term in Eq. 1-3 describes the effect of
core temperature distribution on the boundary layer region. Therefore
the seme profiles assumed for the constent core temperature case mey be
substituted into the more genersl form of the energy equation to give
a solution for a varying core temperature distribution.

For convenience and generality, dimensionless momentum and energy

varisbles are used in the analysis:

[o]e]
E o u(T - T_ )dy (1-7)
[ -
00
2
M ot u” dy (1-8)
/

Noting that (Eq. 1-2),

4
(GrN’u)x = gﬁgg_ (1-9)
‘ kY

and defining

k1’2

c - [gﬁg_]l/A (1-10)

and X =Cx = (GrNu)Xl/4 , (1-11)



the energy end momentum variables for the isothermal core case become:

Eo = CE X
,  Leminar (1-12)
- 7/5
Mo = CM X
Eo = CE X
Turbulent (1-13)
L J11/7
MO = CM,X
/

The coefficients CE and CM are known functions of only the Prandtl
number but they sre, of course, different for the laminar and turbulent

cases. Consequently, new normaligzed variasbles are defined:

R (1-14)
E

M - %? (1-15)
M

These definitions lead to simple relationships for the isothermal

core case:

LR 1/4
Eo = X = (GrN‘u)x (1-16)
X7/5 laminar
M= (1-17)
Xll/v turbulent

The original energy end momentum equations 1-3 and 1-4 may now be

transformed into equations of the form:



d@oo k dTOo
Iet X a = dimensionless core (1-18)
temperature gradient
* 1/3 4 )
\ dE_ * ¥ @
Laminar: = = 1 - [fl(Pr)] [E M] =
5 (1-19)
au E*M3 v
ol L e R L
/
y A
* 4/9 a9
aE_ . #* % 0
Turbulent: = = 1 - [IA(Pr)] [E M ] ==
> (1-20)
dI‘/'* E*13/9 M*
. [f5(pr)] =5 - [£6 ()] F

M

The functions of Prandtl number in the above equations depend only
on the Prandtl number and constants obtained from integration over the
assumed forms of the boundary layer temperature and velocity profiles.

It is interesting to note that although TOO may be an arbitrary

ar dae
function of x, only the derivative, dxoo or aiga s appears in the

above energy and momentum equations for the constant wall heat flux

case.

These equations were solved numerically for the important case of
deoo
ax
distribution case observed experimentally. Typical results of these

= constant which corresponds to the linear axisl temperature

computations for various values of Prandtl number and core tempersture
gradient ere shown in Figures 1-8 and 1-9 for the laminar and turbulent
models respectively. In the computation, a finite X starting point was

chosen to avoid difficulties in evaluating the derivatives at X = O,
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As long as the starting point velue was less than about 10% to 20% of
the dimensionless height at which the varisbles were to be evaluated,
the error introduced by use of a finite starting point was found to be
negligible.

With no core temperature variation, both the boundery layer thermal
energy and momentum increase with distance up the wall., However, if a
positive core tempersture gradient is present, the boundary layer energy
and momentum variables reach limiting values. A physical interpretation
is thet, essuming the fluid volumetric heat capecity ((:Cp) remains
constant, at some height the boundary layer will have grown large
enough so the totel energy input from the well is required to keep its
average temperzture level increasing at the same rate as the core tem-
perature is incressing. Beyond this point, no energy is availeble for
additionsl growth or acceleration of the boundary leyer.

The limiting values, Ea* and Ma*, mey be found by setting the
derivatives in equations 1-19 and 1-20 equal to zero, then, assuming
that Ea* and Ma* are constant, and solving the equations simultaneously

to obtain

£(Pr, 3°>) (1-21)
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2, The Mixing Region

Although the mixing region flow patterns and temperature distribu-
tions were found to be complex in the experimental portion of this study,
the mixing region was confined only to sbout the upper 10 percent of the
core and served the purpose of mixing hot boundery leyer fluid with sur-
face core fluid to produce well-mixed fluid feeding the main core. Con-
sequently a simplified model was proposed for the mixing region. Assume
that the mixing region is of depth A x and at some uniform temperature,

T The rate of change of TL with time can be found from an energy

L.
balance if the boundery layer tempersture and flow rate are known and
if the inflow from the boundary layer equals to outflow to the main
core region.

Choose an energy datum level at TL’ An analysis of the mixing

region model shows

00
Energy in: eCpﬂ'Df u(T - TL)dy at (1-22)
o
Energy out: 0 (Fluid at TL) (1-23)
E perge: o6 TRAX g (1-24)
nergy chenge: G 7 L -

These lead to,

00
dTL 4
=L - A f u(® - 1,)dy (1-25)
0
0o 0o
Note that u(T - T.)dy (or in other nomenclature u(T - T )dy,
L 0
o o

*
since T00 =T, at x = I) is proportional to E', the boundary layer

energy parameter. (Eqn. 1-7)
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3. Main Core Region

The model is based on & radislly-well-mixed core with an exial

temperature veriation which varies linearly with height. Assume that

the rste of change of core tempersture gradient is due to the variastion

in TL of the mixing region.

a ar
g [ w] - X 1 - (1-26)

at | ax q (L-ax) dt

Using equations 1-26, 1-25 and the asymptotic energy perameter
(eqn. 1-21), an expression for the core temperature gradient can be
obtained. This solution should apply whenever the sxial core gradient
is essentially constant throughout the main core and when the boundary

layer energy has reached a limiting value with respect to the core

temperature level.

de 4/9
Leminar [5&52] = 1,454 Fo 279 1 (1-27)
g ax ;. -%’E)] (Remay/
de 8/15 7/45
Turbulent | ==3>| = 3.46 Fo Fr (1-28)
dx a Ax AX 8/15 2/15
[T (1- "'I'j')] (RaNu)
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F. Discussion of Model

In Figures 1-10 to 1-12, experimental values of the dimensionless
core temperature gradient are plotted ageinst the appropriate function
of Fo, RaNu and Pr for the laminar and turbulent cases (eqns. 1-27 and

9

1-28) respectively. Using the Ra = 108 - 107 eriterion for transition
to turbulence, the glycerin test data should be only in the laminar
regime, the 85 weight percent glycerine data should bé leminar except
at some of the higher values of wall heat flux which give Rayleigh num-
bers in the transition region, and the water data should correspond to
the transition range and fully developed turbulence.

In Figure 1-10, the "laminar" core temperature gradient data are
plotted against [F04/9/(RaNu)l/g]. The resulting line has a slope of
unity thus verifying the parsametric dependence predicted by the laminar

model. The correlating line has the equation

—%0 5ot (Ram)~ /0 (1-29)

Comparison with equation 1-27 indicates that

/4

A A 1.456
A% 1. 8% - (AT - o0 (1-30)

or that -éL-E <« 0.12. The 12% mixing region agrees well with the
experimental observation of about a 10% mixing region. (A 10Z mixing
region would give a constant of 4.24 in eqn. 1-29; a 15% mixing region,
a constent of 3.64.)

Before checking the turbulent model, it is interesting to note from
Figure 1-10 that the "turbulent" water data are also correlated by the

laminar correlation, sq. 1=29. Any scatter in points is random and
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there is no detectable shift in position or slope between results from
tests at different Rayleigh number levels. The data of Barakat (4) and
Seifkes (2;), shown as solid dots, correspond to Rayleigh numbers of

E 1010. Barakat's data were obtained in a A-in. dismeter cylinder;

10
Siefkes' system consisted of an 8-in. enclosure, the sasme nominal size
for the cylinder used in this study. Barekat's data were obtained only
for times up to four minutes after the start of heating. Siefkes' data
were teken at a single wall heat flux level.

When 211 the dats are plotted against the turbulent model parsameter
[F08/15 Pr7/45 (RaNu)'2/15], the results shown in Figure 1-12 are
obtained. The "laminar” glycerin and 85 weight per cent glycerin data
are poorly correlated by the turbulent model, as would be expected.

More surprising, however, is that the supposedly turbulent water data

do not exhibit a slope of unity at the higher experimental values of
de
-0
ax °
apparent discrepancy. Boundary layer analysis for the constant wall

Exemination of Figure 1-13 will provide an explanation for this

heat flux case indicated, ss discussed previously, that boundary layer
energy and momentum were limited by the presence of a constant core
temperature gradient. The limiting values for Ea* are plotted as
functions of the core temperature gradient and the Prandtl number in
Figure 1-13. The energy limitation may, in certain cases, prevent a

. . * o 1/4
transition to turbulence. Recalling that E_= =X = (GrNu) for
de

3*
=2 - 0, it is ressonable to suggest that Ea is related to the

dx
limiting value of the actual Grashof or Rayleigh number for a system.

A conservative estimate for the trensition point is given in equation

1-31.

N -5
(Ra)transition = GrPr = 10 (1-31)
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Then with the usual correlation for laminar natural convection heat

transfer to a vertical plate with constant temperature at infinity

(54)

Nu = 0.56(Ra)1/4 (1-32)
One obtains,
8
10 2
(GrNu)transition - Pr (0.56 x 107) (1-33)
E 1/ 27
transition = (GrMu) 4 = (1-34)

transition Prl 4

Using the limiting values of boundary lsyer energy, the dotted line

in Figure 1-13 shows the predicted transition region. The limiting
values predicted by the laminar model are shown as solid lines; the
turbulent, as dashed lines. All the water data correspond to Prandtl
numbers below ten, and, from the limiting energy analysis, no transi-
tion would be expected to occur if the dimensionless core gradient were

de
grester then 0.01. If data points for dX°° greater than 0.0l are

eliminated from considerstion in Figure 1-12 on the basis that turbulent
transition is prevented by the energy limitation, then the remaining
data are well correlated by a turbulent model of the form

a6
T= = 11.5%6/15 pr?/45 (Ram)~2/15 (1-35)

Comparison of equation 1-35 with equation 1-28 again indicates about a
12% mixing region.

Even though there is good agreement between the turbulent model and
the data which should be turbulent on the basis of the limiting energy

analysis, there is no reason why both the laminar and turbulent models
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should not correlate these data. Because of the energy limitation,
these turbulent dats probably correspond to the transitional range
rather than the highly turbulent conditions predicted by the large
Rayleigh numbers which extend up to 1013° However, for still higher
Rayleigh numbers, the turbulent model would be expected to give better
results than the laminar model.

Figure 1-1/4 shows a comparison between axial temperature profiles
computed from the model and actual axial tempereture profiles measured
for equivalent conditions. Agreement is good except for the initial
period mentioned previously. Before the first warm fluid reaches the
bottom of the core, the axisl temperature profile is not linear and the
use of a bulk average temperature as a midpoint temperature is not
acceptable. During this period, accurate temperature profiles could
be estimated by numerical integration of the simultaneous first order
nonlinesr differential equations (1-19 and 1-20) for boundary layer
energy and momentum., The seme general model could be used for a
mixing region, but core temperature distribution would be found by com-
bining the mixing region temperature variation with a plug flow model
for the core. The variation in core temperature distribution would
be accounted for when integrating the energy equation along the
boundary layer.

Temperature distributions may also be estimeted during the
initial period using the data presented in Figures 1-15 and 1-16.
Although there is considerable scatter in the normalized temperatures
(based on the bulk average) for vérious dimensionless heights as func-
tions of dimensionless time, & consistent picture of the core tempera-

ture distribution transient is given. At the time when the temperature
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at I, 0.1 begins to rise, the constant core temperature gradient

L
model, that was previously developed, becomes valid. Prior to this
time, the temperature values are described by the fairly complicated
differential eqﬁations for the boundary layer and the interaction between
local core temperature gradients and the boundary layer energy variation.
A further result of interest is the behavior of the Nusselt number

when a linear core temperature distribution is present. Using the

values for limiting boundary layer energy,

Laminar (Nu)a = 0,605 (Ra) i (1-36)
de
As ax becomes small the limiting energy is achieved at distances
further and further up the plate. This equation, therefore, becomes

do
meaningless &s dxoo -0, since the boundary layer fluid never reaches

a height great enough for the limiting solution to apply. However, for

ae

aigg , 9. 1-36 becomes valid at some finite height.

The one-third power dependence on the Rayleigh number is generally

finite values of

considered a characteristic of turbulent natural convection. However,
this dependence evidently can occur for laminer natural convection if
a core temperature distribution is present.

The model developed in detail and verified experimentally in this
study is for the constant wall heat flux case. However, the equations
for the boundary layer energy and momentum have also been developed,
in differential form, for the constant wall temperature case. Because
the core tempersture behavior would be somewhat different in a constant
wall temperature system, modification of the core model would be neces-
sary before a simplified solution of the type presented for the constant

wall heat flux case could be obtained. In such a system, the upper
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region of the core would tend to fill with fluid at the well temperature
and limit the convective circulstions to lower portions of the core.
Finally the whole system would reach a finsl isothermal state in equili-
brium with the wall temperature. However, numerical solution of the con-
stant wall tempersture equations in the manner suggested for computing
initial temperature distributions for the constant wall flux case would

also provide results for the constsnt wall temperature case.
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G. Conclusions

Temperature distributions within fluids enclosed in vertical
cylinders and subjected to a uniform side-wall heat flux may be estimated
during the period shortly after the start of heating using Figures 1-15
and 1-16. A more accurate model involving numerical solution of two
differential equations by successive iterations in space and time is
suggested in part F. This more complex procedure might be justified
for a particular system in which initiel temperature distributions were
of primary concern.

After the initial period, a model assuming a radially, well-mixed
core with a linear axisl temperature distribution permits use of the
equation shown in Figure 1-7 to estimste the axial midpoint core tem-
perature. Solution of the boundery layer equstions for e heated-vertical
plate with a core temperature variation, led to development of equations
1-29 and 1-35 for predicting axial core temperature gradients as func-

tions of Prandtl, Fourier and Rayleigh-Nusselt numbers only.
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H. Recommendstions for Future Work

Further investigation of the mixing region below the surface,
especially for various controlled surface conditions, would be useful.
The effect of mass transfer at the interface is of paerticular interest
in practical applications such as those involving boiling systems or
self-pressurization of stored saturated liquid.

The boundary layer analysis conducted for the constent wall heat
flux case and formulated for the constant wall temperature case in this
study could be further developed for the latter case and extended to
other systems. Solution of the boundary layer equations for various
non-linear core temperature distributions would yield results which
could be applied to other geometries such as spherical or conical

tanks or even horizontal cylinders.
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II, INTRODUCTION

A, Statement of the Problem

Transient natural convection circulations, occurring within verticsl
cylindrical tanks of fluid as a result of heat trensfer through the side
walls, often produce thermal stratification effects within the bulk
fluid. The primary object of this study was to develop a model which
would permit prediction of such temperature distributions as a function
of known system parsmeters: fluid properties, tank size and geometry,
and the varistion in wall heat flux or temperature distribution as a
function of time.

The results are applicable to a broad class of natural convection
problems involving the heating and cooling of fluids, although for pur-
poses of detsiled analysis attention wes concentrated on the system shown
in Figure 2-1. Consider a vertical cylindrical vessel of dismeter, D,
and height, L, containing a fluid which is initially isothermal and
motionless. At time, t = O, a known hest flux or temperature distribu-
tion is suddenly imposed on the system boundaries.

In e cylindricel coordinste system, (r, 6, x), with the origin loca-
ted at the center of the bottom surface of the enclosure, and with a
gravitationsl force in the negative x-direction, the problem can be
stated ss:

Given: 1. Geometry L, D

2. Fluid properties y,egcp,k,ﬁ
3. Initial Conditions

, 0=x<L, 0=p<o2r

g

fort =0, 0&r &

T = Ti

V=0

constant

L]



g v s S i

Gravity
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FIGURE 2-1

Tw( R, ,x,t)

< or

qw( R, :X:t)

General Co-ordinate System for Analysis of

Natural Convection within a Vertical Cylinder
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4. Thermal Boundary Conditions

for t> 0, T=3 0O2x<1l, 0%¢ £2r

t >0, Oéri—%, {"‘0, 049 <o

x =L
dTw
Specify Tw or = where n is the normal to the surface

5. Velocity Boundary Conditions

fort>0, r=%, 0£x &L, 0 =21

for t >0, Oé_r&%, x=1, 0£p<2m

V=0 for bounded surface
Dvr QVB
Vx = 3% = __5;.. = 0 for free surface

Find: T{(r, 6, x, t)

‘7(1'9 B, X, t)

Typicel thermal boundary conditions are a specified constant wall
temperature, a specified constant wall heat flux, or an adiabatic‘sur-
face. The constant wall heat flux condition is often encountered for
stored liquids when en outside heat transfer coefficient is controlling
the energy flux to the system.

Based on & dimensional analysis using the Pi theorem (53) or from
analysis of the differential equations for natural convection (Section
II.C.3) using a method similar to that suggested by Hellums and Churchill
(38), the important dimensionless groups which would appear in the general

temperature and velocity field solutions are;
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Grashof Number (Gr): gE(aT)L”

1»2

Y

Prandtl Number (Pr): T
. at
Fourier Number (Fo): o
L

Aspect Ratio:s D
Nusselt Number (Nu): %L

A remaining group, the thermal expansion modulus (1 + BAT), can ususally
be neglected since PAT << 1 for most common natural convection systems.
The (AT) in the Grashof number and the above group is a character-
istic temperature difference for the system. If wall temperature is
specified, AT = Tw - Ti;

temperature difference is not known directly from the problem statement.

if wall heat flux is specified, the equivalent

However, since q = h(Tw - Ti)’ the AT factor can be multiplied by the
Nusselt number to give, (AT) Nu)= 3%— , which contains the known q_
boundary condition. This group can then be used as a characteristic
system temperature in describing the system. (Note thet it is not numeri-
cally equel to thg actual overall temperature driving force but rather

to the product of this difference and the Nusselt number. )

The Grashof number may be considered as an index of the natural
convection intensity since it is a ratio of the buoyesnt and inertial
forces driving the flow to the square of the viscous forces tending to
retard the flow. The Prandtl number, a ratio of momentum diffusivity
to thermal diffusivity, serves as a link between the temperature and
velocity fields in the system.

Well established correlstions for predicting steady-state natural
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convection heat transfer coefficients (54) are of the form:

Nu = a(GrPr)b. (2-1)

The product of the Grashof and Prandtl numbers, which appears frequently
in netursl convection analyses, is known as the Rayleigh number (Ra).
The magnitude of the Rayleigh number has been found to be an index for

the type of netural convection flow regime in a particular system. (54)

RadL]IP
Conduction is the primery mode of heat transfer and convective
effects are either very weak or even may be totally supressed in
the case of fluid above a heated, infinite horizontal plate.

(64, 68, 74)

102 < Ra < 10° to 107

The flow is laminar.

Ra > 108 to 109

In this range, the flow becomes sufficiently strong to undergo
a transition to turbulence.
For fluids near a phase transition temperature, the problem may be
further complicsted by phenomena such as boiling, freezing or condensa-

tion.

Experimental and analytical studies of natural convection phenomena
especially for
are numerousgApredicting over-all heat trensfer coefficients; some works
present temperature distributions for steady-state conditions and for a
number of special configurations such as vertical and horizontal flat
plates and long, narrow vertical slots. However a general model to des-

cribe natural convection within a completely enclosed fluid has apparently

not been developed previously for any geometry.
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Although the relationships between the dependent temperature and
velocity variables may be expressed in partisl differentiasl form using
equetions for conservation of energy, mass and momentum, the resulting
system of nonlinear partial differential equations is too complex to be
solved in closed analytical form except for a few special cases, in
which major simplifications can be made. Even for very simple geometries,
direct numerical solution of the generalyequations has been found by
Hellums (36), Wilkes (103), Barakat (5) and Mashs (50) to require
excessive amounts of computation time in terms of present day computers
and meaningful solutions have been obtained only for very low energy
input levels. Therefore, the approach to the problem was to conduct an
extensive experimentsl program in which detailed temperature field
measurements were obtained and qualitative flow patterns were observed
for a wide range of conditions. Evaluation of these experimental results
would be used to indicste certain simplifications which could reduce the
general partial differentisl equations describing energy and momentum
transfer in the system to forms allowing development of a theoretical
solution for the transient temperature field.

The aim of this study was to develop such a model, covering a broad
range of fluid properties and thermal perturbations et the wall and
including both the laminar end turbulent flow regimes. The resulting
model would be in a form of use to an engineer confronted with a prac-
ticel application for which the localized temperature distribution in an

enclosed fluid must be delineated.
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B. Important Applications

Many engineering problems in netural convection involve only the
prediction of over-all heating (or cooling) rates for a stored fluid,
For practical design purposes, natural convection heat transfer coeffi-
cients may be estimated reasonably well using existing correlations.
However, there are a number of more complex problems in which actusl
internal temperature distributions must be known.

A typical application, which has recently aroused much interest,
is the problem of thermsl stratification within cryogenic propellant
storage tanks as a result of ambient heat lesk, produced by outside con~
ditions ranging from still air surroundings to aerodynamic heating.
Since the cryogen is usually stored at or slightly below its boiling
point, the temperature of the surface layer of liquid has a strong
effect on the system pressure. Also, the surface temperature is a
major factor in estimating amounts of exiernal pressurizing gas required
for pressurized transfer of liquid from the vessel. For pump transfer
systems, the liquid must be subcooled (af the tank pressure) to prevent
cavitation in the pump. Regions of warm fluid in the storage vessel
may easily lead to vapor binding end failure of the pumping system.
Since most of these problems are associsted with airborne systems, the
penalties for over-design are such that it is necessary to determine
actual transient temperature distributions in the liquid.

Similar to the cryogen storege problem is the more general problem
of boiling (or freezing, if the cooling case is considered) a liquid by
heating at the walls. The tempersture distribution in the liquid just
before the onset of phase change will determine the regions where

boiling will begin. In many cases, this region will be adjacent to the
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boundary where the external heat transfer occurs. However, natural con-
vection may carry the warm boundary fluid to another portion of the
system where bulk boiling may occur. The location of the region of
maximum temperature in the bulk is importent in determining the degree
of superheating before boiling occurs; the original natural convection
circulation may be strongly related to the circulation in the presence
of boiling. Although phese changes are not included in the scope of this
study, the quantitstive description of temperature and velocity fields
at incipient phase chsnge is a major and necessery step in the solution
of the genersl problem.

Netural convection is used for mixing in certain processes such as
maintaining stored crude petroleum products in a liquid state by localized
heating.

Still another erea of interest in deteiled natural convection cir-
culstions has grown out of problems associsted with convective cooling
in nuclear reactors. In mobile fuel reactors, convection in liquid
metals is of concern. In other systems, convection cooling of cores is
accomplished with more conventionel fluids. Since naturel convection
cooling may be the only means of emergency cooling in case of pump
failure, a detailed knowledge of temperature fields sand especially of
"hot spots" is required. In many of the nuclear reactor systems,

internal heat generation in the fluid must elso be considered.
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C. General Thecretical Basis

1. Energy and Momentum Equstions

A general description of a natural convection system behavior is
given by the energy equation, the continuity equation, the three-
dimensional momentum equations and appropriste initial and boundary con-
ditions. The Navier-Stokes equstions, presented in complete form by
Schlicting (83) and others, express the balance on the rate of change
of momentum in a fluid system. Consider egain a velocity vector,

V(r, 0, x, t), and a scalar temperature field, T(r, f, x, t), inside a
cylinder of fluid as shown in Fig. 2-1. The velocity vector has compo-
nents Vr’ Ve and VX in the r-, 8=, and x-directions respectively. Based
on the a priori knowledge of experimental observations showing thet the
flow is radislly symmetricel in the vertical cylindrical configuration

studied, anguler varistion is neglected end the two-dimensionel system

equaetions may be written as:

Continuity %% = V- eV (2-2)
Energy 2 - avT (2-3)
bt 5E - - $35+ v, (2-4)

g-‘{—’-‘- =g-%; -9-5+ —VVZVX (2-5)
vhere o = %—,Earvr%;ﬂ»vx%

The pressure variation in the x-direction is assumed equel to the initial
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hydrostatic pressure distribution and small pressure variations due to

convective phenomena are neglected.

_g-}: =8P, (2-6)
33-1*;’4 =0 (2-7)

The veriation of fluid density with temperature can be spproximated

by
£

= . . (2-8
P 1+B(T-T) )

Fluid viscosity has been assumed constant in equations 2-4 and 2-5,

since momentum changes due to viscosity varistion are negligible in
comparison with changes produced by variations in the velocity field.

By similar reasoning, density varistions can be neglected except in the
body force term which provides the basic convective driving force. Con-
sequently, the fundamental equations commonly used to describe a radially

symmetrical, natursl convective flow are:

Continuity: V:-V=0 (2-9)
Energy B-a v (2-10)
Nt g5 - V0, (2-11)

?{’5 =g (T -T) = 7/OVZVX (2~12)

i

These equations are valid for laminar flows, but not necessarily
for turbulent flows. Unless the turbulence is essentially isotropic,

the three-dimensionsl coordinaste system analysis must be used. In



67

addition, the equetions must either be applied within the turbulent micro-
scale considering the distribution of eddy sizes and the turbulent fre-
quency spectrum or else they must be interpreted in terms of averages
taken over the turbulent fluctuations. Average field values might be
predicted by the latter method if suitable momentum and thermal diffusi-
vity persmeters, which include eddy transport effects, can be specified.

Further modifications are required for special problems such as those
involving additional body forces (MMD flows, for exemple, or systems in
which there is an acceleration field other then normal gravity), internal
heat generation (fluids undergoing nuclesr or chemical reaction), or
"non-thermal®™ density varistions (reacting fluids or systems involving

mass trensfer effects).

2. Boundary Conditions

Initiasl Conditionss Temperature and velocity fields are completely speci-
fied at time t = 0. Usually the condition of interest is that the fluid
is initislly isothermal and motionless.

Velocity Boundary Conditions: Fluid velocity is zero at the surface of
all bounding walls. This is the familisr "no-slip" condition. In a
liquid system a free surface mey be present. For a free surface the

shear stress is assumed negligible along the boundary and there is no
flow across the boundary; The boundary conditions, in the previously
defined coordinate system (Fig.2-1), are v . =0-= g;z .

Thermal Boundary Conditions: Either the temperature or the temperature

gradient normal to the surface, or some relation between the two, must
be specified along all system bounderies. No temperature discontinuity

is permitted across the wall-fluid interface if only conductive and



T

68

convective heat transfer modes are present. Examples of commonly encoun-

tered boundary conditions are a constant wall temperature, a constant

ar

ar D s or a perfectly insuleted surface.
-2

wall heat flux q, = k

3. Dimensionless Equetions

A convenient non-dimensional form of the equstions results from sub-
stitution of a new set of variables following a technique used by

Hellums snd Churchill (38), Wilkes (103) and others:

X _r
X=3 R=7
VL VL
- = e (2-13)
n 7 Ty 7,
ot o (T - T )17
= -2 g = —=2
I? ’fb ao

The dimensionless equations are:

Ju, I, 9oL
Continuity: SR *R Y3 ° 0 (2-14)
Energy: %“c = 729 (2-15)

D
Momentum: ﬁ%% = Pk'vg Ip (2-16)

DY

X 2
e - 0+ PrV Yx (2—_17)

The formuletion of the problem for a constant wall heat flux case would
involve multiplying the temperature persmeter, 0, by the Nusselt number.
If all terms in equations 2-15 to 2-17 are multiplied by the Nusselt
number, note that the natural temperature parsmeter for the constant

wall hest flux is Nuf or the Rayleigh-Nusselt number (RaNu).
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The initial and boundary conditions for a constant well heat flux,

q,s en insulated bottom, and a free surfasce at x = L become, in dimen-

sionless form:

Bho

Tnitisl: =0, O<%£RE

= 0 isothermal

e
I, =0
motionless

Thermal: T3>0, R*—--é-%, 0zx<1

28 . _(RaNu)  specified wall heat flux

R
D 0
‘T>0, 0« R f&zﬁﬂ , X =
1
%—% =0 adiabatic

Velocity:  “€>0, R = -2]—?; , 0<X <1

‘€>0, O0<R%

R
>0, 04£R <

D
51, ° X =1
Vy =0 (no flow)
Vg
Sx% =0 (no shear)

(2-18)

(2-19)

(2-20)

Exemination of the non-dimensional equations and boundary conditions

shows that they contain the important natural convection parameters men-

tioned in Part II.A.1l, nemely:



70

® = dimensionless temperature = GrPr

D
“C = dimensionless time = Fo (i)
Pr = Prandtl number

Had the system been analyzed using dimensional analysis, the same
result would be obtained, namely that the solution to the constant wall
heet flux case should be of the form® = f£(C, R, X) with paremeters

Pr, 2, and (ReMu).

4o Trensient Solutions

The natursl convection system equations 2-15 through 2-17 describe
the transient behsvior of the temperature and velocity fields. Consider
the case of sn isothermal, stagnant fluid in a tank suddenly subjected
to a wall hest flux. Since V = O at time t = O, at this instent the
fluid has no momentum and heat is transferred to the fluid by thermal
conduction. There is an initial transient interval, which will be

referred to as the starting transient, that exists briefly until the

fluid inertis is overcome and convective flow is established as a result
of unstable density gradients produced by the initisl conductive heat
transfer. For the range of conditions investigated, starting transients
of about one to five seconds duration would be anticipated.

Long-term transients produced by time and spatial varistion in con-
vective temperature and velocity fields, by variation of fluid properties
with tempera{.ure9 or by variation in thermal boundary conditions are of
primary concern in this study. TFor an enclosed system perturbed by a
step change in wall temperature, the trensient would consist of the

development and eventual decsy of a convective circulation until the
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fluid approached a final isothermel state with a uniform temperature
equal to the imposed wall temperature. If the initisl thermal perturba-
tion is a step change in wall heat flux, the system temperature will
continue to rise indefinitely. An ideal "quasi-steady-state” for such

a system would be development of a steady-state velocity field and of

a temperature field incressing linearly with time. Since real fluids
have properties which vary with temperature and hested liquids eventually
reach their boiling point, such an idesl quasi-steady-state is never
achieved in practice slthough it mey be approximated if the time scale
of the transients becomes long compared to the time scale of interest

to the observer.
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D, Previous Approaches to Solution

1. Direct Solution by Finite Difference Approximation

The partisl differentisl equations for two-dimensional natural con-
vection may be transformed into & set of finite difference equations.

