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__égmgégzzanq_Abatragt

The controlied stebllity of the longitudinal end
lateral motions of the N. A C A. average alrplane is |
investigated mathematlcally by finding the roots of
the stability equatrons and by solving the disturbed
motion duggatmospheric gusts, The non-dimensional
derivatives of the average airplane are used in‘the
equations of motlon so that the results arve believed
to be applicable to all kinds of airplans of conventional
‘design | | |

Chapter I treats the controlled 1ong1tud1nal motlon
with the control system giving a stablllzing moment as
a functlon of the sngle of inclination in pitch. The
effect of control lag enters 1nto the equatlon/of motion
as due to the inertia and damnwng of the control svstem,
maklng the ﬂxmak ﬁmnm&mﬁ ke stabillty equatlon hﬂﬂﬂma |
a .sextic. The motions of the control and the controlled
member areAsolved and thoroughly disoussed. The effect on
the x@R& stabllity due to a consbent time lag is investigated
and compared with that due to inertia lag.

Ghepter II deals With the controlled‘longitudinal
motion in generel.vThe effects of varying the static
stability of the airplane and of varying the tail size

on the controlled‘stability as well as the disturbed



motion.

Chapter IIL treats the controlled lateral motion
in general.Effééts due to conétant time lag are examined.
The stability snd mmrkzakisd the disturbed motion due
to rolling gust are’soived>under nearly all possible
variationsg of the\airplane characteristics. The motions
produced by rolling and yawing moments due to control
operation are solved fof various airplane characteristics.

Finally,the poSéibility‘of two-control operation
is examined in Chapter IV. Both the controllability
and the cdntrolled-stability are‘investigaﬁed. Comparisons
based on ‘
kekwasmv the required airplane characters and the relative
controllabllity between the rudder-elevator and the
aileron-elevator control systems are made. |

A method of solving the roots of the Quartic,Quintic
and Sextic equations with good accuracy and smesxx
consliderable swim saving of labor %%a presented.

The use of M,I.Tqufferential Analyzer in solviﬁg
the. disturbed motion due to'atmosphéric gusts is describbd.
The following éoints are thg main results and conclusions

of the research.

-



Results_snd conclusions_on_the mathemstical part of_the

stgbillty research

a2.The M.I.T.Differential Analyzer is fdund to be the
most efficlent method in investigating disturbed
motions due to gusts when a great number of gsolutions
under various airplahe characteristics are desired.

- b.The method of successive approximation in solving
the roots of the Gubic,Quartic,quintic,and Sextic
equations involved in the‘longitudinal end lateral
stability problems is so efficient In saving of
labor that the examination of Routh's Discriminant
1s no longer worth doing. It is’épplioéble tb all
possible cases involved in longltudinal and lateral
stability problems. |

¢.The correlation between the stability criteria end
the magnitude of disturbed motions 1s seen to be
unique despite the difference in the nature of the
.problem. ForAall kinds of motions,in order that the
disturbed motién be satisfactorilﬁ small, each mode
of motion must be properly dampéd;rThe degree of
damping should~be measured in terms of the number

of oscillations damped to helf rather than tne time

to damp to half amplitude.



The mumber of oscillations damped to half should be
smailer than 0.6Afdr satisfacbory controlled stability.
d.Thé effect of‘oéntrol’lag 1s seen to decrease thé-damping

far the short oscillations. The effect of inertia lag
is essentially equal to that of the constant time o
1ag,ex§ept in 1ts possibility of overshooting.
. e.The logic of siyple vibration system is still applicable
to the,¢6mpliCated stability problemsl In 1ongitudihal
»,motion,wﬁhe‘sum of the damping in the long and shoft period
modés‘of motion 'ié aiways equal to the sum of ,mq,
x,, end 2W despite the magnitude of the other derivatives.
The control derivatives,such as‘meyderived from dis-
élacement control can only équalize the damping
~among the two modes of motion;but cén not introduce
extra damp;ng to the controlled system. In the lateral
modion, the devivatives due to aileron aﬁd rudder control
~as weli as 1 mmd n and n_ end 1. can only influence -
the relative distribution of the demping among various
modes of motion. Only lp,nr and y _ are responsible for
sum of the damping of the system.
f.The effectiveness of the error-control derivative lies

in ikz thelr ability toxﬂ§§§g§§§ %%% proper amount of

 damping for all modes of motion.



Results and conclusiong for the nurnosge of airplane

a.The check of satisfactory stability should be carried
out on the controlled stability equations.

b.The control derivatives due to elevator,rudder, and
ailleron opefation cen estimated by the fodlowing
expressions,
(1) =1/b (acL/aa! aav/am(aﬁ/ae)(s'/s)
(2) 1¢—(2/a1)(av/8©)(80 /a*r)
(5) n¢-(2/o )(ay/ad))(ac /3y)
4) n.¢~(l/c (ac'/aa )(aa'/an)(an/atj) (st/s).

c. For proper damplng of short oscillations due to control

lag,
1l_must be greater than pl,t
» grostor then pilh,
n, rst be greater than Pnﬂtr
m must be greater than t
g & [evg
d. For a control system having a natural undamped period,
Tn, the equlve.lent constant time 1ag,tg can be
estimated as t = .25 T .

‘e.Foar comfort flight, mw= 0 for cruising speed,horizontal
flight should be sought. mq should be as large as
possible (limited only by controllability).

f.Control devices giving mquq can be used together with

mg control to achieve optimum performance.



g.Due to the extreﬁely large éontfol laé‘in using throltle
control for iongitudinal stabilization,it is not
advisable.to xzmex do soO.

h.Neither adverse nor favorable yawing moment due to
aileroﬁ‘xxx is desirable for convenbionai airplane.

For satisfawvtory aileron designm,

( )

oy /2y
(eqAnx(y d + yng)/ (7 L 4pl)

at high angke of attack. If . 1s small, and 81= ¢y

€, /C, must be smaller than

' then, Cn/Cl muist be gmaller then nv/lv,.

1i.For an average airplane, n = .5 to 1 gives good stability
and controllability. Too large n_(such aé”larger thén
+2) make the rudder control ineffective,and too small
n, éuch as smaller than .25,the long oécillatiop is
unstable. ‘ |

j.The smellest 1, should give (Fcle)(an) = 100
at low angle of attack. -

k.For two-control operation using rudder-elevator
system, a large dihedral approximately ten to twenty
times larger than that of the average alrplane
should be used. The tail size should be frbm two
to four times ke larger then the tall of the average

airplane,

1. The dihedral for an airplane using aileron-elevator

- control should be very small or even negative. The tail

size should be very’large,apprOXImately twice as large



to four times as large as that of the average airplane.
The aileron must be operated according to the angle of
jaw as well as the angle'of roll, |

‘m.Due to the fact that thé yawing motion due to secondary
effect of the applied rolling moment lags behind that
produced by the direct effect of-yawihg moment emen for
‘an airplane hawing large n_ or static stabllity,it is
believed that the controllabllity for a rudéer—elevator
control system is gsuperior to thatffor an aileron-

elevator system.



Introduction

Theipresent status of stabiliyy reséarch héé been
& matter of‘controvepsial nature. It is frequently
| stated that there i1s uncertainty as to what is desited
in the stébilify characteristics. Aeronautical engineers
are used to judge the characteristics of the airplane
in terms of its inhefenﬁ‘stability,namely,its ability
to féturn to the original course after being disturbed.
They try to measure the stability characters in terms of
the period and damping of the uncontrolled airplane.
The judg§meﬁt would be true if the airplane is always
fl¥ing in a ealm and smooth air so that no gusts to
subject the airplane to digturbences in pitch,roll and
yav.'Hdwever,the airplene if unoontrolled,flying in
rough air Will»be disturbed so violently that it is
objectionablé'to its occupants. Furthermore, an airplane,
will not,by itself,return‘to any given course in azimuth
after a disturbance. It lacks the sensge of direction.
in order to bring ebout course stabilify, it is necessary
to provide a control operated by a device,haﬁing a
. sense of direction.,gsuch as a human pilot or compass-
controlled automatic pilot. Due to the control operation,
the stability characteristics are modified so that
the original criteria for uncontroled aifpiane may

" not apply at all to the controlled one.



AN

‘On the other hhnd,no control system is ideal itself.
It is subject to Gscillatitn end lag.in additlon to. '
certain parasite defects such as the adverse yawing
moment introd@ced by aileron. It is believed,therefore,
the stability of ﬁhe controlled airplane should be |
taken as the criteria for good control CharétersQ
As it is quite possible that the uncontrolled airplane
as well as the cohtrol system alone may have lgss desirable
stabilty characters,but their combination may give the
best compromise. '

It is the purpose of this thesls to investigate
the controlled characteristiss of the airplane and
derivp;the stability criteria from the most desirable

controlled motion.



Choghr

Longitudinal Stsbilization As A Function Of The Angle
| 0f Inclination In Pitch
l.Introduction. e
sutomabic stabilization as a function of the inclination

of the alrplane to the horigontal forms the basic principle

" of the Sperry and Smith Automatic Pllots which are now

most widély used in commercilal aviation. The Sperry Auto-f’
matic pilot has a gyroscope hung on gimbals in a fixed
position relative to the horizontal. This gyroscope,being |
cépable'of changing its position with respect tolfhe‘aifpléne‘
without encountering appréciable resistance,prodﬁdes,a._

deflection of the elevator control proportional to the

disburbed inclination in pitch © and thus opposes further . .

: increase in disturbances.

Jones™ pointed out that the manual pilot is most

sensitive to the disturbence of the angle of inclination O,

,Therefqre, it 1s believed that the study of the automats

stabilization as a fﬁnptioﬁ’of inélinafion leads in certain‘

degree to better understanding of the controlled long-

itudinal,stability of an alrplane controlled by manual -

pilof. ;
' In_thé foilowingfmathematical analysis,particular

attentlon is paid to the method of representing the con-



trol lag eand to the study of the éffect of conbtrol lag
on the control ahd the~controlled‘airplanekin’relation
' to their performances. As few theoretical studies of the
automatic pilotting in published literature to date pre-
sented satisfactory representation of the control lag,
the following analysis which involves complicated math-
matical manipulation, is believed to be worth doing.k
2. Equations of Motion | B
From the description of the Sperry Automatic Pilots
it is seen that in the control system,the elevators
are connected to a servo-piston which is moved by hydraulic
pressures The variation of the hydraulic pressure is a
function of the disturbed inclination in pitch 6. The
elevators are so connected that a negative pitching
moment is produced whenever a positive © 1is present
Let, s—Movement of the- servo—piston from its neutral position.
Equivalent mass inertia of the contral system
including the elevator surfaces.

§§=‘ quivalent Viscous damping force per unit rate

~?S 'of servo—piston displacement 8.
gE_ Equivalent driving force acting on the piston

~ per unit disturbance in e. |

v§§= Equivalent restoring force of the follow-up system

as :
~per unit piston displacement,s.



gg— The generated pitching moment M per unit piston

;;displacement,s.
‘Then, tne simultaneone equations of motion of a controiled
airplene can be written as follewe, o
_m(ﬁ-&-‘Nq)“uBX/au+WBX/6w+an/aq-l-mgecose Ceeeeecaiiaas (2 1)
m(w-rrq)—uaz/au+waz/aw+qaz/aq+mges1ne N -]
- B® —uaM/au+waM/aw+an/aq+saM/as Cereeeeraneeeea(2.3)
¥=00F/20+(-) $3F/38 - saF/as.................(2 ¢)
' The first two equations (2.1) and (2.2) are seme as the
stabillty equations for the uncontrolleéi&ﬁwthe X ahd Z
directions because no additional forces due to the con-
trol system are involved. In the third wquation (2.3),,
’the term,saM/as,in addition to thevuncontrolledAStabiiitj
equatlon in rotary direction about X-axis represents the .
pitdhing moment generated by the oontrol operation.
The fourth equation,(2.4) is the equation of motion of
an equivalent control eonsidered as a simple vibration
system of onekdegree of freeéom. |
‘ Following thelmethod ofltreating the nncontrolled
stabillty equations,the determinental equations which
characterlze the motion of the alrplane can be written ‘

e

as follows,



D-x X g 0
L D-TZW -80,-DU, 0 (2.5
_ L 2 | = 0o (2.5
My My o D -qu ’ Ms N : o
0 0 <F.  D°4DF, +F
e T & s

~ Vhere, D=d/dt, |
v'—- BX/au, M, =l aM/au ,etc. as defined in the
uncontrolled stablllty derivatives. |

Similarly, the follow1ng control derivatives are defined

MS—- E aM/as
Fg nllaF/ae
}s"S I%laF/as
}:?é= I:TLlcaF/aéx |

The dimensions of the above determinant are found -

to Be~as>follows, -

1/T 1/r 1/7° 0
/7 1/ttt o | —
/1L 1/1L /1% 1/nr”
0 o /T2 1/1°

‘Following the same procedure as in non-dimensionali%ing
'thelstability derivatives of the uncontrolled airpleane,
we multiply the derivatives of

~ the first row by T



ﬁhe‘second row by T
A' the .thirc_i row by LT
the feuftﬁ7row by T
the third colum by T/L
thewfourﬁh column by T
As in uncontrolled stabllity derivatives, we take

| ,L=the,aistance between the c.g. of the airplene

 and the c.p. of the horizontal tail area as the
uni% ef length ' ‘

ﬁ—the ‘mass of the airplane as the unit of -mass.
T—m/%Sﬂ’-uthe unlt of time. |
iand define F -m/ESL s |

A The'non dimensional determlnant is then as follows,

(é -x, —X chLeo"d<xq-PSinao)‘~ 0
i(g'gj;,-fk"_zu o d_zw ' Fquineo;d(zqfrcos ao)io
e ey mo - a ,..qu o pmg

o 0 - -t aHargHr

The four new non—dimenSional derivatives due to
:the 1ntroduction of control operation are ev1dent1y
defined as, , : -
SR 1., o
pmg =M x 102 = F aM/as x (L)‘ x ‘(m/gsu)h ceeneen(27)




rgv 0% T2/L == aF/ae x (m/ESU) /L ;.........(2 8)
fs— Fsgymz aF/as x (m_/Esu)2 ......f..,.(2.9)
f,=Fy x T = /m x aF/Bs(m/ESU)..........;..(2.10)

5. The TIdeal’ or no lag control.

If the control system possesses neltner mass 1nert1a
nor damping effect, the quantities , m, and fé are zZero.’
Then ﬁhekvariable s can be eliminated from the equattions

of motion by the relatibn s= (f /f ) x 6 so that

the control term Pmssbecomes . (fe/f ) 6 = Pme

where m is by definition,equel to m (£ /f Yoo (3. 11)

e
It ig seen that for 'Ideal! control the stabllity
‘équations charazterlzing the mqtlon of the airplane,
reduces from the sixth drder‘tp the fourfh one.
4.Expressions,for'the controlﬁderivatives.
Derivation.of m_and mg;
A Let, GL Lift coefficient for the horizontal.tail.
. 8! -Horlzontal tall area.
I= Tail length,= the distance between c.g. of
airplane_and c.p. of the taill area.
g = Elevator angle ~
d'= Tail incidence angle.

oCr,' /3at = Slope of the 1ift curve for the tail

plane.



Then, the pitching moment generated by the horigontal
- taill plane is, |
=(BCL/aa')a3eStP/2 L by neglecting slip
stream effect NI % B

Therefore, aM/as'=(aCﬁ/aa')S'EU?L(aa'/as).....,...(4.2)

Let, ' B—'bixnllalottoe;'ctooooctoooo.oo (4 5)

Substltutlng equations (4.2) and (4. 3) into (2. 7),
and write da!'/ds -(aa'/ap)x (ap/as), we get the expression
| m = 1/b; (ac'/aa')(aav/ae (ap/as)L(s'¢S) (4. 4)

)

and me‘=ms(fe/fs)l....‘.v.............-.; 0000(4: 5)

It is pointed out*by’Wéiéséfhat the nondimen31onal‘deriVatives;

fe,f and f.'can be most conveniently expressed in terms

of the damplng ratloj?and the undamped natural period

T, of the equivalent control system defined as follows,

P

Consider the control as a vibration system of one
degree of freedom. Then the equation of motion of the .
eqnivaient‘eontrol éystem can be written as,

1-:,-g+{-af‘/aé)d‘°’ +(aF/as)s = 0 if the external
force applied to the contral system is kept zero., h
It is found convenient in studylng the vibration equation
to define‘5 T! = Bﬂ/JFs as the undamped natural period
| | of the equivalent eontrol system.

Emdn 8= T8/ () pibioar = Fy/2(2m/Th)

. =damping ratio.



~as it is found out that when the vibration system is

‘critically demped, theAderivative(F.)critical‘is équai_4
_to 2(2n/T' . Thus, we obtain,by definition, o

| --(2n/T')a .,......,........:...........(4 6)
m&ﬁé=2%@m@ﬂ ””““.“”n”“.“(4ﬂ
_end FQ =F (as/ee) -(2ﬂ/T‘) (as/ae)..............(4 8)
' Substituting (4.6), (4 7) and (4.8) into equations (2 9),
- (2 10V and (2.8) respectively, we get .
'~(2i/T') (T)a— (Zﬂ/T )2 ir Tn-T'/T by expressing
the natural perlod of equlvalent contral system
in terms of the time unit used in the nondimen-
81ona11zing system instead of in seconds. ..(4 10)

‘ Similarly we ebteén,'

N fé= zf(Zﬂ/T )....."r..f...,.'.’ ooooo o‘oéoo';(4:.>l‘]_)'v"
end £ —(2n]T278(as/ae)/L........................94.12)
Ana since f /f '—(as/ae)/L ‘the expression for my "~

can be simplified from 94. 4) and (4.5) to
: e;-.l/bl(ac /aa')(aa'yaﬁ)(ap/ae)(s'/S)......(4 13)




5. Qualitative Discussion of the non-dimensional determinent.

~ The non-dimefisional determinent (2. 6) thought complicated
in its expression,can be arranged into a convenlent form

for dlscussion purpose being first polnted out by Weiss.x4

I ..J

It is noted that the minor of (2.6) formed by the first

three rows and columns is the determlnant for the un-- '

cqntrolled airplane. Denoting this minor by Q. and the

expresgion, d "‘xi;. -X byA, ,(2.6) can be

written as, o : . :
, , 5 _ ,
AN (A.)rx(-lmsfe)/’(a AL+ ) = 0.....(5}.1)'
Substituting (4.5),(4.10), and (4.11) into (5.1), we get

(/-\) P.me(A) + (Bx [(aT /2n)2+ 2§(d'r /2vt>’E' 0.(5.2)

Denote k —,Tn/27c (5 3)
(5.2) can be written as, }

(Al Pme(A) + (Agx(kad + 2§‘kd) N C )
~ The div:.sion mto three separate terms in (5. 4) makes
it clearer to see the physical signigicances.
For uncontrolled alrplane, the terms me, k, andﬁ are zero,
so that (5. 4) reduces to = A= 0 v.errn... . (5 5)

For 'Ideal! or no lag control, k and ¢ are zero,

so’ that (5.4) recﬁlucesg_to &) - ]mle(AQ =0 vees..(5.6)

/"



‘Let the coefficients of the quartic equation in 4

obtained from (5.5) for the uncontrolled airplene be

; - 4 .3 2. . q _
written as | Aod + Bod + Qod + Dod +E =0 e (5.7)
Let the quartic equation in d obtained from (5.6)

for the‘ideally' controlled airplane be written as

4 3 e _ .
It is found out by expanding the determinant, that
b =4 = ;'
Bl = ?o =
’ = - o ' : e 9 & ® ¢ % 0 0 " 0 0 00 0 e 0t oo [ ] .9
¢, = ¢, P E (5.9)
D, =D+ Pme(xu+ zw)
E

1 = B “<Fm9(xuzw_ zuxw).
Let the sextic equabién in 4 obtained from (5.4) -

for the real control be written as

a1a%+ 016° + cra? + aga® + e1a®

Y

+ f1d + g! = 0...(5.10)

It is found that ,

al= k2

bt; zﬁk + k2Bo

2

ot= 1 + 261B_+ k%0,

2 .(5,11)

d‘=B1+2§kBo+kDo R AR
o'=C + 2§k D_+&E
_l

1= :
£1= D + 2&1&:0
g'=E ;

1



The expressions shown in (5. ll) are very convenient,
as it~ is seen that when k and/? are zero, a! and b'
_are then zero,leaving 4

cl=1 J

at= Bl-

et= C1

f"'—"ADl
=R ; o
which are the coefficients of the 'Ideal' control.

Dividing a',b!, c' etc by a' throughtut, (5.10)

becomes d°+ B'a’+ cta + pradimia®

+F@+G*=.”me
It is seen that When k andj%are very large and approadh

iInfinity, such as when the elevator is locked, we get,

Vhich give coefficients for the uncontrolled aifplane
automaticallj.'ltrshould be noticed that démch of the
above spesial,cases;results a quartic equation from
the original sextic sne so that the additional degree

of freedom introduced by the control operation disappears.

/3
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6.Nﬁmerical,Investigation
| “  In order to enswer the following questions thAt,
a. What is the effect on the longitudinal dynamic stability
of ah;airplane of m introduced by the control % |
b. What 1s the modificgtion due to the presence of the
contfélk1nertia,represented by k and the conﬁrol
damping ,fepresehted‘byrg on the controlled 1ongi-
tudinal stability ?
c. What is the relation between the third oscillation
introduced by the additioﬁal degfee of freedoﬁ of
the control sgstem,( hereafter called control oscillation)
and the inertia and damping and spring effect of the
control system ? ' “
d. How is the disturbed motion of a contro&led alrplane
due to certain gust affected by the control derivative
me‘ahd the natural period and damping of the control
system ¢ '
it-is necessary to}carry out numerical investigation
based oﬁ the numerical values of certain airplane derivatives
which afe'well known to us. In the folloﬁing investigation
the serodynemic derivatives of the Fairchild 22 airplane
ére ﬁsed.‘The:aerodynamic chafacter of the ¥-22 airplane,
has beéﬁ thoroughly investigated in the N.A.C.A. stability
reééarchwprogram. Furthermore, as the non-dimensiénal '

deriﬂatives are used, the results obtained are belileved



to be very close representatives for all modern average
} ;

monoplanes, of the similar tyPe.

7. The aerodynamic derivatives and the charactefistics
of the F—22;high wing mono-plane67

a. Chavacteristics

Wing area ,8 eeeeeeveoccsossanen ceeessass 171 8q.Tt.

SPEN,D eeer'sevnnrnnernns e eieiieen.....32.83 T,

SEADLLLZET Y68 +vrrrnnernsennn e .....15.8 sq.ft.
' Elevator area O o Sqift.

Tall 1engbh,L oveee veveersenneeeeennnns. 14,69 £E.
WeL@EN, W vevn e enns eereieieeee....1600 1Ds.

Radius of gyration in DILCH «.....e...e.. 4.4l Tt
WINE SELEING + . vvvvnrnnnonnnnenns eeeeeala10,

b. Assumed flight condition
Ho:izohtal flight at air speed «......... 133 £.p.s.
‘Power -off flight at about 8000 ft.altitute where

the density of alr is P................;.0.0ozm‘slug/ft§

Baéed on’the above flight conditions,the fundaﬁental
units in the non—dimensional‘system are |
Unit of mass;m.:..........................50 slugs |
Tnit OF BLMe,Tuerrnnnrereerornneneesnnees 2 seconds
Unit of 1ength,L,...,;.....;....,.......;.15 £t.

quparameter, f...;.................,....20
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c.Tﬁe aerodynamié derivétives used?.
b d .........;......,........................ -e15
R R I I T L
- Z ...;...................................., -1.0
R AR PR R PR R -4,5

m...........'COQOIICQOOOOI”....".ll"... ..300

mOOOI'.O0.0oc.o"tocctco:o-t..oto-.oloooot“60

Go,a ,xq zq end mu are all assumed negliglble compared

with the other terms in the stablllty equatlons.
CLtff.....f.f..,........f.................. -.45

It should be mentioned here,that the numbers
given'hére ére Obﬁéiﬁed from the calculated non-
dimensional derivatdves based on measuréd fesﬁlts
rouned off to'thé nearest significanﬁ figures because
in the flrst place,the meesured quantlties are accurate
within 10% or so and in the second place,it is found
out that in solving the disturbed motions due to
gusts by means of the M.I.T.Differéntial AﬁalyZer,the
above roﬁndéd figures simpiify the procedure considerably.
a. Estimatlon of the control Characterlstlcs

Baged on the alrplane characteristics, it is found that

b = B/mLzoyoo»".Ooaotcocfttno0000.‘.000,.‘.'. Oolo

1. ,
acL'/aa"for tail aspect ratio of 3...... =-3.5
’S'/S .'.'...';.;;;.l..";.'..O...O..'..00..15%

YAl - RN OF -




- Substituting into (4.13) and (4.4), it is found that
my= -2.55(3p/26). e (7.1)
m= -2. ss(ap/as)L...................v.......k..(v.a)A

:From the data furnished by the Sperry Co. 8; it is‘
found out by mormal operation of the Gyro—nilot

: aﬁ/ae 0.25° to 0.8° elevator movement per degree

"7 Change of attitude.................O 25 to 0.8

.Thus; mé = 0.5 to 2 0O are the range for normal
opefaﬁion.'

Agaln, it is reported by Sperry Co. that 'A linear
motion of the servo-plston of 1 inch varies angular
control motion from 4° to 15° ' Thus

| as/as =4° to 15°/inch = .84 to 3.1 radians per ft.
With I = 15 ft., m_= 32.2 to 110 are the range for normal '
operafion. |

It is interestéd tope point out here that while
ﬁe;,being a function of the geéring ratio of control,is
physicaliy‘poséible to vary from O to infinity,is limited
to certain range for satisfadtOry control operation due
to the limitationfﬁggathe control 1agging effect. It is
later found that t?e my given by Sperry Co. checks
béautifully with the theorectically found ranges for

satisfactory operation. It is also noted that W81884
investigated the longitudinal stability for 'Ideal' control

by using m

o froﬁ éeré fo -0.5 which is on the small side



normal operstion _range._Klemin9 on the other hand,estimated

' after 00nverted into the non-dimensional system renges

from —2 to —20 whlch are on the larger side of the normal

operatlon range. It is believed by the Writer that Klemin'

method of estimatlng mg by allow1ng the angle of attack a
to vary as well as the independent.variable,e is subject
to criticism‘beesuse.it is centrary to’the basic principle
of partial differentiation.

