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High Dimensional Sparse Econometric Models:
An Introduction

Alexandre Belloni and Victor Chernozhukov

Abstract In this chapter we discuss conceptually high dimensionatsspecono-
metric models as well as estimation of these models ugimgnalization and post-
¢1-penalization methods. Focusing on linear and nonparamegression frame-
works, we discuss various econometric examples, preseit theeoretical results,
and illustrate the concepts and methods with Monte Carlalsitions and an empir-
ical application. In the application, we examine and confine empirical validity
of the Solow-Swan model for international economic growth.

1 The High Dimensional Sparse Econometric Model

We consider linear, high dimensional sparse (HDS) regvasaidels in economet-
rics. The HDS regression model has a large number of regsagspossibly much
larger than the sample sire but only a relatively small number< n of these re-
gressors are important for capturing accurately the maitufes of the regression
function. The latter assumption makes it possible to eséntaese models effec-
tively by searching for approximately the right set of thgrassors, using;-based
penalization methods. In this chapter we will review theib#eeoretical properties
of these procedures, established in the works of [8[ 110, 787,115, 13 2[7, 26],
among others (see [F0, 7] for a detailed literature reviéwthis section, we review
the modeling foundations as well as motivating examplegifese procedures, with
emphasis on applications in econometrics.
Let us first consider an exact or parametric HDS regressiateinoamely,

Alexandre Belloni
Duke University, Fuqua School of Business, 100 Fuqua Driairham, NC, e-mail:
abnS@iluke. edu

Victor Chernozhukov
Massachusetts Institute of Technology, Department of &eoes, 50 Memorial Drive, Cambridge,
MA e-mail:lvchern@n t . edu


http://arxiv.org/abs/1106.5242v2
abn5@duke.edu
vchern@mit.edu
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Vi =XBo+&, &~N(0,0%), BoeRP, i=1,...,n, (1)

wherey;’s are observations of the response varialjis, are observations op-
dimensional fixed regressors, agt$ are i.i.d. normal disturbances, where possibly
p > n. The key assumption of the exact model is that the true paeamaluef is
sparse, having onlg < n non-zero components with support denoted by

T = supportfo) C {1,...,p}. 2)

Next let us consider an approximate or nonparametric HDSemadd this end, let
us introduce the regression model

vi="f(z)+&, &~N(0,0%, i=1..n, 3)

wherey; is the outcomegz is a vector of elementary fixed regressars; f(z) is the
true, possibly non-linear, regression function, arslare i.i.d. normal disturbances.
We can convert this model into an approximate HDS model btivgi

Yi=XBo+ri+&, i=1,....n (4)

wherex; = P(z) is ap-dimensional regressor formed from the elementary regress
by applying, for example, polynomial or spline transforioas, 3 is a conformable
parameter vector, whose “true” valfsg has onlys < n non-zero components with
support denoted as ifl(2), and=r(z) = f(z) — X Bo is the approximation error.
We shall define the true valyg& more precisely in the next section. For now, it is
important to note only that we assume there exists a @ taving onlysnon-zero
components that sets the approximation erréo be small.

Before considering estimation, a natural question is wére#ixact or approxi-
mate HDS models make sense in econometric applicationsder to answer this
question it is helpful to consider the following examplewhich we abstract from
estimation completely and only ask whether it is possibladourately describe
some structural econometric functidfz) using a low-dimensional approximation
of the formP(z)’Bo. In particular, we are interested in improving upon the @mv
tional low-dimensional approximations.

Example 1: Sparse Models for Earning Regressionsn this example we con-
sider a model for the conditional expectation of log-wag@iven educatiorg;,
measured in years of schooling. Since measured educakies ¢a a finite number
of years, we can expand the conditional expectation of wagiven educatiorz;:

p
Elyilzal = % BojPi(z), (5)
=1

using some dictionary of approximating functid®$z ), ..., Py(z), such as polyno-
mial or spline transformations i and/or indicator variables for levels nf In fact,
since we can consider an overcomplete dictionary, the septation of the function
may not be unique, but this is not important for our purposes.
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A conventional sparse approximation employed in econdosds, for example,
f(a) = Elyila) = BuPa(@) + -+ BoPu(@) + Ti, ()

where theP;’s are low-order polynomials or splines, with typica#ly-= 4 or 5 terms,
but there is no guarantee that the approximation eyriorthis case is small, or that
these particular polynomials form the best possitimensional approximation.
Indeed, we might expect the functid(yi|z] to exhibit oscillatory behavior near
the schooling levels associated with advanced degreds asulIBA or MD. Low-
degree polynomials may not be able to capture this behaeigrwell, resulting in
large approximation errorsg's.

Therefore, the question is: With the same number of parasatan we find a
much better approximation? In other words, can we find soigledniorder terms in
the expansiori{5) which will provide a higher-quality apgiroation? More specif-
ically, can we construct an approximation

f(z) :=E[yila] = By Pq(2) + -+ BPe(z) +r1i; (7

for some regressor indicéds, ..., ks selected from{1,..., p}, that is accurate and
much better thai {6), in the sense of having a much smalleoajppation errorr;?

