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Distributed Scalar Quantization for Computing:
High-Resolution Analysis and Extensions

Vinith Misra, Vivek K Goyal, Senior Member, IEEEFand Lav R. VarshneyWlember, IEEE

Abstract

Communication of quantized information is frequently éoled by a computation. We consider situationsdadtributed
functional scalar quantizatiardistributed scalar quantization of (possibly correlatsaurces followed by centralized computation
of a function. Under smoothness conditions on the sourcdsfuarction, companding scalar quantizer designs are deedldo
minimize mean-squared error (MSE) of the computed funam®the quantizer resolution is allowed to grow. Strikingliayements
over quantizers designed without consideration of thetfanare possible and are larger in the entropy-constraseting than in
the fixed-rate setting. As extensions to the basic analy&s;haracterize a large class of functions for which regglemtization
suffices, consider certain functions for which asymptofitiroality is achieved without arbitrarily fine quantizatioand allow
limited collaboration between source encoders. In theopgitconstrained setting, a single bit per sample commteiichetween
encoders can have an arbitrarily-large effect on functidistortion. In contrast, such communication has veryeligffect in the
fixed-rate setting.

Index Terms

Asymptotic quantization theory, distributed source cgdiaptimal point density function, rate-distortion theory

|. INTRODUCTION

ONSIDER a collection ofn spatially-separated sensors, each measuring a s&glaj = 1, 2, ..., n. As shown in
Fig.[, the measurements are encoded and communicatedatgdimnited links to a sink node without any interaction
between the sensors. The sink node computes an estimate @rtbtiong(X7') = ¢g(X1, X2, ..., X,) from the received

data. This may be interpreted as a special case aflidtebuted source codingroblem in which distortion is measured as the
mean-squared error of the function estimate. We refer togpecial case adistributed functional source codirtg emphasize
that it is the functiory(X7*) and not the source vectdf]* that is being reconstructed. Similarly, we will refer to amgmate
representation ofX{* under mean-squared error distortion adinary source coding. Restricting to scalar quantization, this
distributed functional scalar quantizatiofpFSQ) problem is the central subject of this paper. Conghéveordinary source
coding, DFSQ can provide performance improvements in exfdib any that are rooted in statistical dependence ofhs;

for clarity, most examples presented here are for casesimdigpendeniX;s.

A. Summary of Main Contributions

The primary aim of this paper is to develop a high resolutippraach to the analysis of DFSQ. To this end, we consider for
each source variabl¥; a sequence of companding quantizgfs, } of increasing resolutiodk’. Under fairly loose smoothness
requirements on the functiog(«}) and the source probability density function (pgfjz?), high-resolution analysis yields
a choice for{(Q},...,Q%)}%_, that outperforms any other choice of companding quantiequences at sufficiently high
resolution. This analysis also gives an approximation Far tesulting distortion-rate function that has relativeoemwhich
vanishes ad{ — co.

There are situations in which designing quantizers to mirerthe MSE of the function estimate is no different than gieisig
them for low MSESE[(X; — X;)?], j =1, 2, ..., n. Our analysis will show, for example, that there is littlevadtage from
accounting forg wheng is linear. However, there are also cases in which the impneve is very large for large values of
examples in SectionlV feature distortion improvement owveinary source coding by a factor that is polynomialririn the
fixed-rate case and exponentialnnin the variable-rate case.

In addition to developing a basic theory in which there areimteractions between quantizers and certain limitatioms o
g simplify our analysis, we consider several extensionsstFive permit nonregular quantizers and demonstrate thiaieif
function g(27) satisfies a loosequivalence-freeondition then optimal quantizers are regular at suffityehigh rate. Next,
we explore a situation in which the high-resolution anayisieaks down because there is an interval where the marginal
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Fig. 1. Distributed functional source coding.

density fx, is positive but the optimal companding quantizer sequeace& is not arbitrarily fine. This prompts the concept
of a don't care interva] a mixture of low- and high-resolution, and connectionshwit]. Finally, we allow rate-constrained
information communicated from encoder 2 to encoder 1 toctffiee encoding ofX;. We call thischattingand bound its
effect on the distortiorD. In the fixed-rate setting, the reduction in distortion canrim more than ifR; were increased by
the same rate; in the variable-rate setting, the reductiadistortion can be arbitrarily large.

For ordinary quantization problems, high-resolution gsial is not interesting for a discrete source because ttiertion
reaches zero at some finite resolution. Indeed, as in modtswasing high-resolution analysis, we assume that the sourc
random variables are jointly continuous, i.e., that a jpirabability density function forX 7" exists. Similarly, high-resolution
analysis of DFSQ may be uninteresting wheiX7*) is discrete because zero functional distortion may be aeHiat some
finite resolution. We do not explicitly requirg(X]") to be a continuous random variable, but the continuity ¢dhat we do
require eliminates many situations in which zero functlafistortion may be achieved at some finite resolution.

B. Related Work

DFSQ has strong connections to several problems that haredtedied in prior work on quantization and distributedrseu
coding. We provide a brief summary of some of these connegtieere. This paper is restricted to high-resolution aislys
companding scalar quantizers for real-valued sourcestr@y, some related works deal with lossless source @pdinlossy
vector quantization, often in the (Shannon-theoreticjtliof large block length, at any rate.

Consider the situation depicted in Fig. 1 with= 2. In general X; and X> are memoryless, stationary random processes
andg is a function of the two. Several topics arise by considespgcial cases of this formulation.

Whengy is the identity function, the goal is to reconstruct the sewariables themselves; often the correlation betw&en
and X, is of primary interest. Slepian and Wolf solve this problenihie infinite blocklength regime for lossless represeotati
of sources drawn from a discrete alphahet [2]. The lossy Iprofor sources from a discrete alphabet, restricted toascal
guantization followed by block entropy coding, is consatein [3].

In the setting with lossy representation of continuous sesyr one might consider applying Slepian—Wolf coding to the
output of local quantizers for each of the sources. This @ggr, with vector quantization performed on blocks of eath o
the sources, is optimal at all rates for jointly Gaussianrsesi and MSE distortiori [4]. This approach is also optimathia
asymptotic regime of both large block length and high resmtu[S]. The general lossy multiterminal source codinglpem
for large block length but finite rates, whether for discretecontinuous alphabet sources, is open.

While this paper restricts to scalar quantization of theses, the use of Slepian—Wolf coding on the output of thesatizers
is considered (Se€._IVAD). Note that since the identity fiorc has a vector output, our DFSQ formulation technicalbesl
not permit this choice o, but that only minor modification of the proofs are requiredpermit vector-valued functions.

If g(X1,X2) = X; and R, is unconstrained, theX, can be viewed as receiver side information available at #woder.
The trade-off betwee®; and distortion (ofX; alone) in the large block length regime is given by the WyZerrate-distortion
function [€], [7]. Rebollo-Monederet al. examined this scenario at high resolution but any block tlengnd showed that
providing receiver side information to the encoder yielddmprovement in performancel[8], cf.|[9]. Under suitabl@swaints
on the distortion metric, one may also vielfy as receiver side information that determines the distortieeasure onXy,
drawing a connection ta [10] and to work on non-MSE distaertfanctions [11].

For generaly and unconstraine®,, the lossy problem has been studied by Yamamoto [12] and bgté-enget al. [13],
who provide an assortment of rate-loss bounds on perforenamnthe large block length setting. The lossless settingbleas
explored by Orlitsky and Roché [14].

In the large block length regime for lossless coding, Hanlaoldayashil[15] studied the classification of functions adawgy
to whether the rate region is the same as that for the idefutitgtion (i.e., the same as the Slepian—Wolf rate regiohkifT
results are conclusive when= 2 and the source alphabets are finite. This distributed versfahe problem for generaj,
minimizing the sum-rate?; + R», was later investigated by Dosht al. [16].



Let Y = ¢g(X;,X2). ThenY may be interpreted as mmote sourcehat is observed only through’; and X», leading to
a remote source multiterminal source coding problem [1THerAatively,{Y = X,, X1, X2}, can be thought of as a source
triple and the problem in Fidl]1 as a two-help-one problenhvit = 0 [18].

Most of the above examples involve block codingXf and X», and results are obtained by allowing the block length to
grow arbitrarily large. While the variable-length DFSQ B does utilize block entropy coding and Slepian—Wolliog,
X, and X, must first pass through scalar quantizers. Even though tinglea of X; and X, are i.i.d., there would still be
geometric benefits to using vector quantization over blaifksamples; this is left to future work.

Quantization with a functional motive bears strong resemdé to the idea of “task-oriented quantization.” There tesn
considerable work in this direction for detection, classifion, and estimation, including high-rate analysis ]{21]. The use
of a function at the decoder can be seen as inducing a non-N&S&tcbn measure on the source data. In this sense, a thread
may be drawn to perceptual source codingd [22], where a noB-BliStortion reflects human sensitivity to audio or video.

Under appropriate constraints on the functipnone may consider it as having introducedoaally quadratic distortion
measure on the sourcé’. In [23], Linderet al. consider quantization via companding functions for locgliadratic distortion
measures. We say more about connections to this work indB¢BiEE.

Interesting related problems have also arisen without aireapent of distributed coding. Rather than having a sifighetion
g, one may consider a set of functiofig, }.c4 and define

Dy = E [dlga(X7), 9a(X7)]

where« is a random variable taking values in index setOne may consider this a special case of the Wyner-Ziv proble
with - as decoder side information and a functional distortionsuea In such a setting, fixed- and variable-rate quantizati
to minimize MSE was studied by Bucklew in the high-rate regjif24]. Note that if the function were known deterministigal
to the encoder, one could do no better than to simply comhatdunction and encode the result.

C. Structure of Paper

We start in Sectionll by reviewing the high-resolution appmation techniques used in our analysis. In Sedfign Il we
obtain optimal fixed- and variable-rate functional quastizfor then = 1 case; while not important in practice, this case
illustrates the role of monotonicity and smoothnesg .o6eneralizations to arbitrany, under similar restrictions og(-), are
given in Sectio IV. Some notable examples in Sedfidn V aosdtthat show dramatic scaling of distortion with respeat.to
Some arguments in Section$ Il and Il are meant only to butdifion; the technical results of those sections are dgsly
justified as special cases of statements in Se€fidn IV.

The second half of the paper extends the basic theory ofd&8fl Sectiori V] addresses the use of non-regular compagndin
guantizers and shows that a wealuivalence-freecondition guarantees regularity of the optimal compandiugntizer
sequence. In the process we develop the notion of hightrésolnon-regular quantization. In Section VII, we considertain
conditions that cause the high-resolution approach to teaah optimal quantizer foX; that does not have high resolution
over the entire support ofx,. A modified analysis and design procedure yields a “rate dicgtion” in the variable-rate
case. Limited communication between encoders, or chatigngtudied in Section VIlI, and concluding comments appear

Section IX.

Il. UNIVARIATE ORDINARY QUANTIZATION

To introduce both notation and techniques, the high-rémolanalysis of scalar quantizers under MSE distortioreisgawed
in this section.

A. Definitions

A K-level quantizer o0, 1] is a functionQg : [0, 1] — [0, 1] with a range consisting ok points. The expected distortion of
Q k applied to random variabl& taking values if0, 1] is given byD(Qx) = E [d(X, Q(X))], whered : [0,1]x[0,1] — [0, c0)
is an appropriately chosen distortion function. Squanedrelistortiond(z,y) = (x —y)? is both a frequent and analytically-
tractable choice. Ifixed-rate(or codebook-constrained) quantization, the rate is deéfae the logarithm of the number of
levels, R = log K, where all logarithms have base 2.\ariable-rate(or entropy-constrained) quantization, the rate is defined
as the entropy of the quantizer outp&t,= H(Qx(X)). An optimal fixed-rate or variable-rate quantizer mininsiztistortion
subject to a constraint on the applicable rate.

A value in the range of)x is called aquantizer pointor reconstruction pointand the inverse image undé€yx of a
quantizer point is called eell or partition region If each cell is an interval and the associated reconstmgioint lies within
the interval, the quantizer is calledgular. For a distortion function that increases with the differemf its arguments (e.qg.
squared-error distortion), the optimal fixed-rate quaertig regular. If the distortion function is also convex i tifference of
its arguments and the source distribution is non-atoméottimal variable-rate quantizer is regular as well [25tS& 2] [26].



A compandeffunctionw : [0, 1] — [0, 1] is continuous, increasing, differentiable almost evergwehand invertible ofp, 1].
Furthermorew(0) = 0 andw(1) = 1. The K-level uniform quantizer orf0, 1] is defined as
22l forze (B2, L] i=1,2,..., K;
Q[U((x) _ { 2[{ ’ K " K1 ) ’ )
sz, forxz=0.
For squared-error distortion and more generally, optimelriizers satisfy a stronger condition than regularity:

<y implies Qk(z) < Qxk(y).
They can thus be realized in companding form:

Qx(x) = w (Qk (w(z))).
A quantizer that has a companding form may equivalently Hamee by itspoint density functiom\(x):
Azx) = w'(z),

which always satisfieg"o1 AMz)dzr = w(l) —w(0) =1—0 =1 by the fundamental theorem of calculus. For smadind large
resolutionk’, one may observe that\(z) approximates the fraction of quantizer points in an inteofdength é aroundz.
Because of this intuitive relationship to quantizer stuuet we will use the point density description instead ofchenpander
description whenever possible, wig () denoting a quantizer of resolutidd and point density function. A companding
quantizer sequencé@y }55_, refers to a sequence of quantizers generated with the samedemsity A and indexed by
resolutionK . Our interest will be in optimizing these quantizer sequsnc

Thedistortion-resolution functior(K; \) for a companding quantizer sequerdcg), } indexes the distortion of the sequence
by the resolution:

d(K;\) = E [|X - Qf(X)ﬂ .

