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DIFFERENTIABILITY OF M-FUNCTIONALS OF LOCATION
AND SCATTER BASED ON T LIKELTHOODS

By R. M. DUDLEY,” SERGIY SIDENKO," AND ZUOQIN WANG*

Abstract. The paper aims at finding widely and smoothly defined
nonparametric location and scatter functionals. As a convenient
vehicle, maximum likelihood estimation of the location vector pu
and scatter matrix > of an elliptically symmetric ¢ distribution
on R? with degrees of freedom v > 1 extends to an M-functional
defined on all probability distributions P in a weakly open, weakly
dense domain U. Here U consists of P putting not too much
mass in hyperplanes of dimension < d, as shown for empirical
measures by Kent and Tyler (Ann. Statist. 1991). It is shown
here that (i, X) is analytic on U, for the bounded Lipschitz norm,
or for d = 1, for the sup norm on distribution functions. For
k = 1,2, ..., and other norms, depending on k£ and more directly
adapted to t functionals, one has continuous differentiability of
order k, allowing the delta-method to be applied to (i, %) for any
P in U, which can be arbitrarily heavy-tailed. These results imply
asymptotic normality of the corresponding M-estimators (i, 2, ).
In dimension d = 1 only, the ¢, functional (u,o) extends to be
defined and weakly continuous at all P.

1. INTRODUCTION

This paper is a longer version, with proofs, of the paper Dudley, Sidenko and
Wang (2009). It aims at developing some nonparametric location and scatter
functionals, defined and smooth on large (weakly dense and open) sets of distri-
butions. The nonparametric view is much as in the work of Bickel and Lehmann
(1975) (but not adopting, e.g., their monotonicity axiom) and to a somewhat
lesser extent, that of Davies (1998). Although there are relations to robustness,
that is not the main aim here: there is no focus on neighborhoods of model distri-
butions with densities such as the normal. It happens that the parametric family
of ellipsoidally symmetric ¢ densities provides an avenue toward nonparametric
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2 R. M. DUDLEY, S. SIDENKO, AND Z. WANG

location and scatter functionals, somewhat as maximum likelihood estimation
of location for the double-exponential distribution in one dimension gives the
median, generally viewed as a nonparametric functional.

Given observations X, ..., X,, in R? let P, := %Z?Zl dx,. Given P,, and the
location-scatter family of elliptically symmetric ¢, distributions on R? with v > 1,
maximum likelihood estimates of the location vector u and scatter matrix > exist
and are unique for “most” P,. Namely, it suffices that P,(J) < (v+¢q)/(v+d) for
each affine hyperplane J of dimension ¢ < d, as shown by Kent and Tyler (1991).
The estimates extend to M-functionals defined at all probability measures P on
R? satisfying the same condition; that is shown for integer v and in the sense
of unique critical points by Diimbgen and Tyler (2005) and for any v > 0 and
M-functionals in the sense of unique absolute minima in Theorem 3, in light
of Theorem 6(a), for pure scatter and then in Theorem 6(e) for location and
scatter with v > 1. A method of reducing location and scatter functionals in
dimension d to pure scatter functionals in dimension d + 1 was shown to work
for ¢ distributions by Kent and Tyler (1991) and only for such distributions by
Kent, Tyler and Vardi (1994), as will be recalled after Theorem 6.

So the t functionals are defined on a weakly open and weakly dense domain,
whose complement is thus weakly nowhere dense. One of the main results of the
present paper gives analyticity (defined in the Appendix) of the functionals on
this domain, with respect to the bounded Lipschitz norm (Theorem 9(d)). An
adaptation gives differentiability of any given finite order k with respect to norms,
depending on k, chosen to give asymptotic normality of the ¢ location and scatter
functionals (Theorem 18) for arbitrarily heavy-tailed P (for such P, the central
limit fails in the bounded Lipschitz norm). In turn, this yields delta-method
conclusions (Theorem 20(b)), uniformly over suitable families of distributions
(Proposition 22); these statements don’t include any norms, although their proofs
do. It follows in Corollary 24 that continuous Fréchet differentiability of the ¢,
location and scatter functionals of order £k also holds with respect to affinely
invariant norms defined via suprema over positivity sets of polynomials of degree
at most 2k + 4.

For the delta-method, one needs at least differentiability of first order. To get
first derivatives with respect to probability measures P via an implicit function
theorem we use second order derivatives with respect to matrices. Moreover,
second order derivatives with respect to P (or in the classical case, with respect
to an unknown parameter) can improve the accuracy of the delta-method and
the speed of convergence of approximations. It turns out that derivatives of
arbitrarily high order are obtainable with little additional difficulty.

For norms in which the central limit theorem for empirical measures holds for
all probability measures, such as those just mentioned, bootstrap central limit
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theorems also hold [Giné and Zinn (1990)], which then via the delta-method can
give bootstrap confidence sets for the ¢ location and scatter functionals.

In dimension d = 1, the domain on which differentiability is proved is the class
of distributions having no atom of size v/(v + 1) or larger. On this domain,
analyticity is proved, in Theorem 9(e), with respect to the usual supremum norm
for distribution functions. Only for d = 1, it turns out to be possible to extend
the t, location and scatter (scale) functionals to be defined and weakly continuous
at arbitrary distributions (Theorem 25).

For general d > 1 and v = 1 (multivariate Cauchy distributions), a case not
covered by the present paper, Diimbgen (1998, §6) briefly treats location and
scatter functionals and their asymptotic properties.

Weak continuity on a dense open set implies that for distributions in that set,
estimators (functionals of empirical measures) eventually exist almost surely and
converge to the functional of the distribution. Weak continuity, where it holds,
also is a robustness property in itself and implies a strictly positive (not necessar-
ily large) breakdown point. The ¢, functionals, as redescending M-functionals,
downweight outliers. Among such M-functionals, only the ¢, functionals are
known to be uniquely defined on a satisfactorily large domain. The ¢, estimators
are y/n-consistent estimators of £, functionals where each ¢, location functional,
at any distribution in its domain and symmetric around a point, (by equivariance)
equals the center of symmetry.

It seems that few other known location and scatter functionals exist and are
unique and continuous, let alone differentiable, on a dense open domain. For
example, the median is discontinuous on a dense set. Smoothly trimmed means
and variances are defined and differentiable at all distributions in one dimension,
e.g. Boos (1979) for means. In higher dimensions there are analogues of trimming,
called peeling or depth weighting, e.g. the work of Zuo and Cui (2005). Location-
scatter functionals differentiable on a dense domain apparently have not been
found by depth weighting thus far (in dimension d > 1).

The t location and scatter functionals, on their domain, can be effectively com-
puted via EM algorithms [cf. Kent, Tyler and Vardi (1994, §4); Arslan, Constable,
and Kent (1995); Liu, Rubin and Wu (1998)].

2. DEFINITIONS AND PRELIMINARIES

In this paper the sample space will be a finite-dimensional Euclidean space R?
with its usual topological and Borel structure. A law will mean a probability
measure on R?. Let S; be the collection of all d x d symmetric real matrices,
N; the subset of nonnegative definite symmetric matrices and P; C Ny the
further subset of strictly positive definite symmetric matrices. The parameter
spaces O considered will be Py, Ny (pure scatter matrices), R? x Py, or R? x Nj.
For (1,%) € R? x Ny, p will be viewed as a location parameter and ¥ as a
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scatter parameter, extending the notions of mean vector and covariance matrix
to arbitrarily heavy-tailed distributions. Matrices in Ny but not in P; will only
be considered in one dimension, in Section 9, where the scale parameter ¢ > 0
corresponds to 02 € N;.

Notions of “location” and “scale” or multidimensional “scatter” functional will
be defined in terms of equivariance, as follows.

Definitions. Let Q — p(Q) € RY, resp. 3(Q) € N, be a functional defined on a
set D of laws @Q on R Then p (resp. X)) is called an affinely equivariant location
(resp. scatter) functional iff for any nonsingular d x d matrix A and v € R, with
f(z) := Az + v, and any law Q € D, the image measure P := Qo f~ ' € D
also, with u(P) = Au(Q) + v or, respectively, X(P) = AX(Q)A’. For d = 1,
o(+) with 0 < 0 < oo will be called an affinely equivariant scale functional iff
o? satisfies the definition of affinely equivariant scatter functional. If we have
affinely equivariant location and scatter functionals pz and ¥ on the same domain
D then (u, X)) will be called an affinely equivariant location-scatter functional on
D.

To define M-functionals, suppose we have a function (z,0) — p(z,0) defined
for x € RY and 6 € O, Borel measurable in = and lower semicontinuous in 6, i.e.
p(x,0) <liminf, g p(z, @) for all 6. For alaw Q, let Qp(¢) = [ p(x, $)dQ(x) if
the integral is defined (not co—o0), as it always will be if Q = P,. An M-estimate
of 0 for a given n and P, will be a 6,, such that P,p(0) is minimized at 6 = 6,, if
it exists and is unique. A measurable function, not necessarily defined a.s., whose
values are M-estimates is called an M-estimator.

For alaw P on R? and a given p(, -), a6, = 01(P) is called the M-functional of P
for p if and only if there exists a measurable function a(x), called an adjustment
function, such that for h(x,0) = p(x,0) — a(x), Ph(f) is defined and satisfies
—00 < Ph(f) < +oo for all § € O, and is minimized uniquely at 6 = 6;(P),
e.g. Huber (1967). As Huber showed, 0;(P) doesn’t depend on the choice of a(-),
which can moreover be taken as a(z) = p(x,0s) for a suitable 6,.

The following definition will be used for d = 1. Suppose we have a parameter
space O, specifically P; or P; x RY, which has a closure ©, specifically N or
Ny x R? respectively. The boundary of © is then © \ ©. The functions p and h
are not necessarily defined for # in the boundary, but M-functionals may have
values anywhere in © according to the following.

Definition. A 0y = 0y(P) € © will be called the (extended) M-functional of P
for p or h if and only if for every neighborhood U of 6,

1 —00 < liminf Ph < inf  Ph(o).
(1) co < liminf Ph(¢) < inf Ph(¢)
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The above definition extends that of M-functional given by Huber (1967) in
that if 6 is on the boundary of © then h(z, ) is not defined, Ph(f) is defined
only in a lim inf sense, and at €, (but only there), the lim inf may be —oo.

From the definition, an M-functional, if it exists, must be unique. If P is an
empirical measure P,, then the M-functional 0, = 0o(P,), if it exists, is the
maximum likelihood estimate of 6, in a lim sup sense if én is on the boundary.
Clearly, an M-estimate 6,, is the M-functional 6, (P,) if either exists.

For a differentiable function f, recall that a critical point of f is a point where
the gradient of f is 0. For example, on R? let f(z,y) = 2*(1 + y)? + y®. Then
f has a unique critical point (0,0), which is a strict relative minimum where
the Hessian (matrix of second partial derivatives) is (3 9), but not an absolute

minimum since f(1,y) — —oo as y — —oo. This example appeared in Durfee,
Kronenfeld, Munson, Roy, and Westby (1993).

3. MULTIVARIATE SCATTER

This section will treat the pure scatter problem in R?, with parameter space
© = P,. The results here are extensions of those of Kent and Tyler (1991, The-
orems 2.1 and 2.2), on unique maximum likelihood estimates for finite samples,
to the case of M-functionals for general laws on RY.

For A € P; and a function p from [0, c0) into itself, consider the function

1
(2) L(y,A) = 3 logdet A+ p(y’A™Yy), yeR™L

For adjustment, let

(3) Wy, A) == Ly, A) — L(y, 1)

where [ is the identity matrix. Then

(@) Qh(4) = jlogdet A+ [ (/A7) - ply'y) Q)

if the integral is defined.

As a referee suggested, one can differentiate functions of matrices in a coor-
dinate free way, as follows. The d?-dimensional vector space of all d x d real
matrices becomes a Hilbert space (Euclidean space) under the inner product
(A, B) := trace(A'B). It’s easy to verify that this is indeed an inner product
and is invariant under orthogonal changes of coordinates in the underlying d-
dimensional vector space. The corresponding norm ||A||r := (A, A)Y/? is called
the Frobenius norm. Here ||A||% is simply the sum of squares of all elements of A,
and || - || is the specialization of the (Hilbert)-Schmidt norm for Hilbert-Schmidt
operators on a general Hilbert space to the case of (all) linear operators on a
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finite-dimensional Hilbert space. Let || - || be the usual matrix or operator norm,
|A[| == sup|,=; |[Az|. Then
(5) 1Al < [All» < Va|lAll,

with equality in the latter for A = I and the former when A = diag(1,0,...,0).
In statements such as ||A|| — 0 or expressions such as O(]|A||) the particular
norm doesn’t matter for fixed d.

The map A — A~! is C* from P, onto itself. For fixed A € P, and as
|Al] — 0, we have
(6) (A+A) = A7 ATTAAT O AP,
as is seen since (A + A)(A™! — ATTAA™Y) = I + O(||A]|?), then multiplying by
(A+A)~L

Differentiating f(A) for A € S, is preferably done when possible in coordinate
free form, or if in coordinates, when restricted to a subspace of matrices all
diagonal in some fixed coordinates, or at least approaching such matrices. It
turns out that all proofs in the paper can be and have been done in one of these
ways.

We have the following, stated for ) = @),, an empirical measure in Kent and
Tyler (1991, (1.3)). Here (7) is a redescending condition.

Proposition 1. Let p : [0,00) — [0,00) be continuous and have a bounded
continuous derivative on [0, 00), where

p(0) = p(04) = limp(z) — p(0)]/.