Obviously the answer to the latter question depends on hamptax the be-
havior of the true regression functidd (5) is. If the behavsonot complex, then
low-dimensional approximation should be accurate. Moegoi is clear that the
second approximatiofll(7) is weakly better than the fiist46) can be much better
if there are some important high-order terms[ih (5) that ammletely missed by
the first approximation. Indeed, in the context of the eagiiimction example, such
important high-order terms could capture abrupt posithe@ngies in earning associ-
ated with advanced degrees such as MBA or MD. Thus, the arteviiee question
depends strongly on the empirical context.

Consider for example the earnings of prime age white malésar?2000 U.S.
Census (see e.g., Angrist, Chernozhukov and Fernanddg2]yalreating this data
as the population data, we can then compi(®) = E[yi|z] without error. Fig-
ure[1 plots this function. (Of course, such a strategy is motegally available in
the empirical work, since the population data are generaltyavailable.) We then
construct two sparse approximations and also plot themgarefl: the first is the
conventional one, of the fornil(6), withy,...,Ps representing arfs— 1)-degree
polynomial, and the second is an approximation of the fégnynh B, ..., R
consisting of a constant, a linear term, and two linear sglit@rms with knots lo-
cated at 16 and 19 years of schooling (in the casg-ef5 a third knot is located
at 17). In fact, we find the latter approximation automatjcasing ¢/,-penalization
methods, although in this special case we could constrtt an approximation
just by eye-balling Figurel1 and noting that most of the fiorcis described by
a linear function, with a few abrupt changes that can be cagthy linear spline
terms that induce large changes in slope near 17 and 19 yeschaoling. Note
that an exhaustive search for a low-dimensional approximaequires looking at
a very large set of models. We avoided this exhaustive sésralsing/1-penalized
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least squares (LASSO), which penalizes the size of the nthd=ligh the sum of

absolute values of regression coefficients. Table 1 questifie performance of the
different sparse approximations. (Of course, a simpleéegiyaof eye-balling also

works in this simple illustrative setting, but clearly doest apply to more gen-

eral examples with several conditioning varialdggor example, when we want to
condition on education, experience, and agel)

Sparse Approximations Ly error Lo error
Conventional 4 0.1212  0.2969
Conventional 5 0.1210 0.2896

LASSO 4 0.0865 0.1443
LASSO 5 0.0752 0.1154
Post-LASSO 4 0.0586 0.1334
Post-LASSO 5 0.0397 0.0788

Table 1 Errors of Conventional and the LASSO-based Sparse Appmtiams of the Earning
Function. The LASSO estimator minimizes the least squariésrion plus thef;-norm of the
coefficients scaled by a penalty parameteAs shown later, it turns out to have only a few non-
zero components. The Post-LASSO estimator minimizes te kxjuares criterion over the non-
zero components selected by the LASSO estimator.

The next two applications are natural examples with largs eéregressors
among which we need to select some smaller sets to be usedherfestimation
and inference. These examples illustrate the potentia¢ wigplicability of HDS
modeling in econometrics, since many classical and new skttahave naturally
multi-dimensional regressors. For example, the Americangihg Survey records
prices and multi-dimensional features of houses sold, aadrer data-sets record
prices and multi-dimensional information on products stlé store or on the inter-
net.

Example 2: Instrument Selection in Angrist and Krueger Data The second
example we consider is an instrumental variables modeh Asgrist and Krueger
€]

Yi1 = 6o+ O1Yiz + Wy + Vi, E[vi[wi,x] =0,
Yiz =XB+WJd+é, El[&ilwi,x] =0,

where, for person, y;; denotes wageyi, denotes educationy; denotes a vector
of control variables, and; denotes a vector of instrumental variables that affect
education but do not directly affect the wage. The instrumgncome from the
quarter-of-birth dummies, and from a very large list, tatfl 80, formed by inter-
acting quarter-of-birth dummies with control variablgs The interest focuses on
measuring the coefficierty, which summarizes the causal impact of education on
earnings, via instrumental variable estimators.

There are two basic options used in the literature: one ustghe quarter-of-
birth dummies, that is, the leading 3 instruments, and araibes all 183 instru-
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Traditional vs LASSO approximations
741
with 4 coefficients

7.21

Expected Wage Function
----- Post-LASSO Approximation

- Traditional Approximation

8 10 12 14 16 18 20
Education

Traditional vs LASSO approximations

with 5 coefficients

Expected Wage Function
----- Post-LASSO Approximation

oo Traditional Approximation

. . \ \ \ )
8 10 12 14 16 18 20
Education

Fig. 1 The figures illustrates the Post-LASSO sparse approximaiial the traditional (low degree
polynomial) approximation of the wage function. The top figusess = 4 and the bottom figure
usess= 5.

ments. It is well known that using just 3 instruments resuitestimates of the
schooling coefficiend; that have a large variance and small bias, while using 183
instruments results in estimates that have a much smallemez but (potentially)
large bias, see, e.d., [14]. It turns out that, under somditions, by using/;-based
estimation of the first stage, we can construct estimatatsaiso have a nearly ef-
ficient variance and at the same time small bias. Indeed,agrsim Tabld 2, using
the LASSO estimator induced by different penalty levelsrodiin Sectiof2, it is
possible to find just 37 instruments that contain nearlyrdthimation in the first
stage equation. Limiting the number of the instruments fi@3 to just 37 reduces
the bias of the final instrumental variable estimator. Fourher analysis of IV
estimates based on LASSO-selected instruments, we refeedder to[[6].
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Table 2 Instrumental Variable Estimates of Return to Schooling hgAst and Krueger Data