In order to obtain a valid numerical solution to the difference equations,
certain conditions must be satisfied. TFirst, the time and space grids
used for the stepwise numerical calculstion mus£ be of sufficiently fine
grain to give results which converge toward the exact solution of the
differential equations. In other words, further reduction of the calculs-
tional grid size should not produce major changes in the calculated values
of the dependent verisbles. In addition, certain stsbility criteria must
be satisfied to ensure against amplification of errors which are inherent
in any approximate solutions.

Hellums (zé) succeeded in obtaining & numerical solution for convec-
tion along a constant temperature vertical plate and for inside a horizon-
tal cylinder with the opposite halves of the cylindricel walls mesintained
at different temperatures., Computations were performed for a Prandtl
number corresponding to that of air. Even at low values of Prandtl number
and Grashof number, his numerical computation time required (on an IBM
70/ computer) to reach a steady-state solution wes much longer than the
real transient period in the corresponding physical system. Also, al-
though his computed steady-state temperature fields compared quite well
with some experimental data (53), there was enough uncertainty in the
experimental thermal boundsry conditions and velocity measurements to
prevent a critical comparison of the dsts with Hellum's computed results.

Wilkes (103) numerically solved the problem of natural convection

in a rectanguler box with one verticel wall hot and the other cold.
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Using a formuletion with the stream function and vorticity as flow vari-
ables, he successfully computed transient temperature fields end stream-
lines. The steady-state solution compared closely with that predicted
by Poots (72) who used the method of orthogonal polynomials to find a
steady state solution for the same system. Poots' method failed above
Re = 10%; Wilkes' computetion beceme unstable above Ra = 200,000,

Desrdorff (12) considered transient energy snd vorticity transport
between two parallel plates for a number of different boundary conditions
using a numerical iterative involving three time levels. Computation
times to obtain meaningful solutions were excessive except for very slow
convective flows.

Barakat (4), using the same basic formulation and combinations of
forward and backwards differences depending on the sign of the velocity
components, was able to achieve stable solutions for convection inside a
heated vertical cylinder at very high Rayleigh numbers (into the turbu-
lent regime), but computation times were very long and convergence was
not achieved in regions where temperature and velocity gradients were
steep, i.e. near the walls, in the upper and lower corners. In order
to obtain an accurste solution, computaﬁion times would be exhorbitant
on any present day computer as Barakat himself noted (5).

Mashs (50), in a study of convection in horizontal cylinders, care-
fully evaluated several different finite difference schemes and concluded
that the general two-dimensional transient natursl convection problem
could probably not be solved satisfactorily without computers gignifi-
cantly faster than the IBM 709.

Noble (60) has contributed a number of improvements to numerical

solution of the energy end vorticity trensport equastions, but computation
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times for high Grashof and Prandtl number cases still appear to be exces-
sive.

Fromm (34), using a "particle-in-cell" method has demonstrated the
potential of numerical solution of the Navier-Stokes equations by the
computetion of Kérmén vortex streets using e Stretch computer., However,
until improved methods and faster computers are developed, direct numerical
solution of the natural convection equations even in two-dimensions

appears to be of very limited practical usefulness.

2, Transformgs and Seriegs Solutions

A number of other solution techniques for the natural convection
equations have been suggested. Bhutani (7) trested the problem of a
vertical cylinder with a constant wall tempersture (with no radial momen-
tum trensfer) using Laplace transforms and obtained a solution in terms
of Mathieu functions. Liu (49) used the method of orthogonal polynomials
to obtain a steady-state solution to the problem of convection in an
annulus. Poots (72) also used this method, but was able to get setis-
factory results only at such low heat fluxes that conduction rather than
convection was controlling. Sugawara (10Q) used a successive approxima-
tion method to solve the two-dimensional equations for a vertical well.
His initial aspproximation was the known solution to the Fourier heat
conduction equation. However, Siegel (92) questions these results on
the basis that it is not certain that the second approximestion converges
to the steady-state solution at long times.

Siegel (92) approached the sesme "heated vertical wall in an infinite
fluid" problem using a boundary lsyer formulastion which he solved for the

starting transient and the steady-state by the method of characteristics.
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I1lingworth (40) obteined a solution to the same problem in terms of
Bessel functions. Schetz and Eichhorn (82) and Menold and Yang (56)

used Laplace trsnsforms in similar independent analyses of the problem.

3. Boundsry Leyer Solutions

a. Creeping Flow

Further simplification of the natural convection equations is possible
if boundary layer flow is assumed., Schmidt and Beckmann (85), using
Pohlhausen's (71) approach, suggested a model for nstursl convection flow
along a heated vertical element (Figure 2-2) in which it is assumed that:

1. There is no momentum transfer in the y-direction

2. TFlow is steady
3%y 33T

5 1 ) and
dx o x

3. Flow is slow enough so thsat é%g may be
neglected (creeping flow)

These assumptions yield a set of ordinery differentisl equations:

du  dv _
ot iy = 0 (2-21)

a=5 =0 (2-22)

-gh(T - T ) (2-23)

From the neture of the assumptions, it is evident that this model
is not suitable as a description of two-dimensional flows, such as at
the leading edge of a vertical plate. Tt also proves to be inaccurate
at distances far from the pleste in the y-direction and for rapid flows.
The solution is, however, fairly good for viscous fluids, since they

exhibit creeping flow behavior over a wide range of convective conditions.
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The original solution to‘this set of equations was made by a series

approximation,

b. Kérmdn-Pohlhausen and Similerity Solutions

A more general boundary layer solution, without the assumption of
creeping motion, can be obtained if a boundery layer temperature and
velocity profile are esssumed. Pohlhsusen (71, 83) applied this technique
to the case of forced convection past a flst plate. He assumed & boundary
layer thickness, &, and expressed the velocity profile as a fourth order
powver series in (%). The four erbitrary constants in the power series
were found by specifying four boundary conditions and an integrated con-
tinuity equetion was used to estimate §. The profile was assumed constant
and only & varied with distance. Consequently, the integrated velocity
profile was expressed as the product of a constant and a function of &
in the momentum equation.

Lighthill (47) extended this technique to natural convection prob-
lems by sssuming en appropriate boundary lsyer temperature profile and
using its integrated velue in the energy equation.

4 further refinement is merely to assume that, with a choice of
"similer" co-ordinates, a constant profile does exist. Pohlhausen also
showed that the boundary layer equations for steady-state natural convec-

tion near a verticel flat plate at constant temperature

v
fu]
oJ

l<=

Sx + D; =0 (2-24)
w28, 28 31-2—1—1+B(T-T) (2-25)
dx >y 'ngz g o
o7 21 3%
u-g-; +v3y = Q "'-'-—"ayz (2-26)
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can be transformed by assuming

n:c:y%f : =4¢c£V4g(n)

(2-27)
L) gB(T - T)
where c = 5
Lr
to differentisl equations in vk f(?{), and (-')S()z) where
o, = (T -T)/(T -T) .
"y " ;
g e3gg - 20 we, =0 (2-28)
”n H
o, + 3(Pr)§ 6, =0 (2-29)
with boundary conditions
£ - €' -0 g'zo
n=0 and N =®. (2-30)
@S =] es = 0

The profiles can be computed at a given value of Prandtl number by
various iterative methods which allow selection of values of §’“(O) and
G;(O) that produce results sstisfying the boundary conditions at 7 = c.
Smith (93) hes recently developed interpolation schemes which permit
estimstion of § "(O) and 6’(0) for any Prandtl number.

Similarity velocity and temperazture profiles for low Prandtl number

fluids, nemely liquid metals, were recently published by Chang (9).

4. Experimental Analyses

a. Vertical Flest Plate

The case of convection from a heated, semi-infinite plate immersed

in an infinite fluid has also been thoroughly investigated in the
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leboratory. In 1930, Schmidt and Beckmenn (85) published their experi-

mental results end compered them with the "creeping-flow" boundary layer
model they aelso developed. The model proved to give accurate estimestes
of heat transfer coefficients along the plate, although it was poor in
the vicinity of the leading edge of the plate.

Jakob (42) used data obtained by Mull and Reiher (58) and others to

test the simplified relationships:

Nu = a(Ra)b
(2-31)

i

W Pl

laminar: b

turbulents: b =

for perallel, vertical plates which were spaced far enough spart to pre-
vent intersction of their boundary layers. Saunders (78, 72) obtained
hest transfer coefficients for water, mercury end high pressure air which
sgreed with the empirical relstionship (2-31). Transition to turbulence
was ohserved at about Re = 109. Klei (45) measured transient heat trans-
fer coefficients along a flat vertical plate. OSystems of psrallel ver-
tical plates also were studied experimentally by Schwind and Vliet (g6),
and by Elenbaas (22), whose results were analyzed by Bodoia and Osterle
(8) using 2 boundary lsyer model, Eckert and Carlson (16) studied con=-
vection between one heated and one cooled vertical wall. They measured

a linear vertical temperature distribution in the mid-region end found
that, even for an observed laminsr flow, the Nusselt number varied with
the 0.3 power of the Rayleigh number. The authors attributed the
unusual dependence to the non uniform core temperature distribution.
Elder (20, 21) conducted an extensive experimentel and theoretical study

of convection in a long, narrow vertical slot. He presents interesting
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photographs of tracers which show a main boundary layer circulation and
superimposed secondary cellular circulaetions, Other velocity studies
were made by Goldstein (29) who used an interferometer to study the
boundary layer on a uniformly heated vertical plate end by Eichhorn (19)
who used a tellurium dye method to observe boundsry layer flow along a
heeted cylinder submerged in water. These studies all indicate the
presence of a natural convection boundary layer and in many cases give

results which may be predicted from a boundary-layer analysis.

b, Heated Vertical Cylinder Open at Top to

Reservoir of Cooled Fluid

This system, Figure 8-2, has been studied in detail because of its
applicability to the convective cooling of turbine blsdes. As mentioned
in Part 3b. of tﬁis section, Lighthill (47) used a von K&rm&n-Pohlhausen
method to analyze the system. Qualitatively he found that a boundary
layer model spplies until the system height and heating rate are large
enough to give a boundary layer thickness equal to the cylinder radius
at the entrance to the reservoir. At this point, cool fluid from the
reservoir cannot flow freely into the core of the tube. Experimental
measurements of heat transfer coefficients for this system by Martin
and Cohen (52) indicated that Lighthill's leminar models were reasonably
valid for predicting heat trensfer rates to air, water, and high vis-
cosity fluids such as glycerin, They observed a temporery decrease in
heat transfer coefficient with increasing Rayleigh number in a range
close to that st which the model boundary layer would fill the tube.

Hertnett and Welsh (35) also studied this system. They obtained

data for the constant well heat flux case and presented arguments ex-
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plaining why the Nusselt numbers for the constant heat flux case should
be sbout the same as those for the constant wall temperature case at
equivalent Rayleigh numbers. It was shown anslytically that this result
would be anticipated for sll fluids except those having very smsll
Prandtl numbers, e.g. liquid metals.

Larson and Hartnett (46) subsequently obtained data for mercury
in the seame system. Their Nusselt number data were not correlated by
the usual Reyleigh number relstionship, as previously anticipated for
a low Prandtl number fluid which would tend to have a thin thermal
boundery layer limiting development of a normally thicker momentum

boundary layer.



82

‘¢, .Totally Enclosed Cylinder

Convection inside long, narrow heated vertical tubes (L/D = 12)
was investigated by Foster (25) who messured heat trensfer coefficients
higher than those reported by Martin and Cohen (52) for an equivalent
system fed at the top with cool fluid. The discrepancy probably can be
attributed to a difference in core tempersture distributions in the two
systems., Pchelkin (70) also obtained heat transfer coefficients for a
long vertical tube conteining fluid subjected to a constant hest flux,
Ostroumov (67) studied this system in terms of the Rayleigh number
required to initiaste over-all convective flows in both vertical and
slanted configurstions.

Studies at lower aspect rastios, which are in the same range as
those considered in the present work and which correspond to tank con-
figurations with boundery layers much thinner than tank radius, have
been considered by several investigators at M,I.T. Evans and Stefany
(23, 99) measured transient over-all heat transfer coefficients using
a fluid expansion technique for horizontal and vertical cylinders filled
completely with liquid end subjected to a step change in wall temperature.
They observed that the heat transfer coefficient remained essentially
constant during most of the transient period and data from both heating
and cooling tests were described by the usual empirical relstionship
for laminsr naturel convection: Nu = .55(Ra)1/4.

Siefkes (2;) obtained some temperature measurements in a constant
wall heat flux system. His data, for water and ethylene glycol at =
single heat flux level in each case, have been evelusted along with the
more extensive data obtained in this study and are presented in Chapter IV,

In student lsborestory projects, Sandel (77) observed boundary layer
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flow and found no radial temperature gradients in a similsr liquid sys-
tem; Cooper (10) obtained some additional heat trensfer coefficient data.
Another project by Dickey (14) involved the use of circumferential
baffles to interrupt liquid boundery layer flow up the walls of a heated
vessel. The idea was to reduce stratification by diverting the boundary
layer into lower regions of the core fluid. The baffles, in the form

of flat annular rings (Figure 2-3) wer cemented to the tank walls. The
baffles, which extended distances of % - % -, and % ~ of the radius of
the cylinder, were studied sequentially and were located midway up the
vertical well, The boundary layer flow merely was diverted around the
smallest baffle, With the medium baffle, the temperature differential
between the top and bottom of the core wes reduced by 14%; with the large
baffle, by 30%. Still lerger reduction (34%) was obtained using two
baffles in the system at the same time. The use of baffles to reduce
stratification sppears reasonaeble, but it is significant that a fairly
wide baffle (filling about the outer one-querter of the system radius)

is required to divert the boundery leyer sufficiently to cause mixing
with core fluid.

Some additional temperature data in a system corresponding to the
one studied by the author were obtained by Barakat (4) at the University
of Michigan to complement an sttempt to solve the two-dimensional natursal
convection equations numerically. His data sre for only about the
first four minutes after the start of hesting, since this was the maximum
time scale of his computed results. His data are evaluasted in Chapter
IV, along with the data from this study. Barekat used a 4~-in. diemeter
vessel which provides an additionsl check on diasmeter effects since both

Seifkes (91) and the author studied systems nominally 8-in. in diameter.
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The problem of stratificetion in cryogenic storasge vessels has
prompted a number of studies in which limited center-line temperature
meesurements from large-scale systems have been evalusted.

Bailey (3) proposed a model based on an upper isothermal stratified
layer which increased in thickness with time. He notes that experimental
data indicate a nearly linear veristion in core temperature with depth
rather than the step change in temperature at the bottom of the strati-
fied layer, predicted by his model. Neff (59) and Ruder (72) consider
a model in which a Gaussisn type core temperature distribution is
assumed. This model provides better qualitative agreement with data than
the step-change model of Bailey but is agein empiricsl and is conveniently
applicable only during the period before warm fluid reaches the bottom of
the vessel. Arnett (1) recently has presented a model in which a verti-
cal tank with a conical upper section is analyzed using a vertical plate
boundary leyer model and assuming a stratified region in the upper conical
section. Kumerical solution of the equetions is required end the model
is based on the assumption that the boundary layer decays completely in
traversing the layer. Since the anslysis is completely theoretical, the
validity of the various assumptions in the model apparently remains
unchecked by experimental observstions.

Most available data obtained from measurements of center-line tem-
perature in large cryogenic propellant tanks are only semi-quantitative
because of uncertainties in actual wall heat flux snd major effects due
to unknown surface conditions produced by boiling of satursted surface
fluid or by possible condensation of vepor in suddenly pressurized sys-
tems. One carefully controlled experimental study has been reported by

Segel (87) who conducted careful experiments with liquid hydrogen.
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Although boiling occurred in his system, boiloff gases were metered so
that the effect of surface boiling can be quantitaetively evaluated. His
results will be discussed further in Chapter V in terms of the convec=-

tion model developed in the present work.
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E. Theory for Classical Vertical Plate Boundary layer Model

Natural convection boundary layer flow up a semi-infinite heated
vertical flat plate immersed in an infinite fluid is cne of the classical
problems in fluid mechenics. (Figure 2-2) Sparrow (96) has presented
an extensive analysis of the problem for lsminar boundary layer flow
including both varisble temperature and heat flux distributions along
the plate in the vertical direction. He obtained approximate solutions
to the boundary layer equations by utilizing the vor Kérman-Pohlhausen
(71) integral technique discussed in Section IIE, Subsequently, Sparrow
and Gregg (98) re-solved the constant wall heat flux case, obtaining
exact solutions to the boundary layer equations by using a similerity
transform (Section II.D.3).

Of particular interest was their conclusion that this "exact" solu-
tion gave results only slightly different from the approximate von K&rmén
solution which Sparrow had developed previously.

A similerity solution for laminar natural convection along an iso-
thermal hested plate was obtained by Ostrach (61). His results also
may be approximated by a von Kérmén solution using the seame type of
velocity and temperature profiles which were assumed by Sparrow.

Also of interest is the solution to the same problem for turbulent
natural convection. Starting with the same set of boundary layer equa-
tions, Eckert and Jackson (18) assumed velocity and temperature profiles
appropriste to a turbulent boundary layer. In addition, they used an
empirical relation for the turbulent shear stress along the plate. The
Reynolds analogy, which couples the turbulent momentum and heat transfer
rates, permits the wall heat flux to be computed for a specified value

of wall temperature.
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To gain insight into natursl convection boundary layer flow, con-
sideration of the von Ké}méh integral method solutions for the various
cases is helpful. Although 2 general treatment of the problem would
allow an arbitrary wall temperature distribution (63, 96) , for sake of
comparison only four specific cases are considereds

a. Laminar Flow, constant plate temperature

b. Leminar Flow, constant plate heat flux

¢. Turbulent Flow, constant plate temperature

d. Turbulent Flow, constant plate heat flux
For the system shown in Figure 2-2, the boundary layer equations in

integral form are:

00
)
Energy 3% [ u(T - Togdy = —g—c;; (2-32)
(o]
00 (¢ 0]
2 T
Momentum 5—;[ u2dy =Bg| (T - Too)dy - —(;‘*’ (2-33)
(o] (o]

For all cases, the fluid velocity at the wall and at infinity is zero

and the temperature at infinity remains constant at a specified value.
Table I summarizes the assumed velocity and temperature profiles

for each of the four cases. The shape of the profiles is specified by

the assumed functional form. The actusl magnitudes of the velocity and

temperature are introduced as two scele factors, § (boundary layer

thickness) and w (boundary layer reference velocity), which are functions

of x but independent with respect to y. The solution of the problem con-

sists of finding w and § as functions of x, physical properties of the

fluid, and the thermsl boundary condition. For convenience,; equivalent

dimensionless variables sre used. Table I presents the dimensionless



TABLE I

Boundary Layer Solutions to the Classical Problem of Natural Convection Flow along a

Heated, Semi-infinite, Vertical Flat Plate Immersed in an Infinite Fluid

Part A. Constant Plate Heat Flux
Laminar (98) Turbulent
2/3

T-7, = 02.% S [l - é‘-lz @—%—p P o,oaas‘w (wS’) D g>V7J

w = w 30 - 4] w ()" - £1"

1
Tulp = zsg)_ 0.0225 w> (25 )"
/. i

c - a681/ky?]"? Caeq/xv?1™

Cx A=CS5, 0= 7%.
3/ — 3/7
£ = C, X Cq A
YY)
A = Cp X - Ca X s/
oONTs s /7 ¢ 106 2,24 B
Ca = %53 ( L$w ] o]o‘i,'zs:a> ( Pr "3) P«‘/s“—.l
3(’ 's Ve .15 517 Py s V4 5, a4 ]V“‘
Ca = ?) Y-S' P } pf") ( 106 P
-4 y 2/ r2.24 ~-¥g
Nu = 0,55 (G‘(’PY) [s?;} G 0.0403 Pr 7 Gr '—P'-T"%*]

68



TABLE I Cont'a

Part B.

Constant Plate Temperature

Laminar (96, 63) Turbulent (18)
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solutions for each case.

Obviously, the solutions depend upon the validity of the assumed
profiles. One check is to compsre the profiles with actual measurements
made within the boundary layer. Such data are sparse, but Eckert and
Jackson (18), for example, show that dats of Griffiths and Davis (30)
agree reasonably well with the assumed turbulent profiles. In the
laminar cases, comparison with the profiles obtained from the more
rigorous similarity solution of the differential boundary leyer equations
provides a reasonable check. A more definitive evaluation of the error
introduced by the approximate method, is to compare the Nusselt number
computed using the von Kﬁ}méﬁ method to the well-established empirical
values for the Nugselt number.

Table I also shows the derived expressions for the Nusselt number

in each cass. The most common empirical correlations are:

Leminar Nu = .56 (GrPr)l/ZF (2-34)
Turbulent Nu = .13 (GrPr)l/B. (2-35)

The laminar results are in good agreement. Although the turbulent
Nusselt number predicted by the model differs from the common empirical
form, Eckert and Jackson (18) show that flat plate data are also well

correlated in the turbulent range by:
Nu = .0210 (GrPr)?/?, (2-36)

This is in exact agreement with the derived value st Pr = 0.72 and
within experimentsl scatter for values of the Prandtl number from about
0.5 to 10.0. Also, Eckert and Jackson studied the effect of assuming a

different velocity profile on the Nusselt number. For
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2
v=o @a-9 (2-37)

the predicted values of Nusselt number were sbout 17% lower than measured
values. This profile also agreed poorly with experimental boundary layer
profiles.

In summary, the von Ké}mé% approximation to the solution of the
boundary leyer equations provides good agreement with data for the case
of a heeated, vertical flat plete immersed in an infinite fluigd if
reasonsble velocity and temperature profiles are assumed. In particular,
the assumed profiles presented in Table I give good sgreement with obser-

vations.
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III. THEORETICAL ANAIYSTOS

A. TFormulation of Enclosed System Boundaery Layer Model

A mathematical model describing the naturel convection boundary
layer produced within large vertical cylindrical tsnks as a result of
heat transfer at the walls will be developed in this chspter. For
vessels with dismeters very much greater than the thickness of the con-
vective boundary layer, the curvature of the well can be negliected.,
Further, if the tenk height is orders of megnitude greater than the
boundary layer width, end effects due to termination of the boundary
layer flow in a bounded system may be neglected. These simplifications
reduce the problem to that of boundary layer flow along a semi-infinite
heated (or cooled) vertical flat plate. To facilitate the discussion,
only the case of heat transfer from the wall to the fluid will be con-
sidered although the ssme solution is applicable to the analogous cooling
problem by the mathematical expedient of reversing the direction of
gravity. Consequently, the only major difference between the formulation
of a boundary layer model for an enclosed system and the classical problem
of flow up a verticsl hested plate immersed in an infinite fluid is easy
to describe, In the classical problem, the fluid infinitely far from
the plate is at some constant temperature as a consequence of the assump-
tion of an isothermal, stagnant fluid medium prior to the stert of plate
heating. On the other hand, in a confined system, the bulk fluid in the
central regions of the vessel does not remain at constent temperature
even if the fluid is initially isothermal and stegnant. It is evident
that the boundary layer fluid discherged into the bulk regions near the
upper boundary of the system will be warmer than the bulk fluid. As the

boundary layer is fed with fluid from lower regions of the core, the warm
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surface fluid will gradually sink and cause a core temperature distribu-
tion.

The type of temperature distribution within the core may be quite
complex. Certsain simplifying assumptions about the core can be made,
but a8 meaningful model can be obtained only if it is in agreement with
actual physicsl phencmena. On the basis of extensive experimental
observations which are presented in Section IV, the following conclusions
are helpful in developing a mathematical model:

1. A boundary layer flow is produced along the walls.

2. The discherge of the boundary layer into the core at the top

of the system produces complex mixing phenomena in about the
upper 10% of the core region.

3. Below the top mixing region, radisl temperature gradients are
small. For prectical purposes, the core may be considered
isothermsl in the radial direction.

4o Core fluid sinks gradually in a manner spproximating plug flow.

5. The vertical temperature gradient produced in the core, after
a certain period of time, is nearly linesr with respect to
verticsl distance in the lower 90% of the system.

Consideration of these observations indicates that a first step in for-
mulating & mathematical model would be to solve the vertical, heated

flat plate problem allowing a veriation in the vertical temperature dis-
tribution infinitely far from the plate, i.e., at the edge of the boundary
layer (Section B). Subsequently a model could be developed fo couple the
bounéary layer flow to the particular core temperazture distribution which

it produces. {(Section C).
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B, Vertical Plste Boundary laver Flow with Core Temperature Variation

1. Description of the System

The natural convection boundary leyer flow along a semi-infinite,

vertical, heated flat plate will be trested in the seme manner as in

the classical problem, except that the temperature, Too

s infinitely

far from the plste (or at the outer edge of the boundary layer) will be

permitted to vary arbitrarily with height.

2. Derivation for Laminer, Constant Wall Heat Flux Csase

The basic equations are developed from the differential forms:

Energy u'—g—;% + v % = q g—-j—r%
Su 2u D2
Momentum  u S+ v Sy = (T -T g+ —H-; 5_},'%
and a continuity relationship:
Qu

vV = - ';-x'dy.

The equsetions in the von-Kﬁma(n integrel form become:

(e 0] 00 3T

2
z = g
Energy 2 f u(T - T )dy = ?Cp - u

0

dy
ox

0 00

2 Tw

Momentum udy =fgf (T ~-T )y -—=
() 0

(3-1)

(3-2)

(3-3)

(3-4)

(3-5)

These equations differ from the classical problem only in the addition

of the underlined term in the energy equation and in the fact thsat Tco
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is an arbitrary function of x, rather then a constant.

The derivstion will be presented for the laminar, constent wall
heat flux case in the following paragraphs. A comparison between the
cese described in detail here and the other three cases studied--
turbulent flow with constant wall heat flux and both laminar and tur-
bulent flow with constant wall tempersture~--is presented in Table II.

For the laminar flow case, the velocity and temperature profiles
which have been shown to give good results in enalyzing the classicel

problem will be used.

2
I | Iz
Temperature T-T, =5 6{} - S] (3-6)
2
Velocity u=owf [ - g:] (3-7)

The temperature profile satisfies the constant heat flux boundary

condition at the wall, since

— = . 3-8)
dy =0 k

The lasminar wall shear stress is

T S v
== 75y - 5. (3-9)
e 2y 7=0 9

The velocity profile satisfies the requirements of "no slip" at the wall
and elso of zero velocity at the outer edge of the boundary where y = 6.

The integrals in the boundary leyer equations may now be evaluated.

00 1 4
fms%m=§%f@u%o@)
¢} (o]
2 1
= o I} Q)(gﬁ) = Al 5% G%Q (3“10)



TABLE IT

Boundary Layer Solutions to the Modified Problem of Natural Convection Flow along a Heated
Semi Infinite, Vertical Flat Plate Immersed in an Infinite Fluid

with Core Temperature Variation
Part A. Constant .
Plate Heat Flux Laminar Turbulent
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TABLE II
Part B.

Constant Plate Temperature

Note: Values of An's are the same as in the same flow regime in Part A
Laminar Turbulent
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co 1 5
S -os [ @a-D ad
o] o}
= wd (i-%) = A, w6 (3-11)
e} 1
2 4
[ o -o [ @ - e
(o] o]
= a)26 (i%g = A3 0326 (3-12)
] (T - T )y uﬁ 52f (1 ~§) d(g)
[e] (o]
- . 4y - -4
-2 & 3) =4, 5 & (3-13)

The numerical values resulting from integration of the velocity and tem-
perature profiles are indicated in parentheses. These values will be
carried through the analysis as arbitrary constants, Al’ A2, A3 and AA’
so that the source of coefficients in the finsl results will be clear,
Also, should other assumptions be made for the profiles or should the
"exact" profiles be determined, the results can be readily modified by
simply changing the set of numerical constants accordingly.

Upon substitution of the integrated terms, the boundary layer equa-

tions become:

A aT
2 21 _ 2a 2 00 2k
Energy Sx [6 0)] = _Al - "‘Al = @9 3 (3-14)
A
o 2 [Rs] = 4 Bea 2 1 2w
Momentum 5% Pn 6] = 5a T & - I (3-15)

3 3
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It is interesting to note that although T = Taj(x) was allowed to be
dT

an arbitrsry function of x, only the derivative, 3;99 s appears in the

resulting equations for the case of a constant wall heat flux.

A set of dimensionless varisbles can now be defined:

3]
1 =2% (3~16)
A =08 (3= 17)
X = Cx (3-18)
ae aTr
o _k
X "4 ax (3-19)

1/4

where C = gtfig] and hes units of inverse length. It is
k

evident that when C is multiplied by a length such as x, the resulting

group is the one-fourth root of the Grashof number-Nusselt number

product based on x . In terms of the new varisbles, the equations

become
3 [a2n] .2 L _ %% B

Brerey 53 [A°Q] - R AAR (3-20)
2 [p2A] -4 A2_L1L &

For Toc(x) = constant, i.e. ’aﬁg = 0, as discussed in Section IIE,

the equations have been solved by Sparrow (96) to give

Q -,/ (3-22)
A-=c, x2/5 (3-23)
-2/5

i}

where Ch (‘F;“) (5 + Pr)
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and CA = (360)1/5 Pr-2/5 (‘é" + Pr)l/s.

Such a solution obviously does not satisfy the problem when a core tem-
perature gradient is specified. However, a numerical integration tech-
nique may be used to solve equations (3-20) and 3-21) for various values
of the Prandtl number and a specified variation of the dimensionless
core tempersture gradient.

