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Abstract

This thesis examines three models of dynamic contracting. The first model is a
model of dynamic moral hazard with partially persistent states, and the second model
considers relational contracts when the states are partially persistent. The last model
studies preference for delegation with learning.

In the first chapter, the costly unobservable action of the agent produces a good
outcome with some probability, and the probability of the good outcome corresponds
to the state. The states are unobservable and follow an irreducible Markov chain
with positive persistence. The chapter finds that an informational rent arises in this
environment. The second best contract resembles a tenure system: the agent is paid
nothing during the probationary period, and once he is paid, the principal never takes
his outside option again. The second best contract becomes stationary after the agent
is tenured. For discount factors close to one, the principal can approximate his first
best payoff with review contracts.

The second chapter studies relational contracts with partially persistent states,
where the distribution of the state depends on the previous state. When the states
are observable, the optimal contracts can be stationary, and the self-enforcement leads
to the dynamic enforcement constraint as with i.i.d. states. The chapter then applies
the results to study the implications for the markets where the principal and the
agent can be matched with new partners.

The third chapter studies preference for delegation when there is a possibility of
learning before taking an action. The optimal action depends on the unobservable
state. After the principal chooses the manager, one of the agents may receive a
private signal about the world. The agent decides whether to disclose the signal to
the manager, and the manager chooses an action. In an equilibrium, the agents’
communication strategies depend on the manager’s prior. The principal prefers a
manager with some difference in prior belief to a manager with the same prior.
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3



Thesis Supervisor: Muhamet Yildiz
Title: Professor of Economics



Acknowledgments

I would like to express my gratitude to Glenn Ellison, for all his support and guidance
throughout the program, from the moment I arrived as a first year. From choosing
classes to completing this thesis, he provided endless insights and encouragement at
every stage. I would also like to thank Muhamet Yildiz for unwavering support and
advice, and Juuso Toikka for countless hours of discussion and encouragement. I have
also benefited from conversations with many other faculty members at MIT, and to
name a few, Robert Gibbons and Bengt Holmstrom contributed hours of their time.
I acknowledge the financial support from Samsung Scholarship and MIT Presidential
Fellowship. I am grateful to my family and my friends for their continuous support
and encouragement over the years. Most of all, I thank my parents for their belief in

me and for always being there for me.






Contents

1 Dynamic Moral Hazard with Persistent States 9
1.1 Imtroduction . . . . . .. . . . .. 9
1.2 Model . .. . .. 13
1.3 One and Two Period Examples . . . . . . . . ... ... ... .... 16

1.3.1 OmePeriod . .. ... .. .. ... ... .. ... 16

1.32 TwoPeriods . .. . ... ... ... .. ... ... ... ... 17
1.4 Informational Rent in the Infinite Horizon Model . . . . . . . . . .. 24
1.5 States as Outcomes: Stationary Contracts as Cost-Minimizing Contracts 28
1.6 Second Best: Optimality of Tenure Contracts . . ... ... ... .. 34
1.7 First Best Approximation . . .. ... ... ... ... ........ 41
1.8 Conclusion . . . . .. .. . 45

2 Relational Contracts in a Persistent Environment 49
2.1 Imtroduction . . . . . . . . ... 49
2.2 Model . ... 53
2.3 Observable and Exogenous States . . . . ... ... ... ... .... 56
2.4 Endogenous States . . . . . . ... 64
2.5 Market for Matching . . . . . .. ... L 66

2.5.1 Agent-Specific States . . . . . . ... 68
2.5.2 Relationship-Specific States . . . . .. . . .. ... ... ... 69
253 MacroShocks . . . .. .. ... 70
2.6 Joint Surplus in the Second Best . . . . . . ... ... ... ... 70
2.6.1 Joint Surplus Varies with the State . . . . . .. ... ... .. 71

7



2.6.2 Incentive Provision Varies with the State . . . . . . . . .. .. 75

2.6.3 Benefits from Relational Contracts . . . . . .. ... .. ... 76
27 Conclusion . . . . . . . 7
Future Learning and Preference for Delegation 83
3.1 Introduction . . . . . . . . . . ... 83
3.2 Model . . . . . . 87
3.3 Characterization of Equilibria. . . . . . ... ... ... ... 89
3.4 Continuum of Signals . . . . . .. . . ... L 0oL 98
3.5 Voting . . . . .. . e 103
3.6 Conclusion . . . . . . . . . .. 104
Proofs 109
A.1 Proofs for Chapter 1 . . . . . . . . . ... ... ... ... 109
A.2 Proofs for Chapter 2 . . . . .. . . .. ... ... 140



Chapter 1

Dynamic Moral Hazard with

Persistent States

1.1 Introduction

There is a large literature on repeated moral hazard with ii.d. states or fully per-
sistent states.! But there are circumstances that are better described by partially
persistent states. Productivity of an economic sector varies from year to year, but
high productivity is more likely to come after a productive year than after an un-
productive year. Technological advances are also often clustered, and much advance
can be made in a short amount of time. It is worthwhile to consider dynamic moral
hazard with partially persistent states. In this chapter, I examine such a model; I
note that the persistent states create an informational rent for the agent and explore
properties of the second best contracts.

This chapter develops a model of principal-agent problem in which the underlying
environment is partially persistent. The principal hires the agent over an infinite
horizon, and each period, the agent can work or shirk. The costly unobservable

action, work, produces a good outcome with some probability, and the probability

!Dutta and Radner (1994), Fudenberg, Holmstrom and Milgrom (1990), Holmstrom and Milgrom
(1987), Malcomson and Spinnewyn (1988), Radner (1981, 1985), Rey and Salanie (1990), Rogerson
(1985), Rubinstcin and Yaari (1983)



of the good outcome depends on the state. The states are unobservable, and they
follow an irreducible Markov chain with positive persistence. The principal observes
the outcome and pays the agent. The principal can commit to a long term contract.

Both parties are risk-neutral, and the agent is subject to limited liability.

I start in Section 1.3 with an analysis of one and two period versions of the model.
The two period model illustrates one of the basic insights: the deviations of the
agent create information asymmetry, and the agent receives an informational rent if
the principal wants him to work in both periods. When the states are persistent,
the outcome has informational value in addition to its payoff consequence. If the
principal believes that the agent worked this period, the principal updates his belief
about the state after observing the outcome. The agent’s deviation leads to both
the unproductive outcome and the information asymmetry between the principal and
the agent. Since the bad outcome lowers the prior of being in the good state, the
principal assigns a strictly lower probability to the good state than the agent in the
period after the agent deviates. Working in the following period after shirking, the
agent can ensure himself a strictly positive amount of rent by a one-shot deviation. I
characterize the informational rent as a function of the discount factor, the persistence
of the states and the informativeness of the outcomes, and I give conditions under

which the principal wants the agent to work in both periods.

Section 1.4 describes the informational rent and derives an upper bound on the
informational rent. The agent’s deviation creates information asymmetry between
the principal and the agent, and in all periods following the deviation, the agent
assigns weakly higher probabilities to the good state than the principal does. After
any history, if the principal wants the agent to work, the principal has to provide
as much rent as what the agent can get from deviating. However, I show that the
principal can attain an upper bound on informational rents by offering a contract that
is stationary from the second period. When a contract is stationary, the information
asymmetry doesn’t play a role in the continuation values of the agent, and the agent
works in any given period if the expected payment is greater than the cost. The

upper bound increases with the discount factor, the persistence of the states, and the
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informativeness of the outcomes. If the discount factor, the persistence of the states,
or the informativeness of the outcomes is small, the principal can approximate his

first best payoff with a contract that is stationary from the second period.

In Section 1.5, I consider a special case in which the states correspond to the
outcomes of working. First, I consider contracts that induce the agent to work in
every period. The main result is that the upper bound on informational rents from
Section 1.4 turns out to be the lower bound on the rent also. Hence, the cost-
minimizing contract that induces the agent to work in every period is stationary from
the second period. The deterministic mapping from the states to the outcomes turns

out to be a necessary condition for a history-independent contract to be optimal.

Section 1.6 provides further results on the form of the second best contract in
the case studied in Section 1.5. The main result is that the second best resembles a
tenure system. The agent is paid nothing during the probationary period, and once
the agent is paid, the principal never takes his outside option again. By backloading
the payment, the principal can provide better incentives to the agent, and he can
offer a continuation contract with a higher expected outcome. The principal doesn’t
benefit from backloading the payment only if he is already inducing the agent to work
in every period, and therefore, once the agent is getting paid, he is tenured, and the
principal never takes his outside option again. The second best contract also becomes
stationary after the agent is tenured. Since the principal never takes his outside
option again, he can offer the cost-minimizing contract as the continuation contract.
When the state variable is whether or not working will produce a good outcome,
the cost-minimizing contract is stationary from the second period, and the second
best contract becomes stationary. The principal’s information changes over time, but
if the principal uses his information, the agent can deviate and create information
asymmetry; the principal is better off by commiting not to use his information.

The chapter also considers what happens in the limit as the discount factor goes
to one. Here, I show that the principal can approximate his first-best payoft when the
discount factor is close to one. The proof of the result is not based on computing the

second best contract. Instead, I just note that the principal could employ a review
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strategy with a sufficiently long block so that the probability of meeting the ergodic
distribution by working in every period is close to one. Having a lump sum transfer
and continuing with the contract when the agent meets the quota, the principal can
ensure that the agent works in every period. When the discount factor is close to
one, the principal’s payoff from each block gets arbitrarily close to his first best payoff
with a sufficiently high probability, and the principal can approximate his first best
payoff.

The informational aspect of the rent in my chapter is related to the ratchet effect
in dynamic adverse selection. Including Laffont and Tirole (1988), there have been
numerous papers on ratchet effect. In these papers. the principal cannot commit to
a long term contract, and there is much pooling in the first period. The principal
can commit to a long term contract in my model, but if the principal were to use
his information, the agent can deviate and create information asymmetry between
the principal and the agent. The persistence of the states leads to the informational

component of the agent’s action, and the rent is informational.

The second best takes a particular form in my model: after a probationary pe-
riod, the agent is tenured, and the continuation contract becomes stationary. The
probationary period of the second best contract shares similarities with Chassang
(2010). Fong and Li (2010) also find that the optimal contract has a probationary
phase. In these papers, the principal cannot commit to a long term contract and the
environment is i.i.d., whereas in my model, the principal can commit to a long term
contract, and the states are partially persistent. The stationarity of the continuation
contract after tenure is related to the literature on sticky wages. In Townsend (1982),
long-term contracts and ineflicient tie-ins can be optimal under private information.
The stationary payments of the second best of my model shows that the stationarity
of a long-term contract is not necessarily because of enforcement costs.

The first best approximation under little discounting is related to folk theorem
results. Review strategies are first introduced by Radner (1981, 1985), and Fudenberg,
Holmstrom and Milgrom (1990) show conditions under which the first best can be

approximated with short term contracts. Other papers on the approximation of the
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first best include Rubinstein (1979), Rubinstein and Yaari (1983), and Dutta and
Radner (1994).

Another paper on repeated moral hazard in which the outcome carries information
about both the agent’s effort and the future profitability is DeMarzo and Sannikov
(2011). Their model is in continuous time, and the firm’s fundamental evolves over
time according to a Brownian motion.

Lastly, there is also literature on dynamic adverse selection with persistent private
information. With partially persistent types, the optimal contract is often history-
contingent, but the principal achieves efficiency in the limit. Papers with Markovian
types include Battaglini (2005) and Athey and Bagwell (2008). Battaglini (2005)
considers consumers with Markovian types, and Ahtey and Bagwell (2008) study
collusion with persistent private shocks. Escobar and Toikka (2010) show the folk
theorem result with Markovian types and communication.

The rest of the chapter is organized as the following. Section 1.2 describes the
model, and one and two period examples are described in Section 1.3. Section 1.4
discusses the informational rent. Section 1.5 discusses the special case when the
states correspond to the outcomes of working, and I characterize the second best of
the special case in Section 1.6. The first best approximation is considered in Section

1.7. Section 1.8 concludes.

1.2 Model

The principal hires the agent over an infinite horizon ¢ = 1,2,.-.. The common
discount factor is § < 1, and the principal can commit to a long term contract.
Each period, the agent can work or shirk, and the outcome is either 1 or 0, which
I call the good outcome and the bad outcome. Shirking costs nothing to the agent,
but it produces the bad outcome with probability 1. Work costs ¢ > 0 to the agent,
but it produces a good outcome with some probability. The probability of the good
outcome depends on the state. The agent’s action is unobservable to the principal,

and the principal only observes the outcome.

13



There are two states, the good state (state 1) and the bad state (state 2). Through-
out the chapter, the subscript 1 refers to the good state, and the subscript 2 refers
to the bad state. The probability of the good outcome is py in the good state, and
it is py, in the bad state. The probability is strictly higher in the good state than in
the bad state, and 0 < p;, < pg < 1. The state is unobservable to both parties. The
states follow an irreducible Markov chain with positive persistence. Specifically, let

M be the Markov transition matrix for the state transition with entries

M;; = Pr(sqy1 =14 | S¢ = 1),

where s; is the state in period t. The next assumption states that the states are

partially persistent.

Assumption 1.1 (Persistence). The Markov matriz M for the state transition sat-
isfies

det M >0, 0 < Mz’j < 1,Vi,7.

The positive persistence of the states is captured by the condition det M > 0.

The determinant of the Markov matrix is

det M = My My — Mo My
= Mi1(1 — Myy) — (1 — M) My
= My — My,

Since M;; and Mo, are the probabilities of the good state after the good state and
the bad state, respectively, the determinant is the difference in the probabilities of
being in the good state. When the states have positive persistence, the probability
of being in the good state is strictly higher after being in the good state than after
being in the bad state. Note also that I'm assuming that there is always a positive
probability of transiting from state 7 to state j, for all ¢, j = 1,2, which implies that
the Markov chain is irreducible.

The principal can take an outside option in any period, but in the first best, the
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principal wants the agent to work in every period. Let 7' be the principal’s prior

on the state at the beginning of period t. =t

is a vector of beliefs, and 7! is the
probability that the state in period t will be state ¢. I assume that the inital prior
7! satisfies My, < 7] < Myy. Then, for all t > 1, we have My < 7t < M. Let u
be the payoff to the principal from his outside option. I assume that the payoft to
the agent is zero if the principal takes his outside option. The following assumption
says that it is efficient to have the agent work for any given prior on the state. I also
assume that taking the outside option is better than not inducing the agent to work,

which implies that if the principal doesn’t want the agent to work in a given period,

the principal takes his outside option.

Assumption 1.2 (Efficiency). The parameters M, c, py,pr, and u are such that
Mapy + Maspr, — ¢ > u > 0.

Both the principal and the agent are risk-neutral, and the agent is subject to
limited liability. There are three constraints to consider, IR, IC and limited liability.
IR means that in period 1, the agent receives at least the payoff from his outside
option in expectation by participating in the contract. Limited liability requires that
the agent receives non-negative payments. I normalize the outside option of the agent
to zero, and IR is implied by the IC constraint and limited liability. The IC constraint
has to be satisfied at every node at which the principal wants the agent to work. I
assume that if indifferent between working and shirking, the agent chooses to work.

Throughout the chapter, h; refers to the outcome in period ¢t. When the principal
takes the outside option, I denote it by h; = —1. The history A is the sequence of
outcomes up to period ¢, and I denote it by h* = hy --- h;. The initial history is an
empty set and is denoted by h’ = hg = . h* U k¥ refers to the history that A’ is
followed by h*.

In the first best, if the actions of the agent were observable, the principal can
pay the cost if and only if the agent works. However, the states and the actions are

unobservable, and the principal only observes the outcomes. A contract specifies the
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principal’s decisions to take his outside option and history-contingent payments w(h‘)

for all histories hf.

1.3 One and Two Period Examples

This section describes the one and two period examples of the model. The main
observation these models bring out is that an informational rent arises when the
principal wants the agent to work in both periods. The informational rent doesn’t
exist in the one period example, but it arises in the two period example when the
principal wants the agent to work in both periods. The rent is proportional to the
discount factor and the persistence of the states. When the discount factor is low, it
can be optimal to have the agent work in every period, and the optimal contract is

independent of the history.

1.3.1 One Period

In this section, I consider the case when the principal hires the agent for one period
and show that the principal can leave no rent to the agent.

Let m = (71, m2) be the common prior; 7y is the probability of the good state. Since
the principal only observes the outcome, and not the action of the agent, he offers
payments w(0) and w(1) as a function of the outcome. The agent’s IC constraint is

given by

—c+ w<pH) w(l) + (1 - W(pH>)w(0) > w(0).

Pr PL

The agent is subject to limited liability, and this imposes
w(0) >0, w(l) > 0.

The optimal contract for the principal is to provide




The expected rent to the agent is

—c+7r<f)’z>w(1) (- ﬂ(ij))w(O) =0,

and the agent receives zero rent in the one period model.

1.3.2 Two Periods

In this section, I consider the two period example of the model. I note that the
principal has to leave an informational rent to the agent if he wants the agent to work
in both periods. The rent is proportional to the discount factor and the persistence of
the states. For low discount factors, it can be optimal to leave the rent and have the
agent work in both periods. The principal can provide a history-independent contract

to have the agent work in both periods.

Proposition 1.1. Suppose the principal wants the agent to work in both periods. The
rent to the agent is bounded from below by

W%W%(PH - pL)2

(w6

dcdet M

where
P (W%(l ~pu) 75(1—prL)

RS 2

)M

18 the principal’s prior in the beginning of period 2 after the bad outcome in period 1.

Proof. We have the following expressions for the priors in the beginning of period 2.

After the good outcome, the prior becomes

After the bad outcome, when the principal believes that the agent worked in the first

17



period, his prior in the following period is

P (W%(l —pu) m3(1 - pL)

IR G R )

)M.

There are two IC constraints to consider in period 1. Denote by w(0), w(1), w(00),
w(01), w(10) and w(11) the history-contingent payments. Also denote by R; and Ry
the rents to the agent in period 2 after the good outcome and the bad outcome,

respectively. The rents are given by the following expressions:

Ry = —c+ 7 (pH> w(11)+ (1 —n° (pH> )w(10),

PL PL
Ry = —c+ 72 <Zi’>w(01) +(1 -7 (Z’Z))w(om.

The one-shot deviation of the agent is to shirk in period 1 and work again in
period 2. When the agent deviates and shirks in period 1, he doesn’t update his
posterior after observing the outcome. The agent’s prior in the beginning of period 2

is 7M. The IC constraint for the one-shot deviation is given by

—ct 7t (pH> (w(1) + 6R)) + (1 — 7" (ZIZ) )(w(0) + 8 Ro)

PL

> w(0) + 6(—c+ wlM@fL’)w(oU +(1-nM (;;’) Yw(00)).

The second IC constraint is for which the agent deviates twice in a row and shirks in

both periods. The IC constraint is given by

—c+ ! (pH) (w(1) + 6Ry) + (1 — 7! (Z’Z) )(w(0) + 5 Ry)

pr
> w(0) + dw(00).

On the other hand, the IC constraints for period 2 are the following: after the

good outcome, the IC constraint is

R] Z w(lO),
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and after the bad outcome, the IC constraint is
The second period IC constraint after the bad outcome is equivalent to

w(01) — w(00) > .
(00) = w(00) > s

From the positive persistence of the states, we know that

—c+ M (’;’Z) w(01) + (1 — 7'M @Z) )w(00) > w(00)

whenever Ry > w(00) holds. Therefore, in period 1, it is sufficient to consider the
one-shot deviation of the agent.
The limited liability implies w(0) 4+ dw(00) > 0, and the first period IC constraint

for the one-shot deviation becomes

—ct ! (Zi’) (w(1) +6Ry) + (1= (?Z))(w(O) + 6 Ry)

v

w(0) + 6(—c+ 7'M <ff;)w(01) F(1-7M (ZIZ) )w(00))

= ) S(—c + 7t b w —
= w(0) + dw(00) + §(—c+ M(pL)( (01) — w(00)))
WIM(Z‘Z))
w2 (o)
_ Sedet M TATAPH ~ PL)

DI

> de(—1+

Proposition 1.1 shows that the IC constraint and the limited liability imply a
minimum rent to the agent when the principal wants the agent to work in both
periods. Note that the bound on the rent is proportional to the discount factor and

the persistence of the states. If the states were i.i.d., i.e., det M = 0 or py = pz, the
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principal can have the agent work in both periods and leave no rent.

Note also that the rent to the agent depends on the payments in the second period
after the bad outcome. The payments in the second period after the good outcome
doesn’t matter for the minimum rent to the agent. When the agent deviates, the
principal believes that the agent worked but the outcome is bad; the principal offers
the payments in the second period as if the outcome of working was bad in the
first period, and the agent’s continuation value after deviation is determined by the
payments in the second period after the bad outcome.

Proposition 1.1 shows that there exists a lower bound on the rent the principal
has to leave in order to have the agent work in both periods. In Proposition 1.2, [
show that the lower bound is tight, and I also show a possible form of the contract

the principal can provide.

Proposition 1.2. Suppose the principal wants the agent to work in both periods. The
principal can achieve the minimum rent by offering the identical contract in period 2

independent of the outcome in period 1:

w(0) = w(00) = w(10) = 0,

25

w(ll) = w(01) =

w(l) =

where

s (7r%(1 —pu) m3(1 —pL))

BRI (R

is the principal’s prior in the beginning of period 2 after the bad outcome in period 1.

The contract in Proposition 1.2 is one of the many contracts that the principal
can provide to attain the lower bound on the rent. Since both the principal and the
agent are risk-neutral, the principal can always delay the payment and pay the agent
later. The above contract is nice because of the stationarity and the simplicity. The

principal makes positive payments only for the good outcome, and in particular, the
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payments in the second period are independent of the outcome in the first period.
The principal is leaving the rent to the agent because the deviation of the agent leads
to information asymmetry between the principal and the agent, and one way to take
care of the information asymmetry is to provide identical payments in the second

period, regardless of the outcome in the first period.

Proposition 1.1 and Proposition 1.2 assume that the principal wants the agent to
work in both periods. I will next show what happens when the principal takes his
outside option in some periods. Since the outside option is inefficient, the principal
incurs a loss in outcome by taking his outside option. However, depending on the
timing of the outside option, the principal can prevent the information asymmetry

from the agent’s deviation and therefore, reduce the rent to the agent.

If the principal takes his outside option in period 2 after the good outcome, the
IC constraint in period 1 doesn’t change. The principal has to leave just as much
rent as he would if the agent were to work in period 2 after the good outcome. Since
the outside option is inefficient, the principal won’t take his outside option after the

good outcome.

On the other hand, if the principal takes his outside option in period 2 after
the bad outcome, the principal doesn’t have to leave the rent to the agent. The IC

constraint in period 1 becomes

—c+ 7! (pH) (w(l) + 6Ry) + (1 — 7t (‘;’Z) )(w(0) + 6Ro) > w(0),

pL

and Ry = 0. By offering the following contract, the principal leaves no rent to the

agent:

c
w(l) = ,
w(ll ¢ ,



where
1 1
T PH TaPL

ey me

pL PL

7=
is the prior of the principal in the beginning of period 2 after the good outcome in

period 1.

The principal also leaves no rent to the agent if he takes his outside option in period
1. When the principal takes his outside option in period 1, period 2 is identical to

the one period model with prior 7'M, and the agent gets no rent.

If the principal mixes the continuation contracts, it has the same effect as taking
the linear combination of the IC constraints, and it convexifies the set of payoffs.

Therefore, the agent gets a rent only if the principal wants him to work in period
1 and also in period 2 after the bad outcome in period 1 with a strictly positive

probability.

However, if the discount factor is small for the given persistence of the states,
it can be optimal to have the agent work in both periods and leave the rent. The

amount of outcome the principal loses by taking his outside option in period 1 is

—c4 7t (pH> _u
pPr

If he takes his outside option in period 2 after the good or bad outcomes in period 1,

it is
ot (pH) (—c+n? (pH) —u)

PL PL

and
1 —
e (1 pH) (—c+ 72 (pH) — ),

— DL PL

respectively.