Instruments [Return to SchoolingRobust Std Error
3 0.1077 0.0201
180 0.0928 0.0144
LASSO-selectefl
5 0.1062 0.0179
7 0.1034 0.0175
17 0.0946 0.0160
37 0.0963 0.0143

O

Example 3: Cross-country Growth RegressionOne of the central issues in
the empirical growth literature is estimating the effectafinitial (lagged) level of
GDP (Gross Domestic Product) per capita on the growth rdt&®® per capita. In
particular, a key prediction from the classical Solow-SviRamsey growth model
is the hypothesis of convergence, which states that pootartdes should typically
grow faster and therefore should tend to catch up with theericountries. Such
a hypothesis implies that the effect of the initial level dDB on the growth rate
should be negative. As pointed out in Barro and Sala-i-MdH], this hypothesis
is rejected using a simple bivariate regression of growtiisran the initial level of
GDP. (In this data set, linear regression yields an insigguifi positive coefficient
of 0.0013.) In order to reconcile the data and the theory, thealitee has focused
on estimating the effecionditionalon the pertinent characteristics of countries. Co-
variates that describe such characteristics can inclutdblas measuring education
and science policies, strength of market institutiongjdrapenness, savings rates
and others[5]. The theory then predicts that for countriiéls similar other charac-
teristics the effect of the initial level of GDP on the growtte should be negative
([B]). Thus, we are interested in a specification of the form:

p
yi:ao+allogGi+ZBanj+£i, (8)
=1

wherey; is the growth rate of GDP over a specified decade in count®y is the
initial level of GDP at the beginning of the specified periadd theX;;’s form a
long list of countryi’s characteristics at the beginning of the specified peiel.
are interested in testing the hypothesis of convergenceelyahatoa; < O.

Given that in standard data-sets, such as Barro and Lee [4Jatdth¢ number
of covariatesp we can condition on is large, at least relative to the sampkers
covariate selection becomes a crucial issue in this arsa(@], [22]). In particular,
previous findings came under severe criticism for relyingdrhoc procedures for
covariate selection. In fact, in some cases, all of the prevfindings have been
questioned ([16]). Since the number of covariates is higére is no simple way to
resolve the model selection problem using only classicastdndeed the number of
possible lower-dimensional models is very large, althod@h and [22] attempt to
search over several millions of these models. We sugggstnalization and post-
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{1-penalization methods to address this important issueebti@[8, using these
methods we estimate the growth modg! (8) and indeed findratteng support for
the hypothesis of convergence, thus confirming the basitidatpn of the Solow-
Swan model. O

Notation. In what follows, all parameter values are indexed by the sasipen,
but we omit the index whenever this does not cause confusiomaking asymptotic
statements, we assume that> co andp = p, — o, and we also allow fos= s, —
. We use the notatiofa) . = max{a,0}, aVv b= max{a,b} andaAb= min{a,b}.
The ¢»-norm is denoted byl - || and the ?p-norm” || - ||o denotes the number of
non-zero components of a vector. Given a vedtar RP, and a set of indice§ C
{1,...,p}, we denote byr the vector in whictdrj = §;if jeT,drj=0if j£T.
We also use standard notation in the empirical procesatites,

Bl ] = Enl ()] = 3 1)/,

and we use the notati@< b to denotea < cbfor some constard > 0 that does not
depend om; anda <p b to denotea = Op(b). Moreover, for two random variables
X,Y we say thatX =4 Y if they have the same probability distribution. We also
define the prediction norm associated with the empiricahGmzatrix En[xix] as

[6]l2,n = 1/En[(X5)2).

2 The Setting and Estimators

2.1 The Model

Throughout the rest of the chapter we consider the nonpdriznmedel introduced
in the previous section:

yi=f(z)+&, &~N(0,0%), i=1,....n, (9)

wherey; is the outcomez; is a vector of fixed regressors, agé are i.i.d. distur-
bances. Defing = P(z), whereP(z) is ap-vector of transformations &, includ-
ing a constant, and; = f(z). For a conformable sparse veciy to be defined
below, we can rewritd {9) in an approximately parametriatfor

Yi=xXBo+u, Ui=ri+&, i=1...,n, (10)

wherer; := fi —XBo, i = 1,...,n, are approximation errors. We note that in the
parametric case, we may naturally choglgls = fi so that; =0 foralli=1,...,n.

In the nonparametric case, we shall chor as a sparse parametric model that
yields a good approximation to the true regression functiom equation[(D).
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Given [10), our target in estimation will become the pararmétinction x{ So.
Here we emphasize that the ultimate target in estimatioofisourse,f;, while
X Bo is a convenient intermediate target, introduced so that aveapproach the
estimation problem as if it were parametric. Indeed, the targets are equal up
to approximation errors;’s that will be set smaller than estimation errors. Thus,
the problem of estimating the parametric targ@ is equivalent to the problem of
estimating the non-parametric tardemodulo approximation errors.

With that in mind, we choose our target or “trugg, with the corresponding
cardinality of its support

S= ”BO”Ov

as any solution to the following ideal risk minimization aaole problem:

- wpy2 L g2 1Bl
min Eaf(f XB) )+ 0= (11)
We call this problem the oracle problem for the reasons éxgthbelow, and we
call

T = supportfo)

the oracle or the “true” model. Note that we necessarily lbhges < n.

