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ABSTRACT

Most theories are tested by experimentation. Often
statistical analysis must be applied in order to fully under-
stand the fit between theory and experiment. This thesis
examines a number of techniques, including a grid search,
gradient search and linearization approach, that can be used
to examine the fit between theory and experiment. A case
history involving experimental time constants from a series
of electromechanochemical step-response experiments is
examined in detail. These time constants were then compared
to a non-linear diffusion-reaction theory. A powerful gen-
eralized curve fitting subsystem written in APL that was
developed do to much of the curve fitting is described and
documented in an appendix.
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I. Introduction

There are two phases to most scientific research. The
more glamorous one involves formulating new and novel theories
to explain observed phenomena. The more painstaking one involves
the verification of the new theory through experiments and
statistical analysis. This thesis tries to characterize cer-
tain aspects of the second phase of research. Several methods
of data collection will be discussed, and the advantages and
shortcomings of each method will be presented. Sources of
error will be discussed, and ways of dealing with them will be
presented.

In chapter two, a detailed discussion of statistical
methods ensues. Standard curve-fitting techniques are ex-
plained, and more sophisticated and general methods are pre-
sented and discussed. An adaption of an existing set of pro-
grams into an APL subsystem and their use is presented in
appendix C. Chapter three is a case history which illustrates
the ideas discussed in the first two chapters. Data from
electromechanical experiments done on protein membranes [1]
was collected using different methods and compared. Different
data analysis techniques were applied to sample sets of data.
The accuracy and expense of these different techniques were
then compared.

Finally, suggestions are made for subsystems on mini-
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computer systems to make data analysis and data collection
easier. These include hardware and software features, and

the interface between the two. These features will enable one
to more easily collect digitized data from experiments in a
controlled (e.g. timed or event triggered) manner, and to
analyze it (e.g. curve fit or match to an expected distribu-
tion) in a statistically sound and consistent manner.

In most experiments, some form of data which is a func-
tion of one or more independent variables is obtained. This
data can be recorded continuously(e.g. output to a strip chart
recorder), or sampled at discrete times (e.g. read off of a
meter every 5 seconds). In the experiments of interest, the
independent variable is time, but it could just as easily be
voltage or concentration.

Each method of recording data has its advantages and
disadvantages. By the continuous recording of data, no infor-
mation is lost, and one gets a very accurate picture of what
is occurring. On the other hand, it is difficult to further
analyze the data. Analog electronics can be used in certain
specific instances, but not in the general case. Noise espe-
cially complicates the interpretation of continuous data.

Discrete data, which is the more common form, loses a
certain amount of information. In theory, if the data is

sampled faster than the Nyquist rate (F > 2 Fmax) then

sample

no information is lost.
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There is often noise that appears in the data along
with the phenomenon being measured. The many sources of this

noise include,

1. Uncertainty in the independent variable
(e.g. time).

2. Random noise in the measured quantity (e.g.
voltage) .

3. Non-linearities in the measuring system,

4. Finite resolution in the recording instrument
(e.g. digital voltmeter).

5. Transients in the experiments (i.e. short-
time artifacts of the experiment).

6. Drift (i.e. long-time artifacts of the

experiment) .

As a case study,a set of experiments were done to deter-
mine the 1l/e time constant of the change in force exerted by
a collagen membrane associated with a step jump in bath pH.
During the experiment, a voltage corresponding to force was
sampled at regular intervals.

A number of sources of noise were found in the data
collected from these experiments. The membrane itself had a
certain amount of fluctuation. The non-linearities and
sources of noise in the measuring apparatus, particularly the

amplification system, made it difficult to extract a time con-
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stant from the raw data. During the first seconds of the
experiment, many non-equilibrium processes, such as solution
mixing, were occurring. This seemed to cause the first few
data points on many experiments to deviate from simple expon-
ential curve. In addition, long-term baseline drift was of-
ten observed.

Many techniques have been devised to combat problems
such as these. In the analog realm,filtering is widely used.
This can attenuate selected frequency ranges. High frequency
noise is particularly susceptible to filtering.

Filtering can also be done with discrete data. However,
even more powerful techniques can be used to extract the de-
sired result from the raw data. Statistical analysis can be
used both to obtain the desired result, and to estimate its
reliability.

Some experiments and studies yield data that can be
interpreted only through the use of statistics. For example,
the desired result might be a probability density function,
with the values of the parameters in the function to be deter-
mined from the experiment. The probability of getting that
particular set of results, given the calculated probability
density function can also be determined.

Most experiments have noise that can be modelled as
"random", i.e. following a normal distribution. The desired
output is the total signal minus the noise. Since the noise

is randomly distributed, the desired output (e.g. an exponen-
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tial curve) is in some sense the mean, or average of the
data (see figure 1). In the next chapter this model will be

developed, and some methods of curve fitting will be presented.
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Figure 1 Sample data and best fit straight line. While the
sum of the deviations from the straight 1ine is about 0, the
sum of the squared deviations is about 1.5.
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Chapter II

Curve Fitting Techniques

Without sources of experimental error, there would be
very little need for sophisticated techniques of data analysis.
A few calculations would have been sufficient to produce a
perfect fit of data to theory. Unfortunately, the comparison
of experimental data and theoretical curves often requires
statistical analysis to better interpret the data.

All of the techniques of curve fitting described here
rely on one major assumption: the data deviates from its
expected value due to normally distributed random fluctua-
tions. In other words, the errors have a normal or Gaussian
distribution, and each error is independent of the other
errors.

th

The probability of the i observation is [2]

Lo YT
Pi=-—l—e2 o5 (1)
Ui/ 2T

where

o; = the standard deviation of the ith obser-

vation
. th ,
y. = the actual 1i observation

predicted value for the ith observation.

)
I

In general, o) will not be known exactly. 0, may be
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due to a lack of precision in the recording device, a partic-
ularly sloppy experiment, or problems with a piece of equip-
ment. It can usually be estimated. The importance of oy is
its relative value from observation to observation.

We now want a relation for the probability of the en-
tire set of observations. Since the errors are independent
of each other, we can take the product of the probability of

each observation to obtain the desired probability.

= 2
R L E A
N N 2 o.
P(x) =1 P, = 1 II —é— e 1 (2a)
i=1 *  vZmoi=1 Vi
- 2
[ 1 g ( ¥i7Yy ) } N
1 T2 g. . 1
= —— e i=1 1 1 —_— (2b)
vam i=1 i

Note that §i need not be a constant. It can be a func-
tion of an independent variable (e.g. time). We are inter-
ested only in deviations from ?i, the predicted value of each
observation.

The goal is to maximize the probability of the set of
observations. This is done by minimizing the argument of the
exponential in equation (2b). It is usual to call this

expression, which represents the goodness of the fit, x2.
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o (3)

Calculating the average

To illustrate the meaning and usage of equation (3),
we will look at a simple case. Let y be a single constant,
Y (also known as the mean or average). To maximize the pro-
bability, we minimize X2 in equation (3). To do this, we
take the derivative of x2 with respect to Y, which is the

only quantity which we can vary, and set it to 0.

2 (y.-Y)
LD G T Qs S (4)
Y i o

Solving for Y,

— r Y3
- (5)
Y —-"-2' A\~
O.
i
1
Y —
2
g.
1

In the special case of a constant standard deviation
from experiment to experiment, equation (5) reduces to the

common expression for the arithmetic mean.

i (6)
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Linear Regression

We can now look at a more complicated case, in which
y is a "linear" function of some independent variable x.
(Technically, y is not a linear function of x because
§(xl + x2) # §(xl) + §(x2), but the result of this analysis
is commonly called linear regression.) Equation (7) describes
such a relationship. While X, can assume different values

for different i, it must be known.

?i = a + bxi (7)

We now proceed to minimize Xo r defined in equation (3),
using y as defined in equation (7). Since both a and b are to
be determined, the partial derivatives of x? with respect to

both a and b are set to 0.

ox~ _ _ —
a—a—- = ZZ(yl (a + le) 0 (8a)
\ 5.2
1
89X~ a3 —a+hb )x =0 (8b)
b (Yi a X057
)
v,
1

In matrix form, these equations can be rewritten



with the

117 I I
X, Y.
_i_ X - a x S
2 2 2
(0] ag. g.
1 1 1
2
X5 Z Xy . X X;Y;
02 02 02
i i 4 L _ i _
solutions
1 /2 x 2 % z X D4
=5 i Yi - i i¥i
2 2 2 2
o. O. . o
1 1 1 1
1)z 1 S S U s SRR |
N 2 2 2 2
o o. g. o
1 1 1 1
2 2
1 X5 %5
=1 2 z -7 - Z"?‘
. g. O.
1 1 1

(9a-b)

(10a)

(10Db)

(10c)

In the special case of equal Oi's, equations (l0a-c) reduce to

b

NIY.X. - IY. IX.
i1 i i
2

N I X,
i

2

(1la)
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I (11b)
N

We would like to know how reliable the assumption that
§i = a + bxi is, and also how accurate a and b are. The
correlation coefficient tells us how strong the correlation
between x and y actually is.