If the loss in outcome is greater than the rent to the agent, the principal will

choose to have the agent work in both periods and leave the rent. This is the case if

dedet Mﬂﬂ%(pH — ) < —c+rt (par) —u
1_ ~ —_—
() .
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and

1.1 2
17y (P — PL) (1—pu ~2(PH
5CdetM;rl—(l‘:bw<5ﬂ' (1_pL (—C+7T L _y.).

1-pL PL

These calculations show that the principal leaves the rent only if he wants the
agent to work in both periods. If the principal takes his outside option in the first
period or in the second period after the bad outcome, the principal can leave no rent
to the agent.

The above calculations also show that it can be optimal to have the agent work
both periods and leave him with the rent. Since the outside option is inefficient,
the principal incurs loss in outcome by taking the outside option, and if the loss in

outcome is greater than the rent to the agent, the principal prefers to leave the rent

and have the agent work in both periods.

Proposition 1.3. Suppose the parameters satisfy the following two inequalities:

so_—ctm() -

- ni7d(pa—pL)?
cdet Mﬂl(l_pH)ﬁz(pH
l-pp, P,

cdet M————Wiﬂ%(pH —pu)? <! <1 B pH) (—c+ 72 (p;;)
m(hna2(r) T \l-pr pL

—u).

It is optimal to induce work in both periods and leave the rent to the agent. The
optimal contract is the contract given in Proposition 1.2. Otherwise, it is optimal to

take the outside option in some periods.

There are a few things to note here that will hold in the general model with the

infinite horizon.

Remark 1.1. The principal has to leave the rent only if he wants the agent to work
in both period 1 and period 2 after the bad outcome in period 1. Also, in the one
period exzample, the principal doesn’t have to leave the rent. This shows that the rent
is an informational rent; the principal is leaving the rent because the agent’s deviation

leads to a different prior in the following period.

Remark 1.2. The minimum rent is proportional to the discount factor and the per-

sistence of the states. When the environment is i.i.d., the principal can leave no rent
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and have the agent work in both periods.

Remark 1.3. The composition of the continuation value in period 2 after the bad
outcome matters for the IC constraint in period 1. After the good outcome in period
1, only the continuation value matters, and the composition of it in pertod 2 doesn’t

matter.

Remark 1.4. If the principal wants the agent to work in both periods, he can offer a
history-independent contract. The principal’s prior in the second period depends on

the outcome, but the contract doesn’t depend on the principal’s information.

1.4 Informational Rent in the Infinite Horizon Model

This section discusses the general model with an infinite horizon. As was the case
with the two-period model, the informational rent arises in this environment. In this
section, I provide upper and lower bounds on the informational rent. If the discount
factor, the persistence of the states or the informativeness of the outcome is small,
the principal can approximate his first-best payoff.

Before discussing the IC constraints of the agent, I will first define two notations.
Let P(ht U h*|h*,7) be the conditional probability of history At LI h* given h* when
the prior on the states in the period after A! is 7 and the agent works in every period
in which the principal doesn’t take his outside option. Note that 7 is the prior on the
states in the period following h'. The principal updates his posterior given history
ht, and the posterior needs to be multiplied by the Markov matrix M as it transits
to the following period.

The second notation is V(h*, 7). A contract specifies history-contingent payments,
w(ht) for all histories ht. V(h', ) is the agent’s continuation value from working in
every period when the continuation contract is conditional on the history A* and 7 is

the prior on the states in the period following h':

V(ht,7) = iakzu(ht L h¥),

k=0 hk
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where u(h*LIA¥) is the expected payoff from working after h*LIh¥. Formally, u(h'UR¥)

is given by

w(ht L hF) =q(h L hR) (= P(ht U B*|Rt, m)c + P(Rt U h¥1RE, m)w(ht U A*1)
+ P(h* U R*O|RE, m)w (At U A*0)),

where the principal takes his outside option with probability 1—q(h*LIR*) after htLIAF.

Consider the IC constraints of the agent in period ¢ given history ht"!. Let 7t
be the prior on the states. The agent can deviate for T periods before he starts
working again, and there is an infinite sequence of IC constraints. The IC constraint

for deviating for T periods is

T
V(R aty > s (kT U b w(h T U RY) 4+ 8TV (R U AT, 7t M),

k=1

where h® = () and A" ' U R*,1 < k < T, are defined by

b 0  if the agent is induced to work but shirks,
t—1+k =
—1 if the principal takes his outside option.

When the agent deviates, it has two effects. The first effect is the outcome con-
sequence; by shirking in period ¢, the agent produces the bad outcome, and the
continuation contract corresponds to the bad outcome in period ¢. The second effect
is the information asymmetry between the principal and the agent. Since the states
are unobservable, the principal and the agent have priors on the states. When the
principal believes that the agent worked in a given period, the principal updates his
prior after observing the outcome. However, if the agent deviates in period ¢, the
agent doesn’t update his prior after observing the bad outcome. In period ¢ + 1, the
principal and the agent have different priors on the state; when the principal believes
that the agent worked in period ¢, the bad outcome lowers the prior on the good state,
and the agent assigns strictly higher probability on the good state than the principal

does.
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In the IC constraints of the agent, the agent receives the payments for the bad
outcomes while he deviates. After deviating for T periods, the continuation contract
is the one for the history A*~! LI hT. The second effect, the information asymmetry, is
captured by the term 7*M7. The updating of the priors and the Markov transition
preserve the ordering of the priors, and once the agent deviates, in all future periods,
he assigns a weakly higher probability to the good state than the principal does.

After each history ht™!, there is a sequence of IC constraints for the agent. If the
principal wants the agent to work, all the IC constraints have to be satisfied, and the
maximum continuation value of all possible deviations is the rent the agent gets by

working in period ¢.

Proposition 1.4. After history ht™t, the rent for the agent is bounded from below by

T
max[» 65 'g(h LR Yw(h T URF) + 8TV (R U AT, 7M7),

T>1
k=1
where ©t is the prior given history h'™', and the principal takes his outside option
with probability 1 — q(h LU R*) after h* U h*. BO = @ and h™' U A* 1 < k < T, are
defined by

5 0  if the agent is induced to work but shirks,
t—1+k =
—1 if the principal takes his outside option.
Proposition 1.4 shows that there is a lower bound on the rent to the agent. On

the other hand, the principal can attain an upper bound on the informational rent

by offering the following contract:

C

G+l (I;ILf)

w(h!1) = ,w(h'0) = 0,Vt > 0,

where 71! is the prior on the states given history A* =0---0.
t
When the contract is stationary, the payments don’t depend on the history of the

outcomes, and the information asymmetry between the principal and the agent has
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no effect on the continuation contract. As long as the expected payment in the given
period is above the cost, the agent is willing to work. Since 7' assigns the lowest
probability on the good state among the priors that can arise after any history of the
outcomes of t — 1 periods, the above contract provides enough incentives for the agent

to work in every period. The expected rent to the agent is bounded from above by

i e T o VL (pH> ;;;(cm)

pPL

t=1 pL
S (M)
=2 pr/ 7 <II)7L)
< (St(—C-I—ﬂ'lMt(pH) c )
; pr) M, (Zf)
c ddet M

:M2(§,z) - 5detM(pH —:.DL)(l f 5 M1 + m)-
Note that the upper bound is zero when the states are i.i.d.. The principal can
induce working in every period and leave no rent to the agent.
When the discount factor is small for the given parameters, or when the persis-
tence of the states or the informativeness of the outcomes is small, the principal can

approximate his first best payoft by offering the stationary contract.
Proposition 1.5. There exists an upper bound on the rent given by

c ddet M
My(P#) 1= 5 det M
pL

(pr — pL)(6 My + (1 = 8)71).

Given € > 0, there exists 0 such that for § < 6, the principal can approzimate his first
best payoff by € with a contract that is stationary from period 2. Conversely, for given
8, there exists D and A, such that if det M < D or pg/pL < A, the principal can

approxzimate his first best payoff with a contract that is stationary from period 2.
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1.5 States as Outcomes: Stationary Contracts as

Cost-Minimizing Contracts

This section discusses the case in which the states correspond to the outcomes of
working. The good state is in which work produces the good outcome, and work
produces the bad outcome in the bad state. In this environment, the cost-minimizing
contract that induces the agent to work in every period can be stationary, and the
principal can offer a constant payment for the good outcome and minimize the rent
to the agent. I obtain a tight lower bound on the rent to the agent when the principal
wants the agent to work in every period, and the lower bound increases with the
discount factor and the persistence of the states. The second best contracts are always
fully history-contingent, and the stationary contracts are not optimal in general, but
I’ll show in Section 1.6 that the stationary contract is part of the second best contract.

When the states correspond to the outcomes of working, the mapping from the
states to the outcomes is deterministic. If the states were observable, the principal
would know the outcome of working from the state. Having a constant prior means
that the states are distributed i.i.d. in every period. However, when the states follow
a Markov matrix, the prior after the good outcome is M; = (Mj, Mi2) and the
prior after the bad outcome is My = (My;, Ma). This implies that work produces
the good outcome with probability My, after the good outcome, and it produces
the good outcome with probability Mj; after the bad outcomne. Having different
probabilities My, > Ma; precisely captures the persistence of the outcomes of working.
An alternative interpretation would be that the good state follows a good outcome in
which work is productive with probability M;; the bad state follows a bad outcome,
and work is productive with probability My, < My;.

Consider an agent who is in charge of making an innovation. The agent’s effort
will be productive if an innovation is available, and it will be unproductive if an
innovation is unavailable. The good state then will be the state in which an innovation
is available, and the bad state is when it is not. Since the states are unobservable,

the principal and the agent will have priors on the states from the previous outcome
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and whether the agent has worked or not, and the priors are the probabilities that
they think work will produce a good outcome. Other examples can be modeled in a
similar way.

When the states correspond to the outcomes of working, the cost-minimizing
contract to have the agent work in every period can be completely stationary from
the second period. The principal can offer a constant payment for the good outcome

and minimize the rent to the agent.

Proposition 1.6. Suppose py = 1,pr, = 0. If the principal wants the agent to work

in every period, a cost-minimizing contract is to provide

w(h'1) = ——  w(h'0) = 0, VA, ¢ > 1.
My

Before proving Proposition 1.6, I will first characterize the lower bound on the
rent to the agent when the principal wants him to work in every period. The proof
of Proposition 1.6 follows by showing that the principal attains the lower bound with

the stationary contract.

Proposition 1.7. Suppose pg = 1,pr = 0. If the principal wants the agent to work

in every period, the average rent to the agent is bounded from below by

6 det M il
T saecar 0 T =)

Proof of Proposition 1.7. Consider the IC constraint for the one-shot deviation after
history ht. When the states correspond to the outcomes of working, the prior on the
state is completely determined by the state in the previous period. In particular,
the prior on the state after the good outcome is M; = (Mj;, Mis), and the prior
after the bad outcome believing that the agent worked in the previous period is
My = (May, My). Therefore, any subgame after the good outcome is identical, and

any subgame after the bad outcome is also identical.
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If the principal wants the agent to work in every period, he doesn’t take his outside

option after any history h*. The IC constraint for the one-shot deviation is given by

t+1 Vi t t+1 Vll
—c+7 v, > w(h'0) + §(—c+ "M VZ,)

SV, = Vp > —— +ddet M(V] — V3),
T

where 7+ is the principal’s prior after A* and V; is the sum of the present compen-
sation and the continuation value after h'l. V,V} and VJ are defined similarly for
ht0, ht01 and A*00.

Let V{, VY be the sum of the present compensation and the continuation value

t—0..- t—0... i i .
after h* =0 : 01 and h* =0---0. We have the following set of IC constraints:
t— t

V-V 2 4+ 0det M(V? - V),
1

VE-VE> ML 46 det MV — VY, v > 2.

21

From Proposition 1.5, the IC constraint and the limited liability condition, we know
that V! — Vi is bounded for all ¢ under an optimal contract, and summing over the

IC constraints, we get

" " c 1
- Vy> t>2
‘/1 ‘/2 - Mgll—édetM,V -7

1 L. C ¢ OdetM
—vls = )
Ve 2 ot T TS de it

Together with

Vi =w(Q:-0) +d(~c+ My Vit + Mo Vi)
t

2 5(—6—{- MQI(V1t+1 _ ‘/'2t+1) + V'Zt+1)’\v/t Z 1

we have
Vzt - odet M

tr1
- (1—5detMc+V2 )

30



and
) ddet M
1
> .
Ve 2 T 5T daet ai°

The average rent to the agent is bounded from below by

(1=0)(—c+mVy +mVy)

=(1=0)(—c+m(Vy - V3)+ V)

0 det M ) ddet M
>(1 - 6)(—c+ 1 (=5 + — 5
( ) c+7rl(7r%+M211—(5detM)+1—01—5detMc)
Sdet M _ 1
de o(d+ (1 — 8)—1).

T1_6det M My

From Proposition 1.7, we can show Proposition 1.6 as the following.

Proof of Proposition 1.6. When the principal offers a stationary contract, in any pe-

riod following a history hf, the agent chooses to work as long as

ettt (Zﬁ’;éi) > w(ht0).

The agent’s IC constraints become myopic because there is no gain in creating infor-
mation asymmetry. If the principal offers a constant payment for the good outcome,
the payment is unaffected by the principal’s prior, and the continuation value after a
deviation is the same as the continuation value on the equilibrium path. Therefore,
in deciding whether to work or shirk, the agent only cares about the payment in the
current period, and as long as the expected payoff from working is greater than the
payment for the bad outcome, the agent chooses to work.

The contract specified in Proposition 1.6 provides the following constant payments:

w(ht1) = A—;—,w(hto) — 0,Vht,t > 1.

21

Since the agent’s prior on the state satisfies 7 > My, the agent’s IC constraints are
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satisfied after any history h?,¢ > 1. In period 1, the principal pays

and again, the agent chooses to work.

To show the optimality of the contract, we need to show that the rent to the agent
is minimized with this contract. Under the specified contract, the agent gets rent if
and only if the outcome in the previous period is good, and in each of those periods,
he gets

det M
—c+M11w(ht1)= ff]w C.
21

The probability of a good outcome in period ¢ given the initial prior ! is

1
lMt—l
" <0>

and the average rent to the agent under the contract is

> (1) det Mc ddet Mc i

_5 5t1 t—1 — _ e O
(1 ); M o)L T Tosde 0t Dap0)

which is the lower bound on the rent to the agent given in Proposition 1.7. Therefore,
the principal can attain the lower bound on the rent with a stationary contract,
and the cost-minimizing contract to have the agent work in every period can be

stationary. 0

Proposition 1.6 shows that the cost-minimizing contract that induces the agent to
work in every period can be made to be stationary when the state variable is whether
working will produce a good outcome. I'll show in Section 1.6 that the stationary
contract is a part of the second best, but the next two propositions show that sta-
tionary contracts are not optimal more generally: the assumption of a deterministic
mapping from states to outcomes is needed, and even under the deterministic map-
ping, the principal prefers to take his outside option after an enough number of bad

outcomes. First, Proposition 1.8 shows that in order for an optimal contract to be
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history-independent, it is necessary that the mapping from the states to the out-
comes is deterministic. I define the history-independent contracts as contracts with

payments of the following form:

w(h'1) = wy(1), VA,
w(h'0) = wy(0), VA

Proposition 1.8. The second best contract can be independent of the history only if
the following condition holds:
pr=1p, =0

The proof of Proposition 1.8 goes as the following. When a contract is history-
independent, the agent’s IC constraints become myopic since there is no gain from
creating information asymmetry. As long as the expected payoff from working in the
given period is greater than the payment for the bad outcome, the agent chooses to
work. Then the principal can adjust the payments after some histories, and by front-
loading the payments for which the IC constraints don’t bind, the principal can keep
the continuation value constant while reducing the deviation payoff of the agent. It
allows the principal to lower the payments after some histories and reduce the rent.
The only exception is when py = 1,pr; = 0 and the principal doesn’t benefit from
front-loading the payment.

The next proposition shows that in the special case with py = 1,p;, = 0, the
principal wants to take his outside option after some histories. Together with Propo-
sition 1.8, the proposition shows that the second best contracts in the general model

will be fully history-contingent and the stationary contracts are not optimal.

Proposition 1.9. Suppose py = 1,pr, = 0. There exists tg > O such that for any
d > 0, a contract that involves taking the outside option after to bad outcomes since
period 1 gives a strictly higher payoff to the principal than the cost-minimizing contract
that induces working in every period.

The proof of Proposition 1.9 consists of two steps. The first step is to show that

for py = 1,pr, = 0, it is sufficient to consider the one-shot deviations of the agent.
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When the IC constraints for the one-shot deviations are satisfied, the agent doesn’t
deviate more than once at a time, and all IC constraints are satisfied.

The second step is to show that by taking the outside option after some history,
the principal can lower the payments to the agent leading up to the specified history.
If the principal takes his outsidse option after ¢, bad outcomes from period 1, the

principal can lower the payments w(Q---01) for 0 < k < t;. When the reduction

k
in the rent is greater than the loss in outcome from taking the outside option, the

.. : : to —()...
principal prefers to take the outside option after h 0---0.

to
The number of bad outcomes before the principal takes his outside option holds

uniformly for all discount factors §. Given the Markov matrix M, there exists ¢, such
that for any discount factor §, taking the outside option after ¢y, bad outcomes strictly

dominates inducing the agent to work in every period.

1.6 Second Best: Optimality of Tenure Contracts

This section characterizes the second best contracts in the same special case of the
model studied in Section 1.5: I assume that the state variable is whether or not the
project will succeed in period ¢. I show that in this case, the second best contracts
take the form of a tenure system. The agent is paid nothing during the probationary
period, and once the principal makes the positive payment, the agent is tenured,
and the principal never takes his outside option again. There is no loss of generality
in assuming that the principal makes positive payments only for the good outcome,
and after two periods since the initial payments, the principal can offer a stationary
contract. I also provide a recursive formulation to decide how long the probationary
period lasts and what the initial payment is.

The first result of this section is that the second best contracts take the form of a
tenure system. During the probationary period, the continuation value of the agent
and the decision to take the outside option depends on the history of the outcomes,
but the agent is paid nothing during this period. Once the principal makes a positive

payment, the agent is tenured, and the principal never takes his outside option again.
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Proposition 1.10. Suppose py = 1,p;, = 0. Under the second best contract, once
the principal makes a positive payment, the principal never takes his outside option
again. For any history ht such that w(h?) > 0, the principal induces work after history
ht U h* VhE k> 0.

The proof of Proposition 1.10 relies on the next proposition and the fact that the
composition of the continuation value after the good outcome doesn’t matter for the

agent’s IC constraints.

Proposition 1.11. Suppose pg = 1,pr, = 0. In characterizing the second best, there
is no loss of generality in restricting attention to contracts under which the principal

makes positive payments only for the good outcome.

The proof of Proposition 1.11 is in the appendix.

Proof of Proposition 1.10. Given a contract, let R and L be the rent and the loss in

outcome under the contract. L is defined to be
L=(1-0)Yrg—-Y),

where Yrpg is the expected discounted sum of the outcome in the first best, and Y is
the expected discounted sum of the outcome under the given contract.

Consider the space of (R, L) for the initial prior 7. I allow the principal to ran-
domize continuation contracts, and the set of all feasible (R, L) is a convex set. In

particular, there is a one to one mapping
f:[0,Lz] = [0,00)
such that the set of feasible (R, L) is given by
X, ={(R,L)|IR> f(L),0< L< L}
and

L,=(1-9) ia"“-l(—w TM*! (;) —u)

k=1
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is the expected loss in outcome from taking the outside option forever.
From Proposition 1.7, we know that

(SdetMC T
FO) = T aear +(1—0)‘M2—1)

is the minimum rent to the agent under the cost-minimizing contract. From the fact
that X, is convex, we also know that f(-) is strictly decreasing in L.

Since both the principal and the agent are risk-neutral, the principal can always
delay the payment. Suppose the principal makes a positive payment for h* under
the second best contract. From Proposition 1.11, we can assume that the principal
makes the positive payment for a good outcome, and h; = 1. After the good outcome,
only the sum of the present compensation and the continuation value matters for the
agent’s IC constraint, and the principal can replace the continuation contract. Instead
of paying w(h?) and continuing with V/(h!, M;), the principal can offer w(h*) = 0 and

1

V(ht, Ml) = 6

w(ht) -+ V(ht, Ml)
If V(ht, M) < f(0), we get
FTHV (R, M) < fH(V (R, My)).

The principal can replace the continuation contract with a contract with a lower L,
and the principal’s payoff strictly increases.

Therefore, if the principal makes a positive payment under the second best con-
tract, he doesn’t gain from delaying that payment, which means that the agent’s
continuation value V' (h*, M;) is at least as big as the minimum rent under the cost-
minimizing contract; the principal doesn’t lose anything in outcome under the con-
tinuation contract. The principal never takes his outside option after he makes a

positive payment. O

Proposition 1.10 and 1.11, together with Proposition 1.6, imply that the principal

can restrict attention to the following form of contracts.

36



Proposition 1.12. Suppose py = 1,p;, = 0. There is no loss of generality in re-
stricting attention to the following contracts: suppose the principal makes a positive

payment for the first time after h* = ht™11. In the following period, he offers

w(htl) = Mcl—l,w(hto) =0,

and the next period and on, he offers

w(ht U A1) = ML

)
21

w(h! U R*0) = 0,VA* k > 1.

Note that the contract becomes completely stationary after two periods since the
initial payment. In particular, we will observe that the principal makes the constant
payments for the good outcomes on the equilibrium path. The states are changing,
and the prior of the principal also changes over time, but it is optimal to commit
not to use his information and offer a stationary contract. We know from Section 1.5
that the second best contracts are fully history-contingent, and it is never optimal to
induce working in every period. However, the second best contracts turn out to be
history-contingent only until the agent is tenured. Once the agent is tenured, it is
optimal to induce working in every period, and the principal can offer a stationary

contract regardless of his information.

Proposition 1.12 allows us to offer a stationary contract after two periods since
the initial payment. Until the agent is tenured, the contract is history-contingent,
and the timing of the initial payment and the outside options depends on the history
of the outcomes. I will provide a recursive formulation to characterize the timing of
the initial payment and the outside options, but before doing so, I'll prove one more

proposition and a corollary on the dynamics of the continuation values.

I will call the periods before tenure probationary. The timing of the tenure is
history-contingent, and any history before the tenure is granted is probationary. Dur-
ing the probationary period, the agent’s continuation value strictly increases after the

good outcome.

37



Proposition 1.13. Suppose py = 1,p, = 0. Given the history h', let R and Ry be
the agent’s continuation values after ht and h'1, respectively. For any h' such that

ht1 s in the probationary period, we have

R < R;.

Proof. From Assumption 2, the principal takes his outside option when the agent
is not induced to work. Therefore, any outcome is on the equilibrium path from
the principal’s perspective, and the principal provides the payments specified in the
contract. In particular, after each good outcome, the continuation value of the agent
is exactly the amount the principal intends to provide under the contract.

During the probationary period, the agent is not paid anything. The agent’s

continuation value R can be written as

R=—c+mVi+mV,

<—c+ VW
= —C+(SR1
<R1,

where 7 is the prior on the states after h!, and the first inequality follows from V; > V,

under the optimal contract. O

Corollary 1.1. Suppose pg = 1,pr. = 0. The second best contract never terminates

after a good outcome.

Proof. If the contract terminates, the agent’s continuation value is zero. From R; >
R > 0, the agent’s continuation value is strictly positive after a good outcome, and

the contract doesn’t terminate. ]

The recursive formulation consists of two steps. The first step is to characterize
the pairs of continuation values (V7, V3) with which the principal can induce working

in the given period. The second step incorporates the loss in outcome under a given
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contract. The principal chooses a contract that minimizes the sum of the rent to the

agent and the loss in outcome.