Let 0 < wu(z) := 2p'(z) for x > 0 and suppose that

(7) sup zu(x) < oco.
0<zr<oc0

Then for any law Q on R, Qh in (4) is a well-defined and C* function of A € Py,
which has a critical point at A = B if and only if

(8) B = / u(y' B~ y)yy'dQ(y).
Proof. By the hypotheses, the chain rule, and (6) we have for fixed A € P, as
|A[l =0
p(y(A+D)"Yy) = p(y'A™ly) = p(y'[A™ = ATTAAT + O(||A[*)]y)
= 0 (Y ATy AT AAT Y + o([[ A |y]).
Since y ATTAAly = trace(A lyy’ ALA), it follows that the gradient V4 with
respect to A € Py of p(y' A~ 1y) is given by

/ — 1 / — — / —
(9) Vap(yAly) = —cu(y’Ay)A yy' A7

—=u
2
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Given A € Pylet Ay := (1 —t)] +tA € Pyfor 0 <t <1. Then

1
_ d _
p(y' Ay — p(y'y) = / @p(y%t Ly)dt
0

1
= / o' (v A ly)trace <A;1yy/A;1(A — I))dt.
0

For a fixed A € Py, the A; ! are all in some compact subset of P, so that their
eigenvalues are bounded and bounded away from 0. From this and boundedness
of zu(x) for z > 0, it follows that y — p(y’A~'y) — p(y'y) is a bounded continuous
function of y. We also have:

(10) For any compact KC C Py, sup{|h(y,A)|: y €R? Ac K} < oo.

It follows that for an arbitrary law @ on R% Qh(A) in (4) is defined and fi-
nite. Also, Qh(A) is continuous in A by dominated convergence and so lower
semicontinuous.

For any B € S, let its ordered eigenvalues be \i(B) > \o(B) > -+ > A\y(B).
We have for fixed A € P;as A — 0, A € Sy, that

(11) logdet(A+A)—logdet A = trace(A™*A)—||A"YV2AAY2 |2 /24+0(]|A|]%)
because
logdet(A + A) —logdet A = logdet(A™V2(A 4+ A)A~Y?)

d
— logdet(l + AV2AATY?) = Zbg (14 M(AV2AA2))
=1

N(ATEAATYEY = N(ATEAATY2 24 O(| AP
=1
and (11) follows. By (9), and because the gradient there is bounded, derivatives
can be interchanged with the integral, so we have

Qh(A+8) = Qh(A)+trace(A™ )= [ (A )y A ALy Q) +ol1A])

d

= Qn) + LA - [u Ay atyy A aQu), A + oA,
2

It follows that the gradient of the mapping A — Qh(A) from Py into R is
1) wien) = 5 (a7 [uapatwation) e s
which, multiplying by A on the left and right, is zero if and only if

A = / u(y' AN y)yy' dQ(y).
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This proves the Proposition. O

The following extends to any law () the uniqueness part of Kent and Tyler
(1991, Theorem 2.2).

Proposition 2. Under the hypotheses of Proposition 1 on p and u(-), if in ad-
dition u(-) is nonincreasing and s — su(s) is strictly increasing on [0, 00), then
for any law Q on RY, Qh has at most one critical point A € Py.

Proof. By Proposition 1, suppose that (8) holds for B = A and B = D for some
D # A in P,. By the substitution y = A'/?2 we can assume that A =1 # D.

Let ¢, be the largest eigenvalue of D. Suppose that t; > 1. Then for any y # 0,
by the assumed properties of u(-), u(y'D~1y) < u(t;'y'y) < tiu(y'y). It follows
from (8) for D and I that for any z € R? with 2 # 0,

YDz = / u(y' D) (29)dQ(y) < / u(y'y) (9)dQ(y) = 1]

where the last equation implies that @ is not concentrated in any (d — 1)-
dimensional vector subspace z'y = 0 and so the preceding inequality is strict.
Taking z as an eigenvector for the eigenvalue ¢; gives a contradiction.

If t; < 1 for the smallest eigenvalue t; of D we get a symmetrical contradiction.
It follows that D = I, proving the Proposition. O

We saw in the preceding proof that if there is a critical point, ) is not con-
centrated in any proper linear subspace. More precisely, a sufficient condition
for existence of a minimum (unique by Proposition 2) will include the following
assumption from Kent and Tyler (1991, (2.4)). For a given function u(-) as in
Proposition 2, let ag := ag(u(-)) = sup,.osu(s). Since s — su(s) is increasing,
we will have

(13) su(s)Tap as sT +oo.
Kent and Tyler (1991) gave the following conditions for empirical measures.

Definition. For a given number ay := a(0) > 0 let Uga0) be the set of all

probability measures ) on R? such that for every linear subspace H of dimension
g <d—1, Q(H) <1 (d - q)/ao, so that Q(H?) > (d — g)/aq.

If Q € Ugqo), then Q({0}) < 1 — (d/ag), which is impossible if ap < d. So
we will need ag > d and assume it, e.g. in the following theorem. In the ¢, case
later we will have ap = v +d > d for any v > 0. For a(0) > d, Uy is weakly
open and dense and contains all laws with densities. In part (b), Kent and Tyler
(1991, Theorems 2.1 and 2.2) proved that there is a unique B((Q),,) minimizing
Qnh for an empirical Q,, € Uy q(0).
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Theorem 3. Let u(-) > 0 be a bounded continuous function on [0, 00) satisfying
(7), with u(-) nonincreasing and s — su(s) strictly increasing. Then for a(0) = aqg
as in (13), if ag > d,

(a) If Q & Uga), then Qh has no critical points.

(0) If Q € Uy a0y, then Qh attains its minimum at a unique B = B(Q) € Py and
has no other critical points.

Proof. (a): Tyler (1988, (2.3)) showed that the condition Q(H) < 1—(d—q)/ao
for all linear subspaces H of dimension ¢ > 0 is necessary for the existence of
a critical point as in (8) for @ = @Q,,. His proof shows necessity of the stronger
condition @, € Uy q) When su(s) < ag for all s < oo (then the inequality Tyler
(1988, (4.2)] is strict) and also applies when ¢ = 0, so that H = {0}. The proof
extends to general @), using (7) for integrability.

(b): For any A in Py, let the eigenvalues of A~ be 1, < 7 < -+ < 74, where
7; = 71;(A) for each j. Let A be diagonalized. Then, varying A only among
matrices diagonalized in the same coordinates, by (12),

(14) aQﬁhT(-A) = % [Tj/y]zu (Z sz12> dQ(y) — 1] :

Claim 1: For some dy > 0,
(15)  inf{Qh(A) : 11 (A) < d/2} > (log2)/4 +inf{Qh(A): T (A) > dp}.

To prove Claim 1, we have zu(z) | 0 as x | 0 since u(-) is right-continuous at 0,
and so by dominated convergence using (7), there is a dy > 0, not depending on
the choice of Euclidean coordinates, such that for any t < &y, [ t|y[*u(t|y|*)dQ(y)
< 1/2. We can take &y < 1. Then, since s +— su(s) is increasing, it follows
that for each j = 1,...,d, if 7; < dy then 7; [y u(7;57)dQ(y) < 1/2 and so
7 [yu(X L, Tiy?)dQ(y) < 1/2 since u(-) is nonincreasing. It follows by (14)
that

(16) 8@]1(%1)/87'] < —1/(4Tj), T; < 50.

If m < d0o/2, let r be the largest index j < d such that 7; < &,. For any
0<( <---<(qlet A(Cy,. .., Cq) be the diagonal matrix with diagonal entries
1/, ..., 1/Cq. Starting at 7,..., 74 and letting (; increase from 7; up to g for
j=mr,r—1,...,11in that order, we get, specifically at the final step for (3,

(17) Qh(A(Tl,...,Td))—Qh(A((so,...,50,7}_,_1,...,7]1)) > (10g2)/4

So (15) follows, for any small enough dy > 0, and Claim 1 is proved. At this stage
we have not shown that either of the infima in (15) is finite.

Let My = {A € Py: m(A) > d}. Then by iterating (17) for ¢y divided
by powers of 2, we find that for k = 1,2, ..., for any A € P, with 7(A) < §y/2F,
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there is an A" € M with 7;(A") = 7;(A) whenever 7;(A) > §, and

(18) Qh(4) > Qh(A') + k(log?)/4.

Let 6; := d9/2 < 1/2. Then by (15),

(19) inf{Qh(A): m(A) <o} > (log2)/4+ inf{Qh(A): T (A) > d}.
Next, Claim 21is that if {A;} is a sequence in Py, with 7, = 7,;(Ay) for each

j and k, such that 7,5 — +o0, with 71, > ¢; for all k, then Qh(Ag) — +oo. If

not, then taking subsequences, we can assume the following:
(i) Tar T + o0;
(ii) For some r =1,...,d, 7, — 400, while for j =1,...,r —1, 7; is bounded;
(iii) Foreach j =r,...,d, 1 <7, T + o0;
(iv) For each k = 1,2, ..., let {e;}?_; be an orthonormal basis of eigenvectors of
A, in R? where Arejr = Tjrejr. As k — oo, for each j =1,...,d, e;; converges
to some e;.

Then {e;}9_, is an orthonormal basis of R?. Let S; be the linear span of
€1,...,€5 fOI'j = ]_,...,d, S() = {0}, Dj = Sj\Sj—l fOI'j = ]_,...,d and
Dy := {0}. We have by (4) that Qh(Ax) = Z?Zl (jx where for j =1,....d

1 _
(20) Go = —ylosmet [ p/AMY) - py'9)dQw),
D;
noting that on Dy, the integrand is 0. So we need to show that Z;l:l Cjk — +00.
If we add and subtract p(d13'y) in the integrand and note that p(y'y) — p(61y'y)
is a fixed bounded and thus integrable function, by (10), letting

1 ! A— /
(21) B = —glogmat [ ol Ay) - p01/n)dQ)
D

j
we need to show that Z‘?er}/ng — +o0. Since Tj; > 07 for all j and k and by

(ii), ;% are bounded below for j = 1,...,7 — 1. Because @ € Ugq(0), there is an
a with d < a < ag close enough to ag so that for j =1r,...,d,

d—j+1
—4—62(5}—1) > 0,

a
noting that S;_; is a linear subspace of dimension j — 1 not depending on k. It
will be shown that as k — oo,

(22) a; =1

d
alty,
(23) T, = —— log Ty i + Zﬂ;ﬂmk — +00
for m = r,...,d, which for m = r will imply Claim 2. The relation (23) will be
proved by downward induction from m = d to m = r.
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For coordinates y; := e;-y, each e >0 and 5 =r,...,d, we have
(24) k(€ )’ > (1 —e)mny;
for k > ko ; for some kg ;. Choose € with 0 < e < 1—0;. Let ky := max,<;<q ko,

so that for k > ko, as will be assumed from here on, (24) will hold for all j =
r,...,d. It follows then that since 7;; > d; for all 7,
(25) p(y Aty) = p(0uy'y + (1 — e = 00)7507)
for j =r,...,d. For such 5 it follows that
1
Yik = Vik = —3 log 7 1 +/ p (61y'y+ (1 —e—8)my7) — p(619'y)dQ(y).
Dj

For j=r,...,d and 7 > §; > 0 we have
0
0 < 75— [p(dy'y + (1= = d1)7y7) — p(d1y'y)]

T Qo
= 5(1 —&— 61)y]2u(51y'y +(1—e— 51)7'%2-) < X
and the quantity bounded above by ag/2 converges to ag/2 as 7 — +oo by
(13) for all y € D; since y; # 0 there. Because the derivative is bounded, the
differentiation can be interchanged with the integral, and we have

N p 1 [

37j,k 27—j,k

mall=e =0 [ ulbiy+ (1L = 5)rd)iQ) - 1
where the quantity in square brackets converges to agQ(D;) — 1 as k — oo and
SO

Nk /Ojk ~ [a0Q(D;) — 1]/ (27j)-
Choose a; with a < a; < ag. It follows that for k large enough

(26) Yk 2 5mQ(D;) ~ 1) n(ry),

with equality if Q(D,) = 0 and strict inequality otherwise.

Now beginning the inductive proof of (23) for m = d, we have ag =1 —a"! —
Q(Sa-1) = Q(Dy) —a~', 50 (1+aaq)/2 = aQ(Dqg)/2, and ya 1, — (aca/2) log Tar —
+o0 by (26) for j = d.

For the induction step in (23) from j+ 1 to j for j =d—1,...,rif r <d, it
will suffice to show that

ao;
j+1
Z]_ Z] 1 = r-)/ng_i_

&Oéj
log Tj116 — - log 7 &

is bounded below. Since a > 0, ;11 > 0 by (22), and 711, > Tj, it will be
enough to show that

a

5 (jp1 — ;) log 7jk

Aj,k = Ykt
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is bounded below. Inserting the definitions of a; and a;4; from (22) gives

a -
Ajp = _§Q(Dj)10g7—j,k +/ p(y' Ay ty) — p(01y'y) dQ(y).
D;
This is identically 0 if Q(D;) = 0. If Q(D;) > 0, then A;; — 400 by (26) for j.
The inductive proof of (23) and so of Claim 2 is complete.
By (18), (19), and Claim 2, we then have

(27) Qh(A) — +o0 if 7(A) — 0 or 74(A) — +o0 or both, A€ P,.

The infimum of Qh(A) equals the infimum over the set I of A with 7(A) > §;
by (19) and 74(A) < M for some M < oo by Claim 2. Then K is compact. Since
Qh is continuous, in fact C'!, it attains an absolute minimum over K at some B
in K, where its value is finite and it has a critical point. By Claims 1 and 2 again,
Qh(B) < infagr Qh(A). Thus Qh has a unique critical point B by Proposition
2, and Qh has its unique absolute minimum at B. So the theorem is proved. [

4. LOCATION AND SCATTER ¢t FUNCTIONALS

The main result of this section, Theorem 6, is an extension of results of Kent
and Tyler (1991, Theorem 3.1), who found maximum likelihood estimates for fi-
nite samples, and Diimbgen and Tyler (2005) for M-functionals, defined as unique
critical points, for integer v, to the case of M-functionals in the sense of absolute
minima and any v > 0.

Kent and Tyler (1991, §3) and Kent, Tyler and Vardi (1994) showed that
location-scatter problems in R? can be treated by way of pure scatter problems
in R, specifically for functionals based on ¢ log likelihoods. The two papers
prove the following (clearly A is analytic as a function of 3, p and ~, and the
inverse of an analytic function, if it exists and is C*, is analytic, e.g. Deimling
(1985, Theorem 15.3 p. 151]):

Proposition 4. (i) For any d = 1,2,..., there is a 1-1 correspondence between
matrices A € Pyyq and triples (3, u,7y) where ¥ € Py, p € RY, and v > 0, given
by A= A(X, u,7y) where

A+ pp!
(28) A(E,u,v)zv{ M,W H

The correspondence is analytic in either direction.