To simplify the computational procedure, further modification of
the equations was made.

let: E=QA° =CE (3-24)

M= O2A = 6" (3-25)

Since the product, LA , is a dimensionless flow rate the new variables
E and M may be interpreted as a dimensionless convective thermal energy
flux ( A is releted to temperature level) and a dimensionless convective
momentum flux (L. is a dimensionless velocity) respectively, in the
boundsry layer. CE and CM are normalizing factors depending only on
Prandtl number and the assumed boundery layer temperature and velocity
profiles, The factors are defined in terms of the results for the
isothermal core case, in which the dimensionless energy and momentum

fluxes, denoted with a subscript o, are

E =C X, E =X (3-26)

c. x/5 w* x5 (3-27)

Mo M ’ o

it

By comparison with equations (3-22) and (3-23) and the definitions of E

and M (3-24, 3-25), the normalizing factcrs in the sbove equations are:

_2 1
Cp = A, Pr (3-28)
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Numerical solutions to equetions (3-30) and (3-31) were obtained
for the important cese of Egﬁi constant, i.e., for a linear temperature
distribution at infinity. Observations of trensient core temperature
distributions in the experimentsl phase of this work indicated that
numerical solutions for various constant gradients would be valuable in
developing a model for the trensient core tempereture distributions.

The computer progrem used for evalusting E* and M#, at constant

de
values of —aﬁg , is presented in VIII,Appendix H.

3. leeding Edge Singularity
A brief look at the properties of these equations leads to some

interesting observetions. First of all, st X = O, the original variables,
w and 8, are equal to zero which mesns that, at the leading edge of the
plate, the boundary layer thickness and velocity sre zero. Consequently,
the energy and momentum veriables ere also zero at this point. As a
consequence of boundery layer simplifications which are not physically

valid at the leading edge, both L) and !Tl.have infinite slopes at
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X = 0., As discussed in Part 7, Section IIIB, computastionsl difficulties
were avoided by starting the numerical integration a finite distance
away from the origin. The initial values of the veriables at the starting
point were computed from the analytical solution for the isothermsl core
case. As will be evident from the computed results, the effect of this
arbitrary choice of sterting point becomes negligible at reesonable dis-
tances awey from the start. This is similer to the behavior of the
boundary layer equations themselves; the inaccuracies due to the singu-
lerity at the leading edge rapidly disappeer as distance from the origin
increeses. Extensive anslysis of leeding edge effects is presented by
Scherberg (81). A further justification of using the isothermal core
solution to stert the iteration is that, if the model is to be uged for
an enclosed system with sn insulated bottom, the temperature gradient

at the bottom would actually approach zero for perfect insulstion.

4. Fnergy snd Momentum Parameters

Both the boundary layer energy and momentum tend to increase as
fluid flows up the heated well. If no core temperasture gradient were
present, the normalized energy veriable, Eo* would increase linearly
with X and correspondingly, Mb* with X7/5. However, assuming the
core temperature matches the boundary layer temperature at X = O, the
presence of a positive core temperature gradient tends to decrease the
energy and momentum in the boundary layer at a given height. This is
clearly evident from Equation (3-30), which determines the rate of
increase of E*. The term involving the core temperature gradient is
subtracted from the "isothermal core case” growth rate of unity.

The physical implications may be better understood by considering
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a simple model. In the "isothermal core case", the velocity and tempera-
ture profiles sre specified for a boundery layer of width 600 If, now,
a core temperature gradient is imposed at the outer edge of the boundary
layer, the boundary layer base temperature level must match the core
temperature level which is increasing with height. Consequently, a
fraction of the wall heat flux is used to raise the base temperature
level of the boundary leyer fluid and only the remaining energy input,
the difference between the well heat flux and the heat required to com-
pensate for the incressed thermal energy of the core at greater height,
is aveilsble for boundary leyer growth end acceleration. So, in the
presence of a positive core temperature gradient, the boundary layer
growth and acceleration are retarded relstive to the isothermal core

case with the same temperature at x = 0.

5. Limiting Solutionss: Ieminer, Constant Wall Heat Flux Case

Continuing the argument presented in the previous section, the con-
clusion that limiting values of boundary lsyer energy and momentum occur
for the constant wall heat flux, constant core temperature gradient case
becomes evident. Assume that the fluid volumetric specific heat capacity
(e(&ﬂ remains constant. At some height the boundary layer will have
grown to the point where the total energy input from the wall is required
to keep the boundery layer base tempersture level increasing at the same
rate as the core temperature is incressing. Beyond this point no energy
is available for additionsl growth or acceleration of the boundary layer.
When this occurs, E“e and M* approach limiting values and their derivatives

become zero, The limiting condition occurs when:



& . 2 _ﬁr_w Ay 1 SV IEY 3o
x =0=1--3 3 A Pr A E M ax » (3-32)
5 LPr

At the asymptote:

[ A 5/4 5/4
o 1 1 [ax 0,583 [ax
Fa 7 Ag/AAi/Azaﬁ.] ./ [dem] Y/ [dem] (3-33)

, I 7/5 u 3/5 . o
Moo= 47/457/20 21/20] [ 5 Kla'?r? + 1] 07/20 [&6;] (3-34)

ax ]7/4
©v 0,466 [5 =+ 1] ';7755 [de

The numericel values correspond to the values of Al, Az, A3 and AL for
the profiles chosen in eqﬁations (3-10) to (3-13). From these limiting
solutions, it is possible to estimate the limiting values of a number
of pertinent paresmeters.

Boundary layer flow
©
/=
)

Boundary layer sverage temperature relstive to core temperature

=a,08 =4, g1/3 /3 (3-35)

u(T - T ay
00
A, 52/3

00
/

o - 24, ;l/@
[=

(3-36)
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Thermal Energy in Boundary Layer

oo

A

kC_ I -

% u( -7 )y =3~ E (3-37)
o]

and finally,
Nusselt number

_ L_ 2L _ e B/

Nu = 75:7%—5357 iy 2CL ;373 (3-38)

When the limiting values for E and M are substituted into the equation
for Nusselt number an intriguing result is obtained.
a0 1/3
Nua =2 [AzA4 Gr Pr EE“-]
(3-39)

©0.605 (Grer)Y3 =2

The limiting value for the laminar Nusselt number, given a linear core
temperature gradient, g;gg , depends on the one~third power of the
Grashof-Prandtl product. This functional dependence, in the absence of
a core gradient, is chsaracteristic of turbulent flow. This perhaps is
an explanation for the reported results of Eckert (16), who found
experimentally a 0.30 power dependence between the Nusselt and Grashof
numbers, but found no evidence of boundary layer turbulence in Zehnder-

Mach interferometric photographs of the enclosed system which he

studied.
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6. Other Ceses

At this point, the mathemsticel development for the laminar case
is essentially complete. The corresponding assumptions, procedures,
and results for the turbulent case and the constant wall temperature
cases are shown in Table II. For the turbulent case, the use of an
empirical wall shear stress and the Reynolds analogy to relate wall heat
flux to wall shear, permit the use of temperature and velocity profiles
which are realistic for turbulent flow, but which inherently do not
satisfy boundary conditions at the wall. Although the equations become
somewhat complex, an obvious difference between the turbulent and laminar
cases is the definition of the varisble E, This is only a superficial
difference if the physical meaning of E is recalled. Since E is a con-
vective thermal energy flux, it is related to the fZl.ow,-Q-A s and the
temperature., In the leminar case, the temperature was determined by
the temperature profile and was proportional to A , giving E = 52132.
In the turbulent case, the temperature is determined by the turbulent
heat transport at the wall and is proportionsal to £4£§é%lz{f . The
interpretation of E is the same as in the laminar case although now
E =.1)_1/£ £>5/4’

Attention is also cslled to the limiting Nusselt number for turbu-

lent flow which is also essentially equal to the one-third power of the

Grashof-Prandtl product.

7. Computed Values of Energy and Momentum Variables

Although an analytic solution to equations (3-30) and (3-31), for
the boundary layer energy and momentum variables in the presence of a

linear core temperature gradient, has not been found, the derivatives
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of these variables can be expressed for each specific case in the forms

* a0

aE _ -

- =f@E, M, Pr, x2) (3-40)
# dg

a ¥ % 00

e, M, P, 52 . (3-41)

3#* #*
Therefore, E and M may be computed ss functions of X by numerical
de
integration if the model, Pr, and dxoo are specified. Because of compu-

tational problems encountered as X—>0, a finite starting value of X was
used. This value, designsted XINIT’ was also studied as a parsmeter to
see whether it exerted any long range influence on the primary variables.
The computer program is given in VIII.Appendix H.

Detailed computations were made for two cases: laminar and turbu-
lent boundary layer flow with constant wall heet flux. Values of
Prandtl number were chosen to correspond to various experimental fluids
and temperature levels. The results of these computations are shown in
Figs. 3=-1 and 3-2. For no temperature gradient in the core, Eo* is
equal to X for both the laminar and turbulent cases. MO* is equal to
X7/5 for the leminar case and equal to Xll/’7 for the turbulent model.

Both energy and momentum are reduced, at any particular value of
X, by the presence of a positive core temperature gradient. The larger
the core gradient, the greater the reduction in E* and M*. For each
core gradient, st a given fluid Prandtl number, there is a limiting
value of E* and M* which is approached in an asymptotic manner as X
increases, These are the values predicted by the asymptotic solutions
presented in Table II. The approach occurs at lower values of X for
higher values of gggg .

Before discussing the results further, the importance of the choice
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of starting point should be ascertained. From Figures 3-3 and 3-4, it
is clear that the starting point does not affect the eventual asymptotic
values of E* and M?. In addition to this expected observation, it is

de
encouraging to note that curves with the same dxoo and Pr parsmeters,

rapidly approach a single curve in spite of variation in starting point.
Although a detailed analysis cf the effect of starting point has not
been made, evaluation of the results of Figures 3-3 and 3-4, and of
additional similar computations, indicates that relisble values of E*
and M* are obtained as long as the starting point is less than about
one-fifth of the value of X at the point of interest, This is not a
serious limitation except at very high Prandtl numbers where the limita-
tion on the size of X increments is most severe and most stringent at
the starting point. This problem could probably be remedied by trans-
formation of X to a new varisble, such as In X. This modification was
not made in the present study, since at Pr = 1000 the maximum computa-
tion time wes only slightly more than one minute of IBM 7094 time, and
only a few such runs were made. For Pr = 200, computation times were
down to about 0.2 minutes.

Returning to the original discussion of the behavior of E* and M#,
one may now consider the main parameters of the problem without worrying

about start-up effects. The parameters of interest ares

¥

Prandt] number = ‘éﬁ

it

art
2,
dx

Qs

Core temperature gradient =

In both the laminar and turbulent constant wall heat flux cases, the

. 1/4 . #* *
independent varisble, X is (ernux) . Dependent variables E and M
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are to be evaluated and used, in turn, to estimaste other items of inter-
est, namely: MNusselt number, sverege tempersture of boundsry layer
fluid, boundery layer flow rste, wall temperature, boundary layer energy

flux.

a, leminar, Q FCase

Exemination of Figure 3-1 shows the effect that a constant core
temperature gradient has on reducing boundary layer energy and momentum,
as discussed previously. However, some further qualitative observations
cen be made. First, increasés in Prandtl number cause the same type of
decresse in E* and M* as do incresses in core temperature gradient,

dx

b
Perhaps a single parameter of the form [P@a o ] actually deter-
mines the curve position. Second, the similarity between the E* and

3*
M femily of curves is apparent both in terms of the spread produced by
de
varying the parameters, Pr and -2 , end in terms of the degree of

ax
approach to the steady-state asymptote at particular values of the para-
meters and of X.

¥ 3#
A brief snalysis sheds light on the relstion between E and M for

the laminar model.

Ratio of verisbles for dx°° = 0:

*

%o - X -1 (3-42)
(M *)5/7 B x 7/5)5/7 - -
o]

Ratio of variables at Asymptote:

£, - 7 I I | (3-43)
o [ 1]3/" B 1]3/
5 AlPr 5 Pr
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w, w97
Using the lsminer model for Pr > 10, 1< [Ea /(Ma ) ]‘i 97.

Therefore, with less than 3% error, it may be assumed that

M =E for Pr >10, (3=44)

The velidity of the approximation may also be checked at intermediate
values of X for finite values of core temperature gradient by plotting
computed velues of M§ versus E* at various mutual values of X, Again,
a single curve results which has the same slope as indicated by both
the isothermal core and asymptotic solution analyses.

*
Using this approximastion, a single differential equetion for E is

obtained: (Pr > 10)

* L/5( A,11/5 4/5 a9
e _ 2 A /5 *"° _o
X =1l-4A, [Al] [2 ] Pr E 5 (3-45)
or for the profiles used:
* de 4/5
dE_ _ 1/5 ® . *
- = 1-1.543FPr = E (3-46)

* 3#
A similar expression in M only could be written, but since E* and M
are directly related, this is not required for solution of the problem.
As suggested by qualitative observation, the curves should be determined

1/5 00 -
by & single parameter, Pr > - Figure 3-5 presents a simplified
version of Figure 3~1, which is valid for Pr > 10. E is plotted versus

X as a function of a single parameter, Y where

de
Y = 1.543 Pr1/5 a'i'% . (3-47)

Figure 3-6 uses the approximate form of the laminer model to show the

varistion in Nusselt number with (RaMu), or in the present nomenclature,
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(Pr XA), as a result of changes in Y. At Y = O, the Nusselt number agrees
well with the normsl empirical correlation (54).

Although the results for Figures 3-5 and 3-6 came from numerical
integrations, it is possible to integrate equation 3-46 directly using

the method of partial fractions. The result is:

X E*1/5 1 E*Q/S - V%‘ 1 2/5

X -1 ~ o 1

5% Y I 3*2/5 f Y. In 27+ /5 (3=47)
+\/Z

Unfortunately, although it is interesting to observe the functional
relationships in the analytical solution, the expression is sufficiently
complex to prevent solving for Y as a simple function of E* and X. Such
a relation would be useful in the development of a model linking the
boundery layer and core regions (Section C).

For the laminar flow, constant wall flux case, the properties of
the boundary lsyer flow, in the presence of a positive core temperature
gradient, are determined by numerical integration of equations 3-30 and
3-31., For fluids having Pr > 10, a further simplification is possible
involving the approximation that M* = E*7/5 and leading to a single first
order, non-linear ordinary differential equation relating E* and X for

values of a single parsmeter, Y, which includes the effect of both

Prandtl number and core temperature gradient variation.

b. Turbulent, Constant Wall Heat Flux Case

* #*
In Figure 3-2, the E and M varisbles do not show the seme simi-
. #®
lerity of behavior that was evident for the laminar case, although E
and M* do still approach their steady-state values at about the same

rate with respect to X. It is immediately evident that veriation in Pr



119

produces significant variation in M# values while values of E* are nearly
unaffected by changes in Prandtl number.

Two factors must be considered. First, in considering turbulent
boundary layer flow conditions, most physically meaningful cases involve
values of Prendtl number near unity. In other words, highly viscous
fluids become turbulent only at unusually high values of heat flux.
Therefore, the restriction of Pr > 10 which led to meaningful simpiifica-
tions in the laminar c¢ase has little application to the study of physi-
cally occurring turbulent boundary layers.

Second, because of differences in the turbulent and laminar models,
the significent influence of Prandtl number persists to higher values

than for the laminar case. The significant ratios are

for == = 0,

O ——
N 1 (3-48)

Ea* 1 l ( )
T T ) 5735 9/22 3-49
M il ~w3-2/ + 1 g¢g§g + 1
a 7 AlPr 3 Pr2 3

At Pr = 10, the second ratio is 15% lower than the first (instead of

3¢ for the lsminar cese), At Pr = 2, it is 30% lower, at Pr = .7,

42% lower. Since water, which has values of Prandtl number less than
ten, wes used as the principal fluid for experimentally studying the
turbulent boundery layers and since other fluids of primary interest in

turbulent flow--nemely low viscosity organics, cryogenic fluids, and
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gases--also have low Prandtl numbers, there is little point in developing
& simplified solution valid only at much higher Prandtl numbers.
*
Consequently, E and M must be found by integration of the two

differential equations in Table II as functions of two separate para-
de
dx

also 1s a function of these two psresmeters. Computed values of Nusselt

3¢
meters, Pr and = « The Nusselt number which depends on E* and M

number for some typicsl cases are plotted in Figure 3-7, Again, agree-
de
ment with the empirical relationship is good at dX“’ = 0.
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C. GCombined Boundary Layver and Core Model

In many enclosed systems, stratification of fluid in the central
regions is a consequence of the movement of heated (or cooled) boundary
layer fluid into the core at specific locations. From five experimental
conclusions presented in Part A of this Section, a model for the core
is suggested. Limiting consideration to the heating caese for simpiicity
in discussion, the following model &appears valid for describing natural
convection within vertical tanks. First, from analysis of boundary
layer behavior in the presence of a2 linear core temperature gradient,
the boundary layer volumetric flow rate and the volume-mean temperature
can be estimated.

Consider the case of 2 large vertical cylindrical tank of diemeter
D and height L. (Figure 3-8) In agreement with experimentel observa-
tion, the model considers that the boundary layer flow ig discharged
just below the liquid surface (or the container 1id, for COmpietely
enclosed liquids or gases) and enters a mixing region which forms the
topmost region of the core. The region extends from L to (L - Ax),
where AX is the finite thickness of the mixing region. Below the
mixing region, no radisl core temperature gradients exist and the axial
temperature veriation is essentially linear in x.

Some simplifying assumptions are now useful. Assume that the
mixing region is at s constant temperature, TL‘ The rate of change of
TL with time can be found if the temperature and floy rate of boundary
layer fluid are known and if the flow from the mixing region to the top
of the core is assumed equal to the boundary layer inflow to the mixing
region. The mixing region energy balence is, for an energy level

assumed equal to zero at TL and an increment of time, dt:
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N
Energy in: @ ™ f u(T - T,)dy | at (3-50)
A ,
Energy out: 0 (Fluid at TL) (2-51)
WD2Z§X
Energy change: QCP 7 T (3-52)
ar, 00
Giving: i ﬁjf; u(T - Too)dy (3-53)

(e}

Finally, assume that the rate of change of core temperature gradient

is due to the rate of change of TL:

de aT
d [09) - k L
Fﬂ[dx ] T gL - Ax) dt (3-54)

Therefore,

de o
a || . k A .
dt[dx ] " ql- x) Dax _/ u(T - T, )y (3-55)
o
Case 1. Leminar, qQ,
- A
- ¥ 1 )
[ u(f - T )0y = 35 3B (3-56)
0
where A, = - for model
1 30
ae
d[_of . 4 L 1 1 . )
dt[dx ] = {T-2x)D ax CL Pr ° (3-57)
=2 L g¥
since E = B E .
1
ae
a x| . 4a L 1 * _
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ae

3
Although E is a2 known function of L, Pr and aigg » the above relation-

do
ship must be solved numerically to find aiga = £(Pr, GrNu, Fo, 4%% )

However, the limiting value of E* is

5/4
» .58 [ .
AT [dew] : (3-59)

Therefore, as E* approaches its limiting value, the core tempera-

ture gradient should vary as:

d[fﬁeg]zm_le__w

. 5/4,
a_ L 583 ax
at | 3t [ ] (3-60)

a
(1 - -Af}-s ) I Ax (GrNuPr)l/Z‘ ® 5

Separating variables and integrating:

4/9 4/9
el .4 s 1 at )
[ dx:]e = 1.456 [ Y IApE )J [m] ’_—H-(RaNu)l 5 (3-61)

L

Cese 2., Turbulent, qw

o0
_oa¥ 1. g -
fu(T-—Too)dy~ o P (3-62)
0
L
g_[f&-.-;] o Aex e 1 (3-63)
dt{ dX 1 - AX ID (GI‘NU)J_;A

At the Limiting Value:

de L(2.48) = /8
d AX_ O 1 1/24 ISLE -

i

LX) (RaNu)g: 15

[d@ oo] _ ] }8/15 no8/15 pr /45 (3065)
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The validity of these derived relationships will be tested sgalnst experi-
mental data in Chapter IV, They will be shown to be useful for a wide

range of conditions. Experimental results will be used to find values

of ax/L.
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IV, EXPERIMENTAL ANAIYS TS

A, Scope of Experimental Investigation

Although the particulér system studied was a vertical cylinder filled
with 1liguid and subjected to a uniform wall heat flux, the range of
system paremeters considered was extensive. In addition, use was made
of all related data that could be found in the literature. The corres-
ponding case for a horizontel cylinder was treated extensively by Mashs
(50), end his results bear some interesting relationships to the present
study. A further brosdening of the applicability of results to include
cooling cases and cases of specified constant wall temperature is probably
justified on the basis of the successful use of boundary layer models
for the actual problem considered.

The experimentel apparatus consisted of a vertical Pyrex cylinder,
with 8-in. 0.d, end T2 -in. valls. (Figure 4-1) The outside of the
cylinder was coated with a uniform, transpsrent, electrically-conducting
coating (Corning E=C coating) which permitted resistance hesting of the
cylinder walls. In the vertical direction, the cylinder was 24-in. high.
However, the costing was divided by circumferential contact bands into
three cylindrical sections, each 8-in, high. Consequently, nominal
cylinder espect ratios of one, two and three could be studied by filling
and heating only the desired number of sections. The coating resistance
was about 8 ohms per section and the practical range of electrical input
was from one to ten smperes per section. Since data were recorded on a
sixteen point recorder with an eight minute print cycle, meaningful data
were not obtained for times less than about two to five minutes. Some
runs lssted as long as six hours. The actual experimental fluids were

glycerin, water end an 85 wt. % glycerine in water mixture.
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The resulting renge of experimental parameters, in terms of the
dimensionless groups important in natural convection, sre:

Dimension held constant: Diameter = 0.614 ft.

Aspect ratios (3) 1.09, 2,12, 3.18
Prandtl numbers: 2.2 to 8000
Grashof numbers: 103 to 1011
Fourier numbers : .0002 to .08

In addition, data reported by Barakat (4) for a 0,278 ft. diemeter
cylinder with an aspect ratio of 2.70 were included in the study. His
dats which were taken in support of a predominsntly theoretical study
consisted of temperature readings taken during the first four minutes
after a step chsnge in wall heat flux., Therefore, although these
measurements do not extend the range of Fourier number they provide
additional informstion in a region where the eccuracy of dsta in the
present study is lesst accurate and complete. Data reported by Siefkes
(91) in a 0.667 ft. diameter cylinder with an aspect ratio of 0.845 were
also evaluated., His temperature date are only for the first ten minutes
after the start of hesting and for two specific values of well heat flux,
but he does use a different fluid--ethylene glycol--for one test.
Ethylene glycol has properties similsr but not identical to the 85%

glycerin - water mixture used in this work.
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B. Experimentel System

1. Test Enclosure

The selection of an 8-in. Pyrex vertical cylinder for the test enclo-
sure wes based on several factors. First, the verticel cylindrical tank
is a common configuration, especially for cryogenic propellant tanks in
which stratificetion problems are troublesome. Secondly, the diameter
was selected as the largest convenient size compstible with accessory
laboratory equipment. The height chosen was sufficient to include.é
ratios between one and three, the most common range for industrial teanks.
Figure 4-1 is a sketch of the enclosure; additional details are presented
in Section VIII Appendix A. Since flow visualization was an important
part of the study, the cylindrical portion of the enclosure wes made o
Pyrex, coasted with a transparent, conductive film to permit ohmic heating
of the walls. Two 1/4-in. steel end flanges, cushioned from the glass
by 1/2-in. silicone rubber gaskets, completed the enclosure and were
sealed to the glass by the pressure exerted by a ring of longitudinal
tie rods, Fill snd drain line and instrumentation connections were made

through the flanges.

2. Thermal Boundsry Condition Control

The experimental boundery conditions should be selected to match
the theoretical boundary conditions as closely as possible to facilitate
interpretation of results. The idesl system for this study would undergo
a step chenge in wall heat flux at the start of the experiment and the
wall heat flux would remasin uniform and constant thereafter. The top
and bottom of the enclosure would be perfectly insulated; furthermore,

at the free liquid surfece, no heat or mass interchange with the vapor
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phase would occur.,

In the implementation of an ideal system, some compromise is inevi-
table. The degree of deviation from the ideal will be discussed as part
of the physical description of the thermal boundary condition control
systems,

Resistance hesting is an easy way to obtain a uniform and control-
lable constant heat flux. The thin-film, electrically-conductive, trans-
parent coating on the Pyrex cylinder well was remarkasbly uniform. Since
the resistance of all surface squares, when measured between opposite
sides, should be the same, the uniformity could be checked by comparing
resistance measurements for numerous arbitrary squere sreas, both large
and small (down to about one centimeter square), on the coated surface.
Within the accuracy of the ohmmeter (¥2%), all readings were identical.

The enclosure was designed so that it could be used at three dif-
ferent liquid depths and the heating system was designed so that only
the portion of system containing liquid would be heated. The "E-C"
(electrically-conductive) coating was divided into three equal cylindri-
cal sections by four circumferential bands of silver which were deposited
on top of the coating. (Figure 4-/) External contact was made by using
copper straps held tightly on top of the silver bands by means of a clip
arrangement. Power was supplied to each section through sepsrate
Variacs with individual current and voltsge metering systems. Further
details are given in Appendix A.

Several problems result from practical considerations which prevent
the application of the E-C coating on the inner surface of the Pyrex
cylinder. Although the hest generation is quite uniform at the film,

the thermal resistance and capacity of the wall is appreciable. At



132

start-up, nearly one minute is required to establish a temperature gra-
dient across the wall sufficient to allow full heat flux at the fluid-
wall interface. Since investigation of the starting transient was not
part of the present study, the error introduced by the initial time lag
was small. In a few runs, data were taken as soon as three minutes

after start-up; generally, the first data were recorded sbout ten
minutes after start-up. Although the effect of the initial lag might

be significant in a few of the very early readings, for the great majori-
ty of the deta, the effect was negligible.

Two other thermal effects complicate the boundary heat transfer
after the effect of the starting transient has died out. First, the
wall has sufficient thermal capacity, relative to the contained fluid,
to intercept about 107 of the totsl energy flux. For a given fluid and
enclosure, this loss remains nearly constant and can be calculated
accurately. Somewhat harder to estimate accurately is the loss from the
hot outer wall of the vessel to the surroundings. Standerd correlations,
given in McAdams (54), were used to estimate natural convection heat
transfer coefficients for the sir outside the hested vertical cylinder,
Since the losses to the surroundings become progressively greater as the
system temperature level increases, the amount of energy reaching the
fluid inside the cylinder would decrease during the course of a run if
the power input to the E-C film remained constant. Consequently, two
operational modes were used. One group of tests were run at a constant
power input level; another series was run with gradual small incresses
in the electrical input just sufficient to compensate for the increased
heat losses to the ambient.

The remaining boundaries, the bottom flange and the liquid surface,
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should be adiabatic to match the mathematical model. Although ﬁhe bottom
flange was insulated to prevent losses to the surroundings, the rubber
gasket actually in contact with the liquid was a good enough conductor

to cause the bottom flange temperature to follow the tempersture level
of the bottommost fluid in the enclosure. The system heat loss to the
bottom flange wes sbout 5% in most cases, Ilosses to the upper portion
of the enclosure were small due to the low conductivity of the Pyrex
wall, In addition, the vapor space was enclosed, so that only a negli-
gible emount of energy (order of less than 0,1%) wes required to maintain
saturetion pressure over the liquid. However, for tests with pure water,
the vapor would condense on cooler parts of the system--the upper flange
and walls. Since energy losses were increased orders of magnitude by
condensation, a surface surfactant film was used to reduce vaporizstion
in water tests.

In spite of the various heat losses, an estimate of the emount of
energy reaching the fluid could be mede by computing the magnitude of
eech loss and deducting the sum from the measured electrical energy input.
Since extensive temperature measurements were made within the fluid, the
total energy input to the fluid could slso be estimated by spetisl inte-
gretion of the temperature field and multiplication of the result by the
fluid volumetric enthalpy. A sample calculation is given in Appendix D.
The instantaneous heat flux is relsted to the time derivative of the
total energy level of the fluid. In Appendix F, energy bslances of this
sort are shown. The rate of change of fluid enthalpy plus the various
heet loss rate estimates generally sgree with the electrical power level

to within ¥5%, except for the period immediately after start-up.
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3. Temperature Messurements

A network of fine-wire thermocouples was used to obtain temperature
measurements during the naturel convection experiments. In the design
of the thermocouple and thermocouple support systems, results of a
series of preliminary tests were considered. Most important was the
observetion that flows were redially symmetric. In preliminary tests,
both tempersture measurements and dye tracer observations indicated no
detectable differences due to angulsr position around & number of circles
of specified radius and height within the system. Some qualification of
this statement is necessery, since the cylinder itself was slightly
elliptical in cross-section due to fabrication difficulties (3/8-in.
out-of-round)., However, if radial distances were messured inward from
the wall, rather than outward from a common center, the statement about
radisl symmetry is valid. Since the natural convection flows studied
always consisted of a fairly narrow boundary-layer type flow along the
wall, it is easy to see why distance from the wall should be the
primary factor in determining symmetry. In the central regions, radial
temperature variations are generally small and exact radial position
(whether measured from the well or from the center) is far less critical.
To check this hypothesis, meesurements were made along the major axis
(7~%% in. diameter) and the minor axis (7'1% in dismeter) of the enclosed
fluid. In ebout the outer 10% of the system, temperature readings egreed
only if distances were messured from the wall; in the central regionms,
differences due to rediel position variation between the wall and center-
line reference point systems were negligible,

Consequently, the decision to locate nearly all the thermocouples

in 2 single radialyplane was made. In Figure 4-2, all of the fluid
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thermocouple locations which were used in the course of the experimental
work are shown with the exception of two thermocouples which were used
for recorder calibration and an additional check on the assumption of
symmetry. Not all thermocouples were used in every run. Depending on
the liquid depth, a group of twenty-five thermocouples, suitably spread
throughout the redial plane were selected for dats locations. Fifteen
thermocouples in locations near the wall and near the liquid surface
were connected to a 16-point automestic Brown recorder, The remaining
ten thermocouples, at central locations where tempergture variation is
gradusl, were connected to a multiple switch and periodic readings were
taken manually by using a precision potentiometer.

Additional thermocouples consisted of a pair of calibration thermo-
couples attached to the bulb of an accurete thermometer with a thin
epoxy film. One of these thermocouples was connected to the Brown
recorder; the other, to a position on the multiple switch. Consequently
their readings could be compared with each other and with the temperature
level registered by the thermometer. The thermometer was located 60°
away from the main data plane so that it could also be used to check
symmetry. In addition, similsr tests were run--one with only the thermo-
meter assembly, another with only the main thermocouple assembly, and one
with both--to see whether the presence of the instrumentation wes altering
the measured temperature field. Although dye tracers indicated local
disturbances due to the thermometer and the main thermocouple support
structure, no general alteration of the convective circulations was
observed.