'The control derivatives T g? f. and fg are knowvn by .
equations (4 10), (4, 11) and (4 12) if proper values of:%
and T are assu.med The exact values ofgand T dependsoon
the characteristics of the control system used. For a
given control system including the elevator smrfaces,the

values for‘Tnandj% can be eagily measured in a vibration

testihg 1aboratory7by'recording the response of the control

system due to an arbitrary initial disturbance in pitch..
The .spproximate values of Tn and% for such an equivalent
control system can be easily computed from the response
record based on the eiementary principle of vibration
mechanics.lo
For the purpose of numerical investigation for a

hypothetical control system, it is recommended that %’

ranges from O'to a value not much greater than unity be

¥

v



/7

used as;? equal tbyunity’is the case when the control
system is critically damped. T, should have a range not

mich greater than the short period of the short oscillation

deéérmined'from debivativés of the uncontrolled afrplane

or rather the ideéllyncbntrolled airplane as it is

‘ logical'ﬁo beiievé'that>when the natural périod»ofithe

control system is large compared Wiﬁh the period of thé
controlled meﬁbef,excessive control lag will result

unsatisfactory operation.



. 8. Tabulation of numerical results.

In the following tabulation of results,the symbols

. used are,

P. =
P, =
. P =

Period of long osciliations in T unit.

‘Period of short oscillation in T unit.

Period of control omcillation in T unit.

‘T1/2=-Time to demp to helf amplitude in T unit.

N

1/2=

a.Uncontrolled Airplane

A=1

o

(o]

o

B = -( x+ 2 + mq) ='10.65

= 92 X =X 7 ) + mexu 15.5

uw uw

GIPm Z )

The Quartic can be exactly factered Into

= 27. O

Number of oscillations damped to half amplitute.

c = X % +( xﬁf z )m - me 2 89.0

11

( a®+ 10.51d + 87.1 ) ( @+ 0.14 @ + 0.311 ) =

* Short Oscillation

Roots  Long Oscillation
‘ . P T = :
Pr.  Tise 1/2 'S 12 B
-5.25% 7.m11l11.3 9.9 .88 816  .132  .162
~0.07% .s531 |

Table 51

20



‘Ideal ! Control

Bi: 10.65:
C,= 89 -20 m,
| D,= 15.5 -95 m,
: E1= 27 -21.5 my
| C Table FR
Mol M B G D By
o I==710.65" 85.0 15.5 &7
.25 | 1 10.65 9.0 8.7 524
=50 1 10.65 99.0 62.0 37.8
.10 | 1 10.65 109 108.5  48.5
-1.5 1 10.65 119 185 60
}2 | 1 10.65 129 =205.5 70
-5 1  10.65 189 480.5 134.5 l
-10 1 10.65 289 945.5  242.0
mg Quartic in d factered into
0 (a®+ 10.51d + 87.1)(a%+0.14d + 0.311)= 0
-.25 - ‘(d?+;0.26 d +89.6) (a%+.391d + 0.362)= 0
.50 (a8+10.0 a + 92.3 )98%+.63 d + 0.41 )= 0
1.0 (a®+ 10.6d + 97.2 )(a%+ 1.06a + .50 )= 0
1.5 (a®+ 10.5 @ + 104 )9a%+ 1.44 @ +.58 )= 0
~®.0 (a®+ g.o1 @ + 113 )(a®+ 1.74 4 +.62 )= 0
-5 (d+ 7.8 d + 166.0)( A% 2.85 d +.81)= 0

=10 ( a2+ 7.15 d +263 ) ( d2+ 3.57 d + .92)=0



Tobk £3

i

Robts

N

L7

“infinity  2.56

periodks Time #ohalf 1/2
N —5T25 + 7.711 .816 .132 .162
e -.07 t*;555’i 1.3 9.9 .a78
1 - |-s.13+ 7.5 1 .79 135 171
m-®0 .96+ .57 1 | 11.0 5.5 .321
R L 388 19 .180
" |-.315 +.556 1 11.25 2.2 .196
5.3 + 8.3 1 .756 .13 172
1.0 | |
~.53 + .47 1 13.35 1.5l .098
| -5.15 + 8.8 1 715 J134 .187
e T 25.6 .963 .038
|-4.96% 9.2 1 669 14, 21
20 1 infinity  s8%@ 0
-.50 | infinity = 1.39 0
=349 tjz—.'é 1 o0l .1478 e 000
-5.ol’~2,54" infinity  .275 0
- .52 | imfinity  2.16 0
~ |-%.56 + 15.81 $397 0 .194 490
10.0/-3.31 | infinity  .209 0
0 | )
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c.Varrying me for a control system having k= 0.1;f;§o,5

al=".,01 . - Al=1
b1= .2065 . Bl= 20.65
ot=12.955  G'=295.5
; d'='i9;7 e - D'= 1970
e'= 90.8 -20 m,, E'= 9080 -2000 m, |
£1= 18.2 ~93m, - F'= 1820 -9300 m

g'= 15.5 -21.5 m

0 G'= 1550 -2150 m

e

my E! F! G!
o 9oéb - 1820 1550
-5 10080 6470 2625
.0 11080 - 11120 5700 h
. -2.0 13100 20400 7000
-5.0 15100 29700 8000
m Sextic Eqﬁé’ﬁions »in dll

d®+,17d4 +.18)( d®+ 10.3 4 + 90)% =00
a2+.67d +.30) (@2+13.3d+111) (d%+6.7d+80) = 0

(
(

1o dé’+1‘15d+,43)(é2+15.3d+157)(éa+4.65d+66.5)%= 0
( a®+1.954 +.70)(d?+16.5d+155)(dé+2.4 a+65.5)= 0
(

| da®+2.55a +.70) (d®+21.0a+230) (d%+ -3.03+83.0)=0




Tabl A
m Roots Period | 1l
) riods T1/2 N1/2 r/
75.247.9 4 | 795 .133 .17
0 |-.085+.4161 15.1 8.16 .54
-.5 |-.335+ .4421 14.2 2.05 .145
-3.35+ 8.351 751 . .206 .275
-7.71 + 8.831 712 .090 127
-1.0 |-.575+ .281 22.4 1.20 .054
-2.35 + 7.821 } .80 297 .370
-8.15 +9.361 672 .085 172
-2.0 |-1.475,-.475 Infinity  .47,1.46 0
“1.2 + 7.821 .80 578 725
Lio.s + 11.01 571 .066 .115
-3.0 |-2.24,-.5315 Infinity  .31,2.2 - O
+1.5 + 8.61 73 cee e




d.Varyihg’ the natural Vperiod of the control system at

. constant m

!

.05
S0
.20

.40

.80

.01
.00

:.05j
.10

.20
.40
.80

Infinity

. A'

|

I R N

e..

al= k®

b'= k + 10.65 k?

c'=.1 + 10.65k +89 k*

d'= 10.65 + 89 k + 15 5 k*

e'* 128.9 + 15.5 k + 27 kz

vf" 201.5 + 27 k®

g! =70

"’(B'

30,65

20.65

- ll 060

+11.90

15.65

C! D! E!

700 6050 51800

295 1970 13100

167.3 728 3330
123.6 305 870

121  143.3 250

= -2.0 and damping ratio S’:’-.o,s

B!

81250
20400

- 5190
1326

350

Sextic Equations in d

G!
6 5

1206.5 11154 115415 1.20x10°2,02x10° 7x10

o.8x10%

AVQOO
1750
437

109.3 .

a®+1.755a+.627) ( d?+195d+9600) ( d*+8d+120)=0

AR41.74 a+.62 )( .eveeernn...)(d%48.9d4113)=0

d2+1.84 d+.66 )(aR+22.94+405 )(dé+6d+105) =0

4%+1.95 d+.70 )(a?+16,3d+153 )(d?+2.44d+66)

il

0]

a°+2.06 d+.745)(4%+12.24+98. 0) (d2+1.0a+24)=0

d2+2 04 a+. 705)(d2+ 9.3d+ 94 )(d2+ 28d+6. 6) 0

a%41.584 +.47 ) (32+10.884107 )(d®-.44d+2.2)=0

a%+0.14d +.511) (a%410.5a487.1) (+eenvsnr.n)=0



| "

T4 PS
- dpg==== ==
k ~ Roots Periods
°ts  Tize Nyp

0] -1.24,-.80 " Infinity .56,1.39 0
-4.96 + 9.41 .669 14 .21
-98.5 +28 Infinity .008,.014 O

.01l -4.0 +10.21 .616 173 281
-1.25,-.50 Infinity .555,1.39 0
-11.5 +16,551 .38 .06 16

L0g -1.352,-.49 Infinity .512,1.41 0
-3.0 +9.81 641 .23 .36
-8.15 + 9.364 672,085 .126

L L -1.475,-.475 Infinity .47,1.46 O
-1.22 + 7.821 [ .80 .567 71
-6.08 + 7,811 .80 114 143

20 -1.582,-.48 Infintty .438,1.44 O

1 -.50 + 4.881 1.30  1.40 1.08
-4.65 + 8.521 739,149 .20

40 -1.60,-.44 Infinity .432,1.58 O
-.14 + 20571 2.44  4.95 2.0
-5.4 + 8.81 72 128 .178

‘80 -1.18,-.40 Infinity .586,1.73 O
|+o.22 t 1'4661 4.28 ® e o0 00 3 ® 0 0o
=5.25 + 7.714 816 .142 NP

Infi- -.07+.5531 11.3 9.9 .878
nity | - '

] et S T
=T = =




.00
«25

1.0 =

l.6

«25
.50
1.0
1.6

LAl= 1

e.Varying the damping ratiof at m

27

e= "'200, SIld k:' Ool

B'= 10.65 + 2oi“

‘Bt

- 15.65

10.65
' 20.65

42,65

C1= 189 +213§

D'= 1080 %‘178035

E'= 12920 + 5106

F'= 20150 +540 So

G'= 7000

Ci
189
242

295

402

530

Dl
1080
1525
1970
2860
3925

E!
12920
12998
13100
13230

15416

Y
20150
20285
20400
20690

21020

Sextic Equations in d

G!

" 7000

7000

7000

- 7000
7000

d9+1 72d + .62)(dR+11.64+108) (a®-2, 6d+92) =0

d?+ 1.81d +.65)(d2+15.75d+134)(d2+.06d+81)= 0

3%41,95 d +.70) (d%+16.3 a+153) (42+2,444+65.5)=0

d®+2.32 d +.855) (d®+22.9d+160) (4%+5.65d+51.5) =0

a4+ 2,64 + 1.2)(d3+31d+124d¢ d® + 9 4 + 48) =0



ol 84

.;fg : quts I rerioq; T1/2 Nl/2
1 ]-5-8+s.61 .730 .12 - 165
0| -1.22,-.50 | Infinity  .57,1.4 O
| +1.5 + 9.5 .66 cereie aeevens

| -6.88 4031 | Levs 10 .148
.25 | -1.27,-.55 | Infinity  .47,1.44 O
‘;_ _;;ds‘i'g.oi“ .70 25.3 33.4
8,15 + 9.561 . .87 085 .127
.50 | 51.475,-.475| = Infinity  .47,1.44 O
- |-1.2t8.01 | « .80 582 .72V
I ) -
o -11.5 ts.séi o 1.17 : ~',os_ ;,’.051,

-1.57,-.55 Infinity  .44,1.26 0
| -2.82¢ 6.61 .95 .25 .264
-26.3,-4.7 | Infinity  .025,.148 O
1.6 |-2.0,-.60 Infinity"  .345,1.15 .0
~4,5 + 5,31 1.19 - .155  .130

V%ég



9 Dlscu331on of the numerical 1nvestigatlon
. In order to see the effect of varying the control
characteristlcs, the following curves plotted from the

numerlcal 1nvestigatlon ere presented here.

8. Fig.9.1 The Effect of varyingrme on Long Oscillation
' 1Ideal Control! '
”,’*”‘" e s e e pua o4 e ,,,’::,
L \ k [ﬁtec‘% at" ”79 I-%% [a/vg ax'///.)ﬁa,v ; i
“ \ : ﬂap, i L | Aaep/ " coptrof ;
R | / | g
B J : 3
.'§®'\’ Coe I ‘i
20 8 8 f———fFrea - ’ SABSNESEINY
E Al il o ' TN ;:w,’}i,.’,,:m'; «
1 “‘ < Wam bet o ase. s £ Pmo, ’ ‘ i IR st
5221 R : —_—
- \,.\ "‘-,'—-‘ ) iwnt’r’é lf'a//_)::.“
000 ROV s e s
0 .‘?9 | 0 ”, 60
Fig.Ql shows the effect of m, on the long oscillation.
As m. increases from zero to -2, the period remains almost

5]
constant at first and then increases rapidly into longer

and longer 6nes. At my = -2,the period is infinity. On the
other hand, the damping increases rapidly at the beginning,

and improves slowly as mg approaches -2. Further increase

of'me converts the long oscillation into two rapidly

damped aperiodic motions,the damping of one mode of the
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9.Discussion of the numerical investigétion

'In order tobseé the effect of varying thevcontrol
characteristics; the following curves plotted from the
numerlcal 1nvestigatlon ere presented here, |
& Fig.9.1 The Effect of varyingtme on Long Oscillation

'Tdeal Control!

o e

> ; : [%c/ o/ /770 on. [o/v_q Ox'///.;a;aw '
: \§: / S .‘J‘a’e / Co/n‘m/ ‘
S Y : ‘ X :
t a2 v -9
T3 /
P N
"§\§*
20 .5 6 - Borr o

5
o
N

\

44

S ~ ; :
|
-+

522 ~ |
- = Ul | =1 =N ] :
PET o 2 ‘:;’7‘1214 fﬂ/]{ﬂ’. .

‘/779 —._'Q’-y

Fig.2l shows the effect of m, on the long oscillation.

Aé.me increases from zero to —2,‘the period’?emainskalmost
donétant atifirst and then increaées rapidly into 1onger "
nd Longer ones. Ab mg = -2,the period is infinity. On the
éther hand, the damping increases rapldly at the beginning,‘
end iﬁbroves slowly as mg approaches -2. Further increase

o converts the long oscillation 1nto two rap;dly

damped aperiodic motions,the damplng of one mode of the

of m
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- aperiodic motion’ deacreases though slowly,as mé increasés
furthermore. This shows that too 1afge my 1is not very

depirable even for 'Ideal' control.

Fig.9.2
" _‘ » " ,,.. .Q,._“, V’ {,. e s t,,"'f""f" ,‘/,,‘:u,‘. ,"., ,.& , ’.,,,‘5
g ﬂ H:ccr:r‘ o/ /275 o Shost ascx/m"m A,
' z\s % ¢ ' “_.Z":/ev/ ’:’onﬁ"/
e N I
| §f§ N EU B i
|88 S — |- | —
e b Period R
66 6 ——p—- | NG
’ . PR I I . SORY IR D
< 44 T T MomBer of A S ot
Ul [EERET
222 T e
S : o (e 16 oo 75
0 0ol ‘ . TR SN IS
0 -2 = '”%«-6 -8

Fig.9.2 shows the effect of my on short oscillation.
Both fhe period and the damping decrease as me increaseé;
The rate of decrease of the damoing is so slow that the‘
short oscillation remains to be well damped even at very
large values of me. Welss12 has shown that in a system of
one degfee of freedom,such as the automatic control of
a naVal shlp,lt 1s 1mposs¢ble to introduce damping 1nto
the controlled member by merely using 51mnle error comtrol

“such as m. here.Damping in simple system can only be

e
obtained tﬂrough error 'Derivative'! control. But the



complex airnlane system allows a dldplacement error
,;control m8 » to influence the damplng of the controdled
member considerably. It is bellevable that the mecontrol
acts as a sort of equaliging valve to improve the poor
"damping distrlbution between ﬁhe»long and short oscllla—
‘tione 5 mgt@a of introducing additional damping to the
system, - S ' |
-‘b.The‘ﬁffeet‘of iarying mg fo}.a~eontrol possessing
Tnertia and Demping. | |

| Fig.9.3

: E'//eq/‘ of /775 ozvlcwp " Osciflotson

i L mm——— —.L-év/ar ﬂa/d
v K cdrtn/

F ?‘f _f =05

7€~'0.7 ‘

L SN e o Famge T

LN R Fome L

\(‘j_‘,' ;f"“.‘ T

N
e

ontrol as compared to that of 'Ideal' control,on long
'“llatlans. It is seen that the effect on long oscilla-

lon is, 1n general not altered much by the presence
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of control inertia and damping. It is ~Tthat the period is

.1engthened slightly and the damping 1is. reduceé slightly..
The effect of control inertia add damping on long oscillax

tion can be considered as neglipible.

Fig 9. 4

j
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Fig;9;4 shows the effect of varying my on the ..

shorﬁ oscillation'asvwéll as its effect on the control

oscillation due to the additional degrée of freedom due

to the presence of control inertia and demping. The effct

on short bsdillatibn due to the presence of the control

inertia and démping is seen to be negligible as compared

to that af the

1Ideal!

control. The short oscillation

remains to be well damped except at very large valaes of

mgy. However, the effect of mg

on the damping of tle




control oscillatlon is tremendous though the period:

| of the control oscillation. is substantially unaffected
by: the varlatlon of mye It is interesting to note that
as_meLapproachee;zero, the.dlfferences between_the
period and demping of the short'oscillation and that
_kof thevcontnol oscillation becomes smaller and smaller
wtil at mg equals to zero;;these two different_modes’
of motion neoomes one,namelj the‘short osoiilation of
the unoontroiled airplane.fAé‘shown in the sextic

equation in d for m =0 in paragrerh 8,c,ed-a double imaginery

oy |
roots are obtained. This is a mathematical way of

expressing'the'pnyéioei fact tnat at'me 0, the additional
degree of freedom introduced by the control is in-
coincidence with that of the short oscillation of the
airpiane. This fact alone ,lmpresses-us how important
1s ‘the relation between the short 030111ation and the
control operatlon gsystem.

‘4 Fig 9.4 also shows the limltation of oy to be
used in satisfactory control operation at a glven
control eentyel characteristlcs. For a control: system
naving_ k= 0.1, corpesponding to a natural period of
.63 T sec.,and a demping ratio of 0.5, the damping of f

the control osci}lation becomes negative at m.=

Q -30
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" ¢.The Effect of varrying the natural period of the

.

. Control System.
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It is noted in the numerical investlgation of

paragraph 8, d that the effect of varying k at constant
- av/o/\y o-sc///méaﬂ s

meand damping ratio almost negllgible and unimnortant

The damping of the long osoillatlon is reduced as k increases
/// A/

buE“%éﬁéfﬁs EB be well damned except at very large k

where the control osclllation is already unstable.‘

The effect of varyong k on the short oscillabion and

'the control oscillation is shown in fig.9. 5 It is seen

that the period‘and the damping of the short oscillation

remain unchanged except at very small k, As k approaches

zero, the perlod of the short 030111ation 1ncreases very .
i

rapidly. At k = 0,both the period and the damplng of



of the short oscillation become infinity._fmis is again
a‘placeffo seevﬁhe mathematioal procedure of expreseing
the physkcal phenomena.It 1s quite evident to us that
Wwhen k 1s zero, the controlled motion reduces to that
. of '1deally' controlled one which results a stability
equation of the fourth order because the additional;
degree of freedom &ue_to the;oontrol system no longer
deviates from that of the displacement in pitch. The
E mathematical process in approaching such a physical
fact 1s,seen to be accomplished by adding trememdousl,
-damping to ﬁhe short oscillation and at the same time,
‘lentheningvits period so that this mode of motion is
eventually negligible. | o

It is also interesting +to know that at k= 0, the
period and damping of the control oscillation are exactly
equal to that of the short oscillation for the ideal
oontrol. Tﬁﬁs,it is logical to belileve that‘for_'Ideal'
control, %he‘short oscillation actually disaﬁpears by
having infinite'damping and period‘and the control oscill-
ation takes the place of the short oscillation. Again
we see how closely the short‘oscillation is assooiated'
with the controlled motion of the airplane

Fig.9.5 also shows how closely is the relation
between the period of the control oscillation and the
'naturaloperiodvof the control system. Except when k

approaches zero,the period of the control oscillation



 is almost identical with the undamped natural‘pefioa
of theAéontrolegstem. At_very small k,the period of
the controi oscillatién'is very‘Close to the period of
the short oscillation for 'Ideal' control instead of
approacﬁing zero. The damping of the control oscillationi
is, however, mbtvdbpstg%%Qég the demping ratio of the
'canﬁrdl system remains uﬁdhéhged. It decreases rapldly
as the the naturaleeriod of the control system increases.
At k = 0.4, the control oscillation is alhost undemped.
d.The Effect of Varying the Damping Ratio of the Control

Syétem. |

Fig.9.6
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It is seen 1n the numerlcal investigation of
paragraph 8e, that the effect of varying the damping
. ratlo at conatant me &nd k on 1ong oscillatlon is |
compar%blg unimportant The damplng of the long oscilla—
tion improves slightly as the damplng ratio of the control
system 1ncreases.iThe damping of the long oscillatlon
remarng ﬁgvsatisfactory even when’the damping ratio
oflthe>cdntroiksys£em is zero.

The effect of varying damping ratio on the short.
A.koscillation and the control oscillation is shown in
fig. 9.6. It is seen that at large damping ratio of the

~ control system, the short oscillation changes into .

~ two rapidly damped aperiodic motions, so that for a

well damped control system for a givem k and me,the |
'shbrt oscillation plays nd more important role in
determining the stability of the motion. The contpol
oscillation, however,‘is‘very much influenced by the
varistion of demping ratio of the control system. It

is séen from fig.9.6, as the damping ratio of the control
',system is reduced to .25,the control oscillation becomes
‘unstable_. As the demping indreases to 1, the damping of
the control oscillation impfoves conglderably. Further
increse of the damping ratio improves the dgmping of

the control oscillation at a much slower rate.Therefore,



3/

1t ié‘believed that for a certain combination of mg
and k, there is a mggt'dapping ratio for the control
system, as excessive damping in the>control'§ystem is
 always undesirable.The period of the control oscillation
increases but slighﬁlﬁ..Fof damping ratios greater thaﬁ
unitj, the perioq of the coﬁtrol osclllation remains

to be finite deépite the fact that the control system

is élready‘more than critically damped.



10 The Dlsturbed Motlon in a Sharp Vertical Gust
a. Introduction . |

Under the investigation of the previous sections,
Jemggsis was placed on the decay of the osclllatory
motion of the alrplane after a certain initial désturbance,
Nothing was indicated about the magnitude ofthe dis-
turbed motion and it was assumed though not stated
that there was only a single disturbance encountered by
\the alrplane so tbat it is p0331b1e for the stable i
kairplane to resume the p031tion of equillibrlum

In actual fllght conditlﬁns especially in rough
‘weather the airplane may.., be subjected to repeated |
gusts Which occurs suffmciently rapildly so that the
’motion after one gust onlypartly decays befone the
airplane is again didplaced by a follow1ng gust, The’
.magnitude of the first maxinmum displacement of the oscill-
atory motion immediately after the disturbance which
is defined as the 'FIRST SURGE ERROR' is then as
important as. the stability of" the motion.

However, the mathematical complication 1nvolved
in ‘the analytical method to determlnd the amplitude
'jand phase of ‘the various modes of motion is tremendous.