(ii) For A = A(X, u,7), we have

_ _ ¥l -1y
1 _ 1
(29) A =7 |i _Mlzfl 1 _i_’u/zfllu } .

(iii) If (28) holds, then for any y € R (a column vector),
(30) W, DAY, D) = 7y (L (y—w)S y—n)-
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For M-estimation of location and scatter in RY, we will have a function p :
[0,00) — [0,00) as in the previous section. The parameter space is now the set
of pairs (i, X)) for u € R? and ¥ € Py, and we have a multivariate p function (the
two meanings of p should not cause confusion)

(31) ply, (1, X2)) = %log det X+ p((y — p)S7Hy — p)).

For any € R? and ¥ € Pylet Ay = Ag(p,X) = A(S,p,1) € Payq by (28)
with 7 = 1, noting that det Ay = det 3. Now p can be adjusted, in light of (10)
and (30), by defining

(32) My, (1, X)) = ply, (1, 2)) — p(y, (0,1)).
Laws P on R? correspond to laws Q := P o T, ' on R concentrated in
{y © yg1 = 1}, where T1(y) = (¢v,1) € R*L y € RL We will need a

hypothesis on P corresponding to @ € Ugi1,q(0). Kent and Tyler (1991) gave
these conditions for empirical measures.

Definition. For any ap := a(0) > 0 let V;4(0) be the set of all laws P on R? such
that for every affine hyperplane J of dimension ¢ < d—1, P(J) < 1—(d—q)/ao,
so that P(J¢) > (d — q)/ay.

The next fact is rather straightforward to prove.

Proposition 5. For any law P on R, a > d + 1, and Q = PoT; "' on R™!,
we have P € Vi, if and only if Q € Ugy1,q.

For laws P € V44 with a(0) > d + 1, one can prove that there exist u € R?
and ¥ € P, at which Ph(u,Y) is minimized, as Kent and Tyler (1991) did for
empirical measures, by applying part of the proof of Theorem 3 restricted to
the closed set where v = Agi1441 = 1 in (30). But the proof of uniqueness
(Proposition 2) doesn’t apply in general under the constraint A4 411 = 1. For
minimization under a constraint the notion of critical point changes, e.g. for a
Lagrange multiplier A one would seek critical points of Qh(A)+A(Agt1,4+1—1), s0
Propositions 1 and 2 no longer apply. Uniqueness will hold under an additional
condition. A family of p functions that will satisfy the condition, as pointed
out by Kent and Tyler [1991, (1.5), (1.6)], comes from elliptically symmetric
multivariate ¢ densities with v degrees of freedom as follows: for 0 < v < oo and
0<s<oolet

(33) pu(s) = puals) = V;rdlog (V+8)-

v

For this p, v is u,(s) = wu,a(s) := (v+d)/(v+ s), which is decreasing, and
s — su, 4(s) is strictly increasing and bounded, so that (7) holds, with supremum
and limit at +oo equal to ag, = ag(u,(-)) =v +d > d for any v > 0.
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The following fact was shown in part by Kent and Tyler (1991) and further
by Kent, Tyler and Vardi (1994), for empirical measures, with a short proof,
and with equation (34) only implicit. The relation that v degrees of freedom in
dimension d correspond to ¥ = v — 1 in dimension d + 1, due to Kent, Tyler
and Vardi (1994), is implemented more thoroughly in the following theorem and
the proof in Dudley (2006). The extension from empirical to general laws follows
from Theorem 3, specifically for part (a) of the next theorem since ag = v+d > d.

Theorem 6. For anyd=1,2,...,
(a) For anyv > 0 and Q € Ugyta, the map A — Qh(A) defined by (4) for p = pu.a
has a unique critical point A(v) = A,(Q) which is an absolute minimum,

In parts (b) through (f) let v > 1, let P be a law on RY, Q = Po T, ' on R
and V' = v —1. Assume P € V4,14 in parts (b) through (e). We have:
(b) A(V)arrar1 = [t (ZAV)712)dQ(2) = 1;
(c) For any p € R? and ¥ € Py let A= A(X, i, 1) € Payy in (28). Then for any
y€RY and z = (y',1), we have

(34) Uy a1 (ZA72) = wa((y — 'Sy — ).

In particular, this holds for A = A(V') and its corresponding u = p, € R? and
Y=3%,€P,
(d)

(35) /uy,d((y — i)' S, (Y = p))dP(y) = 1.

(e) For h := h, = hy,q defined by (32) with p = pua, (v, 2,) is an M-
functional for P.
(f) If, on the other hand, P ¢ Vq,+a, then (u,%) — Ph(u,X) for h as in part

(e) has no critical points.

Kent, Tyler and Vardi (1994, Theorem 3.1) showed that if u(s) > 0, u(0) <
+00, u(+) is continuous and nonincreasing for s > 0, and su(s) is nondecreasing
for s > 0, with ap := lims_ 4o su(s) > d, and if equation (35) holds with u in
place of u, 4 at each critical point (p,X) of @,h for any @, then u must be of
the form wu(s) = u,q4(s) = (v +d)/(v + s) for some v > 0. Thus, the method of
relating pure scatter functionals in R to location-scatter functionals in R? given
by Theorem 6 for ¢ functionals defined by functions wu, 4 does not extend directly
to other functions u. For 0 < v < 1, we would get v/ < 0, so the methods of
Section 3 don’t apply. In fact, (unique) ¢, location and scatter M-functionals may
not exist, as Gabrielsen (1982) and Kent and Tyler (1991) noted. For example, if
d=1,0<v <1, and P is symmetric around 0 and nonatomic but concentrated
near £1, then for —oco < p < 00, there is a unique o, (x) > 0 where the minimum
of Ph,(u, o) with respect to o is attained. Then 0,(0) = 1 and (0,0,(0)) is a
saddle point of Ph,. Minima occur at some p # 0,0 > 0, and at (u, o) if and
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only if at (—p, o). The Cauchy case v = 1 can be treated separately, see Kent,
Tyler and Vardi (1994, §5) and references there.

When d = 1, P € V; 41 requires that P({z}) < v/(1 + v) for each point x.
Then ¥ reduces to a number o2 with ¢ > 0. If v > 1 and P ¢ V1,41, then
for some unique xz, P({z}) > v/(v + 1). One can extend (u,,0,) by setting
w,(P) := z and 0,(P) := 0, with (u,,0,) then being weakly continuous at all
P, as will be shown in Section 9.

For d > 1 there is no weakly continuous extension to all P, because such an
extension of y, would give a weakly continuous affinely equivariant location func-
tional defined for all laws, which is known to be impossible [Obenchain (1971)].

5. DIFFERENTIABILITY OF ¢ FUNCTIONALS

One can metrize weak convergence by a norm. For a bounded function f from
R? into a normed space, the sup norm is ||f|sp = Supgege||f(z)]|. Let V
be a k-dimensional real vector space with a norm |||, where 1 < k < oo. Let
BL(R?, V) be the vector space of all functions f from R? into V such that the
norm

1 fllee = ||f!|sup+it71él;||f(x)—f(y)H/\I—yl < 00,

i.e. bounded Lipschitz functions. The space BL(R? V) doesn’t depend on ||,
although ||| 5, does. Take any basis {v;}}_, of V. Then f(z) = Z?Zl fi(x)v; for
some f; € BL(R?) :== BL(R% R) where R has its usual norm |-|. Let X := BL*(R?)
be the dual Banach space. For ¢ € X, let

k
o'f =Y olfiueV.
j=1
Then because ¢ is linear, ¢* f doesn’t depend on the choice of basis.

Let P(R?) be the set of all probability measures on the Borel sets of R%. Then
each @ € P(R?Y) defines a ¢g € BL*(R?) via ¢g(f) = [fdQ. For any
P,Q € PRY) let B(P,Q) = [P —Qls. = llor — ¢gllpr- Then 5 is a
metric on P(R?) which metrizes the weak topology, e.g. Dudley (2002, Theorem
11.3.3).

Let U be an open set in a Euclidean space R?. For k= 1,2,..., let CF(U) be
the space of all real-valued functions f on U such that all partial derivatives D? f,

for DP = QWP /9" - 920" and 0 < [p] := p; + -+ + pa < k, are continuous
and bounded on U. Here D°f = f. On Cf(U) we have the norm
(36)  Iflko = Y D fllswpw, where |lglapu = suplg(z)].

0<[pI<k ey

Then (CF(U), ||'|x.r) is a Banach space. For k = 1 and U convex in R? it’s easily
seen that C}(U) is a subspace of BL(U,R), with equal norm for d = 1.
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Substituting p, 4 from (33) into (2) gives for y € R and A € Py,

3)
1 d 1741
(37) La(y, A) = 3 log [1+v 'y A™y].

Then, reserving h, := h, 4 for the location—scatter case as in Theorem 6(e), we
get in (3) for the pure scatter case

(38) Hu(y>A) = u,d(yaA) = Lu,d(y>A)_Lu,d(ya[)‘

It follows from (11) and (37) that for A € P; and C = A~!, gradients with
respect to C' are given by

log det A —|—

A (v+d)yy
A) = H A) = L A = ——+ — )
(39) G(l/)(y> ) VC V,d(ya ) VC V,d(y> ) 9 +2(V—|—y’0y) € Sd
For 0 <d <1and d=1,2,..., define an open subset of P; C S; by
(40) Wi = Wsa = {A€Py: max(||A],|A7]) < 1/5}.

For any A€ Py, C =A™ and L, := L, 4, let
[C.QH) i= QHA) = [ Ly A) - Ly DdQ(y),

l/—l—d/ v+1y'Cy
log | ——=
2 v+ y'y

1
J(C,Q,H) = élogdethL[(C,Q,H) = }dQ(y).
Proposition 7. (a) The function C +— I(C,Q, H) is an analytic function of C
on the open subset Py of Sy;
(b) Its gradient is

/

1 vy
41 I1(C,Q,H) = - d —2=d —A);
(¢) The functional C' +— J(C,Q, H) has the Taylor expansion around any C' € Py

v X 1\k-1 / k
(42) JC+8.Q. 1) - JCQm) = T30S S [ ),

convergent for |A|l < 1/||All;
(d) For any § € (0,1), v > 1 and j = 1,2,..., the function C'— I(C,Q, H) is
m Cg(Wg,d).

Proof. The term %log det C' doesn’t depend on y and is clearly an analytic
function of C, having derivatives of each order with respect to C' bounded for
A € Wsq. For ||Al| < 1/||Al|, we can interchange the Taylor expansion of the
logarithm with the integral and get part (c), (42). Then part (a) follows, and
part (b) also from (39). For part (d), as in the Appendix, Proposition 29 and
(94), the jth derivative D?f of a functional f defines a symmetric j-linear form
d’ f, which in turn yields a j-homogeneous polynomial. Such polynomials appear
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in Taylor series as in the one-variable case, (95). Thus from (42), the jth Taylor
polynomial of C'+— J(C,Q, H), times j!, is given by

- v+d 1. (y' Ay)?
43 de,J(C,Q,H) = —1)! —1!/7.61
( ) C ( 7Q7 ) 9 ( ) (.] ) (I/ 4 y/cy)] Q(y)7
which clearly is bounded for ||A|| < 1 when the eigenvalues of C' are bounded
away from 0, in other words || A|| is bounded above. Then the jth derivatives are
also bounded by facts to be mentioned just after Proposition 29. U

To treat t functionals of location and scatter in any dimension p we will need
functionals of pure scatter in dimension p + 1, so in the following lemma we only
need dimension d > 2.

Usually, one might show that the Hessian is positive definite at a critical point
in order to show it is a strict relative minimum. In our case we already know from
Theorem 6(a) that we have a unique critical point which is a strict absolute min-
imum. The following lemma will be useful instead in showing differentiability of
t functionals via implicit function theorems, in that it implies that the derivative
of the gradient (the Hessian) is non-singular.

Lemma 8. For eachv >0, d=2,3,..., and Q € Ugp+a, at A(v) = A, (Q) € Py
giwen by Theorem 6(a), for H, = H, 4 defined by (38), the Hessian of QH, on
S, with respect to C = A~! is positive definite.

Proof. Each side of (42) equals

vid[ [ yAy (v Ay)? ;
2 U S Eyey - | md@(yﬂ +o(lAlP).

The second-order term in the Taylor expansion of C' +— I(C,Q, H), e.g. (95) in
the Appendix, using also (11) with C' in place of A, is the quadratic form, for
AeS,,

1 y' Ay)?
a8 g (1aa - ) [ S ).
(Since differences of matrices in P, are in Sy, it suffices to consider A € S;.) The
Hessian bilinear form (2-linear mapping) Hs 4 from S; x S; into R defined by the
second derivative at C' = A~ of C +— I(C,Q, H), cf. (94), is positive definite if
and only if the quadratic form (44) is positive definite. The Hessian also defines
a linear map H 4 from S, into itself via the Frobenius inner product,

(45) (Ha(B),D) = trace(Ha(B)D) = Haa(B,D)

for all B,D € S;. Since A — A~!is C* with C*° inverse from P, onto itself,
it suffices to consider QH as a function of C' = A~!, in other words, to consider
I(C,Q,H). Then we need to show that (44) is positive definite in A € S, at
the unique A = A,(Q) € P, such that VAI(C,Q, H) =0 in (41), or equivalently
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Vel(C,Q,H) = 0. By the substitution z := A~'/?y, and consequently replacing
Q by ¢ with dg(z) = dQ(y) and A by AY2AAY2 we get I = A,(q). It suffices
to prove the lemma for (I, ¢q) in place of (A, Q). We need to show that

(16 1815 > ) [ EE

for each A # 0 in S;. By the Cauchy inequality (2'Az)* < (2'2)(2'A%z), we have

(v+d) / ((Miz):dq(z) < (v+d) / FEA) oy

v+ 2'2) (v +2'2)?
< (v+d) / (szzzz) dq(z) — trace (A?(y +d) / . f;,qu(z))

= trace(A%) = A,

using (8) and (41) with B = A = C = 1. Now, 2/z < v+ 2’z for all z # 0, and
Z’A%z = 0 only for z with Az = 0, a linear subspace of dimension at most d — 1.
Thus ¢(Az = 0) < 1, (46) follows and the Lemma is proved. O

Example. For ) such that A,(Q) = I, the d x d identity matrix, a large part
of the mass of () can escape to infinity, () can approach the boundary of Uy, 44,
and some eigenvalues of the Hessian can approach 0, as follows. Let e; be the
standard basis vectors of RY. For ¢ > 0 and p such that 1/[2(v+d)] < p < 1/(2d),
let

d
Q = (1 - 2dp)50 +pz 5—06]- + 5cej'
j=1

To get A,(Q) = Iz, by (8) and (41) we need (v +d) - 2pc* = v + 2, or v =
c*[2p(v + d) — 1]. There is a unique solution for ¢ > 0 but as p | 1/[2(v + d)], we
have ¢T 4 oo. Then, for each ¢ = 0,1, ...,d — 1, for each g-dimensional subspace
H where d — g of the coordinates are 0, Q(H)T1 — l‘f—;gz, the critical value for
which @ ¢ Uy,4q. Also, an amount of probability for () converging to d/(v + d)
is escaping to infinity. The Hessian, cf. (46), has d arbitrarily small eigenvalues

v/(v+c?).