Proposition 1.14. Suppose py = 1,pr, = 0. The second best contract can be found

from the following two sets: S is the largest self-generating set

S = conv({(m, V1, Vo)|3T > 0, (7', V], V) € S such that
(i)yn' = MyMT,
!
(7/2)1/2 = (5T+1 (—C + 71'/ (1;;/> ),
(1) = Vo 2 =+ 677 (det MY (V] = V])}),

and

X, = conv({(R, L)|3T > 0,(Ry, L1) € Xn,, (Ra, Ly) € Xy, such that
(i)' =M,
(i1)R = 07 (—c+ o’ (Rl>),
Ry
d 1 L
T (1 k—1(_ k=1 _ T+ L1
()L = (1= 6) Y 6 (—c+xM (0) u) + 6T (L2>,

k=1

(i) (', 6R1,6Ry) € S})

is generated from XY and XJ.

X, and Xy, are jointly determined as the limits of XT, X3':
ddet Mc M.
0 = > * = —— (S t —11
ddet Mc
- >Ry= ————
X2 {(R70)IR—R2 1_6detM}?

where R} and R; are the rents to the agent under the cost-minimizing contracts for

priors M, and Ms, and
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X+ = conv({(R, L)|3T > 0, (Ry, L1) € X7, (Ry, Ly) € X3 such that

(i)?T/:MlMT,
(it)R = 6T (—c + 67’ (Rl)),
Ry
a 1 L
VL = (1—20 5k71 _ MMIc—l _ (5T+1 ' 1
0 = (=9 0 e e (0]~ 5t (1),

(w)(n',6R1,0Ry) € S}),
X3 = conv({(R, L)|3T > 0, (Ry, L1) € X}, (R, Ly) € X¥ such that

()" = MyMT,
(i))R = 6T (—c + o’ (R1>),
Ry
T 1 L
T (1 k=1, k-1 . T+1 s 1
(13)L = (1 —6) ,;:16 (—c+ MM (0) u)+0" " <L2>’

(w)(n',6R1,0Rs) € S}).

The second best contract given the initial prior 7 is the one that minimizes R+ L

such that (R,L) € X,.

Once we find (R, L) € X, that minimizes R+ L, the contract can be constructed as
the following. Given (R, L) € X, there exist T' > 0, (Ry, L1) € Xy, (Ra, La) € Xy,
supporting (R, L). The principal takes the outside option for T periods, and after the
first period the agent is induced to work, the continuation contract is determined by
(Ry,Ly) and (R, L2). If the outcome is good and Ry < Rj, the contract continues
with (Ry, Ly). If the outcome is good and R; > R}, the agent is tenured and is paid
d(R; — R}) this period. The contract continues with (R}, 0), the contract specified
in Proposition 1.12. If the outcome is bad and 0 < R, < Rj, the contract continues
with (Rg, Ly). If the outcome is bad, but Ry, = R, the agent is tenured, and the
principal pays

w(ht1) = MC—,w(hm) =0
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from the following period. If the outcome is bad and Ry = 0, the contract terminates.

1.7 First Best Approximation

In this section, I discuss the first best approximation of the general model. As the
discount factor approaches one, the principal can get arbitrarily close to his first best

payoft.

Proposition 1.15. Given ¢ > 0, there exists & such that for any § > 8, the principal’s

average per period payoff in the second best is within € of his first best payoff.

Consider the following review contract. The contract specifies a review block of
T periods, a quota and a lump sum transfer. A quota is on the number of successful
outcomes from the block. If the agent meets the quota, the principal pays the agent
the discounted sum of the outcome subtracted by the lump sum transfer at the end
of the review block, and the contract continues. If the agent fails to meet the quota,
the principal pays the agent the discounted sum of the outcome, and the contract
terminates.

First, consider the principal’s payoff. Let s be the agent’s strategy in the equi-
librium, p(s) be the minimum probability he meets the quota and X be the lump
sum transfer. In general, the probability the agent meets the quota with a strategy
depends on the prior on the state at the beginning of the review block, but we can
take the minimum of the probabilities over the priors. Then the principal’s average

per period payoff is at least

(1=0)8""'p(s)X (1 +"p(s) + 6% p(s)* +---)
:5T‘1p(s)(1 - 90X
1 —0Tp(s)
0T —-68T)p(s) 1-6 X
T 1—6Tp(s) 1-06T 4"

Since the states exhibit positive persistence, the expected discounted sum of the

outcome in the first best is the maximum when the pair starts with 7! = (1,0). Let
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7 be the average expected discounted sum of the outcome over the infinite horizon in
the first best when 7! = (1,0). When the following two inequalities hold,
T(1 _ 8T
(1 —6M)p(s) o1 6’
1-6Tp(s) — 2

1-6 X €
el N T
Tty 2.

the principal’s payoff is at least (1 —€)j—c>§j—c—e.

Roughly speaking, the first inequality says that the agent meets the quota with
a high enough probability. The review block is sufficiently long to have p(s) close
to one. Then, there is also a lower bound on the discount factor so that 67 is close
to one. If the review block is too long for the given discount factor, the lump sum
transfer the principal gets at the end of the review block is discounted too much for
the principal’s payoff to be close to his first best payoff. Therefore, the review block
is sufficiently long to have a high probability of meeting the quota and yet not too
long for the given discount factor so that the principal’s payoff is not discounted too

much.

The second inequality says that the lump sum transfer the principal gets on meet-
ing the quota is close to his first best payoff. The expected outcome in the first best
in any given period increases with the prior the pair puts on the good state, and
together with the positive persistence, the expected discounted sum of the outcome
is maximum when they start believing they are in the good state. If the lump sum
transfer is above (1 — §)7 — ¢, it is above 1 — £ times the first best outcome for any

initial prior, subtracted by the cost.

It remains to verify the agent’s incentives that the agent will pass the quota with
p(s) close to one. Let V(7) be the agent’s continuation value when the review block
starts with prior 7. Since the agent can always choose to work in every period, letting
s be the strategy of working in every period, we have

1-6T

V() 2 (1= 8)(Y(r) - =

¢) + 8" p(s)(B[V (7)] = ——X),
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where Y (7) is the expected discounted sum of the outcome from working in every
period from a block with the initial prior 7, and # is the prior in the beginning of the

new block.

Let V be the minimum of V() over all priors . Together with the fact that Y ()

increases with 7, we get the following inequality:

1-6
1 —0Tp(s)

y o (= O(0.1) = o) - 5pls)

Ity > %X , the agent always prefers to increase the probability of meeting the quota.
Since the principal pays the agent the discounted sum of the outcome, subtracted by

X on meeting the quota, the agent works in every period on the equilibrium path.
When the lump sum trasnfer is specified to

1-6T

X < 8(Y((0,1)) - =—=0),

the inequality V > 1%;‘§X is always satisfied. The last condition is to ensure that the
discounted sum of the outcome on meeting the quota is weakly greater than X so
that the principal can actually take away the lump sum transfer. A slightly stronger
condition is

Q=X

where () is the number of good outcomes for the quota.

Therefore, when a review contract satisfies

T _ T
= pls) e
1—-46Tp(s) — 2
1-4 €
- > — — )97 —
167
1_66)7

X <o(Y((0,1)) -

Q= X,

the agent chooses to work in every period, and the principal’s payoff is within € of his
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first best payoff.

By the uniform weak law of large numbers, the principal can find § such that for
any 6 > 6, there exist @ and T that satisfy the above conditions.

The above contract sets the quota on the number of good outcomes. Alternatively,
we can set the quota directly on the discounted sum of the outcomes, which allows
the principal to approximate his first best payoff in a more general environment.
Generally speaking, we need the uniform weak law of large numbers for the discounted

sum rather than the time average.

Proposition 1.16. Let 2o € X be an initial condition and let {X,}n>1 be an R, -

valued stochastic process satisfying the following condition: there exists p such that for

given € > 0, there exists 6y, Ty such that for every k, (xo, 21, ,2k), 0 > 60, T > T,
1-6 <
|—7 (> 0" E[Xkys]) —pl <¢
1-46
t=1
and
1-6 oy
Pr(ls—5r (D 0" Xipa) = > €) <.
t=1

When the outcome of working follows a stochastic process {X,}, for given € > 0,
there exists 8 such that for § > &, the princpal’s average per period payoff in the

second best is within € of his first best payoff.

The conditions in Proposition 1.16 say that the expected discounted sum of the
outcomes converges uniformly and the uniform weak law of large numbers holds.
A sufficient condition is that there are a finite nunber of states with an ergodic
distribution and the outcome of working is bounded. First-order Markov chains that
are irreducible and aperiodic have ergodic distributions, and we have the following
proposition.

Proposition 1.17. Suppose there are a finite number of states following an irre-
ducible, aperiodic first-order Markov chain. The outcome of working is bounded.
Given ¢ > 0, there exists & such that for & > &, the princpal’s average per period

payoff in the second best is within € of his first best payoff.
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1.8 Conclusion

I study a model of principal-agent problem in a persistent environment in this chapter
and show that an informational rent arises when the states are partially persistent.
When the states are partially persistent, the agent’s effort has both a payoff conse-
quence and informational value. If the principal believes that the agent worked this
period, the principal infers about the state by observing the outcome, and the agent’s
deviation leads to a lower outcome and information asymmetry between the principal
and the agent. Following a deviation, the agent assigns weakly higher probabilities
to the good state than the principal does in all future periods, and the principal has

to provide the maximum of all deviation payoffs the agent can get.

When the states correspond to the outcomes of working, the second best con-
tract resembles a tenure system. In this environment, the principal makes positive
payments only for the good outcome, and after the good outcome, only the sum of
the present compensation and the continuation value matters for the agent’s IC con-
straint. If the principal makes a positive payment after some history and takes his
outside option with a positive probability under the continuation contract, the prin-
cipal can backload the payment and replace the continuation contract with a contract
with a higher expected payoff to the principal. The principal doesn’t benefit from
backloading the payment only if he is already inducing the agent to work in every
period under the continuation contract. Therefore, if the agent is paid, the principal

never takes his outside option again, and the agent is tenured.

After the agent is tenured, the principal offers the cost-minimizing contract, which
is stationary from the second period. When the states correspond to the outcomes
of working, we can express the deviation payoffs of the agent by his continuation
values on the equilibrium path, without having to keep track of all future payments.
If the principal uses his information to reduce the rent, the agent can deviate and
get a positive rent from the one-shot deviation. One way to prevent the deviation is
to always provide the payments as if the previous state was bad, and the stationary

contract minimizes the rent to the agent.
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For discount factors close to one, the principal can approximate his first best pay-
off. The contract combines the review contracts and the residual claimant argument.
At the end of each review block, the agent is paid the discounted sum of the outcome
from the block, subtracted by a lump sum transfer if he meets the quota. The princi-
pal and the agent continue with the contract only if the agent meets the quota, and
the lump sum transfer is chosen so that the agent chooses to work in every period.
The principal can use the law of large numbers to ensure that the agent meets the
quota with a high probability by working in every period. The law of large numbers
also allows the lump sum transfer to be close to the principal’s payoff in the first best,
and the principal’s payoff gets arbitrarily close to his first best payoff as the discount
factor goes to one.

In this chapter, I assumed that the principal can commit to a long term contract.
When the states are persistent, the expected outcome in the future varies with the
state in the given period. If the principal cannot commit to a long term contract, the
persistence of the states puts further restrictions on the payments the principal can
make, and the effect of the lack of commitment power will be magnified. It will be
interesting to consider relational contracts in this environment and see what forms of

comnitment power or contracts can mitigate the effect of persistence.
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Chapter 2

Relational Contracts in a

Persistent Environment

2.1 Introduction

Most literature assumes that in a repeated interaction, the states are independent
and identically distributed over time. But the real-world interactions don’t always
take place in an i.i.d. environment. A shock to the cost of raw material is likely to
persist for some time, and if it becomes costly to perform a task this year, a firm may
not expect the cost of performing the task next year to be distributed in the same
way as it would after a good year. The production technology this period can also
depend on the past realization of the productivity. Anticipating the persistence of
the states, the employees may not expect the same effectiveness of the compensation
scheme every period, and the optimal compensation scheme may in fact depend on
the state.

I study optimal relational contracts when the states are partially persistent and
there is moral hazard. The principal and the agent trade every period over an infinite
horizon, and both parties are risk-neutral with a common discount factor. Under
a relational contract, the principal offers a compensation scheme each period, and
the agent decides whether or not to accept it and how much effort to exert if he

accepts the offer. The principal doesn’t observe the agent’s effort, which leads to
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moral hazard, but he observes the outcome, which is a noisy signal of the agent’s

effort, and therefore can promise contingent payments on outcome.

At the beginning of each period, the payoff-relevant state is realized and becomes
observable to both the principal and the agent. The states are persistent, and the
distribution of the states next period given this period’s state is known to both parties.

I consider both exogenous states and endogenous states.

There is a large literature on relational contracts, including Levin (2003) and
Baker, Gibbons, and Murphy (2002). Earlier literature on relational contracts focused
on symmetric information case. (see for example, Shapiro and Stiglitz (1984), Bull
(1987), MacLeod and Malcomson (1989), Kreps (1990)) More recent papers consider
environments with asymmetric information, and most of the literature assumes that
the environment is either stationary or i.i.d. over time. My chapter is most closely
related to Levin (2003), where he shows that for i.i.d. states, the principal can focus
on maximizing the joint surplus and the optimal contracts can be stationary. The
necessary and sufficient condition to implement an effort schedule with stationary
contracts is that it satisfies the IC constraint and one other constraint. The optimal
contract either implements the first best or is a step function. Other related literature

is discussed at the end of this section.

Section 2.3 considers the results that hold for any type of persistence. As was
the case with i.i.d. states, the distribution of the joint surplus between the principal
and the agent can be separated from the problem of efficient-contracting, and in
characterizing the Pareto-optimal contracts, it is sufficient to focus on the joint surplus
from the relationship. The principal can always redistribute the surplus through the
fixed wage in the initial period. When the states follow a first-order Markov chain, the
realization of the state this period is a sufficient static for the distribution of the future
states, and the principal can provide all incentives by the bonus payments at the end of
this period. It is optimal to provide the same expected per period payoff to the agent
in every state, and for each state, the principal can offer a contract that maximizes the
joint surplus. In particular, the principal can offer a stationary contract every period.

I define stationary contracts as contracts under which the compensation scheme is
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identical in all periods; the wage and bonus payments are allowed to depend on the
realization of the state and the outcome in the given period, but they don’t depend
on the history. Under a relational contract, there is a temptation to renege, and
the self-enforcement leads to the dynamic enforcement constraint as in the i.i.d. case.
The necessary and sufficient condition for an effort schedule to be implementable by a
stationary contract is that it satisfies the IC constraint and the dynamic enforcement
constraint. I also show that the optimal contract either implements the first best

level of effort, or it takes the form of a step function.

In Section 2.4, I consider an alternative model in which the state is endogenous.
From an applied perspective, there are often environments where the agent’s effort
affects the distribution of the state. Specifically, I consider the environment in which
the productivity is the state variable. The distribution of productivity for the next
period depends on the current productivity and the agent’s effort, which implies that
the agent’s effort affects the distribution of states in all future periods. When the
productivity is obscrvable and the persistence is of first-order, however, most results
in Section 2.3 generalize to this environment. The distribution of the joint surplus
between the principal and the agent can be separated from the problem of efficient
contracting, and the optimal contract can still be stationary. The productivity is a
sufficient static for the distribution of future states, and the principal can still provide
all incentives by the compensation scheme at the end of the period. The principal
can offer a stationary contract that leaves the agent indifferent between accepting and
rejecting the offer. I also show a version of dynamic enforcement constraint which is,
together with the IC constraint, the necessary and sufficient condition to implement

an effort schedule with such stationary contracts.

The next section discusses the implications for the markets for random matching
in which the principal and the agent can be randomly, anonymously, and costlessly
matched with a new partner. The nature of the state leads to starkly different impli-
cations for the market. The degree of cooperation varies with the nature of the state,
and it also highlights the difference between the i.i.d. states and the persistent states.

When the states are i.i.d., or if the states are persistent but common to all principal-
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agent pairs, cooperation is impossible; the principal cannot induce any level of effort
from the agent. On the other hand, if the state is persistent and agent-specific, there
is no market, and the principal and the agent stay in the same relationship forever.
If the state is persistent and relationship-specific, there will be a market, and the
principal and the agent leave the current relationship if and only if the expected joint
surplus falls below some threshold.

I also consider two mechanisms through which the persistence of the states affect
relational contracts. When the states are persistent, the joint surplus in the first best
can vary with the state, and incentive provision for given bonus cap can also vary
with the state. I consider two mechanisms separately, holding the other constant. I
find that in both cases, if the joint surplus in the first best increases with the state, or
if the implementable level of effort for given bonus cap increases with the state, the
difference in the joint surplus between the first best and the second best decreases with
the state. The principal prefers relational contracts to full-commitment contracts if
and only if the initial state is sufficiently high.

There are some papers on relational contracts with persistent states. Thomas and
Worrall (2010) consider a two-sided incentive problem where the states and the efforts
are observable and the players have limited liability. McAdmas (2011) considers joint-
partnership games in which the states are persistent and both the states and efforts
are observable. The players decide whether to stay in the relationship and how much
effort to exert. The main difference from my model is that there is no asymmetric
information in their models, and there is limited liability in Thomas and Worrall.

This chapter is also related to literature on partnership games with persistent
states. Rotemberg and Saloner (1996) and Haltiwanger and Harrington (1991) study
collusion in nonstationary markets. In Rotemberg and Saloner, the potential gain
from deviating is higher in a higher state, and the future surplus is not affected by
the state. In my first model of Section 2.6, the gain from deviating is constant across
the states, and it is the future surplus that varies with the state; my model is closer
to Haltiwanger and Harrington.

The market setting in my chapter is related to literature on repeated games with
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rematching. Ghosh and Ray (1996), Kranton (1996) and Watson (1999) among others
consider repeated interactions when the players can exit the relationship in any period.
The stage game in these papers are similar to the prisoner’s dilemma, and most of
them don’t have monetary transfers. The equilibrium strategy is often to start small,
which contrasts with the stationary behavior in my model.

The rest of the chapter is organized as the following. Section 2.2 describes the
model, and the general results are presented in Section 2.3. I consider an alternative
model in Section 2.4 in which the state variable is endogenous, and Section 2.5 applies
the results for the markets for random matching. Section 2.6 discusses the types of

persistent states and their implications on relational contracts. Section 2.7 concludes.
Timing in Each Period

Principal makes Agent  6; becomes  Agent  Outcome y; Bonus payment

an offer. accepts  observable. chooses e;. 1is realized. is made.
/rejects.

2.2 Model

The principal and the agent have the opportunity to trade over an infinite horizon,
t =0,1,2,--- . Both the principal and the agent are risk-neutral, and the common
discount factor is § < 1.

The principal has limited commitment power and can only employ relational con-
tracts. At the beginning of period ¢, the principal offers a compensation scheme to the
agent, which consists of a fixed salary w; and a contingent payment b;. Both the fixed
salary and the contingent payment can be functions of the history, which I will define
momentarily. The agent decides whether to accept the offer, and a payoff-relevant
parameter 6, is realized. Both the principal and the agent observe the state. Note
that the principal offers the compensation scheme before the realization of the state;
he offers a function of the state as fixed salary, and the bonus payment is a function

of the performance outcome.
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The state 6, is drawn from the support © = [§, §]. The distribution of the
state 6; depends only on the previous state #;_;. Denote the distribution of 8; by
P(6:|6,~1). The distribution of the state doesn’t depend on the time index, and we
have P(6,|6;—1) = P(6;|6p) for all t > 1. In the initial period, the state 6, is dis-
tributed by Py(6y). The distributions P(6;]6;_1) and Py(fg) are known to both the

principal and the agent.

Assumption 2.1. The distribution of state 61,1 when the previous state was 6; is

giwen by P(6i41]0:) and is identical for all t > 0.

After the principal offers a compensation scheme, the agent decides whether or
not to accept, d; € {0,1}. If the agent accepts the compensation scheme, the agent
chooses how much effort to exert, e; € £ = [0, €]. The cost of effort, c(ey, 6;), increases
with e with ¢(e = 0,6) = 0 for all 8 and ¢, > 0. The agent’s effort generates outcome
y. with the distribution F(yle, #) and the support Y = [y, 7]. The cdf of the outcome
satisfles the Mirrlees-Rogerson constraints: F'(yle,#) has the monotone likelihood
ratio property, and F(yle = c~!(z]0),0) is convex in z for any §. The Mirrlees-
Rogerson constraints ensure that the first order approach is valid; they are necessary
for Proposition 2.4 and Section 2.6. The expected joint surplus can be written as
a function of 6 and e, S(e,0) = Elyle,f] — c(e, ). Throughout the chapter, when
capitalized, S(e,0) denotes per-period joint surplus in state 6 if the agent chooses
effort e.

I allow the distribution of the outcome and the cost function to be dependent on
the state. If neither of them depends on the state, we are back to i.i.d. environment,
and in general, we can have one or the other to be state-dependent.

Each period, there are three pieces of payoff-relevant information: the cost-relevant
parameter 6;, the agent’s effort e;, and the outcome y;. The agent observes all three
parameters, but the principal observes only 0; and y;. The performance outcome is
&1 = {04, y+}, and the set of all performance outcome is denoted by .

At the end of each period, the principal is obliged to pay the fixed salary w;, but

the contingent payment is only promised. Denote the total payment to the agent by
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W,, and W, = w; + b; if the contingent payment is made, and it is W, = wy if not.

If the agent rejects the principal’s offer, the parties receive their outside option
for the period. The agent’s outside option is %, and the principal’s outside option is
7. The joint surplus from the outside option is denoted by § = @ + 7. I assume that
for any state 6, the maximum joint surplus is strictly bigger than the outside option,
but the outside option is weakly better than no effort. I also assume that the outside
options @, 7 are independent of the state and constant over time. In Section 2.5, I

consider markets for random matching, and there will be endogenous outside options.
Assumption 2.2 (Efficiency). For all § € ©, max, S(e,f) > 5> 5(0,6).

Given the distribution of the states, P(f;41]0;), we can define the distribution of
0,1, given Oy, P(011,|0:). Let p(6141]6:) be the pdf of 6,41, then we have

p(Buer|6)) = / . / 2BesnlOor 1) - P(rsr|0)dbrsr—1dr,

and P(0;,.|0;) can be constructed from p(6y;,|6;). The discounted payoffs to the

parties from date t given 6;_; are

u(B1) = 267 Hdr(Wy = c(er,6:)) + (1 — dr)a} B,

7t(01-1) TE[ZfV Hde(yr = Wr) + (1 — dr)T}bra],

where the expectations are taken over P(6,]6,—1),7 > t, and F(-|e,#). In period 0,
the expectation is also taken over Py(6). At each period, the parties maximize their

expected payoffs. I define the expected joint surplus from period ¢ as

5¢(04-1) = w(6—1) + m(0i=1).

Note that s;(f;_1) is the per period average expected joint surplus, as it is discounted
by 1—38. When capitalized, S(e,6) is the expected joint surplus from the given period

for e, 6.
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Let h* = (wo, do, ¢o, Wo, -+, we—1, di—1, $1—1, Wi—1) be the history up to period ¢
and H' be the set of possible period ¢ histories. Given any period ¢ and history A, a
relational contract specifies the compensation the principal offers, whether or not the
agent accepts it, and if the agent accepts the offer, the effort level. The compensation
wy, by are allowed to be functions of the history, and they are functions of the following

form:

wy: H x O = R,
by H! x @ — R.

A relational contract is self-enforcing if it forms a perfect public equilibrium of the

repeated game.

2.3 Observable and Exogenous States

This section discusses the results that hold for any type of persistent states. The main
results of this section generalize the characterization in Levin (2003) to persistent
states. When the states are observable and exogenously given, the optimal contract
can be stationary, and it is optimal to provide the samme expected per period payoff
in every state. The self-enforcement leads to the dynamic enforcement constraint as
with i.i.d. states. An optimal contract either implements the first best level of effort
or takes the form of a step function.

A relational contract forms a perfect public equilibrium of the repeated game, and
there is multiplicity of equilibria. Instead of characterizing all relational contracts, I
focus on efficient contracting and focus on the Pareto Frontier of the payoffs. The
first result is to note that the problem of efficient contracting can be separated from
the problem of distribution even if the states are persistent. The intuition is same as
in Levin (2003). The principal can always adjust the fixed salary to redistribute the

surplus.