The thermocouple support structure consisted of a ladder errange-

ment set 3/4-in. in back of and parallel to the data plane. The main
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support rods were 3/8-in. nylon and the cross rods were 1/8-in., (Figure
4=3), Three-mil copper-constantan thermocouples were inserted through
holes drilled in the cross rods and cemented so that the 0.0l-in. beads
were in the desired location in the data plane. The thermocouple wire
was electrically insulated with a thin silicone coating to prevent elec-
trical shorts to the weakly conductive test fluids. The redial spacing
of the thermocouples was chosen so that an arithmetic average of their
readings would represent a volume-average temperature at the particular
axial location, The center of the thermocouple beads nearest the wall
were located only 0.05-in. out from the glass. OSuch a spacing corres=-
ponds to about five times the width of a thermocouple bead. In genersl,
however, these thermocouples were still outside of the convection boun-
dary layer except for some of the high viscosity fluid tests. Even in
these tests, though, such reedings can not be interpreted as meaningful
point temperatures within the boundery layer.

Thermocouples were also cemented to the inner well of the enclosure.
However, since their beads protruded into the boundery layer, they regis-
tered some sort of average fluid-wall temperature which could not be
interpreted meeningfully. Outside wall thermocouples were more accurate
but were used mainly to guard sgainst overheating of the E-C film.

Surface temperatures were also measured in a number of tests. Since
the surface position moves as a result of fluid expansion, a movable
probe was used to locate the surface thermocouple bead in the proper

radisl position just below the surface, i.e., the bead was fully submerged.
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Le TFlow Visuslization

An originel objective of the experimental progrem was to obtain
quantitative velocity field data for the system, A number of problems
prevented realization of this goasl; however, quelitative observetions
of dye tracers gave good indications of the nature of the convective
circulations and gave additional validity to the theoretical model which
was developed mainly from temperature deta.

The dye system finslly used consisted of two long hypodermic syringes,
supported by an assembly which rested on the top flange and which per-
mitted positioning of the injection point at any location within the
liquid, The sassembly also included a tightly-threaded screw control to
allow injection of minute emounts of dye and to prevent flow disturbance
as a result of injection.

The dye finally used was a dark blue ink dissolved in a sample of
test fluid to match tracer and test fluid densities as closely as pos-
sible. The most intéresting injection points were at the bottom corners
of the system and in the region below the liquid surface. In the first
cese, distinet boundary layer flow was observed; near the surface, fairly
complex circulations, including cell formation, were evident. These
phenomene near the surface produced sufficient mixing so that the lower
90% of the core liquid wss quite homogeneous radially throughout the
entire central region of the vessel. In other words, although exial
temperature veristion was important, radial veristions were negligible
as a result of surface mixing.

Drowings of tracer psth lines made from photographs taken during

actusl tests are presented in Figures 4-4 through 4-7.
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C. Experimentsl Dsta

The raw experimentsl data consisted of visual and photographic ob-
servation of dye tracer pathlines and measurement of the temperature
field within a radial plane in the system at specific times during an
experiment. In addition, the power input to the heating film on the
walls was observed by measuring current and voltage across each section.
Ambient end initial conditions were also recorded.

The sketches from photographs, Figures 4-4 through 4-7, are typical
of the flow visuslizetion dats. For the range of conditions studied,
the existence of both a distinct boundary layer flow and a mixing region
below the surface are evident. Further, the boundary layer behavior is
qualitatively consistent with theory. That is, the boundary leyer width
incresses with Prandtl number and with system height, at least near the
bottom of the system where initial boundary layer growth occurs. Whether
or not an asymptotic boundary layer thickness occurs can not be deter-
mined from the visual and photographic observations. Photographs taken
at spaced time intervals of dye in the boundary lsyer indicated that
the flow initially accelsrated significantly and then tended to reach
a fairly constent velocity., However, since the radial diffusion of dye
in the boundary layer could affect apparent velocity measurements, these
indications are only qualitative. One other qualitative observation,
which may be particularly significant, is the fact that a streak of dye
remained parallel to main dye flow path in the upper regions of the
system long after the main portion of dyed fluid had reached the surface.
Perhaps this supports the model that no new fluid is being brought into
the boundary layer when an axisl core gradient is present. Diffusion

of dye is again a possible explanation, but the computed diffusion rates
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appear too small to account for this effect. Also the dye line remains
intact for a long period after the initial injection and gradually

drifts a small distance inward (order of 1/4-in.) from the wall. This
may be due to the slow gradual increase of the core temperature gradient.
At steeper core gradients, the limiting boundary layer flow rate is some-
whet reduced and is achieved in a shorter distance up the wall, Con-
sequently, during the course of time, at a point in the region where
boundary layer flow hes become constant, the boundary layer flow gradually
decreases., This decrease may result in a small amount of fluid being
rejected from the outer edge of the boundary layer and msy account for
the slight inward movement of the dye line.

Stefany (23, 99), who studied natural convection heat transfer coef-
ficients in a constant wall temperature cylinder, also observed dye
tracers in the boundary layer. He also noted trecer lines which moved
radially inwerd, but his observations indicated both that the inward
movement was considerable (up to about one-third of the radial distance)
and that the tracer lines tended to bow toward the center of the cylinder.

For the oonstant’wall temperature system, one might imagine that
fluid at the wall temperature would tend to form an upper stratified
layer which would grow in depth with time. Below this layer, en axial
core temperature variation would occur. In the constant wall temperature
case, a positive core temperature gradient could result in fluid being
rejected from the boundary layer as it moves up the wall (since the
decreasing energy input at the wall might be insufficient to raise the
temperature level of all the boundary layer fluid to match the increase
in core temperature level). This would explain the more rapid inwerd

movement of the tracer lines in Stefany's system. The bowing of the
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lines is probably related to the presence of an upper isothermal strata
which would be present in a constent wall temperature system. Rigorous
solution of the boundary layer equations for the constant wall tempera-
ture case with core temperature variation, as formulated in Table II,
would permit further evaluation of the model in light of Stefany's
results.

Other dye observations were made in the present system. The
precise point of transition to turbulent boundary layer flow was hard
to observe although the angular dispersion of dye in some of the
highest heat flux tests with water strongly suggested turbulent behavior.

These tests were at Reyleigh numbers considerably higher (1010=1011)

than the normally cited transition point of 109.
The over-all behavior of the system was not significantly changed
by the transition. Residual dye streasks were still observed. Of course,
the deposition of turbulent flow near the surface should affect the sur-
face mixing mechanism., However the model was based on a well-mixed
surface region and did not depend on details of the mixing process.
Temperature data at each thermocouple position were recorded as
functions of time. In the initial data reduction, specific times were
selected and temperatures at the designated times read from smooth
curves through the individual time points recorded for each thermocouple
location, The initisl isothermal temperature of the system was subtrac-
ted from all the readings. Consequently the basic temperature data for
each run were organized as a two-dimensional spatisl matrix of point-
temperature increases in the fluid within the radial plane. Time pro-

vided a third dimension, generating a series of these data matrices for

each experiment. Data in this form is presented in Appendix C.
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Further treatment of the data included the plotting of axial tem-
perature variation as a function of specific radial locations and speci-
fic times. Figures 4-8 through 4-12 illustrate the results of this
procedure. The solid lines represent the average temperature rise (based
on averaging radial thermocouple readings at a particular height and
time) profile; dotted and deshed lines represent the axial profiles at
the center line and at the thermocouple pogsitions nearest the wall
(dimensionless radius = 0.985) respectively.

These curves have several useful properties., First of all,
qualitatively they lead to the conclusion that, with the exception of
surface phenomena in the upper 10% of the system and some start-up
phenomena, radiel temperature gradients in the core region are so small
that the hypothesis of a well-mixed core in the radial direction is
substantiated.

Next, by graphical integration of the radial average profile over
the axial dimension, these curves can be used to obtain the total
enthalpy of the system at particular times. Sample calculations illus-
trating this and other procedures described in this section are presented
in Appendix D, In effect, this grephical integration allows coﬁputation
of a volume-average temperature for the system as a function of time.
Variation in fluid properties are considered only in the sense of varia-
tion of the aversge system temperature level. That is, at a specific
time, all properties are assumed constant at their values corresponding
to the average systeﬁ temperature. Spatisl variation in fluid properties
as a result of the internsl temperature field is not considered. This
gsimplification is justified on the basis that the volume average tempera-

ture represents a ressonable average temperature level for both the
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boundary leyer and cors fluid. Furthermore, Sparrow and Gregg (92) have

made a boundary layer analysis including variable fluid properties and
have concluded that use of an average value does not significantly
affect the results,

From the derivative of the averege enthalpy-time curves, the wvalue
of the average heat flux to the system can be computed as a function of
time. Actually, since the measured temperature field represents only
the energy in the core region, the eamount of energy in the boundary
layer is not included in this aversge. The effect is to introduce a
time lag in the results equivalent to the mean residence time of fluid
in the boundary layer. Typical values of this time lag are about one
minute, No correction was made since this effect tends to compensate
for the physical time lag introduced by the initial transient heating
of the wall, (Section IV,B.2.)

Another important observstion is that after an initial period,
which is interpreted physically as the time required for the first
warm fluid to reach the bottom of the core or as the time required to
establish an axial temperature gradient throughout the cors, the saxial
core temperature gradients can be well represented by constents. In
determining the slope of the axial temperature lines, the top and
bottom 104 of the system were not included. The exclusion of the sur-
face region wes based on the presence of complex mixing phenomena
discussed previously; the bottom portion was excluded because of heat
losses to the bottom flange which existed in the experimentsl system,
but which would not occur in the ideal system having an adiabatic
bottom surface.

The tsbulation of reduced data for each run includes computed
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values of wall hest flux, average system temperature, and a set of dimen-

sionless groups based on these values and appropriate system geometry:

Prandtl number, %—
Fourier number, %%
gBaL
Grashof-Musselt number, >
kry

Rayleigh-Nusselt number, GrNuPr

de
Dimensionless Core Temperature Gradient, aigl = % f%%
axial
between % = 0.1
and % = 0.9

In addition, the conventional Nusselt number was computed using the
femiliar empirical correlations given in McAdems (51) and modified for

the constant wall heat flux case.

]

Leminer: Nu .56(Ra)1/4 = (.56)4/5(R3Nu)1/5 (4-1)

0.13(Ra)Y2 = (.13)3 % (Ramu) V4, (4-2)

i

Turbulent s Nu

Using these estimated values for Nusselt number, the Rayleigh end
Greshof numbers could be eveluested, In addition, the effective

(Tw - Too) could be computed and compered with experimental data., Since
a true wall tempersture wes not messured due to protrusion of the weall
thermocouple bead into the liquid, it is not surprising thet the experi-
mental velues were consistently lower by about 30%-50%4. However, cor-
rection for the tempersture gradient across the thermocouple bead besed
on boundery layer theory indicetes that discrepancies of this order ere

indeed possible. There is no resson to doubt the values predicted
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empirically, especially in view of the mass of data presented in the
litersture supporting their validity. The reduced data are tabulated
in Appendix E.

One other method of presenting the temperature data wes used to
provide information about the time varistion of average liquid tempera-
tures at specified levels within the core. These data were obtained
from average temperature increeses as determined from the core axial
temperature profile curves at dimensionless heights of 0.1, 0.3, 0.5,
0.7, and 0.9. The tempersture rise values were normalized by dividing
them by the mixed-mean system temperature increase at the same point in
time. These data are plotted as functions of a2 dimensionless time
parameter in Figures 4-13 and 4-14. If the fluid were perfectly mixed,
the tempersture ratios would all be unity. The deviation from unity

indicetes the distribution of thermal energy within the system.
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D. Interpretation and Correlstion of Results

Experimental observations indicated that the natural convection flow
within a vertical cylindrical enclosure, as a result of wall heat flux,
was of a boundary lsyer type. When the boundary layer approaches the
liquid surface, it turns respidly and flows radielly inward, spreading
over the core region. As a result of the sharp turning of the raspid
boundary layer flow, rather complex flow circulations occur just below
the surface. However, the net effect eppears to be good mixing of the
fluid in about the upper 10% of the system. Below the mixing region,
the core is essentially isothermal in the radial direction and has a
nearly linear temperature veriation in the axial direction.

These experimental observetions were utilized in development of a
boundary layer model in which the temperature at the outer edge of the
boundary layer was specified as a linear function of height. On the
basis of this boundary layer model and a model for the core which
incorporatéd a mixing region of depth A x in the upper part of the sys-

tem (Section IIIC), the theoretical results ere:

ae - L/9
Leminer: =% _ 9 56 1 (Fo)/? —-——l—-7- (3-61)
ax AX (l - éi)_( ) (RaNu)l 9
Turbulent : Yo . L 1 8/15(1? y8/15 p,7/45 (3-65)
urbulent : = =3, " e "—‘—é'7f' 3=-05
, = (1 - < ) (ReNu)
a0

The experimental values for dxoo are plotted against

9 .
(Fo)A/ -——-——7- for laminer data on log-log paper in Figure 4-15.
(RaNu) ?

The slope of the curve is unity which indicates that the perametric

dependence predicted by theory is valid. At Fo/9/(mema)/? = o0.01,
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de
the value of aigg is about 0.04 which gives a constant in eq. 3-61

of 4.0 or a valus for:

dae
Eiga _ 4F04/9/(RaNu)1/9 (4-3)

- 19/4
Ax Ax y _ |1.456 -
with 1 (1 - L ) - [4.0 ] = 0,104

Solving for :%é shows that about a 12% mixing region is predicted (a 10%
mixing region would give a constant of 0.09 in eq. 4-3; a 15% mixing
region, & constant of 0.1275).

Before checking the turbulent correlation, it is interesting to see
how well the weter data points, which correspond to test conditions at
or above the transitional Rayleigh number range, are correlated by the
laminsr model. From Figure 4-16, it is evident that even the "turbulent"
water data fit the leminar correlation very well. Although the plotted
points in Fig. 4-16 are not identified in terms of Rayleigh number, if
this distinction is made the conclusion remains the same. Any scatter
in points is random and there is no detectable shift in position or in
slope between results from tests at different Rayleigh number levels.

The data of Barakat (4) and Seifkes (91), shown as solid dots, corres-
pond to high Rayleigh number conditions (10°-10'7).

The evaluation of the theoretical turbulent correlation is made
by plotting experimental values of ;;21 against the analytically
derived parsmeter, F08/15 Prv/AS/(RaNu)Z/l5 . Both leminar and
turbulent data are plotted in this manner in Figure 4-17. The glycerin
and 85% glycerin data are poorly correlated, as would be expected,

since they do not correspond to the flow model on which the turbulent

analysis is based. More surprising, however, is the fact that the
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supposedly turbulent water data do not exhibit a slope of unity at the
an
higher experimentsl values of dxoo « A reason for this apperent dis-

crepancy may be found by considering Figure 4-18. In Chapter III,
boundary layer analysis indicated that the presence of a core temperature
graedient limited the amount of energy and momentum in the flow up the
heated wall. An energy paremeter, E*, was used in the analysis which
showed what the limiting energy, Ea*, was for a particular core tempera-
ture gradient. (Table II) Since with no core temperature gredient,
Eo* =X = (GrNu)l/L by definition, the energy limitation can be con-
sidered as a limitation on the (GrNu) group and, consequently, on the
Rayleigh number. So the flow intensity in an actual situation, would
be charascterized by a Rayleigh Number reduced by the ratio (Ea*/Eo*)L‘
The limiting values, Ea*, are presented in Fig. 4-18 for both the
leminer (solid lines) end turbulent (dashed lines) boundary layer solu-
tions. The dotted line corresponds to the nominal transition point
estimated on the basis:

8

Ra, .44 = GrPr v 10 (4=4)
Nu = .56(Ra)Y/ (4-5)
108
GrNu = §- (.56) (100) (4=6)
g - (Grmu)¥/4 = 22 (4-7)
transit. Pr1 4

The water data all correspond to Prandtl numbers below ten, so, from
the limiting energy analysis, no transition would be expected to occur
if the dimensionless core gradient were greater than 0.01. If data

de
points, for dxoo greater than 0.01, are eliminated from consideration
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in Fig. 4-17 on the basis that the presence of the core gradient limits
the energy sufficiently to prevent turbulent transition, then the

remeining water dats do fit a turbulent model correlation:

a6
== = 11.5 Fo8/15 pr/45 / (Rawu)2/15 | (4-8)

very well. Comparison of the experimental constant with the theoretical

expression (eq. 3-65), gives

15/8
J

ax ) Ax]. [—lﬁ = 0.102 (4-9)

L 11.5
agein corresponding to about a 12% mixing zone.

Even though there is good agreement between the turbulent model
and the actually (rather than nominally) turbulent data, there is no
reason why both the laminar and turbulent models should not correlate
these data. Because of the energy limitation, these data correspond
to the transitional turbulent range rather than the highly turbulent
conditions indicated by their nominal Rayleigh numbers of up to 1013.
However, for still higher Reyleigh numbers, the turbulent model would
be expected to give better results than the laminar model.

These correlations give the slope of a linear temperature gradient
in the core as a function of known system parsmeters. However, the
system temperature level must be known if actual temperstures are to be
predicted. If the core gradient is actually linear, it follows that
the tempefature at the 50% level should be equal to the mixed-mean
temperature of the system, computed on the basis of total energy input
to the fluid. TFigure 4-19 is a plot of measured temperatures at the
50% dimensionless height level versus mixed-mean temperatures computed

on the basis of energy input to the system. Good agreement is obtained



100

°p

AT

Experimental

10

= 0.5

X1

S W T |

166

o
1%
X 0
- e
- o o *_‘_
- ae o o
4 *% "e0
- X Q
] .
9 -]
- / o o%¥o+ *o o Glycerine
X e . + 85 wt % Glycerine
¥
. x ¢o X Water
x ® Water data from
© e & Barakat (4 ) and
Siefkes (91)
L] ¥ \ T 1T 7T 7% v L ’ i LB LA
1 10 100
Bulk Average Temperature AT °p
FIGURE L-19

Comparison of Mid-plane and Bulk Average

Temperature Increases

)_I, t
A_'-J? = J qwdt
e CpD 0]




167

except ot very low values of temperature rise. In the latter region the
linear core gradient assumption is not valid at the beginning of the
naturel convection circulation, since a finite time is required for warm
fluid to reach lower regions of the core. With the exception of this
initial period, which will be discussed subsequently, the mixed-mean
temperature rise (or temperature, if the initial system temperature is
added to the rise) 1s very nearly equal to the temperature at the axial
midplane of the system.

Starting with the model and a set of parameters corresponding to
a specific experiment at a specific time, a theorestical axial profile
may be computed and compsred with the measured experimental profile.
Figures 4-20 to 4-22 show the results of this computation and comparison
with experimentsl data. Accurate estimates of core temperature distri-
bution sre obtained over the entire range of parsmeters investigated
except for the initiasl period.

Figure A4-22 illustrates the weakness of the theoreticel linear
core temperature model when epplied to the initial period. The profile
actually is not linear and the use of a mixed-mean tempersture as a
midpoint temperature is not valid before werm fluid hes reached the
lower regions of the core.

An empirical representation of the core temperature distribution
suggested by Neff (59) and demonstrated by Ruder (75) utilizes the
error function in computing initial temperature profiles. This model

assumes a temperature distribution:

T-T 2
b _ =-cy
Ts 7. = e (4-10)

b



il b

el B

1.0

0.8

0.6

0.4

0.2

0.0

168

Test A-2-4R, Water
2
L = 1.33 ft, q = 250 BIU/hr,£t" (nom), T, = 81°F

~X~ Data
— Model‘~

[ { 1 | ¥ | S 13 v L) ¥ 1 1
0 10 20 30 Lo 50 60 70 80 90 100 110 120
(T - ) °p

Test A-2-10V, Water
L =1.33 ft, q = 1900 BTU/hr,ft2 (nom), T, =T2°F

-

-y

—~X— Data
" Model

B .
b 1o 20 30 Lo 50 60 70 80 90 100 110 120
(T - T,) °p

FIGURE 4~-20
Comparison between Observed and Predicted

Axial Core Temperature Profiles



al

el X

169

Test E-2-3C, 85 weight percent glycerine in water

L =1.33 ft, q = 140 B'I'U/hr,f‘t2 (nom), Ti = T5OF

“*+= Data

~— Model

) 1 L 1
90 100 110 120

(T - Ti) F

Test G-1-3, Glycerine
L = 0.67ft, q = 130 BIU/hr,£t° (nom), T, = 75°F

- =0- Data
— Model
_- 97
T T L | T T T T L
30 Lo 50 60 70 80 90 100 110 120
o
(T - Ti) F
FIGURE 4-21

Comparison between Observed and Predicted

Axial Core Temperature Profiles



(ml 1

[t ]

170

Test G-2-6, Glycerine
L/D = 2.17, T, = 87°F, q_ = 500 BTU/ar,rt> (nominal)

=5

ad

—O0— Data
™  Model

- Li I L) 1 1 | T 1 1
O 10 20 30 4o 50 60 70 80 90 100
(T - 1,) °p

Test A-3-5C, Water
/D = 3.19, T, = T8%F, q_ = 460 BTU /hr,£t° (nominal)

1.0 xz _ v
7
$ ,/ o
0.8 4 f 6 min L6 min 105 min
V/
0.6 4/
|7
0.k
0.2 —X— Data
P —_—
0.0 ‘__xn ' : G‘x/ ‘ Model
10 20 30 Lo s0 60 7o 80 90 1do
(T-1) Op

FIGURE L4 - 22
Comparison between Predicted and Observed
Axial Core Temperature Profiles

Limiting Boundary Layer Energy Model



171

where y is axial distance below surface
T is temperature at y

T is surface temperature

Tb is bottom temperature
2 2
ond 6 - 7 m QCD(TS - Tb)
- 4 2qt

based on evaluation of the probability integral for y = . Use of an
infinite bound is a justifiable essumption if warm fluid has not yet
reached the bottom of the vessel.

This model gives a better description of the early temperature
distributions than does the linear model, but success of the boundary
layer model in predicting temperatures after a core gradient is estab-
lished, indicates that an improved model could be developed for the
initial period also.

In the theoretical analysis, it was shown that the core temperature
at the top of the system is determined by the boundary layer energy flux
into the core at that point. The core temperature distribution is speci-
fied if the energy and the flow rate of boundary layer fluid fed to the
top of the core were known. The energy flux gives a temperature level
at the top of the core at a specific time and the flow rate can be con-
verted into a core plug flow velocity which describes the position of
fluid originally at the surface as it slowly sinks into lower regions
while maintaining its original temperature.

The energy and flow can both be expressed in terms of a single

¥*
variasble E  in the laminar case:

* do L/5
dE_ _ 1/5 “oo *
& =l1-153 k77 7 E . (4-11)
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So an iterative calculation is possible in which the system is divided
into a number of vertical sections and core temperature veriation is
assumed linear only over the extent of & single section.

The analytic solution of the preceding equation is given in eq. 3-47,
but is in an inconvenient form involving exponents containing difference
de

00
ax
iterative procedure and the analytic solution would certainly be possible

terms in the E* and variables. A computer solution based on the

for a specific case.

A further simplification is possible if it is assumed that core

gradients are initislly small. Then,

4/5 8/5
14 aE* + azE* + eoe (4=12)

- A’ 1 -
dX = dB a5 =
1l - gk

and terms higher than first order in a may be neglected.

This leads to:

de ? ,

—© _2 1 1 X-E )

ax 5 (1.525) . 1/5 L5 (4-13)
E

do

Initially 322 =0, end E =X, so the equation is valid. The term,
X - E* , represents the decrease in boundary layer energy at height X
as a result of core greadient effects.

Figure 4-23 presents a temperature profile computed on the basis
of this somewhat simplified model. The corresponding experimental pro-
file is shown for purposes of comparison.

Temperature distributions may also be estimsted during the initial
period on the basis of the data presented in Figures 4-13 and 4-1k.
Although there is considerable scatter in the results which are presented

as normalized temperatures (based on the mixed-mean) at various dimen-
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sionless heights as functions of dimensionless time, a congistent
picture of the core temperature distribution transient is given. At the
point where the temperature at % = 0.1 begins to rise, the previously
developed boundsry layer model becomes valid. Prior to this time, the
tempereture values are generated by the sort of complicated exponentisl
boundary layer energy equetion which was derived theoretically.

A final area of interest is the effect of the core gradient on the
over-all system heat trensfer coefficient or Nusselt number. For no
core gradient, the equations predict values of Nusselt number equivalent
to those estimated from the usual natural convection correlations. For
a laminar boundary leyer, if wall heat flux is held constant the heat
transfer coefficient increases due to presence of a core gradient. In
fact, when a steady-state core temperature gradient is established, the
leminar Nusselt number becomes a function of the % - power of the
Rayleigh number rather than the % - power function observed for no core
gradient. Experimental support of this dependence is provided in a
study mede by Eckert and Carlson (16). For netural convection between
long, closely-spaced, psrallel vertical plates with one hot and one
cold well and & linear core temperature distribution, they report a 0.30
power dependence of Nusselt on Rayleigh number for lsminar flow. The
turbulent Nusselt number also has a steady-state, % - power relationship

to the Reyleigh number which is the same functional dependence as

obtained with no core gradient.
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V. ENGINEERING IMPLICAT TONS

In this chapter an attempt is made to evaluate the theoretical

and experimental findings, described in Chapters III and IV, in the

light of application to practical problems. First, some general con-

siderations are presented; then the application of the enalysis to a

hypothetical liquid hydrogen storege vessel is presented; finally,

the calculated temperature profiles are compared with limited experi-

mental data on a similer system. Complete comparison is qualitative

since boiling was also occurring in the experimental system.

The design engineer can utilize the correlations developed in this

thesis to estimate the time and spatial temperature distribution within

a vertical tank of fluid subjected to sidewall heating by:

1.

2.

5.

Assuming radisl temperesture varistion is negligible.

Using Figs. 4-13 and 4-14 to predict the exisl core temperature
distribution during the initial period after the start of
heating (until the first warm fluid reaches the bottom of

the tank).

Assuming either laminar or turbulent flow and then using

Eqs. 4=3 or 4-8 to predict subsequent axial core temperature
gradients, which are assumed constant over the axisl system

height at any time.
de

Checking the computed values of dxoo at the known fluid

Prandtl number with Fig. 4-18 to see whether the flow regime
assumed is correct.
Computing the mixed-mean temperature and assuming it is equal

to the temperature at % = 0.5.
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6. GChecking the sssumed values of fluid properties with those
that correspond to the mixed-mesn temperature and correcting
assumed values if necessary.

However, additional conditions are often present in real systems
and the engineer must be eble to judge the influence of these "non-
jdealities™ on his enslysis. The model presented in this thesis has
been developed for natural convection flow in systems subjected to a
uniform wall heat flux. If other modes of heat transfer sre predominant
in the system, the model should not be used, other than, perhaps, to
estimate possible natural convection contributions to the over-all
system behavior. A convenient way to evaluste the relative importance
of various hegt transfer modes is to compute Nusselt numbers for each
mode. Of course the Nusselt number, itself, may be considered as an
spproximate ratio of actusl heat transfer to pure conduction. For
example, if a mixer were present in a tank with an internal convective
flow, the forced convection Nusselt number could be evaluated, based on
the fluid velocity imparted by the mixer to the fluid neer the natural
convective boundary layer. If the forced convective Nusselt number
turned out to be of the same order or larger than the naturel convection
Nusselt number, a natural convection analysis alone would give poor
results. Even if natural convection wes found to predominate at the
walls, edditional consideration would hsve to be given to alteration
of core temperature distribution by the presence of & superimposed
mixing field. If considersble axial mixing were produced, then the
effect of core temperature distribution on the boundary layer energy
would be different from that in en unagitated batch system. Similar

reasoning can be applied to systems in which radiative effects or
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internal heat generation effects are of concern.
For the constant wall temperature situation, an approximate esti-
mate of temperature distribution can probably be made by computing the

equivalent heat flux, q:

Q
]

h(T, - T,) (5-1)

i}

N‘l:"
[

£ (Gr,Pr) (5-2)

and using the constant wall flux model. A more rigorous treastment
would require using the constant wall temperature equations in
Table II and repeating the same procedures used for the constant wall
flux case derivation, including numerical solution of the energy and
momentum equetions.

Estimates for cooling, rather than heating, at the walls are
made by reversing the direction of gravity in the basic coordinate
system. Consequently cooling may be treated in the same manner as a
heating enalysis except that the mixing region occurs at the bottom
and the sign of the computed core temperature gradient is reversed.
Whether the same model is strictly valid for a cooling system is
uncertain; however, Stefany (23,99) and others have found no difference
in heat transfer coefficients for transient heating and cooling of
fluids within tenks, so application of the model developed in this
study to the cooling case is probably justified.

Major variation in wall heat flux can also be considered. Either
a rigorous iterative computation can be made or else a simplified pro-
cedure can be followed to give approximate estimates. As part of the
experimental investigation reported in this thesis, a test (E=2-35)

was carried out to study this effect. After a period of heating at
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one flux level, the wall heat flux was suddenly changed and maintained
at a level about three times greater than the original level. Satis-
factory agreement between the model and data was obtained only if the
time scale used in predicting behavior after the increase in flux level
was based on a time scale with an origin intermediate between the ini-
tial start of hesting and the time of the step increase. Good results
were achieved if the time of heating at the lower rate was multiplied
by the rstio of the lower to the higher heat flux values, and this
scaled time interval was added to actual times after the flux increase
to compute modified Fourier numbers for purposes of analysis. A simi-
lar starting time value for the second transient could also be obtained
by extrapolsting the average temperature-versus-time curve for the
system back to a time corresponding to the original initial temperature
of the system, Had the initial period been considerably longer, this
type of initisl hesting period scaling would not be valid, but a
guess at an initial time could be made. At long times after the change
in wall flux, errors in choice of the time base would become negligible.