For the relatively open set Py C Sg and G,y from (39), define the function
F = F, from X x P, into S, by

Then F' is well-defined because G,)(-, A) is a bounded and Lipschitz Sg-valued
function of x for each A € Py; in fact, each entry is C'* with bounded derivative,
as is straightforward to check.
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For d =1, and a finite signed Borel measure 7, let

(48) Illic = sup[r((=o0, z])l.

Let P and ) be two laws with distribution functions Fp and Fy. Then ||P—Q)||«
is the usual sup (Kolmogorov) norm distance sup, |(Fg — Fp)(z)|.

The next statement and its proof call on some basic notions and facts from
infinite-dimensional calculus, which are reviewed in the Appendix.

Theorem 9. Let v > 0 in parts (a) through (c), v > 1 in parts (d), (e).

(a) The function F = F, is analytic from X x Py into Sy where X = BL*(RY).
(b) For any law Q) € Ugyta, and the corresponding ¢g € X, at A, (Q) given by
Theorem 6(a), the partial derivative linear map OcF (¢q, A)/OC = Vo F(dq, A)
from Sy into Sy is invertible.

(c) Still for Q € Uy, +a, the functional Q — A,(Q) is analytic for the BL* norm.
(d) For each P € Vy 14, the t, location-scatter functional P w— (p1,,%,)(P) given
by Theorems 3 and 6 is also analytic for the norm on X.

(e) For d =1, the t, location and scatter functionals p,,, > are analytic on Viv+1
with respect to the sup norm ||||x.

Proof. (a): The function (¢, f) — ¢(f) is a bounded bilinear operator, hence
analytic, from BL*(R?)x BL(R?) into R, and the composition of analytic functions
is analytic, so it will suffice to show that A — G(-, A) from (39) is analytic
from the relatively open set P; C S; into BL(RY, S;). By easy reductions, it
will suffice to show that C' — (y — yy'/(v + y'Cy)) is analytic from P, into
BL(R?, S;). Fixing C = A~! and considering C' + A for sufficiently small A € S,
we get

vy —y'Ay)’
49 - §
(#) viyCyrydy + (v +y'Cy)=t

which we would like to show gives the desired Taylor expansion around C. For
J=1,2..let g;(y) := ( YAy (v+y'Cy)? " € R and let f; be the jth term
of (49), fi(y) == g;(y)yy’ € Sa. It’s easily seen that for each j, f; is a bounded
Lipschitz function into S;. We have for all y, since v +y'Cly > v+ |y|?/||Al|, that

(50) l9:)| < NAIPIAIY /(v + [y*/1AID.
For the Frobenius norm ||'||z on Sy, it follows that for all y

(51) L5l < [AIIAL
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Thus for ||A|| < 1/||A||, the series converges absolutely in the supremum norm.
To consider Lipschitz seminorms, for any y and z in R? we have

1£5(y) = ;)
= trace[g; (y)*|ylPyy’ + g;(2)?[2>22" — g;(¥)g;(){ (¥ )y + (2'y)2y'}]
= g;(W)yl* + g5(2)?121* = 29;(y)g;(2) (y'2)?
and so, letting G(y, 2) := ¢;(y)g;(2)(y'2)? € R for any y, z € RY, we have
(52) 155(w) = [iF = Gy, y) — 2G(y, 2) + G(2, 2).

To evaluate some gradients, we have V,(y'By) = 2By for any B € S, and
thus

_ 2(=yAy)t
Vyg] (y) - (l/ 4 y,Oy)j+2
It follows that for all y
Vy9;(0)] < 205 + DIAIIAIP 2w + 2 Cllly P (v + ly[*/ | Al
and so since [|A||||C|| > 1,
(53) Vyg;(0)] < (45 + DIAPAP2ICI @ + P/ 1Al 2.
Letting Ay be the gradient with respect to the first of the two arguments we have
MG(y,2) = (y'2)"9;(2)Ay0;(y) +29;(y)g;(2) (y'2)=.
For any v € R?, having in mind v = u; = y + t(z — y) with 0 < ¢ < 1, we have
MG, 2) = MG(u,y) = [(u'2)g;(2) = (W'y)’9;(y)]Vug;(u)
+2g;(u)]g;(2)(w'2)z — g;(y) (u'y)y]-
For the first factor in the first term on the right we will use
Vil(u'v)?g;(v)] = 2g;(v)(u'v)u + (w'v)*V,g;(v).
From (50) and (53) it follows that for all v and v in R?

V(w0205 0))| < AP AR |l ( 2 Wrdvidiie ”’“‘) |

[—i(v+y'Cy)Ay — (j + 1)(—y'Ay)Cy].

(54)

v+ oP/IAI v+ [P/l

Now, for all v, 2[v|/(v + [v]?/[|All) < [|A'* and [o*/(v + [0]?/[|A])*? < [|A]l
It follows, integrating along the line (u,v) from v = y to v = z for each fixed u,
that

|(u'2)2g;(2) — (u'y)’g; ()| < |2 = ylI AP A ul (4] + 5)I|C].

By this and (53), since |u|?/(v + |u|?/||A||)*/? < ||A]|, the first term on the right
in (54) is bounded above by

(55) (47 + 5 NAITNAIPICIy — 2.
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For the second term on the right in (54), the second factor is g¢;(z)(u'2)z —
9;(y)(vw'y)y. The gradient of a vector-valued function is a matrix-valued function,
in this case non-symmetric. We have

Valg; (0) (w'v)v] = (Vog;(v))(w'v)o" + g;(v)[ur’ + (u'v)I].
It follows by (50) and (53) that for any v
IValg; (o) (wo)olll < HAITIAR 2 ul{2 + (45 + 9 AN IC]}-

Multiplying by 2g,(u), and integrating with respect to v along the line segment
from v =y to v = z, we get for the second term on the right in (54)

129;(w)lg; (=) (u'2)z — g; () (Wy)yll < |AIZIAIZZCN (65 + 6)]= —yl.
Combining with (55) gives in (54)
[A1G(u, 2) = A G(u, y)|
< [AIFIAIICN{(45 + 5)* I AINCI + (67 + 6)}z — ]
< A A ICI*(65 + 6)*]z — y].
Then integrating this bound with respect to u on the line from v = y to u = 2
we get

|G(2,2) = 2G(y, 2) + Gy y)| < A7 [AITCIP (65 + 6)°[y — 2

and so by (52) ||fill. < ||AP|AIP+32||C]|(65 + 6). Since the right side of the
latter inequality equals a factor linear in j, times ||Al|7||AJ]?, times factors fixed
for given A, not depending on j or A, we see that the series (49) converges not
only in the supremum norm but also in || - || for ||A| < 1/[|A]|, finishing the
proof of analyticity of A — (y — yy'/(v+y'Cy) into BL(R?, S;) and so part (a).

For (b), A, exists by Theorem 3 with u = w4, so a(0) = v +d > d. The
gradient of F' with respect to A is the Hessian of ()H,,, which is positive definite
at the critical point A, by Lemma 8 and so non-singular.

For (c), by parts (a) and (b), all the hypotheses of the Hildebrandt-Graves im-
plicit function theorem in the analytic case, e.g. Theorem 30(c) in the Appendix,
hold at each point (¢g, A,(Q)), giving the conclusions that: on some open neigh-
borhood U of ¢¢ in X, there is a function ¢ — A, (¢) such that F(¢, A,(¢)) =0
for all ¢ € U; the function A, is C'; and, since F is analytic by part (a), so
is A, on U. Existence of the implicit function in a BL* neighborhood of ¢,
and Theorem 3, imply that U, .4 is a relatively || - |5, open set of probability
measures, thus weakly open since 3 metrizes weak convergence. We know by
Theorem 3, (33) and the form of u, 4 that there is a unique solution A,(Q) for
each @) € Uy, 4+q. So the local functions on neighborhoods fit together to define
one analytic function A, on Uy, +q, and part (c) is proved.

For part (d), we apply the previous parts with d + 1 and v — 1 in place of d
and v respectively. Theorem 6 shows that in the ¢, case with v > 1, u = p,, and
Y. =3, give uniquely defined M-functionals of location and scatter. Proposition
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4 shows that the relation (28) with v = 1 gives an analytic homeomorphism with
analytic inverse between A with Ag41 441 = 1 and (i, X), so (d) follows from (c)
and the composition of analytic functions.

For part (e), consider the Taylor expansion (49) related to G, specialized
to the case d = 1, recalling that we treat location-scatter in this case by way
of pure scatter for d = 2, where for a law P on R we take the law P o T, ' on
R? concentrated in vectors (z,1)’. The bilinear form (f,7) — [ fdr is jointly
continuous with respect to the total variation norm on f,

1Al = M fllsup + sup D1 (y) = fla-n)l,

—oo<r < <Lz <+00, k=2,3,... =2

and the sup (Kolmogorov) norm ||| on finite signed measures (48). Thus it will
suffice to show as for part (a) that the Sy-valued Taylor series (49) has entries
converging in total variation norm for ||Al| < 1/||A]J.

An entry of the jth term f;((z,1)") of (49) is a rational function R(z) =
U(z)/V(xz) where V has degree 2j + 2 and U has degree 2j + i for i = 0,1, or 2.
We already know from (51) that || R|sup < [|A[J7||A]7T!. A zero of the derivative
rational function R'(z) is a zero of its numerator, which after reduction is a
polynomial of degree at most 25 4+ 3. Thus there are at most 2j + 3 (real) zeroes.
Between two adjacent zeroes of R’ the total variation of R is at most 2||R||sup-
Between +00 and the largest or smallest zero of R, the same holds. Thus the total
variation norm || R[|jy < (45 +9)|| Rllsup- Since Y222 (45 +9) |A[7 A7 < oo for
Al < 1/]]A]|, the conclusion follows. O

If a functional T is differentiable at P for a suitable norm, with a non-zero
derivative, then one can look for asymptotic normality of /n(T(P,) — T(P))
by way of some central limit theorem and the delta-method. For this purpose
the dual-bounded-Lipschitz norm || - ||, although it works for large classes of
distributions, is still too strong for some heavy-tailed distributions. For d = 1,
let P be a law concentrated in the positive integers with Y, \/P({k}) = +o0.
Then a short calculation shows that as n — oo, /nY ro |(P.—P)({k})| — +o0
in probability. For any numbers ay, there is an f € BL(R) with usual metric such
that f(k)ar = |ax| for all k and ||f||g, < 3. Thus v/n||P, — P||3;, — +oo in
probability. Giné and Zinn (1986) proved equivalence of the related condition
S0 Pr(j — 1 < |[X] < j)? < oo for X with general distribution P on R to
the Donsker property [defined in Dudley (1999, §3.1)] of {f : || fllsr < 1}.
But norms more directly adapted to the functions needed will be defined in the
following section.
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6. SOME BANACH SPACES GENERATED BY RATIONAL FUNCTIONS

For the facts in this section, proofs are omitted if they are short and easy,
or given briefly if they are longer. More details are given in Dudley, Sidenko,
Wang and Yang (2007). Throughout this section let 0 < § < 1, d = 1,2, ... and
r = 1,2, ... be arbitrary unless further specified. Let MM, be the set of monic
monomials g from R? into R of degree 7, in other words g(x) = II%_ 2" for some

n; € N with % n; = r. Let

Fir = Fora = {11 BRI — R, [(2) = g(0)/ T, (1 +2/Cua),

where g € MMa,,, and for s=1,...,r, C, € Wg}.
For 1 < j < r, let féi} = ch"),d be the set of f € Fs, such that Cs has at
most j different values (depending on f). Then Fs, = F, é;). Let Qé? = gg,{?,d =

U._, féjv). We will be interested in j = 1 and 2. Clearly félr) C .7-'§2r) C - C Fon
for each § and 7. ’ ’

Let he(z) == 1+a'Ca for C € Py and « € % Then clearly f € Fy)) if and
only if for some P € MMy, and C € Ws, f(z) = fper(x) = P(x)he(x)™".
The next two lemmas are straightforward:

Lemma 10. For any f € gg? we have (0/d)" < || fllsup < 97"
Lemma 11. Let f = fpc, and g = fpp, for some P € MMa,, and C,D € Py.
Then
2'(D = C)xP(x) Y\~ hp(z) T he(x)!
56 (F-g) = oo |
(hchp)(z)

For1<k<Il<dandj=0,1,...,r—1, let

hC,D,k;,l,fr,j(‘I) = ZL‘kZL‘lP(I‘)hc(l‘)j_rhp(l')_j_l.

@)
Then each he pgir; s in Fg,y and

r—1
(57) g—f=- Z Z(Dkl — Cu)(2 = k) he,pjor -
1<k<i<d j—0

For any f: R? — R, define

B8) NFI5E = Iflsla = inf{Zw: Jg, € GY), s> 1, szAsgs},
s=1 s=1

or +oo if no such Ay, g5 with ) |A\s| < oo exist. Lemma 10 implies that for
Yoo 1Xs| < 00 and g, € ggf) , >, Asgs converges absolutely and uniformly on R?.
Let Ygr = ng = {f: R >R, Hf||§i < oo}. It’s easy to see that each Ygr
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is a real vector space of functions on R? and || - ||5 is a seminorm on it. The next
two lemmas and a proposition are rather straightforward to prove.