Even the modern method of operational calculuslsfis
00 laborious for a systematic investigation of the

controlled motion which has three different modes of



oscillatory motion.‘The[writer is verj fortunate in
having the opportunity of using the M. I T. Differential
Analyzer to solve the disturbed motions by mechanioal
means with high precision and effiCLency for'such
purpose. As the detailed descriptlon of the procedure
1nvolved in using such a machine is known to most of
u§%§ through the numerous published investigations “"

carried out by the mashinekon many problemssin Electrécal

Engineering, end the-particular limitations involved

in solving“the airplane stability prdablem will be described

in a separate'article, the disturbed motions due to a
,vertical sharp gust W, in plotted curves alone will be
presented here. .
b. The Disturbed Pitching Angle © due to a sharp vertical
gust,w for an 'Ideally'contromled Airplane.:
_YFig.lo.l shows the effect of varying-me on the
magnitute ofvthe disturbed'pitching inclination due
to a'sharp vertical gust. ltkis seen thst the magnitude
of the surge error asvwellias the‘subsequent disturbed

oscillations are all,imprOVed by increasing my.The rate

of reduction in the subsequent oscillation by increasing—,

Iy 1s tremendous The rate of reduction in the first

Surge error is however, not quite 80 rapidly. Taking

e
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the maximumfinitial.surge error for the unoontfolied
sirplene as unity, the relative magnitudes of the first
surge errorskat various;me indlicate the effectiveness of
the oohtrol?derivative my
agyconfrol factor. The oontrol derivative mg is“seen

and are plotted in Fig.l1l0.la

to be morve effective in bringing down the magnitude of
the first~surge‘error when mg 1s at smaller values.
.c.The Dist@rbed-vertical velocity due to a sharp verticel

Gust;iforgan fIdeally' controlled airplane,

: Fig.lo.é shows theleffect of varying my on magnitudes
~of the vertical velocity. It is seen that the fluctuations
, 1n‘vefﬁical ve1ocity‘due to a sharp verﬁical'gust ére‘
in general improved as mg is 1ncreased for an 'Ideal'

control However, the improvement in the initial surge
error as well as the following oscillations in vertical
velooity is seen toscomparatively much less than the
‘inclinations in pltch This is always true for single
control derlvative’systems, as the influence on the
vertical velocity by mevis indirect whereby its influence
on inclination in pitch is direct. It is’also interesting
to'note that the main influence on the vertical velodity
bythe mgcontrol is seen to be the rapid decrease of the

initial over-shooting of the vertical velocity across
the zero-axis. Even at me of -2, the vértical velocity
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no lénger‘over shoots itself acrosé:thekﬁero-axis
until to the next oscillation. This may improve the
‘poﬁfort of the paséengers considerably byvcutting
‘dowh the duration of high accelertion fluctuation
in the z-direction. The initial acceleration is ,
howevgr;ﬁnaffec@ed b& variations in‘me,as it is e
puréiy'a function of zw.» |
‘d.Effect‘of Varrying mevfor a Control System having
Inertia and Damping. |
Eig.lO.S éhows the effect of varrying mg on the
diétuﬁbed magnitudes of the inclination in pitch due
%o a vertical shaﬁp gust. It is‘obviqus‘that the présence
of control inertia and da@ping alters the motion con-
‘sidefébly from the motidp"Ideally'Lcontrolled.

o Thé‘ability_for the m 'controi to reduce the first

2]
surge e?ror is decreased considerably due bo the presence of
control inertia énd damping. The'subsequent oscillations

in piteh are also increased due to contfol inertia

end dampir'ig.' At my = -5, the smplitude of the unstable
control Qsciliétion'is excessive even in the first

following oscillation. Fig.10.3a,shows the control

factor at different control characteristics. Fig.10.4

shows the effect of varying m, on a control sﬁstem

A5
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with increased demping ratio. It is seen thab the
effecﬁ of Increasing the dampihg ratio of the control
system %s considerable in réducing the magnitude of the
unstabie oscilistion It is seen that for a contfol

| system having k = 0. 1 and damping ratlo of 1. O the
controlled’mbtion seems satisfactory for my to be as
large as‘—z.d. Fig.10.5 shows the effect of varying mg
on thé vertisal'vélocity due to vertical gust. It is
shown that when the control Qscillatio£ is not well |

" damped the magnitude_of‘bscillﬁtions in the vertical
veloclty is“véfy objectional. A well damped control

- system is therefore,responsible for the comfortress of '
the passengers fljiﬂgiin rsughsair.-lt is interesting
Eo note that when the‘osciliatmry motions are badly
dampéd, the motionsfin vertical velocity and the
inclinations in pitch are nearly in phase with each

other;

e, Efﬁect of Varying Control Characteristics
Fig. 10.6 illustrates the effect of varying k on
the magnitudes of the disturbed 1nclinmtion in piteh
due to a vertical gust ‘The first error surge 1s increased
as k increases. Taking~the first surge error for the ldeal

‘control as unity, the relative magnitutes of the first
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hsurge error for controls of different k as compared to
the ideal one indicate the deviatlon from the ideal due |
'eto mhe control inertia. This is plotted as Deviation

: Factor against k in Fig.10.8a. It is seen that the
lworst‘first'surge errorlcan not exceed that of the un-
controlled airplane. The subsequent oscillations,however,
cen be tremendous if the control oscillations are not |
 well damped. | |

- The effect ofyvarying the damping ratio on the
magnitudes of the disturbed'inclination in pitch dve

to a vertical gust is shown in Fig.10.7. The first

surge error’is increased 5y increasing the damping

- ratio. Téking the meximum amplitude of the first surge
error for a control havingodamping ratio equal tOFZero
as unity;'thelrelatiVe magnitudes of-the first surge
error at“other dampingvratios are called the Deviation
1‘Factofstduetto the control damping. They are protted in
Fig.1017a. Increase of daxnping ratio though slightly
increase the firet surge'error, is very effective in

: dampiné out the subeeqnent oscillatory motjons. Thus,

it is seen that a contro1 system which is slightly

‘ over;damped, is more satisfactory than under damped

~ one. WThe.disadvantage'introduoed by adding toc much
’damping in the control system is seem t0 be much smaller

than in other cases of simple systems such as constant
15 ‘ ‘

~ speed control
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11.Thetmotions,0f The Control

‘Just as the relation between the vertical velocity
w and'the‘pitching‘inekination 9, the displacement of
the_servoepiston s 1s different in its phase relation
from thevpitchingkinciination 0. It is pointed out in
~article 3, that for an 'Ideal' control, the variable,s
can be elimlnated from the equations of motion,due to
‘the fact that for en 'Ideal' control,

5 = me/m x 0 ..................(ll 1)

. In order to compare the motions of the real control

fr&m that of the 'Tdeal’ the piston displacement 8

is plotted in a. same sheet Wlth the motion for the
'Ideal' control, Which is 1dentical with the inclinatlon
'in pitch,e except,in a different scale factortM which

is retresented‘bjkthe“ratio,me/ms. In the foliowing

‘figufes, the piston dispiacement m /m x 8 is plotted

together Wlth e in a same sheet. From the data in the
numerical 1nvestigat10n, mS[m is found to be L x aB/Bs
wnidn,is,so fortthe~air§lane F—22, f
,a.’Effect\of varying«me”on the motions of the control.

© Fig.11.1 shows the relative motion between the
displacement of the controi s and the controlled member
0 at. various né” It is seen that the time lag for the

control behlnd that of the controlled member which is

called 'tg' is constant for a constant control characteristic
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despite the variation ofeme. However; it is seen that

my is responsible;for the over-shooting and under-shooting
of‘the,control movement.”lt'is seen that the instsbility
of the oontrol oscillation at mé= -3, 1s due to the
over—shooting‘of the control'Whioh is lagging behind the
controlled member due to the control inertia and damping

" When me is small it under shoots except in the first
coreecting movement of the control. The effect of the

, controi is thus minimized when m is small. The flrst

(3]

control movement is larger when me is smaller This is.

 ‘because the control has to move more to correct a givem’
error when m9 is smaller. The-ratiouof the control

movement to'thet of the controlled member is seen to

e smaller at'smallertmg. | |

. b. Effect of varying k on the motions of the control.

' Fig.11.2 and Fig.11.5 show the relebive motions
kbetween‘the’displaoement‘Of‘the control and the controlled

member at various natural perlod of the oontrol system.

- It is seen that as k increases, the control 1ag tg increases

as a linear function of k as shown in fig 11 2a. The
;.formula, tg~ 1.5 k =.25 T found empirically from fig.1l. Zat

t‘fseems to be the relatlon between the control lag and
the~natural period of the control system,for the airplene

F-éE;VExpressing the control lag in terms of‘the phase

~engle B-§-° of the control oscillation, and plotbing
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‘this phase lag against &® the ratio of the natural period

of the control system to the period of short oscillations

of  the uncontrolled airplane T /? ‘the curve as shown in B

Fig 11. 2a is verh similar to phase lag between the forced

t¥e -
oscillation and “the forcing function in a simple Vibration

’system%éi It 1s noted that when the control oscillation
fis,nnstable?due~tO*control lag, the phase angle between
fhe'goﬁtféi and:the:controlled member 1is nearly 90°.

l  Again, from figs.11.2 end 11.5 ,a clear physical
~picturekoi the contfol operation can be obteined.: The
ennor of inClination in pitch;é gets to a quicker start
| thanlthe;contnol‘motion The’larger the~control inertia
1s, the slower 1s the motion at start. Due to the control
1ag,energy is fed to the disturbance and thus negative
" damping is introduced into the gysbem as a whole which
must be over—balanced by the damping of the airplane
| itself A S
: o. Effect of varying the damoing ratio on the motions
| of the control :

Fig ll 4 shows the relative motions of the control
"and the controlled member at vanious damping ratio of
the control system It is seen that damping is chiefly
respon51ble for the over shooting of the control. The
control lag is hardly affected by the variations of

damping ratio The instability of the control osoillatlon

. fﬂ :
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vhen the demping ratio is reduced to 0.25, is seen to be
entirely due to the excessive over-shooting of the
control operation. It is also noticed here, that over-

damping is less undésirable than mden—dampiné.
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'”12 Effect of Constant Time Lag on the S'bability of
the Controlled Motion of Airplanes.
A From the study of the motions of the control in
article 12, it is seen that due to the inertia of the
control system, the motion of the control is 1agging
‘_ behind the controlled member; The time lag of the
control is seen‘to‘beiconstant;though not quite exactly,
if tne‘control inertia,represented by the natural
period T, 1is constant. In the airplane,controlled by
human pilot a constant time iag due to the-sluggiShness
:of hnman reaction is 1ntroduced into the control |
| Therefore, it is belleved that an 1nvestigatlon of the -
effect of the constant time lag on the stability of thev~
controiled motion is worthnhile,especially when a |
. short—qutomethod eudh as used in‘the'following investigation
is availa'ble' : " .
In the follozing investlgations, it is assumed that

‘the response of the control comes at a constant period
of tlme t ,after the error, 80 that the controlling
force or moment at any 1nstant corresponds to the error
tg time units previous. The approx1mate method used ink
the follow1ng has been mentioned by hlnorsky allender
: Hartree and Porterlgnd Cowleylg,in connection with

problems of automatic control of wvarious simple sys tems.



| o,‘lnﬁfodoctioﬁ of the -control lag,tg;into_the_determinant
'of ariy'Idéa‘llyi controlled Airplaﬁé | |
From (2 6), by neglectlng m ,xq and zq‘and putting
e and a equal to zero, we get the determlnant for an

' «?Ideal' control

I B S
e | <m, d-z,  ap =0
L RV & RS ERE L 2 - :

0 m,  a%-am - pmg

For sn 'Ideal! control, the moment dué‘to the
‘control éﬁ'éﬁy instant is Fmge(t)'where o(t) indicates
,.that ‘the error of inclination in pitch is a function

of time. ‘In the derivation of the stability determlnant

it is assumed that 0(t) = 6 6%, yhere 6, 1s the amplitude

O°

of 6(t) while d,being found as the root of the determinant,

characterizes the perlod and damping of the motion.
For a control Wlth a constant lag tg the moment
‘ generated by the control at any instant is g G(t—t ).
o (- t ) ; ~dt
‘Or, it can “be wrltten ao Fme Fme x 8
= Pm Q(t) xe g‘.‘Thus the effect of the control lag

' tg is seen to be equivalent to multiplying the control

' ~-dt
der1Vat1ve Fme by the factor e .

: Thus, the determlnant for the controlled alrplane,

‘ggz'
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'WithTa‘constant,CQntrolklég,fg is

; d;—xﬁ Ty “'PCE ‘
(12{.2).’””? —zu d -ZW g - dr}_' | =0
| . LEE S T
o ., df-quuﬂpmg(e 8)

"if thelabove determinhnt 1s to be expanded out to
solve for d as in the usual procedure, it woulqulfficult
to do.so because d is 1nvolved in the exponentlal form e dtg
1nstead of 31mple expre331ons. |

However, if the constant control 1ag,tg,is small
‘compared to the perlod of the oscillatory motions, which
is true for any useful control system, the follow1ng
'»approxﬁnations can be made . |
| In terms of seriea,-write

 e‘dtg =1 ~dtgf dﬂtg/g + ( terms of higher powers in dtg)

vas7d inkgeﬁeral iswfound as a complex number,
character121ng the damplng of the motion by its real part,
and the period of the motion by its eemplex imaglnary
Dart.,Therefore, the higher power terms in dtg whil be -
comparable to the flrst term, unlty, only for those
modes of motlon which are heavily damped and of high
frequency a@@v;hort perlod However as such modes of
motion are found tb be of little importance in the criteria
of stability and damping of the system as a whole,it

is therefore,jalbowable to neglect the sk higher power



‘“terms especilly when tg is only"a‘fractional,part of

thekpefiod of the short'oscilletions. Thus'
| ;dt

Pee ng( 1 -db + datg/e) and the determinant
for the controlled airplane can be written as
, —}S‘l : . '.-‘xw : - PC
(12.3) 0 = "—zu ;\;d “Z,  —4 &

o -, (1 - Pmetg/z)da-(m -Fmet ) -pmg
Now,zdividing the third row of_(lz.s).by,(l—rmetg/z)
which is permissible as the determinant 1s equal to zero.
~Let - -ml = ;mw/‘(l-PmetZ/2)
| -ma = =(m —Pmetg)/(l .—PmetZ/z)‘
-m} = 4me/(1~Fmgtg/2)

then?gquartlc equation in. d can be expressed in the same
form as in (5.8) and (5.9) for'ddeal! control,where
REERE - Rt

x=|.=_. o 1
Bl =Bl = -(x, + 2.+ mq)m

 (12.4$ ‘Ciy=‘c5;“ﬁme - xu2w+(xu+zw)m&-PmQ -Zuxw-Pmé=
R ' .Dé+ Pmé(xut,+ Zw)‘= ma(zuxw—xuzw)fpm&xu
' + lumé(xa%-zw)
El = Eé—Pmé(xuzw zuxw) -CL,Pm%zuTumé(xuzw-zuxW)
: Thus it is seen that the effect of control lag

tg> 1s to . (1) Dhcrease the inertia in pitch of the
. airplane from 1 to (1 -PmetZ/z)

 (2) Reduce the m of the airplane b %
(2) c e my of p Y pmgt,



The equivalent effect on the motion of an airplane due
‘,té contrdlwlagaisf can also be interpretated as,
| (1)iReduction of the static stability in pitch
by the ratio 1/ (1 -l.unet g/2
(2)Reduction of my by
(a) subtractinglum tg from mq
| - (b) and then reducing by the ratio 1/(1-}m5tg/2)
’ (S)Reduction of m9 _by the-ratio 1/(1-Fmetg/2)
(Assuming o is neglingle)
b.Numerical Investlgation
: In order to see exactly how the control lag affects
the stabillty of the controlled motion,and in order to
compare the effects of constant time lag on the controlBed
motioﬁ:agéist the effect due to inertia and damping of
the control system, the followxng numerical 1nvest1gatlon
-has been carried out Basing on the same derivatives
chosen in article 8, we have

m,= -2 O, m = -6, m.= -3 P =

a
"Ai -1
| = —m!
Bl 4.65 mé :
Ci =1, 075-4.65ma-20m'-20mé
D! = =1,075m! -Sm' ~95m
1 q
Ei =,-9m% -21’.5111e



a2+2.45d+.976) ( d2+0.06d +25.65)
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0

0
0
0
0
0

g Zah 2/
tg*“. mo my m
0 S o =t
.05 ~2.85 -1.91 -3.81 é
.10 -2.50 -1.67 ~1.67 |
.15 -2.06 -1.38 0
.20 -1.66 -1.11 +1.11
.30 -1.07 -0.72 12,14
% | 4 s o o g |
0 1 ‘f;o.ss 128.9 201.5  70.0
.05 1 8.46  113.9  190.7  66.8
.10 1 6.32 92.2  164.5  58.4 .
.15 1 4.65 70.0  134.2  48.2
.20 | 1 554 51.3  106.8  38.9
.30 1 f 2.51-' 26.8 62.9  25.1
| té ggﬁxﬁrﬁ:ic in d can be fac’cered into
o o d®+1.74d+ .62)( d%48.91d +112.8)
.05 ( d2+1 85d+. 662)( d2+e 61d +101 0)
.10 ( a®+1.95d+. 705)( a%+4,37d + 82.8)
W15 (. d2+2.08d+.755)( d2+2.57d + 63.8)
20 ( d®+2,20a+.810) ( d*+1.34d +47.6 )
«30 (
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'f'Fig 12 l compares ‘the the effects on the stabillty of

R the controlled motion due to the’ constant time. lag tg

as calculated by the approx;mate method againgt the
effects on the oontrol osolllation due to the 1nertia,k

of the oontrol system as plotted in Flg 9. 5 prev1ously

It was probably due to-,at least partly, coinoidence,‘e

kthat they check almost beautifully,by assuming the rela-
Ation tg = l 5 k as found in paragragh b, artlcle 11. up
to tg—O .20 The deviation espec1ally in its effect on
.damping, from that of the effect due to inertia lag,
when tgis greater than .15 ,may be partly due to the.

fact ﬁhat the approximate method tised here is only valid

SRR SR
i

40
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when tg is small compared with the short period of the
airplane and partly due to the different nature of constant
time lag and 1nertia lag.
In short it can be concluded that the effect of
the constant time lag on the controlled motion is
| (a) to decrease the damping of the short oscillation
.Just as the inertia lag does on the'control |
boscillation" ,
(b) to- increase the period of the short oscilation

just as does the 1nert1a lag on the ‘control'

oscillation’ .

(cj to affect ‘the period and damping of the ‘long
o oscillation onlyg slightly N

It is found that even the magnitude of the disturbed :
motion as calculated by the above approximate method of
1ntroducing the control lag, tg yinstead of providing |
additional degree of freedom for the control system chechsr
pretty well with the disturbed motion found by solving the
_'equations (2 1), (2 2) (2.3) and (2 4) Eig 12.2 compares ‘
rthe dlsturbed motion of the 1nclination in pitch due to
a vertical gust as calculated by the M.I.T.Differential
Analyzer ,xfor a control derivative mg= -2. The dotted
curve is found out from eqiations (2.1,2.2,2.3,2.4) by
assuming the inertia factor,k= O.l;and the damping ratio

~ €qual to 0.5. The solid curve is found by assuming
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cénst‘;iit‘time leg t,= .15. As sh&wn in table 12.1,

| »m‘;v=2.os,zgé-—i{1.58’;and‘ ni(fl=, 0. Due to Aifficulty o
obyaining exact values for m! and m} in plotbting

| QurVes byrthe M.I;T.Differéntial Analyzer,the nearest .

round values were used.
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S(/m/ndfy a/vﬂ/
15,ponclusions on the study of the 1ongitudinal stabilization

as a function of the angle of inclination in pitch.
a. The dpefapion of the elevator control in stabilizing
the longifudinalme'mqtion of the airplane introduces
a contrelvderivative‘me into the equatlons ef'motion
of the aipplane. ’ |
b, The,contfol deriVative mg in 1its non-dimensional form
can be expressed as . |
H —l/b (acL/aa')(aa'/aﬁ)(ap/ae)(s'/s)
and is e function of" inertia in pitch,tail aspect ratio,
tall efficiency,tall size and the gearlng ratio of the
elevator control ofAthe airplane. The normal operation
range for the Sperry Automatic Pilot gives mg ranging
fram 0. 5 to -2 o. .
.Theuintroduction of my improves the poor distribution
of - damping between ‘the 1ong and the short oscillations
conslderably. The damplng of the long oscillation improves.
80 q&%egly that for mggreater then =-2,the 1ong oscillation
is transformed into two well damped aperiodic motions.

The damping of the‘short oscillation though decreases

Slightly,remains to be well damped for all normal values
ofigg.
d.The lag in the control system can be mathematically

treated in two convenient ways,



(1) by expressing the 1nertia,damp1ng and restoring

"effort of the control gystem in terms of the non- -
dlmensional parameters X andj?such that
k = mn/zn where T is the undamped natural
peried of the‘control system alone expreéaed in
terms:of,the‘nen'time unit of the non-dimensional

"syeteﬁQ | . |

e j%= damping'ratio ﬁ‘ratio of the damping coefficient

‘of the control system relative to that for critically
) damped'one‘  :

(Z)By expressing the control 1 % 528809 ent time laé'”
tg ,in time unlt of the non-dimensional system, as the
constant time phase difference between the motion Of
the cqntrol end that of the controlled member,

e The'%irst method of considering the control lag has
the advantage that the parameters k an%j;oan be
estimated by measuring the free vibration characterlstics
- of the,control system. It has,however, the disadvantage
of ‘adding one more degree of freedom to the equations
of motion of the airplane which are already quite
complicated themselves.

f.The’secend method of considering constsnt time lag is
more suitable in approximating the lag due to humen

reation for case of menually controlled airplane.It



e

also nas the”adVantage that the constent time lag cen
be very conveniently exprox1mated with good accurracy

- without raising the order of the eouation characterizing
the stability of the motion. The disadvantage of this
method is that it lacks means of expressing the degree
of overshooting of the control motion.

g.The effect of control lag is to limit the magnitude of
me allowable for satisfactory control operation without

'huntlng' It 1s  found that for a control system having

& natural period T =0. Sﬂ time unlt and a damping ratio

Ty

equal to O 5 will 'hunt"as m increases to -2, The con-?f

e
trol hunting can be cured by increa31ng the damping ratioc;
o unity f |

h The general effect of the inertia ‘and damping in the
control system on the motion of the controlled airplane
1s found tg qnite similar to the simpler system such as
the constant speed control 1nvest1gated by Weisszo,
namely,the inertia of the control system is chiefly
responsible for the 1ag of “the control behind the
controlled motion while the degree of damping of the

control system is responsible for the overshooting of
. the control motion. A desirable control system is

one which has a natural period which is very short



compared tofthe short period of the 'ideally'controlled
airplane It is noticed that an over—damped control

“system for an airplane is far less undesirable than
‘an under-damped one. | |

- 1.The inertia lag is foundvtthe essentially equivalent

- to constant time 1ag by the approximate relation

tg— 1.5 k = .25 T ,

It is found’ that the above relation holds approximately.
true for the nondimensional airplane derivatives of
the aieplane P- 22 for tg from 0 to O 15 time unit

j The effect of constant time lag on the motion of the
controlled airplane is found to be equivalent to
(l)increase the inertia in pitch slightly.
(2)decrease the damping in pitch mq considerably

k.In general the method of representing control lag by

‘ inertia and damping characteristics of the control
SYStem gives satisfactory means of evaluating the
controlled motion of the airplane controlled by
automatic pilot The numerical calulations of ‘the motion .
of the airplane F 22 seem to agree very closely wilith
the 1nformation furnished by Sperry Co.21 The constantk}
time lag method 1s believed to be a convenient way

for the airplane designer to provide sufficient tail



size to take care the maximﬁm p0331ble control lag
1. The period of the third oscillation or called as“
control oscillation in this th631s is found to be
nearly equal to the undamped natural period of the
control system except when T is very small As Tn
approaches zero the period of the control oscillation
approaches that of the short period of the ideally
controlled airplane. |
m, From the study of the magnitudes of the disturbed motions
under various combinations of the control charaoteristics,
and‘the numerical calculations of the roots of the
cofresponding stability equations,it is noticed that
the excessively large magnitude of the disturbed motion
1s always due to that mode of motion which is badly
démped. The nunber of oscillations demped to half
' amplitude,Nl/2 seems to be a better criteria for the
degree of damping than the time to dampe to half amplitude
T) fp+ It seems that the magnitude of the disburbed motion
can always be kept satisfactorily small compared to the
uncontrolled aifplane by adjusting the controllchsracteristics
80 as to givele/2 ‘
O.G.iAny moderof motion with Nl/gsmaller than 0.2 will

for each mode of motion smeller than

‘contribute very little to the magnitude of the distur-bed

‘motion,especially when the period is short at the same time.
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n.It is found jthax; although the control derivative mg |
is very effective in giving stability for the longitudinal
| mc‘atioh-, 1t 1s noted quite s0 effective in reducing the
'first_gurge errpr? evﬁn for ideal control. At m,
= -2,_the_f1rst sﬁ?ge error is»approximately 60%
as iarge,as that for the uncontrolled airplane when
ﬁhé»control sﬁstem ig ideal. Fof a real control
| system hgving&theJinertia facﬁofbk=0.l and damping
rétio% léo,thé'first surge error is approximately 85%

of the uncontrolled one.



" Chapter II
CONTROLLED LONGITUDINAL MBTION

' oo JIN GENERAL
1. Introductlon - :

From the study of the longltudlnal st&b%%ation as
a~functlon of thelangle of 1nclination in pltch,”it was
found that the effeot~of control "derivative hag greatly
J“éltered;the mofioﬁ of the airplane as compared to the
uncontrolled one - As the pitch control s;though effective
in stabilizing the motion, is hx far from being ideal
.and completely satlsfaotory. Its effectiveness in
reducing the initial surge error due to gust disturbances
. is found to be,unsetisfactory if optimum flight comfort
is-desifed.'The;contfol lag,if not properly installed,
would oause hunting of theﬁcontrolled motion.vIt was
also pointed.out that the equivalent effect of the |
control lag is to alter the derlvatives of the airplane”
Therefore it is highly de51rable to investigate,

a.What COmbination of the airplane derivatives woold
give a best result of the controlled motlon9

b.What other oontrol devices using disturbance detectorsﬁ

' other than the pitching angle detector,could be used ?

c.Is it possible to u§6TE&# tional auxiliary control
: deVice;to cancel the control lag due to the pitch

control %

v



It is the purpose of thls chapter to 1nvest1gate mathema-
tlcally the effects of varying dlfferent control deriva—
.tives on the stabllity of the controlled motlon of the V
'airplane. It is found that the use of the M.I.T. leferentlal
Analyzer is of'greaﬂ value in 31mpllfylng the process W
in solving the dlsturbed motion due to atmospheric gusts.
2. Possible control devices

In the longitudinal moti&n;the pilot can influence
the airplane by movement.of either the elevator which
produces a‘pitchihé‘momeut_to”oppose the disturbance
such as the angle of inclination in pitch treated in :
Ghapter7I,,orcthe throttle of the power plant which
produCes‘a‘lohgitudinal.force'to oppose any disturbance.
In either case, the control derivatives thus produced
,depeud;ou°the dlsturbance detector used in the control
devlce,:ln'thevsﬁerry and Smith gyro pilot, the distur-.
baucekdetector‘used‘is the Sperry gyro vhich detects |
the"angle:of"inclinationdin'citch 0,thus,if connected
“to move the elevator, 2 control derivative mg is produced ‘
Haus gives: the names and nature of various instruments-
Awhlch can be ‘used as disturbance detectors. The follow- |

1ng table shows the correspondlng control derlvatlves

that could be produceé.}




__Table 2,1_

Disturbance deteqtor.,Physical quén— Control derivatiﬁes
, o .- tity detected produced by,
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S.Free»gyro suspénd—~u Absolute

‘ inclination my X
ed at its c.g. in pitch,®
4.Motor-driven . Angular
gyro -with pre- - velocity,q m x
cessional moment \ » q ‘ q
5.Pendulum to - Direction of ap-
~ detect accelera- - parent gravity me Xy
tion along 0Xx ~ du/dt or &
G;Accelerometer S Apparent :
along 0Z . gravity, m, A o
‘ dw/dt or ¥ v L
-?————-———.- ————————— = e o e i e e T e et N et i e e et . w o e e o A e T o S A e e o e
7. Lift indicator Magnitude of  m_ x,
‘ ' o lift,wU
8. Rate of cllmb Vertiwal m X
R w W
- meter speed, w
9.Torsional accel-  Angular my Xy

- erometer about 0¥ . acceleration
: ’ 'da®e/a%E® or §
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It is seen 1n Tablez 1 that many of the control
derivatives such as mw,mq‘ and so on are identical with
the aerodynamic derivatives of the airplane. Thérefore |
they enter ‘into the equations of motion by maxgiy 31mpl§
addfing or subtrac@’i%&vtll‘%mis evident that while the
aerodynamic derlvatives have,thelr magnitudes almost
fixed, the control derivatives can be varied thréugh a -
wide range with thelr maximum valges limltted only by
the seriousness of the control lag. The sign of the

_control»derivative can also bekWhatever we want.