The work of Dickey (14) indicates that natural convection flow is
not appreciably modified by small protruberances from the tank walls.
This study investigated the possibility of using baffles to reduce
stratification in tanks. They found that a one-inch circumferential,
annular baffle was required to produce any real diversion of the
boundary iayer flow up a heasted tank wall. They used an 8-in. diameter
tank containing glycerin with a wall heat flux of about 600 BTU/hr ftz.
Consequently seams and reinforcing bands inside large tanks probably
will not have a significant effect on over-all natural convection

system behavior. On the other hand, if baffles are to be used to
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reduce stratification, they must be quite wide and perhaps even extend

inward to distances of one-querter of the tank radius.

Example
Consider a vertical cylindrical tank filled with liquid hydrogen

and subjected to a constant wall heat flux. A system studied experi-
mentally by Segel (87) will be used as an example since temperature

distributions predicted for this system can subsequently be compared
with real data. The comparison is not direct since surface vaporiza-
tion was an important factor in the liquid hydrogen experiments, but

qualitative evaluation of the model is possible.

System: L="75c¢cnm
D = 26 cm
To = 20.4°K

Fluid Properties: Saturated Liquid Hydrogen (1 atm.) (41)

e = 0.071 gm/cc

C_ = 1.8 cal/gmoC

P
k = 2.86 x 107% cal/sec cmoC
B

- 0.013 o¢™1
p = 0.013 cp.
Pr = 1.8

Y = 0.0018 cmz/éec

a = 0.00224 cn’/sec

&

3.85 x 106/00 cm
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8 x 107 k cal/hg—sec

1]

Case 1. q

ct
1]

20 minutes

3.85 x 10° x 8 x (75)%

14
= 3,4 x 10
2,86 x 1074 x 1oA

RaNu =

5.2, x 10~ x (1200

Fo 75) (26)

Pr

1.8

Turbulent Model (Eqn 4-8)

de
aigl = 11.5 F08/15 Pr7/45 (RaNu)'2/15
o |

T = 115 (,0298) (1.095)/(86.4)
a
X = 0.00433

at | q

& _ 433 x 1072 x 5—5-19:f~—~ = ,0121 =X
dx 2.86 x 104 em

The temperature at 60 cm. above the bottom should be about 0.7°K
higher than that at the bottom. The data presented by Segel indicate
a value of about 0.5°K for this difference (A measurement accuracy of
0.15°K is reported). Although this was the lowest heat flux studied,
surface veporization accounted for about 35% of the energy supplied
to the system walls. Although the energy loss due to vaporization
was fairly high, not much mass was vaporized. Consequently, the

residence time of fluid in the core was barely altered. The loss
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of energy at the surface probably accounts for the messured axiel tem-

perature gradient being somewhat less than that predicted by the model,
-3 2
Cese 2. q =60 x 10~ k cal/m“-sec
t = 20 minutes

Rallu = 2.55 x 1015

Fo = 1.38 x 107

Pr = 1.8

Turbulent Model

de - 2/15

Eigl = 4.33 x 10~ (g%) = 3.31 x 1072
ar  _ -3 (60 °K
= 3,31 x 10 (2.86) .0695 -

or for 60 cm:
AT — 4.16 °K ,

The experimental value is about 2.5°K. However, in this test, 85% of
the energy and approximately one-half of the boundary layer mass flow
was lost by surface vaporization. Therefore it is not surprising
that a model which ignores surface vaporization effects overestimates
the core temperature veriation. If the model calculation were based
on the heat flux actuslly entering the core region rather than the
total wall heat flux, the predicted AT value would be reduced by
about a factor of 4. In addition, the residence time of fluid in the
core is doubled (since half the heated mass of fluid is lost by

vaporization) and this effect would tend to double the temperature
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differential between the fluid at the top end bottom of the core. The
net effect of these two factors 1is to reduce the predicted value by a
helf which brings it in the vicinity of the observed value. Although
this snalysis is certainly rough and oversimplified, the general
agreement indicates that good results could be obtained if surface
vaporization effects were included in the mixing region model in a

quantitative manner.
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VI. CONCLUSIONS

An extensive experimental study wes made of natural convection
temperature fields and circulstion patterns generated within a vertical
gylinder as a result of a wall heat flux. Although only fluids of
Prandtl number grester than unity were investigated, the study included
a range of convective flows from weakly laminar to highly turbulent
conditions. The height-to-diemeter ratio of the system was also varied
from one to three.

1. On the basis of experimental observations, a general natural
convection system of this type consists of a very thin boundary layer
flow up the wall, a rapid turning of the boundary layer into the central
region as it approaches the liquid surface, excellent radial mixing of
the warm boundary layer fluid near the surface, and gradual plug-flow
sinking of the radially-mixed fluid as still wermer fluid displaces it
and cool fluid is fed to the boundary layer from below it.

2. During en initial period, defined as the length of time required
for the first warm fluid to sink to the bottom of the core, axial tem-
perature distribution in the core region may be estimasted by:

a. Iterative Method

The core and boundary layer ere divided into increments in the
axial direction and it is assumed that the core temperature gradient is
constant over each incremental distance. The the differential energy
and momentum equations (Table II) are solved iteratively in the boundary
layer region to give, based on the axial core gradient distribution,
the energy and flow leaving the top of boundary layer region. The solu-
tion is advanced in time by an increment corresponding to changing the

mixing region (upper 10%) tempersture by ATL. Core temperatures are
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readjusted by changing the temperature at the bottom of the mixing region

to (TL) = (TI) + AT, , end by shifting a1l lower tempersture values

to the ;:éitlower zpace increment. New core gradient values are then
estimated and the iteration continued. A computer program following this
method is included in Appendix H.
b. Qualitative Method

Empirical curves, Figs. 4-13 and 4-14, may be used to give an
indication of the core temperature distribution during the initial
period for the laminar and turbulent cases respectively.

3, After the initial period, the axial core temperature distribu-
tion becomes linear with a gradient that varies with time and system

perameters according tos:

dae

Laminar Efgl = 4(1“0)l"/g/(RaNn)1/9 (4=-3)
de

Turbulept = = 11.5 7o2/15 pr?/45 ) (Raw)?/ 15 (4-8)

L. The core tempersture level, after the initial period, is
essentislly equal to the mixed-mean fluid temperature (Fig. 4~19):

t

- o b
AT = Tzs_ = e D[ q dt (6-1)
L"5 P %

5., The presence of a positive axial temperature gradient limits
the amount of energy and momentum which can be transported in a natural
convection boundary layer flow. This limitation restricts the intensity
of boundary layer flow and postpones turbulent transition to a higher
9

Rayleigh number range than the normal 108-10 range encountered in the
absence of core temperature variastion. Figure 4-18 can be used to

indicate the turbulent transition range when the core temperature gradient
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is known. Consequently g% may have to be computed by both models and
checked with Fig. 4-18 to see which analysis is valid. Both models
give essentially the seme results in the transition range.

6. The effect of a linear core temperature gradient on a vertical
natural convection boundary leyer with a constant wall heat flux is to
increase the hest transfer coefficient or Nusselt number. It is shown
that the Nusselt number would be expected to depend on the % - power
of the Rayleigh number for both laminar and turbulent flows under these
circumstances.

7. The solutions can also be applied to the case where cooling
occurs at the wall by the mathematical expedient of changing the direc-
tion of the gravitastionsl force--the buoyancy term becomes negative in
the original equstions. The case of a constant temperature wall can

also be treated by boundary layer theory and a partial analysis of

this case is presented in Table II,



186

VII, RECOMMENDATIONS FOR FUTURE WORK

1. Detailed study of surface phenomenon

Although surface temperatures were recorded in this study, surface
phenomena sre quite complex, especially when interaction with a vapor
phase is considered. For a system near saturation temperature, tempera-
ture gradients along the surface might even cause vaporization neer the
wall end condensation near the center surface. Because of the concern
about surface tempersture in pressurized transfer of cryogens, this erea
merits further consideration.

An experimental study in which numerous temperature measurements
are made in the surface region is probably warranted. For liquids,
movement of the surface due to fluid expansion must be considered as
part of such an investigation.

Conditions near both & free and a bounded liquid surface should
be compared and effects of vaporization should be evaluated under care-
fully controlled conditions. A comparison between upper region mixing

phencmena in gases and liquids would also be of interest.

2. Development of boundary layer theory for generalized wall and cofe

temperature distributions

Many systems have more complex thermal boundary conditions than
are considered in the current work. In addition, non-linear core tem-
perature distributions are encountered in systems of other geometrles--
for exemple, spherical and conical tanks or even horizontal cylinders.
Mashs (50) study of isotherms in horizontal cylinders would provide one
interesting experimental check on such a model.

Maahs presented experimental isotherms for both gas and liquid
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systems. Boundary layer flow along the curved walls was well-defined
only in the liquid systems and the resulting core isotherms show a crowd-
ing near the upper region of the horizontal cylinder. Solution of the
boundary layer equations using a constant core temperature gredient
agsumption relative to circumferential distance, which is the boundary
layer trajectory, rather than to actusl height might provide a model

which sgrees with Machs’ data.

3. Experimental Study of Natural Convection Boundary Layer on a Vertical

Plate with Tempersture Variation at Infinity

The model developed in this study assumes that a constant boundary
layer flow end tempersture profiles are maintained even though fluid is

an increasing
lost to the core as a result of A Positive temperature gradient outside
the boundary layer. In addition the model indicates that for a perticu-
lar core gradient, the boundary layer attains a constant total energy
and momentum and additional energy input at the wall is completely used
temperature level at the same rate that the core temperature is

to increase the boundary layer averageArising. Experimental evaluation
of this phenomenon would be interesting. Such a study might also
include development of criteria for complete deceleration of a boundary
layer due to edge temperature fields and an enalysis of possible
boundary layer separation or reversal effects.

In order to actually investigste boundary layer flow and tempera-
ture profiles, & viscous fluid should be used to provide as wide a
physical boundary layer sas possible. For simplicity, a vertical plate
study could be made and this would permit use of Schlieren or inter-

ferometric techniques for experimental analysis of boundary layer flow.

The system would probably be a rectangular box consisting of two
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parellel heated walls, quite wide to eliminate end effects, an insulated

bottom plate, and transparent, insulated side-walls for viewing.
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Nomenclsture

constant (eq. 2-1)

constant (egs. 3-10 to 3-13)

constant (eq. 2-1)

dismeter (ft)

dimensionless boundary layer energy parameter (eqo 3-24)
dimensionless coefficients (eqs. 3-23, 3-24, 3-25)
dimensional factor Eng/kY‘%]l/4 (ftal)(eqs° 3-16 to 18)
fluid specific heat capacity (BTU/lb,OF)

acceleration of gravity or equivalent for other body force
fields (ft/th)

heat trsnsfer coefficient (BTU/herté oF)

thermal conductivity  (BTU/hr, ft, °F)

length or height (ft)

dimensionless boundary layer momentum parameter (eq. 3-25)
pressure (lbs/ftg)

heat flux (BTU/hr)ftQ)

radial coordinate (ft)

dimensionless radial coordinate (eq. 2-13)

time (hr)

temperature (°F)

velocity in x-direction (ft/hr)

velocity in y-direction (ft/hr)

dimensionless velocity (eq. 2-13)

wall thickness (ft)

Cartesian coordinate (opposed to direction of gravity or

other body force)  (ft)
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X dimensionless x-coordinate (eq. 2-13)

v Cartesian coordinate  (ft)

Dimensionless Groups

ot
Fo Fourier Number, b))
gB(r - T )1
Gr Grashof Number, '7/2
4
GrNu Grashof-Nusselt Number, EEQ%L
ky
/D Aspect ratio
Nu Nusselt Number, %L
Pr Prandtl Number, ‘%;
Ra Rayleigh Number, (Gr)(Pr)
Greek letters
a thermal diffusivity  (£t°/hr)
B coefficient of thermal expansion (OF-l)
Y dimensionless factor (eq. 3-47)
5 boundary layer width  (ft) (eq. 2-32ff.)
JAN dimensionless boundery layer width (eq. 3-17)
n similarity width parameter for boundary layer (eq. 2-27)
0 angular coordinate (radians)
o) dimensionless temperature = Ra
T -T
. _ )
No.teo @S - Tw - TO (eqo 2“28)

C%n = dimensionless core temperature, (EQ T

i fluid viscosity (1b/ft hr)
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Vv kinemstic viscosity, % (ftQ/hr)

§) similarity flow potential pasrameter (eq. 2-27)

¢ density  (1b/ft>)

T shear stress at wall (1b/ft, hrz) (eq. 3-5)

T dimensionless time (eq. 2-13)

[ vorticity

1) stream function

w boundary layer velocity scale  (ft/hr) (eq. 2-37)
Q. dimensionless boundary layer velocity scale (eq. 3-22)

Subscripts

a asymptotic or limiting value (eq. 3-61)

E boundary layer energy parsmeter (eq. 3-24)

i initial

L at x = L or in homogeneous mixing region (eq. 3-53)
M boundary layer momentum parameter (eq. 3-25)

o bulk average condition (with properties and T)

or "no core temperature gradient" (with E and M)

r redial direction (cylindrical coordinstes)

8 similarity solution parameter (eq. 2-28)

W wall

X axial direction (cylindrical coordinates or Cartesian coordinates)
00 outside the boundary layer, i.e. at y = co.

boundary layer width paremeter (eq. 3-23)
e engular direction (cylindrical coordinates)
boundary layer velocity parameter (eq. 3-22)

Superscripts
#* normalized dimensionless coordinate (eqs. 3=24, 3=25)
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VIII., APFENDIX

A, Detasils of Experimental Apparatus
1. Enclosure (Figure L4-1, p. 128)
The Pyrex cylinder was deformed slightly in the process of applying
the E-C coating, so that it actually was slightly elliptical. The dimen-
sions aslong the major and minor axes of the cylinder end cross-sections
are indiceted in Figure 8-1., The spacing of the contact bands is also
shown.
The upper and lower end flanges were 11 in. dismeter, % -in. thick,
hot-rolled steel discs. The sealing surfeces were Blanchard ground to
'provide flat faces. A % -in. silicone rubber gasket, covering the
entire cross-section cushioned the Pyrex cylinder from each flange.

The gasketed flanges were sealed to the main section by means of six
tie rods. The threaded, % -in. steel rods were inserted through the
flanges and end nuts were tightened uniformly to provide an even
pressure against the glass. The enclosure stood on three special feet
which also served as levelling devices and were screwed onto the bottom
of alternating tie rods. The region between the bottom flange and the
wooden base table was filled with glass wool insulation. A drain line
from the bottom flange consisted of a 3-in. length of % -in. copper

tubing upstreem of a drain valve.

2. Temperature measurement system

A ladder structure, constructed of two main é -in. nylon rods and
ten short % -in. nylon cross rods, was designed to support the grid of
thermocouples. Figure 4-3 indicates details of the ladder and its sup-

port system. The main rods were 23—% in. in length, but % -in. sections
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at the ends of each rod were machined down to a % -in, diameter. These
ends were inserted into nylon bushings which had been cemented with
epoxy resin to the silicone gaskets. The bushings, % =in. in length,
had bores slightly greater than % -in. to allow a sliding fit with the
ends of the main ladder rods. The position of the supports, shown in
Fig. 4-3, was determined accurately in the following manner. In pre-
paring the end flanges, the center of the steel disc had been located
with the flange held securely in a calibrated milling machine., Bolt
holes, fill end drain holes, and instrumentation holes were all posi-
tioned with respect to the reference point. Next, the gasket was
placed over the flange and cut to match. Finally, the support socket
positions were measured from the undisturbed original reference point
and a center punch was used to hold the supports firmly while they were
cemented in place.

The ladder was located parallel to, but % =-in., behind, the radius
lying in the vertical plane where measurements were made. The cross
rods were drilled with holes just large enough to allow passage of the
0.010-in, thermocouple beads. The 3-mil copper-constantan thermo-
couple wires, insulasted with & thin baked-on silicone coating, were
extended so that the beads lay in the measuring plene. Epoxy cement
was used to anchor the wires to the cross rod support. The thermo-
couple spacing in the radial direction was determined on the basis of
a7 % -in. average cylinder dismeter (3.69-in. radius) such that dimen-
sionless radial positions from the centerline were determined by:

(%)2 = 0, %, %, %, 0.97. This resulted in thermocouple spacings,
relative to the wall, of: 0.05 in., 0.50 in., 1.07 in., 1.84 in., and

3,69 in. (centerline). Since the cross rod was about 0,16 in, shorter
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than the radius, the thermocouple nearest the wall had to be bent
toward the wall from its base support point. A 0.05-in. spacer was
used in positioning the thermocouples nearest the wall., The other
thermocouples were correctly positioned when they extended straight
outward from the cross rod. The minor variations in enclosure radius
were compenséted for by making sure that all cross rod tips were in
contact with the wall. This provided accurate spacing relative to the
wall with any errors in position occurring in the central région where
temperature gradients are smallest,

Nylon was chosen as a support masterial because of its low thermal
conductivity and its machinability. Although it provided a workable
system, nylon tends to swell somewhat in water., This meant that the
support system occasionally required some minor modifications to main-
tain correct thermocouple positions. Hindsight indicates that Pyrex
rods might have provided a less troublesome support structure.

A 16-point Brown recorder (Model No. 153x60P16-x-1F, Serial No.
328555) with a 30 sec/point printing rate was used to automatically
record thermocouple deta. In addition, manual read-out of another
15 thermocouples through a rotary switch could be accomplished using
a precision potentiometer: Rubicon, Model No. 2715, calibrated tq

0.005 nv.

3. Tracer Injection System

A 24-in., 22 gauge, hypodermic needle was used to inject a
mixture of ink and test fluid into the system during a test. To prevent
flow disturbance, the needle was positioned prior to the start of the

experiment. A special dispenser with a calibrated screw mechanism
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actusting the hypodermic syringe allowed minute amounts of dye to be

injected slowly.

A second similar system with an 8-in, 15 gauge needle was used for

dye injection near the surface.
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B, Additional Literature References for Other Geometries (Figure 8-2)

1. Fluid hested from below

A fluid layer lying on top of a heated horizontal plate can exhibit
several types of convective flow. Using a cheracteristic length cor-
responding to the fluid depth,or to plate spacing if a second horizontal
plate forms the upper boundary, a Rayleigh number of about 1700 is
required to initiate convection. If the characteristic spacing is about
1 cm. or greater, cellular flow pastterns are observed. These "Bé;ard"
cells are hexagonal with length equal to twice the height of the cell.
Adjacent cells have opposite rotations. Rayleigh (74) developed the
earliest model describing the cell flows. Later, Jeffreys (44) presen-
ted a more complete mathematical analysis; more recent analytical
studies of Bénard cells include the work of Pellew (68) and Malkus (51).
Experimental observations of such flows are presented by DeGraaf (13)
who also measured heat transfer coefficients for the system. DeGraaf,
as well as Globe (28), Soberman (94) and Jakob (42, 43) report that

5, the Nugselt number depends upon the % -power of the

above Ra v 10
Rayleigh number. Jakob's analysis was based on data obtained by Mull
(58). The % -power relationship is generally assumed to indicate a
transition to turbulent flow in these studies at an unusually low
Rayleigh value.

Townsend (101) has studied turbulent natural convection of air
confined above a heated plate. St. Pierre (76) observed the effects
of Non-Newtonlan behavior on a horizontal layer of fluid heated ffom
below. A recent numerical study by Aziz (2) is also concerned with

this problem. Ostrach (64) gives an excellent summary of studies

completed before 1957 on this model.
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2. Fluid within Horizontal Cylindrical and Spherical Enclosures

Schmidt (84) measured natural convection heat transfer coefficients
for fluids within both horizontal cylinders and spheres, following a
step change in wall tempersture. For spheres, he found the Nusselt and
Rayleigh numbers could be correlsted in the usual manner. (Eqn. 2-1).
For Rayleigh numbers between 108 and 10129 the exponent b = % s indica-
ting a turbulent flow mechanism. In horizontal cylinder experiments,
ScHieren techniques were used to observe initiation of natural convection
at Ra = 1700, The transition to turbulence apparently cccurred if the
Rayleigh number exceeded 24,000.

Stefany (23, 99) studied horizontal cylinders as well as vertical
ones. Transient heast transfer was determined by measuring fluid expan-
sion as a function of time after a step change in wall temperature.

The MNusselt number was found to remain essentially constant until the
bulk average temperature of the enclosed fluid closely approached the
wall tempersture.

An extensive study on a 6-in., horizontal cylinder system subjected
to a constant wall heat flux was conducted by Mashs (50). He found
empirical relationships between the Nusselt, Rayleigh and Fourier Num-
bers. At long times, he found that liquid heat transfer coefficients
for this configuration become independent of Fourier number (time).

For geseous systems a time dependent correlation was found which fit all
his gas data and also correlated liquid data during the initial period
before the time independent relation became valid.

Weinbaum (102) and Menold (55) have made extensive mathematical
analyses of fluid convection inside horizontal cylinders with specified

circunferential wall temperature distributions. By assuming a constant
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vorticitybisothermal core and using & modified Oseen linearization, a
number of special cases were solved. Gershuni and Zhukhovitskii

(27, ;gﬁ) heve considered the same problem in a similar manner;
Shaidurov (89) has messured hest transfer coefficients for the case of
an anguler tempersture variation simulated by embedding the cylinder in
a rectangular steel block. One vertical side of the block was heated;
the other, cooled. This resulted in a sinusoidal temperature distribu-
tion around the cylinder. |

A related case in which opposite vertical halves of a horizontal
cylinder wall are maintained st different temperatures, has been studied
by Hellums, Churchill and Mertini (36, 37, 38, 53). Martini and Churchill
(53) measured temperature profiles and obtained some local velocity
indications using perticle tracers. Hellums (36, 37, 38) finite dif-
ference computation for the corresponding theoretical system agreed
fairly well at steady-state with the measured temperature fields. The
velocity measurements were not accurate nor extensive enough to give a
meaningful evaluation of the analytical velocity field solution.

Liu (48) has observed flow patterns during natural convection
within an annulus formed by two horizontal cylinders, each at a dif-
ferent temperature. He observed cellular flows for certain ratios of
inner and outer radius. A theoretical steady-state model for this

system has been developed by Crawford (11).

3. Rectangular Enclosures

Oshima (él) measured over-sll transient heet transfer coefficients
in a rectangular cavity using a liquid expansion method to estimate bulk

temperature. Ostrach (62), using bronze powder as a tracer in silicone
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oils, observed flow pstterns in spaces formed between imner and outer
rectangular enclosures. Heat flux, due to a temperature differential
across a rectanguler cavity, has been studied experimentally by
Eckert (16) and Elder (20, 21). This configuration has been,freated
analytically by Poots (72), Batchelor (6) and Wilkes (103), although

none were able to obtain valid solutions for fairly rapid convective

circulations.

4. Other Cases

Stil]l another area of interest has evolved from problems associated
with convective heat transfer in nuclear reactors (26, 31, 32, 33, 104).
A model based on the Karmén-Pohlhsusen method with a heat generation
term included in the boundary layer energy equation has been developed.
The model gives reasonable agreement with heat transfer coefficient
data obtained using resistance heating of an agueous salt solution.

Schecter (80) has considered convective behavior in weter at 4°C,
the maximum density point. Spangenburg‘(gﬁ) observed effects produced

by surface evaporation of water.
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The following pages contain a temperature data matrix corresponding
to the results obtained during the experimental part of this thesis.
At the start of each group of data is a line describing the over-all
test conditions. Then a line of time values (minutes) is given. These
are the times at which temperature values throughout the matrix were
evaluated. The main part of the data consists of a thermocouple location
number (corresponding to the points shown on Figure 4-2, p. 135), followed
by a listing of temperature rise values (T - Ti) for each time listed

in the TIMES line.
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R ,
R TEMPERATURE DATA MATRIXs OcGREES FAHRENHEIT
R ACTUAL TEMPERATURE MINUS INITIAL TEMPERATURE
‘R NFL=1 PURE GLYCERINE
R NFL=2 85 WT PERCENT GLYCERINE=-WATER
R NFL=3 PURE WATER
R TINIT IS INITIAL FLUID TEMPERATURE
R NOMQ@ IS NOMINAL WALL HEAT FLUX IN BTU/HRsFT2
R L IS FLUID DEPTH IN FEET ,
R TIMPTS IS NUMBER OF TIME READINGS FOR TEST
R TIMES ARE TIMES FROM START IN MINUTES
R TCNOe IS THERMOCOUPLE LOCATION NUMBER
R
NEL =1y TINIT =7640s NOMQ = 13060y L = Ueb667y TIMPTS 13,0
TIMES 500 1440 2740 4540 6060 9040 120640 15040 18040
TCNC.

De0 ODe7 663 1440 20eC 2440 3443 4243 4840 56,40
5060 1e5 9e0 14e8 2160 2540 3445 4245 5060 5840
7540 262 10647 1647 2245 2647 3640 4445 50e7 59,7
9540 G4e7 1345 1940 250 29,7 3943 4643 5265 61.8
4140 De0 1045 18e¢5 24¢5 3040 4040 49¢0 5760 6445
4240 4¢5 1540 21e5 27¢5 3245 4240 5140 5940 6640
43,0 1060 2060 2560 3045 3640 4545 5440 620 69,0
1640 0e0 3,0 1045 185 2440 3540 4540 5440 6145
17.0 0.0 3,0 1045 18e5 <2440 35,0 4540 5440 61,45
1840 0.0 3.0 1045 1845 2440 3540 4540 5440 6165
19,0 0e0 5¢0 1145 18e5 2445 35,0 45,0 5440 61,5
2040 0¢5 5¢0 11e5 18e¢5 24¢5 3540 4540 5440 6145
4440 0e0 0e5 545 11e0 1745 2840 39,0 4840 57,0
4540 0e0 -~ Qo5 565 1140 1745 2840 3940 4840 57,0
4640 0«5 445 Bs0 1345 18e5 29,0 39.0 4840, 57,0
4740 0¢0 040 1e5 660 1145 2240 31e5 4040 49,0
21.0 CeC 0.0 1.0 2.0 440 1140 1740 21e5 2645
2240 0e0 040 1.0 2,0 4,0 1140 1740 21e3 2645
TIMES 21040 24040 30040 36040 .

TINO,

040 5340 T71e0 7940 9440
5060 63¢2 7145 79,0 9340
7540 63¢5 7148 B8l,7 9545
9540 6560 T247 82,0 9643
4140 7345 8040 92.0 10240
4240 T4e0 B8leO 9245 10240
43,0 77.0 84,0 9640 10740
1640 69¢5 T740 9040 10140
17.0 69¢5 TT7e0 90.0 10140
18.0 6945 7740 9040 10140
19.0 69¢5 T7¢0 904C 10140
2040 69e5 TT7e0 9040 10160
44,0 65e5 T4e5 8745 9940
4540 65¢5 T4e5 8745 9940
4640 65¢5 T4e5 8745 9940



4740 5745
2140 3240
2240 32,0
NFL=1y TINIT
TIMES 4.0
TCNO.

0.0 0e5
5040 3,0
750 5.0
9540 11.0
4160 660
42.0 60
43,0 1440
1640 0.0
17.0 060
18,0 Ce0
15.0 0e5
2040 1,0
44,40 CeC
4540 Ce0
4640 le5
4760 0e0
21,0 0e0
2240 0e0
TIMES 121.0
TCNOQO

0e0 10040
50.0 9845
750 1010
4140 11640
420 11640
160 11140
17.0 11lle90
18.0 11100
19.0 10840
200 10840
4440 10160
45,0 10140
4640 10160
4740 8745
21,0 45,5
2260 4545
NFL =1y TINI
TIMES 10.0
TCNO.