Lemma 12.'F07" any j=1,2,...,

() If f € Gy then f € Y], and | f||5 < 1.

(8) For any g € Y7, s < 192/ < oo.

(¢) If ] € Gg) then | I} = (6%/d)"

(d) - 157 is a norm on Yéjﬂ,.'

(e) Y3, is complete for || - ||5; and thus a Banach space.

Lemma 13. For any j = 1,2, ..., we have Ygr C Yg The inclusion linear

r+1°
map from Yy into Yy ., has norm at most 1.

Proposition 14. For any P € MM, let Y(C,x) = fpco,(z) = P(x)/hc(x)"
from Ws x R? into R. Then:

(a) For each fized C € Ws, ¥(C,-) € F(S(,lT).

(b) For each x, (-, x) has partial derivative Veo(C,x) = —rP(z)zx’/ho(z) .
(¢) The map C +— Veip(C,-) € Sg on Ws has entries Lipschitz into Yy, .

(d) The map C — (C,-) from W;s into ]—:gr) C Y;%T, viewed as a map into the
larger space Yy, .y, is Fréchet C'.

Theorem 15. Let r =1,2,..,d=1,2,.., 0 <0 < 1, and f € Y}, s0 that for
some as with Y. |as| < 0o we have f(x) =Y, asPs(z)/(1 + 2'Csz)* for x € RY
where each Ps € MMy, ks =1,...,1, and Cs € Ws. Then f can be written as
a sum of the same form in which the triples (Ps, Cs, ks) are all distinct. In that
case, the Cy, P,, ks and the coefficients as are uniquely determined by f.

Proof. If d = 1, then P,(z) = z*: and C, € (§,1/6) for all s. We can assume
the pairs (Cy, ks) are all distinct. We need to show that if f(z) = 0 for all real
x then all a; = 0. Suppose not. Any f of the given form extends to a function
of a complex variable z holomorphic except for possible singularities on the two
line segments where Rz = 0, v§ < [3z| < 1/v/6, and if f = 0 on R then f =0
also outside the two segments. For a given Cy take the largest ks with as # 0.
Then by dominated convergence for sums, |a | = limyjo t*|f(t +1i//C,)| = 0, a
contradiction (cf. Ross and Shapiro, 2002, Proposition 3.2.2).

Now for d > 1, consider lines x = yu € R? for y € R and any u € R? with
|u] = 1. We can assume the triples (Ps, C, ks) are all distinct by summing terms
where they are the same (there are just finitely many possibilities for Py). There
exist u (in fact almost all u with |u| = 1, in a surface measure or category sense)
such that Ps(u) # Pi(u) whenever P; # P;, and v/Csu # «'Cyu whenever Cy # Cy,
since this is a countable set of conditions, holding except on a sparse set of u’s in
the unit sphere. Fixing such a u, we then reduce to the case d = 1. 0
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For any P € MM, and any C' # D in W, let
_ _ Pl P(x)
feop.(r) = fropralx) = (It12C2)y  (I+aDa)y

By Lemma 11, for C' fixed and D — C we have HfP,C,D,rHEfH — 0. The following
shows this is not true if » 4+ 1 in the norm is replaced by r, even if the number of
different C’s in the denominator is allowed to be as large as possible, namely r:

Proposition 16. For anyr=1,2,...,d=1,2,..., and C # D in Ws, we have
I freprlsy =2

The proof is similar to that of the preceding theorem.
Let hey(z) == v+a2'Cx,r=1,2,..., P € MMs,,, and

b (Crx) = Yu)rp(Ca) = Pa)/hey(z)".
Then ¥, (C,z) = v "¢(C/v,x) and we get an alternate form of Proposition 14:

Proposition 17. Foranyd=1,2,...,r=1,2,..., and 0 < § < 1,
(a) For each C € Ws, V" (C,-) € Fé},)/,r,d'
(b) For each x, (-, x) has the partial derivative

Vew) (Cyx) = —rP(x)ad/(vhey(2))™ = —rP(z)za’ /he,(2) .
(¢) The map C +— Vet (C,-) € Sq on Ws has entries Lipschitz into Y?/W,H.

(d) The map C — ¥y (C,-) from Ws into fé}lr, viewed as a map into Y62/v,r+2’
is Fréchet C1.

Let R@Ygr be the set of all functions c+¢g on R? for any ¢ € Rand g € Y(;J;T. Then

w4,

¢ and g are uniquely determined since g(0) = 0. Let [lc+g|l5,7 = |c|+ HgH;id

7. FURTHER DIFFERENTIABILITY AND THE DELTA-METHOD

By (49), and (94), (95), and (96) in the Appendix, for any 0 < § < 1, C' € W,
A€ Sy and k=0,1,2,..., the kth differential of G,y from (39) with respect to
C'is given by

with values in §;, where
v+ dk' (_y/Ay)k !

gy, A, A) = RO

for some k-homogeneous polynomial Kj(A)(-) not depending on y. For A € S,
by the Cauchy inequality, szzl |A;;| < ||A]lpd, so each entry gi(-, A, A);; €
Y}/V’kﬂ’d fori,j =1,...,d, with

(60) gk A A)isll5 i nsra < v+ QR(A[ pd/v).
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Thus (&G (-, A)A®F),; e RD Yy, kira- Let X, be the dual Banach space of
R P Yf/ym o> 1-e. the set of all real-valued linear functionals ¢ on it for which the
norm

16ll5.r0 = sup{lo(H)] = 1FII5);,.q < 1} < oo
Let X3, == {6 € X5, ¢(c) =0 forall ceR}. For ¢ € X7, ,, by (58)

IPllsrs = N6115,, = sup{lo(0,9)]: llglsn,.q <1}
< sup {]0(0.9)|+ g €7, } < swp {I6(0.9)] - g€y}
For A € Ws4 as defined in (40) and ¢ € Xs,,, define F(¢, A) again by (47),
which makes sense since for any r = 1,2, ..., G(,) has entries in Y51/V717 4 C Y(SQ/W’ 5

Proposition 16, closely related to Theorem 15, implies that in the following the-
orem k + 2 cannot be replaced by k + 1.

Theorem 18. Foranyd=1,2,..., k=1,2,...,0<v < o0, and Q € Ugy+d,
there is a 0 with 0 < § < 1 such that the conclusions of Theorem 9 hold for
X = Xspio, i place of BL*(RY), W4 in place of Py, v > 1 in part (d), and
analyticity replaced by C* in parts (a), (¢), and (d).

(61)

Proof. To adapt the proof of (a), A4,(Q) given by Theorem 6(a) exists and is in
W for some 6 € (0,1). Fix such a 0. For each A € Wy and entry f = G, (-, A)yj,
we have f =c+g € RD Y;SI/u,l,d7 so ¢(f) is defined for each ¢ € X. The map
C — Gu)(-,A);; is Fréchet C! from Wy into R & Y52/V’37d by Proposition 17(d),
and since the term —A in (39) not depending on y is analytic, thus C'°; with
respect to C'= A~'. Now for k > 2 and r = k — 1 we consider di.G,)(-, A)A®"
in (59) in place of G(,)(-, A) and spaces Yy, , ., , in place of Yi7 . , for
m = 1,2. Each additional differentiation with respect to C' adds 1 to the power
of v + y/Cy in the denominator. Then the proof of (a), now proving C* under
the corresponding hypothesis, can proceed as before.

For (b), the Hessian is the same as before.

For (c), given @ € Uy,4+q and 0 > 0 such that A,(Q) € Wi, parts (a) and
(b) give the hypotheses of the Hildebrandt-Graves implicit function theorem,
C* case, Theorem 30(b) in the Appendix. Also as before, there is a || - ||5x12.
neighborhood V' of ¢¢ on which the implicit function, say A, v, exists. By taking
V' small enough, we can get A, v (¢) € Wsq for all ¢ € V. For any Q' € Uy, 4a
such that ¢g € V', we have uniqueness A, v (¢q) = A,(Q’) by Theorem 3. Thus
the C* property of A,y on V with respect to || - ||sri2., given by the implicit
function theorem, applies to A, (-) on @ such that ¢o € V, proving (c).

Part (d), again using earlier parts with (d+1,v — 1) in place of (d, v), and now
with C*, then follows as before. O

Here are some definitions and a proposition to prepare for the next theorem.
Recall that O(d) is the group of all orthogonal transformations of R? onto itself
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(d x d orthogonal matrices). Then O(d) is compact. Let x4 be the Haar measure
on the Borel sets of O(d), invariant under the action of O(d) on itself, normalized
so that x4(O(d)) = 1.

The Grassmannian G(q,d) is the space of all g-dimensional vector subspaces of
RY. Each g € O(d) defines a transformation of G(q, d) onto itself. Fix V € G(q, d).
For each Borel set B C G(g, d), define a measure y4,(B) := xs({g € O(d) : gV €
B}). Then 7,4, is a probability measure on G(q, d), invariant under the action of
O(d). The following may well be known, but we do not know a reference for it.

Proposition 19. Let Q be any law onR? ford > 2. Then for eachq=1,...,d—1,
YalH € G(g,d): Q(H)=Q({0})} =1.

Proof. Let J(q) := Jo(q) := {H € G(¢,d) : Q(H) > Q({0})}. For ¢ =1, the
sets H\ {0} for H € G(1,d) are disjoint, so J(1) is countable and 74 (J/(1)) = 0.

We claim that if 1 < ¢ < r < d and K € G(q,d), then v4,{H € G(r,d) :
H D> K} = 0. It suffices to prove this for ¢ = 1. Let v be one of the two unit
vectors +v in K. Then for g € O(d), K C gH if and only if g-'v € H. Now
¢~ v is uniformly distributed on the unit sphere and so is in H with probability
0 as claimed.

Forr =1,...,d—1let Z(r) be the set of all subspaces H € J(r) such that there
isno K € J(q) with 1 < ¢ <rand K C H. For any H; # Hs in Z(r) we have
Hy N Hy € G(m,d) for some m < r and Q((H; N Hy) \ {0}) = 0 by assumption.
Thus the sets H\ {0} for H € Z(r) are essentially disjoint for @), with probability
> 0, so Z(r) is countable for each r. It follows that for each r =1,...,d — 1,

Yar(J(1r)) = Z%,T{HE G(q,d): H DO K forsome K e€ZI(r)} =0
q=1

by the claim and since each Z(r) is countable. The Proposition is proved. U

Here is a delta-method fact.

Theorem 20. (a) For any d = 2,3,..., v > 0, and Q € Ug,q with empir-
ical measures Q,, we have Q, € Ugy+q with probability — 1 as n — oo and
V(AL (Qn) — A(Q)) converges in distribution to a normal distribution N (0, .S)
on Sy. The covariance matriz S has full rank d(d+1)/2 if Q is not concentrated
i any set where a non-zero second-degree polynomial vanishes, e.g. if Q) has a
density. For general ) € Ug 14, if d = 1 the rank is exactly 1, and for d > 2, the
smallest possible rank of S is d — 1.

(b) Foranyd=1,2,.., 1 <v < oo and P € Vy,+q with empirical measures P,,
we have P, € V4,44 with probability — 1 as n — oo and the functionals p, and
>, are such that as n — oo,

\/ﬁ [(:ulM EV)(Pn) - (Mw EV)(P)]
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converges in distribution to some normal distribution with mean 0 on R* x }RdQ,
whose marginal on RY is concentrated on Sy. The covariance of the asymptotic
normal distribution for u,(P,) has full rank d. The rank of the covariance for
Y, (Py,) has the same behavior as the rank of S in part (a).

Proof. Let k =1 or larger. Choose 0 < § < 1 such that A, = A,(Q) € W;. For

(a), let Flgjz’d = Qé’;:ilz 4 To control differences P,, — P on classes F’gf’d we
have the following.

By Lemma 10, for any £ = 1,2, ..., Flgf’d is a uniformly bounded class of
functions. It is a class of rational functions of the y; and C}; in which the
polynomials in the numerators and denominators have degrees < m := 2k + 4.
If A(y) and B(y) are any polynomials in y of degrees at most m, with B(y) > 0
for all y (as is the case here), then for any real ¢, the set {y: A(y)/B(y) > ¢} =
{y: (A—¢B)(y) > 0}, where A — ¢B is also a polynomial of degree at most m.

Let £(r, d) be the collection of all sets {x € R?: p(z) > 0} for all polynomials p
(in d variables) of degree at most . Then for each r and d, £(r, d) is a VC (Vapnik-
Chervonenkis) class of sets, e.g. Dudley (1999, Theorem 4.2.1). So F’gf’d isa VC
major class of functions for £(2k + 4, d), and a VC hull class (defined in Dudley
(1999, pp. 159-160]). It is uniformly bounded and has sufficient measurability
properties by continuity in the parameter A € P, [Dudley (1999, Theorem 5.3.8)].
It follows that Flgf’d is a universal Donsker class [Dudley (1999, Corollary 6.3.16,
Theorem 10.1.6)], in other words, for any § > 0 and r = 1,2,... and any law
Q, vn [ fd(Q, — Q) is asymptotically normal (converges to a Gaussian process

G indexed by f) uniformly for f € F;J;Q’d. In particular we have the bounded

Donsker property, i.e. v/n||@Qn —Q||sk+2. is bounded in probability, where we now
identify ¢¢ with ) and likewise for @),,. We also have that Flgf;?’d is a uniform
Glivenko-Cantelli class by Dudley, Giné and Zinn (1991, Theorem 6), so that
1Qn — Qllsk+2., — 0 almost surely as n — oco. Thus almost surely for n large
enough, ), € V for the neighborhood V' of ) defined in the proof of Theorem
18, 50 @y, € Ugpta and A, (Q,,) is defined.

By Theorem 18(c) for kK =1 and (61), we have

(62) AV(QTZ) - AI/(Q) = (DAI/)(QTZ - Q) + O(HQH - Q||6,3,V)

as n — o0o. The remainder term is 0,(1/v/n) by the bounded Donsker property
mentioned above.