The oracle problen{{11) balances the approximation éZrf(fi — X/3)?] over
the design points with the variance tet||3]|o/n, where the latter is determined
by the number of non-zero coefficientsfin Letting

¢3 = En[rf] = En[(fi —Xf0)?]

denote the average square error from approximating vé|ugsx o, the quantity
¢ + 0?s/n is the optimal value of_(11). Typically, the optimality ip)Lwould
balance the approximation error with the variance term st fibr some absolute
constanK >0

cs< Kay/s/n, (12)

so thaty/cZ + g2s/n < g+/s/n. Thus, the quantity /s/n becomes the ideal goal
for the rate of convergence. If we knew the oracle madele would achieve this

rate by using the oracle estimator, the least squares éstitnased on this model,
but we in general do not know, since we do not observe thHgs to attempt to
solve the oracle probleri {IL1). Sineis unknown, we will not be able to achieve
the exact oracle rates of convergence, but we can hope to clos®to this rate.

We consider the case of fixed design, namely we treat the ied@avalues
X1,--.,X%n as fixed. This includes random sampling as a special caseedhdh this
casexy,..., X, represent a realization of this sample on which we condttioough-
out. Without loss of generality, we normalize the covasate that

67 =Eqx2]=1forj=1....p. (13)

We summarize the setup as the following condition.
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Condition ASM. We have datd (yi,z),i = 1,...,n} that for each n obey the re-
gression model{9), which admits the approximately spavse f{10) induced by
(@I) with the approximation error satisfying{12). The regsors x= P(z) are nor-
malized as in[{113).

Remark 1 (On the Oracle Problentet us now briefly explain what is behind prob-
lem (I3). Under some mild assumptions, this problem diyeatises as the (infea-
sible) oracle risk minimization problem. Indeed, considerOLS estimgtoﬁ[f],
which is obtained by using a modE] i.e. by regressing on regressons [T ], where
x[T] = {xj,j € T}. This estimator takes valy@[T] = En[x[T]x[T]'] En[x[T]yi].
The expected risk of this estimatBrE[f; —x;[T]'B[T]]2 is equal to
min Bq(f —x[T/'8)? + 0%
BeRITI n

wherek = rank(En[x [T]x[T]']). The oracle knows the risk of each of the models
and can minimize this risk
min min Eq[(fi —x[T])'B)?] + ozl—(,
T BeRrMl n

by choosing the best model or the oracle mdderhis problem is in fact equivalent
to (I1), provided that rank&q[x[T|x[T]']) = || Bollo, i-e. full rank. Thus, in this case
the valuey solving [11) is the expected value of the oracle least sguzstmator
Br = EnlX[T]X[T)'] XEn[xi[T]yi], i-e. Bo = En[xi[T]x[T}'] “Eq[x[T]f. This value
is our target or “true” parameter value and the oracle mddslthe target or “true”
model. Note that whews = 0 we have thaffi = X8, which gives us the special
parametric case.

2.2 LASSO and Post-L ASSO Estimators

Having introduced the moddl {1L0) with the target paramegdingd via [(T11), our
task becomes to estimafg. We will focus on deriving rate of convergence results
in the prediction norm which measures the accuracy of predictif)fy over the

design pointsy, ..., Xy,
18]l2.n = 1/ En[X0]?.

In what followsd will denote deviations of the estimators from the true pasten
value. Thus, e.g., fod = B — By, the quantity||6|\§n denotes the average of the
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square errors{ﬁ— X Bo resulting from using the estimaxf,‘;ﬁ instead ofx3o. Note
that once we bounfl — 3y in the prediction norm, we can also bound the empirical
risk of predicting values; by x/8 via the triangle inequality:

En[(XB — )2 < ||B — Boll2n+ Cs. (14)

In order to discuss estimation consider first the classézali AIC/BIC type es-
timator ([1,/23]) that solves the empirical (feasible) apdf the oracle problem:

min G(8) + X B

BERP

whereQ(B) = En[(yi —XB)?] and ||B]lo = zJp:ll{|Bj| > 0} is the ¢p-norm and

A is the penalty level. This estimator has very attractivetagcal properties, but
unfortunately it is computationally prohibitive, sinceetBolution to the problem
may require solving <, (E) least squares problems (generically, the complexity of
this problem is NP-hard 19, 12]).

One way to overcome the computational difficulty is to coasid convex re-
laxation of the preceding problem, namely to employ theadbsonvex penalty —
the ¢, penalty — in place of thé, penalty. This construction leads to the so called
LASSO estimatof}

- P
B < argminQ(B) + 1 l1Bll, (15)

where as befor@(B) = En|(Y; —XB)? and||B|1 = ZJP:1|BJ-|. The LASSO esti-
mator minimizes a convex function. Therefore, from a corapahal complexity
perspective [(15) is a computationally efficient (i.e. sblbe in polynomial time)
alternative to AIC/BIC estimator.
In order to describe the choice »f we highlight that the following key quantity
determining this choice:
S=2En[x&],

which summarizes the noise in the problem. We would like toode the smaller
penalty level so that

A = cn||S)|» with probability at least + a, (16)

where 1— a needs to be close to one, ani$ a constant such that> 1. Following
[7] and [E], respectively, we consider two choices\athat achieve the above:

X-independent penalty: A :=2cov/n® 1(1—a/2p), a7
X-dependent penalty: A :=2coA(1—a|X), (18)

wherea € (0,1) andc > 1 is constant, and

1 The abbreviation LASSO stands for Least Absolute ShrinkamkSelection Operator, cf_[24].
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A(1—a]X):=(1- a)— quantile ofn||S/(20)||,
conditional onX = (xg,...,%n)’. Note that