If y is "linearly" related to x, then x should be

linearly related to y.
Xx =a' +b'y (12)
The values of a' and b' will be different from a and b in

equation (7). However, if x and y are indeed related, then

a' and b' are related to a and b. First, solve (12) for y.

|
®

Yy = bt - BY (13)
and relate the coefficients to equation (7)
al
a=-2r (14a)
b = %T (14b)

In the ideal case, then, bb'=1. If x and y are not

correlated, then bb' = 0., The correlation coefficient is
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defined to bevbb'. First, calculate b' from equations (12)

and (10a)
1 1 XYy Yy *q (15a)
=g |f——=2 ! =3 - P~z =3
o. ag. g. g
1 1 1 1
y.2 y. \?
B 1 i i
R T y L (15b)
g. g. (e}
i i i
The correlation coefficient is then
X.Y. v, X,
r = /b7 = = —lf r -t - i x i (16)
g. (e} . o
1 1 1 1
, 172
1 2 2 1 2 2
[z — Ix. % - (ix, )2][2 5 Iy.° - (Zy;%) ]
O'i Oi

The closer the absolute value of r is to 1, the bet-
ter the degree of correlation. The probability density

function of r is [3]

(v=2)/2
1 r [(v+1)/2)  (1-r2)

JiT T Uv/z)] )

Pr(r,v)

where v = number of degrees of freedom for the data,
which is equal to the number of data points

minus the number of parameters in the fit-
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ting function, determined from the data.

and the probability that a sample of N uncorrelated data
points would yield a correlation coefficient as large or lar-
ger than |r|is

1

Pc(ry) = 2 Jr Pf (r', v) dr' (18)
| x|

where v = N-2.

A small value for Pc means that x and y are actually corre-
lated.

The variance, which is the square of the standard devi-
ation, 0;, can be approximated by equation (19) for normal
distributions

o? = 11 (y;-9) (19)
It appears in the normal distribution probability density
function, equation (1). The larger the standard deviation,
the larger the spread of values to be expected. The probable
error is .6745 o; half of the observations are expected to be with-
in y * 0.6745 0. Over two thirds (68.3%) of the observations
should be within a single standard deviation of the expected
value. [2]

To characterize the uncertainties in the parameters a
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and b determined in equations (10a)-(10c), we can derive

expressions for o, and Oyyr defined as

2

2 _ LTy 2 ~ = - 2 2

o “ = 12(a;-a)° T I |w;-¥;)da Z"yi(?), (20a)
N oy 4
N
2

2 _ .2 | 9

o," = Zoyi( Iy ) (20b)

Equations (10a) and (10b) are used to determine the

partial derivatives.

2
da_ _ 1 10z M=% or % (21a)
ay’ A 0.2 i 0.2 0_2 i 6.2

3 j i 3 i
X. X.
ob _ 1 i 1 1 i
v, B ( —2 ! 3z 7 2 T3 (21b)
i o. i o o. o
3 i J i

2 X 2 X X 2
ol = I el e I ] B CE LY
A 0. o. 0. o.
J J J 1
2
2 2
1 1 ojz 1 (z X5 \-2% g% ¥
T2 ] 4 2 4 i 2 i 2
A Oj Gy oJ o, o4
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2 2
X. 5 X5
_lZ i —3 (22b)
o. G.
j i
X 2 ? X X 2 X
- 1 r 1 r i _ 2% i L i L i o+
A2 i 5 2 5 2 i 0.2 ig 2 1 o 2
i i i i i
X 2 pie 2
% i z i
I Fl (22c)
G. o.
i i
=1 % xi2 z X12 o1 r *i ’
A2 — 5 5 ( 5 ) (224d)
o, C. o. G.
i i i i
% 2
oa2 = %— 21 (22e)
G.2
i
Similarly,
o 2 x X 2
5 2 _ 1 I 73 3 L1 _ L 71 (23a)
b 2 5 —7 T2 2 2
o. o o. o
J 1 J i
2 2 < <
1 ot % (o 2% 1 S S
- 2 2 |1 2 2 i 2 i 2
A o. o. o. 0. o
Jj i 3 1 i



2
1 n ¥4 (23b)
0.2 0.2
J 1
1 |z A ‘z 1 - 2% 1 £ ®*i o+
-2 2 2 2 2 2
A Gi Ci O'i Ui 01
X ¢ 2
r 1 I i (23c)
2 2
ag. .
1 1
2 2
1 11 r1 ¥ _ [t (23d)
= =3 2 ) 2 )
A o. . o. o
1 1 1 1
2 1 11
Ob = K—- 0_2 (23e)
i

The determination of a and b in the above analysis is
known as "linear regression." It enables one to fit data to
a linear function of an independent variable plus a constant.
It can readily be extended to many independent variables or
functions of those independent variables, as long as they
are linear functions of the coefficients to be determined, i.e.

Yy = a3, + a ce.) + a2f2(xl, x2...)... (24)

151 (%0 %5
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We can then take the partial derivatives of X? with respect
to all of the ai's and set them to 0. A set of linear equa-

tions are the result, and these can always be solved.

Modified Linear Regression

Not all fitting functions are linear. In fact, in the
analysis of experimental data very few fitting functions are
linear. 1In a non-linear case, we can still proceed by taking

the partial derivatives of XZ

with respect to each of the
parameters and setting them to 0, but in general we will not
be able to solve the resulting set of non-linear equations.
There are times, however, that the fitting function can be

recast into a linear form.

Equation (25) is a simple case.

2

= _ 2
y = aj x + (a2 a

)X (25)

1

A simple set of transformations enables linear regression

techniques to be applied

o2
al = aj (26a)
'—...
a, = a, a; (26b)
y = a'x + a! x2 (27)
1 2

After the primed coefficients are determined, the original



-25-

coefficients can easily be obtained. The uncertainty in the

original coefficients can be approximated by equation (28)

2
02 > oi: 93y (28)
1 1 8%

A more complicated example is shown in equation (29).

— -t/T
f = f2 + (fl - f2) e (29)

f., and T are constants to be determined.

where fl’ 2

By subtracting f, from both sides, multiplying by -1, and

2
taking the natural log of both sides we get

In(f,-£) = ln(fz—fl)_ti/T (30)
Let

y; = 2n(£,-£.) (31a)

x, =ty (31b)

a = Qn(fz—fl) (31c)

b= -1/t (314)

Then equation (30) becomes
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y; = a+ bx, (32)

The standard deviations also must be transformed

o2 o 2
2 _ 213y _ 2 1
Oyi T %fi [ﬁf) = O (f = ) (33}

At this stage we are ready to apply standard linear
regression techniques to the problem. Equations (l0a-c) give
us values for a and b, and equations (22e) and 3e) give us
the uncertainty in a and b. Equations (31lc-d) relate (fz-fl)
to a, and T to b. In a manner similar to equation (33),

can be related to o_, and ¢_ can be related to ao,.,
f£f.-f a T b

a
o _ = g e (34a)
(f2 fl) a
o. =b (34b)
b2

This curve fitting technique was tried with an experi-
mental case study (see Chapter 3) involving a set of data fit
to a curve of the form (29). However, the dependent variable

in equation (31) or (33) is Rn(fz—fi). This means that f2

must be known a priori to use linear regression on this prob-

lem. In practice, however, knowledge of f., would necessitate

2

an infinitely long-time experiment with no drift. Therefore,

a first estimate of f2 was used to determine fl and t. Chi



-27-
squared was then calculated using equation (35):

2
2 _ -t./T _
x° = ? [f2+(flvf2)e i fi] (35)

2

f.
i

(o

using a value of Ofiz = 1. A specified increment was added
to f2 and X2 was again calculated. If xz increased the
first time, the increment was multiplied by -1, and added to

the original £ The increment was kept the same until X2

-
started to increase. At that point the increment was multi-
plied by -1/2. When the absolute value of the increment falls
below a specified value, this binary search is halted (see
appendix A.)

There are times that linear regression techniques can
be unsatisfactory. Figure 2 compares experimental data with
a best fit to equation (29) predicted by the modified linear
regression techniques described above, and with a best fit

predicted by the gradient-linearization technique described

below.

Optimization of Each Parameter in Turn

Let us define the fitting function to be an arbitrary
function of n parameters, ay-a., and any number of independent

.+
parameters, x.

y = y(al...an,§) (36)
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Figure 2 Data from a radioactive tracer study vs. time, along with

the best fit predicted by the modified linear regression program
and the best fit predicted by the gradient-linearization method.
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We want to choose aj..-ay to minimize xz. We can
take the partial derivativecnfx2 with respect to each para-
meter a.., and set it to 0. In general, though, we will not
be able to solve the resulting set of n non-linear equations.

A very simple approach is to vary one parameter until
x2 is minimized with respect to it, given the values of the
other parameters. This is done to each parameter in turn, and
repeated until it can no longer reduce X2 very much. Simpli-
city is the virtue of this method. It requires many computa-
tions of X2 to converge, however. It will generally have
difficulty zeroing in on the minimum of xz, because the best
value of a parameter calculated each time is dependent on the
current values of the other parameters rather than on the
actual best values of the other parameters. Far away from
the minimum, this method zig-zags back and forth as the para-

meters are slowly optimized.