Proposition 2.1. Suppose there exists a relational contract with expected joint sur-
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plus s > 5. Any expected payoff pair (u,n) with v > 4,7 > T,u +7 = s can be

implemented with a relational contract.

Proof. Consider the relational contract that provides s. The principal offers in the
initial period w(f), b(¢o), and if the agent accepts, he exerts effort e(fy). The contin-
uation payoffs under the contract are denoted by u(¢o) and 7(¢o), and the expected
payoffs from the contract are ug and my. Without loss of generality, we can assume
that off the equilibrium path, the parties revert to the static equilibrium of (@, 7).
The first period payment W is a function of ¢y.

The contract is self-enforcing if and only if the following conditions hold:

(Z) Uo Z ’17.77'['0 Z 7?»

(17) e(bp) € arg IneaxIEy[(l — 0)W (¢ho) + du(go)le. bo) — c(e, bp),
)

4 _
(432) b(¢po) + 1—:—gu(¢0) > ,

1-6
)

7T(¢0) 2 7_7-)

— b(¢o) + 1%

1-46

and (iv) each continuation contract is self-enforcing.
Given any (u,7) such that v > @,m > @,u + 7 = s, the principal can offer the
same b(¢) and continuation contracts and adjust w(fp) to

™ — To

1-6°

'lf)(eo) = w(@o) -+

The conditions are satisfied with the new contract, and it provides (u,7) as the

expected payofis. g

As long as the expected payoff is greater than the outside option, the parties are
willing to initiate the contract. The principal can adjust the distribution of the joint
surplus by the fixed salary of the initial period, and the resulting contract is still
self-enforcing because the incentives are not affected. Given Proposition 2.1, we can
restrict attention to optimal relational contracts that maximize the joint surplus from

the contract.
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The next result is that despite the persistence of the states, the maximum joint
surplus can be acheived with stationary contracts. I define the stationarity of a

contract as the following:

Definition 2.1. A contract is stationary if W, = w(6;) + b(¢:), e = e(6;) at every t

on the equilibrium path for some w: © 5> R,b:® - Rande: © — £.

Note that the contract is stationary on the equilibrium path. Without loss of
generality, we can assume that off the equilibrium path, the parties revert to the
static equilibrium of taking the outside option every period, (@, 7). With a station-
ary contract, the principal offers the identical compensation scheme every period.
The compensation scheme is independent of the history, and it only depends on the
performance outcome of the given period. The fixed salary may depend on the state,

but given the same state, the fixed salary is constant across the time.

Proposition 2.2. The mazimum joint surplus can be attained with a stationary con-
tract. Furthermore, it can be achieved with a contract that provides the same expected

payoff to the agent in every state.

Proof. Suppose a contract that maximizes the joint surplus provides wy, b, and the
agent chooses e;. The first step is to construct an alternative contract wt,i)t under
which the agent chooses the same level of effort e, and his expected payoff is constant
in every state.

When the states are observable and exogenously given, the distribution of the
states from period ¢ + 1 only depends on #;, and the outcome y; doesn’t carry any
information about the future states. The principal can adjust the contingent payment
b, and keep the expected payoff in each state constant. Specifically, consider the
following contract. Let u,(h', ¢;) be the continuation value of the agent under the

given contract, and define by, lA)t as the following:

N

bi(h', ¢0) = bi(h', ¢0) + 5 (W, ) — ),
wi(h',6,) = @ — By, [by(h', 60)le(',6,)].
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From

)
1-9

bu(ht, 1) + @ = by(ht, ¢;) + w, (R, ),

1-6
the agent chooses the same level of effort e; under the new contract. The agent’s

expected payoff is @ for all ¢, h?, 6,.

The next step is to show that we can choose @ : © — R, b : ® — R such that
the principal offers ,b in every period. Consider w; and b;. The agent’s expected
payoff is constant over all ¢, h?, and 6;, which implies that the agent’s IC constraint is
determined by the within period compensation scheme. Specifically, the agent chooses
e such that

ei(ht,6,) € arg mfxEy[Bt(ht,¢t)|e, 0,] — c(e, 8,).

When the agent’s IC constraints are myopic, the principal can replace a compensa-
tion scheme for any given period with another compensation scheme without affecting
the incentives. The principal can also treat each 6; separately, because the state is
observable before the agent chooses the effort. Specifically, let b be the compensation

scheme that maximizes the expected per period joint surplus for state 6;:

b(f,-) = arg  max E,[yle:(h', 6:),6:] — c(es(h', 0,), 01).
bt(ht’{gtv'})

If there’s multiplicity of the compensation schemes, we can pick one without loss of

generality.

Given b : ® — R, the agent chooses e : © — £ such that
e(6,) € arg maxE,[b(@)|e, ;] — c(e, 8,).
Define w as

w(0) =u—E, [l;((ﬁ)[e(ﬁt), 0:],

and we have a stationary contract that maximizes the expected joint surplus. By
construction, it is self-enforcing, and it provides the same expected payoff to the

agent in all ¢, ht,0;. Let s* be the minimum expected per period joint surplus over
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the states under b, w:
= min{E, [yle(#), 6] — c(e(6), 9)}.

The principal can adjust the fixed salary and can provide any w such that @ < u <

a

§* — 7 to the agent as the constant expected payoff.

From Propositions 2.1 and 2.2, we can focus on stationary contracts that maxi-
mize the joint surplus. I will next provide the necessary and suflicient condition for
an effort schedule to be implementable by a stationary contract. When the states are
observable and exogenously given, there is no information asymmetry about the dis-
tribution of future states. For the agent’s IC constraints, only the sum of the present
compensation and the continuation value matters, and in particular, the principal
and the agent use the same probability distribution to evaluate the continuation val-
ues. Therefore, the principal can provide the incentives by the present compensation
and provide the same expected payoff in all periods and all states. By doing so, the
principal isolates the incentive provision to each period and the given state, and the
principal can offer an identical compensation scheme in all periods for the given state.
The maximum joint surplus can be attained with a stationary contract, and we can
restrict attention to stationary contracts that maximize the joint surplus.

With relational contracts, neither the principal or the agent commits to the con-
tingent payment, and there exists a temptation to renege on the promised payment.
The contract is self-enforcing if the principal and the agent have no incentives to
renege. Since we are interested in the maximum joint surplus, there is no loss of
generality in assuming that a deviation leads to the static equilibrium behavior. If
the principal offers an unexpected compensation scheme, the agent accepts the offer
but exerts zero effort. Following a deviation, the parties receive their outside options
7 and 4.

Recall that when the states are persistent, the discounted payoffs at period ¢

should be conditional on state 8,_y:
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and the expected joint surplus from ¢ + 1 is 8y11(0;) = usy1(0:) + T41(604).

The principal makes the promised payment if and only if

d
1-9

(7e41(6:) — T) > supb(y, y), VO,
y

and for the agent to make the promised payment, we need

)
1-9

(ut+1(9t) - ’E) Z - lI;f b(et, y), Vé’t

From Proposition 2.1, the principal can redistribute the surplus by adjusting the
fixed wage, and the above inequalities can be combined in the dynamic enforcement

constraint:

4]
1-9

(DE) (81+1(6¢) — 5) = sup W(6;, y) — inf W(6, y).
y
The enforceable effort schedules are characterized by the agent’s IC constraint and

the dynamic enforcement constraint.

Proposition 2.3. An effort schedule e(0) with expected joint surplus s(f) can be
implemented with a stationary contract if and only if there exists a payment schedule

W : ® — R such that for all 6 € O,

(IC) e(6) € argmaxE,[W(g)le, 6] — c(e. 0),

)
1-6

(DE) (s(8) —3) > Sl;p W(o,y) — irylf W(b,y).

Proof. (=) Suppose e(f) is implementable. Let u(f) and 7(#) be the continuation
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value for the agent and the principal when the previous state was 6. The IC constraint

has to be satisfied, and we also know that

%)

—
<

(7(0) = 7) = supb(4, ), 0. (2.1)

(=%

(u(8) —a) > —inf b(0,y), Vo (2.2)

Y

—_
(=2

have to hold. Adding the two inequalities, we have the dynamic enforcement con-
straint.
(<) Suppose W(¢) and e(f) satisfy the IC constraint and the dynamic enforce-

ment constraint. Define

b(¢) = W(9) —inf W(9),

w(t) = u —Ey[W(e)le(6), 0],

and consider the stationary contract with w(#),b(¢) and e(¢). The parties revert to
the static equilibrium if a deviation occurs. The agent receives @ as expected payoff
in each state, and the principal receives 7(8) = s(f) — u if the previous state was
. By the dynamic enforcement constraint, s(f) > 5 and 7(¢) > 7 for all §. From
the IC constraint, the agent chooses e(f) in each state 8, and it can be verified that

Inequality (2.1) and (2.2) are satisfied. O

Note that the continuation payoffs from period ¢ + 1 matter in the dynamic en-
forcement constraint, but they don’t enter the agent’s IC constraint. Since the states
are persistent, the continuation payoffs u;11(6;) and m¢41(6;) depend on the state 6.
But the principal also observes §;, and by Proposition 2.2, the principal can offer a
stationary continuation contract and the constant continuation value, independent of
the outcome 1;. Therefore, even though the agent’s expected payoff from period ¢t is
W (i) + dues1(6:), uir1(6) = @, and it doesn’t matter for the agent’s IC constraint.

Lastly, from Proposition 2.3, we obtain the following characterization of optimal

contracts. Due to risk-neutrality of both parties, the principal wants to use the
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strongest incentives possible. If an optimal contract cannot induce the first best
effort e¥'B(6,) in state 6;, the DE constraint binds, and the compensation scheme is a

step function.

Proposition 2.4. An optimal contract either (i) implements eFB(6;) or (i) takes
the form of a step function at each 0,. When e(8;) < eFB(6;), there exists y(6;)
such that W(6y,y) = W(6;) for y > y(8;) and W (b, y) = W(8,) for y < y(b:).
W (8:) = W(0,) + 125 (se41(6:) — 3), and the likelihood ratio f./f(yle(6,)) changes the
sign at y(6;).

Proof. We know from Proposition 2.1 that we can focus on maximizing the joint
surplus, and Proposition 2.2 implies that we can focus on stationary contracts. By
the Mirrlees-Rogerson constraints, we can replace the agent’s IC constraint with the

first-order condition. The optimal stationary contract solves

Ey [y — cle(d
max o.yly — cle(9),0]

subject to
d
%{Ey[W(eay) - C(eae)‘e = 6(0)? 9]} = 0» V@,
- 5(5@ -9 > s W(6.9) ~f W(0.0).
- 0y

s(6) = Z 8dy(y — cler, 6,)) + (1 — dy)3}0].

From the Mirrlees-Rogerson constraints, the principal wants to maximize e when

e(0;) < efB(6;). We get

W(b,) ify>y8
W(b:,y) = o 1 vy :
W) ify <y(6)
and f. changes the sign at y(6;), and W(8,) = W.(6;) + 25 (s141(6:) — 5). O

The results in this section hold for any type of persistence. When the states are

observable and exogenously given, there is no asymmetric information between the
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principal and the agent regarding the distribution of future states. Together with
risk-neutrality, the principal can provide all incentives by the bonus pyaments at the
end of each period and offer the same continuation value in every state. The results in
Levin (2003) extend to persistent states, and we have shown the following results. The
problem of efficient contracting can be separated from the problem of distribution,
and the joint-surplus can be maximized with stationary contracts. The necessary and
sufficient condition to implement an effort schedule with stationary contracts is that
it satisfies the IC constraint and the dynamic enforcement constraint. An optimal
contract either implements the first best level of effort, or it is a step function in each

state.

2.4 Endogenous States

This section considers an alternative model with endogenous states. The agent’s
effort and the productivity this period determine the distribution of the productivity
next period, and the outcome is a function of the productivity. Since the agent’s
effort affects the distribution of the productivity, it is an endogenous state variable.
However, when the productivity is observable to both the principal and the agent,
most of the results in the previous section generalize to this model. The problem of
efficient contracting can be separated from the distribution of joint surplus, and the
maximum joint surplus can be attained with stationary contracts. An effort schedule
is implementable with stationary contracts if and only if the IC constraint and the
dynamic enforcement constraint are satisfied.

In practice, it is often natural to assume that the state variable is endogenous.
Human capital is likely to be developed by the agent’s effort over time, and the pro-
ductivity is also often endogenous. If the outcome this period determines the produc-
tivity for the next period, the outcome itself is the state variable and is endogenous.
Results in this section show that we an apply the similar analysis to relational con-
tracts with endogenous states, as long as the state is observable to both the principal

and the agent.

64



The productivity 6; is drawn from © = [§,6]. The distribution of 8, depends on
0;_; and e;,_; and is time-homogeneous. Denote the distribution by P(0;|6;_1,€1—1).
The distribution of 6y is given by FPy(-). Given 6;, the principal gets the outcome
Yy = y(6;) as a deterministic function of the productivity. A performance outcome is
¢t = (64, Yt, 0141). Note that the outcome need not be deterministic. I assume it to be
deterministic to simplify the analysis, but the same argument works if it is stochastic.

The timing of the model is the following. At the beginning of period ¢, the
principal offers a contract to the agent, and the agent decides whether to accept
it. The outcome is realized as a function of the productivity, which is known from
previous period. The agent decides how much effort to exert, and the productivity
for the next period is realized. The principal and the agent make the payments.

We have the following versions of Proposition 2.1-2.3. I omit the proofs since they

are straightforward generalizations of the proofs of Proposition 2.1-2.3.

Proposition 2.5. Suppose there exists a relational contract with expected joint sur-
plus s > 5. Any expected payoff pair (u,m) with v > u,m™ > T,u +7 = s can be

implemented with a relational contract.

The proof of Proposition 2.5 is the same as the proof of Proposition 2.1 verbatim.
The agent accepts the contract as long as the expected payoff is greater than his
outside option, and the principal can always redistribute the surplus by the fixed

wage.

Proposition 2.6. The mazimum joint surplus can be attained with a stationary con-
tract. Furthermore, it is optimal to provide the same expected payoff to the agent in

every state.

The key to the proof of Proposition 2.6 is that ¢ is a sufficient static about
the outcome and states from the next period. Since the principal and the agent
are risk-neutral and the productivity is observed before they make the payments,
the principal can provide all incentives by the present compensation and provide a

constant expected payoff to the agent in every state. Under an optimal contract, the
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expected joint surplus for given state # is constant, and the principal can choose the

bonus payments to maximize the expected joint surplus.

Proposition 2.7. An effort schedule e(6) with expected joint surplus s(#) can be
implemented with a stationary contract, with a constant expected payoff to the agent,

if and only if there exists a payment schedule W : ® — R such that for all 6 € ©,

(IC)  e(0) € arg maxEn[W (9)le, 6] — c(e, 6),

(DE)

T 0.(3((9’) —3)>W(b,y.6)— i(r;,f W(b,y,0").

In Proposition 2.7, the bonus cap now depends on the realization of the produc-
tivity for the next period. This is because the bonus payment is contingent on the
productivity for the next period, which is the sufficient static for the expected joint
surplus. The rest of the argument is the same as in the proof of Proposition 2.3.

When the states are observable to both the principal and the agent, there is
no information asymmetry about the distirbution of future states. Together with
risk-neutrality, we obtain the stationarity theorem and the necessary and sufficient
condition to implement an effort schedule. The difference from the exogenous states
is that instead of having a uniform bonus cap for the given state, now the bonus cap

depends on the realization of the productivity for the next period.

2.5 Market for Matching

This section considers a market for matching when there is a continuum of principal-
agent pairs. In any given period, the principal and the agent have an option to exit the
current relationship. If they exit, they will be randomly, anonymously and costlessly
rematched with a new partuer. The nature of the underlying state leads to different
implications for the market. If the state is agent-specific, the principal-agent pairs
remain in the current relationships regardless of the realization of the state or the
past history, and there will be no market for matching. If the state is relationship-

specific, there will be a market, and the principal leaves the relationship if and only
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if the expected joint surplus falls below some threshold. If the state is a macro shock,
common to all principal-agent pairs, then cooperation is impossible, and the principal
cannot induce the agent to put in any effort. Cooperation is also impossible if the
states are i.i.d..

The literature on relational contracts take the outside options as exogenous. The
goal of this section is to consider the market and to endogenize the outside options. If a
continuum of principal-agent pairs in the same contractual environment have options
to be matched with new partners, the market forms endogenous outside options for
the principal-agent pairs. The implications highlight the difference between the i.i.d.
states and persistent states, and also the difference among the types of persistent
states.

The timing of the game is the following. In each period, the principal offers a
compensation scheme, and the agent decides whether or not ot accept it. After the
agent decides, the state is realized and becomes observable to both the principal and
the agent. If the agent accepted, he decides how much effort to put in, and the
outcome is realized. The principal and the agent make the contingent bonus payment
and decide whether or not to stay in the relationship. If they both decide to stay,
they move on to the next period. If one of them exists, both the principal and the
agent will be matched with new partners and start in the next period. If the agent
rejected the offer, both receive their outside options and decide whether to stay or
exit.

With a market for matching, the outside options for the principal and the agent are
endogenously determined in an equilibrium. However, given a continuum of principal-
agent pairs, each pair takes the outside options as given, and we can apply the analysis
from Section 2.3. I allow for exogenous outside options as well, but this doesn’t affect
the analysis, and we can restrict attention to endogenous outside options if desired.

As a benchmark, consider the i.i.d. states. Cooperation is impossible when there

is frictionless market for matching.

Proposition 2.8. Suppose the states are i.i.d., and the principal and the agent can

be randomly, anonymousy, and costlessly matched with a new partner. The principal
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cannot induce any level of effort from the agent.

Proof. After the outcome is realized, the principal makes the bonus payment if and

only if
)
1-96

(m—7) > supb(f,y), Vo,
Y

and the agent makes the bonus payment if and only if

)
(u—a) > —infb(6,y), V.
1-94 y

Together, we have

)
1-90

(s — 5) > supb(f,y) — inf b(6, y).
y y

However, if they can be matched with a new partner and the states are i.i.d.,
s = §, and the bonus payment has to be the same for all outcomes. The agent has

no incentive to put in any effort. O

2.5.1 Agent-Specific States

First, consider the case in which the state is the type of the agent. It can be interpreted
as the productivity of the agent. When the agent is matched with a new principal, the
distribution of the state is determined by his type in the last period, which is the last
realizaiton of the state in the agent’s previous relationship. Then, there cannot be a

market for matching, and all principal-agent pairs stay in their relationship forever.

Proposition 2.9. Suppose when a principal and an agent is matched, the initial state
is drawn from the distribution P(-|0) where 0 is the last realization of the state of the
agent. The principal and the agent never exit the current relationship, and there is

no market for rematching.

Proof. From Section 2.3, we can focus on the joint surplus from the relationship, and
the principal and the agent remain in the current relationship if and only if s(6) > 5.
Let © = {f]s(f) < 5} C © be the set of states after which the principal and the agent
exit the relationship. Let F be the distribution of the states in the given period.
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When the principal and the agent decide whether to stay in the relationship, the

outside options must satisfy

5= / s(6)dF,
SEO

which is a contradiction to the definition of ©. Therefore, © is degenerate and can
only be . Only the lowest type is indifferent between staying in and exiting the
relationship. The principal and the agent never exit the relationship, and there is no

market for rematching. d

Proposition 2.9 shows that if the underlying state is the type of the agent, the
market for matching turns into a market for lemons, and there will not be a market.
Only the lowest type can exist in the market, and all principal-agent pairs stay in the

current relationship.

2.5.2 Relationship-Specific States

Next, suppose that the state is specific to the pair of principal and agent. If they exit
the current relationship, the initial state in a new relationship is drawn from a known
distribution G and is i.i.d. across the new pairs of principals and agents. Then there
is endogenous threshold for the joint surplus such that the principal and the agent

exit the relationship if and only if the expected joint surplus falls below the threshold.

Proposition 2.10. Suppose the initial state is i.i.d. across the new pairs of principals
and agents and is drawn from a known distribution G. The principal and the agent
exit the current relationship if and only if the erpected joint surplus falls below some
threshold. When the state is such that they will exit, the agent doesn’t put in any
effort.

Proof. From the dynamic enforcement constraint in Section 2.3, the principal and the
agent stay in the relationship if and only if s(f) > 5, where 5 is the expected joint
surplus from being matched with a new partner. If s() < 3, the bonus payment is

the same for all outcomes, and the agent doesn’t put in any effort. O
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When the state is specific to the principal-agent pair, they remain in the relation-
ship if and only if the expected joint surplus is above the threshold. Since the optimal
contract is stationary, the state in this period completely summarizes the expected
joint surplus from the next period and on, and the exit behavior is determined by the

realization of the state.

2.5.3 Macro Shocks

This section considers a macro shock. The state is common to all principal-agent
pairs. In this case, the principal cannot induce the agent to put in any effort, and

cooperation is impossible.

Proposition 2.11. Suppose the state is common to all principal-agent pairs. The

principal cannot induce the agent to put in any effort.

Proof. The proof is the same as the i.i.d. case. If the state is common to all principal-
agent pairs, s = 5 in the dynamic enforcement constraint, and the principal pays the

same bonus for all payments. The agent has no incentive to put in any effort. O

If the state is common to all principal-agent pairs, the expected joint surplus from
the next period and on is the same whether they remain in the current relationship or
are matched with new partners. Then, the principal and the agent have no incentive to

pay the bonus payment, and without the bonus payments, cooperation is impossible.

2.6 Joint Surplus in the Second Best

I consider two types of persistence in this section. The first case is in which the
joint surplus in the first best increases with the state. When the cost function is
separable and strictly decreases with the state, incentive provision is identical in each
state, and in particular, given a bonus cap, the principal can implement the same
level of effort in every state. The second type of persistence I consider is when the
incentive provision becomes easier in a higher state. The joint surplus in the first best

is identical in all states. In both cases, the difference in joint surplus between the
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first best and the second best strictly decreases with the state. The principal prefers

relational contracts only if the initial state is sufficiently high.

2.6.1 Joint Surplus Varies with the State

In this section, I consider the case in which the joint surplus varies with the state
and the incentive provision is constant across the states. Specifically, I assume the

following.
Assumption 2.3. The cost of effort is separable and strictly decreases with the state:
there exist ¢; : € — R, ¢y : © = R such that

cle,f) =ci(e) +ca(),Vee £,0 € ©

and ¢4, < 0 for all 8 € ©.
Assumption 2.4. F(-|e, ) is independent of 6.
Assumption 2.5. 8; > 6} implies P(-|6;) FOSD P(-|6;).

I also define AW (#) as the minimum bonus cap necessary to be able to induce

the first best level of effort in state 6. Given a state 6, efP(#) can be a solution to

e(f) € arg max E,[W(¢)|e] — c(e,8),

AW > supW(8,y) —inf W(4,y)
y Yy

if and only if AW > AW (8).
As a benchmark, I first show the implications of Assumption 2.3 in the first best

and in the case the principle has a within-period commitment power.

Proposition 2.12. Suppose Assumption 2.3, 2.4 and 2.5 hold. The expected joint
surplus in the first best strictly increases with the state, both in per period and in
the future discounted joint surplus. The first best level of effort is constant across

all states @ € ©. The minimum bonus cap to implement the first best level of effort,
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AW (0), is also constant across the state. If the principal can credibly promise W (¢),

the principal implements one level of effort, e* = efB in all states.

Proof. The expected joint surplus in state 6 is given by

Eylyle] — cle, ) = Eylyle] - ci(e) — ca(6),

and the first best level of effort satisfies the first order condition,

/yfe(y\e)dy =c;(e).

Since the cost of effort is separable, the first order condition is independent of the
state, and the first best level of effort is constant across the states. The cost strictly
decreases with the state, and the expected per period joint surplus in the first best
in state @ strictly increases with the state. By the persistence of states, the future
discounted joint surplus also increases with the state.

From Proposition 2.4, an optimal contract either implements the first best level
of effort or is a step function. When the dynamic enforcement constraint is binding,

an optimal contract is a step function. From the first order condition

/ W (0, 9)fe(le)dy = i (e),

AW () is constant across the states.