IIS/(20) |l =4 max |En[xijai]|, whereg’s are i.i.d.N(0, 1),

conditional onX, so we can computd (1 — a|X) simply by simulating the lat-
ter quantity, given the fixed design matr& Regarding the choice af andc,
asymptotically we requirer — 0 asn — c andc > 1. Non-asymptotically, in our
finite-sample experiments;, = .1 andc = 1.1 work quite well. The noise levef

is unknown in practice, but we can estimate it consistengipgithe approach of
Section 6. We recommend tixedependent rule over thé-independent rule, since
the former by construction adapts to the design matriand is less conservative
than the latter in view of the following relationship thatléavs from Lemmd8:

A(1-alX) < vno~(1—a/2p) < /2nlog(2p/a). (19)

Regularization by thé;-norm employed in(115) naturally helps the LASSO esti-
mator to avoid overfitting the data, but it also shrinks theditcoefficients towards
zero, causing a potentially significant bias. In order toaeensome of this bias, let
us consider the Post-LASSO estimator that applies ordieast squares regression
to the modeT selected by LASSO. Formally, set

~ ~

T = supportB) = {j € {1,...,p} : |Bj| >0},
and define the Post-LASSO estimaﬁ)as

Be argBmIé{r; Q(B) : Bj = O for eachj € T, (20)
S

whereT¢ = {1,...,p}\ T. In words, the estimator is ordinary least squares applied
to the data after removing the regressors that were nottedléy LASSO. If the
model selection works perfectly — that =T — then the Post-LASSO estimator
is simply the oracle estimator whose properties are wellAdimdHowever, perfect
model selection might be unlikely for many designs of iné&rso we are especially
interested in the properties of Post-LASSO in such casesglyawhenT # T,
especially whefT ¢ T.

2.3 Intuition and Geometry of LASSO and Post-LASSO

In this section we discuss the intuition behind LASSO and-RA$SO estimators
defined above. We shall rely on a dual interpretation of th&8® optimization
problem to provide some geometrical intuition for the parfance of LASSO. In-
deed, it can be seen that the LASSO estimator also solvesltbeiing optimization
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program: R
Bnggpllﬁlll. QB) <y (21)

for some value of > 0 (that depends on the penalty levél Thus, the estimator
minimizes thel;-norm of coefficients subject to maintaining a certain gasd
of-fit; or, geometrically, the LASSO estimator searchesafaninimal/;-ball — the
diamond-subject to the diamond having a non-empty intéosewith a fixed lower
contour set of the least squares criterion function — thpssl

In Figure[2 we show an illustration for the two-dimensionase with the true
parameter valu€Bo1, Bo2) equal(1,0), so thafl = suppor{fy) = {1} ands=1.In
the figure we plot the diamonds and ellipses. In the top figheeellipse represents
a lower contour set of the population criterion functiQ(@) = E[(y — X/8)?] in
the zero noise case or the infinite sample case. In the botgures the ellipse
represents a contour set of the sample criterion fund@o8) = En[(yi — X8)?]

in the non-zero noise or the finite sample case. The set afnapa'olutionsﬁ for
LASSO is then given by the intersection of the minimal diag®with the ellipses.
Finally, recall that Post-LASSO is computed as the ordideagt square solution
using covariates selected by LASSO. Thus, Post-LASSO atgifis given by the
center of the ellipse intersected with the linear subspaleeted by LASSO.

In the zero-noise case or in population (top figure), LASS6ilgaecovers the
correct sparsity pattern 8. Note that due to the regularization, in spite of the
absence of noise, the LASSO estimator has a large bias teward. However, in
this case Post-LASSP removes the bias and recov@ksperfectly.

In the non-zero noise case (middle and bottom figures), theaos of the crite-
rion function and its center move away from the populatiomterpart. The empir-
ical error in the middle figure moves theAcenter of the ellifmsa non-sparse point.
However, LASSO correctly sefss = 0 andf; # 0 recovering the sparsity pattern of
Bo. Using the selected support, Post-LASB®ecomes the oracle estimator which
drastically improves upon LASSO. In the case of the bottomrégwe have large
empirical errors that push the center of the lower contourfisgher away from
the population counterpart. These large empirical erraakerthe LASSO estima-
tor non-sparse, incorrectly settilﬁg # 0. Therefore, Post-LASSO usés= {1,2}
and does not use the exact suppbr: {1}. Thus, Post-LASSO is not the oracle
estimator in this case.

All three figures also illustrate the shrinkage bias towarei® in the LASSO
estimator that is introduced by thg-norm penalty. The Post-LASSO estimator
is motivated as a solution to remove (or at least allevidi&) shrinkage bias. In
cases where LASSO achieves a good sparsity pattern, P@&50Acan drastically
improve upon LASSO.
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2.4 Primitive conditions

In both the parametric and non-parametric models descabede, whenevgr > n,
the empirical Gram matri¥, [ x| does not have full rank and hence it is not well-
behaved. However, we only need good behavior of certain ihotloontinuity of
the Gram matrix called restricted sparse eigenvalues. \ilaedthe minimal re-
stricted sparse eigenvalue

cmP—  min 12 (22)
Jérello<mazo 6|2
and the maximal restricted sparse eigenvalue as
113
(m) : (23)

= max
I5rello<m.£0 |82

wherem is the upper bound on the number of non-zero componentsdeutise
supportT. To assume that (m) > 0 requires that all empirical Gram submatrices
formed by anym components ok; in addition to the components ih are posi-
tive definite. It will be convenient to define the followingageconditionnumber
associated with the empirical Gram matrix:

(24)

In order to state simplified asymptotic statements, we sisdl invoke the fol-
lowing condition.