Gradient Search

A more powerful approach is to calculate the gradient
of xz in n-space, and to travel down the gradient until a
trough is reached. The gradient is then recalculated. The
process is continued until xz no longer changes.

The gradient of x2 in n space is the partial derivative of

X2 with respect to each parameter aj, in the aj direction.

(37)
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We can make this quantity dimensionless by normalizing
each component to the current magnitude of the parameter aj.
2 ~

Y EV(Xz)aj =3I 3x° a.a. (38)

da.
J

The normalized increment of sz in any direction, bj’
is then equal to the component of the normalized gradient in

that direction, divided by the magnitude of the normalized

gradient
2
b, = X a (39)
J
[ (3 2 2] 1/2
9

The actual increment to move in each direction will be the

total increment times the factor calculated in (39).

b.d. (40)

Aa.
J

The program that implements this procedure moves in
small increments along the gradient until xz no longer dimin-
ishes. (See appendix B)

Far away from the minimum in x2, this method works
quite well. Close to the actual minimum, however, the gradi-
ent becomes very small. Calculations involve subtracting
almost equal numbers to determine the derivatives with respect

to xz, so a good deal of precision is lost. Convergence near
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the minimum is therefore yery slow.

Linearization of the Fitting Function

A method which works well near the minimum of X2 in-
volves linearizing the fitting function around the current set

of parameters ajs a,...a..

y(al + dal, a, + &az..., x) = yo(al...an,§l+
s s A(aj...,®) (41)
. a.
Jjoa.
3 J i

where Yo is the current value of the fitting function.

In this case,x2 can also be approximated as

2
2 _l;_ - > _ OV~ o >
X z 5 [yi yo(al...,xi) z 0 (al...,xi)daj}
i o, da.
i 3
(42)
Let
yi' = yi—yo(al...,xi) (43a)
-
oy, (aq...x.)
xt =0 b (43b)
ji ]
a3 = daj (43c)

With these substitutions, equation (42) becomes



~32-

2. . 1 . :
YL . [yi - % al x..] (44)
i 3

i

Q

This is an example of multiple linear regression; the function,

L
yi(§) = 5 aé x%i , is linear in 2y, the parameters to be
: j

determined. We can differentiate (44) with respect to each
ag and set each derivative to 0. The resulting set of simul-
1

taneous linear equations can be solved for aj, giving us the

desired result, Gaj.

3)( - _ l_ ' _ ] t v _
roul 2?( ) [Yi L oay in] in) =0 (45a)
a ilo. j
k i
or
yl
l ] ' L ]_ .
I =< X,., X a. X.. = L —&= X, . (45b)
;05 ki n ji i Oi2 ki
Using matrix notation, we can rewrite (45b) as
ao = B (46)
where
1 1 L
a = [al ay +-- an] = [6a1 6a2 _,,5an] (47a)
' ' 3y . 9y .
0., =% X .., = I oi oi (47b)
ko T ki I 53 Ja.
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B=|2 —% Y; %13 L —=5 (¥;7Yp;) 33
10 . 1
1 1
) = . (47¢)
OY s
1 v 1 0i
I —5 Y. X_. I —— (Y:=¥q4)
i 0_2 i Tni L? 0'2 i 401’ 23a
i 1 - 1 .

The solution for a can be obtained by inverting the a

matrix
a = Ba_l (48a)
or
2B (48Db)
a = . .
j X k jk

Close to the minimum in xz, this method converges both
rapidly and accurately. Further away, it suffers from the
inaccuracies resulting from the linearization of the fitting
function. There, the gradient method works better.

An approach proposed by Marquardt [4] involves using a
combination of the gradient method and the linearization approach.
The normalized diagonal terms of the a matrix defined in equa-
tion (49b) are all 1l's. Add a constant, which we will call

A, to the diagonal terms. If the constant is small, the lin-
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earization equations are hardly affected.‘ If X is large,

the equations decouple.

a. A aij = Bj (49a)
or
1 Y
pX (Vi=Yns) 0i
T = 3x%2 ¢ (49p)
aj = J T da.
3y .. | 2 j
roz Oi)
1 |oa.
J
where C = 1
Zkuji

and so Gaj points down the gradient, with a magnitude scaled

by ZAajj. The larger ), the more of the gradient method that

is included in the calculations.

%5k %3k k # 3 (50)

The suggested approach was to initialize X to 0.00l.
Each time the increments are chosen, x2 is checked to see if
it aecreased. If it did, indicating that the proportion of
gradient search is at least sifficient, A is decreased by a

factor of 10, reducing the proportion of gradient search.
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If XZ increased, indicating that more gradient search is
needed, A is increased by a factor of 10. Each time xz
decreases, the prescribed direction is followed until xz no
longer decreases. The entire process is repeated until xz
no longer gets smaller.

The uncertainty in the parameters cannot be calculated,
since an analytical solution was not obtained to minimize Xz.
However, near the minimum in ¥, the uncertainty can be approx-

imated by

2 . 1 2
oy D = (51)

= >3

aJ %33 34X

3a.2

This technique was seen to be extremely versatile and
powerful. Unlike the gradient method alone, it converged to

the same minimum for all reasonable starting values of a ceea .

1
Appendix C contains both a listing of the APL subsystem written
to implement this algorithm and to make it easy to set up and
use, and a description of how it was used.

Table 1 compares the different techniques of curve

fitting. The asterisks denote methods which are easily imple-

mentable on a programmable calculator.



Technique

*Tteration

*Optimize each
parameter in
turn

*Linear
Regression

*Modified Linear
~gression

Gradient search

Linearization
of the fitting
function.

Combination of
gradient search
and lineariza-
tion
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Advantages

Simple to implement.
Applicable to every
case

Simple to implement
Applicable to every
case

Quick
Fairly accurate

Quick, Fairly accur-
ate, works on some
non-linear problems

Applicable to every
case

Converges very well
from far away

Zeroes quickly into
the minimum

Works on every prob-
lem. Converges well
both from far away
and close up.

Finds the minimum
independent of start-
ing position

*Implementable
on a program-
mable pocket
calculator.

Disadvantages

Requires a good guess
and the proper range
to ever converge.

Slow convergence
Very slow if the
parameters are not
independent.

Slight complication
in programming,
Works only on linear
problems. Bombs out
on certain cases.

Doesn't work on
everything. The
transformed standard
deviations are not
too accurate for rel-
atively large errors.

More complicated to

program. Strains the
capability of a pro-
grammable calculator.
Cannot quite "zero in"
on the minimum.

Very complicated to

program. Has trouble
finding the right path
from far away.

Very complicated to
program.

Table 1
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Chapter III

A Case History

A case history illustrating the previous two chapters
will now be presented. The methods used to analyze the data
collected from some electromechanochemical experiments will be
examined in detail.

The experiments were done to determine the 1/e time
constants of the change in isometric force generated by a
collagen membrane associated with a step jump in pH; They are
described in detail elsewhere.l The force was converted into

a proportional voltage by a load cell.

Collecting the Data

Originally, the output of the load cell was amplified
and recorded by a strip chart recorder. It was found that
too much noise was introduced by the apparatus (see figure [3]),
and it was very difficult to determine a time constant. In
order for the second level of curve fitting (which involved
fitting the time constants of the experiments to a theory) to
be meaningful, the time constants had to be reasonably accur-
ate. A simple, passive low-pass filter was added, but did not
filter out enough of the noise. Discrete sampling and data
analysis techniques were then tried. These techniques may be
useful for the analysis of data from many experiments attemp-

ting to characterize the chemical kinetics or the dynamics of
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some process.

The most direct method of sampling the data was to man-
ually read the voltage from a digital voltmeter. In a'typical
experiment, the voltage increased 40uvV. The resolution of the
voltmeter was 1 1V. Due to the physical limitations, the
maximum sampling rate was .2 Hz, or 1 sample every 5 seconds.
The actual time constants associated with the experiments
ranged from 15 seconds to over 5 minutes.

To increase the sampling, and also to increase the
degree of resolution, a General Automation SPC-~12 mini compu-
ter with 8k of 8 bit bytes, an 8 channel A/D converter, and
tape cartridge mass storage system was used. After much pain
and sorrow, it was programmed to take data at a rate determin-
ed by a square wave generator (see appendix D), and to print
it out on the teletype for use in further processing. It
was found that between the amplifier and the A/D converter, a
significant amount of noise was introduced into the signal.
(See figure [4]). Due to this fact, it was more difficult to
determine time constants from this data, even with the most
sophisticated curve fitting techniques. The best time con-
stant was strongly affected by truncation of the data, a phen-
omenon which will be discussed in detail later. This made a final
accurate determination of the time constant nearly impossible.

The ground connections of the A/D converter were very
temperamental. After 30 experiments, the wires were moved

and the A/D converted ceased to work properly. Subsequent
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Due

Figure 4 Sample data collected using the A/D converter.

to the noise and uncertainty in starting time, it is very difficult

to determine a 1/e time constant.
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reconnection attempts did not work, so this method of data

collection was discontinued.