The fixed-ratgesolution-ratefunction K. (R; \) = [2%] is the largest resolution that satisfies a fixed-rate comgti@imilarly,
the variable-rate resolution-rate functiéf,, (R; A) is the largest resolution that satisfies a variable-ratestraimt. Specifically,
K.:(R; \) is the largest resolution such that the entropy of the gmedtbutputH (Q} (X)) is less than the rate constraint
R:
K(AMR)=  max K.
H(Qx (X)<R
The quality of a quantizer sequenf@ } is measured by its distortion-rate function. The fixed-distortion-rate function
measures the distortion of the highest-resolution elerétite sequence that satisfies the fixed-rate constréiptR; \) =
d(Kw(R; X), ). Similarly, the variable-rate distortion-rate functioreasures the distortion of the highest-resolution element
of the sequence that satisfies the variable-rate constiaint R; \) = d(Ky.(R; \), A).
Under a fixed-rate constraint, we say that a companding mmrﬂequence{Q?g} is asymptotically bettethan another
{Q)} if
lim su 7Dﬁ(R; ) <1
R—>oop Dg(R;N) —

Essentially, we compare the best rdtetuantizers from each sequence{ @), } is asymptotically better than all other quantizer
sequences, we saf)Q?; } and \* are asymptoticallfiixed-rate optimal

Analogously, an asymptoticallyariable-rate optimalquantizer sequencé@?g } is asymptotically better than any other
{Qx): Do)

limsup ——"2 < 1.
R—)oop Dvr(R; A) -

Note that while we only consider optimality among the setemfular companding quantizer sequences, Linder [27] peavid
conditions for a source probability distribution functionder which a companding quantizer sequence can be optirel i
more general sense.

B. Problem Statement

A sequence of quantizers is to be applied to a soloeith pdf fx supported on the intervéd, 1]. The distortion of the
guantizers is measured by squared error. For any fixed- @ablafrate constraint, the optimal quantizer can be redlin
companding form, so we seek an asymptotically optimal cordjpey function.

For high-resolution techniques to be valid, both the cordpamnfunction and the source pdf must satisfy certain smuegh
requirements. We assume the source satisfies conditionsdo®1JO2, and we optimize only among companding functions
that satisfy UO3 and UO4:

UO1. The source pdf is bounded and supported on the interj@all].



UO2. The first derivative of the source pdf is defined and bounded on all but a finite number of point®ijn].
UO3. We optimize among companding functions that are difigable.
UO4. The integralfo1 f(x)w' (x)~2 dx is finite.

C. Solution via High-Resolution Analysis

The quantities of fundamental interest in the analysis ahganding quantizer sequences are the fixed- and variable-
rate distortion-rate function®,(R; A) and D, (R; \), which describe the distortion of fixed- and variable-rabenpanding
guantizers with raté&? and point density\. High resolution analysis consists of several approxiomegtithat allow one to derive
asymptotically accurate versions of bati® (R; \) and DI} (R; \). Specifically, under appropriate restrictions on the seurc
pdf we will show that

DEM(R; ) DER (R ))

i VT ljm =t . 1
Roeo Dg(RiN)  Roseo Dyr(R;\) @)

In Sec.[TI-=C1, the approximate distortion-resolution ftioe d"'%(K; \) is derived. Then, in Se€_1-C2, the approximate
resolution-rate functiods™'®(R; \) is obtained for both fixed- and variable-rate constrainisalfy, in Sec[TI-=C3 these two
quantities yield the approximate distortion-rate funei®{® (R; \) and DI} (R; \). The derivation we provide is left informal
and is not intended to prove that assumptions UO1-UO4 yiBidtkis follows either from Linder [27] or as a special case
of Theoren{® in Sed_lIl. For further technical details anférences to original sources, séel[28]. Finally, in $ec4l-the
approximate distortion-rate functions are optimized tigto choice of point density (companding function). The ssupes of
companding quantizers yielded by this optimization arenshto be asymptotically fixed- or variable-rate optimal.

1) The Distortion-Resolution Functioms previously definedd(K; \) is the distortion of the companding quantizer with
resolution K. We now define an approximatio#f'®(K; \), known as the approximate distortion-resolution functiéor
rigorous proof that

lim d"R(K;\)/d(K;\) =1, 2
K—o0
we refer to the main result of Linder [27], or to TheorEin 9 wittr) = =.

Let X be a random variable with pdfx (), let Q3 be a K-point companding quantizer, and suppds@nd f satisfy
assumptions UO1-UO4. L€t3;}icz = QX (]0,1]) be the reconstruction points, and 1§t = (Q}()_1 (Bi), i € Z, be the
corresponding partition regions.

The distortion of the quantizer is

AK;N) = E[(X-X)
= Y E[(X-B)|X€S]P(X€eS) ®3)
i€l

by the law of total expectation. The initial aim of high-rag@n theory is to express this distortion as an integrabiving
fx. To that end, we make the following approximations aboutsiierce and quantizer:

HR1. fx may be approximated as constant on edgh
HR2. The size of the cell containingis approximated with the help of the point density function:

r€S; = length(S;) ~ (K\(x))™!, (4)

where~ means that the ratio of the two quantities goes to 1 with Esirgy resolution’. This is the meaning of*”
for the remainder of the paper.

The first approximation follows from the smoothnessfgf (assumptions UO1 and UO2), while the second follows from the
smoothness ofv(x) (assumption UO3).

Now we can approximate each non-boundary terniin (3). By HREhould be approximately at the center%f and the
length of S; then makes the conditional expectation approximaggl@zf()\(ﬁi))‘z. Invoking Assumption HR1 again, thith
term in the sum isf, _ o 75(KA(B:)) > fx () dz. Finally,

1 —2
A(KA) ~ /0 %fx(:c)d:c . ﬁE[ﬂ(X)} ®)

= d"™(K;N).



2) The Resolution-Rate Functioffor a fixed-rate quantizer, the resolution-rate relatignghgiven simply byKy (R; \) =
|27, and it is approximated with vanishing relative error B§!?(R; \) = 2. The variable-rate resolution-rate function is
more difficult to approximate.

As long as the quantization is fina((z) > 0) wherever the density is positive, we can approximate thpuitentropy of a
quantizer using the point density. Definipgr) asP (X € S;) for z € S;, and lettingh(X) denote the differential entropy of
X,

HQ}(X)) = - P(XeS8)logP(X€S)
€L

@ ' z) log p(x) dx

O /Olfx()lgp()d

@ / Fx (@) log(fx (z)/ (K A(z))) da
O1

= _/o fx(x)log fx (x) dx

1
+ / fx(x)log(K\(x)) dx
0
= h(X)+logK + E[log \(X)], (6)
where (a) follows from the definition gf(z); and (b) involves approximating the source pdf as constaegich cell and’{4).
A generalized version of this approximation is proven r@maly in [23]. We state it here as a lemma.

Lemma 1:Suppose the sourc& has a density ovef0, 1] and a finite differential entropy(X). Then if E [log A(X)] is
finite,

lim [ H(Q} g (X)) ~ log K(1; )] = h(X) + E[log A(X)]

R—oo

Proof: Follows as a special case of Proposition 2[in| [23]. [ ]
With the insight of this approximation, we define:
Definition 1: The variable-rate approximate resolution-rate functlofi®(R; \) is given by

log KAR(R; \) = R — h(X) — E [log A\(X)].

Lemma 2:The error between the log of the variable-rate approximeselution-rate functionog KH1®(R; \) and the log
of the actual resolution-rate functidi,, (R; A) goes to zero, i.e.

Jim_log KER(R; \) — log K\ (R; \) = 0.
— 00

Proof: The error of the approximatioi’!!? may be written as
log Kye(R; A) —log KNF(R; A) = er + H(Qx,, (rn)(X)) — R,

wherecr goes to zero by Lemmnld 1. Furthermore, by definitién.(R; ) has been chosen to be the largest resolution such
that H(Q%., (g.») (X)) < R. We then have that

— H(Q,.(rx) (X)) < H(Qk,, (rx+1 (X)) = H(Q,, (rir) (X))

i.e. the second term in the rate approximation error is bedry the increment in entropy from an increment in resotutio
By Lemmall once again, the increment in entropy may be bouaded

H(Q..(rxy11(X)) = H(Q, (ren) (X))
= h(X)+log(Kw(R;A) + 1) + Elog \(X)] — h(X) — log Ky (R; \) — E [log \(X)] + 6(R)
= log(Kw(R;A) +1) —log Ky (R; A) + 0(R)

vr(R A)+1 +5(R),

Ky (R; A)

log

whered(R) goes to zero. Sinc&,,(R; \) diverges to infinity withR, this error goes to zero. [ |



3) The Distortion-Rate Functionsfhe high-resolution distortion-rate function can be atal by combining the distortion-
resolution and resolution-rate functions. For fixed-rate,

DEYM(R) = TE V()] 2728, (72)

whereas for variable-rate
Di{rR(R) = %E [/\72(X)] 9—2(R—h(X)~E[log A(X)])_ (7h)

Asymptotic validity in the sense of(1) follows in the fixedte case froni{2) and from the fact tHats (R; \)/ K™ (R; )\))2
goes to 1. In the variable-rate case, we may bound the ewar frse of K'R(R; )\) in place of K(R; \) as a multiplying
factor of 221K (RN -K (&N which by LemmdR goes to 1.

4) Asymptotically-Optimal Companding Quantizer Sequen®ge seek asymptotically-optimal companding quantizer se-
guences for both fixed-rate and variable-rate constra@ytshe following lemma, this reduces to minimizing the higdsolution
distortion-rate functions of (Ta) and _{7b). .

Lemma 3:Suppose\;. and \*, minimize DHR(R; \) and DHR(R; \) respectively. Then the quantizer sequenf€s” }
and{Q '} are asymptotically fixed- and variable-rate optimal.

Proof: As the proof is virtually identical for fixed- and variablate cases, we only provide it for the variable-rate case.

Let {Q%} be any companding quantizer sequence. We are interestagving that

lim su 7Dvr(R; Al) <1
R~>oop Dvr(R; A) -
The supremum limit on the left may be factored:

. Dye (B A%) : Dyr(R; A) DEM(RG) DR N
limsup —————-= = limsup
R—o0 vr(Ra /\) R—o0 DHR(R /\* ) D\I;IrR(R )‘) VY(R; /\)
(a) * HR * DHR .
< limsup Do (15 XLy) lim sup (75 A) lim sup —2 (B )

R—o0 DHR(R A% ) R—o00 DHR(R )\) R—o0 Dvr(R; A)

because the supremum limit of a product of positive sequeiscapper-bounded by the product of their individual suprem
limits. We can now bound each of these factors.
We have, by optimality of\* , that DHER(R; \) > DHR(R; \* ) for any R and therefore that

’ vr

DUR(R; X;,)

vr?

T DR <
Furthermore, by[{1), we have that
i Dol o DutEY
R—oo DHR(R;A: ) Rooo Dy (R; A
This proves the lemma. [ ]

Now we optimize the distortion-rate expressions. Becanaséogous optimizations appear in Sectibnk Il Bnbl IV, welieity
derive both the optimizing point densities and the resgltilistortion-rate functions. Our approach follows|[29].

In the fixed-rate case, the problem is to minimizel (7a) forwegivalue of R. This minimization may be performed with
the help of Holder's inequality:

DIR(R;\) = iz—m / 1fx(x)/\_2(:v)d:v

— _2 2R/ fx( (/OIA(:v)d:v)

> EQQR/O (fx(sc)x%@)”?’ (A(@))*"* da

1 1 3

with equality only if A(z) oc £/*(x). Thus, DER is minimized by
@) = @) (fo 1P ). (®)

2

The resulting minimal distortion is

1, ! o B
D (R) = 527" ( /0 f;l(/g(w)dw) = 5l xlls2 7, )



where we have introduced a notation for tA&3 quasinorm.
For the variable-rate optimization, we use Jensen’s indguather than Holder’s inequality:

1

DHR(R A) — _2—2(R—h(X))E [A_Q(X):I 22E[10g A(X)]
vr Y 12
(g) 1_12272(341()())'5 [A2(X)] 9210g E[A(X)]
= DyY(R),

where (a) follows from the convexity of log(-). This lower bound is achieved whex{X) is a constant. Thug(z) =1 is
asymptotically optimal, i.e., the quantizer should be omif.

Note that both variable- and fixed-rate quantization hée—2%), or —6 dB/bit, dependence of distortion on rate. This
is a common feature of ordinary quantizers with MSE distortibut we demonstrate in Sectibn VIl that certain functiona
scenarios can cause distortion to fall even faster with #te. r

5) Optimal Bit Allocation: As a final preparatory digression, we state the solution tgpacal resource allocation problem
that arises several times in Sectlod IV.

Lemma 4:SupposeD = >~"_, ¢;272% for some positive constants:; }_,. Then the minimum ofD over the choice of
{R;}}_, subject to the constraifC’_, R; <nR is attained with

¢

1
Ry =R+ _1Og71/n’
(H?:l Cj)

j=1,2,...
2 J )y~ y I,

resulting in
1/n
D=n (H?:l cj) 272k,

Proof: The result can be shown using the inequality for arithmetid geometric means. It appeared first in the context
of bit allocation in [30]; a full proof appears in_[25, Sect3B [ ]
The lemma does not restrict tifé;s to be nonnegative or to be integers. Such restrictionsiaceisbed in[[31].

I11. UNIVARIATE FUNCTIONAL QUANTIZATION

Let X be a random variable with pdfy (z) defined over0, 1], and letg : [0, 1] — R be the function of interest. A sequence
of companding quantizer§Q7.} is applied to the sourc&, and an estimatg(Q7% (X)) is formed at the decoder, where
g is the estimator function. Functional distortion is measuby squared errob = E[(g(X) — g(Q%(X)))?]. We seek an
asymptotically-optimal estimatgf and companding function that satisfy certain constraints.