S.Eqnetions of-motion
| The equations of motion which include every possible
control devices can be wrltten as follows, |

(1+xﬁ)du/dt =%, Uk, dw/dt-x w +(x.)d29/dt2 -X (dG/dt)—x 6=0-

dw/dt -2 w -z u judG/dt =0 g - (3. 1)

(du/dt -m u+m dw/dt-m w+(1+m61 dae/dt“-m dG/dtimee =0

The non- dlmen31onal determlnant can be written as,

| d(l+x.)~xu dxwfo~ ,"Xéd~~dxq~x9 1 |
_zu \,'d—zw‘ - _dP =0 ..i.0.(3.2)
SRR e
ﬁ u - vd.'mwmW (1+m )d qu g

Thus it is seen that the effect of x, is to inerease
or decrease theﬂlnertia of the airplane in the X-axis,and
the effect ¢f'm& is bo alter the inertia of the airplane
in pltch. Comparing with ﬁhe determinant (12.3) of
Chapter I 1t is seen that the m61 and mq control can
be used to mlnimize the effect of oonstant tlme lag
which is present in the my control. The X and mq
control are seen to add merely more damping into the
sygtem. It,is therefore,necessary to have thelg control

in addition to them in order to*haVe a good distribution

is equivalent to changes of
2

of damping. Variation of Xg

A PC' in the'uncontrolled airplane. B.M.Jones” has shown e
that the effect of mv.v is. to add some more damplng to

‘the short. oscillation for unco ntrolled alrplane

2



f?Although it may be necessary to go through mathematical
1nvestigation, in order to have a quantitative idea
about the relative merits of each control deVice it is
quite reasonable to believe that any control system
Without im%%%&&z%ng the me control will be- very unwise

gs it is the easiest means to apply the control influenee
and probably the best way of stabilizing both the 1ong
period and short period osc111ations.

| The following numerical investigation will 1imit to’
the eifects of varying m.w,mq and Xg only. As it is
knoWn'to ﬁs that mw and. mqvcdn be varied not only through
COntrol devices shown above,but also can be proportioned
at the disposal of the airplane designer by shiftlng

’the c,g.pOSition’and tail size of the airplane. The
'effectiof vsrying xg is interesting as it is equivalent

to changes of flight condition.



| hlva’Efiect ofivarvingum and mq: »
" a. Uncontrolled airplane - ‘ |
The effect of varying m for the: uncontrolled airplane
, has been investigated by Jones? Haus4,and other investigators.
Using the derivatives for the airplane F-22 sFig. 4.1
,shows the disturbed motion in pitch due to a vertical
gust as solved by the M I.T. Differential Analyzer. It .
is seen that increase of the ratio mw/m merely shortens
the period of the long oscillation and increases the. .
‘ magnitude of the disturbed motion, It is also noted
that the damping of the long period oscillation is but
; improved very little through the variation of m or . |
mq. Therefore study of the uncontrolled stability alone'dr
‘gives the de31gner 1itt1g%§%§$atung.quantitative idea
vabout the proper magnitudes of me and mq.
b, 'With me control hav1ng no 1ag.
Fig 4, 2(A) and (B) show the effect of varying mq
on the disturbed motion due to vertical gust It is
obvious that the principal effect of 1arge mq is to
'Provide adeqnate damping for the short period oscillation.
"If the control has no lag, mée-s Would be satisfaotory.‘;“

'}It ls seen also that increase of mq is very effective

'in cutting down the initial surge error. It is also

interesting to note that the variation in the vertical
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| velocity is more severe than the motion in pitch
o ; Fig. 4 3 show that the effect of increasing m s
or the static stability of the airplane is to increase
 the initial surge error. Curve C of Fig.4.3(4) and (B)
shows that an increse of m, of 50% over the original

one and a decrease of m. to only 407 of the original

one improve.the‘motion due to gust tremwndously There-
fore, it 1s believed that a correct rating of the pitching
motion in rough air should be based on the ratio mw/m ,
the larger this ratio is ,the airplane WilIQmore '

) pitcn in rough air. It is therefore,not directly related
to‘the'damping and period of the long oScillation for

oan uncontrolled airplane which has been concludéd by

Hartly xﬁd,Soule's

in a flight observation. It is
also believed that en airplane having small static
Stability vand small mq would‘be easier to pitch by
a certain elevator movement then an airplane having
large mW and mqo (see fig 56a,Durand,Vol. V) A rough’
examination of the relative tail size and c.g. locatimn
- of the airplanes investigated in T.R. 578 confirms the
above statements. ‘ o :

In the following table, the tail size expressed
as a nercentage of Wing area is a rough measure of m

While the m of c. g location relative to M. A c. is a

_relative measure of m_.(all data from T.R. 578)
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P Table 4.1 » _
~ Observed Characteristics Alrplane characters
~Airplane Pitching Elevatbtor ‘ m as a. .mW as a

in'rough‘air,movement function of funection of

% of tail size c.g.location

0 S T s e 0= e S e S S0 G S g S S D G et el S W e et e G T Gy ettt e e e o B B e m T e vt m e S B " N e Gt G A = m

1.F-22 A B 1'5.4,5, A 28%, A
e s e > mets
R O L e o wmesn
craa hp e v e o mefo
e s 1038 5 o
o s eas o ks
e, P
e T T T

- o T — - TH . O = . gme o
. e e e e e t e . s o S S " W o e S St " o A

‘ A is used to d631gnate alrplanes that are stiffeet srequire
greatest elevator movement do most pltchlng in rough air,

,,haV1ng,1a:gest percentage of tail area, and foremost

c.g. lacatidn.



s

'Owing to the different wing sectionshused the c.g. locttion
,1s not necessary a direct indication of m .But in general,
-airplanes hav1ng 1arge tail and rearmost c.g, pitch
less in roughaair, and~aifplanes having smallest tail,
rearmost e.g.locationiarereasiest to pitchkby elevator
| movement. . Frog the ;bbvé distussion it is?therefore,
believed that airplane designers should have the static
stability as nearer to zero as possible for a good
all round stability and controlability. Mq can neither
be too small lest that the airplane might be unstable,
nor too Jlarge to aVOid the unde31bable stiffness in
elevator control.im wi
Fig 4 4(A) and (B) show the effect of negative static
vstability,i e, m, being positive. It is seen that a
ylarge negative static stability is unbeaiable as. the
airplane Wlll be unstable even with me control A slight
negative static stability is ,however not so disastrous
as it may seem to us. In any case, a zero static stability
ig most desirable.( |
c. Efiect of varylng m and mq Witb control lag. - |
Fig 4,8 shows the effect of va rying m. and mq when
,the inertia lag is present It is seen that mq is ‘
primarily respon51ble for minimizing the lagging effeot,
While m only ohanges the initial surge error greatly. '

- It is.believedethat mq should be such that its magnitude
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be larger than the equivalent negatlve mCl due to control

1ag, ,namely,-FmG% s by certain amount sunh as -5, to
provide for satlsfactory stabillty.

5. Effect of varylng FO or Xg.

Eig 5.1 shows ‘the effect of varying PC for
an. airplane nontrolled and uncbntrolled For an uncon-.

trolled alrplane, it is seen. that dhanges of PC merely ‘

-change the perlod of the 1ong 0501llation slightly.

,attaok is less then at low angle. However, for a controlled

The damping of‘the 1ong osoillation at high angle of

‘airplane, varlation of[uG makes little difference in the

final criteria of stabillty.
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6.Sﬁmﬁarj‘ahd’conclusioh of the controlled 1ongitﬁdina1
motlon.' B = o | -
. From the study of various control devices,it is seen
) that most of them merely produce devivatives similar
to that of the airplane. Therefore the use of those
control devices is equivalent to modlfy the characterlstics
of the uncontrolled airplane.
b.The prlnm@pal advantage of the mg control is to‘equalize
the damplng of the long and short oscillations,which
1s a character the other control derivatives lack.
Therefore it is belleved that the use of my control
is essential for good stablllty. Other kinds of control
should be used in combination with the mg control
to achleﬂe optlmum performance and comfort such as
to reduce the ‘surge error,as well as the effect of control
lag~introduCedtby‘me‘control.
o.Reduction of m. to the vicinity of zero and increase -
of mq is~desirab1e for both small subge error and
comfort of flying; As the initial acceleration due
%o vertical guet depehds on the derivative'zW which
can hardly be modified, the only course toward better
fllght comfort is to reduce the oscillatory motion
after disturbanoe. This is effectively done by having

. smallm_ and 1arge m .
: W o 4q



":d For good controllability,a small mq is de31rable. _
Therefore,’it is believed that tail size should
d not be too'large An 1nstrument detecting the quantity
’q and thus giving mq in addlti&n to My ehould glve |
;optinmm stability end controllabllity. - et
“e The smallest mq to stabilize the controlled airplane f‘
is approx1mately equal to -5 Additional mq to provide
for control lag should e calculated by the expression,
:‘I?'metg'”‘ o ‘ .
S i ‘m= 0 is most desirable. A slight negative stativ
stability is allowable if ‘the airplane is properly
controlled. | S ; |
g. The effect of varying FC is unimportant for a;controlled’A

airplane.



Chapter ‘;7;lII}?

CONTROLIED LATERAL MOTION ~

1. Introduction‘_,

Airplane deSigners have been confused in interpreting '

the connection between the results found from the study

;l,of the uncontrolled lateral stability equations and the“-
‘ _observdd stability and oontrollabllity of- airplanes in . ,
fl 1;3;ht The lateral stability equatlon of an uncontrolled o
l*falrplane is found to be an equation of" the fifth degree. B
f d0ne of the roots of the stabillty eqnation is always it

;f~zero 31gnifying ‘that an unoontrolled airplane is in-3j;liggf

"itsensitive to direction in azlmuﬁh In the remaining quartic,z“'”“~:*

ad am;a/ex

U~J;tm0 of the roots are real: Wlth the other two, xmaginary

"ﬁOne of the real roots is found tg always large and negative,l§‘ﬁ“

“;“;characteriz1ng the rapid subsidence in rodl. The remaining

’real root is small and cean be either positive or negative ;,,f
'"f?depending on the relative amount of ‘lateral static

%"stability' derivative nv and the*'dihedral derlvative' %

j‘lv,Whidh are all at the dlSDOsal of the airplane designer.

It is found that the 1arger is the dihedral derivatlve 1

’*f,twlll separate 1nto two rapidly 1ncrea31ng exponential

kthe WLder 1s the range for nv without causzng spiral

’>d1vergence(i e the small real root becomes negative)

~(negative static stability) the osoillatory divergence 7“":

i‘,'and osillatory divergence(i e. the real part of the complex S

"roots to become negative) Only When n is very negative,iﬂfgw;"”*
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model. Thus the study of the uncontrolled stability
equatlon seems to suggest the idea that the dihedral
should be as large as possible while the vertical tail
size Which gives positlve static stabillty n, is un-
important invthe criteria for lateral stability 50
loné és it51s‘no£7too small to cause ekcessive negative
n, due to e instabllity of the fuselage? However,the
observed stabillty ‘and oontrollablllty requirements |
seem to be ‘80 closely'related to»the alleron and rudder
control ‘as well as the dlhedral end tail size derivativ33
that any. stability criteria without considering the
'stebilizxng,effects,due to control operations will lead
the designer~to providekimpropef:proportions of dihedral
and tall- sizes. ‘ | | |
It is, therefore, the purpose of this dhapter ‘.
to- study +the equations of motions of a controlled airplane
in its 1ateral motmon in order to derive a . quantltative‘
'crlteria for satisfactory 1ateral stability of a controlled

airplane.‘. ‘-‘:»o‘_ S S b Afr o
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2.Review of previous work on the conbrolled lateral
stability.~ |

~ The study of controlled stablllty was done by Garner4

as early as 1926 Cowleysan examined the mathematical
way of expre881ng control lag. Koppeg ‘studied the
controlled stabllity by aileron at high angle of attack.
'Meredith and Cooke?described their physical conception
with feéard'to:%?foct of:oontrol.lagnoﬁ the controlled
‘motion;“Infgeneral,:it is found that the effect of ru@dér
iskfokgiée,the“ai?planejsénsitivity in’ azimuth; From
éaf@ef's”matheﬁatioal 1nv6$tigatibn,~it’ls found that v‘
| for’aniéirplane oontfolled,by rudder alone,the slow
’spirél motion préséﬁt in the’unoontrolled alrplane 1s
ohénged iﬁtoqé'long périod bénk'and yawing oscillation
G very poorly damped The rolllng subsidence remains .

as heavily damped as for uncontrolled airplaneé Thev
hshort perlod osclllatlon is sensibly unchanged by |
rudder stabilizlng factor The‘alleron control adds
‘damping to the 1ong oscillatlon and is greatly affected
by tail size and dihedral of the airplane. Koppen
pointed out that at high angle of attack,the damping
for the short period oscillation with aileron control
‘alone}is ﬁefyféoof and can only be lmproved by increasing

tail sizés. »
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| ‘z,Howévef, agéin,the difficﬁltkmathematical‘manipulations
invdlved in‘investigating the roots for the stability
squations end partiswlerly in finding the disturbed
motionétdue to atmoépheric gusts or control'manipulation
héve limited the‘pféviéus investigations“to very few
special_cases‘so.ﬁhét few cbnclusiOns toward better
_éirpiang-and control design could be‘reaghed; Agaih,

the metljods of(rebreéenting;control lag In previous
investigatiohs‘haﬁe beeh inadequate and confusing so

that the\gffect,of'éontrol lag can not be conveniently
expressed po‘givé the‘airplane'designer a clear conception.
Weiségderived thé expréssions.for the equations of motions
of anvairplane controlled by both aiteron end rudder

and expressed‘the control lag in-the‘aileron and ruddér
opératiops(by‘addihg}two‘more degrees of freedom to

the uﬁcqntrolied\equations of motion. The final controlled
stébility'eqaafion‘is_Of the ninth order which is extremely -

complicated even to solveffor,the‘roots;of the equation.
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53 Procedure of mathematioal investigation of the oontrolled
lateral stability |
From the study of the longitudlnal stabilization as

,a functlon of 1nc11nation in pltoh in this thesis, it

‘was found that the effect of inertla lag ald that due
ko constant time lag are sensibly :Ldentical ‘if the lag
is reasonably small oompared to the period of the short
‘”0301llatlons of the '1deally controlled alrplane It |
{was also pointed out ﬁhat the effect of constant time
llag can be closely approximated Wlthout Entroduclng
kadditional degrees of freedom 1nto the equatlons of

motion and thus the numerical investigation of the -
controlled stability can be greatly simplified especially
in the lateral motlon. The disturbed motion due to
,atmospheric gusts is as important as, if not more than
:\the stabillty criteria and is to be solved by the M.I.T.
’ leferentlal Analyzer as did for the longitudinal mot:Lon.9
',Due to lack of 1ntegrators in the present machine in

use the constant time lag equatlons will be used insbead
'vof the inertla lag express1ons which requires four more

l 1ntegrators.



4.Various laws of operating lateral controls

'ﬁauslo

gave the following tabulation of disturbance

Ji5

’detectors«according,to the indications of which the ailerons

or rudder can be operated.

——t——

Disturbance detector

Detected physical

Stability derivative
produced by control

T

| ——_guenbity

alleron  rudder

.

1 Vane with vertloal
axis -

2.Free Gyroscope

SkGnySCOPe produc-'
ing precessional
couple

4.Free Gyroscope

5.Gyroscope or
speedmeter to
measure difference
in linear gspeed
of wing tips

6.Direction of
apparent gravity
recorder,or
pendulum on Z0Y
"plane or accelero-
me ter along OY

7 Torsional accelero
meter about X-axis

8.Torsiohal'acceloé
meter about Z-axis

T e vt et et

-

Angle of side-
slip, v/U

Yaw with respect
to axes fixed in
space,

Mngular velocity
-of roll, p.

ROlanlth respect
to axes fixed 1n
.8pace,

~Angular velocity
of yaw, T

Direction of
apparent gravity
gsinb+dv at+Vr

Mgular accela-
 tion about O0X

Angular accela-
about 0Z

- Tedle



fhe‘qtgbility derivaﬁives,duevto-control operétiaﬁ
5y thé;huﬁan pilot‘are'probably'very complicated. It 1s
believed that hnman pilots are most sensitive to the
a.rlgular"displé.cements in roll end yaw so that the effect
of hﬁmanxpiloting°can be considered as producing control
derivattvé$,l¢‘énd'n¢ due to<aileron“operationfand.nm"
due to’ruddeﬁ~controlf‘n¢ will be zero if the aileron

‘has no adverse'yaw.ll

‘Garne?Znentioned that a skillful
pilot~can'produce a control Qerivative n, in addition

 to the deriﬁative‘nb through rudder operation..



e

5. Eqnations of motion of a controlled airplane :

It lS seen from tablo 4.1 that control derivatives
1 ,n ,1p,np,lrand nr‘are already present in the non-
Adimensinnal eqnxtions for uncontrolled airplane.

The control derivatives lda and nday are - merely the a@wké@*

‘ ) dt? at™
inertias in roll and in yaw.respectively.They are

unity for uncontrolled airplane. It was shown in chapter

I, article’lz, equations.(lz.s) that increase of inertia

in pitohvis eqnivelent to reductions in stability derivatives
;in%— the pitching motlon such ge mw,nqand my . Same |
thing is‘true here. It is not quite so convenienent to

put the oontrol derivatives 1dzg and ndzginto the
T ~dat at

equations of stability study, se-tkes without ralsing

%’ ctlpy/ [‘a[d -14[7’15

the—eféer;of the equations, so that this type of oontrol

~wlll not be con81dered here. The control deriVatives

14 n@,lw,and nm are not oresent in the equations of

motion for uncontrolled airplane sand they are by far the.

most important ones beoause in the controlled motion

either by human piloting or by the most succesful

Sperry and Smith Automatic Piloting,the control derivatives
1b5n¢,and nv are‘alWays pfesent, ldand n are due to

direct effect of5ailefonkand rudder control,while ny
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Jnis introduced due to the adverse yaWing moment present
in ordinary aeieron arrangement The control derivative
‘,1¢ has not been investigated before as 1its presence
requires that the operation of the aileron be coupled
according to the displacement in azimuth which arg not
yet XRXﬁd tried by any succesful automatic control devioe
‘known to most of us. However 1t is pOinted out later
that this kind of control manipulation is probably |
'important in the aileron~elevator two control operation.

| Usrng similar non—dimensional system,with

m= mass of the airplane asg the unit of mass as in the

longitudinal motion,

- [

=
il

mAPSV unit of time where P is the density of the air
corresponding to the altitude at which the
“ airplane is flying,s is the wing area and |
;‘V is the air speed of. the airplane.
n'b/2—half the length of the span of the airplane which is
quite nearly equal to the tail length,L in the
longitudinal motion for normal airplanes as. the
unit of length
the equations of'motion for uncontrolled'airplane
in'nondimenSional form can be weitten as,
T dv/dt - y.vh+ PCL $ + V ay/at =
2¢/dt 1%7'-1pp;1r=o

d%/dt “'nv“npp"nr—o -.oooooooo(5ol)



' the aefoaynamia derivativeyb isvneglected end the
'aerodynamio derivative y is small compared with F and
is also neglected -

For controls moving allerons or rudder or both ,

) according to the disturbances p,q T or v,some of the =~
deribatives 1p,n ,1r,n 1 and nv can be added or
subtracted from the correspomding derlvatives and thus
altering the stability of the motion.

For motions controlled by human pilot or by Automatio

APilot sudh as Sperry or Smlth's design,the equations of

motion for oontrols without lag,can be written as

_follaws,¢~' L S |
L 'tn,; dv/dt -7,V +'Pc b +‘F ri
| d3¢/dt2~1 v -1 de¢¢ -1r =0 R i
dzI]I/dt’a - v -n p;ﬂn¢¢-n r7n¢¢ 0 .....(5 2)
The expre331ons for qu, g end oy ave quite G

0

‘eanalogous to Pme whidh was derived in Chapter I They

1

will be: derived 1n later sections.

The equations of motion expressing all n0851b1e :

control derlvatives given in Table 4. 1 can be Written as’

follows,\ dv/dt - TV + PCL$ +pr = = 0 as before,'

beo .
ause no control forse is pOSSlble 1n the Y- direction.,

(1- ﬁ)d24)/dt2~1 v -1 p % - Pl¢d -1, dr/dt -1, r ~1¢W.

(1- )azmyat2~n v -n. d2¢/dt2—n - ¢-n -
r P r
| B Tt | I inw (5 3)

o L D



6. Non-dimensvonal determinant of controlled airplane
TLet Fhe non- dimensional determinant for the un-

controlled alrplane be wrltten as,

Dot the stability equation of the quintic in a

obtained by expanding (6.1) be written as,

A d5+B d4+o d5+D d2+E A+ F =0 vrrnennns.(6.2)
where, Ab— 1

Bo?"lp-nr"yﬁ

¢ = 1p(yv+nr) y n + an-n 1,

D = Plv(n‘* ) 1 (y n + an3 +n 1 Ty

—"FCL(lvnr nvlr).

~’Fo- 0
A Let the determlnant w1th the rudder and aileron

control be ertten as,

dﬁjv, ‘PCL - ,d}l

-1, @f-al - ply | a1, 'o (6_3)

g—nf, e v-dn Tn¢ a®-an - P

Let the stablllty equatlon of the quintic in d

Obtalned by expanding (6 5) be written as,
5 4 3

43% B a%ca’ D d2+ EQ+F=0...0..(6.4)

where, ;a~',-w"

, -1vu‘ ;d_ a, = -a1, : o...(a,ll
"N, o dnpwl ;d dnr



e

= ¢ an l%

: D+]m'df(l+y ) +}11¢®y+n ) -}m¢l

BB ) - Lyt ) pmy Plv
B = F - in(FCle).fy ( in)(Pl¢)

ﬂThe determinant expres31ng all pOSBlble control derivatives

M oBHR QW
{ o

 given 1n Table 4.1 1s,

e T

-1 a®-1,a%-a1_ —dal ~d1 - pl
e, B | 2o e
i B LR
LR e L N a_
-n_ | - d\np dnp -qu (1 pf)él dn_,
The quin%ic.in d can be written as,
5 4 3.2 L (6.6)

A'd+ B!'d™+ C'a"+ D'A"+ E'd + F! = 0,404
where, '

A'—(l-lp)(l-n.)-lf 5

Bl= B -y (1 1 )(l—nf)-n (1~1p)-1 (l-n )
n.1 - -1, |
s | nP B np
1= - -
_~C =C Pn§+lfy n +l - yv lrnp Plvnp

 where Q' C except the term poy is replaced
by (l-l )( an
’ and the term an is multinlied by (l-l )
the term P1$ is multlplled by (1—nf)
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E!} 1D'- D + PC n Lf qu y Plv Fnvalf
‘ : Where D D With v P}@ u?% eé by (1-nﬁ)
S PR L Ty multlplled by(l lp)
_E'- B + Flv(y }m(b) o
ST Ly ¢y g o
fflt is evidént that any attempt to discuss the
stabillty equatlon 1n the compla&e form would lead to
confuuion. It is therefore advisable to 11m1t our
~d1scussions in the followmng sectlons to the equations
of motion for simple human pilotlng,as well as that

for the present Sperry and SmLth Automatlc Pilot -

namel&,equations (5 2) and determlnant (6 3)
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7 Control system with constant time lag
e h_Let t = constant time 1ag in the aileron control “
h ‘syetem.
= constantitime lag in the rudder control
*';systemi e

- For’lag due to human reaction t and t would be
equal For the equivalent lag due to inertia in the
aileron and rudder control system, ¥ may be different
from t As it is noticed that the aerodynamic rolling
moment due to aileron control lags behind the motion :

of the aileron by certaln amount deoending on the

klocation size shape and ‘80 on of the aileron system13

it 1s believed that t is in general greater than t‘.’
Follow1ng the principle of Chapter I, article 12,

the determmant (6 5) W:Lth constant time lag can be

written as follows,;" “J‘, o

B dP- .