Condition RSE. Sparse eigenvalues of the empirical Gram matrix are welblvel,
in the sense that for m m, = slogn

pm L, emsl, 1I/k(m Sl (25)

This condition holds with high probability for many desigokinterest under
mild conditions ors. For example, as shown in Lemina 1, when the covariates are
Gaussians, the conditions [0{25) are true with probabiltgverging to one under
the mild assumption thatlogp = o(n). Condition RSE is likely to hold for other
regressors with jointly light-tailed distributions, farstance log-concave distribu-
tion. As shown in LemmEl2, the conditions [0 125) also holddeneral bounded
regressors under the assumption stktg*n)log(p Vv n) = o(n). Arbitrary bounded
regressors often arise in non-parametric models, whenessgrsx; are formed
as spline, trigonometric, or polynomial transformatidt{g) of some elementary
bounded regressors

Lemma 1 (Gaussian design)Suppose&i, i = 1,...,n, are i.i.d. zero-mean Gaus-
sian random vectors, such that the population design m&f#¥| has ones on
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the diagonal, and itslegn-sparse eigenvalues are bounded from above kyc
and bounded from below ¥ > 0. Define x as a normalized form of, namely

Xij = %ij/ /En[f(ﬁ-]. Then for any nx (slog(n/e)) A (n/[16logp]), with probability
at leastl — 2exg—n/16),

@(m) <8¢, k(m)=>k/6v2, and p(m) < 24,/§/k.

Lemma 2 (Bounded design)Suppose;, i = 1,...,n, are i.i.d. vectors, such that
the population design matrix [€X] has ones on the diagonal, and itsogn-
sparse eigenvalues are bounded from above by« and bounded from below by
k2> 0. Define xas a normalized form of, namely x = %; /(En[%3])*/2. Suppose
thatmax <j<n ||%i[|» < Kn a.s., and Kslog?(n) log?(slogn) log(pV n) = o(nk*/¢).
Then, for any m> 0 such that m+ s < slogn, we have that as > c

@(m) <49, k(m)>«k/2, and p(m) <4y /k,
with probability approaching 1.

For proofs, se€]7]; the first lemma builds upon results’irf] f& the second
builds upon results in21].

3 Analysis of LASSO

In this section we discuss the rate of convergence of LASS@eiprediction norm;
our exposition follows mainly [8].
The key quantity in the analysis is the following quantityled “score”:

S=S(fo) = 2En[xi&i].

The score is the effective “noise” in the problem. Indeedinieg 6 := ﬁ— Bo, note
that by the Holder’s inequality

Q(B) — Q(o) ~ [18]13.0 = ~2En[8X 8] — 2En[riX ] (26)
2 —[1Sllw| |1 — 2¢s| 3] 2,n-
Intuition suggests that we need to majorize the “noise teltBif. by the penalty
level A /n, so that the bound oﬁé”%)n will follow from a relation between the
prediction normj| - || 2, and the penalization norfhn || 1 on a suitable set. Specifically,
foranyc > 1, it will follow that if

A =>cn||Ye

and||8||2n > 2cs, the vectord will also satisfy
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[|Orell1 < C]|Or |1, (27)

wherec= (c+1)/(c—1). That s, in this case the error in the regularization norm
outside the true support does not exceéiches the error in the true support. (In the
case||d||2n < 2¢s the inequality[(2I7) may not hold, but the bould||> < 2¢s is
already good enough.)

Consequently, the analysis of the rate of convergence ofS3@%elies on the
so-called restricted eigenvalug, introduced in[[8], which controls the modulus of
continuity between the prediction noiin||2, and the penalization norif |1 over
the set of vector$ € RP that satisfy[(27):

- VSlI9ll2n

= min , RE(C
© Jorela<elorlnor£0 |71 (REC)

wherekg can depend om. The constankg is a crucial technical quantity in our
analysis and we need to bound it away from zero. In the leatfings that condition
RSE holds this will in fact be the case as the sample size gmavsely

1/ke< L (28)

Indeed, we can bourkk from below by

Kg > rrngg(K(m) (1— p(m)c s/m) > K(slogn) (1— p(slogn)cy/1/ Iogn)
by LemmdD stated and proved in the appendix. Thus, undenptidition RSE, as
n grows, kg is bounded away from zero singéslogn) is bounded away from zero
ande(slogn) is bounded from above as [0 {25). Several other primitivamggions
can be used to bound. We refer the reader t6][8] for a further detailed discussion
of lower bounds oxz.

We next state a non-asymptotic performance bound for theS@\8stimator.

Theorem 1 (Non-Asymptotic Bound for LASSO). Under condition ASM, the
eventA > cn||Y|« implies

- 1\ A5
|‘B_BOH2,n< <1+E) WE“FZC& (29)

where g = 0 in the parametric case, antl= (c+1)/(c—1). Thus, ifA > ¢cn||Y|«
with probability at leastl — a, as guaranteed by either X-independent or X-
dependent penalty leve[s{17) afidl(17), then the bdund @9)re with probability

at leastl — a.