Since we seek to answer this design question with high-uéisal techniques, the functiop and the sourceX must be
restricted in a manner similar to conditions UO1-4 in SetflieBl For the moment we err on the side of being too strict.
Sectiong VIl and" V1! will significantly loosen these requirents.

UF1. g is monotonic.

UF2. g is Lipschitz continuous or0, 1], and the first- and second- derivatives ofire defined except possibly on a set of
zero Jordan measure.

UF3. The source pdf is continuous, bounded, and supported on the intdtval.

UF4. We optimize among companding functianghat are piecewise differentiable (and therefore a poinsitg description
A is appropriate).

UF5. The integral 01 f(x)g'(x)?X(z)~2 dx is defined and finite.

Throughout this paper, we assume tlggt) = E[g(X) | X € S;] for all ¢ € S;. This achieves the minimum possible
functional distortionE [var (¢(X) | Q% (X))].

A. Sufficiency of Regular Quantizers

The following lemma relates monotonicity to regularity gptimnal quantizers, thus justifying the optimization among
companding quantizers:

Lemma 5:If g is monotonic, there exists an optimal functional quantafeX that is regular.

Proof: The optimal functional quantizer in one dimension is indlibg the optimal ordinary quantizer for the variable

Y = ¢g(X). That is, one may compute the functigfiX') and quantize it directly. Since the optimal ordinary quaettifor a
real-valued source is regular, the optimal quantizerffordenoted byQy (y) and having point{y; }:cz, is regular.

Qy (y) may be implemented by a quantizer f&rwith cells given byg—!(Q5" (7;)). We know thatQy' (7;) is an interval
sinceQy is regular. Also, sincg is monotonic, the inverse map ! applied to any interval in the range gfgives an interval.
ThUSg—l(Q;l@)) is an interval, which demonstrates that there exists a aegulantizer inX that is optimal. [ ]



B. The Distortion-Resolution Function

Assumption UF2 is introduced so that a piecewise linear @ppration of g suffices in estimating the functional distortion
of the quantizer. More specifically, recalling the notatigh };cz for the quantizer points anflS; };cz for the partition,

gpr(z) = g(B:) + g (B)(x—B;), forzeS; icT

may be interpreted as an approximationgathat leads to the high-resolution approximate distortieselution function.

The use ofgpr, prompts us to give a name to the magnitude of the derivative dthe distortion is then expressed using
this function.

Definition 2: The univariate functional sensitivity profilef g is defined asy(z) = |¢'(x)].

Theorem 6:Suppose a sourck < [0, 1] is quantized by a sequence of companding quanti@@ps} with point density\(z)
and increasing resolutioR". Further suppose that the source, quantizer, and fungtidf, 1] — R satisfy Assumptions UF1-
5. Then the high-resolution distortion-resolution fupatiis anasymptotically accurat@pproximation of the true distortion-
resolution function:

1
" 12K2
Proof: Follows as a special case of Theorem 9. [ ]

A(K; ) = E [var (9(X) | QK (X))] E [(1(X)/AX))] = d™R (5 ). (10)

C. The Resolution-Rate Functions

The relationship between resolution and rate in the funelicontext is unchanged from the ordinary context. For alfpege
constraint, the resolution-rate function is given Ky (R; \) = [2f| and is approximated at high-resolution B§{!?(R; \) =
2%, For a variable-rate constraint, the resolution-rate fioncis given by the highest resolution such that the entropthe
quantized output is less than the rate constraint. Thispscgimated as before bipg KHR(R; \) = R—h(X) —E [log A(X)].
Both of these approximations continue to be asymptoticadiyurate, regardless of the distortion measure in use.

D. The Distortion-Rate Functions

By combining the distortion-rate function with the resadntrate function, the high-resolution distortion-ratenftion can

be obtained. For fixed-rate, )
DR (R; \) = Tk [(v(X)/A(X))?] 2725, (11a)

whereas for variable-rate, )
DIM(R; \) = e [(V(X)/A(X))?] 27 2B=X)~Elog AN, (11b)

The asymptotic validity of these two expressions, aglinlft)ds as it did in the ordinary case. For the fixed-rate exgioes
this follows from Theoreml6 and the fact thig@! |2=% approaches 1. For the variable-rate expression, the ewor fise of
KHR(R: \) in the distortion-rate expression insteadfofR; \) can be bounded as a multiplying factora3fX ™ (B:\) =K (R:\)]
which by LemmdXR goes to 1.

E. Asymptotically-Optimal Companding Quantizer Sequgnce

We seek asymptotically-optimal companding quantizer sages for fixed- and variable-rate constraints under a imezit
distortion measure. The lemma below demonstrates thaffitesi to optimize the high-rate distortion-rate functidn§" and
DHR,

Lemma 7:Suppose\;. and A%, minimize DII®(R; \) and DER(R; ) respectively. Then the quantizer sequen{:@%}
and {Q;}} are asymptotically fixed- and variable-rate optimal.

Proof: The proof is virtually identical to that of Lemnid 3. [ ]
The distortion expressioh ([L0) bears strong resembland®)tobut with the probability densityx(z) replaced with a
weighted density/?(x) fx (z). Unlike the densityfx (z), the weighted density?(x) fx (z) need not integrate to one. Optimal

point densities and the resulting distortions now follovgiba

For fixed-rate coding, we are attempting to minimize theadti&in (I0) for a given value of<. Following the arguments
in Section 1I-C#%, the optimal point density is proportionalthe cube root of the weighted density:

__P@ixE@)”
Jo (20 fx (8)* dt

The admissibility of this point density (assumption UF5yuies positivity ofA(x) everywherefx is positive. This excludes
the possibility thaty(z) = 0 for an intervalz € (a,b) such thatP (X € (a,b)) > 0 because in this case the quantization is

A ()

(12)
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Fig. 2. Quantizer points illustrating the point densitiesiced in Examplé¢]l at rat& = 4.

not fine for X € (a,b). We revisit this restriction in Sectidn VIl. By evaluatingd@) with point density[ (12), the resulting
distortion is

1
DEM(R) = DR (B AR) = 5 7 Fxlly 5 2727 (13)

For variable-rate coding, a derivation very similar to tle&tordinary variable-rate quantization may be performekisT
yields an optimal point density that is proportional to thdtional sensitivity profile:

* 7z
Jo (@) dt
The restriction for\ to be positive wherevefx is positive takes the same form as above (assumption UF$).r@sulting
distortion is 1

D‘IiR(R) _ D\},IrR(R’ /\3r) _ E22h(X)Jr2E[log'y(X)] 272R. (15)

The example below shows that even for univariate functitiveye are benefits from functional quantization. It alsgstitates
the difference between the fixed- and variable-rate casédleWuantizingX instead ofg(X) seems naive, as we move to
the distributed multivariate case it will not be possiblecampute the function before quantization.

Example 1:SupposeX is uniformly distributed overf0, 1] and g(z) = x2. For both fixed- and variable-rate, the optimal
ordinary quantizer is uniform, i.edo,qa = 1. With y(z) = 2z, evaluating [(ITa) giveDIR(R; Aora) = DER(R; Aora) =
527 ~ 0.111- 2721,

The optimal point density for fixed-rate functional quaatian is Af (z) = %x2/3 and yields distortion

1 9
B 12” 125
The optimal point density for variable-rate functional gtization is A (z) = 2z. With h(X) = 0 and E[log~(X)] =
1—1/(In2), the resulting distortion is

DY (R) (22)2|| 5 - 2720 = ——272R ~ 0.072. 272,

1
DHR(R) = - 4e7?.272R ~0.045 - 2728,

Quantizers designed with the three derived optimal poimisifies are illustrated in Fidl 2 for rate = 4. The functionally-
optimized quantizers put more points at higher values, afhere the function varies more quickly. In addition, theiale-rate
guantizer is allowed more pointg(= 21) while meeting the rate constraint.

The interested reader can verify thaf!® (R) and DIIR(R) exactly match the performance obtained by designing optima
quantizers fory’ = X2, O

In the second example, we use a nonuniform source pdf witlsahge nonlinear function to illustrate various quantities.

Example 2:SupposeX has the pdffx (x) = 322 over[0, 1] andg(z) = 2. We illustrate a codebook-constrained quantizer
with rate R = 2 designed with the high-resolution analysis.

By evaluating [(IR), the asymptotically-optimal point digngor fixed-rate functional quantization i} (z) = %:c4/3.
Integrating the point density gives the corresponding camder functionwf, (z) = z7/3. As shown in the top panel of
Fig.[3, the points are given by

Bi=wi ((2i-1)/8), i=1,2,3, 4,

and the cell boundaries are given by, ~* ({0, 1/4, 1/2, 3/4, 1}). The middle panel showgyx and an approximatioffiy that
is constant on each cell of the quantizer. The bottom parmislh and the approximatioppr,, which is linear on each cell
of the quantizer and tangent toat each point. O
Referring to Fig.[B for examples, the high-resolution distm-resolution fgnctiondHR(K;)\) can be thought of as a
computation of the MSE ofipr, when the source with piecewise constant gigf is quantized with companding quantizer
employing compandew;.. In this caseg, the optimal function estimate, is given by evaluatifg, at the center of the cell
containing the source variable. Informally, as resolutlérincreasesfx — f, gpL — g, and the centers of the cells approach
the corresponding quantizer points. These intuitionsrekte multivariate functions as well, but our formal jusiions in
Section IV use techniques that do not explicitly form appmmations fx or gpr..
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Fig. 3. lllustrations for ExamplEl2. Top panel: points antl beundaries of the quantizer are determined by the comipgniinction w,. Middle panel:
source pdffx and its piecewise constant approximation. Bottom paneictfan g and its piecewise linear approximation.

F. Discontinuous Functions

Our main result on univariate functional quantization, dteen[6, assumes the continuity @f One can effectively sidestep
this assumption, but doing so requires the quantizer to Berited more precisely than by a point density function @lon

For simplicity, assumé¢y is strictly positive on0, 1]. Suppose we were to allowto have a point of discontinuity, € (0,1)
with

co = lim |g(xo + 6) — g(xo — 9)| > 0.
6—0

The difficulty that arises is that ity is an interior point of a partition cel;, this cell produces a component of the functional
distortion proportional ta:2P (X € S;). Sincec?P (X € S;) = ©(K 1), it is not negligible in comparison to the (best case)
©(K ~2) functional distortion. Thus having a point of discontinuitf ¢ in the interior of a partition cell disrupts the asymptotic
distortion calculation[(70).

The representation of quantizers by number of leveland point density function cannot prevent a point of discontinuity
from falling in the interior of a partition cell. However, ¥fe augment the description of the quantizer with specifiatitjman
boundaries, we can still obtain the distortion estimaié).(10

Corollary 8: Suppose a companding quantizer sequence for a sdred0, 1] is described by point density functiox{z).
Further suppose that the source, quantizer, and fungtiori0,1] — R satisfy Assumptions UF1-5 with the exception of
discontinuities atV/ points {z,, }*_,. Then a quantizer sequence obtained by adding partitidrboendaries afx,,}M_,
will have distortion
1

" 12K2

-~

dy = E[(9(X) - 9(X))?]

E [(/(X)/MX))?] -

Proof: This follows from Theoreri]6 applied separately to each ofshigintervals wherg is continuous. [ ]
In the sequel, we will not consider discontinuous functiohlse multivariate extension of Corollafy 8 requires poiats
discontinuity to be in the Cartesian product of finite setslistontinuity for each variable. Such separable sets aftpaif
discontinuity are not general and can be handled ratheitiirgly.

IV. M ULTIVARIATE FUNCTIONAL QUANTIZATION

With Section1ll as a warm-up, we may now establish the cémésults of distributed functional quantization.
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A. Definitions

An n-dimensionatistributed companding quantiz€}j; is specified byn companding functionsy = (w1, wo, . .., w,) and
an n-vector of resolution& = (K1, Ko, ..., K,,). When applied to am-tuple z} € [0, 1], Q¥ quantizes each component
x; of z7 separately with compander; and resolutionk’;:

QK (1) = (QF, (21), QR (22), ..., Q" (xn)) -
A distributed companding quantizer may equivalently becggl by n point density functions\ = (A1, A2, ..., \,,), in which
case it is denoted bz .

An estimation functiorg : [0,1]* — R estimates the value af(X}") from the quantized representatiajy, (X7'). The
distortion of a distributed quantizer paired with an estwng is given by the distortion-resolution function

dg(K; A) = E[lg(XT) — 9(Qx (XT))[]-
In this paper, use of the optimal estimator

g9(=1) = Elg(X7) | Qx(XT) = Qx(a1)]
will be indicated by omitting the subscripf{K; \).
Therate R of a distributed quantizer takes on three different meamnidgfixed-rateconstraint limits the total resolution
K=l K, < 27, and we assume that thi¢éh quantizer communicates to the decoder with fafe= log K;. A variable-
rate (marginal entropy) constraint limits the sum of the margimtropiesZ?:1 H(Q?g’j (X;)) < R, and we assume that the

jth quantizer utilizes entropy-coding to the decoder tamttate R; = H(Q?g’j (X,)). A Slepian-Wolf(joint entropy) constraint

limits the joint entropyH (Q%(X7')) < R, and we assume that thi¢h quantizer utilizes Slepian-Wolf coding to the decoder
. A i—1 . j—1 T N

to attain rateR; = H(Q%, (X;) | Q- (X771)), whereQj, . (X7™) is used to_repre_semQ}g1 (X1)s- -, QT (X))

Note that the choice of this particular point on the Slepfdmif rate boundary is arbitrary. The resulting performaige

measured by the distortion-rate functions

D(R;A) = i d(K; ),
a(BA) = M0 o (K;A)
Dy (R;A) = min d(K; \),

K7, H@QQ (X;)<R

and
Dsw(R; A) = min d(K; ).