Analyzing the Data

As mentioned in chapter two, the objective in curve
fitting is to minimize X2’ which was defined in equation (2-3).
The first level of curve fittinginvolved fitting the raw data

that was collected to a function of the form

£, £, + (£-F,) e T (1)

The standard deviation for each reading was chosen to
be 1. The oi's certainly should be equal, since the same
scale was used for all of the readings. The constant 1 was
chosen because the resolution of the voltmeter was 1 unit.
This is certainly not rigorous, but it is a reasonable approx-
imation.

An SR-60 programmable desk calculator was obtained to
speed up the data analysis. It was first programmed to calcu-
late the weighted average error for an arbitrary choice of fl'
f2 and 1. The weighted average error is defined in equation

(2),
1/2
— , - 1/2
W.A.E.= | Z(f.-f_.) ~ 2

i 291 = X . (2)
i |
1 * 0.2

) 1

i 0i
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where fpi is the value of f predicted for the ith

observation.

The program was extended to iterate on all of the parameters,
and to remember the set of parameters with the lowest w.a.e.
Table [2] gives an example of such calculations. This method
was very simple, but also very inefficient and wasteful in
terms of the calculations necessary to zero in on the best
fit. 1In fact, it is necessary to choose the right range of
values for fl, f2 and 1 in order to have any chance of mini-
mizing Xz.

As mentioned in chapter 2, by manipulating equation (1),
one can recast it in a form amenable to linear regression tech-
niques (see equations (2-29) - (2-34).)

Equations (2-10a) -~ (2-10c) can be applied to solve for
zn(fz—fl) and -1/1, yielding (fz-fl) and t. In order to use

this technique, f., must be known. A binary search was used to

2
find the best value to choose for f2, while the modified lin-

ear regression yielded the best values of f. and 1 for a given

1

f2. (see appendix A)

Using this method, it took about 5 minutes to determine

the best values of f, and T given f and on the order of an

1 27
hour to find the best integer value of f2. Table [3] illus-
trates the results generated by the program. In at least one

instance, strange behavior of the fitting program was noted,
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f2 Best T Average error = 0
47 295 0.868
" 310 0.964
" 320 1.135
" 335 1.357
48 315 0.667
" 330 0.742
" 340 0.927
" 355 1.172
49 335 0.549
" 350 0.578
" | 365 0.764
" 386 1.023
56 360 0.512
" 370 0.482
" 385 0.645
" 405 0.905
51 380 0.564
" 395 0.467
" 410 0.578
" 425 0.816

Table 2 Sample set of calculations done on an
SR-60 calculator using the exhaustive search
algorithm to search for the best fit of fl’ f

and t. Each calculation took ~2 minutes. 2
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fl f2 Best T Average Error Number of Points
68.5 100 144 0.492 59
68.8 101 154 0.476 "
69.1 102 164 0.522 "
69.3 103 175 0.591 "
0.6 23 67 0.87 36
0.8 24 74 0.60 "
1.1 25 81 0.414 "
1.5 26 89 0.366 "
1.9 27 29 0.438 "
59.1 95 442 0.626 53
59.2 96 464 0.597 "
59.4 97 486 0.575 "
59.5 98 509 0.561 "
59.6 99 532 0.553
59.7 100 555 0.553 "

Table 3 Sample set of calculations done
on an SR-60 calculator using the modified
linear regression algorithm to find the
best fit for f£.,, £, and t. Each calcu-
lation took ~5 minfiites.
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and other techniques gave a much better fit. For this and
other reasons, a much more powerful computer system was used
fbr subsequent data analysis.

The first method tried on the MULTICS computer system
was the variation of each parameterin turn. Starting values
for each of the parameters were chosen and then each parameter

was varied so that x2

was minimized given the current values of
all the other parameters. This was actually used for fitting
the calculated time constants to a theory predicting them, so
it will be discussed later. The gradient method was also used
only for the second stage of curve fitting.

When difficulty was encountered in fitting the calcu-
lated time constants to the theory predicting them, even using
the gradient-linearization technique, the original raw data
was re-analyzed using the more sophisticated gradient-linear-
ization techniques.

An interesting phenomenon was observed during this round
of data analysis. The full set of data from each experiment
was analyzed, and then data points were truncated from the
beginning. Some sets of data were relatively insensitive
to truncation; i.e. the values of the best fit parameters did
not vary as a function of truncation. Other sets of data were
very sensitive to truncation. Table [4], shows the effects of
truncation on sample data sets. Figure[5] has graphs of the
different best fits of one data set along with the actual data.

This phenomenon made it difficult to decide upon the



|=

-46-

average error ¥ of points truncated

2

57.5 398 0.495 0

57.7 421 0.461

57.8 425 0.460

103.0 176 0.507
103.1 179 0.496

103.3 189 0.428 8
120.0 93 0.594 0
120.0 93 0.593 1
120.0 92 0.599 2
120.7 90 0.587 3
120.6 88 0.584 4
120.8 90 0.579 5
120.8 91 0.586 6
120.9 93 0.584 7
120.9 93 0.592 8
120.9 93 0.601 9

Table 4 Effect of truncation on the best

fit values of fl' f2 and T found by the

gradient-linearization method.
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Figure 5 Sample data vs. time and the best fit exponential curves
predicted by the gradient-linearization method with all the
data, with the first 4 points truncated, and with the first 8

points truncated.
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most likely time constant for an experiment. There were many
possible causes of this phenomenon. Most of these stem from
the short transients that occur at the beginning of the exper-
iment (e.g. mixing time), while others stem from the nature of
the approximations made in deriving the theory.

In practice, there usually was a region in which trun-
cation no longer affected the values of the best-fit parameters.
The average value of 1 in that region was chosen to be the
time constant for the experiment. The statistical uncertainty
in the time constant was smaller than the fluctuation of the
time constant with truncation. Therefore, the standard devi-
ation of each time constant was chosen to reflect its sensi-

tivity to the truncation of the data.

Analyzing the Reduced Data

Once the time constants and their associated standard
deviations were determined, they were used as data to be fit
to a non-linear diffusion-reaction theory. The independent
parameter was the initial pH at which the experiment was done.

The fitting function was

2 a.a
r= I 1+ =3 (5)
may (agte)?
where
c3[c + c,.] + cz[(c +c,.)a., + c.a.l]
0 10 0 10" 73 0 2
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+ cleqajzag = a,cq3; = Cy0¢4071 — ©,0C57a; = 0 (6)

where

c c c are the independent parameters

0" 10" T20

of the experiment
L is determined by independent experiments

a, is a constant. parameter to be determined

3

a a a, are constants scaled by quantities

1" 72" T4

determined by independent experiments.

The constants are to be determined.

(Eg. (5) is the linearized diffusion/reaction time constant
and equation (6) represents a Donnan equilibrium relation for
internal H' ion concentration of a collagen membrane. See
reference [1] for details). This is clearly not amenable to
linear regression techniques. The exhaustive search technique
was tried as a start, but took too much time and paper to

look over variations in four parameters.

The next technique tried was the variation of each
parameter in turn. This was more efficient, but was not able
to converge upon a minimum in Xz. It seems that the parameters
were too interdependent.

A gradient search was then implemented. This worked
fairly well on simple functions. However, with the actual
fitting function the gradient search stopped short of the min-

imum. In fact, when the starting points were chosen on oOppo-
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site sides of thevminimum, the gradient search stopped on
opposite sides of the minimum with the minimum clearly in
the middle. (See Table [5].)

At this stage,the combination gradient linearization
method was implemented and used. This provided the same best
fit almost regardless of starting point. This proved to be
very useful, because it allowed full attention to be focused
on the theory and data, rather than on weaknesses of the curve
fitting techniques. After re-analyzing the original raw data
with this method, a best fit to the experimental 1's was found
which had reasonable values for the independent parameters
(see reference [1l] for complete details of the theory and

experiment) .

Analysis of Auxiliary Experiments

In order to complete the theoretical analysis of the
time constants, two separate experiments had to be done. The
thickness and fractional water content of the collagen mem-
brane varied as a function of the independent parameters, and
had to be characterized.

Membrane thickness and weight were measured at differ-
ent bath pH's. The results fit very well to a curve of the
form

Q = a; +a,c (7)

+a
cras

+ .
where ¢ = bath H concentration
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Ending Points

SéEf pK ' Cét- PK T! Average error
1.2 3.5 0.4 1.19 3.70 0.495 10.00
1.2 3.7 0.4 1.20 3.70 0.490 10.00
1.4 3.5 0.4 1.39 3.76 0.381 10.03
1.4 3.7 0.4 1.40 3.77 0.378 10.003

. 3. .4 1.20 3.40 0.538

. 3.7 . 1.20 3.40 0.536 .

.4 . .4 1.40 3.46 0.416 .

.4 . .4 1.40 3.46 0.414 .

. . . 1.21 3.38 0.543 8.

. . . 1.21 3.39 0.541 8.

. . 1.40 3.44 0.420 8.

. . . 1.41 3.44 0.419 8.

Table 5 Best fit values determined

using the gradient method.

The para-

meters are for a simplified version of

equation (3-5,6) with a different break-

down of parameters.

of the final wvalue of Ca

value.