). .| v @ -f%(e o =0

Ry -dn ‘Tm (e ‘a)“ ...rm_w(e"dt

Write
e‘dte~% 1-dté+ d?tz /2 + ( terms neglected)_
o™z = 1-at_ + a*t3/2 + ( terms neglected)



Iz

. then\""( 7’1) . be céme S,

-Y ::ﬂf;:»:\.PCL‘ SONE T d p
$1 —Plbtz/z)dz—(lp-Pl¢t )d -dl,
(7.2)| P =0

_pv' (1un¢t2/2)d*—(n -Pn¢t )d (l-intr/2)d2
e ~-~—;1n¢ ’“<n-rm1rt>dvnw

Compaang the determvnant (7.2) with (6 5), it

 is obvious that those controls listed in teble 4.1
which produce the der1Vatives 1p,1 ,np,n Ty and nr
,can‘be used‘TQGETHER‘With the eontrols producing
fderivatives i¢,n¢,and‘p$with their values so ejusted
~as to cancel out the undenirable lagging effect produced
by Introduclng the controls l@,n¢ and Nw
The question is now to find out,
a,Whether«the(eentrels l@,n¢and n¢ are desirable or not,
b.If so,what are their operational ranges, under various
: airplane cﬁafacberistics flight conditioﬁs and'so"on.’
In order to. answer the above questions der1Vatlons
for tbe control derivatives l¢,n¢ and ﬁ¢ for certaln
control system must be estlmated and numerical investigations
(to determlne thelr effects on the stabillty of the motion
‘and the magnltudes of the dlsturbed motlon due to certain

gust must. be carrééd out



8. Expressions of the control derivatives 1¢,n¢ and nw
” USing the similar notations for uncontrolled

14

airplane deriVatives adopted by Kbppen , the dimensional

derivative L¢ is defined as‘,”:

' 1/A1(aL /a¢)..,...;;.;,,;...... (8.1)
where ﬁ is the rolling moment due to. aileron and can be
written in terms of the non—dlmendional rolling moment

coeff101ent C as follows,

1 ’ .
| L ~Clg Sbv ..I.".Q.....' 00000 . e 0 (8 2)
where Cl.is the rolling moment coefficient adopted by
N.A.C. A.l Jrite the moment of inertia about X-axis in

terms of the non- dimensional coefficient alas in the
longitudinal motion, ) - :

= alm(b/E)a (s 5)
‘ Substituting (8 2) and (8 3) into (8 1), we have,

L¢ = acl/a¢ (gsvz)/(a mb/4). . .(8. 4} !

By definition of non—dimensionalization, we have
| = Ly (m wa e Teaeieneans ...(8.5)
g ¢‘/E ) SR
) s p= m/Bs2. .. S co.o (8. 6)
Snbstitutingn(B.é) end (8.6) into (8 5), we have,

1y gz/aiacl/a¢ .....................(8 7)'

'Denoting the angular displacement of aileron by ¥,

we have,,j‘ 1y = (2/&1)(30 /ay)(ay/a¢)...........(8 8)

Zs
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- Following the .same procedure, it is found that
b = (2/c )(ac /ay)(ay/a(b) ......-.......(8 9)

where C is the nondlmensional yaw1ng moment coefficient

gue to aileron Lnvestigated by N.4.C.A.15

The expression gor n¢ is exactly analogous to me

and can be written as,»
ng = (1/cy )(ac'/aa')(s'/SHan/aqw)(aa'/an) (s. 10)
where, cl— non-d:men51onal moment inertia coefflcient
| about Z- axis . ! ,
.;aci/aa'= slope of Lift coefficient of vertical
- gat1, o
S'/S<= % of vortioal tail size.as compared to
e &ing-area.
‘n angular dlsplacement of rmdder oontrol.

o a'— effeotlve angle of attack of vertlcal tail
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9 Evaluation of derivatives based on data of the N A. C A
, 'Average Alrplane'
a.Charaoteristlcs of the N.A.C. A sverage airplane F-22%0
fwelght Weteeoeooeoooonnonannnss fereeeseessa1B00 1b,
Wing span,b...;...J.J..;..;...;;;}....m...,sz'ft.
poW1ng arga,sQ;;..;.;;;....;;...............;171 57
‘fwing‘1oga1ﬁg,w/s.;i;;..;...:........;....;.9.4 1bé/ft?
 Area of fin‘and'rudder,s};.;...;.;..;......10.8kff? ]
, Tailllengthf;;u;Q;.f;..;:.;...............;}14,6 £t
13 P PR eveeree....1,216 slug-ft2
I ..;.;;;.;;JQQJ;.;;..,.,..f; ..... veeses 01700 slug-—ft?~
b. Assumed flight cmndltlbm. | | “
Horizontal flight at air speed..... ...... ‘;.126 f;p.s.n
Altltude..................;.........;......5000 ft.
Alr density, P..:;.;;.................... ,0.00218 slug/ft8
‘ Based on’ the above flight condltions the fundamental
xunits in the non—dlmensional sysbem are, N
"Unit of mass,m.. }....;;.;;;...;;,.........50 slugs
Unitvof time;T.....:...:.;;;.;....,.a.....,zsecondS'
V0Lt 0F LOMEHNe s s nn e nnnesenneeeaneesnnsl6 Tb
The parameter;‘F ;.;.;.;.;; ....... Ceee....16
c. The aerodynamic derlvatlves of the average alrplane
used Ain the numerloal analy31s as a basis for compar:_son17

The following derivatives are rounded figures for

the convenience in using the M.I.T.Differential Analyzer.
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Vertical tall size;;.;.;.;.....;;...:.;6% of wing area
‘Dihedral. "5....};§.l..;;.;;.....;....}..;.;s°
y;‘;Ber or -1/2
Dt ettt et et et e ateteneaaaaraaes HL

v

1-‘.voo'ootocl'toooooooc00.0'.0'000!!0'0000.00 -2

l .o."t.‘l’ooco'.'0-0.00-000'.00600..0‘000.'10”16

Y

1 .OOO00000oQ"‘.on.;‘;,!uclllo.-t..'t.'."lco'o"“ 4

n ""..‘.;“v..'.."..;......‘...‘.0.‘.'..“. .“l 2 -
n'...'.--....‘....-.‘.V..'.....-..‘..-.o........-.."z

T
,cn;.;..,.;..;,,...,{L},....,....f..........;..-1/2"
d Estimatlon of the control derivatives

‘, Based on the data of a typical plain alleron of
size O 400 by O 50 b/2 glven in Fig.6 of T. R 605
it is estlmated that .
o BC /BY = 0 038 per 20° of aLleron dlsnlacement
o }‘ —O 11 per radian of aileron displacement
 si‘ O 09 approxlmately ‘ | |
Substltuting into (8. s),_'
i 1¢ mxaso(ay/a¢) 2
Assume ay/aq 0.8 as normal operatlon of aileron

' control then, l¢-~-2.0 may be considered as reasonablelg

and l¢ varies from -0.5 to-10 .
| ""From'Fig,lszof'T;R.sos, for the typical aileron,

on a rectangular wing,
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¢ /0"=-o‘216 cI ;.;;....§;..,.;......,(9;1)
Thus ¢ /c ~0.11 “ab cﬂ—o 5 | -

data k O 185 as given in T R 638

Substitutlng into (8.9), S .
IW"OZ ww®m.”.”.“.”:”;”.“.”(92) |

4 " Thus, nb varies from O. 1 to 1 dependlng on
'Cﬁ;'and ay/a¢ | )
R ) estimate nw,by simllar process as in estlmating

m e,jassume,'cl O 134 »

ac'/aa' -2;5”5

' da'/om = 0.5__

| $1/5 = Q06 or 6%

Substituting into (8. 10), B
- %-,—oean/adn | |

’:and nﬁ vurles from ‘.2 to -2.0 and ~O 5 can be taken as

normal. For convenlence of comparlson the follow1ng

;control derivativesuare taken as basis,

F1®.,;;.§}5..g5.;.g;;.,.Q;.;,;;.;.;.;.J..;.;l -32

pm T T -

'tln-‘b..'-.a,...{.:‘.‘...Mv.y..'. eseens .‘.'f. ',,"’”'f"f"'v“:-ﬂ.a‘ £~;‘
. The adVerse ya&,éue to,aileron is approximately |
twice as large as that for the resl airplane F-22

to show its effect on the stability clearer,



lO Numerical Investigation
A In the follow1ng pages,the stabllity of the motion
' defined«by the roots of the determinantal equatlon(G 3)

for various control derivatlves and various dihedral and

tail sizes are 1nvestigated The disturbed motlon due to -

a rolling gust’represented by p 19 as solved by the
M.I. T leferential Analyzer under varlous oontrol
derivatlves as well as alrplane characteristics is
. presented simultaneously. The roots of the quintic
equatlons are solved with good accuracy by the short cut
method found out by the wrlterzo Due to the limitation
,of the Differentlal Analyzer, “the derivative - has to-
be-assumed as‘zero in most of the investigatlons As
‘it is the. least important term in the stability equation,
L1t 1s belleved that the absense of that term will not
alter the general conclus1on greatly »

‘As ln the 1ongitudinal stabllity 1nvestigat10n,
1 /2 = Time to damp to half amplltude in T units of time.

‘31/2.= Number of oscillations damped to half amplitude.

‘‘‘‘‘‘‘‘
.....

sl
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g{Uneontre;ledeairplane,‘

vy, A B C D E P

: o oo Yo P "o
0 1 180 50 288.0 0 0
-5 1;‘1?_‘j‘18:5 59.0 305 0. o

;k?yv1 fAe“'VciM_‘v Quintic factered into

 ; eni (a+ 0)(a + 0)(a +16) (a2+2d+18) =
e;:5“ "(§+.O)(d + o)(d +16)(d2+2.5d+19.1)= C

00000009000"0000000

;?F& i“RQOts . Periods | Tl/2 , Nl/2;

s I Inflnlty . 0.0433 0
 -0.5 O, o 'f"" Infinity . Infinity  .......
B "-‘~1 25+4 21 1.50  0.554  0.370

 -16 | Infinity  0.0435 0

0 0,0  Infinity Infinity ... .....
.~ -1.0%4.121  1.525 0.693  0.455
_Table 10,1_

- From the above calculatlons, it 1se%ﬁat the |
uneontrolled airplane F-22 is a spirally neutral airplahe,
as E * 0. As 1t is expected the airplane WLthout rudder
controlfhaseno stability in azimuth,being indicated by
F —‘o'“The'éfféct‘of v, is seen to add damping to the
. oscillatory motion often called the short period lateral

eoscillatian to dis tlngulsh it from the comparatlvely
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1ong period’oscillatqry motion introduced by rudder
cdntrdl.It should.be mentioned here that the dihedral
engle,5° assumed here is acbually a Little bit lapger then
thé rééilairplane which has dihedral 6f apprdXimatél&
'26t0*3? Thefefore‘the reél airpiane would be‘spirally
byunstable due to smaller 1, . .

~ The disturbed motion due to a sharp-edged s1de
gust v for the same alrplane has been investlgated by
Jonésgl with the conclu31on that the fin area and wing
dihedral are of primary importance in determing the
magnltudes of ‘the d;sturbed motion due to side gusts,
and wili;hbt Befrépéatéd here. It is seen, howevef‘théf
‘xnvestlgatlons of ‘the uncontrolled stabillty lead to d‘
very few deflnite 1ndications and 1nformat10ns for B
'airplane designers.
b.Airplanédwi%h'fudder control alone.

'SubStitutiné the airplane derivatives into (6.4),

with By

0, an 0, i o, we have,
=1

~=‘18

= 50 = Pnﬂ

288 -16(Fn¢)ﬁ

=0

Teasmy

'ﬁtzj-UQtU:x;'
ll



Table 10.2.

xz%_

A B ¢ D E F |
o 1 18 50 288 0 *
4 1 18 sa B2 0 64
- 1 18 s 46 o 128
-16 1 18 66 544 0 ,'256
in S i _”yr Quintic in 4 factored into .
.o long oscillation - subsidence short oscillation

@+ o0)a+o0)
-t ‘(q?x,e;6285d+.1é3)4
-8 (a%-0.014a 40.51 )
-16  (a?-0.058d +0.48 )

——— or S e amt o > =

e
0 0,0

-1 #4128

(d‘+16)

(d +16)
(a +16)

(4%+2d + 18 ) = 0
(a2+2.03d+21.9)=0
(a2+2,044+25.8)=0

(4+16.05) (d®+2.01d+33.65)=0

- Period
- Infinity
Infinity

T2 T
0433 0
Infinity  ...eee

. .693 .455

TS e et e e et e et ot e - . S e Mn g At e e T M o e e e S e O o G G Y G e d S M o e ey oen e S e

, -6
-4 +,0143+.4241

-1.015+4.571

Infinity
- 14.8

1.375

0433 0
unstable unstable

.685 - «498

. T s e Gt S . v B prp S . S T e o v B B G S St G S S e S G et et e Gt S ST S T e R e mw S S e e

-8 +.022+.5531

~1.02+5.061

- Infinity

11.35
1.24

. .0433 - 0
unsteble unstable

.680 .55
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 uny  Roots ) .

H_in c ‘Oots' : ?eriod | ?1/2 7"‘~Nl/2
... . ~18,05  Infinity .  .043 0
=16 . 4,029+ .6861  9.16 - TUnstsble  unstable

. -1.01 4+ 5.724.  1.10 . .690 .626

~ From the}ebove‘calculatione,the,effect'of rudder
control .is seen to give the .airplane a restoring capacity
in azimuth by having F no . longer zero. From (6. 4) it is
seen that E —--an(FCLl Pl¢y ), vand F w111 be .ZeT0 so
,1ong as’ an 1s zero. Therefore it is necessary to have
orudder control in order to prov1de for directional
'stabilit y unless the aileron is onerated according to
‘angle of yaw to give the derivative 1$(see equation6, 6)
The introductlon of directional ‘stability by
means. of rudder howcver, has the disadvantage of combinlng
the original spiral mode of motion into a long perlod
oselllation With inadequate damping This is seen
’mathematically by examlngng (6 4) td%due to the fact
that for y = 0, 1ntroduction of the control derivative
an can not modlfy the codffioient E whioh Is zero for .
the . present airplane and 1s negative for. splrally un-
‘qstable airplane It is ev1dent that for en airplane to
' be comtrolled by rudder alone must have E large and

positive which requires that the dihedral must be un-
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usually large.T ”his willdbe discusééd in detail in the
study of two-control operatlon It is also seen from

tne expressmon for F, that in order to have an effective
in providlng the course Suabllity, l mist not be gero,
Thjs is particularly important when yvis small and

aileron contrblfndt‘poWerful;‘In general, it can be
céncludéd that dihedral must be present in order to have

effective rudder contrel. The effect of yv‘is'seen7as'

follows,
Table _10.3
S i A s B
...........—_._._.....—.__..‘.._"_...._—_.——_—_._..'._p._’
Yoo An 2 e R
o 1. = 18 58 416 0 128

-5 1 18.5 67 a37 32 128

S Qulntic factored into : »
'¥v‘ Long oscillation Subs1dence Short. oscillation

0 ( dzx -.044d +, 31) ( d +16) ( d2+2.04d+25 8)—0
-.5 ( d2 +, 082 d + 294)( d +16, 05)(d2+2 4 d+27 o) o

-t o ot s S i g TR e T e e S M G e W TmS W NS SOy St S S D

‘Yv K ,;Root$ _v‘k_1Period Tl/z ‘ Nl/?
=16 Infinity 433 o .
0 +.022+.5531  11.35 dhstable  unstable

-1.0245.061 1.2 .680 .55
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| jv o 'Roots} 8 Period Ty N
| -16.05  Infinity .43 o
.5 -.041+.541  -infimity  16.9  1.46
R S ' - i1,6 | o B
-l.e+ 5,061 L.24 .58 .466

The éfreét of ¥, 1s to add‘damping 0 both the

long ‘and short oscillations However the long oscillation
is still far from being adequately damped unless .
‘is unusually high Fig 10.1A shows the disturbed motion |
in roll due to a rolling gust p for umcontrolled
‘ airplane Fig 10. 1(B) shows the ooiggipomding motion

| 1ﬁ‘yaﬁ'ﬁ1th reference to ceruamn azimuth such as that
furnished by a direction gyro, or a compass. Increase
"of rudder control is seen to decrease the magnitude‘
of the disturbance in azimuth w1thout improv1ng thev
, damprng of the motion The dlsturbance in roll isAb
'hardly effected by rudder control except in varying

its period of 030111ation A large y is seen to be
desirablerin reducing the magnitude of disturbed motion
as’weli as in improving”the damping for both long

and shortAoscillations,
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.With both rudder and aileron oohtrol the adverse

~ yaw due to aileron belng assumed to be zZero.

S b tit ti —0 =-8, = '
ubstitu ng Yy Pnﬂ Pg= 0, into (6 4),

we have,

Y
-16
:f32

-48

-96

- -128

- -128

I

W B Y o w
!

. (a®-.044d+.31) ,,.(d +16)

l .

418

o pg

ffle( P%@),;h_

128

Tgble 10.4
4 .B . ¢ D
1 .18 58 416
1 18 e as
1 18 90 480
1 18 106 512
1 18 122 544
1 18 154 608
ifif: 18 186 672

E F
0 128
256 128
512 128"
”;\778 ( 128
1024 128
1536 128
12048 128

- e e e e e e e e e e e e e o e e SR e e

‘Quintic in d factored into

- Long Oscillation - Subsidence

(a®+,582d+.314) (4 +15)
(a+.322) (a+.988)  (a+13.8)
(d+.185) (d+1.965) (d+12.35)

A

(a+.15 )(a+3.33)  (d+10.4)
 (a+.0885)
~ (d+.,0635)

(d®+13.64+73.8)
(d®+14.38a+116)

Short oscillation

 (@2+2d+18) =
(dR+2.42d+27.1)=0

(aR+2.914+28.3)=0

(a®+3.53+29.0 )=0
(a®+4.14a+28.3)=0
(@R+4.27d+20.4)=0
 (8%+3.58d+17.4)=0

/30



Roots .
“416 "

o 022+”553i‘“
-1.02+ 5.061

Period

Infinity

11.35

T1/2
.0433

- unstable

—-—.-—-..—_.—-...——_.———————..———......._-——————————.—__————-——._————

.291+ 4791 f

-1. 21+5 O6i

Infinity.

13,1

_—-———_———_-—-—__--——_—--——_—-4_-—--_—------——_-—-—---

B .522 - 988
-1, 455+5 121 o

_-——'—_——.——-——————.—-—-——_-—_————.-—_—..—-—_——-————a—_-—_——.—-

-.185,-1. 965 -

—1 75+ 5., 11

————-———————_—————.—-—————_——_—.._—-;---——--——__—_.———_—-—-—

-2, 07+4 01

”43‘38  Infinity

. Infinity
Infinity

Infinity

- — o S - . S - . - T > - v - . S e S gun v - - —— by T B W W - o . - i T b wat mr -t ol S

-;6u8i50251 )

-.0885

-2, l4+o o1

——-————.——-—_——_—--—_——————_—-—-———_——__———_————._————_-—

-7 19+81 .

- 0632

"—l 89+3 711

‘--_——-————_—-_-—-——_-——_—————_——--——_______a___—_—_———



‘The numerical 1nvestigation shows the follow1ng

interesting p01nts,.,'v

(l)

The function of the control derivative lb is to
improve both the damping of - the long and that
of1the short osdillation,its effect on long

~ oscfilation being so well that at ply = 32,

the- long 0501llation splits into two exponentially

~damped subskdence. .

‘f,<2),

Analogous\tthhe‘function of Mg in longitudinal-

St Stabiiity'equatioh;?the»COntrol derivativeiulb

f merely equalizes the damping by drawing the

(3)

damping from the rolling subsidence and adding
it to both the long and short osclllations. The
rolling subSidence remains to be well damped.
For extremely high values of Plb’suCh as =96

and -128 the two heavily damped modes of aperiodic

;motions combine againlinto a heavily damped

,sﬁtrt oscillation,indicating that at,Véry‘

'~alér§e';ileron control,the degree of freedom in

(4)

roll apbroaches zefo in a similar way as the
case in longitudinal stability when the inertia

of tbe contro}system 1s very smallzz

In mathematical»expression,lt is seen that the

most importent function ofvl¢~in'contributing

~to the stability of the motion is to add greatly

/32



2 to the positiveness of E, see(6 4) It 1s seen alsoﬂ'
that/ E— h-(y n, an)rl¢ an(yﬁlp)
5 As the terms due to y are small compared to
“»that due o Pn it is necessary ‘that n_ be large‘
enough to- render the control due to alleron to be
'reffective This explalns why experienced des1gners
had long suggested a mlnimnm positlve n, be imposed
‘ ~on any alrplane23 Thls is especially so for
kd'alrplanes hav1ng small Ty high R or effectivek

wing loadlng. This fact cen not be seen through‘

7the study of uncontrolled stabillty,as increase of

¥ 'nv would make E, more negatlve. A numerical 1nvestigation,

‘?showing the effect of varrylng tail sige on the
- controlled stabillty w1ll be presented later.»

| Flg lO Z(A) shows the dlsturbed motion due':
to a rotary gust at varlous aileron control The uncontrolled
alrplane after dlsturbed by a ratary gust cannot recover.
itself to the pOSltlon of zero roll’ and yaw as indicated
by the two zero roots in the etablllty equatlon Increase
nof aileron control not only stabillzes the motlon in
roll but also decrease the errors in aZlmuﬁh as shown in
- Flg lO 2(B) though at a smaller rate. The transient

surge error ls 1mproved but sllghtly by increa31ng
‘dalleron control It is shown later that the lagglng
zeffect‘prevents‘tneraileron control qu from 1ncreasing,

S_beyond ~64. It is also interesting to note that the

| /33 ’
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'exponential mode o? motldﬁ 1ndlca€ed by the small negatlve

k:?root -O 0632 as shown in Table 10. 4 for Pl 128, appears
in Fizrgo 2(B) by,the phegemenon that curve returns to
. L‘ o

o zero yery slowly; As ‘the magnltude is much smaller than

”:controlled airplane the stabllity will not be
unsatisfactory due to the presence of this small negative

I’OOt. Lk B : - . » E)

d The effect of adverse and favorable yawing momgnt due
to aileron.:A' "‘/ §.; ; e

-

Substltuting into (6 4), o

0, in? -8, Fl¢— ~52, ‘we have,

18 e
90 “/' 4 ,
' 480—1 (Pn¢) 480 -4(Pn¢) ) )

512 ﬁ4 Pl +yv1r)(Fn¢) = 512 ’52(Fn¢)
128‘

ne

(1o}ri'

E"E M Y a wAj»
It

Té%le 1Q.5’U"

e |
B ¢ - p ¢ E F
416 @8 90 ¢ 416 o 128
g 8 90 448 ‘%ek‘:ms

+ 4 18 90 464 384 ‘128

1t

18 90 - 480  5l2 128
18 90 . 496 640 1,28
18 90 %siz  7es8 * 128

B S R IR SIS

18 90 544 1024 128
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Pn¢‘tst‘“ Sl | Quintlc in 4 factored 1nto‘ .

‘ ong oscillation Sub31dence Short oscillation:
- +i6h51dv .066d+.009) . (a+13.63) (a%+4.3d+30.5)= 0
h e”i(d2+ 583d+ 523) h‘,(d+15 70)  (4%43.723+29.0)=0
s 4”i(a2+.95 at. 528) "i(d+15.76){ (a%+3.37a+28 . 3) =0

'o¢°v(a°+ 522) (a+.988) h(d+13.8‘)n (a%4+2.91d+28.5)=0
4 (a. 245)(d+1 345) (a+13 85)"(dé+2.57a+28;0);o;
8 (a . 228)(d+1 412) (@413, 90)' (4+2.45a+28. 63)—0

”"-16  (d ¥, 155)(d+2 295) k(d+14 o ) (d2+1 57d+29. 60) o

S As the stability of the motlon cen be well |

;ndicated w1thout findlng the perlod and damp ng 28 dld
in the prev1ous table the table show1ng the period
;1/2’N1/2 Will not be presented here

It is seen grom the above tabulatlon that the efﬁect
of n¢ is to redlstribute the' damplng in different modes
of motlon. The adverse yaw;ng moment‘whldh ylelds the
‘positive Pn¢ deorease the damplng 1n the 1ong ouoillation
whereas the favorable yawing moment oorrespondlng to
Knegatlve Pn¢,decreases damplng of the short osolllatlon.
It shifts the damping from one mode of motion at the-
expense of the other. The heavily damped rolllng subsidence
remains substantially unaltered,though the adverse vaw
seems to shift a sllght amount of damplng from lt to
‘“the Short 030111ation. In general, 1t can be concluded
ythat the redlstrlbutlon of damping due to either the

adverse or the favorable yawing moment are not desirable

137



Fig 10 S(A) and (B) shows the effect of adverse
aileron yawing moment on the disturbed motion due to
a rolling gust It is seen that as the damn_ng of the
Vvéamgzng—e?—ehe long oscillatlon decreases the magnitude
"of disturbance increases. Due to difficulty in reversing
the 31gn of an bn the differential analyzer the effect
of favorable yaw was not plotted However it 1s believed
that the short period oscillation would cause trouble in
this case. It is also noticed that the increase in magnitude
s'of the disturbed motion in yaw is comparatively more :
serlous than the motion in roll as what we would expect,
- due’ to the direct effect on yaw1ng motion and secondary
effect on roll by the adverse yawing moment o

Examining the coefficients in (6 4) or better (lO l),
llt is seen that the principal effect of Pn¢ on the
stabilkty mf the motion is to alter the coefficients
;D and E of ‘the stabllity equatlon. As shown in (16 1),
;D— 480 -1 (Fn¢)’ and E = 512 +( Pl +y )(Pn¢)
it is ev1dent that airplanes of 1arge dihedral Will
: be more sensitive to the undes1rable effect of aileron
‘Lyaw1ng moment The most critical case would be when

l is -also lagge i, d at high angle of attack because

’ 1r is a funotlon of CL34 ‘A more detailed investigation
under the condition of high angle of attack confirms

this conclusion.‘
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o.Effect of increasing rudder control at Pl¢ = -32,
It is evident that rudder cantrol is to furnish
coursgse sensitivity,as without rudder,the coefficieht
F would always be zero,except the aileron 1s operated
according to angle of yaw; Fig.10.4 (A) and (B) shows
the effect of varying in with and Withbut alleron
adverse yaw. The principal effect of rudder control is
to decrease the error in azimuth due to gust disturbance.
Its effect on rolling motion is comparatively less
important so loﬁg as adequate aileron control 1s present.
f.Effect of varying tail size on the controlled stability.
The effect of vertical tail size is found to change
principally the derivatives w0 Dy and n,. In the study
of aileron contrbl derivative qu, it was pointed out
that the ability of aileron control to provide adequate
damping for both the long and short oscillations depends
on sufficient amount of n, present.