If the principal can commit to bonus payments, the only constraint is the agent’s
IC constraint. By the efficiency assumption, it is efficient to induce the first best level
of effort than to take the outside option in all states 6, and the principal induces the

first best level of effort in all 6. O

Now consider relational contracts under Assumption 2.3. Define s¥5(6) as the
discounted future joint surplus when the previous state is . We know from Proposi-
tion 2.12 that AW () is constant over #. Denote AW () = AW*. If s¥B(9) > AW™,

the principal can implement the first best level of effort in all states with relational
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contracts, and the problem becomes trivial. I will make the following assumption:

Assumption 2.6. The principal cannot induce the first best level of effort in the
lowest state:

sFB(9) < AW™.

Define e(6|AW) to be the solution to the optimization problem

maz.E, [y —cle, 8] s.t. e(f) € arg mngy[W(¢)|e] — c(e, 8),

AW > supW (0, y) — inf W(0, ).
Y y

If AW < AW(8), the principal cannot implement the first best level of effort, and
e(8|AW) < efB. Since the principal can always mimic the payments with AW’ if
AW > AW’, the implemetable level of effort weakly increases with the bonus cap,
and we have e(8|AW) > e(8|AW’), V0.

Proposition 2.13. The implementable level of effort e(0]AW') weakly increases with
AW for all 6.

Proof. The proof follows from the fact that the principal can always mimic the com-

pensation scheme with AW’ if AW > AW’. a

Under relational contracts, the expected joint surplus from the following period
limits the principal’s ability to induce effort, and Assumption 2.3 states that the joint
surplus in the first best strictly increases with the state. The implementable level
of effort is lower in a worse state, and the difference in the expected joint surplus
is reinforced by the implementable effort. Under Assumption 2.3, the joint surplus
under relational contracts increases with the state, and the difference in the joint

surplus between the first best and the second best decreases with the state.

Proposition 2.14. Suppose Assumptions 2.3, 2.4, 2.5 and 2.6 hold. Let s5B(8) be
the expected joint surplus under an optimal relation contract. s9B(0) strictly increases

. O. SB
with 0, and Z5— >

FB

asae > 0. The difference in the joint surplus between the first best
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and the second best, s¥B(0) — s98(0), weakly decreases with the state. The difference

is strictly positive at 8, and it is weakly bigger than zero at all 6.

Proof. We know from Proposition 2.13 that the implementable level of effort, e(6| AW),
weakly increases with AW. From Assumption 2.3, the expected joint surplus in the
first best increases with the state, and Assumption 2.6 says that the expected joint
surplus in the state € is less than the minimum bonus cap to induce the first best
level of effort. Since the distribution of the states increases with the state in the
sense of first-order stochastic dominance, the implementable level of effort under an
optimal relational contract increases with the state, and the expected joint surplur in
the second best also increases with the state.

Consider the difference in per period joint surplus between the first best and the

second best.

S(efB,0) — S(e(8]AW), 0)
(E[yle™™®] = c(e"?,8)) — (Elyle(d| AW)] ~ c(e(8]AW), 6))
(E[yle™™®] = c1(e"?)) — (Elyle(0|AW)] — c1(e(0|AW))).

Il

Given AW, e(8|AW) is constant across the states, and we also know that
Elyle(6|AW)] - ex(e(6]AW))
increases with AW. Therefore, the difference in the per period joint surplus,
S(efB,0) — S(e(8)AW),6),

decreases with the state, and by the persistence of the states, the difference in the
expected joint surplus also decreases with the state. From Assumption 2.6, the dif-

ference is strictly positive at 6. O

When the per period joint surplus in the first best increases with the state, the

persistence of the states enter the optimization problem through the bonus cap, and
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the expected joint surplus under an optimal relational contract also increases with
the state. The dynamic enforcement constraint magnifies the impact of persistent
states, and the expected joint surplus varies more in the second best than in the first

best.

2.6.2 Incentive Provision Varies with the State

In the first case, only the joint surplus varies with the state, and the incentive provision
for given bonus cap was held constant across the states. Now, I am going to consider
the alternative case in which the joint surplus in the first best is constant across the
state but the incentive provision varies with the state.

I assume that the first best level of effort is constant across the states. This is
without loss of generality for any interior solution efZ. I also assume that for given
bonus cap, the maximum per period joint surplus strictly increases with the state,
and the principal cannot implement the first best level of effort in the worst state,

even with the expected joint surplus in the first best.

Assumption 2.7. The first best level of effort is constant in all states. The per
period joint surplus in the first best is constant across the states: S(ef'?,0) = S* for

all 8.

Assumption 2.8. For given bonus cap AW, if the principal cannot induce the first
best level of effort, the mazimum per period joint surplus strictly increases with the

state. i.e., S(e(B|AW),0) strictly increases with 6 for all e(6|AW) < ef'B.

Assumption 2.9. The principal cannot implement the first best level of effort in the

lowest state, and e(0]s"P) < 8.

Under the second set of assumptions, the expected joint surplus in the second
best strictly increases with the state, and the difference in the expected joint surplus
between the first best and the second best decreases with the state. We have the

following proposition which is an analogue of Proposition 2.14.
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Proposition 2.15. Suppose Assumptions 2.5, 2.7, 2.8 and 2.9 hold. There exists
6* € © such that s5B(9) strictly increases with 6 for § < 6*, and s5B(0) = s*B for
0 > 0*. The difference in the joint surplus between the first best and the second best,
sFB — s5B(0), decreases with the state. The difference is strictly positive at 0, and it

is weakly bigger than zero at all 0.

Proof. By Assumptions 2.8, 2.9 and the persistence of the states, the per period joint
surplus in the second best weakly increases with 6, and it increases strictly for all ¢
such that e(#|s%2(8)) < eF'B. Therefore, the expected joint surplus in the second best
also increases with the state. Since the first best joint surplus is constant across the
states, the difference between the first best and the second best decreases with the

state. O

I have considered two types of persistent states. In both environments, the differ-
ence in the expected joint surplus between the first best and the second best decreases
with the state. If the two factors, the level of joint surplus in the first best and the
difficulty of incentive provision, move in the same direction, the effect will be magni-
fied. If they move in the opposite directions, the difference in the joint surplus will

be determined by which effect dominates.

2.6.3 Benefits from Relational Contracts

Suppose there exists a positive benefit from relational contracts. I define full-commitment
contracts as contracts under which the principal specifies the compensation scheme
as functions of history and comimit to both the fixed wage and the bonus payments.
In my model, the only constraint under full-commitment contracts is the agent’s IC
constraints, and the principal can implement the first best under full-commitment
contracts.

There could be gains from relational contracts as it is often impractical to write
complete contracts. Performance measures can be hard to describe, and often, the
best performance measure is a subjective measurement. When there is positive benefit

z > 0 from relational contracts, the principal prefers the relational contracts over full-
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commitment contracts if and only if the benefit is bigger than the difference in the

expected joint surplus.

Proposition 2.16. Suppose Assumptions 2.8 and 2.6 hold. Let x > 0 be the benefit
from relational contracts. The principal prefers relational contracts if and only if the

prior on the states is sufficiently high:

/ s5B(0)dPy(8) + x > / sTB(By)dPy(6y).
6o

o

Proof. The principal can implement the first best with full-commitment contracts.
Given prior Py on the state, the difference in the expected joint surplus between the

full-commitment contract and the optimal relational contract is given by
[ s7860) — s 0)dra(tn)
0o

|

Proposition 2.17. Suppose Assumption 2.7, 2.8 and 2.9 hold. Let x > 0 be the
benefit from relational contracts. The principal prefers relational contracts if and

only if the prior on the states is sufficiently high:

/ $SB(0)dPo(0) + z > s7P.
o

Proof. The priucipal can implement the first best with full-commitment contracts,

and the joint surplus in the first best is constant. O

2.7 Conclusion

I study relational contracts in a persistent environment in this chapter. I find that
many of the general properties of the optimal relational contracts in i.i.d. states carry
over to persistent states, if there is no asymmetric information about the state. The

benchmark is when the states are observable and exogenously given. When the states
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follow a first-order Markov chain, the state in any given period is a sufficient static
for the distribution of future states. In particular, the outcome doesn’t have any
information about the distribution of future states, and the principal can provide the
incentives by the bonus payments. It is optimal to provide the same expected per

period payoff in every state.

If the continuation contract for a given state in some period provides the maximum
joint surplus for the given state, the principal can provide the same continuation
contract in every period for the given state. Since the agent gets the same expected
payoff in all states, the agent’s [C constraints are still satisfied when the principal
replaces the continuation contract, and the optimal contract can be stationary. The
principal can also redistribute the surplus through the fixed wage, and we get the
dynamic enforcement constraint as with i.i.d. states. An cffort schedule can be
implemented with stationary contracts if and only if it satisfies the IC constraint and
the dynamic enforcement constaint. As was the case with i.i.d. states, the principal
can either implement the first best effort, or the optimal contract takes the form of a

step function.

The properties of the optimal contracts carry over to endogenous states if there
is no asymmetric information about the state. The maximum joint surplus can be
attained with a stationary contract when the productivity is the state variable. When
the productivity is observed before the principal makes the payment, there is no in-
formation asymmetry. The agent’s effort affects the distribution of future states, but
given the productivity for the next period, the distribution of future states is known
both to the principal and the agent. The principal can adjust the present compen-
sation and provide the incentives by bonus payments, while keeping the expected
payoff constant. Then, the incentive provision in each state becomes myopic, and the
principal can offer a stationary contract and maximize the joint surplus. A version of
dynamic enforcement constraint, together with the IC constraint, is the necessary and

sufficient condition to implement an effort schedule with such stationary contracts.

[ show that the nature of the state has starkly different implications for the mar-

ket when the principal and the agent can be randomly, anonymously, and costlessly
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matched with new partners. Cooperation is impossible if the states are i.i.d., regard-
less of the nature of the state. If the states are persistent, we get varying degree of
cooperation depending on the type of the state. If it’s agent-specific, the principal and
the agent stay in the relationship forever, and there is no market. If it’s relationship-
specific, they exit the current relationship if and only if the expected joint surplus
falls below some threshold. With macro shocks, cooperation is impossible, and the
principal cannot induce any level of effort.

Persistent states can affect the relational contracts through two mechanisms. The
persistence of the states imply that if the joint surplus depends on the state, the
bonus cap also varies with the state, and the implementable level of effort depends on
the state, even if the incentive provision for the given bonus cap is identical in each
state. On the other hand, the incentive provision for the given bonus cap can also
change with the state. If the joint surplus in the first best increases with the state, or
if the implementable level of effort for given bonus cap increases with the state, the
difference in the joint surplus between the first best and the second best decreases
with the state. The principal prefers the relational contracts to full-commitment
contracts only if the initial state is sufficiently high. |

I consider two types of persistent environment in this chapter. If the states are
observable and exogenously given, or if the outcome is the state variable, the optimal
contract can be stationary. However, if the states are unobservable, or if the agent’s
effort affects the distribution of the states, where the outcome is only a noisy signal of
the state, there can be information asymmetry between the principal and the agent
about the future states. The belief about the agent’s effort matters for the future, and
the relational contract will likely have to take into account the private information.
It will be interesting to study relational contracts when the information about the

future states is no longer symmetric.

79



80



Bibliography

[1]
2l
3]

[4]

[5]

[9]

[10]

[11]

[12]

Baker, G., R. Gibbons, and K. J. Murphy (2002): ”Relational Contracts and the
Theory of the Firm,” Quarterly Journal of Economics, 117, 39-84.

Bull, C. (1987): "The Existence of Self-Enforcing Implicit Contracts,” Quarterly
Journal of Economics, 102, 147-159.

Ghosh, P. and D. Ray (1996): ” Cooperation in Community Interaction Without
Information Flows,” Review of Economic Studies, 63, 491-519.

Haltiwanger, J., and J. E. Harrington, Jr. (1991): ”The Impact of Cyclical De-
mand Movements on Collusive Behavior,” RAND Journal of Economics, 22,
89-106.

Kranton, R. (1996): "The Formation of Cooperative Relationships,” Journal of
Law and Economics, 12, 214-233.

Kreps, D. M. (1990): ”Corporate Culture and Economic Theory,” in James E.
Alt and Kenneth A. Shepsle, eds., Perspectives on positive political economy.
Cambridge: Cambridge University Press, 90-143.

Levin, J. (2003): ”Relational Incentive Contracts,” American Economic Review,
93, 835-857.

MacLeod, W. B., and J. M. Malcomson (1989): ”Implicit Contracts, Incentive
Compatibility, and Involuntary Unemployment,” Econometrica, 57, 447-480.

McAdams, D. (2011): ”Performance and Turnover in a Stochastic Partnership,”
American Economic Journal: Microeconomics, 3(4), 107-142.

Rayo, L. (2007): ”Relational Incentives and Moral Hazard in Teams,” Review of
Economic Studies, 74, 937-963.

Rogerson, W. P. (1985): ”"The First-Order Approach to Principal-Agent Prob-
lems,” Econometrica, 53, 1357-1567.

Rotemberg, J. J., and G. Saloner (1986): ”A Supergame-Theoretic Model of
Price Wars during Booms,” American Economic Review, 76, 390-407.

81



[13] Shapiro, C. and J. E. Stiglitz (1984): ”Equilibrium Unemployment as a Worker
Discipline Device,” American Economic Review, 74, 433-444.

[14] Thomas, J. P. and T. Worrall (1994): ”Foreign Direct Investment and the Risk
of Expropriation,” Review of Economic Studies, 61, 81-108.

[15] Thomas, J. P. and T. Worrall (2010): ”"Dynamic Relational Contracts with
Credit Constraints,” mimeo, University of Edinburgh and University of Manch-
ester.

[16] Watson, J. (1999): ”Starting Small and Renegotiation,” Journal of Economic
Theory, 85, 52-90.

82



Chapter 3

Future Learning and Preference for

Delegation

3.1 Introduction

When a task is assigned to a manager, the manager has payoff-relevant information
about the task and chooses the optimal action given his information. The manager’s
information may stay the same throughout his term, but his information about the
task may change between the time of the assignment and the performance of the task.
The manager can learn about the optimal action at his own cost, and he can also
learn from someone else about the optimal action. If he learns from someone else,
the informant doesn’t necessarily have to provide the information to the manager.
The communication will occur only if the informant is willing to share the informa-
tion. When and what the informant communicates with the manager depends on the
identities of the manager and the informant. Anticipating the arrival of new infor-
mation, the principal’s choice of a manager must take into account this endogenous
communication.

This chapter studies preference for delegation when the manager can learn about
the state before taking the action. There is an unknown state of the world which
determines the optimal action to take. The players have the same vNM utility from

the action, but they differ in their beliefs about the state of the world. After the
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principal chooses the manager, one of the agents may receive a private signal about
the state. The agent decides whether or not to disclose the signal to the manager,
and the manager updates his posterior belief. The manager cannot commit to an

action ex ante and chooses the optimal action given his posterior.

I start in Section 3.3 with an analysis of the equilibria with binary signals. There
are two states of the world, and there are also two signals, which increases the like-
lihood of each state. Given a prior on the state, a player has an expected utility as
a function of his belief and the manager’s action. The optimal action is determined
by the posterior of the player. When an agent has a signal, he can either report it
or withhold it from the manager. Reporting and withholding the signal lead to two
different actions of the manager, and the agent compares his expected utility given his
own posterior belief. Roughly speaking, the agent with a signal reports it if and only
if it brings the posterior of the manger closer to his own posterior than not reporting
it. The communication strategies are given by cutoff strategies. When the prior of
the agent is close to the prior of the manager, he reports both signals when he has
one, but if his prior is farther away from that of the manager, he reports only the

favorable signal.

When the principal chooses the manager, he compares the equilibria of the sub-
games for the manager’s prior beliefs. In general, there is multiplicity of equilibria
for the given prior belief of the manager. However, there exist the smallest and the
largest PBE of the subgame, and the extremal equilibria are monotone increasing
with the manager’s belief. Specifically, the agents’ strategies are given by the cutoff
points on the space of priors. In the extremal equilibria, the cutoffs are monotone

increasing with the manager’s belief.

The next result, which is the main result of the chapter, considers the principal’s
preference over the managers. The principal doesn’t necessarily prefer the manager
with the same prior, even though such a manager will take the optimal action from the
principal’s point of view in every subgame. When there is endogenous communication,
the amount of communication depends on the manager’s prior belief. There is always

a first order gain from increase in communication, while the loss from the action choice
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is of second order. The principal prefers a manager who will bring in more gain from
communication. The change in the prior belief of the manager has two effects on the
expected utility. Each effect is through the change in the amount of communication
of each signal. When the manager’s prior changes, it changes the measure of agents
who will report the signals. The change in the measure, together with the probability
of getting a signal and the loss from an unreported signal, determines the effect on
the expected utility for each signal.

Whether the principal prefers a more moderate manager or a more extreme man-
ager depends on the functional forms and the parameters. I show that there exist
two distributions of the priors of the agents such that the equilibrium behavior of the
subgame is identical for both distributions, but the principal prefers a more moderate

manager for one distribution and a more extreme manager for another distribution.

Section 3.4 extends the results to a continuum of signals. In the last period,
the manager’s action is uniquely determined by his posterior belief. The agents’
communication strategies are given by cutoff strategies. The intuition is the same
as in the case with binary signals. An agent with a signal compares the expected
utility from reporting and not reporting the signal. The agent will report the signal
if and only if it leads to a more favorable action of the manager, and given the
supermodularity of the expected utility, the strategies are characterized by cutoft
points in the space of priors. There exist also the smallest and the largest PBE of
the subgame. In the first period, the principal prefers the manager with the highest
expected utility.

The next section considers the implication for voters’ preferences when the voters
vote sincerely. If the leader has a chance of learning from one of the voters after he
is elected, the voters’ preference over candidates takes into account that the leader’s
identity, or the prior, leads to endogenous communication. The main implication is
that the voters no longer prefer the candidate with the same prior. The revealed
preference doesn’t hold any more, and a voter always prefers a candidate who will

provide a first order gain from increase in communication.

There is a large literature on delegation. In Aghion and Tirole (1997), delegation
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may lead to a suboptimal action from the principal’s point of view ex post, but it
increases the agent’s incentives to acquire information. Che and Kartik (2009), on
the other hand, shows that having a conflict of interest motivates the agent to look
for information, both to persuade the principal and to avoid prejudice. In the setup
of Che and Kartik (2009), delegation is suboptimal because it demotivates the agent.
The principal in my model prefers delegation because of the gain from communication.
A manager does not look for information himself, but his type, or the prior on the
states, leads to endogenous communication, and the principal prefers to increase the

communication.

Other papers on information acquisition and appointment of an advisor or a juror
include Dur and Swank (2005) and Gerardi and Yariv (2008). Both of them consider
binary decisions, and Dur and Swank find that the decision maker’s preference for
an adviser depends on the decision maker’s type. In Gerardi and Yariv, the optimal
juror is extremely biased in the opposite direction of the decision maker. My model
has a continuum of actions, and the manager doesn’t look for information by himself,

which leads to different incentives for delegation.

The chapter is also related to literature in strategic communication. Since the
signal is a hard-evidence, my chapter is closer to Grossman (1981) or Milgrom (1981)
than Crawford and Sobel (1982). In deciding whether to report the signal, the agent
weighs the expected utility from each choice, and he communicates the signal only if it
leads to a more favorable action of the manager. However, unlike in Grossman (1981)
or Milgrom (1981), a continuum of signals don’t lead to unraveling in my model. In
an equilibrium, for each signal, there is a strictly positive mass of agents who report

the signal and a strictly positive mass of agents who don’t.

Lastly, the information structure of my model is related to Banerjee and So-
manathan (2001). Their model has one signal that increases the likelihood of one
state, whereas my model has binary signals or a continuum of signals. The simi-
larities are that the communication strategies are cutoff strategies and the optimal
action is determined by the posterior belief. The voting environment in Section 3.5

is related to their environment, but Banerjee and Somanathan don’t consider the
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preference over the leader’s prior.

The rest of the chapter is organized as the following. I present the model in
Section 3.2, and the equilibria with binary signals are characterized in Section 3.3.
Section 3.4 extends the model to a continuum of signals, and Section 3.5 discusses

voters’ preferences over candidates. Section 3.6 concludes.

3.2 Model

The principal has a task to delegate to a manager. The task provides a common
payoff to the principal, the manager and the agents, and the payoff is determined by
the action of the manager and the state of the world. After the principal chooses a
manager, one of the agents may receive a signal that is informative about the state
of the world. The agent with the signal decides whether or not to disclose the signal
to the manager. The signal is a hard-evidence. The manager cannot commit to an
action ex ante, and he chooses the action given his posterior belief.

There are two states of the world, 6; and 8,. The prior on the state is indexed by
p € (0,1), the belief that the true state is ;. The ex ante distribution of the agents’
beliefs is given by G(-), which is atomless and has a positive density everywhere.

The payoff from action z in state #; is given by U;(z) for ¢ = 1,2. U; is concave,
and U; increases with the action, while U, decreases with the action. Specifically, I

assurne

Ul'<0, Uy <0<Uj, Vz € (0,1),
Ui(1) = U3(0) = 0.

The action is chosen from [0,1]. If the players know that they are in state 6;, they
want action = 1, and if they know that they are in state 63, they want action x = 0.
In general, the optimal action depends on the prior on the state.

After the principal chooses a manager, one of the agents may receive a signal. 1

assume that the probability of getting a signal is identical for all agents, and at most
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one agent receives a signal. There are two signals, s; and s;. The probability of

getting a signal is given by

Pr(s1]61) = p1, Pr(s1]02) = pa, Pr(s|01) = py, Pr(sq|62) = ps.

I assume that

fi1 > po, pHy < o,
p+py <1, a4y <1,

fiapy — propiy < min(py — pg, iy — p1y).

The first two conditions mean that s; increases the likelihood of state #;, and s,
increases the likelihood of state 65. The next two conditions say that there is at
most one signal, and the last condition is to ensure that the posterior beliefs are

well-behaved.

When an agent has a signal, he decides whether or not to disclose the signal to
the manager. The signal is non-falsifiable, and only the agent with the signal has a
choice in this stage. After the communication stage, the manager updates his belief
and chooses the action given his posterior. The manager cannot commit to an action
ex ante. The payoff is realized for everyone. Throughout the game, the structure of
the signal and the distribution of agents’ beliefs are common knowledge. The timing

of the game is given in the following graph.

Timing of the Game

principal An agent The agent manager Payoff
chooses may receive reports chooses z. is realized.
a manager. a signal. /withholds.

88



3.3 Characterization of Equilibria

This section presents the results with binary signals. I show the existence of a pure
strategy perfect Bayesian equilibrium, and I characterize the equilibria. The man-
ager’s action in the last period is uniquely determined by his posterior, and the
agents’ strategies are given by cutoff strategies. The extremal equilibria are mono-
tone increasing with the manager’s prior, and the principal prefers a manager with a
different prior with probability one. Whether the principal prefers a more moderate
manager or a more extreme manager depends on the distribution of the agents’ prior,
the probabilities of getting a signal and the functional form of the utility function.

I will solve for the equilibrium backwards. First, consider the players’ expected
utility in the last period. Let V(p, x) be the expected utility from action z when the

posterior belief is p. We have
V(p,z) = pUi(z) + (1 — p)Us(x).

From the concavity of U; and U,, we get the following proposition.

Proposition 3.1. The manager’s strategy is uniquely determined by his posterior

belief. It strictly increases with his posterior.

Proof. From

52

—V(p,2) = pUL (@) + (1 - p)UY(@) < O,
we know that 0V/dz strictly decreases with z. We know from Uj(1) = 0, U3(0) =0
that there exists a unique solution z(p) that maximizes V' (p, ). The same conditions
also guarantee that xz(p) is an interior solution. The first order condition can be

written as
Ui(z
Us(x) p

and the left hand side decreases with z, and the right hand side decreases with p.