The proof of Theorerfil1 is given in the appendix. The theoresn &ads to the
following useful asymptotic bounds.

Corollary 1 (Asymptotic Bound for LASSO). Suppose that conditions ASM and
RSE hold. IfA is chosen according to either the X-independent or X -depetdle
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specified in[(T7) and{18) withr = o(1), log(1/a) < logp, or more generally so
that
A <poy/nlogp and A > c'n||S)|le wp — 1, (30)

for some €> 1, then the following asymptotic bound holds:

slogp
n +Cs

IB—BollanSpO

The non-asymptotic and asymptotic bounds for the empirisklimmediately
follow from the triangle inequality:

V/Enl(fi—%B)2] < [|B — Bollzn+Cs. (31)

Thus, the rate of convergence xéf% to f; coincides with the rate of convergence
of the oracle estimato{/cz + g?s/n up to a logarithmic factor op. Nonetheless,
the performance of LASSO can be considered optimal in theesthrat under gen-
eral conditions the oracle rate is achievable only up toritigaic factor ofp (see
Donoho and Johnstone [11] and Rigollet and TsybakoV [2@Rytafrom very ex-
ceptional, stringent cases, in which it is possible to penfperfect or near-perfect
model selection.

4 Model Selection Properties and Sparsity of LASSO

The purpose of this section is, first, to provide bounds @pabounds) on the
dimension of the model selected by LASSO, and, second, wrilessome special
cases where the model selected by LASSO perfectly matcledrtie” (oracle)

model.

4.1 Sparsity Bounds

Although perfect model selection can be seen as unlikelydnyrdesigns, sparsity
of the LASSO estimator has been documented in a variety afuaigsHere we
describe the sparsity results obtained’in [7]. Let us define

M= [T\ T| = Bre|o,
which is the number of unnecessary components or regressiected by LASSO.

Theorem 2 (Non-Asymptotic Sparsity Bound for LASSO). Suppose condition
ASM holds. The eveit> cn||S|. implies that
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m<s- | min @(mAn)| -L,
me.Z

where.# = {me N:m> sp(mAn)-2L} and L= [2C/ks+ 3(C+ 1)ncs/ (A /9)]?.

Under Conditions ASM and RSE, far sufficiently large we have /kz < 1,
cs < 0+/s/n, andg(slogn) < 1; and under the conditions of CorolladyXL > co+/n
with probability approaching one. Therefore, we have thgp 1 and

slogn > sg(slogn) - 2L, thatis, slogn e .#

with probability approaching one asgrows. Therefore, under these conditions we
have

min @(mAn) <p 1.

me.#

Corollary 2 (Asymptotic Sparsity Bound for LASSO). Under the conditions of
Corollary[dl, we have that
m<ps. (32)

Thus, using a penalty level that satisfies (30) LASSO's sfyaissasymptotically
of the same order as the oracle sparsity, namely

§:=|T|<s+m<ps. (33)

We note here that Theorém 2 is particularly helpful in designwhich miny._, ¢(m)
< @(n). This allows Theorerhl2 to sharpen the sparsity bound of tha ©<p
sgp(n) considered in[8] and [18]. The bound above is comparablbeadbunds in
[26] in terms of order of magnitude, but Theorem 2 requiremalker penalty level
A which also does not depend on the unknown sparse eigenvaie$26].

4.2 Perfect Model Selection Results

The purpose of this section is to describe very special cabese perfect model

selection is possible. Most results in the literature fordeloselection have been
developed for the parametric case only {[18],[17]). Beloa/pvovide some results
for the nonparametric models, which cover the parametridefsoas a special case.

Lemma 3 (Cases with Perfect Model Selection by ThresholdedASSO). Sup-
pose condition ASM holds. (1) If the non-zero coefficienti@foracle model are
well separated from zero, that is

ro;iTnmoJ'I >{+t, forsomet>{ = J_7rriaxp|[5j — Bojl,

then the oracle model is a subset of the selected model,



18 Belloni and Chernozhukov

T := supportBo) C T := supportB).

Moreover the oracle model T can be perfectly selected byyapphard-thresholding
of level t to the LASSO estimatBr

T:{j e{l....p}: |§j|>t}‘

(2) In particular, if A > cn||S||., then form= [T\ T| = ||[§Tc|\0 we have

1 AVs 2Cs
< (1) e

(3) In particular, if A > cn||Y|«, and there is a constant & 5¢ such that the em-
pirical Gram matrix satisfiefEn[xjxk]| < 1/[Us|forall 1 < j <k < p, then

<—+-———+min
¢ n U—SCJr

A U+cC {o } 6C cs 4cnc?
—=,Cs ¢+ ==+ .
V/n U-5cys UAs

Thus, we see from parts (1) and (2) that perfect model selewipossible under
strong assumptions on the coefficients’ separation away fero. We also see from
part (3) that the strong separation of coefficients can bsiderably weakened in
exchange for a strong assumption on the maximal pairwigeledion of regressors.
These results generalize to the nonparametric case thigsres{id7] and [18] for
the parametric case in whicg = 0.

Finally, the following result on perfect model selectios@fequires strong as-
sumptions on separation of coefficients and the empiricahGmatrix. Recall that
for a scalaw, signv) = v/|v] if |v| > 0, and O otherwise. ¥ is a vector, we apply
the definition componentwise. Also, given a vectar RP and a seT c {1,..., p},
let us denote; [T] := {xj,j € T}.