Ce0 0.0

1.0 1e0

3.0 3.0
440 540

5.0 940

6¢0 3.0

6445 7840
364C 44,5
36,0 44,5
=7840y NOMQ
12,0 21.0
15,5 2545
17.0 2845
2140 31,0
2545 3640
2240 3440
2840 3840
33.0 4240
7.5 21,5
Te5 2145
840 2145
840 2145
1.0 7.0
1.0 70
3.0 8.0
1,0 445
045 1,5
Oe5 1.5
139,90
106.0
107.0
110.0
113.5
12645
126.5
125.,0
125,0
125,0
12040
120.,0
113,0
113,0
113,0
10245
5540
55,0 %
T =8340s NOMQ
3060 5940
55 1045
3.5 845
10,0 16,0
1240 1740
14,0 19.0
8¢5 14,0

/) >

8940
5140
5140 *
= 375405 L = 04667y TIMPTS =
33,0 4640 5640 T340 9leu
4040 51e5 6240 7845 8440
610 5440 6240 7540 8440
4640 5645 6540 80e0 B864e0
49,0 60¢5 6940 8245 9040
4840 5940 6940 80e5 9345
5040 6140 6940 80e5 9345
51e0 6340 Tle5 8440 9740
3640 4840 5845 T4e0 8940
3600 48,0 5845 74,0 89,40
3600 4840 5845 T4e0 8940
35,0 4740 5840 7240 8740
35,0 4740 5840 7240 8740
1945 3240 4340 5940 7540
2005 3240 4340 5940 7540
1945 3240 4340 5940 7540
1445 2345 3340 4840 6345
500 95 15,0 2140 3240
5¢0 945 1540 2140 3240
= 60s0s L = 14333, TIMPTS
89¢0 12040 14940 18040 21140
14e7 1748 2043 2245 2540
1440 1940 2340 2540 2745
2000 2445 2840 3040 3340
2240 2640 2940 3140 34,0
2440 2840 3140 3340 3640
19¢5 2540 2840 3140 36440

1140
106,60

9540
9840
10040
102,0
104,0
104,0
109,0
99.0
99.,0
99.,0
9640
9640
87.0
8740
870
T4e5
385
3845

11.0
240,.0

2740
30.0
35,0
3545
3645
35,0



740 Cel
840 De0
9.0 Cel
10.0 3.0
12.0 DeC
1340 0.0
14,0 l.0
1540 1,0
1640 0«0
17.0 Q0
18.0 0e0
19.0 le0
2040 le0
47,0 0«0
210 0e0
2240 CeD
25,0 00
TIMES 269.0
TCNO.
D40 2943
l.0C 3240
3.0 3840
440 3845
5.0 4140
£e0 3940
Te0 3840
8.0 38.0
2.0 3745
10.0 38490
12.0 3345
13,0 3345
15,0 3540
1640 290
17.0 290
18.0 2940
19.0 32,0
2040 3240
474C 2145
21.0 13.0
2240 1440
2560 160
NFL =1, TINIT
TIMES 65e5
TCNO.
QCe0 le5
1.0 20
3.0 560
400 600
50 12.0
6.C 340
70 340
8.0 440
9.0 440

7.5 13,0
7¢5 1340
740 13,0
9.0 14,0
3¢5 %5
440 945
4e0 1040
445 1040
145 565
240 60
20 €40
240 640
3.0 640
0e5 2.0
Del 1(0
0e0 ~ 10
1.0 2.0
30060
31.5
3445
41.5
4145
4340
40e0
4040
4060
400
400
3640
3640
-3940
39,0
"31.5
3145
3145
34,5
34,5
23,5
15.0
1545
18.0 *
=85.0s NOMQ
16,0 3140
1245 1845
640 1440
15,0 23,0
16,0 2440
18.0 2640
640 '13.0
1060 19.0
10,0 19.0
100 1940

18,5 - 4440
1845 2440
1845 2240
19,0 23,0
140 1845
1440 1845
1540 2040
1560 <2040
10,0 13,5
100 14,0
1060 14,0
1040 1540
10,0 1540
5.0 8e5
4.0 55
4o 0 6.0
5,0 7.0
= 12540
4640 8740
2345 3543
190 3065
2840 39,5
2940 4045
3000 4l45
2140 37.0
2440 3740
2440 37,0
24640 3740

2740 3040
2740 3040
2640 2940
2645 295
2240 2545
2240 2545
2540 2840
25,0 2840
170 <2065
1740 2065
170 2045
19.0 2240
19,0 2260
1165 1440

70 945

TeC 1Ce0-

965 1140

L = 1le¢333,

11840 14940
43¢5 4940
3Be0 4640
4740 5440
48.0 5400
49,0 5540
4440 5260
4440 5260
44,0 5240
44,0 5240

3340
3340
3240
3260
2845
2849
3140
31.0
2440
2360
2%e2
2660
2640
1665

1065

11e5
1340

34,5
3445
3445
3445
3045
3065
3440
3440
264>
26e2
262
2900
2940
19,0
1245
13,0
1540

TIMPTS = 940

18040 <0940

S54e7
5440
61.0
610
6240

5940

59.0
5940
5940

6040
624V
6540
6540
6640
6440
64,40
6440
64,0



10.0 5¢0 12.C0 1940
12.0 Ce0 3¢5 1040
13.0 O.l 345 1040
14,0 1.0 5¢0 13,0
150 240 5.0 13,0
1640 0.0 045 3,0
170 040 05 445
18.0 0e¢0 0e5 545
19.90 le.0 40 8.0
2040 1.0 440 840
4740 0«0 0e0 140
21.0 0.0 0.0 140
2240 0e0 0e9 1,0
2540 165 340 440
NFL =1y TINIT =82.0s NOMQ
TIMES 5¢0 15,0 31.0
TCNDe ‘ -
2.0 2e¢5 2040 3140
l.O (200) :805 2200
3.0 (1040) 2540 3840
440 ’ 2640 39,0
540 2840 4140
60 {440) 2040 3540
7.0  (440) 1640 33,0
840 1640 3240
940 v“, 1640 31.0
10.0 e 16.0 31.0
12.0 140 445 18.0C
12,0 lé¢0 445 18,0
1440 0¢0 6¢0 2040
1540 0é0 640 2040
160 0+¢0 le5 7.0
17.0 , O‘Q' ‘105 700
1800 OfQ ; 105 800
19.,0 0e¢0 240 1C40
2040 0e¢0 540 11.0
47.0 OiO 105 3.0
21.0 0e¢0 0e0 145
2240 040 0.0 240
.0 0.0 2.0 560
NFL =1y TINIT =89,0,s NOMQ
TIMES 1060 1840 2640
TCNOe ) '
040 4160 5440 6645
1.0 40e0 5740 6740
3,0 43¢0 5840 67,0
440 4540 5940 6740
560 4940 6040 68,0
60 3440 52.0 61le5
740 3060 4640 6040
8.0 3060 4640 6060
9.0 30e0 4640 6040
10.0 2840 4540 5940

-
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L

L

24,0 3740
1665 3040
1665 3040
18,0 32.0
18,0 3240
19e5 2145
9¢5 2240
9¢5 <2240
160 2540
1le0 25,40
4,0 13,0
245 845
245 845
540 1240
= 21540,
4640 9840
3845 45,0
23,0 37,0
4840 53,0
4940 54,0
5060 9440
4440 48,40
4245 4740
4245 4740
4240 4740
4240 4740
2845 34,0
2845 34,0
29,0 3640
2940 3640
1545 2240
17,0 2240
17.0 22,0
1840 24,0
1840 24,0
9,5 13,5
5¢5 © 740
545 7e5
9.0 1140
= 52000’
33,0 42,0
77.0 88,0
7540 86,0
75.0 86,0
7540 8640
76,0 8640
72.0 83,0
7040 82,0
7Ce0 8240
7040 82,0
7040 82,0

4440 5240 5960
3860 4540 5249
38e0 4540 5262
4140 5060 5740
4140 5040 5740
29.5 3845 4545
3045 3845 454>
3065 3845 4540
35U 4240 5040
3540 4240 5040
2065 2840 34,40
1240 1745 2145
13,5 1940 2340
1660 2240 2645
= le333, TIMPTS =
7540 91e0 10440
5340 5940 65,0
4540 5060 5540
5160 6840 7340
6140 6840 73,0 R
610 6840 7340
5660 5940 6340
57¢5 6540 69,0
57¢5 65¢0 6940
57Te¢5 6560 6960
57¢5 6560 6940
4340 5140 5740
43,0 5140 5740
4440 5360 5940
44,0 5340 5940
3060 37e5 4560
3160 3940 45,40
3140 39,0 45,0
32.0 400 4740
3240 4000 47,0
2145 2745 33,45
1245 1540 1840
1265 175 2045
1440 1860 2240 #*
= 1333y TIMPTS =
48,40

9440

93,0

93,0

93,0

93.0

91.0

89,0

89.0

8940

8940

6460
9862
5865
6240
6240
5245
b5Ze5
5245
5540
55,0
4140
2545
2745
2940%

Be0

6.0



12,0
13.0
1440
15.0
1640
17.0
1840
19.0
200
4740
21.0
2240
2540

NFL =1y
TIMES
TCNO.
0.0
9540
321.0
22.0
33.0
3440
3540

-

»
[

N OoOVLVLLNOOWY PO
[oNoNeoNoNoNoNoNoRoZoNoNoNoNo N

[ N

N
O v ®

4740
210
220
TIMES 1
TCNO
0.0
9540
31.0

865 23,0
9¢0 2340
10.0 2640
10,0 26,0
le0 840
1.0 8e0
l.0 840
50 1240
5¢0 12,0
345 G5
0¢5 3.0
0e5 3.0
4e¢0 1le0
TINIT =7
4¢0 10

Oe
e
3
e
8.
3.
2
b
3
24
6o
Qe
le0
Co
Qo
O
O
Oe
O
O
Qe
o]
O
O
Ooe
Oe

8

7940
800

8140

8245
8340
7745
7665
775
7040
6945
695

OOOOOOOOOOOOOOOOOOOOOOOOOO

e

o -
HOOOWWLWOOOONHKF JLWONGCOO P HHINNDUN

® ® O 0 © O ©® ¢ © & © © © 9 o & @ O © o © o o & a2 o

OO O0OOVMOUVUUVMOOOOOWMO VMUV OO VWM OWVu .

N
—

@®
@
.
w O

8545
8645
8845
8245
8040
8245
7345
775
775

-
loNoNeoRlU NoNeoNeoNoNoloNoNe

O(DC)O\m\hk~Hr~C>®tu

N
S

9145
93,0
92,0
93,0
94,0
8940
8740
89.0
8440
8640
8640

e

4645 56,0
4645 5645
4740 5940
4740 5940
2645 3545
265 3545
265 3545
270 3840
270 3840
14¢5 2240
645 1045
T7e¢5 1le5
170 2040
= 15060,
37.0 5640
29¢0 3845
3540 4240
4040 5140
3840 5040
35.0 47,0
2540 3640
28.0 39.5
28,0 3845
2440 35,0
15 645
2140 2945
17.0 28,0
2145 3245
75 1560
BeO 15,0
440 2040
440 1945
445 1040
4.5 1040
4.5 lo.o
8.0 14,0
840 14,0
le5 55
1.0 245
1.0 245

T4

L

63,45
6345
67,0
6740
4145
4265
4245
46,0
4640
2645
13,5
14,5
23,0 *

= 196
7640

49,0
50e5
6140
5945
5745
4740
4845
48,45
4540
38,5
4045
3740
43,40
2360
2340
2845
2545
16,0
1640
16,0
25,0
2145
1045

640

6.0

Os TIMPTS
9640 12240
553 6345
565 635
63e5 7340
6340 7460
6060 7240
5340 6440
5440 6440
5440 €440
48¢5 60460
4240 54,40
4340 55,0
4140 53.0
470 5940
29¢5 3845
2945 38e>
32.0 4440
27¢0 3740
2345 3245
2345 3245
2345 32,5
2840 4140
25¢0 36460
1640 2340
90 1340
90 1340

1260
149,0

71le5
7340
T7e5
7945
7740
7340
71.0
7140
6660
63,0
6340
6160
6740
4765
4840
5440
4640
41,45
41,5
41,45
49,0
46,0
3240
1845
1845



660 6745
940 7245
1240, 5745
13,0 5745
1540 5445
43,0 5540

160 5060
17.0 50e¢0
1840 50.0
19.0 5940

2040 560
4740 40640

1.0 2345
2249 2345

NFL =1y TINIT =7740s NOMQ

TIMES 340
TCNO.

Ce0 240
9540 1540
31.0 10.0
3260 1140

33,0 1240
24,0 Te0
35,0 1140
36640 100
160 1440
400 600
540 1OOQ¢
60 Te0
9eC 1440
12,0 0eQ
1340 0.0
15.0 605
43,0 8e¢Q
1660 0«9
17.0 0«0
1840 00
19.0 5
2040 5e
4740 Qe
21.0 O
2240 O

OO 000

T4eQ B8040
78¢5 8740
675 T640
675 7649
7545 8€40
65,0 73,0
60¢0 6940
5040 6940
6040 6940
65.0 71,0
6340 7140
48e5 5740
2840 32,0
2840 32,0 *
940 1640
2040 40,0
4969_ 560
3640 €140
3340 £9.0
1740 3845
2240 4245
2060 3965
1740 3245
7¢5 1745
14,0 22.5
90 1G.0
1640 2545
10»0 3.0
l.0 3.0
10,0 11,5
14,0 15.5
0.0 1.0
0.0 1.0
D60 1,0
9.0 840
840 Te5
Oe0 Oe7
0.0 045
0«0 0«5

R b

= 40060y
2540 32,0
56e5 69,40
6960 8040
7340 8045
7140 8045
7060 8045
5345 63,0
55¢5 6440
5240 62,0
45¢5 5345
3le5 42,0
33,0 42,0
310 40,0
3845 49,0
12.0 2040
12,0 2045
1445 22,0
170 <440
4¢5 11,0
5.0 1140
5¢5 1l.5
100 1740
50 11l.0
le5 540
1.0 2.0
l.0 240

L

= 1960y TIMPTS
43,0 5340 6340
8245 9340 10445
88e5 975 10940
84,0 9240 8940
B4e0 9240 8940
B440 9240 9040
7340 B80e5 8leU
68e0 770 7640
69.0 T640 7940
6060 6340 6445
5440 6245 6640
5340 590 6545
50e0 5640 6340
5840 6745 7540
3065 4045 5140
34,0 4845 6540
3760 4740 5440
1960 2940 3840
19.0 29.0 3840
19,0 29.0 3840
2640 3660 4140
1840 2740 36,0
1040 175 2540
4e5 8¢5 1240
445 BeS 1245

9.0
6940

11245
11445
8840
89.0
9040
8200
8040
8540
6640
6845
6840
61le0
67.0
5745
5745
T340
5845

43645

4345
4345
4645
43,0
3040
1540
15,0%



TR T T

27

NFL =2s TINIT =8245s NOMQ = 5005 L = 1333, TIMPTS = 740
TIMES 2340 7140 11140 16060 20440 26840 33540
TCNC. '

Ce0 360 1060 14e¢5 1760 21e0 2840 3345
5060 4¢5 1245 1745 2060 2340 2965 3540
75,0 565 13¢5 18e5 215 24,0 31,0 37.0
95,0 7¢O 14,0 19,0 2340 <2640 3240 3745

1.0 3¢5 11e0 1660 2260 2740 3440 3940

3.0 BeS 1640 2160 2762 31e0 3745 4140

4460 8¢5 1640 2140 270 3160 3745 4140

54C 8¢5 1660 21e¢0 27¢C 3140 3745 4140

6e0 660 14¢0 2060 2660 3060 36e¢5 4140

7.0 660 1400 2060 260 3040 3740 4140

8.0 660 14e0 2040 2640 3060 37.0 4140

9.0 6e0 la4a0 2040 ;6.0 3060 3740 4le0
1040 660 14,0 2040 26e0 30e40 3740 4240
12.C 3¢5 1045 1640 2245 2645 3545 3945
13,0 3,5 1065 1640 2245 2645 3545 3945
1400 4‘0 12.0 17.0 2340 2900 37.0 4140
15.0 660 1340 1760 24¢0 2940 3740 4140
16.,0 DeS 1 Te5 125 1840 <2245 3245 3640
170  0e5 745 1245 1840 2245 3245 3640
18,0 0s5 TeB 1265 1840 2245 3245 3640
19.0 200 940 12,0 20.0 25,0 3440 3840
2040 2.0 90 14,0 2060 2540 34,0 3840
4700 OOO 5.0 805 1305 1800 26.0 3000
21.0 Qa0 345 70 1140 13,0 21e5 2345
2240 00 3645 665 1060 12,0 1945 Zle5
254C 0.5 4e0 7.0 11.0 14,0 19,5 2340 *

NFL =2 TINIT =760 NOMQ = 15040y.L = 14333, TIMPTS = 840
TIMES 840 23¢0 4840 7140 1U4e0 14540 17340 22240
TCNO. e T

Ooo '50’9 1700 26.0 31.5 38-0 4440 4945 5705

50eC Te® 2060 2840 3340 38,5 4445 5040 5840

7540 © 940 22¢0 2945 3440 39,0 4540 50e5 5845

95,0 1020 23¢0 3140 3540 3945 4545 51¢0 5940

1.0 2¢0 14e¢5 2645 3540 4045 5240 5760 6540
3,0 BeO 17¢5 27¢5 3345 4045 5240 5740 6540
4o 8,0 17¢5 2745 33¢5 4045 5240 5760 6540
540 8e0 17¢5 275 33¢5 41le0 5240 5740 6540
£e0 140 1145 24,5 33,0 41,0 5240 5740 6540
7.0 2¢5 1445 2445 3245 40e0 5240 5740 6540
840 5¢0 1560 2465 325 4060 5240 5740 6540
9.0 560 1560 2445 3265 4040 5240 570 6540
10.0 545 1565 26445 32¢5 40e0 5240 5740 6540
12,0 0s0 545 1845 29¢5 4040 4240 4840 57>
1340 0e0  T7e0 19,0 29¢5 4060 4240 4840 5745
1440 240 9¢5 1940 28¢5 3640 4640 5340 6340
1540 £eB5 1245 2040 28¢5 3640 4640 5340 6340
1640 0e0 De5 1040 2040 3060 3640 4745 5240
1740 0e0 1eD 1060 2040 3040 3640 4T7e5 5240
1840 040 245 1140 2040 3040 3640 4745 5240
19.0 0e0 540 1260 1945 2940 3840 4640 5540
2040 10 Ee0 1260 19¢5 2960 3840 4640 5540



A%

1 4740 0e0 0e5 440 1145 22,0 2645 3545 4940
b 2140 Ce0 060 245 940 15,0 1940 2545 4540
: 2240 O0e0 De5 245 840 14,0 1640 2440 45,0
| 0e0 240  4e5  BaB 1440 2140 2440 3040 *

i 2540

NFL= 25 TINIT =7640s NOMQ = 18040s L = 14333, TIMPTS = 1040
TIMES 5¢0 1940 3940 66¢0 9340 1214C 15160 18240 21240

TCND.

0.0 2¢5 1840 2640 29¢0 41le0 4940 5740 6640 7040
5000 8.0 22.5 32.0' 37.0 4300 4905 58Be¢5 6600 71.0
7240 1065 2565 3440 39e0 4540 495 5940 676> Tla>
9540 11¢5 27¢0 344¢5 4060 4640 5160 6Ue0 67e5 7245

1.0 1e0 1160 2340 3340 44,5 5245 61¢5 6840 7540

3.0 460 17e¢5 2640 35¢5 44e5 5245 61e0 6840 7540

44C 5¢0 17¢5 2640 3545 4445 5245 6140 6840 7540

560 5¢0 17¢0 2640 35e5 44e¢5 5205 61eC 6840 7540

€e0 1.5 840 200 34e5 4345 51e5 6060 68¢0 T4ed

7.0 2.0 14,0 2340 3345 43,0 51le5 6040 6840 7445

8e0 4o 14e0 23,0 33¢5 43,0 51¢5 60e0 6840 T4e5

9,0 4¢0 1460 2340 3345 43,0 515 6000 68.0 T&4eb
10.C 5¢5 14e0 2340 3345 4340 5165 6060 6840 T4e5
12.C De0 6e5 1645 2440 3640 4545 5340 61le5 69,0
12.0 De0 6eB 1645 2440 3640 4545 5340 6240 6940
14,0 0s5 840 1740 27¢5 3740 4640 5740 6545 7340
15,0 0e5 1340 1945 2845 3840 4660 5740 65e2 1340
15,0 0«0 Lie5 9¢0 1560 3065 3640 4540 555 6440
17.0 Otc 115 1000 1500 30.5 36.0 4500 55.5 64.0
18.0 Oe0 2¢0 1le5 16e0 3065 3645 4540 5542 6440
19.0 . 0e0 440 1140 2040 2940 3845 490 5840 6740
2040 0«5 540 1140 200 2940 3845 494C 5840 6740
4760 CwQ 045 3,0 12¢0 2240 30e5 3840 4545 5140
21.0 Oe0 0¢5 245 445 1440 2065 2T7e5 3440 3745
22,0 - G0 Oe5 340 4¢5 1440 1945 2745 31led 3660
25490 O« lab 44C BeO 14,0 1945 2660 3160 3645
TIMES 24140 - .

TCNO. L

0.0 80‘0

50,0 8045
. 754C 805
9540 81«0

1.0 8340

3.0 83.0

460 8340

560 B2e5

6.0 8245

7.0 8245

8.C 8245

960 825
10.0 8340
12.0 775
13,0 775
14.0 80.0
1540 8060

1660 7145
17.0 7145



P

TN T

1840

19.9
2Ce0
4740
2149
2260
2540

NFL =29
TIMES
TCNCo

*

NO VNV P WO
e o o o ® o © o o

OOO0ONDOOOOOO OO0

b
w
L

14,
1540
1660
17.0
18.0
19.0
2040
47.0
210
2240
2540

NFL =2
TIMES

TCNOo

0.0
5040
7540

0
A1}
.

VMEHEWNO OOV P WL
el NoNsNoNoNoNoNo RO RO RORORS)

e

219

1.8

7560
7540
5940
43,0
43,0
4240 *

TINIT =77¢5s NOMQ = 20040 L = 14333, TIMPTS
1160 4940 750 106¢C 13840 15040
15e5 4340 5240 63¢0 T3e5 7745
16060 4245 5645 6645 T840 8led
1660 42¢5 5640 670 78,0 8140
1660 4240 5640 6740 7840 8140
1660 4240 5640 6645 7840 8140

14640 4265 5545 6640 TT7e5 8045
12¢5 4240 5545 6640 7745 8045

1245 4&3\5 5565 6660 T7e5 80 e¢5
125 4Le0 5565 €660 TT7e5 8045

5¢5 30¢0 4465 5665 T0e5 7540

545 30¢0 44e5 5645 T0e5 7540

545 F3¢0 470 6245 T340 7740

1265 3540 470 62¢5 7340 7740

1¢0 2%e5 3545 4Te0 6345 6745

360 2ZLe5 3545 4740 63¢5 6745

060 1200 2440 3645 505 5440

Ve Be5 1665 2445 40,0 4040

Oijg 705 1500 24460 57.5 3‘7.5'

Q‘TO Q9e¢0 1740 260 35,0 38,0 *
TINIT =755 NOMQ = 260e0s L = 14333, TIMPTS
B8eD 2340 4240 5660 B8le0 10840 13240
9¢0 300 41¢5 4845 99,0 7345 8540
11e5 3240 43,0 4945 60e0 7440 8545
1305 3400 44.5 51.0 62.0 76.0 87.5
1560 3560 4660 5245 6345 7740 8745
11e5 2840 4240 5160 6345 77.C 8845
1265 29¢0 4240 51e0 63,5 77,0 8845
12e5 28¢5 414C 5Ce5 6340 76e5 8845
12e5 2860 4065 5065 6265 7T6eb 8840
GeQ 2660 3945 4945 6245 T6e5 8740
Be5 2540 32845 49¢5 6240 7640 8740
8¢5 2540 38¢5 49¢5 62,0 T640 8740
Be5 2560 38¢5 4945 6240 7640 8740
Be5 25¢0 3845 4940 6240 7640 8740
De5 1340 31¢5 3645 5040 68e5 7945
0e5 13,0 31,0 36¢5 50e0 68e5 7965
2e0 1540 2945 3845 53,0 69,0 8240
1060 2060 3140 4065 53,40 694C 8240

60

760



NFL =29
TIMES
TCMOe
040
5040
7540
9540
1.0

W O®M~JOoOWM P W
[oNoNoNoNoNONSG]

QOO0 HOOOVOO
e ®© o o o o ® o o

VO O OO WMO OO

TINIT

640

19.0
1945
2240
2540
2540
2540
2345
2340
17.0
1640
1640
1640
1640

le0

240
6¢C
17.0
0¢0
0e0

CeO
3e5

3¢5
Oe0
Q0e0
00
20

TINIT

60

9.0
2540
324C
370
1845
3440
3440
3340

9e¢5
2145
21e5
2145

445 1845
5.5 19.C
5% 1940
Be5 1845
9.0 18,0
2:0 1245
1.5 60
1.5 545
3.0 645
=80+.0s NOMQ
150 2640
3805' 5405
4060 5640
4245 5765
4640 6040
44,0 5960
43,0 5940
43,0 5940
43,0 5840
38,0 5540
38.0 5540
37.0 5540
3740 5540
3840 55.C
190 3745
19,0 37,5
21.5 38,0
28‘0 41.0
5¢5 2045
640 2045
Te0 2145
105 23,0
10.0 22.0
1.0 8.0
l.0 4,0
1.0 4,0
3.0 840
=81,0s NOMQ
110 17.0C
1640 2945
3745 51,0
47,5 61.0
5445 6745
45,0 6040
4840 6040
48,0 6040
4840 6040
2940 53,0
3840 53,0
38,0 53,0
3B40 53,0

220

L

L

25¢5 4045
2645 4045
26¢5 4045
280 4240
2765 4240
18.C 35,5
120 3140
1040 2945
125 2145
= 50040
3640 47,0
245 T4e5
6540 7545
£T7+5 T745
7062 7940
7060 8040
69.5 79,0
69¢5 7940
69.2 7845
680 78,0
670 7740
6640 7640
660 7640
65¢5 7545
47,0 5840
4740 58,40
50.0 6140
520 6140
2940 4l45
2945 41,5
3060 4145
3540 4540
3440 4440
160 2840
9.0 18.0
9.0 1740
11,0 17.0
= 80060
2440 2940
4745 5645
6765 7940
760 85,0
8040 8740
750 83,9
750 8340
7540 8245
7440 8240
690 7740
690 7740
690 7740
690 7740

56¢C 7060

5640 Ce0

5660 7040

575 7340

575 7340

49,0 5940

36e5 4440

34,45 4045

2940 4045 *#

= 14333,

560 6540

82e¢5 9040

83,5 9240

8540 9440

8745 9645

870 94,40

86,0 93,5

8660 9340

85e5 9265

84,0 93,0

B4e0 9240

8440 9240

84,0 929

B4eC 9260

TUe0 7740

TUeQ 7960

7240 81l.0

72.0 8l45

53,0 6340

53,0 6340

53.0 6340

54,0 6540

5440 6540

36e5 4540

270 3440

2440 3045

2340 2840 *

= 14333, TIMPTS
370 4140 48,0
74,0 8660 10245
9545 10140 11040
9745 10340 111,45
99+5 10540 11440
94,0 10140 11240
9440 101e0 11240
94,0 1010 11240
9440 1C1le0 11240
9040 970 10940
900 9740 10940
9040 9740 109.0
90eC 970 10940

TIMPTS = 740

840



22!

38,0 53,0 6940 7740 9040 9740 10940

10,0 2145

12,9 260 15,0 28,0 4240 5540 68.0 T840 8940
13,7 240 1540 28,0 424C 5540 68,0 7840 8940
1460 660 2040 31e40 4Te0 2740 71e0 T79¢0 9360
15.0 18¢5 2740 3740 52 60e0 T3¢0 B80e0 9440
160 2¢0 3,0 10e0 2065 3260 4445 5640 6640
17.0 200 345 1245 24e0 3445 4740 5600 66e5
1840 240 345 1245 2440 3540 4745 5640 6645
1940 3.0 565 16.0' 2840 3560 5040 5790 TOe0
2040 240 5,0 1540 270 3445 4940 5640 6940
4740 1.0 1,5 3,0 1040 1840 274C 3445 4445
1.0 0e5 . 1la0 1.5 5¢5 1140 1840 2340 2945
2240 Oeb 1,0 1@5 545 11,0 18,0 2340 2840
2540 0e5 1e5 240 560 1140 1840 2240 2840 *
NFL =2y TINIT =750 NOMQ = 150e0s L = 14333, TIMPTS = 540
TIMES 940 2340 4340 680 8540

TCNO. .

Ce0 15 GQO 13.3 2242 26e4
5060 4e0 11¢85 18,0 2548 3142
75.C Be5 14e5 2068 29e3 3440
9540 1145 1643 2,0 318 37,0

1.0 29 7.0 1540 260 3045

3.0 10e¢5 1940 2740 36.0 4140

400 1045 1940 2740 3640 4140

5C 10e5 1840 2640 3545 4140

6eC 3.0 Be5 18e5 290 3540

740 7¢0 15,0 23,0 32.5 3845

80 7¢0 1560 2340 325 3845

9.0 740 15490 23,0 33.0 39,0

1040 7¢0 1660 2340 3340 3940
12.0 165 Te5 1540 2445 31,0

13,0 le5 Te5 154C 24¢5 3140
1400 200 "900 1700 2700 33.0
1560 8e0 1340 19,0 280 3440

1640 005  2.0 9.C 1745 2245
17.0 0e5 540 945 175 2340
18.0 0l5 560 9e5 1745 2340
190 1.0 445 1140 194C 2540
2000 100 ‘405 1100 1900 2500
4740 0e0 060 440 11e5 1545
210 QCe0 0.0 245 7¢5 11la0
2249 0e0 040 245 745 1140
50 040 l.5 345 8¢5 1140

NFL =2, TINIT =CONTs NOMQ = 40040, L = 14333, TIMPTS = 540
TIMES ACTUAL 9940 11C.0 12140 13540 14940 :
TIMES STEP Q 39,0 5040 610 7540 890

TCNQC.
09 33,0 4245 5265 69.C 9240
5040 4540 5443 5640 8340 9745
5.0C 53,0 6245 72s0 8745 984C
9540 5740 6540 7565 8948 9943
1.0 4545 6445 7645 8840 9765
340 5440 6640 7640 8740 9740

4eC 5440 6660 T6e0 8740 9740



e TR

50

60

70

8.0

SeC
10.C
1260
134C
14.0
1540
1640
17.0
18.0
19.0C
20.0
4740
2140
2240
2240

53,0

4048
49473
4940

4943
4940

37.¢
37.C
4140
4540
29.C
2940
2940
33.0

32.0

21,5

145

14,0

1540

€5.0
59.0

62.C
62,0
§2.°C

€24C

4845

48 o5
5140

245
3740
3845
38,5
4140

40,0

29.0
2240
2060

21.C

£a0

7165
7340
73.°
73,0
7340
5940
590
625
64.C
4540
4740
4740
51.0
5040
3545
2740
2560
2645

222

3€.0C
8540
8540
8540

&.N
Sewv

8560
7345
7345
7560
7645
59.5
60,3
6043
62,0
6le5
47,0
3440
33,5
33.0

9645
95.0C
92,0
95.0
9540
9540
84,40
8440
8840
8940
T1.5
7240
7240
7560
74,0
5745
4145
38,0
4140 *



aa3

NEL =3, TINIT = 75,0sNOMQ = 100
TIMES 7¢0 1640 32,0 5940
TCND.

00 25 660 1067 1740
5040 3.0 TeD 1le¢5 1845
754C 3.5 Te7 1245 1947
9540 445 Be5 1345 2044
4140 3.C 660 1240 1945
4240 3.0 6e0 1240 1945
4340 3.C 6e0 1240 1945
1640 0e0C 440 9¢C 1745
1740 J0¢C 440 90 1745
1840 Oe0 440 940 1745
1940 0e0 4eD 940 1745
2000 000 400 9.0 1705
4440 040 1.0 7.0 1540
4540 0e0 1.0 7.0 1540
4640 040 le0 7.0 1540
4740 0.0 1e0 - 540 1340
2140 0e0 0.0 l1.C 540
2240 0.0 De0 1.0 5.0
TIMES 24540 27240 201,00 32940
TCNO.