Note the dependence
_ on the initial



_52_

and it was decided to use equation (7) to model both thick-
ness and weight. Using the APL subsystem described in appen-
dix C, the setup of equation (7) and the final determination

a., and a., took under a half hour.

of al, 5 3
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Chapter IV

Conclusions and Discussion

Two basic types of data collection techniques were used.
Continuous data collection was implemented using a strip chart
recorder. Noise was very difficult to eliminate. Discrete
data collection also had its share of problems. However, with
the use of powerful curve fitting techniques, many of those
problems were overcome.

A number of different curve fitting techniques were
used to analyze the data. In general, there was a tradeoff
between ease of programming on the one hand, and generality,
power and speed on the other. Table [6] compares the different
techniques in terms of their complexity, relative speed of
execution, and number of computations required.

Often, other factors had to be taken into account
during the data analysis phase. In the case history presented,
there were often transients in the beginning of the data,
which had to be truncated in order to accurately determine
the time constant.

A question which was touched upon in chapter two in-
volves the validity of the assumption that the fitting function
does indeed represent the experimental data. There are a num-
ber of statistical tests which focus on the probability dis-

tribution of x2. The X2 test looks at the probability of the



Method

Exhaustive
or iterative

Optimize each
parameter in
turn

Linear regression

Modified linear
regression
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Steps per Single Typical Number
Application of of Applications
Method Required for
Convergence
1l calculation of Many (e.g. 100)
X?:(n+2)N

Total=(n+2)N

~3 calculations of 5-15
¥é per parameter =
3pH (n+2)
Total~®3pN(n+2)
x2
z — * 3N 1
o
Xy
I =% = 3N
02
z-l’lz-=2N
o
X
)} — = 2N
o
1 _
) — = 2N
o

calculation of a,b,A=11
Total = 12N+11

Transformations=NT 1-5
Regression=12N+11
Total=(12+T)N+11

Table 6



Gradient

Combine lineari-
zation gradient

Table 6
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2p calculation of x?
for gradient=2pN (n+3)
sum of squares of grad-
ient=2p
calculation of incre-
ments=2p
~10 steps along path,
calculating ¥ =10N(n+3)
Total=p (4+2Nn+6N) +10Nn
+30N
=N (2np+6p+10n+30)
+4p

partial derivatives=

N[n(2p+5)1]
g = Np£n+4)
a = Np~ 3

2
temporary array=p 10
matrix inversion”p23
increments * 1llp

Total =~ p~ (13+3N)+p(11+3Nn+4N)+5Nn
2 N(3np+5n+4p+3p2)+l3p2

Approximate relative computational demands

of the different curve fitting techniques. There are

N data point and p parameters to be fit.
steps to evaluate the fitting function.

It takes n
To transform

the non-linear function to the linear one for the
modified linear regression it takes T steps per data

point.
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reduced value of xz defined by

2
2 _X
X"y =3 | (1)

where v is the number of degrees of freedom,

The probability of x2 being that high should usually be "50%
for one to have confidence in the fitting function. TIf it is
unusually small, there is reason to doubt the validity of the
fitting function.

The X2 test is ambiguous, because xz measures both the
deviations of the fitting function from the expected values of
the data, but also the scatter in the data. The F test looks
at the ratio of two different reduced x2 distributions, whose
probability density function is called the F distribution.

Xyl

Fip = (2)

X92

Two types of F tests are normally done. One tests the entire
fit, and is related to the multiple correlation coefficient R

defined as

2
n S.
R = I b. A (3)
= S
y

where the fitting function is
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= a + Ib.x. 4
Y 373 (4)
and
2 _ 1 1
®jy T N-I Exijyi N in‘iji) (5a)
2 _ 1 2 _ i 2
sy =w1 (Ivy -~y (yy)) (5b)

A guantity, F_ can be derived which is distributed according

R
to the F distribution, with v, =n and vy = N-n-1. [5]
2 00
(1-R”) n

A large value for F_ corresponds to a good fit. A small value

R
for FR means that at least one term in the fitting function is
probably not valid, and is decreasing the multiple correlation
coefficient R by its inclusion.

We can also test for validity of adding another term

to the fitting function. The addition of a new term reduces

X2 by a certain amount sz. The ratio of sz to the new x2

should follow the F distribution with vy = 1l and v2=N—n—l
2
Xy

It is important to be able to put all of this statis-

tical theory into practice with a minimum of trouble for the
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varied settings that the experimenter faces.

Stages of an Experiment

Most experiments involve a certain amount of time spent
debugging the experimental apparatus and techniques. Once this
is done, the experiment is run once, or more probably many
times. For the case study of chapter 3, running the exper-

iment inwvolved

1. Setup and calibration.

2. Start of excitation or initialization of
independent test parameter.

3. Data collection and storage.

4. Equilibration.

5. Variation of excitation or test parameter.

Steps 3-5 were repeated until the experiments of the current
run were done. Step 3, data collection, may include some
real-time data reduction, in which case the reduced data
(e.g. amplitude of harmonics) might be stored instead of the

raw data.

Types of Data Analysis

In this thesis, the type of data analysis focused on
involved fitting the data to a function predicted by theory.
There are three major types of data analysis, in general.

They involve,
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1. Fit to a probability density function.
2. Fit to a function of one or many independent
parameters.

3. Straightforward calculation of some quantity.

An example of the first might be the fit of test grades
to a normal distribution and calculating the mean, standard
deviation and skewness of the fit. The second has been extensiv-
ely discussed.. An example of the.third might involve the deter-
mination of growth rates of bacteria under different conditions.

A major goal to work for is to make all the phases of
experiments (e.g. running, data collection and data analysis)
as fast and accurate as possible. To that end, a generalized,
easy to use set of programs was developed to aid in the analy-
sis of data. Attempts were made to design a general-purpose
data collection system, but were unsuccessful. Better hard-
ware and software tools should enable such a system to be con-
structed.

As digital hardware becomes more affordable to many
research groups, we will see more and more experiments run
and analyzed using dedicated mini-computer systems. Hopefully,
general purpose data collection and data analysis systems
will come into use, eliminating the need for many different
people to "reinvent the wheel" each time they wish to run an

experiment and analyze the data.
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Appendix A

Usage of Programs on An SR-60 Calculator

to Read In and Analyze Data

Two sets of programs were used on an SR-60 calculator,
one to input data, edit it and store it on magnetic cards,
and the other to analyze it. The exhaustive search method
and modified linear regression method were implemented to

find the parameters fl' f, and T in the fitting function

2
f=f2+(fl—f2)e—t/T. Up to 60 data points could be stored and
analyzed. The entire set of programs consisted of over 2500
keystrokes and were stored on 3 magnetic cards. Each set of
stored data resided on 1 side of a magnetic card. Results

were printed out on a 20 character wide printer. A sample

data input session and sample data analysis section follow.
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*#DRTH EHTREY HHD

v
+

25,0
i.10
26,0
.15

[

3.4 ‘\;’—
i.40 Data

1.'12 ., ; Dq—tq_ e_y\-[:Q,\r(_qL

Time in M.SS

ﬁ%i: ‘ Sample run of the
; data entry and edit
program. 4

i5.40
0. 24

0,25 1
2.1%
19,0
O, =0 20,0
.20
20.0 .
0,35 S0, 0 :

4__.———-——- ITH YP ?\'c‘.sscd~

21.0
0.40

THZER

1
[RX]

[R5l

LRET

s
M
o

T

WEITE

IATA WRITTEN €———r Oate written ‘
L onto « m%fnebc
carq,

Ted

(]
i

DY)
.
e

[0x)

Do 151
e
Py |
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Sample run of the
20,5 data analysis program

. .
24, 46
&0
ZIGHA TRus .
1.% .
SIGHA A-B= Lo
.2
TRU=
4z,
a4z
TRU=
Si.
0.51
M
AVERMGE
. .

¥

* S
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Appendix B

APL Programs That Implement
the Variation of Each Parameter in Turn

and the Gradient Methods

The following two programs in APL, grdls and gradls
implement the variation of each parameter in turn and the
gradient methods respectively. Each expects a vector "A" to
contain the parameters and the variable "NTERMS' to contain
the number of terms in "A". "DELTAA" is expected to contain
the increments to use for advancing or taking the partial
derivatives. The function CHIS takes one argument and returns

the weighted average error.



£1l
L21
31
£41
[&3
L&l
71
£al
L1
£101
111
£121
[£13]
141
I R
L1661
L1721
£1e1
£1el
L2017
L2170
L2221
[231
£241

L2571

CORDLSI]1]v
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¢ GEOLS;ISURTOICHT ] JOHI2CHIZ; TEMP j DELTA S FHM

TeUFTO ] Initi
ALOOE $FMeg  Initi
UELYACDELTAAL L]
CHIL+OHIS A
EGEAL T e T +DEL
CHEIDECHIS A
SEQRX | CHIZ=EME |
L OOF ] x 1 CHID2 (OCH
CELTAC-DELTA
AL T)eAL L]+ DELTA
TEMF ¢ CHI |
CHIE | ¢CHED
CHID e TEME
LOOF] ¢ FMHeF M4
AL L] AL T ]+ DELTA
CHIZEOHIS A
3 ( DOME + HOF AR AKD
CHI{eCHID
CHIP&CHIZ
SLOOE
DOME $ DELTA«DELTA
AL IeAL L -DELTA
DELTAAL L ]¢DELTA
SALOOF X | HTERMS )
LGRIDLE DOME!

alize I
alize FN
Delta is the current increment

CHIT1 s the first chi-squared

TH Increment A by DELTA
Calculate new chi-squared

If they are equal, increment A again

Ty ; If it's decreasing, we're set

; If it's increasing, reverse direction

; Keep track of the number of times A was

; incremented

; CHI3 is the last chi-squared
LIC)x 1 CHIZ>CHIZ S If chi=squared increases,

5 go on to the next parameter.