To make DA, more explicit, one can use partial derivatives of F' as follows. For
any ( € X and A, = A,(Q), we have F(¢g+ ¢, A)) — F(og, A)) = F(C A),
so the partial derivative of F' with respect to ¢ at (¢g, A,) is the linear operator
DyF : (— ((Gu(-, Ay)) from X into Sy, which is continuous since each entry

of Guy(-,A4,) is in F;J;Q’d. The partial derivative of F'(¢, A) with respect to C,
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at A = A,, is given as mentioned previously by the Hessian (44), shown to be
positive definite in Lemma 8.

Recall the Hessian linear map H := H 4 from Sy to itself defined by (45). By a
classical formula for derivatives of inverse functions, e.g. Deimling (1985, p. 150),
DA,(C) = —H 'DyF(¢g, A,)(¢), from which

©  DAQ-@) =1 { [ G- QW .

Multiplying by +/n, the resulting expression is asymptotically normal by a finite-
dimensional central limit theorem.

The rank of the covariance is preserved by the nonsingular H~!. The rank is
the largest size of a subset S of the set {(i,5) : 1 < i < j < d} for which the
functions f;; with f;;(y) := yy;/(v+y'Cy) for (i,5) € S are linearly independent
with respect to () modulo constant functions, i.e. there do not exist constants a;;,
(4,4) € S, not all 0, and a constant ¢ such that >_; g ai;fi; = c almost surely
for Q). By a linear change of variables we can assume that A =1 = C.

For d =1, fi; cannot be a constant a.s. since () € U ,4; is not concentrated
in two points, so the rank (of the covariance) is exactly 1.

For any d, a linear dependence relation Z(i’j) a;jfi; = ¢ with a;; not all 0 is
equivalent to a quadratic polynomial equation ), » a;yiy; = c(v +y'y) holding
a.s. (. If no such equation holds, e.g. () has a density, then the rank has its
maximum possible value d(d + 1)/2.

For any d > 2, let e;, j = 1, ...,d, be the standard unit vectors in R?. Let

Q = Z—Zi (5,@ +5ﬂ€j).

Then for each i, j, (v +d) [ yy;dQ(y)/(v + |y|?) = dij, so A =1 = C as desired.
Clearly f;; = 0 Q-a.s. for i # j. One can check that Q) € Ug,4q for any d > 2
and v > 0.

We have 3% fi = [yl>/(v + |y|?) = d/(v + d) almost surely with respect to
@, so the rank is at most d — 1. Conversely consider g(y) := Zf;ll a; fi(y) where
some a; # 0. Then g(y) = 0 for y = £V/deg and g(y) = a;d/(v + d) # 0 for
y = ++/de;, each occurring with Q-probability > 0, so ¢ is not constant a.s. Q,
the d — 1 functions are not linearly dependent mod constants, and the rank is
exactly d — 1 in this case.

Now for d > 2 and any q € Uy,+qa, still with A = C = I, by Proposition
19 and a rotation of coordinates we can assume that Q(y; = 0) = Q({0}).
We claim that then the functions fi; for j = 2,...,d are linearly independent
mod constants with respect to (). Suppose that for some real as, ..., ag not all
0 and constant ¢, y12(y)/(v + |y|?) = ¢ a.s. Q where z(y) = ZjZZ a;y;. Since
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[ y1y;dQ(y)/ (v + |y|*) = 0 for j > 2 we must have ¢ = 0 and so

1 = Qunzly) =0) = Qz(y) =0) +Qyr = 0 # 2(y))
but the latter probability is 0 by choice of y;. Thus Q(z(y) = 0) = 1 but
{z(y) = 0} is a (d — 1)-dimensional vector subspace, contradicting @ € Uy +a-
Thus the rank is always at least d — 1 for d > 2, which is sharp by the example.

Now /n(A,(Q,)—A,(Q)) has the same asymptotic normal distribution as \/n
times the expression in (63) since the other term in (62) yields /no,(1/y/n) =
0p(1). So part (a) is proved.

For (b), we take Q := PoT; "' € Uys1,+a and apply part (a) to it with d, v
replaced by d+ 1,/ = v —1. We can write Q,, = P,oT; . Asin part (a), we will
have almost surely P, € V;,44 for n large enough. From the resulting A,/, we get
w, and X, for P and P, via Proposition 4(a) with v = 1. Then (p,); = (Av)j.d+1
for y =1,...,d, both for P,Q and for P,,Q,. We also have for 7,7 =1,...,d,

(64) (X0(P))ij = (A (Q))i; — (A (@))ia+1(Av (Q))jat1,
and likewise for P, and @),,. This transformation of matrices, although nonlinear,
is smooth enough to preserve asymptotic normality (the finite-dimensional delta-

method), where the following will show how uniformity in the asymptotics is
preserved:

Lemma 21. If random wvectors {Um}fl:1 form =1,2,... and a constant vector
{U;}L, are such that as n — oo, /n{U;, — U;}&, converges in distribution to a
normal distribution with mean 0 on R?, then so does

(65) Vi({Ui = Uy {UnUjn — UiU hi<i<j<a)

on RUH3/2 - For a family of {Usy,} and {Us;} such that U; are uniformly bounded
and the convergence to normality of \/n({Us, — U;}4_,) holds uniformly over the
family, it does also for (65).

Proof. For one product term, we have

where the last term is O,(1/n) and so negligible and the other terms are jointly
asymptotically normal. The uniformity holds for the first two terms since the U;
are uniformly bounded. Each factor in the last term is uniformly O,(1/y/n), so

their product is uniformly O,(1/n). O
Returning to the proof of Theorem 20(b), Lemma 21 for Uy, := Ay/(Qn)ias1
and constants U; = A, (Q);a1 gives asymptotic normality of /n[X,(P,) —

EV(P)]Z] using (64)

Via an affine transformation of R?, we can assume that 1, (P) = 0 and 3, (P) =
I;. Then for Q = PoT7! we get A,(Q) = I41. If for some ay, ..., aq not all
0 we have ijl a;yiyar1/(v + ly*) = c a.s. (Q) for a constant ¢, we must have



DIFFERENTIABLE T LOCATION-SCATTER FUNCTIONALS 31

¢ = 0 and thus Z;l:l ajYiYdr1 = Z?Zl a;y; = 0 as. for @), where the latter
equation also holds a.s. (P), contradicting P € V;,4+4. Thus the asymptotic
normal distribution for p, (P,) has full rank d. The rank of the covariance of the
asymptotic normal distribution for ¥,(P,) behaves as in part (a) by the same
proof. Part (b) of the theorem is proved. O

Now, here is a statement on uniformity as P and @) vary. Recall Wjs as defined
in (40).

Proposition 22. For any é > 0 and M < oo, the rate of convergence to normal-
ity in Theorem 20(a) is uniform over the set @ = Q(6, M,v) of all Q € Ugy+a
such that A,(Q) € Ws and

(66) QUy: lyl>M}) < (1-06)/(v+d),
or in part (b), over all P € V4,14 such that ¥,(P) € Ws and (66) holds for P
i place of Q.

Remark. The example after Lemma 8 shows that A = A,(Q) itself does not
control ) well enough to keep it away from the boundary of U, 4 or give an
upper bound on the norm of H;l, which is needed for uniformity in the limit
theorem. For a class Q of laws to have the uniform asymptotic normality of A,,
uniform tightness is not necessary, but a special case (66) of uniform tightness is
assumed.

Proof. A transformation as in the proof of Lemma 8 gives a law ¢ with A, (¢) = 14
such that (66) holds with Q replaced by ¢ and M by K := M/+/5, noting that
71 < 1/8 where 71 is the largest eigenvalue of A,(Q)~'.

In the proof of Theorem 20, it was shown that for any 6 > 0 and k = 1,2, ...,
Flgf;?’d is a uniformly bounded VC major class of functions with sufficient mea-
surability properties for empirical process limit theorems. To show that Fg:zd is
a uniform Donsker class in the sense defined and characterized by Giné and Zinn
(1991), one can apply a convex hull property proved by Bousquet, Koltchinskii
and Panchenko (2002).

Take any A € S; with ||Al|r = 1. In the following, probabilities and expecta-
tions are with respect to q. Let X := (2’A%2)/(v + 2'2). Then 0 < X < 1 for all
z and by (8) with Q = qand B = I, EX = trace(A?)/(v +d) = 1/(v+d). Thus

1 5 5
< Pr(x>_2
vrd S 2wrd) r( >2(u+d))’

so Pr(X > 0/[2(v+d)]) > (1-2)/(v+d). Let V = {X > §/[2(v+d)], |2| < K}.
Then by (66) for ¢ and K we have Pr(V) > 6/[2(v +d)] > 0. Let S :=
Zz/(v+2'2),Y := X1y and Z := X1yc. Then

E(XS)=E(Y +Z)S) < EZ+ E(YK?/(v+ K?)).
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We have E(Yv/(v+ K?)) > a/(v+d) where a := §*v/[4(v+d)(v+ K?)]. Thus
(2'2) (7' A%z)
(v+ 2'2)?
This implies, by the proof of Lemma 8, that the eigenvalues of the Hessian H;
for gH at I are all at least o and those of the Hessian H4 for QH at A are
at least o/ := 0%a. Here o/ depends on §, M, v, and d, but not otherwise
on () € Q. Bounds in the proof of Theorem 20 hold uniformly: specifically, in
(63), [H7| < 4/(6%) and the entries G(,)(-, Ay)i; € 51>, a uniform Donsker
class. The remainder term /no(||@Qn — Q|lsk+2.) in (62) is 0,(1) uniformly over
Q by (61) since each F’gf’d is a uniform Donsker class. It follows that asymptotic

normality of \/n(DA,)(Q, — Q) holds uniformly for Q € Q.

It remains to show that Pr(Q,, € Uy, +a), the probability that A,(Q,,) is defined,
converges to 1 as n — oo at a rate uniform over ) € Q. The class of all vector
subspaces of R? is a VC class of sets with suitable measurability, so it is a uniform
Glivenko-Cantelli class by Dudley, Giné and Zinn (1991, Theorem 6). For g =
0,1,...,d—1, let J(q) be the class of all g-dimensional vector subspaces of R?. We
need to show that for each ¢,

(v+d)E(XS) = (1/+d)/ dg(z) <1—au

d—q
(67) QGQS,?{IZJ(q)Q(H) <1 T d
We can restrict to @ with A,(Q) = I; without changing the suprema of @ of
subspaces, replacing again M by K := M/\/g Then we can fix H € J(gq) and
let @ vary. Let |z|7 = 22, 4+ ---+ z}. By choice of coordinates we can take
H ={z: [2]2 =0}. For each Q € Q, since A,(Q) is defined, we have Q(H¢) >
(d—q)/(v+d) > 1/(v+d). We also have by (66) Q(|z| > M) < (1—-10)/(v+d),
so QUH N{|z]| < M}) >6/(v+d). Now

d— z|2d ) M? )
¢ [Ede 5 +QH*) -
v+d v+2z T v+d v+ M? v+d
ov
= He¢) — .
QUH) (v+d)(v+ M?)
It follows that, replacing M by K to allow for the transformation,
d— 0
Q) <1-=--1 )

v+d (v+d)(v+K?)

which implies (67) and so finishes the proof of part (a).

As part of the proof of part (b), the next fact will show that the special-
case tightness hypothesis (66) itself implies a bound on ||A4,(Q)|| (although not,
of course, on ||A,(Q)7!|). A bound exists since A, has a breakdown point of
1/(v + d) with regard to mass going to infinity [Tyler (1986, §3); Diimbgen
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and Tyler (2005, Theorem 5 and its proof)]. The next lemma provides specific
constants which may not be sharp.

Lemma 23. If Q € Uy, 1q, (66) implies || A, (Q)|| < M?*(v+d —4)/(ov).

Proof. A,(Q) € P, exists by Theorem 6(a). Take coordinates in which A :=
A,(Q) is diagonalized with eigenvalues 1/7;, ¢ = 1,...,d. We then have by (8)
and u,(s) = (v+d)/(v +s) (just after (33)) that

1 r2dQ(x)
Ti v+ Zj:l le'j
for i = 1,...,d. The integral over {|z| > M} is at most (1 — §)/[(v + d)7;] by
(66). For |z| < M we have

z? x? M?

dZ QS - 2S MZ'
vy vl T v

Thus §/7; < (v + d)M? /(v + 7:.M?), 7; > 6v/[M*(v + d — 6)] for all i, and the
lemma follows. U

Now to prove Proposition 22 part (b), i.e. as it relates to Theorem 20(b), let
P be the class of laws satisfying the hypotheses. For P € P, let Q := PoT; !
as usual. Then (66) holds for @ with M + 1 in place of M. By Proposition 5,
since v > 1 in part (b), @ € Ugt1+a- By Lemma 23, ||A,(Q)| are bounded
uniformly for P € P (recall v/ = v —1 > 0). Next, det ¥,(P) = det A,/(Q) by
(28) with v = 1, which holds by Theorem 6(b). This determinant is bounded
below by [|X,1(P)||=¢ > 6%, so the smallest eigenvalue of A,,(Q) is bounded below
by 84| A, (Q)|| =%, and || A1 (Q)]] < [|A(Q)]|?/6%, which is bounded uniformly for
PeP.

Thus all the hypotheses of part (a) hold for d + 1, — 1 in place of d, v, and
some &' > 0 in place of §, depending on ) and P only insofar as the hypotheses of
part (b) hold, so part (a) gives uniform asymptotic normality of /n(A, (Q,) —
A, (Q)) over all P € P. Taking the last column, that directly gives uniform
asymptotic normality of /n(u,(P,) — p,(P)). For /n(X,(P,) — 3,(P)) one
can apply the delta-method for products, Lemma 21, which works uniformly for
|p,(P)| bounded, as they are, so Proposition 22 is proved. O

8. NORMS BASED ON CLASSES OF SETS

Suppose |||y and ||| are two norms on a vector space V' such that for some
K < oo, ||z]|2 < Kljz||; for all z € V. Let U C V be open for ||||2 and so also
for ||'||;. Let v € U and suppose a functional 7" from U into some other normed
space is Fréchet differentiable at v for ||'||s. Then the same holds for ||'||; since
the identity from V' to V' is a bounded linear operator from (V, ||'|]1) to (V,]||2)
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and so equals its own Fréchet derivative everywhere on V', and we can apply a
chain rule, e.g. Dieudonné [1960, (8.12.10)].