K7y HQ (X)IQY (X9—1)<R

A quantizer point density\* is asymptotically bettethan anotherA under a fixed-rate, variable-rate, or Slepian—Wolf
constraint if the ratio of the distortion-rate functionsaismost one:

A D@y <" o)
. Dy (R XY)
LA S A
R S VI (160)
Dy (R; X"
lim (7 \) 1. (16c)

/" <
R—oo Dsw(R,)\) -
If X\ is asymptotically better than any other distributed quamtsequence, it iasymptotically optimal

B. Problem Statement

Let X1 be a random vector with joint pdfx - (=7) defined over0, 1], and letg : [0, 1]" — R be the function of interest.
A distributed companding quantizéQy} is applied toX7. Equivalently, a companding quantizé)’;gj is applied to each
component of the sourc¥;. The decoder then forms an estimgi@z (X7)), whereg(Qx (X)) = E[g(X]) | Q¥ (X])]
is the optimal estimation function. Distortion is measubgdsquared error in the functioP = E[(g(X7') — g(QX (X1)))?],
which for the optimal estimator reduces o= E [var (¢(X]) | Q% (X7"))]. Fig.[1 depicts this scenario, witR; = log K
in the fixed-rate case; = H(Q;gj) in the variable-rate case, aft = H(Q}\g’j (X5) | Q}g,ll (X7~1)) in the Slepian-Wolf
case. We wish to choosk to be asymptotically optimal.

As in Sectior1ll, we will impose restrictions on the funatig and the joint probability distribution function of* so that
a local affine approximation is effective.
MF1. g is Lipschitz continuous, and the first and second derivatafey are defined except possibly on a set of zero Jordan

measure.
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MF2. The source pdf is continuous and supported ¢h 1]*, and is therefore bounded.

MF3. We optimize among companding functions that are piecewise differentiable (and therefore a poinsitg description
A; is appropriate).

MF4. Letting g;(z7) denotedg(xT)/0x;, the integrals

/1 f(z;)E [lgj(X")l2 | X; = %} Aj(a;) "% da
0

are defined and positive for glle {1, 2, ... ,n}.
Constraints MF1-MF4 are more restrictive than they needetobit this helps in simplifying proofs. For instance, cdiodi
MF4 guarantees that every source variable must be finelytigeanfor distortion to approach zero. If this is violated fthe
jth source variable, it merely implies that a finite-resa@ntjuantization ofX; suffices.

Note that there is no analogue to the monotonicity assumptiBl in the multivariate case. It can be shown thay if
is monotonic in each of its variables the optimal fixed-rai&ributed quantizer is regular. With the added restrictibat
the source variables be independent, it can be shown thaiptmal variable-rate distributed quantizer is also ragwia
techniques similar to those df [26]. Rather than constngirthe functiong and the source pdf in this manner, however,
assumption MF3 explicitly restricts optimization to theasp of regular companding quantizer sequences, regaafledsether
regularity is optimal. In Sed._VI it is shown that nonregutampanding quantizer sequences are asymptotically sinbalpt
for a wide variety of functiong, giving this constraint some validity.

C. High-Resolution Analysis
1) The Distortion-Resolution Functior®ur main technical task in finding the optimal quantizersoigusstify an approx-
imation of the distortion in terms of point density funct®rSince the quantization is distributed, our concept otfional
sensitivity is now extended to each variable separatel) aweraging performed over the remaining variables.
Definition 3: The jth functional sensitivity profilef ¢ is defined as

() = (E [l ()P 1 X, =]) . )

Theorem 9:Supposen sourcesX} € [0,1]" are quantized by a distributed companding quant@gr, and suppose that
the source, quantizers, and functign [0, 1] — R satisfy assumptions MF1-4. LétK; A) = E [var (¢(X7") | Qx(XT]))]
denote the true distortion-resolution function, andfiét denote the high-resolution approximate distortion-neoh function:

~ 1 %)\
d™(K;A) = E |52 : 18
ke Zl?Kf l<)\j(Xj)) 4o

J=1

Thend(K; \) ~ d"?(K; X), where~ indicates that the ratio of the two quantities approachesamthe smallest element of
the vectorK grows without bound.
Proof: See AppendifCA. [ |
2) Connecting Resolution to Rat&o convert the distortion-resolution function to a disitmmtrate function, we first introduce
a slight generalization of the high-resolution resolutrate relationship.
Lemma 10:If the sourceX7 has a density ove), 1]™ with finite differential entropyh(X7*) and if E [log A;(X)] is finite
for all j € {1,...,n}, then as each component of the resolution veKodiverges,
H (QR(XT)) = D log Ki = h(X7) + ) E [log A;(X;)].
j=1 j=1
Proof: SupposeW = (ws(z1), wa(z2),...,ws(x,)) is an n-dimensional companding function that is applied to the
sourceX? prior to quantization by a rectangular lattice quantigér with side Iengtth‘1 on thejth side, and furthermore
suppose¥ ~! is then applied to estimate the source. The output of thisitigetion proéesW*l(QU(W(X{l))) is identical
to the scenario we consider, and sindé—! is one-to-one, the joint discrete entropy of the outputsideatical as well:
H(QU(W (X)) = H(QX(X])).
Since the volume of each cell of the rectangular latti’é is equal toK~!, and since the diameter of each cell falls to
zero, a special case of a result by Csiszar [32], [33] tedlshat

Jim H(QU(W(X])) ~ log K = h(W(X{").

Since the differential entropy of a continuously diffeii@bte function ofX is given byh(f(X)) = h(X)+ E [logdet J¢(X)],
where J;(X) denotes the Jacobian matrix for the functibnwe may reduce the expression to

n

dim H(@QY(W(XT))) —log K = h(X]') + 2 E [log A; (X;)] -
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Recalling thatd (QYV (W (X7))) = H(Qx (X)), the proof is complete. [
Armed with this, the distortion-resolution function may bdified to include considerations of rate.
Lemma 11:Define the fixed-rate, variable-rate, and Slepian-Wolfadig&in-resolution functions as

n

(X 2
o) - 3 ote | (159)]

n ] 2
dR(K ) = L -2H @ (X)) +2h(X5)+2ENos A (X)) e | ((73(X5)
vr ) . 12 )\(X) )
j=1 J J
n 2
dRK ) = L g=2H@ (X))1Q),1 () 4+2h(X, X7 ) 426 l0g A, (X)) <7j(Xj)> .
=12 A (X5)

Thend(K; ) ~ diR__(K;\).

fr,vr,sw

Proof: By TheorenIDd(K; A) ~ dHR(K; A). This establishes the first of the asymptotic equalities.
For the second (variable-rate) asymptotic equality, weenlesthat by Lemmal 1,

K, ~ o~ 2H(Q, (X,))42h(X,)+2E[log 1 (X))

and therefore that!I} (K; A) ~ d"R(K; \). Again, by Theoreni]9d(K; \) ~ d"R(K; X).
For the third (Slepian-Wolf) asymptotic equality, we sthyt noting that by Lemmpa10,

J . . . .
H K; ~ 2—2H(Q;jj (X7))+2h(X7)+2 37, E[log AJ(XJ)]’
=1
and similarly

j-1 . , L
I1 & ~ 9=2H(Q); 1 (XI™1)+2h(X/ )42 X2] Eflog V7 (X1

i=1
Dividing the first by the second yields that

K~ 272H(Q (X)IQY, 1 (X1 +2h(X;| XT71) +2E[log A; (X;)]
and therefore that!l} (K; A) ~ d"R(K; M) ~ d(K; \). [
3) The Distortion-Rate FunctionsiWWe may now establish high-resolution approximations to distortion-rate function
under each of the three rate constraints.
Lemma 12:Define the fixed-rate, variable-rate, and Slepian-Wolf kigéolution distortion-rate functions as

1/n

DIR(R; \) = 2 2R/n ﬁ [( J)ﬂ , (19a)

1/n
n X) 2
DHR R\ 2 2R/n 92h(X;)+2E[log A; (X;)] E 75 (X , 19b
( 1;[ Aj(X5) (195)
1/n
DHR(R A 2 2R/n 22h(Xn 22E[log)\j(Xj)]E VJ(XJ) 2 (190)
i (X5) '

Then Dy vy sw(R; A) ~ D% ((R; ).
Proof: See AppendlﬂB [ |
4) Asymptotically Optimal Distributed Quantizershe expression§ (19) decouple the problem of designipgint densities
A into n separate problems of designing a single point densjtyrurthermore, each design problem (the minimization of an
expression in[(119)) is of a familiar form. Thus we obtain to#dwing theorem.

Theorem 13:The asymptotic fixed-rate (codebook-constrained) distontate expressio (IPa) is minimized by the choice

(v3(2) fx, ()
INCHOAO a2

1/3

Ni(z) = i=1,2...,n, (20)
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yielding distortion
1/n

n - _ n
Di¥(R) = B H 173 fx; 11173 9 2R/n, (21)
j=1

The asymptotic variable-rate (marginal entropy-consad) distortion-rate expressidn_(19b) is minimized by theice

N =200y 22)
fo Vi (t) dt
yielding distortion
1/n
DHR(R) 12 H 22h X;)+2E[log v; (X;)] 2—2R/n' (23)
j=1

The asymptotic Slepian-Wolf (joint entropy-constraindi$tortion-rate expressiof (19c) is optimized by a choitpant
densities identical to the variable-rate cdsg (22). Theltiag distortion is

1/n

HR _ " 52n(xy) 2E[log v, (X;)] —2R/n
The distributed quantizer point densities yielded by thevaboptimizations are asymptotically optimal.

Proof: To prove [[20) gives the optimal point density for fixed-rateling and [[2R) gives the optimal point density for
both variable-rate and Slepian—Wolf coding, it sufficesdterthat minimizing the: terms in [19k),[(19b), an@({19c) separately
gives problems identical to those in Section lIl.

The proof that the choice of that minimizes the high-resolution expression is asynigatly optimal is virtually identical
to that of Lemmd[3, so it is omitted. [ |

D. Variation: Joint Entropy Constraint

Distortion expression$ (21) anld {23) are minimum distortisubject to a sum-rate constraint. The individual ratesrgby
R; =log K (fixed-rate) or by[(B) (variable-rate) implicitly specifiprentropy coding or separate entropy coding oflﬁ,es,
respectively

If the X ;s are not independent—which is anticipated wheneverXhe are not independent—one may employ Slepian—
Wolf coding of theXis without violating the distributed coding requirement lrwip in Fig. [@l This lowers the total rate from
ZJ L H(X;) to H(Xq, Xo, ..., Xn ) and changes the marginal entropy constraint into a joinopgitconstraint. While the
optimal compander choic€ (R2) is unchanged by this modificathe resulting distortion-rate function reduces fr@g)(to
23).

Some remarks:

1) By comparing[(Z¥) to[(23), we see that the inclusion of BlepWolf coding has reduced the sum rate to achieve any
given distortion by

Zh (X7).

This is, of course, not unexpected as it represents the &kdesmation in the product of marginal probability distitions
as compared to the joint probability distribution. This leen termed thenultiinformation[34] and equals the mutual
information whenn = 2.

2) While the resolution allocatiolX amongst the: sources has a unique minimizing choice, there is some fleyilo
rate allocations for the Slepian—Wolf encoder. Any pointtbe Slepian—Wolf joint-entropy boundary may be achieved
with arbitrarily low probability of error.

3) The theorem seems to analytically separate correlafomeng sources from functional considerations, exploitog
relation even though the quantizers are regular. In reatliy binning introduced by Slepian—Wolf coding transforms

the scalar quantizers of each source component into nolaregector quantizers so as to remove redundancy between
sources.
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E. Relationship to Locally-Quadratic Distortion Measures

Linderet al.consider the class of “locally-quadratic” distortion maes for variable-rate high-resolution quantizatiori il][2
They define locally-quadratic measures as those havingaolt@ving two properties:

1) Letx be inR™. Fory sufficiently close tar in the Euclidean metric, the distortion betweeandy is well approximated
by >0, M;(z)|z; — y;|?, where M;(z) is a positive scaling factor. In other words, the distortiera space-varying
non-isotropically scaled MSE.

2) The distortion between two points is zero if and only if fh@nts are identical.

For these distortion measures, the authors consider ligtiution variable-rate regular quantization, genegaBuicklew’s
results [24] to non-functional distortion measures, andhaiestrate the use of multidimensional companding funstitm
implement these quantizers. Of particular interest is tmmarison they perform between joint vector quantizatiwh separable
scalar quantization. When Slepian—Wolf coding is emplof@dhe latter, the scenario is similar to the developmeitthis
section.

The source of this similarity is the implicit distortion neeae we work withid, (z,y) = |g(z) — g(y)|*>. Whenz andy are
very close to each other, Taylor approximation reduceseitmsr to a quadratic form:

dg(z7)
B:Ui

n

9(x) — g = >

i=1

2

|$i—-%

%

From this, one may obtain the same variable-rate Slepialf-doformance ad(24) through the analysislin/ [23].

However, there are important differences between loagligeratic distortion measures and the functional digtontheasures
we consider. First and foremost: a continuous scalar fanadf » variables,n > 1, is guaranteedto have an uncountable
number of pairsz # y for which g(z) = g(y) and therefore thatl,(z,y) = 0. This violates the second condition of a
locally-quadratic distortion measure, and the reperomssare felt most strikingly for non-monotonic functiondese for
which regular quantizers are not necessarily optimal (ssi@[VI).