; Otherwise, update the chi-squared variables

XL+ ( (1 +(CHI] - CHIR )+ (CHIZ-CHIDZY ) )+, 5)

; Use a parabolic approximation for the actual
ALTIxFH-30 minimum. Rescale DELTAA-If many steps
ILeUFTOeI+] 5 were taken, make it larger.

APL program implementing the
variation of each parameter in turn

method.



[

11
21

L
[
r

. v

LE

1
L4

L5

L6

e

L8l

L9

107
11
123
[13]
[14]
L1517
161
17
L1813
£191
[200
217
[ 220]
23]
2471
L2251
[261
£271
[281
291

1l
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GGRADLSIY

v GRANLSJOELTAFOCHILjCHIZ;OHIZ;GRAD; SUMOHT
LASTCOHI&OHT ] «CHIS A ; Initialize CHI1

LELT 4, ] X DELLT AN
GRADGHTERMEpO
B

BREANLOOF ALY eALDI+DELTALYT § Find the gradient

GRAD[J]eOHT ] -0HIS A

AL V1AL ] -DELTALJ]
SGRADLOOF Y \ HTERME Y Jed+ 1
SUME (+/GRATRD Y &, 5

GRANCDEL TOXGRAD - SLM :
SMALLEF $ AensGRAD :
CHIDECHIS A
AOX | CHI D=L ASTOHE :
SLOOF X CHI | 3 CHID :
LASTOHT &CHID .
3 ¢ e BF AT ;
GRAD e GRAD.LD
3G MAL L EF:
LOOF $ Qe s GRAT .

CHIZ-OCHIS A ;

Get the sum of the squares of the gradient
Normalize the gradient to it
Move along the gradient

If nothing happened, quit

If it decreased, good.

If not, go a shorter distance along
the gradient

Go along gradient until chi-squared
increases

3 (DOMNESHOPFARAQBOLTC 2 (OHIZ2 CHID

CHE]«CHID
CHIDeCHIY
L. 00

DOME  DELTAFARAE DELTO, CHI]L,OHIZ, CHIX

Ay L TAXGRAL
CHILCHIS A

4 (DELTA-] ) XGRAXOCHID (OHE

PERADLS DOME!

CFARAR ]
W OAGFAFME R

ACEDL I (1+ 0L+ (BL2T-B03) + (BEL4T-E[31)) )+ . 5)

v

Implementation of the gradient search method in APL.
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Appendix C

An APL Subsystem to Curve Fit

Data to an Arbitrary Function

The set of APL programs that follow consist of a num-
ber of general programs to implement the linearization-gradi-
ent method of curve fitting. Also included are a number of
programs to implement the function f=f2+(fz—fl)e—(t"'to)/T

and the function that predicts the diffusion/reaction time

constants (see equations (3-5)-(3-6)).

Usage of the subsystem

Once the subsystem is entered, it is necessary to
define the function that you want the curve fit to. It takes
two parameters. The left side parameter is the set of sub-
scripts that indicate which of the data points are to be used.
Normally it is set to / NPTS. The right side argument is the
vector "A", which contains the parameters that are to be

a.

determined. For example, to implement y=al+a2x ? we can type:
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The functions must be called "F1", "F2"... until "F10" in the
current implementation. Data is stored in the "X" and "Y"
vectors. In the simple case, an assignment of values to "X"
and "Y" will suffice. In more involved cases, specialized in-
put functions can be written.

To set the function number, one types "SFN <n>",
where <n> is the number form 1-10. "F<n>" is then the func-
tion used. Typing "FIT" starts the actual curve fitting
programs. The programs ask for starting values for the vec-
tor "A", and increments ot be used for taking partial deriva-
tives, which are stored in "DELTAA", Variance is then asked
for. The reply can either be a vector of length "NPTS", the
number of data points, or else a single constant, indicating
that all variances are equal. The program then runs, print-
ing out the path that it's following. When X2 is no longer
changing very much, the program prints out a table of inde-
pendent parameter, observed dependent parameter, predicted
dependent parameters and deviation. If so desired, the user
can implement a function to print out the final results in
neater form.

Both the force vs. time data and the time constant
vs. pH data were stored as tables. Special functions were
written to input data and to convert the data to "X", "Y"
and "VARIANCE" vectors. Special functions were also written

to print the final fit in neater form. The sensitivity of
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the force vs. time data to truncation necessitated a special
function which called the fitting program, printed out the
results, and truncated the data. This was done a specified
number of times, after which the results were printed out in
tabular form.

The time constant vs. pH curve fitting occassionally
used some of the parameters as constants. Special support
functions were written to implement this. A vector called
"USE" controlled which parameters were to be constants. It
had as many elements as there were parameters. A 0 signified
that the corresponding paramter was to be a constant, and a
1 signified that the corresponding parameter was to be a
constant, and a 1 signified that it was to be fit by the fit-
ting function.

The following is a list of functions and a brief des-
cription of what they do.

General Curve Fitting Subsystem

Name Purpose

CHIS calculate xz

COMPXY print out a table comparing the data to the
predicted fit.

CURFIT does the actual curve fitting

F calls the correct fitting function

FDERIV calculate the partial derivatives of the

function with respect to each parameter

FIT calls the programs necessary to actually set
up and do the curve fitting

GETA initializes variables, gets necessary input
and checks for errors in input
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Name Purpose

RAISED Implement raising a negative number to the
1/3 power

SFN sets the function number

WORK does some initjalization, and keeps calling

CURFIT until x? is no longer significantly
decreased by CURFIT

Special Functions for Fitting Force vs. Time

F9 implements f2+)fl—f2)e"(t+to)/T where t, is
a constant

F10 implements same equation where t0 is a
parameter

GETTAU function and truncating function a specified

number of times, and accumulates a table of
the results

INPUT inputs prints out and stores the force vs.
time data in "TDATA"

PRINT actually prints out and stores the data
read in by INPUT

PTABLE prints out the table accumulated by GETTAU

PTAUFIT prints out the best fit in a special format

REDO helps to recover from errors in typing data
into INPUT

SE TUPTAU sets up the "X" and "Y" vectors from the

force vs. time data stored in "TDATA"

TRUNC - truncates a specified number of points
from the beginning of the data.



CALC

COMP

DATAIN

F2

GETINC

GETSTART

GETV AL

GETVALUES

GO

GRIND

INIT

P2

SETA
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Special Functions for Fitting 1 vs. pH

solves the cubic equation of

prints out on a table comparing predicted
and observed values of T

inputs T vs. pH data nad stoves it in "DATA"
implements the calcualtion of T

reads in the values for "DELTAA" for the
parameters being varied

reads in the initial wvalues for "A" for the
parameters being varied

returns a vector which includes the constants
and the current values of the parameters
being varied

does the actual I/0 for GETSTART GETVAL
and INIT

starts the T vs pH curve fitting
calculate 1T, membrane charge, and internal
salt concentrations from the internal HY

concentrations.

does most of the initialization, and reads
in the values of the constants

formats the values printed out each step
in the path

maps "A" onto the mnemonic variables used
by CALC and GRIND

A sample session follows the program listings, illus-

trating the use of the general subsystem to fit some perfect

A3

data to the function y=A; + A X2,

2
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COHIS[[]v
¢ EeCHIS A
£i1 BE(4/((T=A F (HFTS)x2) +VARIANCE) tWEIGHTSUM . calcylate the weighted

v : v
GOOMPEMTY 1]V : y average error
v COMEXY§TSYRFMT

B Te(pTyel ; print out a table
[21 : # v Y FREDICTED DELTA!
31 FMT& (L0 1)s (10 23910 27 (10 2D
£47 TFeO F OHETS
L5 FMT ¢ (TPX)y (Tpr)y (TPTE)y Tpr-vF

v

GCURFITLIIV
v CURFIT}ALFHAJDERIVCHI] jOHMIO;AREAT jEETAF T ;TR TI; I

C13 ALFHAE (HTERMS g HTERMS ) p QO ;Initia]ize
L21 DERIVeA FROERIV (MHFTS ; Take partial derivatives
£31 EETA¢ (WEIGHTX (T-A F (MFTS) )+, xUERIV 5 Calculate the beta matrix
L4 Tel
IRV LOOP:QLPHA«QLWHA+NEI&MT[IjxﬁHRIV[I;jo,XHﬁRIVEI;]
L&l HLOOFX \MFTS) TeT4] ; Accumulate the alpha matrix
- L7l CHI]eOHIS A ; The initial chi-squared
[871 BRACKITIel 1 RALFHA
Lol TREALFHASTIC(TLo , XxTL) %, Normalize the alpha matrix

107 ARFEATHTI+IDEMNXFLAMIO
L1113 BeAeBETAG , XARRKATYT.STZ
L1277 SOKX(CHI{XCHIQ«OCHIS E
L1311 FLAMDACFLAMDAX ]

€141 EACK

€151 OK!A¢E

€161 SIGHMAAE((] 1BAREAT)TL)X, 5 ; Approximate uncertainty

£171 FLAMDACFLAMDAL]Q Reduce lamda by a factor of 10.
L1871 ' CURFIT DOMHE!