Ce0 5540 5945 6140 6445
5060 55¢5 5945 5945 6440
7540 56e0 595 61le5 6540
9540 56e7 6060 6345 6743
4140 58e0 6260 6640 6940
4240 58¢0 6240 6640 6940
43,0 58e0 6340 6840 7145
1640 5660 6leC 6445 6645
1760 56e0 6160 6445 6645
1840 56e0 61le0 6445 6645
1940 5660 6160 6465 6740
2060 56e0 61e0 64e¢5 6740
4440 5540 60eC 6440 6740
45,40 55¢0 6040 6440 6740
4640 5540 5040 6440 6740
4740 200 57¢5 6140 6345
2140 3440 3740 4060 4345
22.0 3440 3740 4040 4345 *
NFL =3, TINIT =760 NOMQ = 40C
TIMES 5¢0 1040 2040 3040
TCNO

000 705 1205 20.5 2800
5040 7e5 1340 2145 2940
7560 9¢0 1445 23,0 3Ca0
9540 1165 1740 2540 3140
41,0 BaC 13,5 22,5 2945
4240 8e0 1345 23,5 2945
43,0 1060 1545 2445 3045
1640 440 9¢5 1840 25.5
1740 4e0 9¢5 1840 2545
18.C 440 9¢5 1840 2545

007
8840

2545
2645
2745
2843
2740
27.0
2740
2545
2545
2545
2545
2545
2340
2340
23,0
2045
11,0
11.0

«0)
41,0

3640
3640
3640
3840
3845

L

L

3845

4040
33.5
33,5
3345

21240

5063
51,0
5145
5243
5440
54,0
5440
5145
5145
5145
52,0
5240
5160
5140
5160
47 65
3040
2040

=11l40
91.0

6665
6740
6845
6945
6840
6845 -
7560
67,0
67,0

= 0e657y TIMPTS =13,0
12140 15340 18140
33,0 3945 45,0
33,5 4040 4545
34,5 4L0Os2 4660
3640 4leC 4740
3540 4145 48,0
3540 41645 48,40
35,0 4145 4BLO
340 4045 4640
3440 4065 4660
3440 4045 4640
33¢5 4045 4640
3345 4045 4640
3260 3940 4540
3260 3940 45,0
3240 3940 45,0
28¢5 3640 4le>
16e¢5 2440 2549
1645 2240 2545
= 04667y TIMPTS
5060 6060 7540
4140 4840 5840
4145 49,0 5940
4245 500 6060
4440 515 6140
4345 5045 6160
4345 5065 6le0
4640 5H55e0 66460
41,0 47.5 58,0
4140 4745 5840
4140 4745

5840

6760



224

19.0C 460 1060 1840 250 3440 4140 4745 5840
2040 440 1060 1840 2560 34,0 4140 4745 5840
4400 OIO 5.0 1400 2Co5 3305 3640 43.5 5500
4540 0.C 540 1460 2045 3065 3640 4345 5540
4640 1.0 5¢0 1440 2045 3065 3640 4345 5540
4740 0e¢7 360 10e5 1840 2545 31leb5 38e5 5040
2140 0e5 1.0 30 945 13,0 1640 21,0 29,0
2240 De5 l.0 342 104C 1345 1940 2440 3040
TIMES 12040 15040
TCNO.
0.0 7640 9245
5040 7645 9140
7540 7760 9245
95.C 80e5 9440
4160 82¢0 9740
4240 8240 97.0
43,0 8840 10240
1640 8led 96,0
17.0 8le5 9640
18.0 8le5 9640
19.0 8le5 9640
2040 8le5 9640
4440 79¢5 94,45
4540 7945 9445
4640 79¢5 9445
4740  76e0 9145
21490 47¢5 5945
2240 4840 5945 *
MFL =3, TINIT =80e5» NOMQ = 6540y L = 14333y TIMPTS,
TIMES 1240 38e¢0 8660 13740 16740 20240
TCNOe
1.0 3.0 Ted 13465 1865 2240 2540
2.0 3.0 Te0 1345 18e5 <4240 25,0
3.0 3.0 Te0 1345 18e5 2240 2540
4,6C 3.0 Te0 13245 1845 2240 2540
560 345 TeO 1345 18e5 2240 2540
6.0 245 Te0 13¢5 18e5 2240 254C
7.0 2.0 Te0 1345 1865 22,0 2540
8.C 2.0 7e0 1345 1845 2240 2540
2.0 265 7e0 1345 1845 22,0 2540
1040 245 TeCQ 13¢5 1865 2240 2540
12,0 0e5 5¢0 1140 1760 2160 2445
1240 0e5 5¢0 1145 1745 2140 2445
1440 1.0 5¢5 1260 18e0 2145 2549
150 1.0 5¢5 1260 1840 21e5 2540
16.0 0«0 345 945 1545 1940 2240
17.0 0.0 3¢5 9¢5 1545 1940 22,0
1840 Oe0 3e5 9e5 155 1940 2240
19.0 0e5 440 104C 1640 1945 23,0
2040 0e5 40 1040 1640 1945 23,0
2140 00 240 £¢0 1040 1245 1445
2240 0e¢0 240 640 Celd 1245 1445
2340 Ce0 2.0 6sC 10e0 1245 14,0
2440 Ce0 260 6¢0 1040 1240 1440

6740
6740
6440
6460
E4el
5945
3545
3640

640



2540 OeC 2¢0

NFL =349 TINIT =87400

TIMES 3240 5640
TCNO e
1,0 1245 1940
o 1265 1945
3.0 1265 1945

LeC 1245 1945
5¢0 1245 1645
660 1245 19,0
743 12,5 19,0
840 1205 1960
900 1200 l?%o
1040 1260 1830
1240 745 1540
1240 8.0 1540
1440 9.0 16%0
1540 940 16490
1640 60 1140
17,0 6.0 1lio0
1840 640 1140
1940 635 13:0
20 6:5  13.0
21.0 335 780
22.0 3,0 630
23,0 370 6.0
2440 3:0 630
2540 330 70

@

NFL =3, TINIT =81.5, NOMQ

TIMES 1740 35.0
TCNOe ' ¢
1.0 1540 2440

2.0  15%0 2440
3.0 1540 24,0
440 15%; 2400
5.0 150 2440
6ed 1325 23,0
70 135 2245
840 1345 2245
%.0 13,0 22,5
10.C 13.0 23.0
120 865 1645
13.0 855 17\0
1443 9«0 1845
1560 9.0 18,5
160 545 1245
17.0 565 1265
130 565 1245
1540 6e0 1440
2040 660 l&oC
210 le5 660
2260 240 60
2360 20C 6¢5

228

£e5 1160 1245 1540 *
NOMG = 125609 L = 14333, TIMPTS =
92.0 12240 10440 18260 21440 24740
27.0 365 3845 L4L4e¢5H 4940 5340
2760 3665 38¢5 4445 49,0 34U
2750 36.5 58.5 4445 49.3 53.5
27sC  26e5 3845 44e5 4940 5345
2840 2665 3940 4445 49,0 54,0
274C 3640 38,5 4440 49,0 53,0
27.0 364C 3845 44,3 49,0 53,0
27,0 3640 3845 44,0 49,0 53,0
2745 3660 38B¢5 4440 4940 5340
2860 3660 38e¢5 4440 49,0 53,0
PBEL0 3340 3840 44,0 48,0 53,40
2540 33,0 3840 44,0 4940 53,0
2565 3345 3840 44,0 4845 53,0
2545 3545 3840 4440 4845 5340
2245 31e0 374C 43460 4840 5245
2245 31eC 3740 4340 4840 -
2245 31eQ 3740 4340 4840 5245
2240 30e5 3740 43,0 4840 53,0
2260 3045 3740 4340 48,0 53,0
1440 2060 24e0 276U 3160 3345
1440 2060 2440 2760 3160 33,5
1440 2Ce0 2440 27¢0 31le0 3345
13¢5 2060 24e0U 2740 3065 3345
1440 19¢5 2440 2740 3045 3440 *
= 22540y L = la333, TIMPTS =
5240 7040 9840 10840 14740 17840
3140 3845 4940 5240 6345 Tlaeb
3140 3840 4940 5240 6345 7T1l45
314C 3940 4940 5263 63e5 T1lab
31,0 38¢5 49,0 52¢5 6345 7240
3140 38¢5 5040 535 6540 7340
3045 38eC 4945 5245 6440 7240
3065 3860 4940 52e3 6345 7240
3Ce5 3840 4940 526U 6365 T240
30e5 3840 49,0 5240 6345 7240
3140 2960 51e0 5540 6540 7540
2645 3340 44,5 4945 61le5 6945
2645 33¢5 4445 49,5 61le¢H5 6945
26¢0 35,0 46,0 5065 6340 7240
2640 3445 4640 5065 6440 7340
20eC 2865 4060 4445 5840 6740
200 28¢5 4040 44e¢5 5HBe0O 6749
2040 2865 G040 4445 5840 6765
22e0 2945 4le5 4640 5940 6940
21e5 2940 41le0 4be2 5940 7040
11.C 160 2440 2760 360 4160
11.C 160 2460 2760 3640 4160
11eC 1660 2440 2T7eC 3640 4240

8e0

840



2440 240
2540 34C
NFL =3, TINIT
TIMES 4le0
TCND e
1.0 2540
240 2540
340 2540
440 2540
50 250
660 2440
740 2440
8el 2440
948G 2440
10eC 2443
1240 180
134C 1940
1460 2060
1540 2060
1640 160
1740 1640
1840 1640
150 165
204C 1645
2140 945
2240 940
2340 940
240 90
2540 1040
NFL =3, TINIT
TIMES 1140
TCNO o
1.3 Sel
360 110
440 100
50 1245
6e0 940
740 Se0
840 8e0
940 840
1Ge0 940
1240 540
130 50
1440 600
1560 Ge0
1600 300
1760 540
1840C 340
19.0 Leb
2040 445
4740 le5
214C )
2240 Ded

60
TeC

=83
7040

3640
3640
3540
3640
3640
2545

5e5
35,5
3545

3545

3145
3145
3240
3240
2740
2740
2745
2940
2840
1645
1645
1645

1645

17.0

=82
29(0

1Ce5
1240

¢5s NOMQ
9440

43.0
436C
43,0
4360
434C
4340
4360
43240
4340
4340
4Ce5
Ce5
42,0
4240
3745
3745
3745
38.C
3840
2340
2340
2340
2340
23.C *

«0» NOMQ
4540

2640
2745
2860
2765
264C
2645
2640
2640
2640
2145
2145
2245
2245
1840
1860
1840
19.5
1945
1345

Te5

Teb

1660
17.0

226

2345
2445

2760
2860

3545
3640

40 e®
42 4D

= 242¢0s L = 14333, TIMPTS

= 245400
5940 7740
3240 39,0
33e5 4045
3340 41,0
330 4140
3240 4040
3240 40,0
3240 40.0
3260 40460
320 40490
2940 36,0
290 3640
29e5 3740
29e5 37460
254U 3240
Z22e0 24eVU
2560 3240
255 3365
2Ye5 3345
1945 <740
13¢0 QBev
13eD 1865

L = le333s TIMPTS
9340 }Zloo 13840
4545 5540 610
4540 5540 63,0
4540 5640 6340
4540 5545 6360
4540 5be5 62460
45,0 5545 6240
45,0 5545 6240
4540 5545 6260
45,0 5540 6240
4160 51le0 5860
41eC 5140 58430
43,5 Y440 6140
4345 5440 6160
3T7Te5 475 5SGeu
375 4Ted 5&eu
37e5 4745 544C
40ed 5lel 58eu
4u o U 5le0 566U
30eD 41l eV 47 U
dueu ¢Bel 3leU
£JUeD 5060 342

=

*

3.0

840



227
2540 260 600 10640 l4e0 19,40 P21V Suel 3440 *

NFL =39 TINIT =86e0s NOMG = 4UUeUs L = 1le333y TINMPTS = T7e0
TIMES 20 156C 3160 50eU OUeu OY e ,7600 '

TCND
10 2e0 1840 3165 435 olev SOeU bueu
3.0 2e0 2060 3145 45460 2240 276U 6240
440 260 19¢5 3foU b44e5 DL eV 5T eu 626V
500 200 1900 “3150 44.5 52.0 3700 6203
640 145 17.5 ‘SG.O 43eD S5Ued 2665 Glebd
740 le5 1740 2960 43¢5 2040 5640 6140
840 l1e5 17e0 29¢0 435 206U 55¢5 6UeD
9.0 1e5 16¢5 29U 43¢5 49¢5 5540 5945

1040 1e5 1643 2940 4345 2043 57eU 6240

1248 l1e¢0 'rf§0 “24.0 37e5 4540 49 60 2% el

13.0 1e0 ITeC 24e0 37e¢5 4540 4945 5540

1440 le3 12¢5 254U 4“4Uel 4740 53eU 5840

1540 l1e5 'LZe5 250 40eU 474U 234U 5840

1640 Oe5 Ba0 21e5 3240 3840 44el 4940

170 0e5 BeD 21ed 3240 3840 4hoU 4940

1840 OeB5  Be0 2165 3ol 3840 44eU 4940

1940 Oe5 o5 20CeC 3345 4045 4665 Dlab

2060 dt5 7465 2060 555 40eD ) 2leb

4740 GeO 540 1465 27e0 3245 374U :Gle0

2160 6%0 :2.0 9.0 1505 Zl.O £DelU -4£Te5

2240 0e0 2e5 96U 175 <240 Z6eu 300

2540 0ed 4a5 940 1T7eU 2065 25eu 28e0 *

NFL =3y TINIT =8245s NOMQ = BuUeUs L = 1e333, TIMPTS = 640
TIMES 200 1060 1740 23el 3160 370

TCNOe B

0e0 12¢5 2840 3940 4B8e0 35940 6645

le0 ~‘6€5 2640 3845 48640 2840 6540

340 545 2640 40e5 4Te5 D5Be5 666U

4.0  5e5 2545 3845 4Te0 58,0 6540
560 G40 2545 36¢5 4T7e0 000 06845
6e0 " Ge0 2240 3545 4500 5645 6345
Tel 460 2240 3545 4540 5645 644V
840 4e0 2245 36eC 455 D665 6345
960 460 2265 3640 4545 5740 644U
10.0 400 2240 3540 4540 2840 6700
1240 De5 1545 2545 3645 4645 5545
13{0 ~005 ‘1505 25.5 36.5 46.5 55.5
1460 De5 1545 2845 38e5 D065 5800
1540 Oe5 160 2845 38e0 49e5 570U
16«0 00 Be5 184D 2765 3740 4545
170 ‘0e0 BeD 1865 2765 3740 4545
1840 Oe0 BeS 18e5 2745 5740 454D
15.0 Qa0 Fe5 Z20e0 290 4040 4745
2040 0«0 9.0 1945 2Bed 5Ye2 47 U
4760 Ce0 5¢0 14eU 216U <9eU 3Tey
2100 Oe0 200‘ 8.0 lloU 1900 2105
2240 00 240 BeU 1365 1945 <c3ev
2540 000 30 Te5 1245 19,0 23eu #*



aay

NFL =39 TINIT =750 NOMU =lUUO.Q’ L = le333s TIMPTS =100

TIMES 360
TCNO.

JeC 1Ce0
500 1240
750 1840
9560 2140

1.C 1440
440 1560

50 1600

6eC 8e0

760 8e0
9.0 9¢0
120G 0«0
13.0 Oe0
15.C 1.0
410 00
4240 0+0
1640 OeQ
170 De0
1840 00
1940 0eQ
2060 00O
444U Oe0
4549 0«0
4640 0«0
21e0 00‘0 ~
2240 0e0-

TIMES 530
TCNO.

0e0 10440
5000 104e0

75¢0 10445

Te0

2440
860
3240
3560
3le0
3240
320
2860
2440
460
1140
1le0
1le0

100
1040
B45.
- 3.6
3eb
He 0
490

‘a ¥
440
4490
1e¢0
00
Oe0

9560 1065 .

1.0 106¢3
440 10645
50 118¢0
6.0 10740
7.0 1040
9.0 10560
1240 965

1340 96 ¢5
1540 10600
414C 9340

4240 G340

1640 8540
17.0 8540
1840 8540
1940 860
2040 86e0
4440 80e0
4540 800
4640 800
4740 7065

1249

3840
4060
4360

bbeU
4165

4145
4240
370

35e0

3540
2240
2240

- 25eL

1940
19.0
1540

150"

1560
15.C
15.C
1240
1240
12,0
64T
2e5
245

17eU

486U
4G5
5ZevU
53e2
5UeC
o2leu
5560
50eU
4BeuU
4840
32eD
3245
3560
2860
28eU
2340
2340
236U
2360
2440
1590
190
19.0
124C

50

5e¢0

Z1leU

£T7eU

6460
Of).\)
66.V
Tued
69 ev
TievU

BUel.

68 eu
66U
67eu
5¢ av
54 eU
266U
486U
48 o U
3940
396U
364G
40 eu
40 eV
37 e
373
3760
23 e
1540
1540

346U

1760
7740
T7e5

155

BUe0
BleU
93eu
8Ue0
T9eu
7860
6440
460
Tleu
5840
580
5240
5260
520
Sk el
5440
4940
4960
4940
4060

2140

£1le0

G4lev

67eD
3Te2
GT7e2
59 e2
9lev
91leU
10360
92U
30 eV
89eV
T6eU
T6eU
836U
730
7340
654V
6540
6540
666U
666V
61le0
6le0
6lev
5lev
28 0V
28 eV

4760

96e5
976y
976U
98>
98 ey
98 eV
1UG eV
9960
966U
976U
E8Te>
67e2
98 ey
83U
8340
75eV
7540
7540
77U
77U
T0eU
70eU
7040
6le2
3940
256V



2140
2249

NFL =3
TIMES
TCNQCe
Ce0
5040

4040
4060
TINIT
3.0 7eD 116G . 1640 2240
BeS 3940 5340 TleO 8940
1200 41.0 56.\) T4 e 0 ‘1105
1740 4340 5G40 ToeuU 26U
2200 46,0 6245 TBed Y6eU
6e0 2400 4CeU HleU T340
2000 3740 4940 6leu 7940
2200 3840 5540 T77eU 9740
2340 3740 5440 7540 954U
Be0 19,0 3660 43¢0 Tleu
260 19,0 3340 4940 6940
200 15,0 33.0 490 06940
500 22@0 3900 51.0 73.0
240 1740 3340 4540 63,0
240 1be0 3240 4LleU 0240
7e0  25¢0 3360 4540 6340
1e0 . 8Be0 2245 35e5 5440
140 . 840 2245 3545 2440
1s0 Be0 2245 3545 2440
. 000 %530 2245 3660 5660
0s0 940 225 3640 5640
0s0 840 2145 3160 4940
0e0 840 2145 3160 49,0
090 8B40 21e5 3leu 494U
0e0 2.0 3¢5 9¢5 1645
IINIT,=7700’ NOMG = 160Ue0s L
600 1640 3040 4740 6340
990 1565 2245 3UeU 9445
1150 17¢5 2440 3140 3640
B8e5 13,0 19¢5 2640 3240
990 1400 2005 Z7.C 32.0
11.5 1545 2340 29eC 3445
6JO 1300 1800 2305 49.0
1000 16e5 2245 2Bed 3440
4.0 boO 1200 1800 ‘30\.)
365 B8eO 1360 19e5 460
3¢5 8eO 1340 195 <3e0
345 BeO 1340 190 ¢340
340 7e0 1165 17e0 216U
e 0 4e0 9¢5 lh4el L1945
240 445 9¢5 1445 1945
6Ge 0 9.5 13.5 180() 41..5
2.0 305 705 l‘.‘\) 16.5
240 3¢5 Te5 1260 L6453
le5 345 Teb 1240 L1665

221

*

27540y NOMU =1650eUs L = 1e333s TIMPTS = 740

TIMPTS. =1140

89eU 12UeU 15UeU luled

ZT7eC 3240
10340 11745
luoeU 1lUeu
luoeuv lclaeU
lUuFeU 12leU

86eU luU3eu

926U 1UGW
10%eU 11940
1U7e0 11860
6Hhel 1U360Q
86eU 1U340

565 10340

58e0 10360

T9e¢U 9440

T9eu 9440

T eV 956V

67eu BoeU

67 el 8540

ETeu 8540

OBeU B6eU

63eU ~ BHeU

6265 1840
62e¢5 T840
b6le5 TBeU
5le5 6740
25eU 3440
2540 3440

= 16960y

43e5 5leb

G445 5245

40 60U 4940

4leU 4965

4245 5260

3600 4740

4345 5340

3leU  4le0

31e¢C 4le0C

3leU 4160

31eU 410

3UeU 390

&6.3 3600

2665 3640

28 eD 3860

£3e2 3240

2365 5260

2365 SZeil

6V el
6le5
5662
572
6U eV
560U
636U
S5UeV
506U
5060
50eu
48 eV
454U
456U
47 ¢ U
4140
416U

67eD
694V
6660
06e2
68U
6540
T340
0leu
60 eV
606V
60U eV
56eU
33 eV
23eV
566U
2062
50e5
50eY



1940 1e5 440 T8 125 1645 23e5 3260 GieU 50eV
2040 le5 440 Te8 1ceb | L1065 <£3e2 320U 4leu 20aev
470w Ol 1a5 4e3 Se5 - L1560 iYeS CTeU 34ed 4lae>d
21eV 00 les 2e5 HbeU SeD lzeb 16e3 23eu LB eb
2240 0e0 le0 2e5 6e0 Be5 1zeb 1853 25eU ZBeb
TIMES 21040 24040

TCNOo

Ge0 73e¢5 7845
9540 7560 8040
31.3 71ed T745
32.0 7240 7845
334C 7545 8240
3440 72¢0 7940
3640 8le0 8545

1.0 6705 7630
3.0 67¢5 7640
440 67e5 7660
560 67¢5 7640
60 655 73.0 .
12.0 62e5 6945

1340  62e5 6945
150 6660 The0
1640 5745 6640
170 5745 6640
1840 5745 6640
1950 580 6640
2000 5840 6640
470 4940 5545
2140 3240 3645
2240 3240 3645 *

NFL =3 TINIT =8le0s NOMU = 450e0s L = 1le96U» TIMPTS = 940
TIMES 610. 1160 210 31e0 4640 61leU 760 91e0 1luUdeU

0eC 6o 1340 3440 4740 ©60e5 Th4ed 8545 9640 10540

0

3560 70 1660 3760 48¢0 6260 786U 88e0 975 1066V
310 Ge5 18e0 2960 384U 5340 666U 7965 9leU 1Ule5
3240 945 1840 296U 386U 2440 686U 6le0 934U 1luUsed
33640 1340 20640 310 416y 266V TueU 8260 94eU 1lU4LGU
3440 1060 1565 2560 32eU “8e0 6Zeb Tbed GUeu 1Uled
360 1360 2060 2G4C 360D 9540 046U BUeD Gled 1lUS,eu
1.0 70 1240 19,0 250U 3540 21eV 6545 7762 90e6uU
3a0 55 110 18.5 25e0 2660 536U 6840 Bcel G356V
440 45 1060 1865 250 660 5360 680 8LeU 936V
560 245 BeO 16e0 220U 354U 4TeU ©6leU T4eU BHeuU
6e0 le5 760 14,0 21eu 3440 464U 586U T eV 8340V
1240 Oe5 55 1240 19e5 3240 436U 5040 68eU 7845
13.0 Oe5 565 12e0 1965 32¢0 43eU 5660 68BeU T8Be5
1540 460 8e5 16.0 £3e0 3060 47 40 6les0 T4 eV 8640
1640 Oeb 340 BeU 1560 <2645 3Te0 4545 6062 Tled
17.C Oed 3e0 8.0 150U 2665 376U 4945 60e2 Tle5
18e Ce5 340 BeU 15U <c6e5 2Teu 49e5 6HUed> Tled
19.0 le0 440 Gell 1660 2760 35540 5265 63eV Theu
200 le0 460 GelU 1600 270 39U D265 634U Thal
4740 0«0 le0 55 11e5 2065 31le5 42¢0 525 6165
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1240
1260

1940
l9el

Z6e0
260

46U
344U

4040
4040 *
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D. Semple Celculations

The procedures used for data analysis can best be presented by
showing a typical detailed computation for a specific test. A test,
designeted E-II-7CV, was arbitrarily selected for this purpose.

General test conditions are described by the designation:

Fluid (E) 85% by weight glycerin and water
Aspect ratio (II) L/D = 2.17
Wall heat flux (7) Nominal current through resistive coating

on outer wall was 7 emps.

Operational mode (C) Power level was increased during course
of run in an attempt to maintain constant
heat flux to the fluid

Surface condition (V) A thin film of stearic acid was present
on the liquid surface to prevent exces-
sive vaporization of water.

Before considering the data from this test, some general observa-

tions about the system sre pertinent.

1. System Geometry: The enclosure was a vertical cylinder

outer dismeter 8 in.
wall thickness i% in.
inner diemeter 7 % in.
liquid depth 16 in,

enclosure volume filled
with 1iquid 0.4 ft.° (3.0 gal.)
outer wall surface area

(heated section) 2.8 ft.2
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inner wall surface area

(heated section) 2.6 ft.2

Heat Capacity of system:

a. Walls
Data for Pyrex 7740
P =139 1b/£t3
[o]
c-p = 0,2 BTU/1b F

Q

Wall heat capacity _ W - e Cp(wall thickness)

unit surface area AWAT

Q
i . ) = BIU
I 5T ° 139(0.2) (75 73) = 0.725 w2 oF

b. End flange and gasket

Flange s 1 -in. thick steel, 11 in. dismeter

4
Gasket s -él -in. thick silicone rubber, 11 in. dismeter
Data: Steel Silicone Rubber
e 500 1b/ft> 80 1b/ft’
¢, 0.11 BTU/1°F 0.2 BTU/1b F

End flange and gasket heat capacity =

2

D
7 (oo eateimnse] ]
7 C’Cp(thickness) + [(Dcp(thickness)
steel silicone
rubber
Yog 7 (1) (500 (0.12) (20) + (o) (0 2)(_1)]
AT = 4\12 ° 48 *=/%96
Q .
end _ BTU
XT = 0,865 oF
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¢, Fluid heat capacity

(gc) o~ 48,0 —BE0
P gsg £t° oF
glycerin

In the temperature range from 70°F to 150°F, the value of

(Qcp) ranges from 47.0 to 49.0.

friuig _ m° X
AT 4 P

[

Q ) 2
~fluid ™ /7,375 ;Lé) = BTU
A T -Zi- ( (12 (48) - 1900 OF

d. Ratio of ernclosure heat capacity to fluid heat capacity

Enclosure heat capacity = walls and end

Enclosure Z%f = 0,725(2.7) + 0.865
= 2,83 BTU/cF
‘A e c—g— -
Fluids y S 19.0 BTU/oF

For a given temperature increase:

Q.. ‘
agaglgéﬂzé = 5%433 = 0.13 (13% loss to enclosure)

enclosure + fluid

2. Other system heat losses:

a. To sair outside cylinder
Heat transfer is by natural convection and the formula given by
McAdems (54 for heat transfer to air outside heated vertical cylinders

may be used,

. ’ATO 1/4
hO = 0,29 T
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[

where L = height of cylinder (ft)

T outer wall temperature--ambient temperature

(o}

1]

For a test with a 16-in. heated vertical cylindrical section:

1/4
8 . 1 5/k _ 5/4,
A - 0.29(1.33> ATO = 0027AT0

0

Since the heat flux of interest is that at the inner wall, all heat flux

values are based on the inside wall area.
Q _ 5/4 [ 2.8
(Ai - 0.27 AT 2:
embient
- 5/4L  BIU
0.29 AT, >
ft

In order to estimate the ambient heat loss, the outer wall temperature
of the enclosure must be known. Because of the constant wall heat flux
boundary condition, a vertical temperature distribution in the wall
existed. Sparrow and Gregg (98) have shown that use of a midpoint
temperature in constant well temperature natural convection correlations
for heated vertical plates closely approximates the results of a con-
stant wall heat flux 2nalysis in prediction of heat transfer coef-
ficients. Consequently, the outside wall temperature was assumed
constant end equal to the average fluid temperature (which has been
found to be nearly equal to the vertical midpoint fluid temperature)

plus the temperature differential across the wall.

AT - ( 9) {wall thickness)
vall A fluid kwa]_]_

) BTU #
Data: k = 0.65 prt oF | Dyrex 7740

- (9 . 5 1
ATya1n = (A)mum 2 x 16 (0.65)




236

oF

AT .. = o.04(9>
wall B/e1u1a

»
Therefore AT = AT + 0.04 a
fluid

AT* = averege fluid temperature Inexeas e

b. Initisl heating of enclosure wall
Before full heat transfer to the fluid can occur, the necessary
temperature differentisl across the wall must be established. This
differentisl was computed in the preceding analysis. Assuming a linear
wall temperature gradient, the average wall temperature is just one-half

of the over-all gradient.

Tnitial wall heating = (total wall heat capacity) x (0.5) x (ATwall)

(0.725 x 2.7)(0.5)(0.04) 3)
fluid

Initisel wall heating

i}

i

0.0392 (%) BTU
fluid

The time required to establish the initial wall gradient may be

estimated if (%) is assumed constant
fluid

0.0392 (%)

4 “— fluid

initisl ~ (g) A

vall heeting B p1uia

initial o BPE - 015 br = 0.87 min.

wall heating
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c. Veporization of fluid from liquid surface
For a test in which the liquid depth is 16 in,, the volume of the
vapor space over the 1liquid is 0.2 ftB° The volume is enclosed
although not sealed. Openings in the upper flange were packed with
woven asbestos tape to permit gradual release of vapor and prevent
internal pressure build-up. If it is assumed that saturation pressure

is maintained in the vapor as the liquid is warmed, and that no conden-

sation occurs on the walls, then the energy loss by vaporization may

be estimated.

saturation specific Volume
Data: Fluid T oF P(mm, H of Vapor _ft”/1b
Water 700 18.8 868
1700 311 62
Glycerin 700 2 x 1074
1700 3.3 x 1072
2700 2 2100

Because of the very low vapor pressure of glycerin throughout the
range of temperatures which were investigated, the effects of glycerin
vaporization are negligible in comparison to those for water. An
estimate of the mass of water vaporized in the vapor space of the
enclosure when the liquid is heated from room temperature to about

1700F is (assuming initial vapor concentration is negligible):
s - 211 S S
Mass water vaporized = 560 X 0.2 x 2 = 0.0013 1bs.