The second condition is also violated by functions that arestrictly monotonic in each variable; one finds that without
strictness, variable-rate analysis of the centralizedbéimg problem is invalidated. Specifically, if the derivativector

(M dg(}) Bg(x?))

Ox1 = Oxy 7 Oz,

has nonzero probability of possessing a zero componengxpected variable-rate distortion as derived by both Bewldnd
Linder et al. is D = 0, regardless of rate. This answer arrives from the null @érie having violated the high-resolution
approximation, and it implies that the distortion falls texsthan2—2%/", In future work, generalizations of our results in
Section VIl may be able to address such deficiencies.

V. EXAMPLES

Before moving on to extensions of the basic theory, we preaefew examples to show how optimal ordinary scalar
guantization and optimal DFSQ differ. We especially wanhighlight a few simple examples in which performance seplin
with respect ton differ greatly between ordinary and functionally-optimézquantization. To draw attention to this scaling,
we define theate-per-sourceR as the sum-rate divided by the number of sourB¢s, and hold this quantity constant as the
number of sources increases.

Example 3 (Linear function)Consider the functiog(z}) = 2?21 a;x; where theu;s are scalars. Then for angy~y;(z) =
la;|. Since~,(x) does not depend om, it has no influence on the optimal point density for either tixed- or variable-rate
case; sed_(20) anfd_(22).

Although v;(z) gives no information on which values of; are more important than others (or rather shows that they are
all equally important) the set of;s shows the relative importance of the components. Thisfiscted in the allocation of
rate. O

Example 4 (Maximum)Let the set of sourceXj" be uniformly distributed or{0, 1]™ and hence mutually independent.
Consider the function

g(27) = max(x1, xa, ..., Tp).

Note that this function is differentiable outside the sdts; = {a7 : z; = z;}, wherei,j € {1,...,n}. Each4,, is an

(n — 1)-dimensional plane and therefore has Jordan measure zetairce a finite union of Jordan-measure-zero sets has
Jordan measure zero, condition MF1 is satisfied. Though sienple, this function is more interesting than a linear tiorc
because the derivative with respect to one variable depsratply on all the others. The function is symmetric in iguaments,

so for notational convenience consider only the design efahantizer forX;.
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(a) fixed-rate (b) variable-rate
Fig. 4. Optimal point densities for Examfilé 4 (maximum)= 1, 2, ..., 16. As n increases, the sensitivitieg; (x) become more unbalanced toward large

z; this is reflected in the point densities, more so in the tdeisate case than in the fixed-rate case.

The partial derivativey; (z7) is 1 where the maximum is; and is O otherwise. Thus,

Y@ = E[lg(X])] | X1 = a]
= Pmax(X7) =X, | X1 =2)
In—I,

where the final step uses the probability of al- 1 variablesX? being less than:.
The optimal point density for fixed-rate quantization isriduby evaluating[(20) to be

M(z) = 2(n+ 2)z(n=1/3,

The resulting distortion when each quantizer has rat@qual rate allocations) is found by evaluatifigl (21) to be

3
_ n _9f n 3 _oF
DGR = il = 5 () 2
_ 9 g
4(n+2)°

The optimal point density for variable-rate quantizatierfoaund by evaluatind (22) to be
M (z) = 3(n + 1) D72,
Substitutingh(X;) = 0 and 22Ellee 71 (Xl = ¢=n+1 into (23) gives
DHR(nR) = B emntlg—2R,
12
The two computed distortions decrease sharply withiThis is in stark contrast to the results of ordinary quaation.
When functional considerations are ignored, one optimadigs a uniform quantizer, resulting Bj(X; — X;)?] ~ 1—122—21‘?
for any component. Since the maximum is equal to one of thepoments, the functional distortion 8515 (nR) = 5272,
unchanging withn.

The optimal point densities computed above are shown inZ:ighe distortions are presented along with the resultsef th
following example in Fig[hb. O

Example 5 (Median)Letn = 2m + 1, m € N, and again let the set of sourc&§’ be uniformly distributed or0, 1]™. The
function
g(27) = median(z1, x2, ..., Tn)

provides a similar but more complicated example. Note thatjn Exampld4, this function is differentiable outside the
zero-Jordan-measure seds ;, and it therefore satisfies condition MF1.
The partial derivativey; () is 1 where the median i8; and is 0 otherwise. Thus,

@) = Ella(XD)I* | X1 =]
= P(median(X7) = X1 | X1 =)

- (2;';) ™ (1 — )™,
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n

Fig. 5. Distortions of optimal fixed- and variable-rate ftianal quantizers for maximum and median functions from regkes[4 and15. Shown is the
dependence on the number of variablesby plotting D - 12 - 227 we see the performance relative to ordinary quantization.

where the final step uses the binomial probability for thenewe# exactlym of the 2m variablesXj exceedinge.
The optimal point density for fixed-rate quantization isriduby evaluating[{20) to be

Im/3(1 _ x)m/3
m/3+1,m/3+1)

/\1(26) = B(

where B is the beta function. The resulting distortion when eachntjmar has rateR is found by evaluating(21) to be

_ 2m+1 Y-
DERMR) = Z5XZ 3y 5072F
2m+1 (2m m m 3 ~
- B(— 1, 1)) 9—2R,
12 (m) ( 3 + 3 +

To understand the trend for large, we can substitute in the Stirling approximatiofi§’) ~ (mm)~1/22?™ and

B(m/3+1,m/3+1) ~ \/61/m2~(2m/3+3/2)

to obtain

m 3/2
DHR(nR) Lm 2? 6\ 9—(2m+9/2) 9—2R _ ™3 9—2R
fr - .
6 vmm \m 16m

The optimal point density for variable-rate quantizatierfound by evaluatind (22) to be

(1l —ax)™

ME) = B Tm )

To evaluate the resulting distortion, note thetX;) = 0 and 22Els 71 (X0l = (2™)=2m_gybstituting into[(23) gives

D3 (nR) = 2m1; ! (2m) e=2m 2R,
m

Using the approximation above for the binomial factor wea@bt

m1/2 e\ —2m _oR
6ml/2 (5) 2

The optimal point densities computed above are shown in[@idg.he distortions are presented along with the results of
Example4 in Fig[h.

Note the following similarities to Exampld 40!} is constant with respect ta, D{® decays polynomially withn, and
DHR decays exponentially with. O

Dy (nR)

The large performance improvement over ordinary quartidain these examples illustrates the potential benefits of
functional quantization. Additional examples and detajipear in[[35].



19

(a) fixed-rate (b) variable-rate

Fig. 6. Optimal point densities for Examile 5 (mediam)= 1, 3, ..., 21. Asn increases, the sensitivitieg (z) become more unbalanced toward= 1/2;
this is reflected in the point densities, more so in the vigiahte case than in the fixed-rate case.

g(z1,22) g(z1,22)

T1 X1

Fig. 7. Two functions of two variables are shown. The leftdiion is separable and’; is best quantized by a non-regular quantizer; for the rightfion
(a rotated version of the left), a regular quantizer is agptigally optimal. This is due to the right function beinggtévalence-free.”

VI. NON-MONOTONIC FUNCTIONS AND NON-REGULAR QUANTIZATION

The high-resolution approach to quantizer optimizatiomigrently limited to the design of regular quantizers. &mtigular,
we have specified compander functions to be monotonic in@®dbtAl The analysis of Section IV therefore gave us quaatti
sequences within the class of regular quantizers.

In this section we explore less restrictive alternativeth®omonotonicity requirement. Specifically, we introduce toncept
of equivalence-freeand show that if a function has this property, then non-maggbmpanding quantizer sequences are
asymptotically suboptimal.

Fig. [ illustrates the concept. The function on the left igrad with the axes in the sense thét,,z2) depends only on
1. Since the dependence en is not monotonic, there are pairs of distinct poifits, 1) whereg(z!, z,) = g(af, 25) and
thus the optimal quantizer at high enough resolution@@(&;b = Ql(aﬁ), giving a non-regular quantizer. When the argument
vector(z1, z2) of the function is rotated as shown on the right, the resgitimction is still non-monotonic. However, there is
no longer a clearly optimal non-regular quantization sohe8pecifically, for some fixed, there may be pairsﬂ,a:f) such
thatg(:v{,xg) = g(x;;, x2), but the equality does not hold for al,. As we shall see, this results in the suboptimality of any
compander that maps! in the same way as’.

Our approach is to first create a model for high-resolutiomregular quantization, then to use this model to expandtes
of functions for which regular quantization is optimal, afirtally to construct asymptotically optimal non-regularagtizers
when regularity is suboptimal.

A. High-Resolution Non-Regular Quantization

To accommodate non-regular quantization, we extend thepaoder-based model of quantization. In Bennett's devetospm
of optimal companding, reviewed in Séd I, it is natural emuirew to be both monotonic and have a bounded derivative
everywhere; the derivative’ (x) is proportional to the quantizer point densiyz) that has been central in our development
thus far. Whether we look at or w, the role is to set the relative sizes of the quantizatiofscel

Since optimal functional quantizers are not necessartyler, we adapt the conventional development to implement n
regular quantizers.

Definition 4: A functionw : [0, 1] — [0, 1] is ageneralized compandéfit is continuous, piecewise monotonic with a finite
number of pieces, and has bounded derivative over each. piece
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wi(z1)

1

z1
(a) Function of interest (b) Generalized compander

Fig. 8. Example of a generalized compander(z1) for a functiong(x1, z2) and the partition resulting from uniform quantizationof (X1 ). Notice that
the compander dictates both the relative sizes of cells laadinning of intervals ofX values.

As in regular compandingy andw~! are used along with a uniform quantiz@f. asw=1(QY (w(z))). The restriction to
a finite number of pieces is a limitation on the types of nogutar quantizers that can be captured with this model: thase
which every quantizer cell is a finite union of intervals. Biag certain pathological situations, this restrictiorréasonable.

Along with setting relative sizes of cellsy provides for non-regularity by allowing intervals to be bad together. To
illustrate this, consider a simple example. Suppose thatptir (X1, X») is uniformly distributed over0, 1]2, variable rate
guantization is to be performed on both variables, and tihetfon of interest is defined by

g(z1,22) = xl(% —z1)(1 — z2).

An optimal functional quantizer—a quantizer féf; to minimize E[(g(X1, X2) — g()A(l,)A(g))Q]—shouId bin togetherX
values that always yield the sangéX;, X»). Furthermore, the magnitude of the slope of this quantireul follow (22).
The choice of

wn(m) = Ser (- ) + 18

can be shown to be optimal. Bothy and the resulting quantizer at resolutiéh= 5 are illustrated in Figl18b.

B. Equivalence-Free Functions

We now define a broad class of functions for which regular tjgation is optimal at sufficiently high resolutions. Caufesi
the design of thgth quantizer in am-dimensional distributed functional quantization seftin

We require a set of definitions:

Definition 5: For anys # t in the support ofX;, let

Uj(sat) =E [Val" (g(X{l) | Xj e {Svt}’ {XZ}H&])]

If v;(s,t) = 0 then (s,¢) is afunctional equivalence in thgth variable If g has no functional equivalences in any of its
variables, we say it igquivalence-free

The theorem below demonstrates that for DFSQ with an ecgricatfree function, quantizer regularity is necessary for
asymptotic optimality. Specifically, strictly non-regulguantization is shown to introduce a nonzero lower boundthen
distortion, independent of rate. This is formalized witle tid of generalized companding. To simplify the proof soimayw
we assume that the marginal probability dengifyX ;) is nonzero ovef0, 1]. This assumption is without loss of generality,
since one may consider the subsef{@®fl] where f;(X;) is nonzero.

Theorem 14:Let g be equivalence-free with respect to the pdfXf on [0,1]". Suppose quantization of eacki; is
performed aéA/j = q(w;(X;)) wherew; is a generalized compander apds a uniform quantizer. If there is an indgx set
S C [0,1], and functiont : R — R such that? (X; € S) > 0, and, for everys € S, s # t(s) andw;(s) = w;(t(s)), then the
distortion has a positive, resolution-independent lowauris.

Proof: See Appendix L. [ |

The positive, rate-independent lower bound shows that tlaatiger is suboptimal if the rate is sufficiently high; eveaive
uniform quantization will yield distortion wittO(2~2%) dependence on rate and thus will eventually outperform tietlg
non-regular quantizer.
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When a function has equivalences, the best asymptotic iga#inh tactic is to design companders that bin all the eajaivt
values in each variable but are otherwise monotonic. Inceftlis procedure losslessly converts the function inte trat is
equivalence-free. One might consider this a real-valumde® analogue of the functional compression procedurgesigd by
Doshiet al. [16].

VII. DoON T-CARE INTERVALS AND RATE AMPLIFICATION

Ordinary high-resolution analysis produces point-dgngiinctions that reflect the source pdf in the sense that @btim
guantizers never have zero point density where there isaronmobability density. In fact, having zero point densithiere
there is nonzero probability density invalidates highsheon analysis. The situation is more complicated in thectional
setting since the optimal point densities depend on botlfuthetional sensitivity profiles and the source probabitlitstribution.
Having zero functional sensitivity where the probabilitgngity is nonzero changes the optimal quantizers in thebisirate
case.

The following example illustrates the potential for faguof the analysis of Sectidn IV-C4. Note that the intricaceise
even with a univariate function.

Example 6:Let X have the uniform probability distribution ové®, 1], and suppose the function of interestg6X) =
min(X, 1/2). It is clear that the optimal quantizer (for both fixed- andiable-rate) has uniform point density d@, 1/2].
With the functional sensitivity profile given by

(@) = { 1, ifz<1/2;

0, otherwise,

evaluating [(TR) and_(14) is consistent with the intuitiveule

The distortion for the fixed-rate case obtained froml (13)1i612)(1/2)32~2%. This is sensible since for half of the source
values (X > 1/2) there is zero distortion by having a single codeword &t, whereas for the other half of the source values
(X < 1/2), 2% — 1 codewords quantize a random variable uniformly distriduteer [0, 1/2]. However, assumption MF4 is
not satisfied by this quantizer point density, so it is unclghether this expression is an asymptotically valid appnation
for the distortion-rate function.