~—
—
[
3

Therefore, z(p) strictly increases with p. O
Next, consider the agents’ reporting strategies. Given the manager’s prior p and
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the agents’ strategies, the manager can have one of the three posterior beliefs. Let
(D), 7%(p) be the posterior beliefs when an agent reports signal s; and s,, respec-
tively. 7y (p) is the posterior belief when no signal is reported, which depends on the
equilibrium strategies of the agents. Let i;(p) and i5(p) be the mass of agents who

report signal s; and s, in an equilibrium, respectively. 7x(p) can be written as

_ (1 — p11(p) — pii2(p))
(1 = i1 (P) — phi2(P)) + (1 — D) (1 — paia(p) — ihi2(p))
1
= (=) (-2 (p)—1yiad) *
D TN R )

TN (D, 11(P), i2(P))

The posterior beliefs when a signal is reported are given by the following expressions:

1 Pl
T = —T
w(p) pp1 + (1 — p)pa

PU

74(p) !

Copph+ (1 —p)ph

Lemma 3.1. The posterior beliefs satisfy the following inequality in any equilibrium:

7%(p) < mn(p,i1(P), 12(P)) < wx(p)-

The posterior beliefs strictly increase with p.

Proof. From the regularity condition, we have

B2 _ 1 — pota(P) — poia(P) <
pr L= i (p) — phip)

for all 41(p), i2(p) € [0,1]. The fact that the posterior beliefs increase with p can be

seen by dividing both the numerator and the denominator by the numerator. O

Since the manager’s action is uniquely determined by his posterior belief, the agent
compares two expected utilities when he has a signal. If he has signal s;, and if he
reports it, the manager’s posterior becomes Tx(p), and the manager chooses z (7§ (p)).
The agent’s expected utility is given by V(7L(p), z(7L(p))), where p is the agent’s

prior. On the other hand, if he withholds his signal, the manager’s posterior becomes
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7n(P), and he chooses z(mx(p)). The agent’s expected utility is V(7 (p), z(7n (D))).

In the equilibrium, the agent reports s; if and only if

V(mg(p), z(mr(p))) 2 V(mr(p), z(rn (P)))-

Similarly, the agent reports s, if and only if

V(ri(p), 2(1%(8))) > V(75(p), 2(rx (P))).

The following lemma shows that the expected utility V' (p, z) is supermodular in (p, z),

and the agent’s strategies are given by cutoff strategies.

Lemma 3.2. The expected utility V (p,x) is supermodular in (p,x), and the agents’

strategies are cutoff strategies.

Proof. Consider the derivative of V(p, z) with respect to p and x:

2

Opdx

V(p,a) = Uj(z) — Us(z) > 0, Va,

which follows from Uj > 0 > Uj.

When V (p, z) is supermodular in (p, x), the difference V' (p, z1) — V(p, 22) is mono-
tone in p. If z; > x, there exists p’ such that V(p,z;) > V(p,z2) if and only if p > p'.
Conversely, if 71 < x5, there exists p” such that V(p,z1) > V(p,z,) if and only if
p<p"

Together with the fact that mh(p) and 7%(p) are strictly increasing with p, we
know that the agents’ strategies are given by cutoff strategies. In particular, from
h(p) > nn(p) > 7%(p), we know that there exists p;(p) such that s, is reported if

and only if p > p1(p). sz is reported if and only if p < pa(p) for some pa(p). O

Lemma 3.2 shows that the agents’ strategies are cutoff strategies. Since the agents

are indifferent between reporting a signal and withholding it if their prior belief is at
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the cutoff, we get two indifference conditions.

V(mr(p1()), 2(mx(P))) = V(mk(p1(5)), 2(7n (P))),
V(m(p2(8)), 2(m2(P))) = V(i (p2(5)), (mn ().

From
TR(B) > 7N (P) > TR(P),

we get

mr(B) > TR(p1(P) > v (D) > wh(p2(P) > Th(P),

and in particular, we have

p1(P) < D < pa(p).

There exists a neighborhood [p1(p), p2(p) around the manager’s prior in which the
agents report both signals. If the agent’s prior is to the left to the neighborhood,
he reports only sz, and if his prior is to the right of the neighborhood, he reports
only s1. Together, pi(p) and pa(p)] determine the amount of communication in an
equilibrium.

I have shown that the manager’s strategy is uniquely determined by his posterior
belief, and the agents’ strategies are given by cutoff strategies. The agents are indif-
ferent between reporting and withholding a signal on a set of measure zero. The next

proposition establishes the existence of a pure strategy perfect Bayesian equilibirum.

Proposition 3.2. There exists a pure strategy perfect Bayesian equilibrium. The
agents’ strategies are cutoff strategies, and the equilibrium strategies are characterized
by two cutoffs, p1(p), p2(p) € (0,1) where p is the manager’s prior. Signal s; is
reported if and only if p > p1(P), and sy is reported if and only if p < pa(p). We also

have pi(p) < p < p2(P).

Proof. The second part of the proposition is given in Lemma 3.2 and the following

discussion. I'll now show the existence of an equilibrium.
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Consider the following two equalities: Given p, p, there exist ¢; and g, such that

V(01,2 (mx(5)) = V (rr(@), 2(p)),

V(ri(a), 2 (r5(5)) = V(m(g2), 2(p))-

Define p(p,p) as
b(p,p) = 7n(B, 1 — G (p)), G(a2(p)))-

As we vary p, we can think of p as a mapping p(+,p) : [0,1] — [0, 1]. The fixed point
of the mapping is the posterior my(p) in an equilibrium.

From 7%(p) < p(0,5),p(1,5) < 7h(P) and the fact that V, 7}, 7%, mn are contin-
uous, there exists a fixed point such that p(p,p) = p. Furthermore, the fixed point

is in (7%(p), 7L(p)). Each fixed point corresponds to an equilibrium, and the agents’

strategies are given by p1(p) = ¢1(p), p2(P) = ¢2(p). a

In general, there is multiplicity of equilibria. To see the reason for this, consider

the mapping p(-,p) on (74(p), m5(p)). Since V (p, z) is supermodular, ¢,(p) and ga2(p)

increase with p. 7n(p,1 — G(q1(p)), G(q2(p))) increases with both ¢;(p) and g2(p),
and the mapping p(p, p) strictly increases with p. Therefore, (-, p) can intersect with
y = z multiple times, which leads to multiplicity of equilibria.

When there is multiplicity of equilibria, the principal’s preference over the man-
agers in the first period depends on the equilibria of the subgames for each prior p.
The next proposition shows that the extremal equilibria of the subgame are monotone

with respect to the prior of the manager.

Proposition 3.3. There exist the smallest and the largest PBE of the subgame
when the manager’s prior is p. Let pj(p), p5(p) be the cutoffs of the smallest PBE.
pi(D), p5(P) are monotone increasing with p. Similarly, let pt*(p), p3*(D) be the cutoffs
of the largest PBE. pt*(p), p5*(p) are monotone increasing with p.

Proof. We know from Proposition 3.2 that the agents’ strategies are given by the
cutoffs in the space of priors. Given two cutoffs, p;(p) and pa(p), the posterior of the
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manager with no reported signal is uniquely determined. Conversely, given 7y(p),
the cutofls are determined by the indifference conditions.

The proof of Proposition 3.2 provides that ¢;(p) and ¢2(p) increase with p. When
there is multiplicity of equilibria, there exists the smallest and the largest 7y (p). The
cutoffs corresponding to the smallest and the largest posteriors are the smallest and
the largest, and there exist the smallest and the largest equilibria.

Consider p(p, p) defined in the proof of Proposition 3.2, now also as a function of
p. It can be easily verified that when § increases, ¢;(p) and ¢2(p) increase for each
p, and p(p, p) increases with p. The smallest equilibrium corresponds to the smallest
fixed point of the mapping p(p,p) = p, and if p(p, p) increases for all p, the fixed point
p also has to increase. Therefore, ¢;(p) and ¢a2(p) also increase when p increases.

Similarly, the largest equilibrium corresponds to the largest fixed point p(p, p) = p.
If p(p, p) increases for all p, the largest fixed point also increases, and the cutoffs g;(p)

and ¢o(p) also increase. O

In the first period, the principal has beliefs about the equilibrium of the subgame
for each manager with prior p. Let p be the prior of the principal, and W (p,p) be
the principal’s expected utility from choosing the manager with prior 5. W(p, p) can

be written as the following:

W (B, 5) =ir(B) (Brr + (1 — D))V (mx(D), z(mk(P)))
+ (D) (Bpy + (1 — D))V (% (), 2 (m5(5)))
+ (1= (P) (1 + (1 = P)p2) — i2(p) Py + (1 — P)us3))

X V(mn (D, (D), 22(P)), 2(nn (P, 11 (P), 12(P)))),

where 7;(p) and i2(p) are the measures of the agents who report signal s; and s,
respectively.

Since V(p, z) is concave and maximized at an interior point, we know that

oW
p=p 87TN (ﬁ)

ow

_ow oW
Ok (p)

=p - Or(p)

= 0.

p=p

94



The first order derivative of W (p, ) can be written as

oW|  _ 0ap) oW | dia(p) OW |
0 |,y 0 0u(p)|yy O 0iald)lpy

The third term in W (p,p) is the expected utility when there is no reported signal,

and it can be rewritten as

P = pia(p) — pyia(P)) U (2 (7 (B, 12.(P), 22($))))

+ (1= P)(1 = paia(p) — paia(P))Va(z(mn (B, 11(P), 22(P))))
=V, x(rn(p, 11(P), 12(D))))

— 0 (p) (P + (1= p)p2)V(mg(p), 2(mn (P, ir (B), 12(5))))

—12(p)(bpy + (1 = P)ua)V (g (D), 2(mn (B, i1 (B), 12(P))))-

Therefore, the partial derivatives with respect to the amount of communications are

Ou(p) OW _ 9u(p)
op  0i(p) p

X (V(mp(p), z(nk(D))) — V (7r (), z(7n (B, 41(D), 12(P))))),

Oia(p) OW _ 9ia(p)
op  0Oiy(p) op

X (V(ng(p), 2(ng(D))) — V(1&(D), =(7n (B, 11 (D), 12()))))-

(B + (1 — P)pa)

(Ppy + (1 — p)usy)

At p = p, the difference in V is positive for both terms:

V(rx(0), 2(mR())) = V(R(B), o(mn (B, 41 (p), 12(5)))) > O,
V(r%(9), 2(m%(B)) — V(rk(D), 2(wn (B, i1 (p), i2()))) > 0.

The first-order effect on the measure of agents reporting signals depends on the equi-
librium selection of the subgames. If the principal believes that they will be in the

smallest equilibrium of the subgame for each p, then we have
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0i1(p) 0i(p)
5 <0< o

We get the same signs of the first-order effects if the principal believes that they will
be in the largest equilibirum for each p.
Unless the first order derivative of W(p, p) is zero at p = p, the principal prefers

a manager with some prior p # p to the manager with the same prior.

Proposition 3.4. Let p be the prior of the principal. The principal prefers a manager

with P # p on a set of measure 1.

Proof. Let W(p,p) be the expected utility from choosing a manager with prior p,
where p is the prior of the principal. The prior of the manager has second order
effects on the expected utility through the manager’s action. There are first-order

effects through communication, and the effect is given by

W\ _0a() OW | Bia(p) OW
op p=p op 6i1(ﬁ) p=p op 612(13) ,3:;3’

where

0 (p) OW _ 0ir(p)
op 0i1(p) op
X (V(nx(p), z(n(D))) — V(ng(P), (7N (B, 11 (D), i2(P))))),
Oia(p) OW  0ix(p) . o
9 9nG) 0 (Pry + (1 —p)uy)
X (V(n5(p), 2(75(B))) = V(75(0), x(7n (B, 11(P), i2(P)))))-

(Pu1 + (1 = p)pa)

In general, 9W/0p is not zero at p = p, and the principal prefers a manager with a

different prior. O

Proposition 3.4 shows that the principal prefers a manager with some different
prior to the manager with the same prior. Whether the principal prefers a more
moderate manager or a more extreme manager depends on the utility functions and

the parameters. The next proposition shows that the preference of the principal can
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go in both directions, when the equilibrium behavior of the subgame is held fixed.

Proposition 3.5. There exist distributions of the agents’ prior, G1(-), Ga(:), such
that the equilibrium strategies of the subgame after the manager is chosen are identical
for both distributions, but the principal prefers a more moderate manager with G1(-),

and he prefers a more extreme manager with Ga(-).

Proof. Suppose the distribution of the priors is G;. Let p(p), p2(p) be the cutoffs of
the agents’ strategies in an equilibrium of the subgame with prior . From the above

discussion, we have i;(p) = 1 — G1(p1(D)), 22(p) = G1(p2(p)), and

We can always find another distribution G such that G1(p1(p)) = G2(p1(D)), G1(p2(P))
= Ga(p2(p)). Under distribution Gz, p1(p), p2(p) form an equilibrium of the subgame.
Since my (P, i1(p), 12(P)) doesn’t change, V (rx(p), =(m(9)) =V (75 (D), (7w (B, 11 (), 12(P))))
and V(74(p), z(74(p))) — V(r&(p), z(mn (P, 11(P), 12(p)))) also don’t change. We also
know that pui + (1—p)pa, puy+(1—p)us don’t change, and from the indifference con-
ditions, Op;/0p, Opa/0p also don’t change. Given these values, we can find G under
which the sign of OW/0p changes. Then, the equilibrium strategies of the subgame
are identical under the two distributions, but under one distirbution, the principal
prefers a more moderate manager, but under another distribution, he prefers a more

extreme manager. a

In a perfect Bayesian equilibrium, the manager’s action is uniquely determined by
his posterior belief in the last period. The agents’ strategies are given by cutoff strate-
gies, and the agents mix on a set of measure zero. I've also shown the existence of a
pure strategy perfect Bayesian equilibrium, and the extremal equilibria are monotone
increasing with the manager’s prior. The principal prefers a manager with a different
prior to the one with the same prior, and whether he prefers a more moderate or a

more extreme manager depends on underlying parameters and functional forms.
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3.4 Continuum of Signals

This section discusses the environment where there is a continuum of signals. In
a perfect Bayesian equilibrium, the manager’s action is uniquely determined by his
posterior, and the agents’ strategies are given by cutoff strategies. Unlike Grossman
(1981) or Milgrom (1981), the continuum of signals don’t lead to unraveling, and the
probability of each signal being reported lies strictly between 0 and 1. There exist the
smallest and the largest PBE of the subgame, and the principal chooses a manager
with the highest expected utility.

Let S = [s, 5] be the set of signals. The probability of getting a signal s is given by
Pr(s|f1) = fi(s) and Pr(s|f2) = fa(s). The densities are strictly positive everywhere
and atomless. There is at most one signal, and we have [ fi(s)ds <1, [ fo(s)ds < 1.
I also assume that the likelihood of state 6; increases with s: fi(s)/f2(s) increases
with s.

I assume the following for f; and f; for all s:

fi(s) 1- f; fl(t)dt f1(3)
B8 1= [ L@dt = fa(5)
Al 1=[Ahdt  AB)
fals) © 1 — 7 fa(t)at = RG)

The first result of this section is that the manager’s action is uniquely determined by

his posterior and increases with it.

Proposition 3.6. In a PBE, the manager’s action is uniquely determined by his

posterior. x(p) strictly increases with the manager’s posterior p.

Proof. From
2

55V (,2) = pU (@) + (1= p)U; () < O,

the first order condition strictly decreases with z. We know from U{(1) = 0, U3(0) =0
that there exists a unique solution z(p) that maximizes V' (p, z). The same conditions

also guarantee that z(p) is an interior solution. The first order condition can be
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written as
Uj(z) 1-p

Up(x) p
and the left hand side decreases with z, and the right hand side decreases with p.
Therefore, z(p) strictly increases with p. 0

In the last period, it doesn’t matter whether there were binary signals or a con-
tinuum of signals. The manager updates his posterior depending on whether a signal
is reported, and if so, which signal is reported. Given the posterior of the manager,
the optimal action is uniquely determined by the concavity of the utility functions.

The next proposition characterizes the reporting strategies of the agents. As was
the case with binary signals, the agent’s strategy for a given signal is characterized
by a cutoff point in the space of priors. Denote by 7mg(p, s) the manager’s posterior

when signal s is reported and his prior is p.

Proposition 3.7. In a PBE, the agents’ strategy given a manager’s prior p is char-
acterized by r : S — [0,1] and sy € S such that (i) for s < sg, the agent reports a
signal if and only if p < r(s), (i) for s > sg, the agent reports a signal if and only
if p > r(s), (#i) signal sy leads to the same posterior of the manager as no reported

signal: WN(?: 7”) = 7TR(I5, 30)-

Proof. Suppose i(s) is the measure of agents who report signal s in an equilibrium.
Given i(s) for s € S, there exists 7y (p), the posterior of the manager when no agent
reports a signal.

Now, consider the agent with signal s. If he reports the signal, the manager
chooses z(mr(p, s)). If the agent withholds the signal, the manager chooses z(7n(p)).

Given his own posterior mg(p, s), the agent reports the signal if and only if

Alp,s) = V(mr(p, s), 2(1r(D, 5))) = V(7r(p, s), 2(7n(P))) 2 0.

x(p) increases with p, and we have z(7gr(p, s)) > z(wn(p)) if and only if mg(p,s) >
7n(p). Since V(p, z) is supermodular, A(p, s) increases with p when 7g (5, s) > 7 (D),

and there exists r(s) such that the agent reports signal s if and only if p > r(s).
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If 7r(p,s) < 7n(p), Ap,s) decreases with p. Therefore, there exists r(s) such
that the agent reports s if and only if p < r(s). If 7g(p,s) = mn(P), the agent is
indifferent between reporting and withholding the signal.

An equilibrium is characterized by r(s) and sy € S such that nn(p,r(s)) =
7r(P, 80) and the agent reports s < s¢ if and only if p < r(s). The agent reports

s > sg if and only if p > r(s). O

Proposition 3.7 shows that the agents’ strategies are given by the cutoffs in the
space of priors. When the agent reports a signal depends on the relative size of
7mr(P, s) and 7n(p,r), where the latter is an endogenous object. However, the following
corollary shows that mz(r(s), s) strictly increases with s and coincides with 7g(p, s)

at s = sg.

Corollary 3.1. In an equilibrium, the posterior mg(r(s),s) strictly increases with s
and 1is between wn(p,r) and Tr(D,s). They all coincide at s = sy. Specifically, we

have

WR(ﬁv S) < 7TR(T‘(8),S) < ﬂ-N(ﬁar) ’LfS < 8o,
mr(P, s) = mr(r(s),s) = nn(p,7) if s = so,

7n(p,r) < TR(r(s),s) < mr(p,s) otherwise.
Proof. From the proof of Proposition 3.7, we have

A(ZL 3) = V(WR(pa 3)7 x(’”R(ﬁ» 5))) - V(WR(p’ 3)7 x(ﬂN(ﬁ)))

The agent is indifferent between reporting and withholding the signal at the cutoff,
and A(r(s),s) = 0.

In an equilibrium, 7n(p) is fixed, while 7g(p, s) increases with s. From Proposi-
tion 3.7, we have

7mr(P, 8) > Tn(D) == 5 > s,

and mn(p) < wr(r(s),s) < nr(p,s). For p’' < mr(B,s), s > so, V(p',z(7r(D, 5))) —
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V(p',z(mn(p))) decreases with s. Together with the fact that V(p', z(7r(p, s))) —
V¢, z(mn(p))) increases with p' when s > sy, we know that mg(r(s), s) increases

with s. By a similar argument, nz(r(s), s) increases with s when s < sq. O

The above corollary provides upper and lower bounds on 7y(p, 7). Together with
the regularity conditions, we have mg(p,s) < 7n(p,r) < Tr(p, ) in any equilibrium.

By the fixed point theorem, we get the existence of a pure strategy PBE.
Proposition 3.8. There exists o pure strategy perfect Bayesian equilibrium.

Proof. We know from Proposition 3.7 and Corollary 3.1 that a perfect Bayesian equi-

librium is characterized by r : S — [0, 1] and sp € S such that

if s < sp, the agent reports s if and only if p < r(s),
Tr(P, 8) < wr(r(s),s) < 7n(p,T),
if s = s¢, the agent is indifferent between reporting and withholding s,
mr(P, s) = mr(r(s),s) = 7n (D, ),
otherwise, the agent reports s if and only if p > r(s),

WN(ﬁv 7“) < WR(T(s)aS) < WR(ﬁv S)a

and the agents may mix between reporting and withholding a signal if and only if
p=r7(s) or s = sq.

Consider the following mapping 7 : [7g(p, s), Tr(D, )] x S — [0, 1] given by

V(#(p,s),z(7r(p, s))) = V(7 (p, s), 2(p)).

The agent with prior 7(p, s) is indifferent between reporting and withholding signal
s if the manager chooses x(p) when no signal is reported. Since V (p, z) has a unique
interior maximand, # is well-defined. Also define §(p) as 7r(p, 5(p)) = p.

Define p : [7r(5, 8), mr(5, 5)] — [0,1] as the following:

3(p) = PH,(p)
PP = 5H (p) + (1 — p)Hal(p)’
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where

3(p) 5
Hp) =1~ [ G(#p,5)fi(s)ds - / (1= GEE s
() :

Hyp) =1~ | G(i(p,5))fals)ds — / (1~ G(#(p, 5))) fa(s)ds

s (p)

The fixed point p(p) = p is the posterior of the manager when no signal is re-
ported. 7 provides the cutoffs for the agents’ reporting strategies. By the continuity
of the functions and the posteriors, p is a continuous mapping. From the regularity
conditions, p(p) € (7r(p, s), Tr(P, 5)), and by the fixed point theorem, there exists a
fixed point of the mapping p. O

Proposition 3.8 shows that unlike in Grossman (1981) or Milgrom (1981), unrav-
eling doesn’t occur with a continuum of signals. In an equilibrium, the posterior of
the manager when no signal is reported lies strictly between 7g(p,s) and 7gr(p, 5),
and the mass of agents reporting signal s is in (0,1) for all s € S.

The following proposition shows that there exist the smallest and the largest

equilibria for the given prior of the manager.

Proposition 3.9. Given the prior of the manager p, there exist the smallest and the

largest equilibria of the subgame.

Proof. The proof runs parallel to the proof of Proposition 3.3. Consider the mappings
7 and p from the proof of Proposition 3.8. We can extend the definition of the
mappings so that p is a parameter. Since V(p,z) is supermodular, 7(p, s) increases
with p for all s € S. #(p, s) corresponding to the smallest and the largest fixed point
of p(p) = p are the smallest and the largest equilibria of the subgame when the

manager’s prior is p. O

Given an equilibrium of the subgame, the principal’s expected utility can be writ-
ten as a function of the prior of the manager. In the first period, the principal chooses

the manager with prior p with the highest expected utility.
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Proposition 3.10. Given the principal’s belief about the equilibrium of the subgame
for each prior of the manager, the principal chooses the manager with the highest

expected utility.

3.5 Voting

This section discusses the implication for voters’ preferences over candidates. If the
leader has a chance to learn from the voters after he is elected, and if the voters vote
sincerely, the voters don’t prefer the candidate with the same prior the most. A voter
strictly prefers a candidate who brings in gain from communication to a candidate
with the same prior.

Specifically, consider the following environment. There is a continuum of voters
with prior on the state #,,6,. The distribution of the priors is given by G(-). There

are two signals, s; and sp, with the following probabilities:
Pr(si|61) = p1, Pr(si|fa) = pa, Pr(s2l6h) = py, Pr(s2lba) = py
such that

p > g, py < o,

I~L1+ﬂl1 S 11 [142—{—/.1//2 < 17

papiy, — popty < min(py — pia, py — pY).
After the leader is elected, one of the voters may receive a private signal and decides
whether or not to report it to the leader. After the communication stage, the leader

chooses a policy which provides an identical payoff to all voters and the leader himself.

The leader cannot commit to a policy ex ante.
Assumption 3.1. Voters vote sincerely.

Proposition 3.11. Under Assumption 3.1, a voter doesn’t prefer the candidate with

the same prior the most. On a set of measure 1, for given p € (0,1), there exists
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a prior p # p such that a voter with prior p prefers a candidate with prior p to a

candidate with prior p.