Add lamda to the diagonal terms and invert
Calculate new A

See if it's in the right direction

If not, increase lamda.

And try again

We we we we Ve Ve

we

v
CFLIIIw
Y O red F I
E})% :?;'”;{T“II0"&-?“””“55“1 ; Dispatch to proper function call
L31 40
4] TeA F2 I
[51 =0 | ’
L& T¢H FI I .
L7120 : ’
£gl Ten F I .
Eigj ;’.gn F5 1 APL subsystem to fit data to theory.
Liil =0
L1231 T+A F4 I
L1371 =0
L1471 TYeA F7 0
L1571 =0
L1461 7TYeA Fg I
L1731 =0
[181 7TeA FQ I
Li91 =0
L2071 7TeA FIO T
L2131 =0



L1l
£21
£31
41
L5
L&
£L71
£81
Lol

£11
£21
£31
41

L1l
£21
£3l1
£41
L3l
L&4&1
L71
L8l
Lel
L1017
F11l]
L1221
L1311
L1417
L1811
L1611
£171
£igl
[191
L201
L2111
L2213
£231

(& !

v
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CFRERIVIIIY

Ve FOERIYV L3JiAJiDELTAGYFIT

De({py D)y HTERMS) PO ; Initialize the partial derivatives

Jed
DLOOF I DELTACDELTAA[ ] ; Loop through all of the parameters

AL JTeDELTALAJCA] W]

TFETe&N F L

AL J]eAJwDELTH

PLFWIe(YFIT-A F I)+2x0ELTA 5 Calculate the partial derivative

AL 60

SULOOF X\ HTERMS 2 Jeudb ]

vFITL[1Y

F:‘J:.r ) (3 (] (3 L] * 3
GETA ; Input the starting points and initialize
WORK ; Curve fit

' BIGMAAZ '3 SIGMAR 3 Print out the uncertainties

COFIT DOME! ; Print out an ending message
CGETAL[1]Y

GETAGT

AEREOXY (pr)#HETSELH ; Check that there is the same number of
POFUMCTION HUMERR.S § UM T’CCJH JHMUMEEF: X and Y numbers

VOFUEEs ' FFUZE

Fl-AMDAL. 001 ; Initialize flamda

A ; Input the starting points

Aegl] ‘ ’

' DELTAAT ; Input the increments used for taking
DELTAAC, Q1 ; partial derivatives

HERREL X (FRELTAA)LNTERMS ¢ £ A ; Make sure both A and DELTAA have the
VQ”“’GUEF‘.‘T‘: PR T AMCE! : ‘same number of e]ements

. P s N .

TerYARTANEEC,D ; Input the variance.

ISKIFxIT=L ; If it's a single number, it's constant
AEREDXATENETS : Otherwise make sure it's the same length
FMORE ; as the data :
SKIFIVARLIAMNCEMPFTSp VAR TAMNCE
MORE JWETGHTSUME 4 /JWETGHT ] VAR TAMCE ; Ca]CU]ate the weight-ings

..)()

ERREQ: ' AMND Y ARE HOT OF THE SOME LEMNGTH!

20

Eff] A AMND DELTALN ARE MOT OF THE SAME LEMNGTH!

+0

EfREDIVVARTAMNCE AMD X/Y ARE HOT OF THE SAOME LEMGTH?

S VARQUERY

CRATSEDLD

Aren FRATHSED K

AMHe(XAYX (| A) xE H allows raising a negatwe number to a
s 1/3 power.

APL Subsystem to fit theory to data
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vFLOIv
g BeF O
L1l Be0
e FOXVFUHCTION HUMEBER %2 ; unless FN=2, just print out A
£31 EeFD A ; If FN=2, then call a special formatter

vEFR[V
[ I =T Sl O O
ri13 FUMCTIOM MHUMEBEFR &M ; sets the function number

YWORK[[1]v
v WORKHOHI]jOHI?D

L1 TOEMe (\HTERMS ) o = | NTERMS ; Set up an identity matrix
[21 FLAMDAE, 001 ; Initialize flamda
£31 CURFIT ; Call the curve-fitting program
L4 CHIL&CHIS A ; Calculate chi-squared
L5 (CHILx,5)sF A ; Print out the weighted average error and
[61 LOOFICURFIT ; the current value of A
L7131 CHIDEOHIY ; Call the curve-fitting program and
£s8l CHIJeCHIS A ; print out the results '
£2l (CHILx,5)¢F A '
C10] ALOOFX\FUZZ | (CHIR-CHI ) +CHIZ s Continue until chi-squared no longer
L1111  'ooME! ; decreases by more than "FUZZ" %.
v

APL Subsystem to fit theory to data
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YOOLOTITw
¢ CALCIALIADIAZASRINIEFGIHIFQFUETFIFQRPIAIMIFHIJARPHIORTOT;CR] jORD

£Li1 CRATOT&CO+020 ; Calculate the boundary condition
Lai EeCQ+C10 ; using Donnan equilibrium and
[31 LeCRTOTXCOX2 ; a Langmuir isotherm

L4 G COXFMO

51 HeORATYXCOXK

L& K (GE)

[71 B ( (GXK ) (HpL1) ) B

£al O DYKE

[el FeBa(AR2)+3

L1101 Qe ((2%xAxF)+(27XC)~FXAXE)+27

111 F3e(Fr3)+27

121 Q2e(@x2)+4

[131 DETeQR2+F3F

[141 AleDETH

L1571 #AlMe]-A~]

[161 A2eq:0

[171 AZe(AIXDET)x 5

[181 AFHIe(~ ALMXAZ-FIIR,G

197 FHI&((1-A2)X"20-AFHL)+A2X"208FHI
[P0 CRIe((ALXAZ-R:D) RAISED THIRD)-(A]lXAZ+R:2) FRALSED THIRD

[210 CR2CH+RX(ROFHIEZ)X(~ALMXF:3 YRS
[227] CelR]40R2-0:73
v
vCOMF[IIv
¢ COMF}A
L1l Ae(FTAUO) ] ; Print out a table
Lo TAUF e TAUF 4, 5
31 (APFHO) 3 (APTAUD)Y , (AFTAUF) y (AP TAUF-TAUO)
L4l (2s10p" !
v
CLATALME]Y
v DATAINGUATANAMEj IH ; Function for inputting data

L1l DATAMHAME« (] s2)F0
[27 LOOF:IHe[]

L3 SEHDX U4/ (TH=0)

£471 SERRX (P g THYED

Lsl DATAMNAOMEUATAMNAME g [[1]IH

L&l SL.OOF
[71 EdMDt DOME!

£ran ﬁﬂTQ@ﬁQTQNQMKﬁ1+1((fﬁQTQHﬁME)Eij -1 |
L9 20 g
107 ERRE$' MOT RIGHT - TRETY AGATLM!
111  ALOOF

v

R

v o rend F2ROIL
L1l SETA A ; Set up the paramaters for CALC
£L21 CcALC ; Calculate the boundary condition
£31 GF M ' ~ ; Calculate the reaction-diffusion time constant
[41  TeTAUF[I] . 3 Set Y to those time constants

o . P e o s T e e

APL programs written to fii'the calculated time constants
from the experiments to those predicted by a non-linear

diffusion-reaction theory.



£il
£23

ril

13
£21
31
£41
[&1
L&l
£71
ral
LeY
L101
Ci1l
L1221
L1331
L1411
L1511
L1661
£171
£igl

|
£21
[31
47
£l
L&

v

v
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GOGETIMNC[]Y

GETIHC

PIHOCREMEMTS ! ; Read in the increments for taking
DELTAAGGETVALUES 1 ; partial derivatives
CGEYSTART[ 11V

GETSTART

PIMITIAL FOINTS!! ; Read in the starting points
ACGETVAOLUES -

vGETVALLIIIY

TeGETVAL M .
Tb(uﬁﬁ:xuﬁﬁ\ﬁ)'f(ﬂugﬁ)XC(‘)?’”STA?’!TS ;get a strﬂing of both constants

; and variable parameters

POGETYVALUESTI]V

T&GETVALUES M

TESFO ; Read in the values for the various
SBCATX\USE ] ]#M ; parameters. Depending on M, they
‘CAT ! ; are for constants (M=0) or for the
TL1le[+AVO ; variable parameters (M=1).
SOATIHISFKX (USE[ D] #M

IFK ]

TER21e10x-[]
ﬁpkzagnaTx\USEEKjﬁM

TRAT

TLR31e[]+-AVD
SRATHSDX \USEL 4]%M
XIEAR !