If F is a class of bounded real-valued functions on a set y, measurable for
a o-algebra A of subsets of y, and ¢ is a finite signed measure on A, (e.g.
P, — P) let ||¢|l7 := supscr| [ fdp|. For C C Alet |9llc = [¢llg where
G = {l¢: CecC}.

Let F be a VC major class of functions for £ (defined in Dudley [1999, pp.
159-160]), where € C A and suppose for some M < oo, |f(z)| < M for all f € F
and x € x. Then for any finite signed measure ¢ on A having total mass ¢(x) =0
(e.g., o = P — @ for any two laws P and @), we have

(68) ollz < 2M][¢]e,

by the rescaling f — (f+M)/(2M) to get functions with values in [0, 1] and then
a convex hull representation [Dudley (1987, Theorem 2.1(a)) or (1999, Theorem
4.7.1(b))]; additive constants make no difference since ¢(y) = 0.

As noted in the proof of Theorem 20, each Flgf;?’d is a uniformly bounded VC
major class for the VC class £(2k + 4, d) of sets (positivity sets of polynomials of
degree < 2k +4). So by (61) and (68), for some M < oo depending on 7, 0, v,

and d, we have

(69) 1Dll5,k420 < 2M |||l g(2hr4,0)

for all finite signed measures ¢ on R? with ¢(R?) = 0. We have by the preceding
discussion:

Corollary 24. For each d = 1,2, ..., and v > 1, the Fréchet C* differentiability
property of the t, location and scatter functionals at each P in V4,14, as shown
in Theorem 18 with respect to ||'||s k12,0, also holds with respect to ||'||g(2r+a,0)-

Each class &£(r,d) for r = 1,2,... is invariant under all non-singular affine
transformations of R?, and hence so is the norm ||'||¢(-4). Davies (1993, pp. 1851-
1852) defines norms |||z based on suitable VC classes £ of subsets of R? and
points out Donsker and affine invariance properties. The norms || ||s,, are not
affinely invariant.

On the other hand, note that M in (69) depends on 0, and there is no corre-
sponding inequality in the opposite direction. Thus, Fréchet differentiability is
strictly stronger for ||'||5 x42,, than it is for ||'||e2kr4,a)-

9. THE ONE-DIMENSIONAL CASE

In dimension d = 1, the scatter matrix ¥ reduces to a number 2. The p and
h functions in this case become, for 6 := (p, o) with o > 0, by (31) and (32),

vo?

1 _ 2
(70) pu(x,0) = logo + V;L log (1 + u) ;
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v+1 1+ [(x — p)?/(vo?)]
log .
2 1+ 22%/v

The function A, is bounded uniformly in z and for || bounded and ¢ bounded
away from 0 and co. Thus it is integrable for any probability distribution P on R.
Let Ph,(0) := [ h,(z,0)dP(z). In the next theorem, extended M-functionals
are defined by (1) with 6 := (u,0) € © =R x (0,00) and © =R x [0, c0).

(71) hy(z,0) = logo +

Theorem 25. Letd=1 and 1 < v < oo. Then:
(a) For any law Q on R satisfying

(72) max Q({1}) < v/(v+ 1)

the M-functional (p,0) = (p,0,)(Q) exists with 0,(Q) > 0 and is the unique
critical point with 0Qh, /Ou = 0Qh, /0o = 0. On the set of laws satisfying
(72), (pw,0,) is analytic with respect to the dual-bounded-Lipschitz norm and
thus weakly continuous.

(b) For any law Q on R, the extended M-functional 0o(Q) = (i,,0,)(Q) € ©
exists for h, from (71).

(¢) If Q({s}) > v/(v + 1) for some (unique) s, then u,(Q) = s and c,(Q) = 0.
(d) The map Q — 0y(Q) is weakly continuous at every law Q. For Xq,Xo,. ..
i.i.d. (Q) and empirical measures Q, = n~! 22:1 0x,, we thus have mazimum

likelihood estimates 0, = 00(Q,) existing for all n and converging to 6y(Q) almost
surely.

Remark. The theorem doesn’t extend to 0 < v < 1. For some @), points s in part
(c) are not unique. For example if v = 1 (the Cauchy case) and Q = 3(6_1 + 61),
the likelihood is maximized on the semicircle p?+ 0% = 1, as Copas (1975) noted.

Proof. Part (a) holds by the case of general dimension, Theorem 9(d), since
0% — o is analytic for ¢ > 0. The other parts are special to d = 1.

Let D := (z — p)*+ vo?. Let v > 1 be fixed for the present and let p = p,
and h = h,. It’s immediate from (70) and (71) that for any 6 = (u, o) with
0 <0 < oo and any x € R,

oh(@,0) _ Op(x,0) _ (w+1)(n—=)

(74) ah(ai,e) _ 8p(aa(cf,9) _ % 1_(u+1)l()x—u)2

It’s easily seen that for any K > 0 and all real y,

(75) lyl/(K +y°) < 1/(2VE).

It follows directly that for any x and pu, any o > 0 and any v > 1, both partial
derivatives (73) and (74) each have absolute values < v/o, so for any § > 0, they




36 R. M. DUDLEY, S. SIDENKO, AND Z. WANG

are bounded uniformly for o > 4. For § = (0,1) we have h(z,0) = 0. Thus for
any p and 0 < o < 00,

(76) |h(z,0)] < v([logo| + |ul/0),

so h is bounded uniformly for x bounded and ¢ < o < 1/§.
From (74) we see that 0Qh(6)/0o = 0 if and only if

(77) Fuo) = [ 0w =

As o decreases from +oo down to 0, the integrand increases from 0 up to 1,4,
strictly for z # p. Thus the integral increases from 0 up to Q({p}°), strictly unless
Q({p}) = 1. So (77) for a fixed p has a solution ¢ := o(u) > 0 (depending on
v and @) if and only if Q({u}¢) > 1/(v + 1), and the solution is unique. Then,
moreover, 0Qh(#)/0c will be < 0 for 0 < ¢ < o(p) and > 0 for o > o(p), so
that Qh(p, o) has its unique minimum for the given p at o = o(pu).

If Q{p}) > v/(r+1), then o(u) is set equal to 0 (e.g. Copas [1975]), which is
natural since for the given u, Qh(u, o) has its smallest values as o | 0.

Taking second partial derivatives we get

(78) Phjop* = (v+ lvo® — (&~ p)| D
(79) th/aaalu = 2(1/ + 1)1/0(1. _ /L)DiQ,
(80) % = % (V+1)W—1 +2(u+1)u(5”l_)72“)2‘

It’s easily seen that these second partials are also bounded uniformly for o > §
for any 0 > 0.

The following shows that o(:) is C! and strictly positive except possibly at
one large atom. (Here C! suffices for present purposes; it could be improved to
analyticity, as in the proof of Theorem 9(c).)

Lemma 26. On the set U := U, of p for which Q({n}) < v/(v+ 1), namely
the whole line if (72) holds or the complement of a point if it fails, the function
p— o(p) >0 is Ct, as is the function p— Qh(u,o(w)).

Proof. For each p € U, we have o(p) > 0, where o(u) is defined after (77) as
the unique solution of F'(u,0) = 1/(v + 1) for each € U. By (79), (80), and
dominated convergence, F' is C''. We have

OF (1, 0)/00 = —2v0 / (x — p)2D2dQ(z) < 0

for all p € U and all 0 > 0. It follows from the implicit function theorem (e.g.
Rudin (1976, Theorem 9.28) that o(-) is a C* function on U. Also, the function
(,0) — Qh(p,0) is C* for ¢ > 0 by (73) and (74) and their integrated versions.
Thus p— Qh(p, o(u)) is C* on U, proving the lemma. O
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The following fact for laws concentrated in two points will be helpful, also in
the Remark showing that o, is non-Lipschitz at the end of this section.

Lemma 27. Let v > 1 and ) = qd, + pdp, wherea <b and 0 <p=1—¢qg<1.
(a) If1/(v+1) <p <v/(v+1), then Qh, has a unique critical point (u,,c,),
with o, > 0, at which the Hessian of Qh is strictly positive definite. Explicitly,

_ww—q 5 W Day -y vpg—v(p* +¢%) + pg

81 = =
(B v—1 v (v—1)2

(b) If p < 1/(v+1) orp > v/(v+1) then an M-functional (u,0) = (1, (Q), 0,(Q))
exists with 0,(Q) =0 and 1,(Q) = a or b respectively.

Proof. By an affine transformation we can assume that a = 0 and b = 1. For
part (a), the equation 0Qh/du = 0 (73) times 1 — p, the equations 0Qh/do = 0
(74), (77), and straightforward calculations give unique solutions (81) for a critical
point. Then 0 < p, < 1 by the hypotheses on p. For each v > 1, 305/8]) = 0 only
at p = 1/2 where J%/Q = 1/4, a maximum. Also, o2 | 0 strictly as p | 1/(v+1) or
pTv/(v+1). Thus o, >0 for 1/(v+1) <p <v/(r+1) as assumed, and (u,, o)
is the unique critical point of Qh.

By Theorem 6 and Lemma 8, the Hessian of Qh as a function of A € Py at
A=A, 1(QoTy") is positive definite. This remains true restricted to the subset
where v = Ay = 1 in Proposition 4(i), so that A = (f*“g 1), since, in suitable
coordinates, a principal minor of a positive definite matrix is positive definite.
It follows that the Hessian of Qh with respect to (i, o) at (u,,0,) is positive
definite. So part (a) of Lemma 27 is proved.

Now for part (b), we can assume by symmetry that p < 1/(v + 1) and want
to prove u, = 0, = 0 are the M-functionals of (). For all 1 # 0, by Lemma 26,
o(p) > 0 is defined such that Qh(u, o) is minimized for the given p at 0 = 0, =
o(p). (The notations o, and o, are different.) Let (Qh)(p) = (Qh)(u,o(n))
for u # 0, a C! function of p by Lemma 26. To show that d(Qh)(u)/dp has the
same sign as p for 1 # 0 is equivalent by (73) and since 0Qh(jt,0)/00 | 5= () = 0,
to showing that for pu # 0,

(1—pp®  pp(p—1)

82 + > 0.
(82) vol +p?  vol 4+ (u—1)>2

By (77) we have for u # 0

(1—p)p? pl—p? 1
vol+p?  vod+(1—p)? v+1

(83)

Combining, we want to show that (v 4 1)p(1 — p) < vo + (1 —p)* for 0 < p <
1/(v +1). We need only consider 0 < p < 1. If (82) fails, then for some such p
and g, (v 4+ 1)p(1 — ) — (1 — p)*> > vo,. Substituting in (83) gives, where the
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denominators are necessarily positive,
(1—p) l—p_ 1
(v+1)pl—p)—1+2u v+1~" v+1

(1—p)p o 1
(v +Dp=1A—p)+p ~ v+ 1
but (v+1)p—1 < 0 implies the left side is at least 1 —p > v/(r+1) > 1/(v+1)
since v > 1, a contradiction. So (82) is proved. This implies that for any € > 0,

(84) inf{Qh(p) : 0 <[u| <e} <inf{Qh(p) : [ul = €}
Next, if there is a sequence p1; — 0 such that o(u;) > 0 for some § > 0, then (83)

gives a contradiction for j large enough. So o(u) — 0 as g — 0. This implies
that for any v > 0

inf{Qh(p,0) : [p| <v,0 <7} <inf{Qh(n) : |p] < 7,0 =},
because by (84), the inf is smallest for |u| smallest, and then o (i) becomes < 7,

so Qh for a given p and o > v is larger than at o(u). Also, by (74), Qh(0,0) is
strictly decreasing as o | 0. So part (b) of Lemma 27 is proved. O

SO

Next, let’s consider a general ) such that (72) fails. The next fact, with part
(a), implies parts (b) and (c) of Theorem 25.

Lemma 28. Let v > 1 and let Q be a law on R such that for some u, Q({u}) >
v/(v+1). Then the (extended) M-functional of Q for p, or h, exists with u,(Q) =
u and 0,(Q) = 0.

Proof. Since v > 1, u is uniquely determined. By a translation we can assume
that w = 0. Then on the set U := {u # 0}, by Lemma 26, y+— o, > 0is a C"!
function, giving the infimum of Qh(u, o) for each p # 0. It will be shown that
(85) pd(Qh)(p, 0,)/dp >0 for all p# 0.

This is immediate if @ = 0y from (73), so we can assume for 5 := Q({0}) that
v/(v+1) < < 1. By (77) and Lemma 26, we have for each p # 0 that ¢, > 0
and

By (b —2)%dQ(zx) _ 1
(86) o > () '
2+ p wto VOL + (11— ) v+1
To prove (85), we need to show by (73) that for u # 0
2 —z)d
. LI R
PR SN
Combining (87) with (86), we need to show that for u # 0,
—p)d 1
) [ rte=iat

< .
20 VO + (0 — 1)? v+1
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By (86), for  # 0,

(i—oPdQ@) 1 g
(89) /I#O vol+ (p—x)? v+1 vol 4 p?

Now (88) will follow from (89) and the Cauchy-Schwarz inequality if

/ T?dQ(r)  _ von + 11’
et VO2+ (p—2)2  (v+ Dol +p{1 - (v + 1)}

By (86) again, (v +1)3u* < vop, + p* unless Q is concentrated at the two points
0, 1. That case is treated by Lemma 27(b), so we can neglect it here. Then the
denominator of the last expression displayed is positive. Since (v + 1)3 > 1 and
Q(z #0) < 1/(v+ 1), it will suffice to show that for all real z, and as always,

w# 0,

22 p? +vo,
vol+(p—x)2~  vo?

The fraction on the left goes to 1 as x — 400, and there the inequality holds.
At r = 0, a minimum of that fraction, the inequality also holds. Setting the
derivative of the fraction equal to 0 gives one other root, where x = u + (I/Ji /1)
and where the inequality holds (with equality just for this one value of z). Thus
(88) and (85) are proved.