The variable-rate case is also problematic. SiEdlg v(X)] = —oo, evaluating[(Ib) yieldD!} = 0. Both the distortion-
resolution and resolution-rate analyses fail because tlaatization is not fine over the full support ¢gf. However, if an
alternative quantization structure is used, the distortme performance can be accurately determined. In thésnalive
structure, the first representation bit specifies the evert {X < 1/2} or its complement. Since additional bits are useful
only when A occurs, one can sperif{ R — 1) bits in those cases to have an average expenditu® bits. The resulting
distortion is

DY = P(A)dy] + P (A% dyke
_ %,%(%)22—2(2}2—2) + %.0 _ %2—41%_
Note that the exponent in the distortion—rate relationghifarger than it was in the fixed-rate case. O

In the example, there is an interval € [1/2, 1] of source values that need not be distinguished for funaiaiuation. Let
us define a term for such intervals before discussing the pbeafarther.

Definition 6: An interval Z C [0, 1] is called adon’t-care intervalfor the jth variable when thgth functional sensitivity
~; is identically zero onZ, but the probabilityP (X; € Z) is positive.

In univariate FSQ, at sufficiently high rates, each dontedaterval corresponding to a distinct value of the functéhould
be allotted one codeword. This follows from reasoning simib that given in Section VIIB and is illustrated by Examgle
In the fixed-rate case, the don't-care intervals simply pgca few of the2” codewords and have a limited effect. In the
variable-rate case, however, the don’t-care intervalslypre a subset of source values that can be allotted vewy fiéte. This
gives more rate to be allotted outside the don’t-care iraerand behavior we refer to aate amplification

We derive the high-resolution distortion-resolution ftioa for this quantizer structure in Section VII-A, and ircien[VII-B]
the distortion-rate function is obtained.

A. The Distortion-Resolution Function

In the following analysis we will assume that tfi variable has a finite numbeéf; of don't-care interval§ Z; 1, Zj o, ..., Zju; }-
We also assume
P(XjGZj)<1 forj=1,2...,n, (25)

where Z; = Ui]\i’izjyi denotes the union of don’t-care intervals for tjtl variable. Without this, there is no improvement
beyond M; levels in representingl;, so the high-resolution approach is wholly inappropridé will denote the event
Xj ¢ Zj by Aj.
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At sufficiently high rates, it is intuitive to allot a codewbof @); to each don’t-care interva; ;. The remainingl; — M;
codewords are assigned optimally[p1]\ Z; according to the basic theory developed in Sedfidn IV. Werref this quantizer
structure as aon't-care quantizer

Theorem 15:Supposer sourcesX] € [0, 1]™ are quantized by a sequence of distributed don’t-care queaet)y,. Further
suppose that the sources, quantizers, and fungtiori0, 1] — R satisfy assumptions MF1-MF3, and assumption MF4 is
replaced by the following: The integrals

/ F@E [lg (X2 | X, = 23] g (5)~2 da
[0,1\Z;

are finite for everyj € {1,...,n}. Finally, assume each sourcg; has M, don't-care intervals satisfyindg_(R5). Then the
high-resolution distortion-resolution function is asyaiically accurate to the true distortion-resolution ftiao:

1/n
P4y %)\
dR(KA) = i _E ( DAL ) 4 , (26)
(5:2) 12 71;[1 (Kj — M;)? [ A (X5) 4
~ d(K; ).
Proof: Follows from applying Theoref] 9 to the regidf®, 1] \ Z1) x --- x ([0, 1]\ Zy.). [ |

B. The Distortion-Rate Functions
In the fixed-rate case, the high-resolution resolutioe-fanction is unchanged<!®(R; A) = 2. Asymptotic validity is
easily observedimp_, - K (R; X)/KIR(R; X) = 1. Applying this to the distortion-resolution expressib@)2ve obtain the
unoptimized high-resolution fixed-rate distortion-ratedtion:
1/n

i Wy J ASEY]
1/n
n - %)\
12K2/" j:HlP(Aj)E <Aj(Xj)> |Aj]

The optimal point densities for fixed-rate quantizationgiven by [20) outside of the don’t-care intervals. Thesapdensities
yield an optimized high-resolution fixed-rate distortimate function

1/n

n - _ n
Di¥(R) = B H 173 fx; 1113 g 2R/n, (27)
Jj=1

The variable-rate case is a bit more involved. To formallee analysis, we define discrete random variables to represen
the events of source variables lying in don’t-care intesval
Definition 7: The random variable
I — 1, if Xj E.iji fori€{1,2, ,MJ},
J 0, otherwise

is called thejth don't-care variable The previously-defined evert; can be expressed 4g; = 0}.

At sufficiently high rate, thejth encoder communicates and in addition.only whenl; = 0, a fine quantization ofX;.
The resulting performance is summarized by the followingptiem.

Theorem 16:Under the conditions of Theorem]15, the optimal point dégssifor variable-rate quantization follolv (22) and
yield

n . _
DiMR) = | I (28)
j=1

w9~ 2(p; (R—H(I;))+2h(X; |Aj)+25[10g(7j(xj))\f4j]) i .

wherep; = 1/P (A;) is theamplificationof R;.
Proof: See AppendixD. [ |

Some remarks:

1) The quantityH(I;) may be identified as the cost of communicating the indicatdorimation to the decoder. The
remaining rateR; — H(I;), is amplified by factop; because additional description &f; is useful only whenX; ¢ Z;.
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X{ ———> Q1 —»)?1

Y =Yy

X5 —)QQ —»)?2

Fig. 9. Suppose the encoder faf; could send a bit to the encoder faf;. Is there any benefit? How does it compare to sending an aditbit to the
decoder?

The amplification shows that the standar@ dB/bit-per-source distortion decay may be exceeded in teegnce of
don’t-care regions.

2) At moderate rates, it may not be optimal to communidatéosslessly, and it may be beneficial to include values
with small but positivey; in don’t-care intervals. Study of this topic is left for sfexapplications.

3) The rate amplification we have seen in the variable-rase emd the relative lack of importance of don’t-care intlsrva
in the fixed-rate case have a close analogy in ordinary losgyce coding. Suppose a sourgdeis a mixed random
variable with anM -valued discrete component and a continuous componenh-igigplution quantization ok will
allocate one level to each discrete value and the remaieirgjd to the continuous component. The discrete component
changes the constant factor @(2~2%) fixed-rate operational distortion-rate performance witilehanges the decay
rate in the variable-rate case. Seel[36] for related Shatimeoretic (rather than high-resolution quantizatiorsutes.

VIIl. CHATTING ENCODERS

Our final variation on the basic theory of distributed fuoofil scalar quantization is to allow limited communicatimtween
the encoders. How much can the distortion be reduced viactimsmunication? Echoing the results of the previous section
we will find dramatically different answers in the fixed- anariable-rate cases.

For notational convenience, we will fix the communicatiorb®from encoder 2 to encoder 1 though the number of source
variablesn remains general. In accordance with the block diagram offighe informatior” = Y>_,; must be conditionally
independent ofX; given X,. We consider only the case wheYeis a single bit; this suffices to illustrate the key ideas.

In this section, we express the high-resolution distorsn

1/n
HR _ " 5—2R/n )
DIt = 2 112 ,
j=1

where various expressions fé; have been found for different scenarios, including for fixate [21) and variable-rate(23)
guantization. At issue is how; is affected byY’; the otherD;s are not affected.

A. Fixed-Rate Quantization

In general, the availability of a single bif causes one to choose between two potentially-differenttipeasQ,y—, and

Q1y=1 in the quantization ofX;. We express the optimal quantizers and the resulting distocontributionD; by way of
the following concept.

Definition 8: The jth conditional functional sensitivity profilef g givenY = y is defined as

el = (B[l P 1 X =2y =) "

Now several results follow by analogy with Theorénl 13. Fa tlase oft” = y, the optimal point density is given by
) 1/3
CanEan)

fol ('Vf\y(t | y) fx, v (t] y))1/3 dt

/\1|Y(9C ly) =

resulting in conditional distortion contribution

1 2

Combining the two possibilities foY” via total expectation gives

1
D, = Z PY =y) H’Yf\yzyfxlwzy

y=0

s (29)
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From this expression we reach an important conclusion oretfeet of the chatting bit".
Theorem 17:For fixed-rate quantization, communication of one bit oformiation from decoder 2 to decoder 1 will
asymptotically reducé); by at most a factor of 4.
Proof: From Theoreni 13, the distortion contribution analogous2®) (without the chatting bit” is ||77 fx, ||1/3.
the fact we wish to prove is a statement abgiit? quasinorms of weighted densities and their conditionahor
We proceed as follows:

Thus

1

D, = ZHP 71\y($|ny1\Y( |y)H1/3

=0
@ 1|& 2
> PO =9y vyl

y=0 1/3
1 L P(Y =y) fx,y(@|y)
1/3
9 @Y Py =y xi=05y ey
— 1/3

) 1
(:) ZHle(x)VlQ(x)Hl/S’
where (a) uses a quasi-triangle inequality that may be ksttiel via well-known inequalities (see Appenfix E for atestaent
and proof); (b) is an application of Bayes’s Rule; and (c)asdxd on an evaluation of the (unconditional) functionab#isity
via the total expectation theorem with conditioning ¥n This proves the theorem. ]

Note that while the bit” leads a reduction aP; by at most a factor of 4 and therefore a reduction3f® by at most a
factor of 41/, an identical reduction in distortion is achieved simply ihgreasing the raté to the centralized decoder by
one bit. Generalizing to any number of chatting bits, we imbtiae following corollary.

Corollary 18: For fixed-rate functional quantization, communication ofn@ number of bits from encodérto encoderk
performsat bestas well as increasing the communication to the centralizssbder by the same number of bits.

In general, the idea that bits from encoder 2 to encoder 1 sugoad as bits from encoder 1 to the decoder is optimistic.
In particular, if E ['yf(Xl)] > 0, then D, is bounded away from zero for any amount of communicatiomfencoder 2 to
encoder 1.

B. Variable-Rate Quantization

In a variable-rate scenario, the rate could be made to deperttie chatting bit", introducing a bit allocation problem
between the cases af = 0 andY = 1. Even without such dependence, we can demonstrate thaitthé ¢an reduce the
first variable’s contribution to the functional distortitay an arbitrary factor.

Analogous to[(2P),

Zp 22h X1|Yy= U)+2E[log’my y(Xl)] (30)

by comparison with[{23). In contrast to th#/3 quasinorms in[{29), this linear combination can be arbigramaller than

92h(X1)+2E[log 1 (X1)]

We demonstrate this through a simple example.

Example 7:Let sourcesX; and X, be uniformly distributed or0, 1]2. We specify the function of interegt through its
partial derivatives. Lets(z1,x2) = 1 for all (z1,x2) and letg; (x1,z2) be piecewise constant as shown in [Eigl 10, whiere
is a positive constant.

While g(z1, z2) is not continuous everywhere and condition MF1 is therefmrestrictly satisfied, the points of discontinuity
fall along the linez, = 1/2. As observed following the proof of Corollafy 8, this vayiadf discontinuity can be easily and
intuitively merged with high-resolution analysis: one pisnplaces an extra quantizer cell boundaryzat= 1/2 for every
guantizer in the sequence being considered. This incréhsagsolutionk” by 1, but has negligible impact on the rate in the
limit K — oo.

We can easily derive the first functional sensitivity profileg to be

mn(x) =4/5(L2 +1).
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N[

Fig. 10. lllustration for ExamplE]7. Shown is the unit squigel]? with quadrants marked with the value ¢f (z1, z2), the derivative ofg with respect
to z1.

This also allows us to find the distortion contribution facf®, without chatting to be
Dy = X(L? +1)%

In this example, one bit about, is enough to allow the encoder fd¢; to perfectly tailor its point density to match the
sensitivity of g at (X1, X5). Of course, the chatting bit should simply be

Yy — 0, if X2>1/2;
~ 1 1, otherwise.

The first conditional functional sensitivity profiles fgrare then

1, forY=0andX; <1/2
Ty (@ | y) = orY =1andX; >1/2;
L, otherwise.

Now for either value ofy, we havefo1 Yy (z | y)de = (L + 1) andE [logvijy—,(X1)] = 3 log L. Thus, evaluating(30)
gives
Dy =YL +1)%L.

This is smaller than thé; with no chatting by about a factor df. The performance gap can be made arbitrarily large by
increasingL—all from just one bit of information communicated betweert@ders per sample. O

C. Comparison with Ordinary Source Coding

The results of this section are strikingly different fronogle of ordinary source coding. Consider first the discre¢manto
in which we with to recreateX{" perfectly at the decoder. Can communication between emsa®ble a reduction in the
rate of communication to the decoder? According to Slepizh \&olf, the answer is a resounding “no.” Even in the case of
unlimited collaboration via fused encoders, the minimurmsate to the decoder remains unchanged.

How about in lossy source coding? If quantization is vadataite and Slepian—Wolf coding is employed on the quaiizat
indices, no gains are possible from encoder interactiohis i§ a consequence of the work of Rebollo-Monedsral. [8] on
high-resolution Wyner-Ziv coding, where it is shown thagrihis no gain from supplying the source encoder with the digco
side information.

IX. SUMMARY

We have developed asymptotically-optimal compandinggiessbf functional quantizers using high-resolution queatton
theory. This has shown that accounting for a function whilanizing a source can lead to arbitrarily large improvetmién
distortion. In certain scenarios (Sectioh V), this impnment can grow exponentially with the number of sources. et
(SectionVIl), it can grow exponentially with rate.