Proof. The proof follows directly from Proposition 3.4. (W

3.6 Conclusion

In this chapter, I study preference for delegation when the manager can learn before
taking an action. There is an unobservable payoff-relevant state, and the players
have prior beliefs about the state. After the principal chooses the manager, one of
the agents may receive a private signal about the state. The agent with the signal
decides whether or not to report the signal to the manager. The signal is hard-
evidence. After the communication stage, the manager updates his posterior belief
about the state and chooses an action. The manager cannot commit to an action ex
ante and chooses the optimal action given his posterior belief.

In an equilibrium, the agents’ strategies are given by cutoff strategies. This is
the case with both binary signals and a continuum of signals. In an equilibrium, the
manager’s action is determined by his posterior belief, and the agent with a signal
compares his expected utility from two actions the manager will choose, the one with
a signal and the other one with no reported signal. Since the expected utility for
given posterior and action is supermodular, the agent’s strategy is characterized by
a cutoff point in the space of priors.

The cutoffs of the agents’ strategies depend on the prior of the manager, and
the amount of communication in an equilibrium is endogenous. Anticipating the en-
dogenous communication, the principal takes into account the communication when
he chooses the manager. The manager with the same prior as the principal always
chooses the optimal action from the principal’s perspective. In any subgame, their
ideal actions coincide. However, the effect on the expected utility through communi-
cation is of first-order, while the loss from the action choice is of second-order. The
principal prefers a manager who bring in more gain from communication to a man-

ager with the same prior. Whether he prefers a more moderate manager or a more
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extreme manager depends on the functional forms and the parameters.

The implication for voting is that a voter no longer prefers a candidate with the
same prior the most. If the voters vote sincerely, and if the leader has a chance to
learn from the voters after he is elected, the voter takes into account that the identity
of the leader affects the amount of information revealed in the equilibrium. The leader
with a different prior will choose a sub-optimal policy from the voter's perspective,
but the leader brings out more information and the ex ante expected utility is higher
with some difference of priors.

When the principal prefers a manager with some difference in prior, he strictly
prefers delegation over taking the action by himself. Even if he could be the one to
communicate with the agents and take an action, the principal knows that someone
else would bring out more information than he himself, and he prefers to delegate
the decision making. The intuition generalizes to models when there is endogenous
learning. If the agents can search for a signal at some cost, the level of effort in
an equilibrium depends on both the manager’s prior and the agent’s prior. The
level of effort is optimal from the agent’s perspective, but the expected utility in an
equilibrium is not equalized across the priors of the manager, and with probability

one, the principal wants someone with a different prior to be the manager.
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Appendix A

Proofs

A.1 Proofs for Chapter 1

Proof of Proposition 1.2. There are three IC constraints to consider: there are two IC
constraints in the second period after the good outcome or the bad outcome in the first
period, and there is the IC constraint for the one-shot deviation in the first period.
We know from the proof of Proposition 1.1 that the positive persistence implies that
the IC constraint for the one-shot deviation is sufficient for the IC constraint for the
double deviation.

The IC constraints are

R, = —c+7r2(pH>w(11) - 772@2’))111(10)

bL
> w(10),
Ro= —c+#2 (Zi’)w(m) F (- (Zj))w(oo)
> w(00),
—c+ 7! (7;12) (w(1) +6R) + (1 — ' (Zi’))(w(()) + 6 Ro)
> w(0) + 6(—c + WIM(?Dw(m) T (1-7r'M (Z’Z) )w(00)),

where 72 and 72 are the priors in the second period after the good and the bad

109



outcomes in the first period.

One can verify that the IC constraints are satisfied under the given contract, and

the given contract yields the rent specified in Proposition 1.1. O

Proof of Proposition 1.8. From Proposition 1.1, if the principal wants the agent to

work in both periods, the minimum rent is

dcdet M @M.
m (1—p}:)7r2 (I;IZ)

If the principal takes his outside option after the good outcome in the first period
but wants the agent to work both in the first period and the second period after the
bad outcome, he has to leave the same amount of rent as inducing the agent to work
in both periods. Since the outside option is inefficient, the principal never wants to

take his outside option only after the good outcome in the first period.

If the principal takes his outside option after the bad outcome in the first period,
the principal doesn’t have to leave any rent to the agent. The IC constraint in the

first period becomes

—er (M) () + 60 + (= 7 (P )(0) > w0),

PL PL

and the principal can offer

aa)

o

U)(l].) = WI;‘)‘,

where 72 is the principal’s prior in the second period after the good outcome in the
first period. Since the principal is already leaving no rent, the principal prefers to

have the agent work in the first period and the second period after the good outcome.
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The loss in outcome in this case is

ot (i B Z;H) (—c+ 72 (Z;)H> —u).
- PL L

If the principal takes his outside option in the first period, the second period
problem becomes the same as the one period model, and the principal can induce

working in the second period without leaving any rent. The loss in outcome is

—c+ 7t (pH> — U.
bL

If the principal mixes the continuation contract, it has the same cffect as taking
the linear combination of the IC constraints, and it convexifies the set of payoffs.

Therefore, the principal’s problem is to choose the contract that minimizes the
sum of the rent and the loss in outcome, and he prefers to leave the rent to the agent

if the loss from taking the outside option is greater than the rent. This happens when
1.1 )2
Sedet 2P —PL” L (pH> .

A 20P0) ¢

1ol o \2 1—
dcdet Mw < ot ( pH) (—c+ #* (pH> —u).

(76 1-pr pr

Rearranging the inequalities, we get the conditions given in the proposition.
If one of the inequalities doesn’t hold, the expected loss in outcome from taking
the outside option in some period is smaller than the rent to the agent, and the

principal prefers to take his outside option in that period. |

Proof of Proposition 1.4. After history h*~!, the IC constraint for deviating for T

periods is
T ~ -~ ~
V(ht_l,ﬁt) > Z(sk—lq(ht;l L hk-—l)w(ht—l L hk) + 5Tv(ht—1 U hT, ﬂtMT),
k=1

where the principal takes his outside option with probability 1—g(h‘Uh¥) after hfLIR*.
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RO =0 and ht YL A* 1 < k < T, are defined by

h 0  if the agent is induced to work but shirks,
t—1+k =
—1 if the principal takes his outside option.

There is a sequence of IC constraints for 7' > 1, and the maximum of the argu-
ments on the right hand side of the IC constraints is the minimum rent to the agent.
Therefore, the rent to the agent is bounded from below by

T>1

T
max[» 65 'g(R T U R w (R Tt U hR) + STV (R U AT, wt M),
k=1

Proof of Proposition 1.5. Let m* be the principal’s prior given history ht=! =0.--0.
t—1

If the principal offers

C

rtHL (7Y

w(h'1) = w(h'0) = 0,Vt >0,

the agent is induced to work in every period. Since the continuation value of the
agent doesn’t depend on the history, the agent’s IC constraint becomes myopic, and
the probability the agent assigns on the good state is the lowest when all outcomes
have been bad. Therefore, the agent chooses to work in every period with the above

contract. The rent to the agent is given by

i O e+ 7 M <pH> ~ (c,,H) ),

t=1 prL

and there’s no loss in outcome.

The above contract gives an upper bound on the difference in the principal’s payoff

between the first best and the second best. Using

ot (pH) > M, (PH)’
pL Pr
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we have

i S (= + wtMt! (pH> (CH) )

t=1 pL i zI)7L
- 5t_1(—c+7r1Mt1<pH) )
2 ) )
g 5t(—C+7T1Mt<pH)——C—)
2 pi) V)
c 0det M

5 1
ML) T=ddecad P T PR M ),

The difference in the average per period payoff of the principal between the first

best and the second best is at most

c ddet M
c odet M 1

= — OMoy + (L — 0)my).
Mg(’;‘L’)l—(SdetM(pH pr)(0Mon 4 (1 =0)m

)
(prr — pL)(——=May + 71)

(1-9) 1-4

Therefore, given € > 0, there exists & such that for § < J, the principal can
approximate his first best payoff by ¢. Conversely, for given §, there exists D and A,
such that if det M < D or py/pr < A,, the principal can approximate his first best
payoff by e.

In addition, the principal can offer

w(l) = ) ,w(0) =0,
L
w(h'l) = MQE””) L w(h'0) = 0,V > 1,
pL

and he can approximate his first best payoff with a contract that is stationary from

the second period. O

Proof of Proposition 1.8. Consider the IC constraints of the agent. By deviating in
period ¢ given history h!™1, the agent effectively replaces the continuation contract for

ht~11 with the continuation contract for A*~10. When the payments are independent
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of the history, the continuation contract from period ¢ + 1 is identical whether h;, = 0

or h; = 1, and the IC constraint becomes

—c+ (7;’;’ >w(ht-11) +(1- 7t (Z’Z))w(htlo) > w(ht10).

In particular, the principal doesn’t take his outside option in any period, and the

agent is induced to work in every period.

Since the payments w;—1(1) and w;_1(0) satisfy the agent’s IC constraint at all

information sets in period t, it is necessary that

wy1(1) > wy—1(0) +
for all 7t given ¢. In particular, let #* be the prior when all outcomes have been bad
since period 1, and we get

c

PH) ’
prL

23

wi-1(1) > we-1(0) + t

N

oy

O

wt_l(l) > wt_l(O) +

for all 7t # 7' that can arise as a prior after some history. Since in each period ¢,
there are only two levels of payments, the principal wants to provide the positive

payment only after the good outcome, and we have w;(0) = 0 for all ¢.

On the other hand, consider the IC constraints in period 1. From Section 4, the

IC constraints in period 1 are given by

T

V©@.7') > (0 - Qw(0--0) + 6"V(Q-- -0, 7' MT)
k=1 k-1 k T

= 6TV (-0, 7' MT), T > 1.
T

We know from Proposition 1.5 that there exists a uniform upper bound on V(0 - - - 0, 7)

T
under an optimal contract. w(1) > 0 implies that there exists 7' > 0 such that the
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IC constraint for deviating 7" times in a row binds. Lowering 67V (Q---0, 7' M7), the

T
deviation payoff under the wrong continuation contract, relaxes the IC constraint,

and it will allow the principal to lower w(1), increasing his payoff.

Consider updating priors 7 and 7 after the good outcome. Without loss of gener-

ality, suppose m; > 7. After the good outcome, the priors become

and

7y > 71, and the equality holds if and only if pr = 0.

1 1 t - .. ] DS 1 T 3
Consider history h* = 0---01. In evaluating V(0---0,7'M"), the agent assigns

T T
mitMT (’; " ) as the probability on h' and updates his prior after observing h; = 1. On

the equilibrium path, he has the same prior in the period after h' if and only if p;, = 0.
Suppose pr, > 0 and consider adjusting w(h*) and w(h'1).

Let 7 and 7 be the priors of the agent in the period following h* when he has devi-
ated in the first T periods and on the equilibrium path, respectively. If the principal
lowers w(h'l) by A and raises w(h?) by 67 (’1’)’: JA, the agent’s continuation value on

the equilibrium path doesn’t change. However, the deviation payoff, V(0 - -0, 7' M7),

T
changes by

y ‘e e 1 T 7 pH — pH
SP(Q---01]0 0,7rM)(7r<pL>A W(pL)A)

01]0:--0, 7 MT)(# — ) (Z’Z)A.

From pz, > 0, we know that #; —m; < 0, and the change in V(0 - - -0, 7' M7T) is strictly

T
negative. Since h, = 1, the IC constraint doesn’t bind at h, and the principal can

make the adjustment for A sufliciently small. Therefore, the principal can lower the

rent to the agent by raising w(h') and lowering w(h’1); if it is optimal to provide a
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history-independent contract, pr, has to be zero.

Similarly, we can comnsider raising w(10---0) and lowering w(10---01). This will

T T
lower V(10---0, 72MT~1), where 7 is the agent’s prior after the good outcome in

T—1
period 1, and the principal can lower the payment w(11).

When the agent updates priors 7 and # such that m; > 7, after the bad outcome,

the priors become

o (771(11ij)’ Wz(l_—pL))
m(i ) T or(ih)
and
o (7?1(1 _—IDH) ffz(l_—pL))
w7 ()

7] > 7], and the equality holds if and only if py = 1.

Let 7 and # be the priors of the agent in the period following h* = 10 ---( when he

T

has deviated for T periods from period 2 and on the equilibrium path, respectively. If

the principal lowers w(10---01) by A and raises w(10---0) by 67 (’;’L’)A, the agent’s
T T

continuation payoff on the equilibrium path doesn’t change. On the other hand, the

deviation payoff, V(10---0, 72M7*~1), changes by
T-1

P(10---0[10---0, 7°MT ) (# (pH)A - TI'(pH) A)
T v pL PL
T T-1

=6P(10---0[10---0, *MT~) (7 — ) (pH)A.
S~ = PL
T T-1
Unless py = 1, #; — m; < 0, and the principal can make the adjustment since the IC
constraint doesn’t bind. Therefore, if the optimal contract is history-independent, py
must equal one.
For an optimal contract to be history-independent, it is necessary that py =

Lpr =0. o

Lemma A.1. Suppose py = 1,pr, = 0. The IC constraints for the one-shot deviations

are sufficient conditions for all IC' constraints.
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Proof of Lemma A.1. Randomizing the continuation contracts is the same as taking
the linear combination of the IC constraints, and it is sufficient to prove the lemma
for pure strategies. Consider the agent who deviated in every period he is induced to
work from period ¢ + 1 to period ¢ + T. Denote this history by h**7. Without loss
of generality, we only need to consider the case the principal doesn’t take his outside
option in period ¢t + T + 1 after the given history. Suppose the principal takes his
outside option for k > 0 times after history A**70. The IC constraint for the one-shot

deviation after h**? is given by

!
—c+T Vi > w(h*70) + 65+ (—c + mAFH! (Vl)),
Va 14

where 7 is the principal’s prior after h**7 when he believes that the agent worked in

every period, and V] is the sum of the present compensation and the continuation

value after h*tT1. V3, V/, and VJ are defined analogously for h*70,p*T0—1--- —11
k
and htt70—1--- — 10. Remember —1 refers to a period in which the principal takes
—_———

k
his outside option.

By subtracting Vo = w(h*70) + 68+ (—c + Mo M* Gj‘:)) from both sides, we know

that the IC constraint is equivalent to

!
—c+m(Vy = Va) > 68 (e M — My)M* (Kﬁ),
2

which is again equivalent to

Vi— Vo> ﬂi + (8 det MLV — V).
1

When the agent has deviated from period t+ 1 to ¢+ 7T, his prior at the beginning
of period t + T+ 1 is given by 7'"*MT. From the positive persistence, the agent
assigns a strictly higher probability on the good state than the principal does, and

1
7Tt+1MT (0> > m.
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After having deviated from period ¢t +1 to t+7, the agent’s IC constarint for working
in period £t + T + 1 is given by

!’
— 4 ptpMT (2) > w(h70) + SEFL (¢ 4 il pgTHe+1 (2,))

C

MR T

+ (6 det M)*1(V] — V).

From

1
7rt+1MT <0) > 7,

the agent prefers to work in period t +T + 1 even if he has deviated from period ¢+ 1
to t+ T, as long as the IC constraint for the one-shot deviation after h'*7 is satisfied.
Therefore, after each history h!, it is sufficient to consider the IC constraint for the

one-shot deviation. O

Proof of Proposition 1.9. Suppose the principal wants the agent to work in every
period. Let V!, V} be the sum of the present compensation and the continuation

value after history 0---01 and 0---0. In period 1, the IC constraint for the one-shot

t—1 t
deviation is given by

2
—c+ m V4wV > w(0) + §(—c+ 7T1M( 12>)

SV =V > =+ ddet M(V2 - V5),
1
and for ¢ > 2, the IC constraint for the one-shot deviation is given by

Vt+1
—Cc+ M21V1t -+ MQQV; > UJ(O v 0) + 5(_0 + M2M<‘/:t+1))
t

SVE—VE> -5 4 §det MV — Vi),
M21

We know from Proposition 2.2 that the principal can offer
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w(l) = -;—ll,ww) =0,

w(htl) = ﬁc—,w(ht()) = 0,Vh!,t > 1.

21

to have the agent work in every period. Under the optimal contract, the IC constraints

are strictly binding after 0---0,Vt > 0.
t

I will now show that by taking his outside option after h* = Q- - -0, the principal

to
can lower the payments w(0---01) for 0 < ¢ < g, and therefore, the rent to the agent

t
is reduced. If the reduction in rent is greater than the loss in outcome by taking the

outside option, the principal will prefer to take his outside option after h'o =0 - --0.

to

From Lemma A.1, it is sufficient to consider the IC counstraints for the one-shot

deviations. Suppose the principal takes his outside option once after h* = 0.--0.
to
After taking the outside option, the principal continues to pay w(h‘l) = 3=, w(h'0) =

0 for all histories ht = h'* LI h* Yk > 1, h*. Consider the IC constraint after h¥o~! =

0---0. Since the continuation games after the good outcomes are identical and the
to—1
continuation games after the bad outcomes are identical, we have

Ve = Vit 2 g+ (Bdet MY (V2 - 7o),
M21

where V/ot?

hto —11. Vio*? is defined for A — 10. We also have

is the sum of the present compensation and the continuation value after

. . . - 1
Pio+2 _ {rto+2 _ Pt _ [hotl ]\/;21 —

where V{*™ is the sum of the present compensation and the continuation value after
the good outcome, from the contract in Proposition 2.2. IN/;““H is defined for the bad

outcome.
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Note that the IC constraint after h*~! in the contract from Proposition 2.2 is

Vlto _ V2to > _Mgz_l + 6 det M(VltOH _ ‘72to+1)_

Therefore, by taking his outside option after h® = 0---0, the IC constraint after

to
hto=1 =0...(0 is relaxed by
to—1

1
¢ ——-5detML.

5detM(1—5detM)M211—o’detM M

The principal can lower the payment w(h®~!1) by 6 det M 7. By an inductive

argument, we have that V¥ — V¥ for 1 < k < ¢4 can be reduced by

§det M)to—k+1_S_
(5 det My ~H+12

21

VF and Vi for 1 < k < ¢, are each reduced by

_ 1 — (det M)to—* 1 _
to k+1 to k
5 det M( RS + v (det M)*~%)e

and
1 — (det M)to=*

§lo=k+1 det M
de 1—det M

Since
_ 1— (detM)=* 1 _
fo=ktl det M)'o~*
§ det M (————- +M21(e )o=F)e

increases with k and, for k < ¢, is bounded from above by

_ 1— (det M)o=* 1 _
§o=k+1 det M det M)to—*
Mo g, e Te

c

<ddet M —

- My,
c

< —
]\4'217
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the principal can lower w(0---01) for 1 < k < ¢y by
k-1

1 - (det M)to“k ]. t *k
det M) F)e.
T decar 3, et M) e

5toF 1 det M (
From period 1, the rent to the agent is reduced by

T AV} + mIAV)
1 — (det M)t~1 1 _
det M)t
T—doon g et M) e
1 — (det M)t~?
15t det M
o de T—det M
1 — (det M)bo~! N 7} (
1-— detM ]\421
1 — (det M)*
—_— ¢
1—detM

=r1é% det M (

det M) e

=4" det M (

>6' det M
On the other hand, the loss in outcome from taking the outside option is
5t°7r%(M22)t°_1(—c + M21 - ﬂ)

Both the loss in outcome and the reduction in rent are discounted by 4. Apart from
the discounting, the loss in outcome converges to zero as ty goes to infinity, while the

reduction in the rent is bounded away from zero. Therefore, there exists t; such that

1 — (det M)t

1_ det M det Mc¢ > W;(Mgl)to-l(—‘c + M21 - g),

and for any discount factor 4 > 0, the principal strictly prefers to take his outside

option after hfo = (---( than to have the agent work in every period. g

to

Proof of Proposition 1.11. Suppose the principal makes a positive payment for his-
tory h! with h; = 0. Let k be the maximum k < ¢ such that Ay = 1 in the his-
tory ht. The principal can frontload the payment so that w(h*7'1) = w(h* 1) +
Otk My ML Yw(ht) and (k) = 0. If £ = 0, lower the payment for A’ to w(h') = 0.
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Since the composition of the continuation value after the good outcome doesn’t mat-
ter for the agent’s IC constraint, the IC constraints leading up to history k¥ are not
affected by the adjustment. On the other hand, the IC constraints after h* L A! in
the history h' are relaxed under the new contract.

Under the new contract, the agent is induced to work after exactly the same set of
histories as under the previous contract, and the agent’s IC constraints are satisfied
after every history after which the principal wants the agent to work. The rent to the
agent is weakly lower under the new contract. Therefore, the principal can frontload
the payment whenever he makes a positive payment for a bad outcome, and there is
no loss of generality in assuming that the principal makes positive payments only for

the good outcomes. O

Proof of Proposition 1.12. The proof follows directly from Proposition 2.2, 1.10 and 1.11.
|

Proof of Proposition 1.14. The first step is to find the set of pairs of (V1,V;) with
which the agent is induced to work in a given period. Define S to be the largest

self-generating set of the form

S = conv({(m, V1, V2)|3T > 0, (', V{,V3) € S such that
(’i)ﬂ'l = ]\42]\4-’1—'7

(s =7 7 (}1))

2

(i) Vi — V3 > 7% + 6T+ (det M)TH(V] — 13)}).

Since mixing the continuation contracts is the same as taking the linear combination
of the IC constraints, we can focus on the pure strategies and take the convex hull.
From Lemma A.1, it is sufficient to consider the one-shot deviations. Using Proposi-
tion 1.11, I’ll consider contracts under which the principal makes positive payments
only for the good outcomes.

Suppose the principal wants the agent to work after history h* and he takes his
outside option for T" > 0 periods after history h‘0. Let V; be the sum of the present
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compensation and the continuation value after h*1. Define Vo, V{ and Vj similarly for

h*0,h'0—1---— 11 and h'0—1--- — 10. Let 7 be the prior on the state after history
S——r S——

T T
ht. The IC constraint after history h' is

Vi Vi
—c+ W(V) > T (—c+ mMTH (VD ).

Subtracting

!

Vo= 0" (—c+ 7' (“2,))

from both sides, we get

Vl o V2 > i —i—(ST-H(det M)T+1(V1, _ V2/>
™

Conversely, if there exists T' > 0, V/, Vj such that
; -
Vo =0T (—c+ 7 (é,)),
Vl _ V2 2 i + 5T+1(det M)T+1(Vl/ _ ‘/2/)
B!

hold, and the agent is induced to work given prior 7/ = MoMT and V/, V), then given

prior m and V4, V,, the agent is induced to work.

Therefore, the set of feasible continuation values to induce work is given by the

largest self-generating set

S = conv({(m, V1, Vo)|3T > 0, (7', V{, V) € S such that

(i)’ﬂ'l = MQMT,

!
@)V = " (—c + 7’ (5) )

2
(Vi = Va > =+ 874 (det M) (V] = V) )

The next step is to characterize the space of (R, L) for all incentive compatible

contracts. Let X, be the space of (R, L) for all incentive compatible contracts with
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the initial prior 7, where R is the rent to the agent and L is the loss in outcome under

the contract. L is defined to be
L=(1-0)(Yrg—-Y),

where Yrp is the expected discounted sum of the outcome in the first best, and Y is
the expected discounted sum of the outcome under the given contract. Given prior
7, there exists a contract with the rent R and the loss L if the following is satisfied:
the principal takes his outside option for T' > 0 periods, and in the first period the
agent is induced to work, the continuation contracts after the good outcome and the

bad outcome have (Ry, L1) and (Ra, Lg), respectively. Specifically, X is given by

X, = conv({(R, L)|3T > 0,(Ry, L1) € Xp, (Ra, L) € X, such that

(i)yr' = wMT,
(#)R = 6T (—c+ on’' <R1> ),
Ry

(1i7)L = (1 — 6) idk_l(—c + M1 (é) —u) + 8T <L1>,

L
k=1 2

(iv)(n',0R1,0R;) € S}),

where Condition (ii) and (iv) use the fact that there is no loss of generality in delaying

the payments.