Assume, fl@ = =64, to show the effect of n. clearer,

oy = -8
Pn@ = «8 or zero

¥.. = 0 to show the effect of n, on
stability clearer.
Compare the stability of a controlled airplane
having the foalowing tail sizes,

1. Small tall 2. No?mal ?ail 3. Very Large tail
F-22



Fig 104 (A).
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Fig 0. A (B
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Ta11 Size:  n

. v
w(l)very mall 0
| (2)fair1y small ;n   4.5
' (5)normal(F 22) , ‘ ¥ i‘
(4)Very large '_' ; | +’2j

118

o8

M

Substituttng into (6 2) and (6. 4), we have,

,DO Eb' FO‘
32 16 0
140 0 0
’.288 0 0
272 =32 0

- gy T B o - S SNy W PuD S D et ep T S Gem T Gy Gap B M e oe S GMD Mem G Gee B G e G G S S S My - S o

Iable 10 6
- Tall Size Ao Boﬁ: c
() 117
o (2) 117 ige
(3 1 18 50
() 1 20
| Tall Size

(2)
(3)
(4)

Stability Equation of uncontrolled airplane

“Long Oscillation Subsidence Short oscillation

(a+0)" (a +.602)

(a+0) (@ + 0 )

~(d4of'(a +0)

(a+0) (d =.113)

(a + 16) (d2+,398d+1.66)=0

(@ +15.92) (d3+1.08d+ 8.8)=0

(@ + 16 ) (a®+2d + 18 ) =0

(d~+14.54)(d2+5.6d+19.5) 0

- T gn . = mp G . s mab W e W G S o =t A G g W WY qe S B S ot e T D U gy O Gwp ep 4w e N v wmy e

Thus study of the uncontrolled stablllty

equatlon show very little on the necessary tail size

asJit indicates only that the damping of'the'short

oscillation is increased by.increasing-tail size but

at the same time the spiral instabilkty 1s increased.



‘ St@dy of the controlled‘stabiiity,héwever,showsv

remarkable difference. Assuming first no adverse aileron

yawing moment so that Fn¢ = 0,from (6. 4) we have,

Tall: Size L

(1)V
(2)

\ (3Y
= (4)1

A B v c
1 1w 90
1 : - X%H

B
1 18 122
1 20 170

D E F
224 16 128
52 512 128
544 1024 128
656 = 2016 128

- s - o 8 6 oy e S s T o o T e e Y ot e o = o et WY e Y b e S e S St b e B e G S P gy et Bt G o eme w0 O

~ Quintic in d factored into
Long oscillation ‘Subsidence Short oscillation

Tail Size

)y
(2)
(s
(a)

( a-.1550+.56)

X d°+ 505)(d+2 '76)
( a+.13) ( a+5.33)
 ?( d + 065)( a-1. 9}

e —
P

(A+10.43)  (dR+6.733+81.9)=0

(a+10.0 ) (d2+3.95d +15.3)=0

(d +10.4) (a2+4.14d +28.3)=0

(a+11.44) (d®+10.4@ +91.0)=0

P D e e 0 gy G G N s B B B S Gme e VED G e S Gy G S W D OO s s GuD RO G (D D G e e S e S S SH ped Gm Geh G W e BN e W et y W

“-With'adverée aileron yawing moment, g = +8,

Tail Size

(2)
(84)

CA oo B oo
1 o8
~1- - 20 170

D E by
300 - 256 - 128

:624 ~ 1760 128

" Quintic in d factored into
Tail Size Long oscillation Subsidence  Short oscillation

(2)
(4)

T Gt e St ey e W S e e Gan P e GRS S G S S S G G G W S e e VR G

(d2+ 982d+.61)

(d+ 075)(dx1 76)

( d%10)  (a%+6.06d+21.0)=0
( a+11.0) - (d®+10.73a+88.8)=0

T et e e e S e e P S e L S e T Y A e - — -



n'FromkfableelO'G , it is semn that the selection of
| proper tail size is very 1mportant Too small tail ’
~ would- cause the long oscillation to be unstable by reducing
the stablliting effect due to aileron control Too large
tail size, o8 %oo large nv; as- seen in Fig 10. 5(B) would
.have 2 1arge error in azlmuth With the result that the
rudder control seemed to- be ineffective. Fig. 10 5 and Fig 10.6
show the effects of varrylng nv and nr separately. Tt is
seen. that nrlls responsible for theedamping‘of short
| oscillation’primarily. Increase of n, increases dampingo
of short oscillation and reduces the error in azxmuth

L
R

ls always des:Lrable. However, n, can

S0 that a 1arge n v

T
: nelther be too large nor too small. n&- +. 5 to +1 seemed
to be best It is determlned by the alieron control
‘derivative Fl¢ ‘f: | ‘

g; Effect of varrying dihedral

I From the study of rudder control alone, it was

‘Poinfed out that when,yv is sma11‘0r~zero, it 1s‘necesaary
to have 1, in*order that F may not be“aero.-It was also
p01nted out that 1ncrease of dihedral wouin %ﬁe adverse
Yaw due to ~ailleron to be more disastrous. Therefore, ;v
can neither be “too large nor too small

| The fo&low1ng 1nvest1gatlon shows the effect

of varrylng 1 when y is not zero, and no adverse vaw

due to aileron is present._:f

e
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 mahle 10,7

Effect of" varrying 1, at »iu1¢ = -32

YT
P%-"
¥, ="0-5

Substituting into (6.8), we have,
uncontrolled ‘alrplane

l, *7A6”f;” {B0“ 6, D, Ej F
o i 185 59 213 32 0
-2 1 185 59 305 0 . 0
-4 1 w‘f18;5A 59 337 - 32 o
-8 1185 59 401 9% 0
-16 1 »1,18.5'1 59 529 224 0

! -— - - - — - o =t s St T T D S T =S G B M e S0 W g e S e v A > B

Uncontrolled stability equatlon
v Long”oscillatmon Subsmdence Short osclllation

"d+o (4 % -.114) (d+15 87) (a3+2.84d+17.7)=0
a+ 0)(d +0)  (a+16 )  (a%+2,54 + 19.1)=0

(
(

-4 A,»( a + 0)(a+.097)  (d+16.12) (d%+2.27d +20.6)=0
(a+ di(d#”248)"*f‘(d+16.57)' (a%+1.884 +23‘6)¥o
(

d+ 0 )(d+ 442) (a+16.8) (aR+1.264 +30. 14) =0

'—-...—-——_————.——-—-—————-—u———-———-—-—.——————--————u—

 :;Thus it'is’seen»that the’effect of varying

1 ‘for an uncontrolled stabillty equatlon is to decrease
the damping for the short OSOLIlatlon as well as to
have spiral‘gtabllity,by increaSLng dihedral. However,
es shown by‘thékaﬁove invéstigation,the value for proper

1v is not ecritical.
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For controlled alrplane,substitutlng into (6 4)

we have, for no adverse yaw due to aileron,

Iv‘“‘- . A':"i.'B i I
0 1 18.5 99 485 544 128
-8 1 18.5 99 15 &7z 640
a6 1 18.5 92 w4l 800 1154

S o B PES TR S et Pt o P T S e S et S e e St Sy B G e . G S W St w0 G e

- Controlled stability equation

lv  Long osc111at10n Subsidence Short oscillation
0 (a%+1.38a+.34)  (a+15.63)  (d®+3.494+27.6)=0
-8 (da®41.17a+1.31)  (a+14.30)  (4%+3.03a+34 )= 0

.16 (aP41.043+1.84)  (d+15.0 )  (d%+2.483+41.83)=0
Thus it.is seen that the effect of 1ncrea51ng
dihedral is to, .
1.dccrease dsmping snd period of short
oseillation.
- 2e Decrease damping and perlod of 1ong
oscillatlon.
3.increase damping of roadling subsidence.
" Therefore, large dihedral is in general undesirabler,
as the dlstrlbution of damplng is very unfaVOrable How-
ever, the 1imitation for dihedral is still less critical
as the damping of both the long end short oscillation
remaing to be satlsfactory even for 1 to be as large

”9.8 -g. |
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’The disturbed motlon show1ng the effect of vorylng l
when the adverse yaw due to a*leron ls present is
plotted in Flg 10 V It lS ‘seen that as 1 increases,
'the damplng for both the 1ang and short oscillation
,becomes less ,the long osclllatlon belng unstable at
fl&——l6 When l is zero, one ‘real root is zero,as F-
fhe error in’ azimuth rema*ns at certain magnitude,'
desplte the rudder oontrol However, it is noted that
jthe llmltatlon for l is not very strict at low angle
of attack It is the conditdon at high angle of attack
where 1 ,CL,and the aileron adverse yaw all increase

rapldly,that the dihedral is required to be kept small;
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‘11.ooﬁ£r011ed‘séapility_af high angle of attack
| The lateral stebility at hignnangleiofdattack has
' fldng BeenloonSkdefedaﬁo be unsatisfaotory’for almost
euery airnlane'of‘oonuentional designzs. It isdthee'
purpose of thss artlcle to investlgate mathematlcally
the factors principally affecting the controlled
1ateral stabllity at high angle of attack and 1f poss1b1e,
to find adequate method to improve it. ; |

| Examinatlons of the stabllity derivatlves show
uthat at hlgh angle of attack the maaor alterations are
Althe rapld increase of the derlvatlves ?C and 1 .
The adverse‘aileron yaw also 1norease as CL inoreases.'
If the airplane is not stalled, 1, remains substantially

constant y » v,n ,n end n, all 1ncrease but slightly?6

v.p
there-fore,Vfor the convenlence of numerical 1nvestigation,

‘;iL is reasonable to assume that all derivatives remain

unchanged except GL,l and aileron yaw .

Fig.11l.1 (&) and. (B) shoss the disturbed motlon
due to rolllng gust hg at various FC assuming constant
'lr, it 1s seen that increase of the term TC alone renders
~the damping of the long oscillation to be less though
nop»very sermously even up to a‘lift goefficient of
'-2.0 for the Wing loading'of F422.( P=l6). Inorease
:"of PG is seen to be chlefly respons1ble for the large

.surge error in a21muth.
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Fig 11 Z(A) and (B) shows the effeet of varying
lr‘wlthout changing PCL’ It is seen that 1 is responsible
for the 1nstability of long period oscillation if 1ncreased
o very much The magnitude of the dlsturbed motion 1n roll

‘and that An’ yaw are all increased §§=s~tte=%g=tbs

: J ' heefmctofchw%ug
= nékfor a range from zero to —2' makes little difference
_in the controlled stability of the airplane. This is
‘shown in Fig ll S(A) and (B) Increase of ny to -2,
seems to decrease the damping of the short oscillaﬁion
| but slightly. Th@x magnltude of disturbance however,,‘f
i'seems to be improved though slightly. Examlnatlon of
the stability equauion in (6 4) Justifies this conclusion. ‘
- as the derivative np-deesvnot multlplied by any of the o
evcontrol derivatives such as lq,n¢ or nm Furthermore,
1t is only important in determining the value D aﬁ
and C of the uncontrolled airplane whioh are over-;~
fxsnadowed by the comparatively much larger influence of
the control derivative in determing the value of C
A and D of the oontrolled stability equation. Therefore,b; o
' it is believed quite save to assume npé-— +5 for. the o
~’ calculations on the stability ealeulatien 1nvest1gation
under high angle of attack condltmon.ok‘
Fig ll 4 shows the effect ‘of varying dihedral,
tail size, and aileron adverse yaw at high angle of

attack Fig 11. 4(A) shows the disturbance in roll due



/5

‘n
-/

Az 1

X (A).

a2 /A d/ 2 ,_g

et sl s




N S M@

, E//éc/ d/ V244 ,/}7/  /1' 74 .

| 7 -
=+#72 .
P\%

—

%jﬁ

—5F

z
77/776”"7‘—‘—'7"' '

.../{)
d

79/



Fig S F (A

./f .

L/Izéc/ // 7% 727 }75 47//, A,

oz

==52 .
L _g=AS
A

~ 5]

;/Mé ‘

s

N — ,
g/



Flg 3B,

-4

N
M
.
SN

Hoot of v,
T

BN
R

/4776

72



Aoz [1-AF (A

/5|
-/0 / ’Z{’(’ ol ﬂ/ //4/,)///? d/@ég/ /&’79//9726 :
L o¥F 4@44 Pzl o ek, MNE =L }a =B

W

/%/'[/:2///43 :é’(f 7%

 F2

7h 2% Ahedal|
-2 +48 Lo/ 7

.%::7"/2
z/

rorma/

/,//ﬁ ==32

ﬁ -2 +7] "2 o) /1,/@/ IMW/ : A
< -4 +tZ| -2 o sarge | e/ »
D R | r2| =4 ‘ o large | farge
) .jﬁ‘ \\_‘/
-/ |
/e o 5, = i . )




2

g AP

4/
*C.;’/’?é’/ 2 vzt

o /e//ff/}/-/a/ 7[// e B

41,/ Agﬁ ]

) =77

/6 dvﬂa/zdcé A= "'32}

o
=

--947]

v/



to. rollxng gust Curve(A) is the combined result of
‘ 1ncrea31ng FC o -32 (C —-2) end 1 from +4 to +16
The motion is ev1dently unstable w1th the presence of

i'adverse aileron yaw corresponding to appromlmately,

C. /cl--o 40. The disturbsnce in yaw is seen from Fig.ll. 4(13)

tgaeven more violent Remove of the adverse aileron ‘

yaw improve the conditmon tremendously as seen from

" the curves B Without the affect due to aileron adverse
.yaw increase of the dihedral makes very 1ittle effect,
,except decrease the damping of the short oscillation
but slightly The magnitude of disturbance 1s on the

' other hand improved,particularly]%he error in azimuth
lThis is shown by curve C Increase of tail size ‘adds

damping to the short oscillation and improves the

‘disturbance in roll slightly as ‘seen in curve D. However,

if the adverse yaw due to akleron is unavoidable Which

- 1s true for most of the ordinary alleron design, the -

: nresence of large dihedrsl is dlsastrous. This is shownt ‘

in Fig 11. 5(A) and (B). For aileron adverse yaw coD—.
\l‘responding to approxxmately C. /C = 75p at high angle’

‘ of attack,the large dihedral airplane 1s almost
efunmanageable unless the adverse yaw is connterbalanced
by rudder movement accordxng to angle of roll in the
'direction to correct this adverse yaw. This is shown

:by curves A and B in Flg ll 5 As the development into

a
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vxnstabllity is very rapid,the pllot is reqplred to act
on the rudder very qulckly in order to avold the undesirable
effect due to. control lag 'This will be considered later.
‘Decrease of both dihedral and alleron adverse yaw improve
the stabllity con51derably,as seen. in curve C A very.
small,dihedral and a stronger rudder control to make»
the‘prpduct Qf’in.by 1v constant so thaﬁ ? of the
stability equation*(Gaé) remains congstant,improve the .
control‘at.high'angle ofyafﬁack to a very satisfastory
degree as éhown‘in the curve’D. The neéeésity‘of lérgel
taii"is to haveulafgé‘n to @fovide for lag in the rudder'
control whidh can be seen later. o

B In general 1t can be concluded that the llmltation
of'large~d£hedral iS’pr&ncipally due to the presence of -
aileron adverse yaw.’Thé smallest dihedral is limited by
‘theiiafgest fudéer control,rnw without‘causing contyol
lag to give undesirable short period oscillations.Thus
an aileron'désign‘ giving high adverse yaw at high angle
of attack requires a very amall dilhedral and large tail
size, For allerons giving little adverse yaw,the dihedral
can be allowed to be as 1grge as 16° without causing
instabilty. As the rudder;control is rendered effective
‘vby lérgé dihédral,the tail size can be obmparatively L {
smaller, to give n, between +.5 to +lf Too.small n, would |
decréase the stabilizing effect of aileron control as

,pointed out béfore.



'

A rough criteria for the aileron desmgn can . be drawn by
examining equation (6.4), and noting the fact that the
principal effect of the aileron adverse yaw is to render
vthe coefficients D and B toward negative and by far thek
coefficlent E is affected most seriously Therefore for

an ordinary airplane, in order to have the aileron control
‘to be satisfactory, the term —Pl¢(yvnr+an) must be greater
then the termlunQ(yv r+Plv . In other flordg,we must

have, 1¢/h¢ rmxkxhe larger then (y l + Pl )/(y ot an)’
Or C /C must be smaller than( /&1)(y an)/(yv1r+ Flv)
By neglecting the terms involiing y , as 1t is small, |
and assuming al/c =1 anproximately, we get the criteria
for aileron design as C /C must be greater than nv/l

, Whlch is known to us before, as ‘an emplrlcal expression.
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12. Effect of control lag
In article ‘7, 1t was pointed out that the effect
‘ of control lag is to alter the derivatlves of the alrplane.
In the determlnant (7. 2), it is seen that lag in aileron
control is equivalent to,
(a) Increase of the inertia in roll by the ratio
from 1 to 1-P1¢ta/2.f
(2)Reduction of l by F1¢t
The equlvalent effect of lag in rudder control is,
(l) Increase of the 1nertia in yaw by the ratio -
from 1 to 1-|m¢t3/2 |
| (2)Reduction of n, by int *
oIt the term -Im(bi:z/z is neglected in cons:.dem.ng |
the aileron lag on the adverse yaw the effect of - aileron
blag on the adverse yaw ks to 1ncrease np by taPn¢,as “
_ Fn¢due to adverse yaw is p051tive. .
For the convenience of numerlcal 1nvest1gation,
| it is advisable to dlvide the second row of (7 2) by
‘N(1-P_1¢t2/2,_and call,civ |
1= 1V/(1 tz/z xqu) |
| 15’ kg,ﬁk —(1 o Fipta )/(1-lu1¢t2/2)
1 = 1¢/(1-r11¢’c 2/2)
1 /(1—P1 ta/z)
Similarly,the thlrd can be d1v1ded by the term,

-1}

(I-qutr/z)— x for simpllclty, and call,

KX
7

V72



npen/s
| —(n -Pn¢t )/x
nb =~n¢/x
"n%:=.nr/x"; .;;*

:nﬁ = nw/x:,

For the~derivatives»of F-22, and assumefté=vtr,r“
At Fl¢— -32, Fn¢—+8, and in—‘-s the table shows the

effect of lag in altering the derivatives,

Eablg_lz*l__
tor t. 1! 1i‘,hw1'\ @1l o n! n! n! 1 aun!
e” r7v. Tr D P 9 v D r ‘Pnp )
0 -2 4 16 =32 1 -5 =2 -8 -8

15 ~1.47 2,94 -8.23 ~23.5 ,92 ~1.56 =74 =7.4° 7.4
.50 .40 .80 0 =6.4 .50 -2.25 +1.0 -4 -4
LAt control‘lag\ta=0.5, the airplane is e@ldently
very unstableaas'lp is zero and nr 1s +1 so that B=0 in
(6 4) despite the effort of alleron and rudder control

The effect of t —.15 is- 1nvest1gated as follows,

Table 12.2
. ‘baOI’ tr B : Ao : ‘ Bo.l Cov - DO‘ : ‘ EO | : | FO
o 1  18.0 50 288 o 0

W15 . .1 9 254 170 13 0O

e e e 2 e g Y
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;t =t . uncontrolled stabillty equation

e r Long 050111atlon Subsidence ~Short oscillation
H(em)(mc)‘ »mﬂﬁ) (aR+2d+18)=0"
15 f(d+0)v(d+.0775)’ (a+8.38) (d%+,5434+20.16)=0

T > TS aw s DD B S D ot S B0 B D e Gee B Gt = Mo Wp Bk b B Gt St g e b e

Thus the - uucontrolled stablllty equatlon shows‘
only sllght decrease of damplng of short oscillation as
the rolllng subsidence is stlll well damped and the

galrplane is: spirally stable.
o For controlled stabillty,substitutlng into (6. 4),
e have, oo ___Table 12,3

t=t . A  B. G D . E. F
a r ~ TR T ‘ | V
O .1 18, 9 . 448 . 286 128
W15 . 1., . 9 = 86,3 251 185 87
g =t Controlled stabillty equation
T r Long oscillation = Subsidence  Short oscillation
0 (aP+.83a+.525)  ( A+18.7)  (a%+5.720+29)=0

A5 (a%4.88 a+.472)  ( d +5.4)  (dP+2.72a+34)=0
Thus the lagging effect is seen to be equlvalentt
to decrease lp and n prlmarlly The damping in rolling

subsidence is decreased very much and the damping ofl

long‘oscillation is also deureesed The increase of

damping of short oscillation is due to the fact that
«while lagging effect reduces the effectiveness of



:, aileron and rudder control it minimizes the undesirable
deffect of the aileron adverse yaw | |

 As 1t is difficult to alter the derivatives in‘

- the M I T. Differential analyzer according to their |

fractional figures the disturbed motion for the exact

equation With constant time lag is not solved However;

‘the effect of varying lp alone is plotted in Fig 12.1.

‘ 1 It is seen that lP is very important in determining

v‘the magnitude of transient surge error as Well as the

.,damping for both lonng and short oscillations When lp

‘fis zero either due to stalling of the wing or due to

'equivalent effect of excessive control lag, the controlled

-:'motion lS evidently very obqectionable.\

The effect of reducing n by the 1ag in rudder control
. has been plotted in Fig 10. 6 showing that the principal

«‘effect of n is to change the damping of short oscillation. h o

In general conclusion, it can be sald that in any

case, the cohtrol lag must not cause the damping derivatives‘

v l and nr to become zero in order to have satisfactory

control It is interesting to note that while lpis larger

7H;than n the control derivative l¢ is also larger than n¢

o
o that consideration of lag in rudder control is just

; as important as that in aileron control
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’”‘113 Effect of variation of the parameter P and the time
cf‘unit of the non-dimensional system,T

‘ tr‘ The variation of P is due to either change of altitude

which changes P’ or due to different wing loading for

l'}difi‘erent kinds of airplane. Iﬁcrease of F would increase

| 1114), ‘und) lmﬂ, end IuC the ‘effects ‘of which have all ‘been

finvestigated Since’ P also oceurs in the equation of

motion as equivalen%vy ,it is 1nteresting to see the

"‘effect of varying that term alone Fig 13.1 shows the
‘effect of varyingxkhgtgﬁggm alone. It seems variation of
.nthat term alone causes little change in the- stability of i

the controlled airplane Thefefore, it is believed tbat

 the principa.l effect of varying W:Lng loading is to

1

modify the control deriratives making a high F airplane‘
more sensitive to control lag. It is pointeauby Koppen'g8
 that thxk the inertia factors al and c1 are approximately_ |
| linear functionvof w1ng loading,being smaller for higher o
k wxng loadxng The derivatives lp,lr,lv,np',nr and nv
will all be increased for airplanes of higher Wing ,
| ,loading,making the criteria for the contrclled stability
kn:more impmrtant and more critical _ N o

j The altitude effect is to change both p and T, As the
'lag in the control system is in nondimensmonal unit

‘,,for the previous investigations, it would be smaller

ifor a constant lag measured in seconds if T is larger,
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and vicé’versé. As T= m/ESU,it'is s¢eﬁhE¥fp1anes'of
,,hiéh‘fs;;‘_e‘éa,‘i‘oﬁ} ‘win'gffioading,ingghg at ipw altitude, is
| ﬁogﬁ séhgifive.t6 qohtfol;1ag. This“isuapéroximatelj'}
‘bﬁheléaéé f6f réciﬁg”éirpléhés,eXOept.thaﬁ wipg loédiﬁg

maﬁjhot be very low.



14.Lateral Controllebility

” While.ﬁhe definition for the word controllability
is different for‘differentIWriter,it is defined as the
'relétivé degree of sensitivity of the airplane in its
responseAto the a certéin,fércing function introduced
by the operation of the control,here. The alrplane,is
aﬁalqgous toaVibratioh system having ihertia,damping
and’springldharacferistics of multiple degrees of

freedomQ~The fesponse of the alrplane to certain forcing

function dapends on the ek nature of the forcing function

as well as on the nature of the airplane itself. It
1s the purpose of this article to~investigate,undef
various airplane charaéteristics,the reSpbnSe'of*thex,
airplane to a constahtfapplied”moment in roll and in
yaw, such aggfﬁtr¢dugéd by aileron and rudder control.

2ginvestigated the effect of lateral

Weick and Jones
controlé”iﬁ ﬁrdducing motions of an airpleane at various
flight condibon and dihédr;i. Unfortunately,only the
equationS\of'mdtion’in roll and yéw werpe used while

the dégree.of freedom in ¥-direction was ignored.