The proof that p,(Q) = 0,(Q) = 0 is now completed as in the end of the proof
of Lemma 27(b), where now if y; — 0 and o(p;) > 6 > 0, (86) is contradicted
for j large enough. So Lemma 28 is proved. 0

It remains to prove part (d) of Theorem 25. To show the weak continuity of
i, and o, at a law @ with Q({t}) > v/(v + 1) for some unique ¢, we can and
do assume that ¢ = 0. We want to show that if a sequence P, — @) weakly, then
e = p(Py) — 0and oy = 0,(P;) — 0. Taking subsequences, we can assume
that pp — po and o — 09 where —oo < g < +00 and 0 < gy < 400.

If o = 0 for all k£ then we have Py({tx}) > v/(v + 1) for some t;. By weak
convergence, we must have ¢, — 0, and p = ¢, by Lemma 28, so the conclusion
holds. Thus we can assume from here on that o > 0 for all £ > 1, taking another
subsequence. For £ =0,1,2,..., let

(pr, — )
Iip(x) = ,
() vop + (u — x)?
with Ip(z) = 1if 09 = 0. Then 0 < Ix(z) < 1 for all z and k, a domination
condition which is used below without further mention. For k£ > 1, since o > 0,

we have by (77) and Lemma 28 that

(90) /[dek = 1/(v+1).
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If 09 = +00 and pg is finite, then as k— oo, I — 0 uniformly on compact
sets. Since Py are uniformly tight, it follows that [ I,dP, — 0, contradicting
(90). If py = +oo and oy is finite, then I — 1 uniformly on compact sets, so
[ IxdP; — 1, again contradicting (90).

So we have two remaining situations, po and og both finite or both infinite.
First suppose both are finite. If oy > 0 then as k— oo, Ix(z) — Iy(z) uni-
formly on compact sets. From this, the weak convergence and (90) it follows that
[ In(z)dQ(z) = 1/(v + 1), so 09 = o (o) for Q. For k =1,2,... let

M — X
Jp(x) = Vo7 + G — 2 — Jo(x) =
uniformly on compact sets. Then |Jx(x)| < 1/(2y/voy) for all by (75), so J
are uniformly bounded for £k large enough or for £ = 0. By Lemma 28, g, > 0
implies that each Py satisfies (72). Then by Theorem 25(a) as already proved,
(pk, 0%) is a critical point for Py, and so by (73) [ JydP, = 0 for all k > 1. Then
by weak convergence, [ Jod@ = 0. Thus (o, 09) would be a critical point for Q.
This implies by (85) that po = 0, but that contradicts [ Io(2)dQ(z) = 1/(v+1).
So o finite and o9 > 0 are not compatible.
If po is finite and non-zero and oy = 0 then we have I(z) — 1 except possibly
for x = po, and the convergence is uniform on compact subsets of {yo}¢. Thus

Mo — T
vog + (o — x)?

o B 1 v 1
fimin [ LdP > QU{m}) = 1= 0y = i >
again contradicting (90).

So the proof is complete except if g = +00 and oy = +00. Then by symmetry
we can assume that pg = 4o00.

If o), = o(ug) as k— oo then I, — 1, or if py = o(ox) as k — oo then I, — 0,
in either case uniformly on compact sets and so contradicting (90). So, taking
another subsequence, we can assume that as k — oo, ug /o, — ¢ for some ¢ with
0 < ¢ < co. Then uniformly on bounded intervals, I, — ¢*/(v + ¢?) as k — oo,
an increasing function of ¢, so (90) implies that ¢ = 1.

Since P, are uniformly tight, take a constant M < oo, with M > 1, large
enough so that Py(|z] > M) < 1/(2(v + 1)) for all k. On [—M, M|, the quantity
Jr(x) = j(z,p,o,v) in parentheses in (71) whose logarithm is taken, for u = py
and o = oy, satisfies asymptotically

, v+1 v+1 1
J(@) ~ v+ 22 2 v+ M? = M2
Thus up to an additive constant going to 0 as k — oo,
(91)
v+1
2

e o R o)
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Now if k is large enough, oy > 1 and 6vo; > 3ui + 2v. Then
r— pg)? 1 x?
T il (1 + —)
Vo 30}, v
for all z, by a short calculation. Thus jix(z) > 1/(307) and

v+1
2

| logi@)dPils) = 4(-2logoy - log3).

2| > M 4

Combining this with (91) and by (71) it follows for a constant « that as k — oo,
Pih(pg, 08) > (logog)/2 — a — +o0. But since Pyh(0,1) = 0, this contradicts
the assumption that (uy,ox) give the M-functional of P, and so completes the
proof of continuity of (u,,0,) for weak convergence. Since @,, — @ weakly a.s.
for the empirical measures @, of @) (by the Glivenko-Cantelli and Helly-Bray
theorems), part (d) and Theorem 9 are proved. O

Remark. For v > 1, although (p,,0,) is defined and weakly continuous at all
laws, it is not Lipschitz at some boundary points (for any norm): in Lemma 27, let
Qe = ¢-00+p:0, wherep = p. = (v—¢)/(v+1)andq = ¢. = (1+¢)/(v+1),
e > 0. In (81) we find that 07 =¢/(v — 1)+ O(e®) as € | 0. Let ||| be any norm
defined on finite signed measures on R, of which ||-||%;; is just one example. Then

(92) 1Q: — Qoll = ellor — doll /(v + 1),

(93) ’JV(QE) - UV(QO)‘ = JV(QE) ~ 6/(1/ - 1)

as e | 0. Thus Q — 0,(Q) is not Lipschitz and hence not Fréchet differentiable at
Qo with respect to the norm |||, whatever it may be. Also, o2 is not differentiable
at Qo since do2(Q.)/de has left limit 0 and right limit 1/(v — 1) > 0 at £ = 0.

10. APPENDIX

Derivatives in Banach spaces. Fréchet differentiability is often defined by statis-
ticians, e.g. Huber (1981, §2.5), for functionals defined on the convex set of prob-
ability measures. As long as the definition is for a norm, this usually seems to
cause no problems. But, in this paper, we need to apply implicit function the-
orems which require that a function(al) be defined on an open set in a Banach
space. Thus we need the set U in the following usual mathematicians’ definition
of Fréchet differentiability to be open. No set of probability measures is open in
any Banach space of signed measures.

Let X and Y be Banach spaces over the real numbers. Let B(X,Y') be the
space of bounded, i.e. continuous, linear operators A from X into Y, with the
norm ||A|| := sup{||Az| : ||z|| = 1}. Let U be an open subset of X, z € U,
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and f a function from U into Y. Then f is said to be Fréchet differentiable at x
iff there is an A € B(X,Y’) such that

fu) = flz) + Alu—z) +o(|lu — =z[))

as u — x. If solet (Df)(x) := A. Then f is said to be C! on U if it is
Fréchet differentiable at each x € U and x — D f(x) is continuous from U into
B(X,Y). Tterating the definition, the second derivative D?f(x) = D(Df)(x), if
it exists for a given z, is in B(X, B(X,Y)), and the kth derivative D” f(x) will be
in B(X,B(X,...,B(X,Y))...) with k B’s. Then f is called C* on U if its kth
derivative exists and is continuous on U. If fis C* on U for all k = 1,2, ..., it is
called C* on U. In some cases, higher order derivatives will be seen to simplify
or to reduce to more familiar notions.

Suppose X is a finite-dimensional space R?. Let ey, .. ., eq be the standard basis
vectors of R?. If # € U, an open set in R?, and f : U — Y, partial derivatives are
defined by 0f(z)/0x; = limy_o[f(z+te;) — f(2)]/t, the usual definition except
that the functions are Y-valued. Just as for real-valued functions, f is C! from
U into Y if and only if each 0f /0z; for j = 1,...,d exists and is continuous from
U into Y, e.g. by Dieudonné [1960, (8.9.1)] and induction on d. Any linear map
A from R? into Y is automatically continuous and is given by A(z) = Z;l=1 TjA;
for some A; € Y, so we can identify A with {A;}9_, € Y. Then if D f(x) exists,
each Of (x)/0x; exists and Df(x) = {0f(x)/0x;}I_;.

Again as for real-valued functions, we can define higher-order partial derivatives
if they exist. Then, f is C* from U C R? into Y if and only if each partial
derivative DPf(x) = OPIf/0x" .. 025 with p = (pi,...,ps) and [p] =
P14 -+ pg < k, exists and is continuous from U into Y, e.g. by Dieudonné
(1960, (8.9.1), (8.12.8)] and induction.

If Y = R™ is also finite-dimensional, we have f(u) = {f;(u)}™, for some f; :
U—R,i=1,...,m, and 0f(z)/0z; = {0fi(x)/0x;}1*, for each j =1,...,d, if
either the partial derivative on the left, or each one on the right, exists: Dieudonné
(1960, (8.12.6)].

Let X and Y be real vector spaces. For k > 1, a mapping T : (z1,...,x1) —
T(z1,...,x) from X*into Y is called k-lineariff for each j = 1,...,k, T is linear
in z; if x; for ¢ # j are fixed. T is called symmetric iff for each m € Si, the set of
all permutations of {1,...,k}, we have T(xr1), ..., Trx)) = T(1,...,21). Any
k-linear mapping 1" has a symmetrization T, which is symmetric, with

1
Ts(l’l, c ,.Tk) = E Z T(.Tﬁ(l), ce ,xﬁ(k)).
TES)

A function g from X into Y is called a k-homogeneous polynomaial iff for some
k-linear T : X* — Y, we have g(z) = gr(z) = T(z,z,...,z) for all z € X.
Since g, = gr one can assume that 7" is symmetric. For the following, one can
obtain T from g by the “polarization identity,” e.g. Chae (1985), Theorem 4.6.
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Proposition 29. For any two real vector spaces X andY and k = 1,2, ..., there
is a 1-1 correspondence between symmetric k-linear mappings T from X* into Y
and k-homogeneous polynomials g = gr from X into Y.

Now suppose (X, ||']|) and (Y, |- |) are normed vector spaces. It is known and
not hard to show that a k-linear mapping 7" from X* into Y is jointly continuous
if and only if

1T = sup{|T(z1,...ap) = ]l = - =zl = 1} < o0,

and that a k-homogeneous polynomial g from X into Y is continuous if and only
if |g]| :=sup{|g(z)|: ||z]| =1} < co. In general, for a symmetric k-linear 7" with
|T|] < oo we have |lg7| < ||IT|| < k*||gr||/k!, e.g. Chae (1985), Theorem 4.13.
The bounds are sharp in general Banach spaces [Kopeé¢ and Musielak (1956)] but
if X is a Hilbert space we have ||gr|| = ||T|| [Bochnak and Siciak (1971)].

If fis a C* function from an open set U C X into Y then at each x € U,
D*f(x) defines a k-linear mapping d*f(x) from X* into Y,

(94) d* f(z)(wr, . ap) = (- (DM )(@)(@n)) (@) - - (zr))-

Then d* f(z) is symmetric, e.g. Chae (1985), Theorem 7.9. The corresponding

k-homogeneous polynomial u — gg () (u) will be written as u — d” f(z)u®".
Also, f will be called analytic from U into Y iff it is C* and for each x € U

there exist an » > 0 and k-homogeneous polynomials V}, from X into Y for each

k > 1 such that for any v € X with ||v — z|| < r, we have v € U and

(95) fw) = f(x)+ ) Vilv —2).

k=1
It is known that then necessarily for each £k > 1 and u € X
(96) Vi(w) = d*f(x)u®* /K.
For any Banach space X let (X', | -||") be the dual Banach space B(X,R). The
product X’ x X with coordinatewise operations is a vector space and a Banach
space with the norm [|(¢, z)|| = ||¢]’ + ||z|. The mapping v : (¢, ) — ¢(x)

is C* from X’ x X into R (it is analytic and a 2-homogeneous polynomial): for
¥,¢ € X' and z,y € X we have

Y(Wy) = Py) = o) + (¥ — o)) + oy —2) + (Y — 9)(y — 2).
As (¥, y) — (¢, x), clearly (¢ — ¢)(x) and ¢(y — x) give first derivative terms and
(v — ¢)(y — x) a second derivative term. We have that D+ is continuous (linear)
and D?y has a fixed value (n,u) — ((¢,v) — n(v) + ((u)) in B(X’' x X, B(X’ X
X,R)), so D*y = 0.
If U is an open subset of a Banach space Y and f is a C* function from U into
X, then

(97) (¢, u) — &(f(u))
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is C* on X’ x U by a chain rule, e.g. Dieudonné [1960, (8.12.10)].

For a point z in a normed space (X, ||-]|) denote the open ball of radius r around
x by B.(z) :={y € X : |ly—x| <r}. The Hildebrandt-Graves implicit function
theorem and related facts, essentially as stated by Deimling (1985, Theorem 15.1
p. 148, Corollary 15.1 p. 150, and Theorem 15.3 p. 151) are as follows:

Theorem 30. Let X,Y,Z be real Banach spaces, U C X and V C Y neigh-
borhoods of xoy and yy respectively. Let F': U XV — Z be jointly continuous,
and continuously differentiable with respect to y € V. Let Fy be the (partial
Fréchet) derivative of F with respect toy € V', so that for each x € U andy € V,
Fy(z,y)(+) is a bounded linear operator from 'Y into Z. Suppose that F(xq,yo) =0
and that Fy(xo,y0)(+) is onto Z and has a bounded inverse, i.e. it is a topological
isomorphism of Y onto Z. Then there exist r > 0, 6 > 0 with B,(x¢) C U and
Bs(yo) C V such that there is exactly one map T from B,(xq) into Bs(yo) with
F(z,T(z)) =0 for all x € B,(x), and:

(a) T is continuous.

(b) If for some m > 1, F € C™(U x V), then for some p with 0 < p < r, T is
C™ on B,(xy).

(c¢) If F is analytic on U x V' then for some 7 with 0 < 7 < r, T is analytic on
BT(.Z'(]).

The two Banach spaces Y and Z are topologically isomorphic if they are finite-
dimensional and of the same dimension, e.g. both are R? or both are S, as in the
present paper. Then we need that the linear transformation F(xg,yo)(-), or the
associated matrix of partial derivatives in coordinates, is non-singular.
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