Additionally, our study of functional quantization has hiighted some striking distinctions between fixed- andalalg-rate
cases:

1) For certain simple functions of order statistics, ditor relative to ordinary quantization falls polynomialyith the

number of sources in the fixed-rate case, whereas in theblediate case it falls exponentially.

2) The distortion associated with fixed-rate quantizers$ allays exhibit—6 dB/bit rate dependence at high rates, whereas

the decay of distortion can be faster in some variable-rases

3) Information sent from encoder-to-encoder can lead tadtrarby-large improvements in distortion for variablate,

whereas for fixed-rate this information can be no more udéfh an equal amount of information sent to the decoder.

The second and third of these have extensions or analogyesad@éunctional quantization. Rate amplification is a featu
of quantizing sources with mixed probability distributgyrand the results on chatting encoders continue to hold wien
function g is the identity operation.



26

APPENDIXA
PROOF OFTHEOREM[9

Lemma 19:Let X be a real-valued random variable distributed over a bounutedval S, and letg(z) be an absolutely
continuous, real-valued function ofi with bounded derivativg)’(z). If ¢'(z) is defined foralmost everyx € S, then
var (g(X)) < var (bX), whereb = sup,cgq|¢'(x)]. If ¢'(x) is furthermore defined foeveryz € S, thenvar (g(X)) >
var (aX), wherea = inf,cs |g'(2)].

Proof: Draw X; and X, i.i.d. according to the distribution ok, and define the following functions:

Da(Xl,Xg) = G(Xl —Xg),
Dy(X1,X2) = g(X1) —g(Xa2),
Dp(X1,X2) = b(X; — Xo).

To prove the first part of the lemma, assume the derivativgisfdefined foralmost every: € S. By the absolute continuity
of g,

X2
Dy(X1. Xa) = 9(Xe) = g(X0) = [ () da,

X1

Therefore, the magnitudé, (X, X»)| can be bounded above as follows:
X2
|Dg (X1, Xa)| < / |9 (@)| dz < b| X1 — Xao| = [Dp(X1, Xa)].
X1
This then implies thaE[D?] < E[D}] and, sinceE[Dy] = E[D;] = 0, that
var(Dgy) < var(Dy). (31)

Since eachD;, and D, is a sum of i.i.d. variablesyar(D;) = 2var(bX) andvar(D,) = 2var(g(X)). Inserting these into
(31) and dividing by 2 proves the first part of the lemma.

Now to prove the second part of the lemma, assume further¢tiaj is defined foreveryz € S. By the mean value
theorem, there exist¥, betweenX; and X, such that

X2
1Dy (X1, Xa)| = / J()dx
X1

= 1¢'(X0)(X1 — X2)| > a| X1 — Xa| = |Da(X1, X2)|.

As before, this implies that
var(D,) > var(D,). (32)

Sincevar(D,) = 2var(aX) andvar(D,) = 2var(g(X)), substituting into[(32) and dividing by 2 proves the second pf
the lemma.
[ |
We now define a functioﬁijl-fl (x) that will appear in the proof of the theorem after we estahfiroperties of the function
in a lemma.
Definition 9: Supposef({I is uniformly distributed over a rectangular regiéh The jth reduced-dimension functiofwith
parameter vectaf{_l) is defined as

Gopr (1) = E [o(X1) | K] =77, X =]

Lemma 20:Let )Nf{‘ be uniformly distributed over a rectangular regin= S; x Sy x --- x S,,, and letg be Lipschitz
continuous ovelS. If the first and second derivatives gfare defined and boundedmost everywhere S, then:

1) g.;-1(x) is Lipschitz continuous in.

2) Where definedig., . (z)| < b; = sup,es |g;(27)]-
If the first and second derivatives gfare furthermore defined and boundagerywheren S, then:

3) Forall# ™' € Sy x Sy x -+ x S;_1, the derivativeg’, . (x) is defined for allz € S;.

4) The magnitude of derivative may be lower bound|<§§{'~71(:c)| > aj = infynes|gj(o7)]-

Proof: First, assume that the first and second derivativeg afe defined and boundedmost everywhere S.
1) Sinceg.;-:(x) is an average of functions with a common Lipschitz constiaribo is Lipschitz with this constant.
2) Whereﬁij,l(:c) is defined, we have
Ty

(e = |E[estxm) ) X = 3]
E [Jg; (X1)| | X{ = #]
b;.

IN N
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Now assume that furthermore the first and second derivatiVgsare defined and boundeyerywheran S.
3) Sinceg;(27) is defined for allz} € S, the average derivativgl, . (z;) is defined for allz; € 5;.
4) We now obtain a lower bound on the derivative. As before,note thatg’, , (z;) = E[g;(X}) | X/ = #]. Because

~j—1
Cl)']

the derivatives ofy; are defined everywhere ifi, and because the expecltation under a uniform distribugnst an

average, the mean value theorem guarantees the existemeg{ € S such thatgj(eii-) = E[g;(X7) | XJ = #].
Finally, sinceez; € 5, we have|gj(e5{)| > a;. To summarize:

Golan)| = |E[estxm) 1 X = 3]

9 ()|

Z a.

[ |
We now bound the variance of the function within a rectangoddl, assuming the source is uniformly distributed. Thi§ w
later be adapted to the case where the source is nonunifatistijbuted.
Lemma 21:Let g(z7}) be a Lipschitz continuous function defined over a rectamgegdl S = S; x --- x S,, with edge
lengthsAq, ..., A, leta; andb; be lower and upper bounds tg;(z7)|, when it exists, and leg denote the average value
of g within S:

s

9= =mn g(at) dxy'.
Hj:1 A7 5 ( 1 1

If the first and second derivatives gfare definecalmost everywhere S, then

A2
(I &) [ lotat) g aat < 32250

If the first and second derivatives gfare furthermore definedverywherdn S, then

2 A2
ajAj

< (M &) [ lotat) — g dat.
12 Jj=1 A; s 1 1

n

Jj=1

Proof: Since X™ is uniformly distributed overs,
1 / i -
T [ lo(at) =gl day = var(g(XT)).
M a s ' '
This may be expanded by repeated application of the law af t@riance:

var(g(X7)) <

E :V&I‘ (g()N({l) | )?1)} + var (E {g()N({l) | )Nle
2 E[E[var (o(X1) | %0, %) | K] +var (E[g(R7) | %1, %2] | X0) | +var (B [9(X7) | %1])
= E :V&I‘ (g()N({l) | )Nfl,f(g)} +E {V&I‘ (E {g()?{l) | 5(1,5(2} | Xl)] + var (E {g()zf) | Xl])

D e [var (g8 | 231)] + D2 [var (o) | K] | %07
Jj=1

n

— ZE [var (E {g(f?) | Xﬂ | )}{71)}

j=1
= iE [Var (%}g*l(}?a) | vafl)} , (33)

j=1

where (a) follows from the law of total variance with conditing onXi; (b) uses the law of total variance applied to the
variance within the expectation in the first term, with cdiudiing performed onXs; (c) simplies the first term using iterated
expectation; and (d) applies the law of total variance reguiia to the variance within the first expectation, as in gtgp with
conditioning onX; during thejth iteration.
Upper boundLet A(i~') € S; be the set of points; € S; where the derivativg’, . (z;) is undefined. By Lemma 20,
1

55{71(:5]-) is Lipschitz continuous and thereforg(3 ') is of measure zero. As such, for every vaIue)folf_1 considered
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within the expectationyar gXJ 1 (X ) | X7 1) is now the variance of a function satisfying the upper boumaditions for
Lemmal[19. Applying this upper bound within the expectatior, have

n

M E {Var (ﬁg{fl(ij) | )Nfij_l)}

Jj=1

IN

S E [var (8,5, | G [ (ACGRE) =0

=1
n 2 A2
bjAj
12

<.

=1

<.

which proves the first half of the lemma.

Lower boundWe return to[(3B), now assuming that the first and second aterds ofg are defined everywhere in the cell
S. By Lemmd 20, for any choice dfj €85 x---x 8, the functlong~J 1(z,) satisfies the conditions for the lower bound in
LemmalI9. Inserting this lower bound into the expectatloe altain

n

S E [Var (55({71()@) | 5({*1)}

j=1

Y

S [ar (a,(%5) | )]

1

<.
Il

2 A2
ajAj

12’

I

1

J

which proves the second half of the lemma.
[ |

Armed with this lemma, we may now determine upper and lowembs to the distortion of(z7) within a single quantizer
cell.

Lemma 22:Suppose that over a rectangular cglic [0, 1] the functiong(z7) is Lipschitz continuous and the probability
densityf(z7) is continuous, and suppogér’) has bounded first and second derivatives almost-everyvimérd_et Ag denote
the subset ob where the first and second derivativesgof?) are defined. Then, defining; = inf,ncs 144(27)[g;(27)| and

bj = supyyes |g;(27)];

"L a3A2 L B2AZ
J
X|XleS; S EA <var(g(X7)| X7 €S) < fElXTes)) - - 112

j=1 i=1

for somey, £ € S.

Proof: We first prove the lower bound. s is nonemptya; = 0 for everyj so the lower bound is trivially true. Now
supposeds is empty and therefore that the first and second derivatifeg’) are defined everywhere ifi. In this case,

var (g(X7) | X7 € 8) = /S Fa | X2 € 8) (g(XF) — E[g(X7) | XT € S))? da?
@ fx|X7es) /S (g(XT) — Elg(XD) | X] € 8)* dal
= Fx | XT € 8) (T A / mum;l)—ag(mumesn? a7
O J) X7 € ) (T A E | (X1~ Ela(xp) | 7 € 5])'|

(c)
> (x| X7 e 8) (ITiy Ai) var g(X?))

where (a) follows from the first mean value theorem for in&igin; (b) introduces the random vectfs‘ﬂ}1 that is uniform over
S; (c) is true because the variance is the smallest possibéa eguared error from a constant estimate; and (d) folloars fr
the lower bound in Lemma21.
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For the upper bound, we proceed in a similar manner:
var (9(X7) | XT' € 5) = /Sf(:r’f | X1 € 8) (9(X]) —Elg(X]) | X[ € 8])* daf
< [ 1t e ) (D) ~59)° dot
2 pelx7es) [ D) -5 dot
= J(E1X7 €S ITL A [ o 6X7) ~75)" da
s 1li=1 8

(c) N n i b?A?
< FEIXT )T A0 Y 2=
j=1
where in (a) we reintroduce the notatigr= fS g X")i for the average value @fwith respect to a uniform distribution,

and the inequality is valid because the expected va Ue ohdora variable minimizes the mean- squared error of the astim
(b) is due to the first mean value theorem for integration; @dollows from the upper bound in Lemmal21.
]
At this point, we provide a proof of the theorem.
Proof: The distortiond(K; A) is given by

dy = D_P (X} € Sip) var (9(X7) | XT € Sip).

Let A € [0,1]™ denote the set of points} where both the first and second derivativesy0f}) are defined. By assumption
MF1, [0,1]" \ A has both Jordan and Lebesgue measure zero. Defining = inf 2 E€Sin 1a(27)]gj(=1)] and bir ; =
SUPgpeS,n lg; (z7)|, we may obtain lower and upper boundsdipby applying Lemm@Z to each term within the summation:

Z (ﬁ Ai’f-j) P(X € Sim) flxip | XT' € Sip) zn: 11,] zl,J <d,
i \Jj=1 =
< Z (H Azl,j) X{l € Sz{b)f(fl? |X{1 c S Z 11,3 117_]

Let K; be the number of cells in the quantizer f&r. For any cellS of this quantlzerfs (xzj)dz; = 1/K;. By continuity
of A; and the first mean value theorem, this |mpI|es that the len§tinterval S is given by(K A;j(n))~! for somen € S.
Therefore,Ai;z,j in the above expression may be replaced By \; (7)) for somen;» € S;x»:

" n 2
S\ TL s | PO € 8i) £l | X7 € 50) Y. fggomts < o
it \Jj=1 i=1 e

n 2

n bin7‘
SZ HAi’f,j P(XT € Sip) (& |X?€Si’f)zm'
it \Jj=1 j=1 PRAVAV LA

Furthermore, we may recognize tHRa{ X} € Sl-?) f(&in | XT € Sin) = f(&n), simplifying the bounds further:

2 n

11 bll
Zf Xy 212[(2)\ 7 2HAZ” < dg <Zf &ir) ZWHAJ

Jj=1

Consider thejth term in the lower-bound summation,

One may observe that this expression approaches a Riemtagnaiih
1) By Lemma2Rx;» € Sin.
2) By definition,a;» ; is the minimal value oft 4 (z7)|g;(«7)| within the cell.S;».
3) By its definition,n;» is also an element i§;».
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4) The productl'[;?:1 Aqn ; is the size of the cell, and because the largest quantizesizelgoes to zero as every element
of the vectorK grows, the mesh of this summation also goes to zero.
SinceA is Jordan-measureable, (27) is Riemann integrable. By assumption MF2, the expresgiafi

is Riemann integrable. Since the product of two integralnefions is integrable, the Riemann mtegralgf(:cl) (xf
is defined and

2

)2

)g; (2)?/ (122 (z

i)?)
)9; ( /(12X (z5)?

g;(=1)?
12)\J(£C 2

dz"
)2
/f 12/\ )dCcl

/ F@) (D)
0,1)"

e

/ )
[0,1]"

7)

9](

12/\ (.

1)

i)
i (x4)?

i)?