I'll show that X, and Xj, can be found as limits of two sequences of sets. Once
we find X, and Xy, X, is generated from Xy, and Xpy,. Consider the sequences

of sets, {X7'} and {X7}:

Sdet Mc . My
0_ s gz JdetMc ~5)=2
X7 ={(R,0)|R > R} 1—5detM(o+(1 )le)},
ddet Mc
0 _ SR = 7
X3 ={(R,0)|R> Ry = ;————r )

where R} and R} are the rents to the agent under the cost-minimizing contracts for
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initial priors M; and M,, and

X = conv({(R, L)|3T >0, (Ry, L1) € X7, (Ry, Ly) € XP such that
(i)’ﬂ" = .7\41.]\4’2117

(#6)R = 67(=c + 6 (gz)),

(#93)L = (1 — ) ia’“'l(—c + My MF1 (é) — )+ 8T (2)

k=1

('L"U)(ﬂ',a 6R17 6R2) € S})>
X3+ = conv({(R, L)|3T 2 0, (R, L1) € X7, (Rs, Ly) € X} such that

(i)r' = MaM7T,

(i6)R = 67 (—c + o7 (ZQ))

(#9i)L = (1 — §) idk_l(-c + MoM*! ((1)) —u)+ 6T (é;) ,

k=1

(iv)(n',6Ry, 6 R) € S}).

Define
X° = lim X7,
n—o0
XE = fim X

X{° and X$° are the sets of (R, L) we are looking for. Before proving X, = X{°
and Xz, = X5°, I'll first show that X{° and X3° are well-defined.

For all n > 1, we have

> 1

(1-10) Zak I c+M1Mk-1(O> —u)= L}, V(R,L) € X7,
= 1

(1—-20)) 6% c+M2M’“‘1(O> —u) = L3 Y(R, L) € X%
k=1
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Each X7 is of the form
Xi={R,DIR= f}(L),0< L < Lj}

for some function

[0, L] = [0, B,

For each i and n, f(-) is strictly decreasing in L, and from X C X', ¥n > 0,i =

1,2, we know that
fEYL) < FML)MOS L<Lin>1i=1,2.
Together with R > 0, the monotone convergence theorem gives that the limits
X = {(RL)R=lim fNL),0< L<L}i=12,
are well-defined and downward-sloping. Therefore,
XF ={(RDIR> lim [(L),0<L<Li}i=1,2

are well-defined.

That any (R, L) € X{° and X$° are feasible given priors M; and M, can be shown
as the following. Let Y; be the set generated by X7° and X5° for the initial prior M;.
Given € > 0 and (R, L) € Y;, there exists n such that (R, L +¢) € X*. Therefore, Y;

lies in the limit of X7*, and we have
Y, C X i=1,2.
On the other hand, we know that each Y is closed, and

Y; D X2\ X,
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Together, Y; = X/ for i = 1,2 and X{° andX3° are jointly self-generating.

Conversely, if (R, L) is feasible given M; or M,, we can show that it’s in X{°
or X3°, respectively. Note that if the principal takes his outside option for T" blocks
under the given contract, (R, L) € XI' C X°. For contracts under which the principal
takes his outside option for an infinite number of times, we can construct a truncated
contract as the following. Given T, for each history h”, pay the sum of the present
compensation and the continuation value after history AY. From period T + 1 and
on, take the outside option forever. This replacement contract weakly relaxes the IC
constraints of the agent, and it provides exactly the same amount of rent to the agent.
The loss in outcome under the contract differs from the original contract by at most
dT LY, depending on whether hx = 1 or 0. For given ¢ > 0, the principal can choose
T sufficiently large so that the replacement contract lies within e from the original
contract in the space of (R, L). This implies that any feasible (R, L) lies in the limits
Xt° and X5°.

Together, we get Xy, = X{° and Xy, = X5°.

Once we have Xy, = X and X, = X3°, X, for any prior 7 can be constructed
from Xpg and Xjg,. The second best contract given the prior 7 is the contract that
minimizes R+ L in X, and it can be constructed as the following. Given (R, L) € X,
there exist T' > 0, (Ry, L1) € Xu,, (R2, L) € X, supporting (R, L). The principal
takes the outside option for T periods, and after the first period the agent is induced to
work, the continuation contract is determined by (R;, L;) and (Rs, L2). The contract
continues in a probationary period if the outcome is good and 0 < R; < Rj or if
the outcome is bad and 0 < Ry < Rj. The continuation contract is (Ry, L,) if the
outcome is good, and it’s (R, Lg) if the outcome is bad. If the outcome is bad and
R, = 0, the contract terminates, and the principal takes his outside option forever. If
the outcome is good and R; > R}, the agent is tenured, and 6 (12, — RY) is provided as
the initial payment. From the following period, the contract continues with (Rf,0),

and the payments are given by the contract in Proposition 1.12. If the outcome is
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bad but Ry = R} given h'0, again, the agent is tenured, and the principal provides

w(ht0 U h*1) = ML w(ht0 L RF0) = 0,Vh*, k > 0,
21

from the following period. O

Proof of Proposition 2.7. T'll show the proposition by constructing a review contract
that allows the principal to approximate his first best payoff. Consider the following
review contract: the contract specifies a review block of T periods, a quota, ), and
a lump sum transfer, X. A quota is on the number of successful outcomes from the
block. If the agent meets the quota, the principal pays the agent the discounted sum
of the outcome subtracted by the lump sum transfer at the end of the review block,
and the contract continues. If the agent fails to meet the quota, the principal pays
the agent the discounted sum of the outcome, and the contract terminates.

First, consider the principal’s payoff. Let s be the agent’s strategy in the equi-
librium and p(s) be the minimum probability he meets the quota. In general, the
probability the agent meets the quota with a strategy depends on the prior on the
state at the beginning of the review block, but we can take the minimum of the
probabilities over the priors. Then the principal’s average per period payoff is at

least

(1—68)8""p(s)X (14 8"p(s) + 6 p(s)> + - - )
_ 0T p(s)(1 = 8)X
o 1-6Tp(s)
0T -6T)p(s) 1-6 X
T 1—6Tp(s) 1—6T 6"

Since the states exhibit positive persistence, the expected discounted sum of the
outcome in the first best is the maximum when the pair starts with 7* = (1,0). Let
7 be the average expected discounted sum of the outcome over the infinite horizon in

the first best when 7! = (1,0). When the following two inequalities hold,
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6T (1= 6T)p(s) €

>1-=
1-6Tp(s) ~— 2’
1-6 X €
TS (1 - DY —
T—erg 2

the principal’s payoft is at least (1 —€)j — ¢ > § — ¢ —e. Note that the first inequality
implies that both 67 and p(s) are greater than 1 — ¢/2.

The second step is to verify the agent’s incentives that the agent will pass the
quota with p(s) close to one. Let V(m) be the agent’s continuation value when the
review block starts with the prior 7. Since the agent can always choose to work in
every period, letting s be the strategy of working in every period, we have

1-6T
1-946

&) + 6T p(s) (BV(#)] — 2=2x),

V(r)> (1 —=0)(Y(n)— 3

where Y'(7) is the expected discounted sum of the outcome from working in every
period from a block with the initial prior 7 and 7 is the prior in the beginning of the
next block.

Let V be the minimum of V (7) over all priors 7. Together with the fact that Y ()

increases with m;, we get the following inequality:

(1-9)(Y((0,1)) = 150) - 5Tp(8)1%;‘;X.

1-8

>
vz = o7p(s)

IfVv > 1%;‘5X , the agent always prefers to increase the probability of meeting the quota.

Since the principal pays the agent the discounted sum of the outcome, subtracted by

X on meeting the quota, the agent works in every period on the equilibrium path.
When the lump sumn trasnfer is specified to

1-67
1_56)7

X <o(Y((0,1)) -

the inequality V > %X is always satisfied. The last condition is to ensure that the

discounted sum of the outcome on meeting the quota is weakly greater than X so
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that the principal can actually take away the lump sum transfer
condition is

Q=X

Therefore, when a review contract satisfies

T(q1 _ sT
- Ts) e
1—-0Tp(s) — 2
1-46 X €
o T s (1- =
T =3
1—67

QzX,

. A slightly stronger

(A1)

(A.2)

the agent chooses to work in every period, and the principal’s payoff is within € of his

first best payoft.

Since the Markov chain is irreducible and there are two states, there exist g and

Ty such that for all § > 0y, T > Ty and the initial prior 7, we have

1-96 €

‘1 — (5TY(7r) —pl < Zp)
where
5= ( My, M, (pH)
My + My’ Mg+ Moy " \pr

is the probability of the good outcome from the ergodic distribution of the Markov

chain.
Let

§(1—67) €

X = T(S—((l - Z)ﬁ— c).

For 6 > 8o, T > Ty, Inequality (A.2) is satisfied as
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€

(1—1)15—0
>(1—§)(1+5

)]3— C
—_— 2 y c'

—
|
(=2}

~
(>2)
I

Lastly, Inequality (A.1) can be rearranged as a quadratic equation of §7. We get

€ € 1-£ € € 1-£
I—=—4f(1-=2-—2<éT<1—= 1--)2— —2.
4 \/( 4) p(s) — 4+\/< 4)

p(s)
There exists p < 1 such that for p(s) > p, we have

p(s)
Let

Q= [X],
where [ X ] is the smallest integer greater than or equal to X. I'll now show that we

can find T; such that for T > T;, the agent meets the quota with a probability higher
than p by working in every period.

From @ = [ X, the quota is satisfied whenever

>X+1,
- T

NI

where Q is the number of good outcomes from the block. By the strong law of large

numbers, Q /T converges to p for all initial priors 7. Since the right hand side of the
inequality is bounded from above by

€, _ 1
((1_Z)p_c)+f>

we can pick T} > %, and the right hand side is strictly bounded away from p for all
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6, T > T. Therefore, there exists T such that for T > T}, we have

X+1

P
r( T

>

O

) >p.

We can find T} that holds uniformly for all initial priors 7, since Q /T for the given

prior m can be written as

N

= liz=1p X1 + 172y X>.

X, is Q/T for the prior (1,0), and X5 is Q/T for the prior (0,1). Z is a random
variable with Pr(Z = 1) = m; and Pr(Z = 2) = m,.
Let T = max{Ty, 71} and define § to be

3
86

S: IIlaX{CS(), <
1-%

,Tl—gc}.

Then for any § > §, there exist T,Q, and X for the review contract that allows the

principal to approximate his first best payoff. O

Proof of Proposition 1.16. Consider the following review contract. Each review block
lasts T periods, and there exist a quota, @, and a lump sum transfer, X. The quota is
on the discounted sum of the outcome, and if the agent meets the quota, the principal
pays him the discounted sum of the outcome from the review block, subtracted by
the lump sum transfer, and the contract continues. If the agent fails to meet the
quota, the principal pays the discounted sum of the outcome from the review block
to the agent, and the contract terminates.

Given ¢ > 0, the expected discounted sum of the outcome converges to p, and

there exists &g, Ty such that for any k, (xg, 1, ,2k),0 > 6, T > Ty, we have
1-6 & 1 €
|1_—F(;5 E[Xkre]) — pl < i
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Let

5(1—6T) €
=X=—"""(1-Spu-c).
Q T (= pr—c)
Denote by V ((zo, z1, - - - , zx)) the agent’s continuation value given history (zo, z1, - - - , Zx)-
We have the following expression for V. = miny V((zo, 21, , %)), where H is the

set of all histories:

T 1-%

(1 = &) (mingy (X1, 8 'ElXse]) = 55 0) = 07p(s) 52X
1—6Tp(s) '

V=

For 6 > 6y, T > T}, we have

1-46
>
Z.— 5 X7

and the agent always prefers to increase the probability of meeting the quota. Since
the agent is paid the discounted sum of the outcome, the agent is induced to work in

every period under the contract.

It remains to show that the principal’s payoff under the contract is close to his
first best payoff. Let p(s) be the infimum of the probability of meeting the quota by
working in every period, where the infimum is taken over the set of histories H. The

principal’s payoff is at least

(1-8)6""p(s)X (1 + 8" p(s) + 6Tp(s)* +---)
_ T p(s)(1 - 0)X
S 1—0Tp(s)
071 - T)p(s) 1 -6 X
T 1-6Tp(s) 1-6T 6"

Similarly as in the proof of Proposition 2.7, the principal’s payofl is within € of
his first best payoff if the following two inequalities hold:
sT(1 _ 8T
5= pls) | e
1-6"p(s) —

1-6 X €
T s(1 - Vg —
T = ge

where j is the supremum of the expected discounted sum of outcome over the infinite
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horizon in the first best, and the supremum is taken over all initial conditions zj.
The second inequalities is satisfied for any § > 0y, T > Tp, and we need to show that
the first inequalitiy also holds. By the uniform weak law of large numbers, there exist
01, Ty such that for § > 6;,T > T3, we have
Pr(|i(i 5 X)) — il > €) <
157 kit) — | > €) <€

t=1

Choose € such that

and that for p(s) > 1 —¢,

Let T = max{Tp, T} } and define $ to be

- 1-3¢ . 3
6 = max{d,, —3%, \/1— =e}.
- 'gé 8

Then for any § > 0, there exist T, Q, and X for the review contract that allows the
principal to approximate his first best payoff. O

Proof of Proposition 1.17. Suppose there are n states and M is the Markov transition
matrix. When there are a finite number of states following an irreducible Markov
chain, the prior on the state is a sufficient static for the distribution of future states,
and it is sufficient to show the following: there exists g > 0 such that (i) for given
e > 0, there exist dy, Ty such that for any prior 7, § > 6y, T > T,
1—6 o
T (3B — il < 6 (43)

t=1

and (ii) for given ¢,¢’ > 0, there exists T3 such that for any prior 7, 4,7 > T} with
o >1-4%,
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Pr( 11_" ;T ) 6 Xy (m)) < (1= i)“ —c) < ¢, (A.4)

where X(7) is the stochastic process for the outcome of working in period ¢ given
the initial prior 7. Without loss of generality, I assume X;(7) is non-negative for all
t,m.

I'll first show why Inequalities (A.3) and (A.4) are sufficient conditions for the
principal to be able to approximate his first best payoff. Consider the following review
contract: each review block lasts T periods, and there exist a quota, (), and a lump
sum transfer, X. The quota is on the discounted sum of the outcome, and if the agent
meets the quota, the principal pays him the discounted sum of the outcome from the
review block, subtracted by the lump sum transfer, and the contract continues. If the
agent fails to meet the quota, the principal pays the discounted sum of the outcome
from the review block to the agent, and the contract terminates.

Suppose Inequalities (A.3) and (A.4) hold. Given € > 0, the expected discounted
sum of the outcome converges to u, and there exists dg, Ty such that for any prior 7,

0 > &g, and T > Ty, we have

1-6 &

=57 (O O TEX () — ul < S

t=1

Let
§(1 —67) €
=X=—(1--)p—c).
Q —-Su-0)
Denote by V (7) the agent’s continuation value given the initial prior 7. We have the

following expression for V. = min, V' (7):

(1 = 8)(ming (X 0 E[Xu(m)]) = 5o ¢) = 07p(s) 152X
1—-67p(s) ‘

V>

For 6 > 8¢, T > Ty, we have
1-94
>
V> 5 X

and the agent always prefers to increase the probability of meeting the quota. Since
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the agent is paid the discounted sum of the outcome, the agent is induced to work in
every period under the contract.

We can also show that the principal’s payoff under the contract is close to his

first best payoff. Let p(s) be the minimum of the probability of meeting the quota

by working in every period, where the minimum is taken over the initial priors. The
principal’s payoff is at least

(1= )57 p(s)X (1 + 67 p(s) + 67 p(s)? +
5 p(s)(1 - §)X

1 —0dTp(s)
0T(1-6T)p(s) 1 -0 X
T 1-6Tp(s) 1-6T 6

Similarly as in the proof of Proposition 2.7, the i)rincipal’s payoff is within € of his
first best payoff if the following two inequalities hold:

0T(1 = 6T)p(s)

>1-<
1—90Tp(s) — 2’
1-6 X €
— sy —

2

where 7 is the maximuin expected discounted sumn of outcome over the infinite horizon

in the first best. The second inequalities is satisfied for any § > 8y, T > Tp, and we
need to show that the first inequalitiy also holds.

Let p be
1 __ €
p= i
€
1- 3 -+ 6—4‘62
For any p(s) > p, we have

By Inequality (A.4), there exist Ty such that for T > Ty with 67 > 1 — £, we have
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5 EL ¢
11_—5T(25“1Xt(n)) <(-pr-9<l-p

t=1

Pr(

Then, the agent meets the quota with p(s) > p by working in every period.
We can rearrange

as

Then for any § > 6, there exist T, Q, and X for the review contract that allows the
principal to approximate his first best payoff.

I'll next show that Inequalities (A.3) and (A.4) are satisfied. Define X* to be the

stochastic process for the outcome of working in the state ¢, and we have

E[Xy(m)] = nM*" - (E[X'],--- | E[X"])
for all t > 1.

Let 7o be the invariant distribution of the Markov chain, and define g = E[X;(79)]
Since the Markov chain is irreducible and aperiodic, my and p are well-defined. We
also know that for any prior 7, E[X;(7)] converges to u as t goes to infinity.

. . : T t—1
Given any prior 7 and T, we can rewrite > ,_, 0" ' X,() as
T

> 5T Xy (r) = Z Liz=3(>_ 87 Xu(es)),

t=1

where ¢; is the indicator vector for the i-th coordinate and Z is a random variable
with Pr(Z = ¢) = 7;. Since there are a finite number of states, it is sufficient to show

that Inequality (A.3) is satisfied for each e;, 1 <4 < n. By symmetry, we only need
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to prove the statement for 7 = e;.

For given ¢ > 0, we have
E[Xi(e1)] = past — oo,
and there exists N such that
IE[X,(e1)] - p| < g,w > N.

From the fact that
1-6
1—-46T

is decreasing in both ¢ and T, there exist 51, T} such that for § > 51, T > 1T,

1-6 & i1 €
o D O EX(en)] -l < 5.
t=1

Therefore, for given prior e; and ¢ > 0, we can always find 61, Ty such that for

0> 517T2T13

1-0 &,
1—oT Z‘S [E[X:(e1)] — p| <e.
t=1

Similarly, we can find &,Ti for 2 < i < n such that for § > &, T> Ti, we have

1-0 &,
5T > FTHEX(e)] — pl < e
t=1

Let § = max; Si, T = max; f’i, and we get

1—

T
S S LK)~ < e (A5)

for all 7,8 > 8, T > T.
On the other hand, from
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Zét lXt Zl{z =i} Z(S lXt ez

it is sufficient to show Inequality (A.4) for €, ¢ and each e;,1 < i < n. By symmetry,
we can show the inequality for e;. Without loss of generality, assume ¢ < ﬁ Since
the Markov chain has an ergodic distribution and the outcome of working is bounded,

the strong law of large numbers holds, and there exists 7} such that for T' > T, we

have T
Pr( Do) 2l =) 2 1= (A.6)
For 6 and T such that 67 > 1 — 5, we have
(1—4)8T-2 e 1

g 207

Therefore, for T > Ty and & such that 67 > 1 — 5, we know that

5T2
Z5t L X (ey) >Q)>Pr( thel 1_2) p—c)
T
ZPr(l—— ZXtel l—Z),u—c)
>1-¢,

where the last inequality follows from Inequality (A.6). Rearranging the inequality,

we get,

1-6§ «
Pr( (30 Xy(e)) < (1= Ju—o) < €.
Similarly, we can find ﬂ for 2 < i < n such that for T > Ti, T >1— %, we have

1 €

T
Pr(%(z1 871X (ed)) < (1— Z)ﬂ —c) <€

Take T = max; T}, and we have Inequality (A.4).

Therefore, when there are a finite number of states following an irreducible, aperi-
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odic first-order Markov chain, and the outcome of working is bounded, the principal
can approximate his first best payoff. Given ¢ > 0, there exists § such that for § > §,
the principal’s average per period payoff in the second best is within € of his first best

payoff. O

A.2 Proofs for Chapter 2

Proof of Proposition 2.5. Consider the relational contract that provides s. The prin-
cipal offers in the initial period w(6y), b(d¢), and if the agent accepts, he exerts effort
e(fg). The continuation payoffs under the contract are denoted by u(¢g) and 7(¢y),
and the expected payoffs from the contract are ug and mg. Without loss of gener-
ality, we can assume that off the equilibriuin path, the parties revert to the static
equilibrium of (@, 7). The first period payment W is a function of ¢y.

The contract is self-enforcing if and only if the following conditions hold:

(1) up > 4, my > 7,

(1) e(bp) € arg meaxIEgl[(l — )W (o) + du(¢po)
)
-6

(¢o) = mﬁ,

e, (}0} — C((i, 90),

U,

)
1-0"

(41) b(¢o) + 1

— b(¢o) +

and (iv) each continuation contract is self-enforcing.
Given any (u,7) such that w > @, 7 > 7,u + © = s, the principal can offer the

same b(¢p) and continuation contracts and adjust w(fy) to

™ — Ty
1-46"°

W(fy) = w(by) +
The conditions are satisfied with the new contract, and it provides (u,7) as the
expected payoffs. O

Proof of Proposition 2.6. Suppose a contract that maximizes the joint surplus pro-

vides wy, b; and the agent chooses e;. The first step is to construct an alternative
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contract wy, l;t under which the agent chooses the same level of effort e; and his ex-
pected payoff is constant in every state.

When the states are observable, the distribution of the states from period ¢ + 1
only depends on 6, |, which is observed before the principal makes payments in period
t. The principal can adjust the contingent payment b; and keep the expected payoff
in each state constant. Specifically, consider the following contract. Let u;(h, ¢;) be
the continuation value of the agent under the given contract, and define wy, by as the

following:

bu(h, 60) = be(h', 8) + T (i, ) = ),

Wi(h,0,) = @ — By, [by(hY, ) ec(ht, 6,)).

From

)

7 t
bl 60) + 7=

ut(hta ¢t)a

U= bt(ht7 ¢t) +

1-6
the agent chooses the same level of effort e, under the new contract. The agent’s
expected payoff is 4 for all ¢, At, 6,.

The next step is to show that we can choose @ : © — R,b: ® — R such that
the principal offers @, b in every period. Consider 1; and b;. The agent’s expected
payoff is constant over all ¢, A*, and 6;, which implies that the agent’s IC constraint is
determined by the within period compensation scheme. Specifically, the agent chooses
e such that

et (ht, 0;) € argmgx]Egt+l[i>t(ht, by)le, ;] — c(e, 6;).

When the agent’s IC constraints are myopic, the principal can replace a com-
pensation scheme for any given period with another compensation scheme without
affecting the incentives. Under an optimal contract, s,(6;) is constant for given state
6,. If there’s multiplicity of the compensation schemes, we can pick one without loss
of generality.

Given b: ® — R, the agent chooses e : © — £ such that
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e(0,) € argmaxEy,,, [B(6) e, 0] — c(e, 6,).

Define @ as

w(0;) = @ — B, [5(¢)|e(9t)’ By,

and we have a stationary contract that maximizes the expected joint surplus. By
construction, it is self-enforcing, and it provides the same expected payoff to the

agent in all £, ht, 6;. O

Proof of Proposition 2.7. (=) Suppose e(f) is implementable with a stationary con-
tract that provides 4 > @ to the agent in every state. Let m(#") be the continuation
value for the principal when the realized productivity is 6. The IC constraint has to

be satisfied, and we know that

)
1-46

(r(¢') — 7) > b(6,y,6), 6,8, (A7)

4]
1-9

(=) > —infb(6,y,¢), v (A.8)

have to hold. Adding the two inequalities, we have the dynamic enforcement con-
straint.
(<) Suppose W (¢) and e(f) satisfy the IC constraint and the dynamic enforce-

ment constraint. Define

b(¢) = W(4) — inf W(9).

w(f) = @ — Eg [W(9)le(6), 0],

and consider the stationary contract with w(),b(¢) and e(6). The parties revert to
the static equilibrium if a deviation occurs. The agent receives @ as expected payoff
in each state, and the principal receives w(8) = s(d) — @ if the productivity is 6. By
the dynamic enforcement constraint, s(¢) > § and 7(f) > 7 for all 6. From the IC
* constraint, the agent chooses e(6) in each state 6, and it can be verified that Inequality

(A.7) and (A.8) are satisfied. d
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