The latent heast of vaporization at 1700F is 996 BTU/1b for water, so

(Energy 1088)1700 « 1.3 BTU

The energy required to heat the bulk liquid by 1CO0°F is:
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T 2

Q «— 48 (0.4)(100) = 1920 BTU

liquid

The fraction of energy lost by veporization is negligible if no
condensation occurs in the vapor space. Condensation was observed in
initial tests with water, so a surface film of stearic acid was used
to reduce surface vaporization. Condensation was not observed when
the surface film was present.

In the few tests in which condensation occurred, only a rough
estimate of the smount of condensate was possible. The actual surface
loss could have been increassed by as much as a factor of 100, Although
this still would have been only 5% of the total energy input, obviously
the energy loss occurs from the surface regions only and the behavior

of the surface fluid could be severely affected by this loss.

d. Heat loss by conduction to unheated portion of wall

An approximate estimate of the magnitude of wall conduction losses
was made by assuming the wall wes an & in. long fin, i% -in. thick,
and 87 in. wide with & constant heat transfer coefficient to air on

both sides.

/]
/ | —
To/ fT: Iw
/
A—sx i |
x=0 X=X q
lete =T T g =T -T
o o a a

where Ta = smbient temperature
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The conduction equation is

2

a8 _ (2hy, _
d2°(k‘w)e'0
X

and the solution is

0 cosh [(%) (Xf - X)]
S
o

) cosh [(g—kg)xfj

The mean temperature for heat loss to amblent is described by

2]
em tanh [(kw)xf

Zh
o (kw)xf

For typical values of:

(TO - Ta) =0, = 50°F

: BTU
k = 0,65 T ft oF Pyrex 7740
- - .
v = 3E in.
- 059 g M4
h0 = 0.29 Bm

2hy _ 2(.29)(16)(12 1/4 _ 1/4

By trial end error, assume 6 = 10F

o tem [(04)GD)] .
then —~ = =

® (34) (2 (2

0 34)(335) 34 (35

6

= = 044



2ko

Or B_ = 2.2°F,
m

Since the correct value of em would lie between 1.0 and 2.2°F, an epproxi-
mate estimate of the energy loss can be made by assuming a 2°F heat-up

of the fin for a 50°F heat-up at its base. This smount turms out to

be about 1 BTU which is negligible relative to total energy input to the
main heated section. The energy loss from the fin to the surrounding

air is also negligible.

3. Energy flux to fluid

The reduced tempersture data, as presented in Appenaix C, are used

to compute the average fluid temperature, which can then be used to
estimate the average heat flux to the fluid during a specified time
interval. In Figure 8-3 temperature profiles are plotted for three
time points during the tests 17, 24, and 29 min. Redial temperature
variastions are neglected and an arithmetic average of radial tempera-
tures is used at each data level., The validity of this procedure is
indicated by the dotted and dashed lines shown which represent the
center line and outer core temperatures respectively at 29 min.
The area under each profile was measured using a planimeter. If the
volumetric heat capacity of the liquid is assumed constant, then the
measured srea is proportional to the energy added to the fluid since
the beginning of the test.

As a basis, consider a square (Fig. §-3) representing a uniform
500F increase in liquid temperature. The energy represented for an

85% glycerin test with L = 16 in, iss
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2
m_
L et Al

O
[}

(0.4) (48) (50) = 960 BTU

The srea of the square equivalent to this energy input, as measured from
the original set of profile graphs was 15.6 in2°
Therefore each square inch of area under the profile represented

61.5 BTU of energy input. On the basis of the inside wall area, this

is equivalent to an average wall energy input of 2

(%) t = é%*% (planimeter measurement)
fludd *

= 23,7 (planimeter measurement) 225

ft

[

By subtracting the total energy at a given time from the total energy
at the next recorded time, a net increase in energy during the time
interval can be found and converted to an average heat flux value.
This heat flux is assumed to be the actual heat flux at the midpoint
of the time interval (Another procedure was to plot the total energy
as a function of time and graphically find the slope of the energy
curve at the time points of interest. The vealues computed in both
manners sgreed quite well (2 to 5% error), but only the incremental

method is presented here for simplicity)

From Run E-II-7CV

verage

e  Mossured A t @)at t @at] At £ T
e rea A o A average 2
tim

(min.) under curve

e
(1n°) Bru/et?)  (BrU/£t2)  (min.)  (min.) ;;.‘E’%z
17 7.63 1817 o5 7 205 812
24 11.64 276 } 67 5 26.5 805
29 1447 343
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The values of % were plotted versus time using the t values.
The values for (%) at the particuler times of interest, e.g. 17, 24
and 29 minutes in the above example since data were obtained at these

times, were then read off the curve drawn through these points,

4. Electrical Energy Input
Two sections of the system were heasted in test E-II-7CV, The

power was increased during the test to compensate for increased losses
to the surroundings. The voltages below are the sum of the voltsge

drops across each of the two sections.

Time Current Voltage Power

(min.) (amps) (volts) (watts)

0-10 7.0 112 785
10-20 7.3 117 854
20-35 T4 118.5 876
35-50 7.6 122.5 930

Note that the resistance of each section was measured to be & ohms.
The above values agree well with a two~-section series resistance of
16 ohms.

Following the convention of basing all heat flux values on the

inside wall area of 2.6 f£t° and noting that 3.413 BTU/hr = 1 watt:

(%) = (watts) 254%3 —222;5
elect * hr ft

input
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0
t elect. input
min BTU/br ft°
0-10 1030
10-20 1120
20-35 1150
35-50 1220

5. Average Bulk Fluid Temperature
Using the value to total energy input to the fluid computed in

part 3, the average temperature rise of the fluid can be estimated.

t
Q
W g
[s]

t

* 2'6 Q

AT = = dt

0,43 (2 f 2
(Vol) Qcp o

For the typical test, E-II-7CV, which had an initial temperature

of 8loF:
-t
time ‘y %dt AT m*==Ti+ AT
(o]
nin BTU/£t> oF _oF
17 181 24.5 105.5
24 276 37.4 118.4
29 343 46.4 127.5

#
The temperature, T , is used as a basis for computing all physical

properties of the liquid at a particular time.
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6. Over-all Energy Balsnce
Figure § -4 presents the results of an energy balance for E-II-7CV.

The electrical energy flux should equal the sum of the energy input to
the fluid, the losses to the surroundings and the losses in heating the

enclosure. The agreement is within less than 3%. Energy balances for

other runs are presented in Appendix F.

7. Computation of Normalized Temperature Rise
The values of temperature at %% = 0,9, 0.7, 0.5, 0.3, and 0.1 are

read from the profiles in Figure -3 and ere normalized by dividing

by AT*.

At t = 24 min.s

T AT an
.9 68.5 1.83
.7 48.0 1.285
.5 34.7 0.93
.3 22.0 0.59
ol 10.0 0.27

These values were plotted against a dimensionless time paremeter as
in Figure 4-13 in Section IV to give an idea of the temperature dis-

tribution within the fluid.
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1300 -
Initial wall — Input power level

1200 heating

]

1100 o

1000 |

Ll

7

900 -
800 -
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2
BTU/hr,ft
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To Fluid
500 -
Loo =
300

200 A

eandiE DA P -

100 A
]

T L] L L] L] e }
0 10 20 30 4o 50 60

Time from start - min

FIGURE 8-L
Energy Balance

Test E-2-TCV

85% glycerine, L = 1.33 ft, T, = 81°F, q, = 800 BTU/br, £t° (nominal)
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8. Computstion of Core Temperature Gradient

The core temperature gradient is defined as

Po .

dax

Q
215

or in terms of actusl data

%Eg .k (AT.9‘ AT.)
®@ e

: *
Again st 24 minutes in E-II-7CV, at T = 118, 4°F,

~ BTU Q BTU _
k = 00179 hr f,t OF 9 (A) “ 800 hr ftz 9 [A T°9 - ATol‘] e 5805OF

and L = 1.33 ft.

a0 (58.5)
00 - 917 80 - -
ax = Zaoo; (.8)(1.33) 0.0123

9, Computation of dimensionless parsmeters

Fluid properties used to compute various dimensionless parsameters

*
are evaluated, for the example, at T = 118,4°F. At this temperatures

cp = /8,2 BTU/ib °F
k = 0.179 BTU/ft hr oF
v =0.737 £t2/nor
B - 1,03 x 10 1/BTU 82
ky
Also, L =1.,33 ft
8 -8o0 BrUMr $t°
D = 0,61 ft.
t =24 min = 0.4 hr.
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Prandtl number

Pr =-3E = A 219

k.
c
€%

Graghof-Nusselt number

GrNu = _g§§ (%) 4 = 2,61 x 109

kv

Rayleigh-Nusselt number

RaNu = GrluPr = 5.71 x 10

11

Nusselt number (nominal, using empirical correlation

from Section IV, eqn 4-1)

Agsume turbulent flow:

Mo = 0.13 (Ra)Y/2
Nuz'/3 = 0,13 (RaN'u)]'/3

0.13)%/% (Ramu)Y/4

Nu =

_ 2
Nu = 0,217 (8.7 x 10%)
Nu = 189

Rayleigh Number

_ RaNu _ 9
Ra = o - 3,02 x 10
Grashof Number
Ra 7

Gr = = 1.4 x 10

Pr

,based on usual criterion,

(turbulenﬁﬂor nearly so)
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g. Fourier Number

at 0.179) 0

Fo = 15 = “(48.2) (1.33)(0.614)

fi

Fo = 0,0018

10. Correlation for Core Temperature Gradient

Use leminar model (transition retarded by presence of core

temperature gradient)

dae

foe) L/9
— 4.0 (Fo) ——3—-—7—
dx (RaN’u)1 9
de

o .0 (0,0596) _

The corresponding experimental velue was 0.0123

(about 4% sgreement).
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E. Summary of Reduced Data

The following pages contain a listing of the values of various
dimensionless groups, based on average fluid properties at a given time,

for each time point when the temperature matrix values were recorded.
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R
R REDUCED DATA IN DIMENSIONLESS FORM
R :
R N=1 PURE GLYCERINE
'R N=2 85 WT PERCENT GLYCERINE-WATER
R N=3 PURE WATER
R L IS HEIGHT IN FT
R M IS TIME FROM START IN MINUTES
R Q IS WALL HEAT FLUX IN BTU/HR=-FTZ
R p 1S PRANDTL NUMBER
R RN IS RAYLEIGH-NUSSELT PRODUCT
R F 1S FOURIER NUMBER (ALPHA)(TIME)/(L)(D)
R
0eb679M= 5,0 130609P=7999¢0sRN=1e34E089F=0400074*
Deb6T79M= 1440 160603P=6957¢0sRN=2409E089F=0400208%
Oeb6T9yM= 27,0 150409P=4873¢0sRN=2478E089F=0400399%

150405P=3493409RN=4,05E08sF=0s00660%
Oeb679M= 6040 145409P=2867¢03sRN=5,01E089F=0,00877%
Deb6TsM= 90,0 140403sP=1910409sRN=T7¢52E08sF=0.0130
0e67sM=120e05Q= 130,09P=136240sRN=1e04E09sF=0.0172
0e67sM=150605Q= 120,409P=102840sRN=1+436E09sF=0,0212
=067 9sM=180405Q= 120,0sP= B81l4e0,RN=1477E09sF=040252
L=0e67sM=210,05Q= 110,0sP= 655¢03RN=2.05E09,F=040293
N=19L=0e679yM=240,0,Q= 10040sP= 54840sRN=2435E09sF=0,0333
N=19sL=0e6TsM=274,0,Q= 100,09P= 46340sRN=2,8TE09sF=040376
N=1sL=0e67 sM=300405Q= 95,0sP= 40440 sRN=3,24E095sF=040410
Nz1sL=0e67sM=330,0,Q= 85,09P= 355,09RN=3441E09+sF=040448
N=1sL=0e6T7sM=360405Q= B80sCsP= 32040sRN=3¢58E09sF=0+0486
N=13L=0e6TsM= 4403Q= 26040sP=7285409sRN=3406E08sF=0600060%
N=1sL=0eb67sM= 12409Q= 350,09P=508940sRN=6415E08,F=0.00178%
N=1sL=0e6TsM= 2140,Q= 430,09P=286T¢0sRN=1¢44E09sF=0+00307*
N=19L=0eb67sM= 33,0,Q= 415,09P=1721¢09sRN=2453E099F=0400475%
N=1l9L=0eb6T sM= 46,05Q= 390,0sP=1162403sRN=3,86E099F=0.00655%
N=1sL=0e6TsM= 56,04Q= 375,09P= 838s0sRN=5433E09sF=0,00788%
N=19sL=0e67sM= 73,0,Q= 355,09P= 562¢0sRN=8s20E09sF=0401013%
N=1’L=00679M= 91,0,Q= 340409P= 395.0QRN=1001E10’F=0001244*
N=z1sL=0e67sM=106e0sQ= 340409P= 32040sRN=1455E109F=040144 *
N=19L=0e67sM=121,0,Q= 335,09P= 250409sRN=2400E10sF=0,01625%
N=1sL=0e67sM=139,0,Q= 325,03P= 23040sRN=3¢52E10sF=0401845%
N=1sL=14334M= 10,05Q= 2C¢0sP=5554,03sRN=5400E08sF=0e00074%*
N=1lsL=16e33sM= 30,0,Q= 66,0sP=4970e0sRN=1492E09sF=0,00221%
N=1sL=1e334M= 59,0,Q= 63,CsP=4114640sRN=2429E09sF=0.,00436%
N=1sL=1e33yM= 89,0,Q= 62,09P=349340RN=2,66E09sF=0.,00656%
N=19L=1e334M=120,0,Q= 6040sP=2980s09sRN=3,02E09sF=0,00882%
N=19L=1433,M=180,0,Q= 45,03P=2332409RN=3,06E09sF=0,0132 *
N=19L=1e333M=240,0,Q= 43,09P=1880403sRN=3476E09sF=0401755%
N=19L=1433sM=300,0,Q= 32,09P=160Te0sRN=3¢32E09,F=0,0219 *
N=1sL=1e339yM= 6,5,Q= 110,0sP=4873409RN=3,23E09sF=0,00048%
N=lslL=1e3394M= 16,0,Q= 120,09P=44T75,09RN=3489E09sF=0,00118%
N=lsL=1e33yM= 31,0,Q= 130,09P=3637403sRN=5435E099F=0.00229%
N=1lsL=1e33sM= 46,0,Q= 13C40sP=3100s0sRN=6438BE09sF=0,00339%
N=lsL=1e33yM= 87,05Q= 125,09sP=19100sRN=1,08E10sF=0s00636%
N=19L=1e33sM=118,0,Q= 110,0sP=150340sRN=1425E109F=0,00860%

Qeb679M= 45,0

Z2Z2Z222Z222=Z2
L T T T O T 1 T | O 1 A T N T I
o W W W VM ¥ Y Y v e
rrrrOrrrrrrer
(T L | I T A T B T I I 1
OO0 OO

{ S T | R { N O T |}

R e a  J Srpurarar

% % %k k %k k k k X X



N=1sL=14334M=149,0,Q=
N=19L=1.33,M=180.0’Q=
N=19L=14334,M=209.,0,Q=

N=1sL=1e334yM= 15,0,Q=
N=1sL=1e33yM= 31,0,Q=
N=1l9lL=14334M= 46,0,Q=
N=1sL=1e334M= 58,0,Q=

N=1yL=1433,M= 75,0,Q=
N=19L 1.339M= 91.,0,Q=
N=19L=1433yM=104,0,Q=
N=1sL=1e334M= 10,0,4Q=
N=1sL=14334M= 18,0,Q=
N=1y9L=1e334M= 26,0,4Q=
N=1,L= 1.339M= 33.090=
N=1sL=1e334M= 42,0,4Q=
N=1lsL=1e33,M= 48,0,Q=
N=1yL=149694M= 4,0,Q=
N=14L=14969yM= 10.,0,Q=
N=1sL=149694M= 20,04Q=
N=lsL=1e969yM= 37,0,Q=
N=1lylL=14969yM= 56,0,5Q=
N=19L=14964M= T76,0,Q=
N=19L=1496sM= 96,0,Q=
N=1sL=1e96yM=122,CsQ=
N=1sL=1496sM=149,0,Q=
N=19L=1496yM=180,0,Q=
N=1sL=14964M=211,0,Q=
N=1sL=1e969M=240,0,Q=
N=lolL=1e969yM= 3404Q=
N=lsL=1e96 M= 9.0,5Q=
N=1lysL=1e96sM= 16,0,Q=
N=1lslL=1496y,M= 25,0,Q=
N=z1lsL=1e969sM= 32,0,Q=
N=1sL=1e4969M= 43,0,4Q=
N=lslL=1e96sM= 53,0,Q=
N=1l9L=1e96sM= 63,0,Q=
N=1lsL=14969M= 69,0,Q=
N=29L=1033’M= 23.0,Q=
N=2sL=16e334M= T71,0,4Q=

N=29L=1.339M=111.09Q=
N=29sL=1e334M=160,0,Q=
N=2sL=1e¢334,M=204,0,Q=
N=2’L=1.33,M=268.0’Q=
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RN=2e44E119F=000089%
RN=2e74E11sF=0400134%
RN=2¢T73E11+sF=0.00180%
RN=1489E11sF=0,00045%
RN=6e42E119F=0400091%
RN=7¢37E11sF=0.00138%
RN=8455E119F=0,00185%*
RN=4413E11sF=0400022%
RN=T693E119sF=0400045%
RN=1e31E12+F=0.00068%
RN=2431E129F=0400092%
RN=5,98E109F=0,00025%
RN=1413E11,F=0.00037#
RN=1e17E11sF=0,00050%
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e

N=2,L70e56sM= 3,0,Q=1240405P=5468)
12350 =04569M=  4409Q=1390,05sP=2e53)
N=3,L=0e569M= 54C9G=1435,C9P=5432)
N=33L=0¢569M=  640,Q2=1445,05P=5418)»
N=34L=0,56yM= T7405Q=15004CsP=5405,
N=23L=0456sM= 8409Q=142040sP=4486)

N=33L=0e569M= 9403Q=1330,09P=4474)
N=33L=0,56sM= 10405Q=130C40sP=4e63,
N==1% ’

FORTRAN PM (MAIN)(ENTIRE),ALL

RN=1437E11sF=0400075%
RN=1e62E11sF=0.00100%
RN=1¢81E11sF=0.00125%
RN=1492E11+F=0400149%
RN=2408E11+sF=0.00178%
RN=2,4,11E11sF=0400204%
RN=2407E119F=0.00227%
RN=2,10E11+F=0.00259*
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F. Energy Balances

Figures 8-5 to 8-7 show energy balances for typical tests in a
graphical form. In Fig. 8-6, the energy balance for the test in which
the power level was changed suddenly during the course of the run is
presented. Techniques for computing the various contributions to the

energy balances are given in D. Sample Calculations.
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G. Physical Properties of Fluids

The fluid property values used in this study were obtained by a
three-point Lagrangian interpolation scheme using reference values for

each property at 2000, 40°c, and 70°C. (57)

—

TABLE IIT

Reference Points for Evaluation of Physical Properties

Fluid Glycerine 85% Glycerine Water

Temperature [0°¢ L0o%c 70°% [20°% u0%c 70°% |20°% u0%c 70°c

L (liq)
gm/cc 1.261 1.249 1.229{1.222 1.209 1.190/0.998 0.992 0.978

c },(liq)0
xBal/kem,°C [0.57 0.59 0.6k [0.61 0.64 0.68 |1.0 1.0 1.0

//4(liq) cp. |1410 284 s51.6 |109 33.5 10.0 [1.005 0.656 0.4061

k (liq)
kcal/m,hr, C|0.245 0.245 0.245[0.267 0.266 0.266]0.508 0.536 0.576

B (1iq)
xlOu/oC 3.8 4.5 5.2 |49 L9 6.66]2.0 L0 5.9
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H. Computer-Prdgrams

Three programs are included in this section. The first program
permits computation of the functions E* and Mf using the laminar,
constant wall heat flux boundary layer model for the laminar case.
The value of the constant core temperature gradient and the Prandtl
number must be specified. The curves shown in Fig. 3-1 were
generated by this program.

The second program is similar to the first except that the
turbulent flow temperature and velocity profiles are used in
formulating the model. Figure 3-2 was obtained from this program.

Finally, a program for calculation of core temperature

"distribution during the initial period is presented. In this

method, the boundary layer and core regions are divided into

N vertical increments and the constant core temperature gradient
assumption is made over individual increments only. Starting with

an isothermal core, the boundary layer flow and exit temperature are
computed using the energy function for the laminar case. It is
assumed that the topmost core increment will be filled with a
constant flow of boundary layer fluid at the computed TL in a certain
length of time DELTAU. During the next time increment, the effect

of the change in temperature at the top of the core is considered in
computing a new DELTL and DELTAU. Because of plug flow in the core,
the core temperatures are moved down one level after each time increment.
Results of this iteration up the boundary layer and in time are shown

to generate core temperature profiles like those in Fig. 4-23.
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* MAD

TRANSIENT NATURAL CONVECTION WITH CORt GRADIENT
ENERGY AND MOMENTUM KARMAN FORMULATION
LAMINAR CASE, CONST Q

g4 0300

DIMENSION E(2), Y(2)
INTEGER Ns MAXNs Is RKSUBes NFLy Z
START READ AND PRINT DATA nNFLs TINITs Qs PRy MODGRS
1COREGRs Ky Ly Zs MAXNs XINIT ‘
WHENEVER NFLeLoOs EXECUTE EXIT,
C=MODGR 4P +Ce25
H=C*L /MAXN
X = XINIT
ESTAR = X
MSTAR = XePo1,400
Y(1)=ESTAR
Y(2)=MSTAR
HPRINT = Z#H
XPRINT = X-H
ST1 WHENEVER Xo¢GeXPRINT=H/240
EXECUTE PRINT.,
XPRINT = X + HPRINT
END OF CONDITIONAL
W'R XeGEeL*Csy T10O ST3
ST2 I = RKSUB,s (2sYsFsXsH)
W'R Y({1)eLeOsOs T'O START
W'R Y(2)eLeOsOs T10O START
R 1+Ee2s T'O ST1
EXECUTE DERIV.
TYO ST2
INTERNAL FUNCTION
ENTRY TO DERIV,
F(1) = 1e0 = (560%((PR/60+0) ePe0e&)*((10e0/(0e8+PR))ePe0e2)
1#((Y(1)#Y(2))ePe0s333)% COREGR)
FU2) = (7e¢0/4¢0) % (((0e8 +PRI*¥(Y(L)*¥Y(1)/Y(2) )ePe0eb66T)
1=(PR¥Y(2)/Y(1)))
FUNCTION RETURN
END OF FUNCTION
INTERNAL FUNCTION
ENTRY TO PRINT,
EXECUTE DERIV.
PRINT RESULTS Xs Y(1)y Y(2)s F(1l)s F(2)
FUNCTION RETURN
END OF FUNCTION
ST3 CONTINUE
CM = ((6060/PR)ePe0eB)*¥((10e0/(0e8+PR)})ePe0eb)
CE = 60,0/PR
E = CExY(1)
M = CM * Y(2)
ESTARL = Y(1)
MSTARL = Y(2)
DIMFLO = (E#M),Pe0+333
DELTA (E*E/M)ePe04333
NUSSL = 2,0%C*L/DELTA
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DTBARL = Q¥DELTA/(5,0%C¥*K)
DTCOR Q* COREGR / K

TCORL TINIT + (L*DTCOR) .
PRINT RESULTS TINITs PRs Qs MODGRsy COREGRs Ks Lo

1Csy CEy CMy ESTARLIMSTARLsEY My DIMFLOs DELTA
2y NUSSL, DTBARLs DTCORs TCORL

T'O START
END OF PROGRAM
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TRANSIENT NATURAL CONVECTION WITH CORc GRADIENT
ENERGY AND MOMENTUM KARMAN FORMULATION
TURBULENT CASEs CONST Q

DIMENSION F(2),y Y(2)

INTEGER Ny MAXNYy Iy RKSUBes NFLy Z

READ AND PRINT DATA NFLs TINIT, Gy PRy MOUGR,
1COREGRs Ky Ls Zy MAXN, XINIT

WHENEVER NFLJLCy EXECUTE EXIT,

C=MODGR+PeCe25

H=C3#L /MAXN

X = XINIT

ESTAR = X

MSTAR =  XePel 116U 7/ 740 )

Y(1l)=ESTAR

Y(2)=MSTAR

Al =T7,0%(340/840+3e¢0/11a0+1e0/36e0-140/9¢0-240/1240

1 =6e0/2340=460/2960-140/3740)

Al = TeO0%(140/8e0+3e0/11e0+100/3640=440/15e0=440/2940)
A3 = T40%#(1e0/940+2840/2340+T7040/37e0+2840/5140+140/65460
1 "100/200"28.0/1500-14.0/1100-400/2900)

A4 = 041250 !

A5 = 0,022590

CE = A5 / ( Al ¥ (PRWP404667 ) ) X
CM = ( CEePe(1340/14,0)) * (( A4 / ( AS¥A3%(PRsP.0e333)

1 * (( 11eC/7e0 ) + (A1 * (PR9P000667) / A3))))0P0(900/14.0))

HPRINT = Z¥*H

XPRINT = X-~H

WHENEVER XeGeXPRINT-H/2,0

EXECUTE PRINT.
XPRINT = X + HPRINT

END OF CONDITIONAL

WIR XeGESL*¥Cy T10 ST3

1 = RKSUB. (25YsFsXoH)

W'R Y(1l)elLeOosOy TtO START

W'R Y(2)eLaeOs0Os T10O START

WIR I4E42s T'O ST1

EXECUTE DERIV.

T'O ST2

INTERNAL FUNCTION

ENTRY TO DERIV,

F{l) = 140 = (A2 * PR % ( CEePoe(8¢0/740)) * (( A4 /
1 ( A5 #* A3 * (PRePe0e333) * (( 1140 / 70 ) + (Al *
2 | PReP 40 +66T7) 7 A3 1)) )ePal260/760)) * (L Y(1) * Y(2))
3 ePel440/94C)) * COREGR )

Fl2) = (((1140/7e¢0) + ( Al * (PRePe0eb657) / A3)) *

1 € Y(1)ePa(134079e0)) /7 ( Y(2)ePe(540/940)))
2 = { Al #* (PRePe066T) * Y(2) / ( A3 * Y(1)))

FUNCTION RETURN -

END OF FUNCTION

INTERNAL FUNCTIOCN

ENTRY TO PRINT,

EXECUTE DERIV.
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PRINT RESULTS Xs Y(l)s Y(2)s F(1l)s F(2)

FUNCTION RETURN
END OF FUNCTION

ST3 CONTINUE
£ = CE¥Y(1)
M= CM % Y(2)
ESTARL = Y(1)
MSTARL = Y(2)
DIMFLO = ( E # M )ePe(4e0/940V)
DELTA = EoPe(8e0/9eU) / ( MePol1le0/960) )
DTCCR = Q * COREGR 7/ K
TCORL = TINIT + (L*DTCOR)
NUSSL = A5 * C % L * (PRePe0+333) *

1 ( MePael4e60/940 1)) / ( EePe(540/940) )
DTBLL = Q@ *# L / ( K * NUSSL )
DTBARL = Al # DTBLL / A2

Tw = TCORL + DTBLL
PRINT RESULTS TINITs PRs Qs MODGRy COREGRy Ks Ly

1Cy CEy CMy ESTARLJMSTARLsEs My DIMFLOy DELTA
2y NUSSL, DTBARLs DTCORs TCORLs TWs DTBLL
3, Als A2y A3y A4y A5

T'0 START

END OF PROGRAM
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MAC PRCGRAM LISTING cee cece e

PROCRAM TC CALCULATE INITIAL PERICD
CCRE TEMPERATURE PRCFILES, VERTICAL CYLINDER
LAMINAR MODEL, QWALL

CIMENSION T(10), ES(1C), FINEES(100)
INTEGER MyNySsMAXMyMAXNsMAXSyNFL
START REAC ANC PRINT DATA NFL, MGCGRy PRy Qs Ky NU»
1 Ly Ry MAXN, MAXN, MAXS
WHENEVER NFL.L.O, EXECUTE EXIT.

TIME = C.C
THROUGH SETs FCR N30s1¢N.G.MAXN
SET T(N) = C.C

CELTAU = 0.C

C *# MOCGR.P.0.25

CE = 6C.C/PR

CELCX = C=L/(MAXN#MAXS)

PRINT RESULTS Cy CEiy DELCX

THROUGH ST4, FCR M=141yMeG.NMAXM

EStC) = C.C

ES{1) = C#L/MAXN

THRCUGH ST2y, FCR NS2914N.G.VMAXN

THROUGK ST1l, FCR S=1419S.G.NMAXS

COREGR = K#MAXN®#{T(N)-TI(N-1)) / (Q # L)

FINEES(C) s ES(N-1)

FINEES(S) 5 FINEES(S-1) + (( 1.0 - 1.543 # (PR.P.0.20)

1 + COREGR = (FINEES(S-1).P.C.80)) # DELCX)

ST1 CONTINLUE

ES{N) = FINEES(MAXS)

PRINT RESLLTS M, ES{N), TIN), CCREGR

ST2 CONTINLE
CELTAU = €é.0#L=2R / (MAXN=NL#(CE#ES{MAXN)).P.0.80)
f CELTL = C#NU=CE=ES(MAXN)=#MAXN#DELTAU

1 /7 (30.0=K#CxR=L)

TIME = TIME + DELTAU

THRQUGH ST2, FCR N=191lyNeG.MAXN-1

TIN) = TIN<1)
ST3 CONTINLUE

T(MAXN) = T(MAXN) + CELTL

PRINT RESULTS M, TIME, DELTAL, CELTL
ST4 CONTINLE

TRANSFER TC START

END OF PROCGRAM

THE FCLLCWING NAMES HAVE CCCURRELC CNLY CNCE IN THIS PRCGRAV.
CCMPILATICN WILL CCNTINUE.

VAXM
MOCGR
NFL
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