‘Furthermore,due!to the;oomﬁlication of mathematics in

using the step-by-step method of integration,the investigation

was limited to very few cases. JonessoB,M,,also investigated

the response of the airplane to rolling and yawing

moment for three different airplane characteristics

/81



/e

'showing that the1airp1ane characteristics are very
importantrinldete:ming the controlabllity of the airplane.
It iszound'that thé‘M.I.T.Differential‘Analyzer
is.véfy convenientuin_investigations of such purpose.
Thé fesponéenof the averagé airplane F-22 under.vapious
design possibilities,to a constant applied rolling and
yaﬁing.momeﬁt:is’;nvestigated.'As the alrplane 1s
ihherently mdre~éensitiﬁ3'to yawing moment than rolling
momentSl;gldonsfanﬁ rolling‘moment causing an initial
rolling.aqceleration,(daﬁ/dfa)byor b, =5,er while an
initialjyéwing‘accelefaéign,wf§= 2 were used throughout
the inve‘stigati\o'n.v Since the diffevential equations of
motion are,iinear;fthe effect on the motion due to .
any combination~of applied;rdlling and yawing moments
can»beyfbund By:simp1e~addition.of the proper share.
"»;The derivatiVQS“for F-22 were used with &$=O.5;,
except  the variable indicated in.each caée. IH each
case, ﬂhéldirect_roll due to rolling‘moment as well as
the secondary roll due to applied vawing momént are
plottéd«together; Similarly ,the direct yaw due to
appliéd,yéwing mément'ana the>secdhdary yaw due to

' Pollihg momént;are plotted together.



a, Effect of dihedral derivative l‘
| “ Fig 14 l(A) and (B) compere the senSitiVity of the
airplane to roll and to yaw under constant applied moments.vl,l
It ls seen that the dihedral has a remarkable effect on
gthe sensitiVity to roll due to direct rolling moment as‘

well as due to secondary effect of the applied yawing
'moment as seen from,Fig 14. l(A) Increase of dihedral

makes the airplane less senSitive to direct rolling |
k moment but on- the otber hand,more senSitive to roll as .

a result of the secondary effect due. to applied yawing |
k,moment BaSing on the N A c. A. criteria of rolling senSitivity,,r"‘

AR
32 the an le of bank ,produced in one éecond can be
8

' 'taken as a relative measure of the control effectiveness

For the average airpmane under the assumed flight condition; ,:Ztﬁ
the angle of benk at &/T = 0. 5 should be telen es a t
'standard for comparison as T—Qseconds approximately. It
is seen from.Fig 14. l(A), that for an airplane having -
kl --2, the secondary roll due to applied yawing moment |
of magnitude 407 as large as the applied rolling moment
is always smaller than the direct roll due to rolling
'moment For 1 ——8 the secondary roll though lags

' behind the direct roll in the initial ‘stage,1t exceeds
the direct roll by almos‘b 50% at t/T-'O 5. At st:l.ll
‘larger dihedral 1, ——16 the secondary roll exceeds

ithe direct one by almost 3007 at t/T—O 50. Therefore,

-
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for a same‘system of aileroﬂ'design;giving the mégnitude of
applied rolling moment exactlysidentical and also glving
‘a same percentage of ailleron adverse yaw,if it is.put
on an airplane of 1arge dihedral, the pilot would feel
‘ that the effectiveness of the aileron control is inferior
to the one installed on xmi an alrplane of less dihedral,
because the negative roll due to secondeary effect of the
‘adverse yaw is soon overshadowing»the direct roll,for
‘airplanes of large dihedral. At high angle of attack,both
~ dihedral snd percenmage-of alleron adverse yaw increase
'vrapidly,the operation of alleron may give roll in the
opp031te sense.vr, o L , '
Fig 14. l(B) shows that variation of dihedral makes
little difference in sensitiVity toward either direct
yawing moment or. secondary effect due to rolling moment.
b.Effect of varying tall sizes,and P
: Fig.14.2 show the ‘effect of varying n ,nr and F
respectively . Curve A is the response curve for the

average airplane considered as a ba31s for comparison.

Fig.1l4. 2(A) show the direct and secondary roll due to

applied rolling moment and applied vawing moment respectively.

It is seen that the effect of large n, without altering

} n 1is to increase the direct rolling sensitivity but
very slightly This is shown by comparing B vs A. Oﬂ

the other hand the secondary rolling sensitivity due

I A
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fto yaﬁing moment 1s greatly reiuced ﬁeduction of n_ from

+1 to zeTro shows %he reverse is true. Therefore airplanes
-’of large n_ is 1ess affected by the disastrous influence

of the aileron adverse vaw. Unfortunately,large n.V causes
; the direct yawing sensitivity due to yawing moment to be
. 'grgatly;reQuced as shown,by Fig.14.2(B).Therefore,nv can
neither be too large nor too small. With sileron of

moderate amounf of adverse yaw, nv=+l/2 toc+1 1s seen to

be best compromise; Thekyawing genslitivitig due to secondary
effecv of rolling.momenﬁ is increased by increasing'nv and
decreased byAdecreasing nv,the’yaw due to positiveirolling
moment becomes‘negativewhen nv=0,as showvm by ourve C |

in Fig 14, 2(B) | | |

© The efﬁect ofiinoreasing n, alone is to decrease the

‘rolling sens1t1vity due to the secondary effect of yawing
,.moment fhe direct rolling sensitivity is substantially
unohanged. Increase of nr decrease the direct yawing
sensinivitgsgg;what woul&@bxpeoted as n, is the damping coeff.
in yaw. The secondary vawing sensitivity is but slightly
Vchamged ybeing smallee for larger n,. | |
| Variation of P,only give noticable effect on the

direct yawing sensitivity,being dncreased iaxiheximihkal

- zkageximk by incresing P+ The secondary rolling sensitivity
due to yawing moment is seen to be increased by increasing

Pwtoo.



.Effect of varying PO and 1».

; It was pointed out in the study of the controlled
stébility at}high angle of attack that for flight below
stall,the 1m;ortant'change*in the stebility derttvative
can be represented by‘increase of FCL and lr' The sen-
sitivity of the‘airolane toward'the applied momente is
‘shown in Flg 14.3. It is seen that the direct Bolling

| sen31t1vity is affected only slightly by vabiations of
PCL and 1, . The»inerease.qf rolling sensitlivity due to
the seconda:j effeet of applied yawing moments is seen

4te>be»principally due;to increase of 1r.AThe direct
yawiﬁg»seheitivity is also affected very slightly bj
dhanged of PC and 1 ,but the secondary yaW1ng sen51tiV1ty
due to rollxng moment is increased by increasing PC
changes due to,;r being of less -importance in this case.

It 1s intefeséing to note that investigations of the
sen31tivity give us clear plcture why airplaneg are
poorly aflected by the adverse yaw at high angle of
attack. f

d.Effect of varying 1 ,np and y .

'7 Due to eibthes stalllng of the wing, 1p is greatly
reduced at high angle of attack. At high angle af attack

| the derlvatlves n, end. Ty are found to increase considerably,so

it is interest;ng‘te see their effects on the controllability.

Fig.14.4 show the effects of varying lb,np,and T, o
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Decreaae:of lp'makes the airplane extremely sensitive
'fo both direct and secondary effects of the applied
- moments in rolling motion.Thié‘is because of the fact
that lp is tﬁe damping coefficlent dn roll. The sensitivity
ﬁo yaw through the secondary.effect.of the appiied rolling
moment'is~alsc increased. The direct yawing sensitivity
is,hcwever{unchangeq; Iﬁcrease of np decreases bofh the
motion in roll and in yaw due to either direct or
seccndary effects of the,correspondingvapplied moments.
The aegatiYe;yawing motion due to the secondary effect
of the applied rolling moment is comparatively ﬁuch
larger in the initiel stage of t/T from zero to 1 as
n increases from -.5 to -2.0. A

B The effect of Yy ‘is in general less important than
the effect due to other derivatives. It is seen that
increase of Y, decreases the motion produced by either
the direct effect or the secondary effect of the anplied

moments.



e.Summary on the effects of varying each of the derivatives
on the motion of the airplane produced by applied

- yawing end rolling moments.

Table 14.1
Tncrease  Motion in Roll,$  Motion in Yaw,¥
- produced Produced by Produced Produced by
of «~ by direct  yawing by direct ryiling
rolling mom. pyoment yawing mom. moment,
1v decreased  Inc. Dec.slight- Almost
» .1y unchanged
n_ ~Increased  Decreased Decreased  Increased
v slightly  very much very much
n, Unchanged Decreased Decreased Decresed
V , v ‘very much  considerably slightly
- Decreased  Decreased Increased  Increased
ROy, slightly slightly slightly considerably
1 Unchénged Increased Unchanged Decreased
r R considerably ' slightly
3 Decreased  Decreased Unchanged  Decreased
o) considerably conslderably
. Decreased Decreased Decreased Decreased
“p - | considetably
- Unchanged = Decreased Unchanged Decreased
v - .
Unchanged  Increased Decreased  Unchanged

— . T T B ey S o0 TS T S G o St gy S S oD Sah G mae S W S W S S D A e S W Gy S e W ST S s S S T S ST e S e e oo S e
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15.Summary and conclusions on the controlied_lateral
‘>motion.

a.Fromtthe study of variousilaws of lateral control,It

| is seen ‘that most of the control devices merely
modifﬁe the derivatives of the airplane without

. prov1ding control derivatives that ixvessantial

"~ to gfte‘good damping distribution among various
modes of motion as well as the course stability
that the uncontrolled airplane 1acks.\'

b. The advantage of human pilotting and that of the

kvsuocesfuil Sperry and Smith automatic pilot is
ito introduce the control derivatives i¢ and nﬁ.
vihich the uncontrolled airpleme lacks. Introduction
of nw provide the airplape gengitivity In azimuth
while 1y gives good desmplng distribution among
each modo of motion. ‘

c;The adverse yawing moment xy of the aileron is
present in"theycontrolled stability equation as
giving‘the'control derivative n¢.Eit&anxtka'It is
found that the derivative due to adverse yaVing
moment tends to decrease the damp ing of the long
period mode of motion while that due to favorable
.yow tends to deoreése the damping of the short .
period ﬁode of motion. They are,therefore,both

undesirable for ordinary airplene.



d.Iﬁ'order that the ruddef control be effective in
providing for the course stability,the dihedral
 derivativexk1§kﬁﬁst not be zero. In order that tﬁe
aileron control be effective n equalizing the damping
among various modes of motion,the staﬁic’stabilﬁty
defiﬁative,nv must not be zero.,
e.Thé dé;ivatives‘lp,nr and Ty provide the daﬁping for
‘a1l modes of motion. n, is chiefly_reSponsible for
- the damping of short oscillation. Decrease of lp to
zero,the démping}for both the long and-short ogcillation
is decreased. | | |
f.The }argeét l§‘aliowable is limited by the pgrcentage
6f;aiiéron adverse yav éresent at high angle of attack.

For a rough criteria,

/95

C /Cl must be smaller than (el/¢T)(yvhr an)/(yvlr+Plv

at high angle of attack
A still 51mp1er criteria is,
c /C must be smaller than nv/i
g.The prlncipal effect of control lag is to deérease
1, by plyt, end n, by pogh, . b lagging effect in
aileron and rudder is of the same order of importance,

h.The effect of varying airplane derivatives on the

motion produced by applied rolling and yawing moments -

can be found in Tablel4.l.



199

1.The most interestingfpdint asbout the motion praduced

by applied rolling and yawing moments is that en

airplane of extremely large dihedral can be rolled

"by the secondary effect of rudder control even quicker

-

‘than the dlrect aileron control,and also the fact

that an airplane of 1arge static stabllity,n is

very sluggish to the direct effect of rudder control.

An airplane having large 1p will have less surge error

» in roll due to rolling gust despite the larger initlal

k.

fblling acceleration due to the gust.

For an avefage airplane, nv=+.5 to 1 is a practicable

;range;foriboth'good alleron and rudder control.

1,

fhe‘adéquate value for lV should be such that its smallest

vvélﬁe should give (FC 1 )(an),greater than 100 at

low angle of attack. And 1its largest value should

m.

giv e lv/h smaller than x% 'Cl/Cn- at hlgh angle'
of attack.
n, for a given tail size should bsngreater than

antr.Apd lp shqgld be greater than Pléta~.
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Chapter v

~ STUDY OF TWOSCONTROL OPERATION
1.Introduction. |
o Thekﬁossibility of flying alrplanes with two-control
oPerétiOn:instead of three was long observed to be .
feasiblé,if‘#he airplane charactérs are adequately
modifiéa;: From the study of lateral controllebility,
Iiﬁ Chapter III, it is noted that by varying certain m®
:depivétivés*of the airplane,such as lv and n_,the
vrolliﬁg motion dueltp the secondary effect of applied
/yaWing”momenﬁ,as well as the yawing motion due to the
segondary‘éffécflof applied.rolling moment can be
;ihcreaéed so greatly thé£ they may even exceed the .
motion produced by the direct effect of the corresponding
applied moments. It is fhefefore,quite possible,to
provide an adequately designed airplane, control systém
having either alleron and elevator alone or rudder and
kelevator"without aileron. | |

In order to have adequate controlabiiity'as well
as stability, a combination of all desirable airplane
characteristics calculated through adequate mathematicai

enalysis under all flight conditions must be investigated.

®and Klemin® have attempbed to analyze the

Jones
controlled motion mathematieally in order to study the

possibility of two-control operation, Unfortunately,



‘..ze'/

inadequate mathematical é:;pressions together with the
lc.ompllicated‘ maniputations involved prevented thé previous
s‘tﬁdy,to.‘ throw much light on the understanding of the
"/posx’sib‘i‘lity df two-?control, operation.

It ié. the purpose of this chapter to investigate
the désiré.ble condit_ions o_f airplane design adopting e
tﬁd-contrél. §peratidn,end to compare the relative merit
between the rudder-elevator and aileron-e¥evatadr systems.
. The M.I.T.Differential analyzer is here,again found to
be of gré.at va_lué‘ in simpl»ify'ing the complicated

mathematical problems.



2.Conditlions from point of view of controlability.
'kEbr;acceptable two-control bperatiOn-systém, the
Qontrdl must proVideIadequate lateral controllability,i,e
to bank the airplane by rudder control,if the rudder-
elevator‘system is used, as satisfactory as ddes the
originéi gileron..On the other hand, if the aileron-
elevator system is adopted,thé aileron must be able to
yawlthevairplane as éatisfactory as the original rudder.
As the lateral controllability under various conditions
has been thoroughly studied in Chapter III It is there-
fore'pnly a matter of tabulatlng the desirable conditions
under théitwo diffferent two-control systems. Basing on
‘the N.A.C.A. controllability criteria,the rolling and
yawing motion produced in one second,corresponding to

+/T = 0.5,for the assumed. flight condition end the data

of the average alrplene,are taken as the basis of comparison.

The sensitivity to rolling and yawing moment of the
average airplene F-22,is baken as basis for judging the
degree of satisfaction in controllability,since it is
knuwm to us that the alrplane F¥22 is condidered by pilots
to be of good quality in control.
a.Requirements for rudder-elevator control

(l) Rolling motion produced in one second mmzkxka by

the- secondary effect of applied yawing moment must

be as large as the direct rolling motion produced

I/ZQZEQ
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_ the orlglnal aﬂleron - Since the airplane is 1nherently
more sensitlve to yaw than to roll4 it would be more
reasonable to compare the rol%V%otion produced by 40% of
vawing moment against that produced by lOOo rolling |
, momentvegyplotted in»Flgs,;4.l,2,3 and 4,
(2)TheoyEWing motionﬁproduced by the effect of the
"eppliedfiudder moment must be asfeatisfactory as the
’origina;“ruddef control.
‘b.Requirements for aileron-elevator control,
The requiremﬁnts for'aileron—elebator control system
afe complicated by the presence of adverse yaw due
to aileron. v B ) ,
(l) The resultant yawing motion—preguggétby the algebraic
‘sum of the positive yaw due to the secondary effect
of thelaileron rolling’moment and the negative
_ Yyawing motion produced by the aileron adverse yaw
;eshould be of‘satisfactory'magnitude compered to the
.(yawing motionfdue to_ﬁhe original rudder control.
k2)1$he rolling‘motiog‘produCed by the aileron control
 §i£ted on the new~airplane cha?acteristics must be
as good as the original one.
From the ebove'requirements, it is seen that for
an airplane designed for rudder—elevator control must
be such that, |
o (e),it‘is highly sensitive to roll due to secondary

effect of the applied yawi ng moment,
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(b),it is moderately-sensitivo to yaw due to applied
“yawing moment | ’
(c) the sensit1v1ty to roll by applied rolling moment
and_the gsengltivity to vaw by secondary effect
’of aéplied rolling moment are less important,
: hFo?;én airpléne designed to adopt the aileron-
elevaéof control sysfem,it must be such that,
| (a) it is sensitive to roll due to rolling moment,
'~(b) it is highly gensitive to yaw due to secondary
i 'effect of the applied rolling moment.,
- (e) it is less sensitive. to yaw and to roll due
%o appliéd yawing moment,in order to minimize
tho negative rolling and yawing momion due
i to the aileron adverse yaw. |
The following table lists the derirable magnitudes
of each derivative as compared to the original magnitudes
of'the-corresponding derivatives of the average airplane,
F-22, in their relative'merit for good controllability .

 in two-control operatidn.



_Table 2.1

Desifable magnitudes of the airplane derivatives as

compared to the derivatives of the alrplane F-22,font

good controllability in a two-control system using

ruddef and'elevatdr.

- ~ For large sensitivity
Derivatives 4o roll due to second-
- effect of yawing mom.

For good sensitivity
to yaw due to direct
effect of yawing mom.

smaller®

smaller

-y o> s o o vn G0 WS G WS S oo G Gy S =y e

smaller

- . S G s - = —— - -

- - - Ty - Tt . T — "

- — " -t B S = oy " o . o S iyt my =

—— et e s S G - W - O oy B - —

- = - . - S - . - - - - — - -

lv- ...+ larger
n_ © 7 smaller
v .
n_ ., - : smaller
T _
¢ smaller®
[t ,
: larger
lr g
1 smaller
P
n smaller
jo
v smaller®
v
F or y, larger

— - = o T . o S S P vy b S b S G e e A T ey oS G R R A N S G S W A gmy T e = o e o



2%

Tgble 2.2

Desirabie magnitudes of the éirpléne derivatives as
édmpared\tofthe derivatives of the average airpleane
F-22 fdr;good controllability‘in a two control system
sing aileron-elevator. - | ’ ‘ .
For good sensi- For good sensi- For small gensl-~

Dérivatives tivity to yaw  tivity to roll tivity to roll
- .~ Gue to rolling due to rolling and yaw,produced