12/\3 (I 2

dx

n
dz?

g

0,1]

where (a) follows from the Jordan measure[@f1]™ \ A being zero; and (b) is the result of integrating oméfl andz?, .
This relation then yields

S g [ g, e (00
C Xis) 12K2/\ () 1L %) 12K2/\( D2 TRz |\ NEX)) |
Since this holds for any € {1,...,n}, it holds for the sum ovej as well:
i7.J & . - 1 i 75(X;) d
fo“ ZI2K2/\ H it~ 2 Tt (Aj(Xj)
=1 j=1 J L J
Similarly, ) i
; 1 (X))
s rsJ Azn . E VA
ng ZmK?A H ;12.!{2 A (X;)

Sinced, is bounded between these two quantities, this proves tfarehe

APPENDIXB
PROOF OFLEMMA [12

We start by defining the distortion-resolution optimizatiunction K¢ (R; A) as the resolution vector that minimizes
de. (K (R; N); A), the distortion subject to a fixed rate constraint. We delg(R; \) and K, (R; A) analogously, and
we write Ky, v» 5w When we can combine all three cases to be handled identid&lysimilarly define the high-resolution
distortion-resolution optimizing functiolK{Y, . (R; X) as the resolution vector that minimize§?,  (KiR, (R; A); A)
under a rate constraint. Note that by deﬁnltmbmVr sw (K vrsw (B A); A) = Diy v sw(B; A).

Lemma 23:Under assumptions MF1-4, every component of the ve®s., sw(R; A) and
increasingR.

Proof: For a function, source, and quantizer point density thaettogr satisfy conditions MF1-4, we demonstrate that
every component of botis, v, «w(R; A) and KHEE _ (R; \) diverges Suppose first that thth element ofKy, vy sw(R; A)

fr,vr,sw
is bounded by a finite valudl for any R. Then the quantlzeQK is a sufficient description ofX; for achieving arbi-
trarily small distortion for the functio(X7'). More precisely, there exists a reconstruction funcfgbsuch thatg(X™) =
g(xi~ 1,QK( ), Xjy1) with probability one. This then implies that (X;) is zero with probability one, but this violates
condition MF4 and thus every component®f; v, sw(R; A) diverges withR.

If the jth component ofKHE has a finite upper bounfl’, then the high-resolution distortion is lower bounded by

KHR

fr,vr,sw

(R; A) diverges with

fr,vr,sw

1 %(XD\?
d K; A E ) :
frvrsw( ) = 12K2 [(A](X]))
By condition MF4, this lower bound is strictly positive, attterefore this choice oK{"}.  is suboptimal. |

Using this lemma, we are able to connect the distortion-tatetion to the high- -resolution distortion-resolutiomfion.
Lemma 24:The distortion-rate function is asymptotically equal te thptimized high-resolution distortion-resolution func-
tion: Dy yrsw(B; A) ~ dHE (KHR (R; A); A).

fr,vr,sw fr,vr,sw
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Proof: Since by Lemm&323 botKj, v, «w and KR diverge in every component, Theoréin 9 tells us that

fr,vr,sw
dfr,vr,sw(Kfr,vr,sw (R7 A)v A) ~ dg,l:\{;nsw(Kfr,vr,sw (R7 A)v A)

and
dfl" vr bW(Kfr vI,SW (R7 A)’ A) ~ dfr vr, bW(KfI‘ vr, hW(R; )‘)7 A)

Furthermore, by definition we have that
dfr,vr,sw(Kfr,vr,sw (R7 A), A) < dfr vr bW(Kfr vI,sW (Rv A)v A)

and
dHR (Kfr vI,SwW (R A) A) < dfr vr, bW(Kfr,vr,sw(R; )‘)7 A)

fr,vr,sw

Therefore,
Dfr,vr,sw(R; )\) = dfr,vr,sw (Kfr,vr,sw(R; A)y )\) ~ dfr vT,sW (Kfr vr, 5W(R; A)y )‘)

[ |
Before proceeding with the proof, we define three countaffipite subsets oR™ that describe the rate vectors achievable
by a certain choice of point densities

Rt = {(logKy,log Ko, ... logK ): K eN'} (34)
R = {(H(QE, (X1), HQ (X2)), ..., HQy (X,))) : K € N}, (35)
Rev = {(H(QY, (X)), H@Q2(X2) | Q¥ ( D) HQRE (Xn) | QG (X™71) 1 K € N (36)
Using these definitions and Lemral 24, we may rephrase thertilist-rate functions somewhat:
n 2
D (R; A) ~ dEIR(KER(R; X)) = Renf?inRng; %TMJE [<%> 1 (37)
Doe(R: A) ~ dHR(KHR(R:A):A) = min Xn: 1 5-2R;12n(X;)+2E0g X, (X)) £ l<%‘ (Xj))Q] -
’ veATvE AT RERw:Y R <R 12 i (X5)
Dy (R; A) ~ dHR(KHR(R' AiA) = min zn: i272Rj+2h(Xj\Xj71)+2E[log i (X)IE l<%‘ (Xj))Q] (39)
’ swoATTsw A RERqw:3 Ry <R 4 12 i (X5)

Additionally, we introduce the concept afcreasing granularity

Definition 10: A countably infinite sefR C R is said to bencreasingly granulaif for any » > 0 there exists a vanishing
nonnegative functiod(r) : [0, 00) — [0, c0) such that for anyR € R™ whose components are each greater thathere exists
a pointR € R within §(r) of each component oR: max; |R; — R;| < 6(r). The functions(r) is called thegranularity
functionof the setR.

Lemma 25:The setsRy, R.:, andRs, are increasingly granular.

Proof: Let > 0, and let every component & < R" be greater tham. We prove the granularity of each of the three

sets in turn.

Ry Define the poinR € R™ so thatR; = log| 2% |. This point is clearly a member d®;,. Furthermore, we can easily
bound the distance betwed?y and R;:
R; or

<1 .
1= %91

_ 2
| — Rj| < log o —

Defining 6(r) = log (QT 1) — 0, we have shown thaR, is increasingly granular.
R..: DefineR so thatR; = H(Q?g’j (X;)) whereK; is chosen according to

K; = argmin|R; — h(X;) — E[log \;] —log K|.
K

We may then bound the distance betwdenand R;:
|Rj —Rj| < |R;—h(X;)—Ellog\j] —log K| +|h(X;) + E [log \j] + log K; — R}

< |R; — h(X;) — Ellog \j] — log K;| + log = -
J

— 0,

where the first term goes to zero by Lemima 10 and the second foynkE23.



32

Rsw: DefineR so thatR; = H(Q;gj (X;)|QY, . (X7-1)) where K; is chosen according to
K;= arg;nin |R; — h(X; | X'7!) — E[log \j] — log K| .
The distance betweeR; and R; may then be bounded in the following manner:
|R; —R;| < |R; —h(X;|X77") — E[log\;] — log K| + |h(X;|X7~") + E[log A;] + log K; — R;

< |R; — h(X;|X77") — Elog Aj] — log K| + log

— 0.

KJ
Kj—1
To show that the first term goes to zero, we invoke Lerimja 10ate shat

j
Aj j—1 . )
H(QKJ: (X5), Q;\(Jffl(XJ D) - Zlog Ki— h(X’)+E

=1
Subtracting from this the similar expression (also obtdifrem Lemmd1D)

i=1

H(QY; 5 (X771) = Y log Ki = h(X71) + E
i=1

Jj—1

> log &(Xi)] ,
i=1

yields that

B; —h(X; | X771) — Eflog \j] — log K; = H(Q (X)|Q), 5 (X7™1) — h(X; | X771) — Eflog Aj] — log K; — 0.

]
We now establish an important property of increasingly glansets.
Lemma 26:Suppose
R) = 21,
f( ) RGRZ" R;<R Za
and
f(R) = 21,
TOR) = e B0 1 RZa
wherea; > 0 for all j andR is an increasingly granular subset®f. Then f(R) ~ f(R).
Proof: SinceR C R", we have that N
f(R) < f(R).
Let R* = argmingcpn. SR, <RZ _, ;27" let Ry indicate the smallest element &*, and letd(r) be the

granularity function ofR. Since there must be an element ®f within distancedr: —of each of the coordinates at”,
we may create a bound in the opposite direction:

R) <> a;2” W00 = 2% f(R),
j=1

Becausea; > 0 for j € {1,...,n}, R}, diverges withR and dg: = vanishes. Combining the two bounds, we have that
f(R) ~ f(R), which proves the lemma. [ |

Applying Lemmag 2b and 26 té (B7)._(38), and](39), we may witlenoptimization to occur over any positive real-valued
rate vectorR:

: 1 arp | (X))
D (Ry N) ~ difF(KER (R A); A) ~ —22RE | [ 40
(R ) o~ di (K" (R5 M) A) ReRnrflzljnRngj; 12 : i (X5) (40)
Do (R; A) ~ dUR(KHR(R; A); A) min ii2—2Rj+2h(Xj)+2E[1ogAj(xj)}E 75 (X5) ? (41)
VAT Ve ATvE A T RER™:Y R <R £ 12 A (X5)
n 2
Do BN ~ EFKER RN N~ min 30 Lo saetony (0l | (D)) gg)
’ SW SW ’ ) ReRn:ERjSRjzl 12 AJ(XJ)

The proof is completed by a straightforward application efimd 4 to optimize the rate allocation in each of these egjmes.
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APPENDIXC
PrROOF OFTHEOREM[14

The theorem asserts that when the function is equivalereg+; failing to be one-to-one on the support &f; creates a
component of the distortion that cannot be eliminated byntigang more finely. The proof here lower-bounds the disbort
by focusing on the contribution from just thgh variable. The bound is especially crude because it iscbaseobserving
{Xi}ix; andw;(X;) without quantization and it uses only the contribution fréfm e S U ¢(S).

We wish to first bound the functional distortion in terms ofatribution from thejth variable:

,\
Ve

dy(K;w) = E [var(g(X7) | 97")]

2 E frare(X7) | T, (Xis)]
S E ar(g(X]) | wy(X,), {Xi}iny)]
D E ar(g(X]) | w;(X;), {Xibins) | AIP(A)

T E [var(g(XD) | w5(X;), {Xi}ins) | A% P(A°)
Y E har(g(X]) [ (X)), (X)) | AP (A)
= E[var(g(X]) | X; € wfl(Xj)a {Xitirs) | Al P(4)
f)

D[ B[] | X € wy o), (X)) day (43)
reSUL(S)

where A is the eventX; € S U ¢(S). Step (a) will hold with equality when the optimal estimatiee( conditional expectation
of g(X7") given the quantized values) is used; (b) holds because,afte# j, Y; is a function ofX;; (c) holds because
}Afj is a function ofw;(Xj;); (d) is an application of the law of total expectation; (e)ldsobecause the discarded term is
nonnegative; and (f) converts the expectation adeinto integral form. It remains to use the hypotheses of tleoittm to
bound the conditional variance in the final expression.

Since the function is equivalence free, for every Bet [0, 1] of cardinality greater than one,

E[var (9(X1) | X; € B, {Xi}iz;)] > 0.

Sincew;(s) = w;(t(s)) for any s € S, the setwj_l(a:j) is of cardinality greater than one for any in .S U¢(S). Therefore
for anyxz € SUt(S),

E [Var (g(Xf) | X; € wj_l(x), {Xi}i?gj)] >0,

and [43) is therefore greater than zero and independentef ra

APPENDIXD
PROOF OFTHEOREM[1G

It is already shown in Theorem115 that the distortion-resomtuexpression (26) holds when a codeword is allocated ¢b ea
of the don’t-care intervals. After an appropriate rate gsial we will optimize the point densities outside of the daare
intervals.

The key technical problem is that the rate analysis (6) de¢$iald when there are intervals whefg is positive but) is
not. This is easily remedied by only applyirid (6) conditidren A;:

Jim H(X; | 4) —log(K; — Mj)| = h(X; | A7) +E[log \;(X;) | A;]. (44)
Note that this approximation can be shown to be asymptbticallid in the same manner as in Lemmnids 1 and 2. Now
conditioned onA;, the dependence of distortion and rate dnis precisely in the standard form of Sectipn] IV. Thus,
following Theoren{ 1B, the optimal point density outside&f is given by [(22).

Since the previous results now give the distortion in terrhshe conditional entrop|e9H( i | A;), what remains is to
relate these to the rates:

R; = H(X))
w H(X;, 1)
= H(Il;)+H(X;|I)
Y HI) +PA) HX; | 4)),
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where (a) uses that; is a deterministic function of(j; and (b) uses that specifying ady # 0 determinesf(j uniquely. In
anticipation of evaluatind (26), we define the high-ratehatson-rate function as before:
log(K;™M(Rj; Aj) — My) ~ (P(A;)~" (R; — H(I)))
— h(X; | A;) — Eflog(N;(X;) | Aj].
Asymptotic accuracy of this approximation follows from j4As before, one may insert this into the high-resoluticstalition-

resolution expressiom (P6) and bound the effect of the apmtion as a multiplying factor that goes to one. Now evaihg
(28) with optimal point densitie$ (22) givels {28).

APPENDIXE
A QUASI-TRIANGLE INEQUALITY

Lemma 27:The £'/2 “norm” is a quasinorm with constant 4. Equivalently, legtim and y be functionsR — R* with
finite £1/3 quasinorms,

Iz +yllis <4 (lllys +lylys) -
Proof: First, we prove the relatiod(a® + b®) > (a + b)? for positive real numbers and b:
4(a® + %) — (a + b)?
= 4a® +4b® — a® — b® — 3ab — 3ab®
= 3(a+b)(a—b)? > 0.
Now by this relation, witha = [ z(¢)/? dt andb = [ y(t)/3 dt:

oo +luhys = ([ ot dt)3 o[t dt>3
i
1

Y

</ (x(t)l/?’ +y(t)1/3) dt)3
> 5 ( / (((t) +y()?) dt)3

—||T +
y 1/37

where the second inequality uses, pointwise ayehe concavity of the cube-root function ¢ co). [ ]
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