TLATe]]
X2 HEFTLMX | USE[ S %M
PEILM THICKHESS!

TLS10

SFLLMII0X |\ ~M ;

Te(USE) /T ; For the variable parameters, condense
. T. .

vGOL1v ]

20

IMIT 3 Initialize

GETSTART ; Get the starting points

GETIMNC

WOFRK ; Fit

FFFIT 3 Pretty print the results

COMF : Print out a table comparing fit and data

APL programs written to fit the time constants calculated
from experiments to those predicted by theory.



L1l
£21
£31
£431
L31
L&1

L1
L23
£33
L4171
L5l
L&l
£71
£egl
£?1
[101
£111
L1213
£131]
£141
L1551
£161

L1l
L21

£il
£21
£31
£41
£51
L&61
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GGRIMD[[]Y
GRIMD

FHI¢(XC)X~10m|C ; Calculate time constants
FMeFMQO-OATXKS (K40

TAUF ¢ (FLILMRD)+FI2XDIHF

TAUFETAUF 4 ( (THICKMESS k2 )+ (FIZXURARXDFACT ) Y XRFACT L +CATXKS (K40 ) 22
Clet]1OxC00

CRLCOXCRH0

GINITL[w

IMLT

FUMCTION HUMEBEFR &2 . Tnitd

eTAUDLDATAL §71 ; Initialize
COEHE]lOR-FHOEDATAL 1]

HETS&p TAUO

HTERMSB&4 /USE

IDEMe ( | HTERMS ) o , = | HTERMS
VQF::IIQ?'ICEZ(«(Si'TQTWEIIC{tI"lT}('T'ﬁNJC)y(F"CIWEil‘?t)-{'-VQF;ZIQHC.‘E:XN?)'TQTWE:IGHT
WES.'IGHT?)LJMG--}-/WE.'IC-'JI"I'T'(-]‘«}VQF:IQP'JCE

FLAMDAE, 001

FI2¢3,14159%2

WeWO+W1xCO+KVOL+CO ; Set up the weight, volume of

VW (W-WE) +FW ;. the membrane. '
THIQ\;{HE,'{;,E‘,*_I:nE:l.,.TQ().;.IIIF.EL.TAj_xCl‘(}.;..KTHIé?K?-!ESS+C.‘() 'Set up the th-ickness
H ]

DFACTE( (1 ~VOLVWLVE) 2 (L +VCEVWEVE) ) 2
VOLFACT V0 2VW

COMSTAMTS«GETVALUES () 3 Input the constants

vFRLO1V

BeFD AjvaL '

VAL «GETVAL A : Format the current values for printing

Fe (VALLLIX(AVO, 1)) p ((XVALL21) X108 [ VALLR]) ¢ (VALLZIXAVO) y VAL 4]y VAL L]

CSETAL[1]v

SETH AjVAL

VAL GETVAL A ; Set up the current value of A for use
CATEVALLLTXVOLFACT - 3 by CALC

KeVAaL[ 21

FMOeCATHRAT VAL [ 3] XVOLFACT

UEAREVALL 4]

FILM&VAL[S]

APL programs written to fit the time constants calculated
from experiments to those predicted by theory.
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CEFRLIv
v TeA FO I

£il TEALL I+ (AL2T-ALL 1) Xk~ (K[ T J+TO)+ALZ] ; calculate the predicted force

vFLOLOY
v TeA F10 T ‘
L1 TeAL1I+(ALRT-AL11) Xk~ (KL I 14+BL41) +A[3]

YGETTAUL v
v GETTAU M

L1 SETUFTAL . Initialize
L2 SFM 1 O~USETQ

[31 GETA

L4 TARLE@ ' !

[571 LOOFIWORK

[61  TARLECTARLE,ALZ]AL11y ((CHIS A)x,5) s [11y T[HFTS])
L7271 FTAUFIT

£al TRUMEC TRUMCHUM . Truncate

Lol SLOOF X\ O (et
L1071 COMEXY
bl FTARLE ; Print a table summarizing the results
v
YINFUT[[]Y
¢ IMFUT MHFFINCTHURTOD

£11 Tie! .
[27] LOOF]1aSKIFXU]2plIHEey[] 3 Input the data
L33 Tie7] gL ITHE

Ca7 3LOOFY
[57 SKIFIMe]
L& UFTO&PT]
71 TReTLe !
£gl T
[9] LOOFPRISINCXVOIFeT[1]
101 T1eT1yTeT4INC
111 72er2F
L1727 BACK:4LOOFDX (UFTO) Hettd]
[137 FRIMT
L1431 =0 ,
L1577 SIMCEIHCEF s Print out the data
[161 -EACK

v

GRRINT[[]IY

¢ FRIMTT
i Te((Fr7Y2)91)
ca21 TOATA(TRpTR)Yy TpTH 3 Format and print out
€31 TOATA

APL programs written to determine the 1/e time constant
from experimental data.
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COFTORLEw
Vv OFTARLE§LEMN; BESTFTTORLEFMT

L1l ' 5 Print out a formatted table summarizing
£L21 LEMe (pTARLE) +5 ; the results of truncating the data
[3] TTARLE (LEMy 5 p TORILE
47 J TAU K 0L E, VAL ] vAaL !
L3l FMTE (10 029 (10 2)5(10 4)¢ (10 105 (10 1)
L6 FMT 4 TTARLE
£71 BRESTeTTARLEL j 3L /TTARLEL § 37
£81 ot
£el TREST SET OF VALUES!
L1073 FMT¢TTARLE[BEST ]
cy1a v
v

CEEDOIITw
Vv REDOGHFF;IMC;TIUFRTO

L1l SKIFinel s A function to help correct input errors
Led  WRTOerT) > from INPUT

[3] YReT et

£41 Te ()

[51 LOOFRI4SIMCX\QYFeT{[M]

L& TL&TL e TETHIMEC

71 T2evd,F

(81 EACKI3LOOFDIX \UFTOYMHeM:
[e1 FRIMNT
L1013 =0
[11] SIMNCIINCeF
L1271  +EACK
v
CESETUFTAUL]Y
v SETURTAU
£11 HeTRATAL 2] ; Initialize
£21 TeTDATAL 1]

CTRUNC[[]11v
v TRUMC M

L1l TOTOHMNXTOING

21 HETSeMFTS -1 3 Truncate N points from the start of
£31 TeT[HE HMFTS] ; the data
L47 MEMHE \HFTS ] ?
[50 WETFHr%UM&éfNFTGHféwrfﬁH?[Hf!NFr%j
L& VARTAMOE VAR TAMNCQE My HFTS ]
v

APL programs written to determine the 1/e time constant from
experimental data.
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Cref Fi oL
£ TeA[ AL IxRL a3 e Deffnition of function

el RN & 7 ; X data
Ted A+2, 41 xHkE, 48 ; Y data (perfect data)
=
o7l 1115551816 5357789 1231.52173 2104.876071 3 actual Y values
sFMH : use Fi
FIT ; start the curve-fitting programs
FLMCTION MUMEEFR:==
FUbEm B2
2]
I

1203
VLT @
113
0000001 000000001 000000001
VO L ANTE
s

1
CURF T DOMHE

92 73AK09EE 103, 6055399 X, 168112326 3.31840171%
CURF LT DOME

R0 6BISIVBL 6. 652979869 B, 193H63916 F.3REIVISLE
CURF LT DOME

12,44876943 713, 65546387 3. 137892903 3,345016%11
CURFLT GOME

11, 38990688 ~6.671105593 2.749131082 3,408468669
DURF LT DOME

A6PEE7 0.HBOV9TEEER 2. ARABTORES 3, 47299233
CURFLYT DOME

0. 00BOBPPHAYRE 1.29443469% 2.410069935 3,479989994
CURF LT DOME

1. 34910591 3E76 1, 299998368 2, 410000068 3. 4799999846
CURF LT DOME

1. 4986393026710 1.4 2.41 3,48
CUFRF LT DOME

242810004256
CURF LT OME

F.763P1GTARETLE 1.5 2.41 F.48
CURF LT DOME

B O77029793E7L6 1.3 2.41 3,48
CURF LT 00OME

3.077029793E716 1.3 2.41 3.48

DO
SIGMAA= 0,01413507702 3.01663358E™5 6, 429367578E 6
F LT DOMHE

15 1.3 2.41 3.48

Example of the use of the APL curve-fitting subsystem to
define a function, input data, and to determine the best
fit of the data to that function.
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Appendix D

Programs for an SPC-12 Minicomputer

to Read In and Print Out Data

An SPC-12 minicomputer was programmed to read in data
at a rate specified by a function generator attached to
channel 2 of the A/D converter. Data was actually input on
channel 0. The number of datums to read in is input at the
start of the program. At the end of data collection, the
program prints "done!"

After the data was read in, the output program was
loaded and run. It printed the index and the value of the
data point. Decimal input and output routines had to be

written, as well as a few other support programs.



Program written in SPC-12 assembly language to read in data
from an AZD converter at a rate controlled by a signal at
channel 2.
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Program written in SPC-12 assembly language to read in
data (continued).



Program written in SPC-12 assembly language to print out the
data read in by the previous program.




SPC-12 program written to print out data (continued).