_____________ O e e oment, _____Bdverse yaw.mom.,
;v' unimportént Smaller smaller
e sgort s
e e e i e e i _mgt lerger. .
n, smaller® uﬁiﬁﬁortant larger
PGL larger® smaller unimportant
1r smaller | unimportant smaller
A5 g T R
TR gt et sarger
~~~~~ ;;—-‘“_;;;;;;;-——-—- R ;;;mportant larger
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From Table2,1, it 13 ev1dent that for an airplane
4to be controlled by rudder-elevator system, the dihedral
‘,must be large, the tail size small so that n and n, -
are small,for good controllabillty It is noted that-.

X the controllabLllty w1ll be even better at thh angle
of attack as increase of 1 and decrease of 1p will all
lnorease “the controllability. However,in order to meet
' stability requirement, 1 and n, may not be small so
‘that adequate damping oould be prov1ded

From Table 2.2, it is seen that for a two control
‘-,syétem uging alleron-elevator, the airplane must have
very small dihedral, and very large tail so that n, and
n., can both be lerge. Large lp is desirable in providing
adequate damping for all modes of motion, The  controllabiliby
will be less aﬁ high angle of attack due to rapid increase
of lr' : : | ‘
7 Examinations of Figs.lé.l;B,S and 4 show that xd-Hwoxgiax
tho rodling and yawingfmotions due to secondary effoots
of thebapplied moments,all lag behind the corresponding
one,%mﬁgn produced by the dlreot effects of the control,
mhe rolling motion due to the seoonda;y effect of applied
‘yawing moment can be made to respond thguggﬁgrol by
increasiﬁgﬁ%iﬁh dihedral so quickly that in a time interval

of one second,ihs kbt can exceed the rodling motion produced



e

| by thevdir§ct effect ofkthe original alleron conteol.

B Even for an airplane having»a'large‘tail as large as £o
-give‘nv= +4, and ﬁr# -8,the rolling motion produced by
the'seCOndéry‘effect of the applied yawing moment can |
stili be médé as karge as that produced by the direct

aileron control if l is increased to -16. As a matter
(see Fig.2.1)

. of fact, at high angle of attack, when 1 is also large,

kthe pilot may have to move the rudder so gently that the
alrplahe of large dihedral may not be over-banked.

Héwe#er, the yawing motion due to the secondary effect

‘  of thé ailéfon contfol is seen to lag behind the métioh

due to direct yawing mOment so severely that even for

a very large n_ akrplane, it seems still quite far from being
as satisfactory as the direct efffect due to rudder(see
Fig.l4. 2(3) curve B )

It is. therefore belleved that a two-control system
"uSing rudder and elevator willvbekmore desmrable than
the ailefoh—elevatdi system from the point of view of
éood éonfrbllabiiity.;The.unévdidable aileron adverse
yaw as well as fhevheééssity t§ have}ruddef for control .
beybnéxstéil and to get the éirplane ogt of spin further

justify the conclusion.
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3.The étability of an alrplane controlled by fﬁdder
~>galone,for twoecontrolroperation; B
| Having the oontfollability of an airplane using two
: »controlyoperation system investigated, theaqueotion is |
t0‘study»the ability of the rudder in stabilizing the
disturbances caused by atmospheric gusts. It was noted
in: the numerical invesgigations of the controlled stability
:of'tho average airplane in article 10,Chapter III,that 4
the rudder control derivative Pn¢,while providing for
the airplane a restoring moment in azimuth,glves little
dampiné‘to the 1ong period oscillation. (see Fig,10, 1)\
It was pointed out that for an ordinary airplane it is
neoessary to have the aileron control to give adequate
damping for the long period oscillation. Examination of.
equation (6.4) showa bhat the rudder control contributes “
very little to the’ p081tiveness of the coafficient E
which is equal to Eo in(yvlp) From numerical manipulation
of the roots of the stability equation, 1t was found
Athat in order to have: the long osclllation adequately
damped the coefficment E must be large and positive.
The only alternative is therefore to have E, large and
positive. From (6.2), this is seen at once to require
_an airplene having lerge 1on but smell nil.. As 1,
'¢gnnot be altered by alrplahe designer, while increase

of-tail size-would increase n , and n_ simultaneously,
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the most effective way 1s seen to increase 1,

,Numerical investigation.

;Agssumipg RE ‘Pn$='~8, ‘lv=l~16, Ty =~0.5
using’the derivatives for the average airplane,at low angle.
Tail size - ng n,
(1) small -0 -1
'(2)normal 1 -2
(3)large | 2 -4
(4)very large 4 -8
Tail‘gigq AO 30 Go Do EO Fo
(1) 1 17.5 ~ 26.5 265 128. 0
(8) 1 28.5 xe8 629 224 -0
DI 59 , A
(3) 1 20.5. 108 801 448 0
Uncontrolled stabillty equation
Tall size

»ILong oscillation Subsidence - Short oscillatlon

"'(1) : ( a+0) (&xkexg%8) (d+16.835) (42+,165d+15.22)=0

(2)  ( a+0) (4 +.442) ( a+16.80) ( d°+1.26a+30,24)=0
(3)  ( a+0) (a+.605) ( a+16.81) ( a%+3.09d+44.14)=0

(Twﬁe 3.1 )

e e T e o e e

Thus from table 3.1, it is seem that increase of
l# makés the short period oscillation to be badly damped,

by decreasing the damping and period simultaneously.
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‘ThIS"requires a large‘nr'to improve it. Increase of'nr

by incréasing tall size Would increase n, alsovﬁhich
tends to deorease the damping of the short oscillation too.

fAn ideal case Would be o increase n either by control

\device or by increase the - tall length5

Table B2

-‘With rudder control derlvative in = -8, substituting into
(6. 4), we get

Tall size A B Ne D E F
@ 1 s ses ser 192 1oe4
(2) 1 ~18.5 6 661 256 - 108¢
(3 1 205 116 955 512 1oze
RS Stebllity equabion for rudder comtrol
- Tall size :

- Long oscillation Subsidence Short osclllation
(1) " (a®+.32a+3.03) (d+16.825)  (a®+.336a+20.0)=0
(2)  (a®+.252a41.68) (4+16.82)  (dR+1.433+36.5)=0
(3)  (a®+.454 +1.2) (a+l6.8 ) ( d®+3, 350+51.1)=0
Thus it is seen that for’a large" tall sxze, the
long oscillation will be damped to half in 0.52 030111ations
'and the short perlod osclllatlon will be damped to half
yrln.445 oscillations so that the stability will be con- .
sidered as satisfactmry;

A numerical investigation showing the stability
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‘,at high angle of attack by 1ncreas¢ng FG to —32 l —16

n =-1,
“p Iy -1,

1p -16, w1th large dlhedral l ——16 ‘and

T,large tall giv1ng n =2, n, =-4, we get for uncontrolled

i airplane, d

5

+21 a +132d +E2ﬁdxxxxﬁ +1360d2+1024d + 0=0

- which is factored 1nto, ?

(d+0)(d+ 81)(d+17 7)(d2+2 494+71.5)=0

v

With rudder control derivatlve Fn¢='—8, we get,
5}

4 3- 2

a +21d +140d +1496d +1142d+4096 o,

f Whldh 1s faetored Into,

(d2+ 546d+3 0)(d+17 7) (aR+2. 75d+77) 0

showing that the motion is stable at high angle

of attack except that tbe damping of the short 0301llatlonyo

: is seen to be a llttle blt too small

Flg 5 1(4) and (B) show the disturbed motion due

";to 8 rolllng gust p at low angle of attack. It is seen

that the'motion in yaw is so small thét‘itfis almost

~ constrained tO'that'modevof motion. The motion in roll

. is seen to.be‘oompafatively large;flncrease of rudder

‘control alone cannot 1mprove the damolng of long period

osc;llatlon.

A large tail

“MShows a good.

and decrease

’ be concluded

Small n, but 1arge n, is seen to be desirable.

is more desmrable tban small one., Curve-E

compromlse,thoughvfurther increase of n,

of n§'WOuld be favored. In general, it can

that for rudder control alone, the condition
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that 1 W be greater than n l must be satisfied with
‘klarge margin of positiveness

 Fig. (3. 2) shows the, effect of l at low angle of attack
and the effect of varying . at high angle of attack.
Curve A of Fig 3.2 has mm 1, = -2, showing that the~1ong

oscillation is badly damped. Increasing 1, to -16 (curve :

tf B of Fig 5 lA) improves the damning com31derebly

 i‘FEther increase of 1. to -32 with large tail and low
l.angle of attack as before, the disturbed motion is seen
| td-SO’gOOd fhat it is even_betﬁer than thaf withvaileron

,d‘control, This isjdhown as the curve B of Fig.3.2(A).

,' b high engle af attack,the demping of short

,‘oscillétionvis a 1ittle bit less. This is shown by

curves C ahd D.of Fig. 3 2 The long oscillation 1s even

'pf‘better damped. In any case, for an alrplane having 1,

lapproximately ten times larger than that of the average
- airplane, and a tail size four times as large ag that of
F-22, the two control operation w1th rudder and elevator
will,be satlsfactory from the p01nt of view of both

" controlled stability end lateral controllability.
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o 4 The stabillty of an airplane controlled by aileron—
B elevator for two- control operation
From‘Equation (6 4) it is seen that an airplane
without rudder congrol the coeffécient F will be gero
lunless the alleron is operated according to angge of
B ayaw in addition to angle of roll. )
f | Fig 4. l(A) and (B) show the disturbed motion for
. an airplane w1thout rudder. The motion in roll is always

usatisfactory even with con31derab1e amount of adverse

f‘>yaw,at low angle of attaek The effect of having the

fa.coeffioient F—O is seen to result a constant error

‘kin azimuth even zﬂkxn a long time after the disturbance.

Without mov1ng the aileron according to angle in agimuth,
the only possible way to oyercome this difficulty is

féb increase the tail eize and to reduce the aileron
_adverse yaw so thaet this constant error in apimuth

:may have a;nagnitude ao small that 1ts presence will
‘not cause any pract&cal difflculty. This is only good
at low angle of attack,as seen from curves B and C of
Fig.4.1. | o R

A% high angle of attack, it is seen that error in
azimuth is so large that even with a large tail, zero

_ adverse yawing moment due to. aileron,zero dihedfal,could
not improve the instability‘in azimuth. This is shown
by curves A and B of Fig.4.2(A) and (B). Even with 1,

fpzZof
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;reduced to 2erd; the,errof in azimuth is still too large.
Variation of tlke taill éize‘seems to help the situation
very ii%tle, This &s shown in Fig.4.2 as the curves G, '
D, and;E. Thefefore,two-control operation uéiné aileron
and elevator will not be éatisfactory even without
adverse yaw ifxﬁhe the alleron is not operatedvaccording
_td‘angle of yaw., If the alleron 1s operated according
t@ythe(éum of angie of rbll‘and angle of yaw,then,the
deyivative,l¢.will slso be present in addition #o 1¢.
Examination of (6.6) of Chapter III.,it is seen
thgﬁ if we neglect the terms involing y_ and n¢.,£he
effect of 1¢,is to add a term PCL( Flwnv))instead of
" the term “YCL( anlv)'due to rudde# control in the
coeffécient F'. As qu is of the order of Vl¢ which
ig four times larger than g F! will have a same
velue if n - is four times smaller than 1v. Thus, for
two control operation, if the alleron is operated so
as to givefa restoring momewt for both angle in roll and
in yew,the controlled stability will be as'sétisfautory
as_that of the three control operation. The dihedr al
in this case can be very small or zera because the
_ sensitivify In agimuth due to lw depends on n, Instead
of 1, as‘does the rudder control. Accordingly,the

di%ﬁrous effect due to adverse yaw would be reduced.

RRE



’5;Summary ana'céﬁdiuéions on the study of two-control
oPeratiQn.
a.Two-control operation by using elther rudder-elevator
or aileron-elevator system would be feasible only |
when the chaﬁactefiStics of the airplane ire‘properly
modified.
b.For mood controllabllity,a rudder-elebator conbtrolled
- airplane should have large dihedral,small tall size.
For good controlied'stability, the alrplane sﬁould
_ have 1arge_dihedral as well as tall size. An airplane
having dihedral from 10 to 20 times as large as that of
 the airplane F-22 is required for good stability.
; The corresponaing tail size should be from two to
" four times larger than that of F-22.
c.An alleron-elevator controlled éirplane should have
a small dihedral,even zero or negative,and large tail
for good controllability and stability, The aileron
st be operated according bo the amm of the engle
of roll and angle of yaw.
d.The motio%$p§8A%ced by the secondary effect of the
‘ yawing moment can be made as quick as that due to
the direct effect due to aileron. But the motion
in yaw due to applied rolling moment lags so seriously

that two-control operation using rudder is believed



'more deglirable than using alleron.
e, The controllabllity when the w1ng is stal]ed is better
far two control system u81ng rudder imgtead of alleron.

Thls is unother p01nt to favor the rudder—elevator

system.

227
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. APPENDIX I

METHODS OF SUGCESSIVE APPROXIMATION TO SOLVE THE
QUARTIC QUINTIC?AND SEXEIC STABILITY EQUATIONS

| The numerlcal solution of the stability equations
for the quartio,quintic and the sextlc equations have
been a difficult problem in the researdh of airplane
‘stabillty. Even the semigraphical me thod of solving
the quartic equatlon usually telte 20 to 30 minutes for
one set of solution only(see T.R.589). The writer is
‘extremely fortunate in being able to discover the
following methods of successive approximations to solve
nearlj“éVery poaSible”oasef which may arise in the
airplane stabillty regearch. The neccessary number of

-approxlmations required to reach the engineering accuracy

E being so small usually one or two that the numerioal

solution for a quartic equaetion can be done in one or-
two minutes.l
1. Solution of quartic‘equations ocoured in longitudinal
stability of airplanes k |

It is well ¥mown %o us that there are always
* two modés of motion in the longitudinal stability

. gquation for all kinds of airplane namely the long and

4d‘the ahort ‘period oscillations. Writing the quartic

equation as Ad +Bd5+cd +Dd. + E = 0 ,and it cen always
be factored into (d2+ald+b )(d2+a2a+b )-



A

Denoting the mode of motionNWhioh has a long period by
ﬁhe factor (d2+ald +bl)— 0 end that mode of motion whaich

has a short period by (d2+a a+b )—0 Then, it is true

2

for all kinds‘of airplane that 8; 1s much smaller than

CI end‘bl'much smgller than~bé.'It is due to this property

that the following method of successive approximation

applies suoceefully. TO‘Show the method, it is, best by

doing two axamples, one for an uncontrolled airplane,

eand one for a controlled one. |

a,Unconbrolled alrplane,F-22,using data obtained in
article 8 Chapter I. We have the stabllity equation, N

~ for uncontrolled airplane, '

a%+10.65 a® 89.0 a®+ 15.5 d +27.0 = O.....(4)

. 4, 3 2 -
or Ad*+ Ba®+ 0@+ Da + E=0
First approximation,

a = D./C,> o By= Ey/go = 0+304

then, divide (A) by d®+,1743+.304 as follows,

_—.——.—-_—.—--.. —-——_—_—----——————_

dz* 174a+. 304 1 a*s10.65a%89 a%+ 15.5d4 +28.0 |d2+10.48d + b

B ,__-.-_.——..-_-..-—--._.————

- - — o " . _._.—-..._..-.—._

© 86,9d%+12.3d +27
Now; £ind &) for second apnroximétion by a] =12.3/86.9=,142,
and b= 27/86.9= 0. 311 and repeab the process. ' '

unwDue to the fact that alis always much smaller than 2q
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glves almost the final solution. Using the brief symbol

and b, nuch smaller than b the second'approximation

for sythetic division, the following process can be
carried out, ‘

1+,142+,311 | 1+ 10.65 + 89 + 15,5 + 27,0

e B S s e G Gt P G s Tt WYt Bep A WS wh T We wn S . WA S B . WO S

- > e Gt g S P P o e 5P W

10.51 +88.7 +15.5
10,51 41,49 +3.27

S - e o S Gre et oy T e .

- 87.2 +12.23 +27.0

 Then, a;= 12.23/87.2 = .1405, b =27/87.2=.31 which

is so0 close to the second approximation that further
repeating of the third approximation is not necessary.

The final anéwer can be written as; ,

| | (a%+.1405a+,51) (32+10.51d+87.2)=0
3 b.ideally c§nérolled‘aérplane; ‘
. The above'process‘applieé just as well to the ideally
éénﬁrblled’airplane for any value oﬁ mg. For example,

beke the case of F-22, with mg= =2,we have from

Tables,2, Apt+Badiga®sppem= 0 whthh is,

a%+10.65a%+1204%+203.5a+70 = 0

For first approximation, a = 203.5/129=D, /0, = 1.58
b= B, /C,= 70/129 = 0,543

Then, divide;as before;

- . S . . . - — - - - - - - -

1.58 +,543

©.9,07 + 128,46 +203.5
9,07 + 14,3 + 4,92

. - e - T - T " " - - . -

114.16 +198.6 +70

1+1.58 +,543 | 1 + 10,65 +129 + 203,5 + 70
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Then, a1=‘198;6/114 16=1,74, b =70/114.16 =,613
' for second approx1mation Repeating the- process,

—_.—---...._-— ———-———_—————-—-—————

..———---——.—-—————-

8,91 + 128,39+203.5
8 91 + 15,47+ 5.45

—-_—————.—_——n—— ——---.——

112,92 +198.05+70

Then, a;= 198.05/112.92 = 1,755, b,= 70/112,92=.62

Py
The velue 1s so close to the second approximation, that
 the final solution can be written as,

. (aP+1.755a+.62) (4°+8.91d+112.9)= 0
2{Solutioﬁ of the sextic'eéﬁatibn for the controlled

- 8tability equation wiﬁh inertia 1ég. _

Similar method of approximation can be used to

solve the numerical equation of the sixth orderlintroducéd
due to the presence of inertié lag. It is known that
;ﬁhe lagging effecy is principally concerned with

the short perlod oscillatlon so that the long period

mode of motlon remains essentlally unchanged Write

the sextic as arab+praBegral

+D1a%4E dP4Fra +61=0

It can be factored as (d2+a'd+b')(d%+Ba%+cama+m)= o

_As the faétor d2+a'd+b'=6 represeﬁts'the‘ldng period
mode of motion,(really,it may be splitted into two
exponential mode df mbtion when B' is larger than pt

by a certain margin namely when(a‘/z)2 is 1arger than b')

a!' and b' are comparatively much smaller than the
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the coefficients BjC,D, ahd E.
Take ,from table na.é,th'e case of mg=-2.0,
%=0.1, demping ratio=0.5,in Chapter I,

6 5 2

we have, d°+20,65d

+295, 5a%4+1970a3+15100a%+20400a+7000=0

- Take for'fifstiapproximgtion, ;

| - a!'=F!/R'=20400/13100= 1.56, b'=a! /B! =7000/153100=,535
“and. perrorm the synthetic division as Wefore,
1+1.56+,585] 1+20,65+295, 5+1970+13100+20400+7000

—an - o G T e s S SO g SuO wm et e Gup e e s Gt Sy SO TS G e b O G SO B Gat S Gt S

- . " o o -

19,09+294,0+1970
19,09+29.8 +10.2

- - . S - S 0 o T - - o -

- 264.,2+18608+13100
264,.2+412,0+ 141

o D T - o G 0 S8 e TE D ww D m G

- - — . g v T Sw

' ‘ 10539+19572+7000

 Then, a'= 19572/10559 =1.86, bt=vooo/16559=.é55
~ repeat the prbceés,by still briefer symbols as follows,
. 141.86+.665]1+ 20,65 +_295.9_+1970_+_13100_+20400_+%000

s e e o S A o T " oy O D A W S e et PO A Gmp GO G PP Gl G Guh P G P YD s O wen G S we W ot o O e

- - S o e ma " - -

18,79 + 295.2
: 35 _+_ 12,5

- T o - - - T . = oo

260,2 +1957.5

484+ 173
1473.5 +1292%
o740+ 980

- T - —— - — T s - -

. o1 .esy 16187 +19420+7000
 Then, al= 19420/0187=ExkRx b'= x¥6R:for third approximation.

Repeating the above process, we find,
a'=l.92, b'=,692 as it 1s so near to the last

_#mes, the final solution is,
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Q ?(d°+1 924+, 692)(d +18. 74d3+260d2+1480d+101oo)_

i The remaining qpartio however,'cannot be sovled by

‘ the above successive approximation method as ﬁhe two mode s

of motion involved are of nearly same period and damping.

It can be easily solved by the semigraphical method

described in T.R. 589 The complete factoring gives,
 (a®+1,92a+. 692)(d2+2 43+65.5) (4%+16.33+153) =0

. Solution of the quintic equatlon involed in the lateral
controlled stability.

The above principle’of'sucoessive approximation can
ligléovbe usod to'solue thoIQuintio equations in lateral
"stabillty The process is however somewheat different.

: several illustratimns can malke the method clear.
a. The cubic and quartlc equations of the uncontrolled

\airplane stablllty.
For uncohtrolled airplane the coefficlent F= 0,

or-one, of the roots 1s zero so that the quintio equation'!l R
'reduces to a quertic equation. It is also known to us

that for all cases of uncontroled lateral stability
equatlons,ono of the roots is allways large and negative,

with its magnitude somewhete oear‘tobthe.deriVative,lp,
signifying that:one~mode of the motion is a rapidly
; éampéd rolling subsidence.

Teke,for exsmple, the cbefficients of the uncontrolled

lst&bility oquationvfor the airplane F-22 as found in |

‘Tsble 10.1 of Chapter III.



- a% 18a*+50a®+2884°

'+o~+o=o

Here,due to the fact that E and F = 0, the equation

reduceé’to a cubic. As lp= -16, so one of the real'rootsk
is approximately,if not exactly,equal to -16.
Therefore, we divide as follows,

e O e T e s e T o - — - v " - - -

a%+16 a® '

2 d® +50 4
2 d® +32 d

- . - 0 G — -

In this case, it happens to be exactly divisible,so
thet the final result is, (4 +16)(d®+2d +18) = 0
| Howevep,in‘the follﬂowing case;such as taken from

Table 10.2 of Chapter III, for the case of Pn¢‘= -4

5 4 2

a® +18a* + 54 a% 352 4%+ 0a+64=0

Since we lmow that in this case,ilp=--16 as before,
so we try to divide by d + 16 . Using the abbreviated
form éf sgnthetlic division, ‘

1+ 16 | 1 +.18 + 54 + 352 + 0 + 64

-t o T - et e e s D - e = - - - —— " B - v —

1+ 16 #)

- e o - ———

— - —— - - w—

- - ———
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In this case the @avision 1s not exact as there is a
remalnder of 64 However we know that the real root is
. somewhere. around 16, as it is seen that had the coefficient
352 been & little bit larger,the remainder would have a
chance ﬁo be ZeIro iﬁsteéd of 64 as 1t 1s now. So, a reverse
- of the process of" div131on can be carried out as follows,
Using the same example, we divide 64 by 16, giving 4,
indicabting that if the number a, had been 4 instead of
zero,‘theﬂ the remainder would be'zero. In order to have
the numbér e= 4,the nuﬁber b should have been -4 instead
of zero. In order b to be 5&, the number c¢ should have
, been~-4/16 = =,25 This requires that the number d should
be 552+.é$ ='552.25 instead of 352. Similarly we trace
back finding that, e should be 352.25/16 =22.0 or justeca
1ittle bit larger than 22. And the rest numbers, f,g, and
h are so close to their present value that the difference
"can not be read from the élide rule. So ,in this case
weksay that the real root is -16, though the exact one
is really -16. 05 And the . qulntlc is factored into,

(@ +16.0 ) (a*+2a%+22a%c a + % t=0 or

( @ +16.0 ) (a%+2a%+20a®-. 254+ 4) =

We see that in this way, we neglect the small error
involved in a big number such as 16 2 and 22 . and

malke ~ood accuracy on the. numbers —.25 and 4 Which is

large compared with zero.
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The prev1ous process chn be performed w~th great convenience

'by the follow1ng form suggested by the writer,

write, A, ~ B c- D E F
P gl Ty A, e U U S
1 18 54 352 - 0 64
AR R = R RN =% R B €5 R A - R
_ (h)/l“=(f)/l6« =(da)/16 |=(b)/16|=64/16 ' L
-t o _|=2.999 |=2eabe |=-.25 |= 4 __
0 - (n) (£) | (a) - (b)
=B-(f) - |=C=(e) |[=D-(c) [=E-(2a)
=2xRA0 |=31,9844 =352.25]|= -4

| mmmmm =t e kBB e s e mmm e
-The'qu;nticbis factored inkto; | ”
(d+16)(d +(g)d +(e)d +(c)d+a)
or in this cmse, 1t is,
| (d+16)(d +1,999a%+22, 0156a% ~,254 + 4)= o0
‘\The quartic equatlon is then factored bJ the successive
‘ mpproximation method described for the longitudina’
stabillty equatlon. The flnal factoring is,
(d+16)(da . 02854+, 182)(d2+2 03d+21.9) = 0
The above method of factoring the qulntlc equatlon,
caﬁ be carried out succe351vcly if the first trial gives
the valué Rxﬁk) (h)/iG or in general (h)/l quite fer
from being unlty.
The folloulng example illustrate the process

Take from Table 10.4, the coefficients for the
quintic with Pl¢ ='-52,

8%+ 18 dé+ 90d3+ 480 a°+ 512d kﬁi&kﬁ +128 = 0
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First trial, assumefthé reg1 root= -16,

S SRR 18 | 90 ‘i 480y __ B2 __ 128
.62/16 =. }448, 5/16 504/16 128/16
e e 3.8 ) =28 | = 8L.5] = _8 ___________
14.12 e 485 50a

As the value 14.12/16 = .882 instead of 1,
we repeat the process by assuming the real root to be -14.12
ingtead of 16, o e

Second trial,

ol A8y 90 4. 480 _ .. Bl2_______ 128_
58,5/14.1]444/14.18}502.94/14.1128/14.12

_______ =__4,15_ | = 3L.5__|_ _=35.7_ _ |=9.06___________
13.85 58,5 4443 502.94

As the value 13. 85/14 12 = 0.98 which is very
nearly to be unity ‘ ‘
| If greater accuracy’is desired, thé process can be
reéeated for a third trial,(by assuming the real root
to be ~13.85,
Third trial,

I S 8 _ . 90 L. 480__J___.B12_______ 128
4.18 32,7 36.3 ’ 9.22
13.85 57.3 453.7 502.78

As 13, 85/15 85 = 1 so the thipd trial gives
the final answer to be,
(a+13.85) (a%+4.15a%+ 32.7 a+ 36.3 @ + 9.22)= 0
Factoring the quartic by the method of sucessive

appfoximation,we have,finally
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(4 +13.85) (a?+1.3a+ .32 )(d%+2.9 d + 28.3) = 0

By the ébove,brocess aﬁd the basic principle,the
writer found that nearly all kinds of stability equations
involved in aeronautics can be handled with so short
a time that eny attempt to find the Routh's discriminents
to see just whether one of the modes of motion is

. .stable or not is no longer worth doing.
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ABPENDIX . II
DESCRIPTION OF THD USE OF THE M.I.T. DIFFERENTIL
ANALYZER TO SOLVE THE DISTURBED MOTION DUE TO GUSTS
*» AND CONTROL MANIPULATIONS
o The basic princxple as Well as the detall process
in solving differentlal equatlons by using the M.I.T.
,‘leferential analyzer will not be described here, as

it’is done by Bushl

Any one who is interested In
llhaowihg thé‘detail should consult Bush's paper.

| Tﬁe present desoription‘is, therefpfe, limited to
thdse‘poiﬁfs whiéh are closely concerned with the solution

of the stability problems.

- I.Longitudinal stability equations.

a.Eqpations'of motion.
du/dt xdu + x oW+ PC e
dw/dt = z u + 2,5+ de/dt
©. 8" 2 : \
a*8/dtP=m_w +mq§e/dt + pmgs

£ -féds/dt * -f s

 aR®s/atc= £
The following coefficients are constant and not
‘to be chenged, X = -.15 | |
zu=~l.0
z.= -4.5
P = 20

XW = 0,4



“The following coefficients are to be varied as,

mo = =3, -2.4, -1.2, 0, +1.2,+2.4 .

FCL= -18, =_':__g'

pm = -180 ;120,-90“-60 _45, -30, 0
The follow1ng coefflcients are to be functions of,k damping
ratio,and mg \, ' |
‘ =(1/k)a (z/k (damping ratio) and
—(l/k (me/m )
' Range of & is to be, .05, 0,1, 0.2, 0.3, 0.4, 0.8
Range of damping ratio is to be, 0; .25,.50, 1. O, 1.6
Range of me/m is to be 12.5 _25 50, '

. 08 S . S > - " . . G= T - " - - -

~Underlined coefficlents are normal ones.

1. Equatlons of motion with normal coefflcients;
du/dt = -96 + 4 w-,15u

20d0/dt -4.5w -u

| dw/dt

- dze/dt2~ -6d6/dt -3w -1200s
a%s/dat®= 46 -10ds/at -100s’

2. Equations of motion with maximum coefficients,

du/dt = 186 +.4w -.15u |
dw/dt = 2046/dt -4.5w -u
dRe/at?=-9de/dt -3w -1800s
d%s/at?=160-32ds/dt-400s

i
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3.The estimated maximum ranges for the accelgrations and
{Qelocityes’due to ayverical velocity w = 1.5, |
- dae/at is smaller then 1,
d?e/at?is smalléq:tﬁan 5
aw/dt is smaller then 10
du/dt 7is’sma11er'thg§' 1
-~ d®s/dt®is smaller than 1
ds/at 1is smeller then 1/10
t 1s from zero to 10.
4. Modified form of the equations of mobion
(8) With normal cdefficients
~1440 +(32/5)w -(12/5)u
‘80de/dt -18w ;4u“

(1) 16du/ds
(II)4dw/at

(III)Sdag/dtz— -3040/dt =15 w —60008
: (e) (£) (a)

(IV) 32das/dt3~128 2 -o20ds/dt -3200s
(c,a) (b) (a)

(b) With maximum coefficlents
(1) 16du/dt =-2880 +(32/5)w -(12/5)u
(IT) 4dw/dt = 8040/ds ~18w -du

1

(III 5d29/dt2 -45d6/dt -15w -9000s
- (e) (£) (d)

(IV) 52dzs/dtz-5129 -1024ds/at 128008
{c,a) (b) - (a)

(a), (b) . etc are places where gear rat"os can be changed

(c, a) means gear ratio at (c) depends on that at (a)

zef‘/" |
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 5 The prellminary set-up dlagram for normal coefficients,

wiﬁh prov131on for maximum and other coefficients are |
- shown in Fig l (a) (b) etc are places to change the

the cérrespondlng gear ratio. Numbers in the brackets
indicate the numbers of gears requlred.

6.The’ detail set-up of  the Dlgferential analyzer 1s

E uhown in Flg 2.

‘ The symbols used are standard onesg with their

,'exact meanlng defined by Bush and Cadwellg.
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IT.Lateral stability equatidns.
l;Equéfions of motion '
- av/at = T,V -PCL¢ 1ud¢/dt
a*d/at®= 1 v +1 R Fl©¢ +1 L40/at
a2 /datR= nvv +n d¢/dt + Pn¢¢ +n_df/at +anm
2. Ranges of the coefflcients,
\yv==g£-1/4,~1/2,-1,-2.y
rx:==g 532
RC= =8,-16,-52
1= o,-1i;gé—4,~s;~16,-52.

1 =0, -4,-8, -16.

P o ===
1, = 0,2,4,8,16,52
D.v-- O,%,105,2,4,025305
B = 0,-.25,2,5,-1,-2.
nr = O,—l,;_g,"4,_8

Pl 0,-16,-8,=32, -48, ~64,~128
Pn¢= 0,4,8,12,16,32.
l‘mwz O,”é,—é’-l6’-32"
The underlined coefficlients are normel ones.

3.The maximun accelerations and velocities due to

{initial rolling gust,g.= 1 ave ,

248



| dv/dt is smaller then 10

- dad/at is smaller then 1

d""(i)/dtzis smaller than 16

al/at ig smaller than 1/2

daﬂl/dtzis sma.l"er tha 2

v is sma,l'l er than,‘l ¢ smaller than 1.0 ¥ smaller than 1

and. time not longef"‘ghan 5.

S,Fig.S‘sﬁbws the cqn;iection diggram, Fig.4 shéws the
prelhninaryi_} set,-up,éhd Fig'.s shov}s the detail set-up.
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III Comparison of the disturbed motion,solved by analytical
| method against that plotted by the leferentlal
Analyzer. S
The 1oﬁéitudinaibmotion.ofAthejuncontrolled
éirplane due to a vertibal gust,w is COmputed by
kmethod of operational calculus,and compare with that
so¥ed by the M.I.T. Differentlal Analyzer.

(a) By Klemin8s formulas,

e/‘w° =5.255% (05050007, 72440, 02445107, 725)

.0702t( 056008.552t+ OOGSin 552t )

4
(b) By method of complex number algebra™,

ofw = 0.0475¢~2+295%

"O7O2t cos(.552t—190(5°)

cos(7 72t-40°)
+.037 o

The result fbund bynéhe complex number élgebra is

plotted in fig.ye side'bj side with that solved by

the Differential analyzer They check very well except

that the damping of the short oscillation as indicated

by the curve solved by thefmachine seems a little bit

too 1ow. This is probably dué t§ the effect of baék-lash

beéause no front.lash unit was used in the set-up.

As in this research, no extreme'accuracy is required,

the result solved by ﬁhe‘machihe‘éah be cbnsidered

entirely satisgactory for the pﬁrpose.

The most advantageous part of using this machine
to solve the stability problem is due to the fact that
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_oorresponding to one get of étability_derivatives, seven
sqlutionércaﬁ be obtained by a single run which lasts
oﬁly from ten to twenty minutes. In the longitudinal
‘stability, the solutions for the vertical velocity,w
end the inclination in pitch,0 are plotted out in the
out-put table vhile the motions, d0/dt, aza/dta,ds/dt,
dw/dt and s are recordéd as a function of time in the
recorder. Due to lack of time and space, only part of
theeresults are presented in this thesis. I the lateral
‘stability equations,the varisbles §, ahd ¥ ave ploted
‘on the inpub teble while the variables,v,dp/dt,p, end r

end dr/dt are recorded as a function of time.
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Suggestions'for further development‘
1 Design and constructitn of apparatus to determine the
the exact nature of control lag,and comnare with theory.
2. Study of the nature of humen pilotting wzth regard to
the maximum lag,control derivatives produced and the
degree of over- Shooting.
3. Mathematical investigations of the effects of thosek
control derivatives which have not been carried out
due to lack of time and space,on the stability of
the controlled motion. |
4, Investigation of the eflect of inertia lag on the 1ateral
: motion by using the New M.I.T.Differential Analyzer
‘.which.is not yetkévéilable ét‘the time of writing this
the51s o ' ” o o | o
5, Design and contructlon ofnua%\ lgngtgglngperation system
to test the practicability of the oerformance as

predicated hy the theorectical investigation.

~ 6.4pplication of the results obtained from the theorectical
study of the controlled stabllity to aid practical
airplane deSigners by constructing charts diagrams and

"so on so as to make the stability estimation an easy

task for average designers.
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