Lemma 4 (Cases with Perfect Model Selection by LASSOSuppose condition
ASM holds. We have perfect model selection for LASSOT , if and only if

B o [T [T)'| Bn s [T T)] ™ { Enlxi[T]us]
~ Aisign(BolT]) } — Enl [TJui]

j

<

[ee]

A
2n’

minjet

The result follows immediately from the first order optintalconditions, see
[25]. [27] and [9] provides further primitive sufficient cditions for perfect model
selection for the parametric case in whigh= &. The conditions above might typi-
cally require a slightly larger choice afthan [I7) and larger separation from zero
of the minimal non-zero coefficient miar | Bo;.
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5 Analysis of Post-LASSO

Next we study the rate of convergence of the Post-LASSO astimRecall that for
T= support(f3), the Post-LASSO estimator solves

B € arg min Q(B) : Bj = 0 for eachj € T°.
BERP

It is clear that if the model selection works perfectly (awill under some rather
stringent conditions discussed in Secfiod 4.2), that is; T, then this estimator is
simply the oracle least squares estimator whose propemt@gewell known. How-
ever, if the model selection does not work perfectly, thaflisz T, the resulting
performance of the estimator faces two different perilssti-in the case where
LASSO selects a moddl that does not fully include the true modg] we have
a specification error in the second step. Second, if LASSQidies additional re-
gressors outsid€, these regressors were not chosen at random and are likedy to
spuriously correlated with the disturbances, so we havaasteoping bias in the
second step.

It turns out that despite of the possible poor selection eftodel, and the afore-
mentioned perils this causes, the Post-LASSO estimatbpstiforms well theo-
retically, as shown in[]7]. Here we provide a proof similar[@ which is easier
generalize to non-Gaussian cases.

Theorem 3 (Non-Asymptotic Bound for Post-LASSO).Suppose condition ASM
holds. IfA > cn||S||. holds with probability at least — a, then for anyy > 0 there
is a constant kindependent of n such that with probability at ledst a — y

1B~ Bollzn < (A)\/5+'m'°9”°+2cs+1{Tg;T}\/M§ 1+c;)</c\\/§+2°5>'

This theorem provides a performance bound for Post-LASS@ fasction of
LASSO's sparsity characterized by LASSO's rate of convergence, and LASSO's
model selection ability. For common designs this bound iegpthat Post-LASSO
performs at least as well as LASSO, but it can be strictlydvett some cases, and
has a smaller shrinkage bias by construction.

Corollary 3 (Asymptotic Bound for Post-LASSO). Suppose conditions of Corol-

lary[@ hold. Then
~ slo
1B—BollznSp 0/ 28 +cs (34)

If further M= o(s) and TC T with probability approaching one, then

IB—BollanSp © [\/@—F \/§ te

(35)
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If T =T with probability approaching one, then Post-LASSO acdsethe oracle
performance

1B = Bollzn Sp 0v/S/N+cs. (36)

It is also worth repeating here that finite-sample and asgtigpbounds in other
norms of interest immediately follow by the triangle inetityaand by definition of
K(m):

En[(XB — )2 < ||B — Boll2n+¢s and||B — Bol| < [|B — Bollan/k(M).  (37)

The corollary above shows that Post-LASSO achieves the saareoracle rate
as LASSO. Notably, this occurs despite the fact that LASS® imgeneral fail to
correctly select the oracle modElas a subset, that & ¢ T. The intuition for this
result is that any components dfthat LASSO misses cannot be very important.
This corollary also shows that in some special cases PoSIS@\strictly improves
upon LASSO’s rate. Finally, note that Corolldry 3 follows dlyserving that under
the stated conditions,

~ — o
1B — Boll2n <P 0[\/@4—\/?4—1”@“ Songp

6 Estimation of Noise Level

+Cs. (38)

Our specification of penalty leve[s{18) ahdl(17) requiredieetitioner to know the
noise levelo of the disturbances or at least estimate it. The purposdséttion
is to propose the following method for estimatiog First, we use a conservative
estimated® = \/Vanyi] := /En[(yi — ¥)?], wherey = Eq[yi], in place ofo? to
obtain the initial LASSO and Post-LASSO estimat@sand . The estimate&© is
conservative since® = a4 op(1) wherea® = | /Varly|] > o, sincex; contains a
constant by assumption. Second, we define the refined estiaat

in the case of LASSO and

in the case of Post-LASSO. In the latter case we employ thedatd degree-of-

freedom correction witl§ = ||B]jo = |T|, and in the former case we need no ad-

ditional corrections, since the LASSO estimate is alreadficsently regularized.

Third, we use the refined estimai# to obtain the refined LASSO and Post-LASSO

estimate{3 and3. We can stop here or further iterate on the last two steps.
Thus, the algorithm for estimating using LASSO is as follows:
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Algorithm 1 (Estimation of ¢ using LASSO iterations) Setg® = | /Var,[y] and
k =0, and specify a small constant> 0, the tolerance level, and a constantl1,
the upper bound on the number of iterations. (1) Compute 830 estimatof
based o = 2cG*A (1 — a|X). (2) Set

o~ A~

6"t =1/Q(B).

(3) If [6¥+1 — 6% < v or k41 > 1, then stop and repor& = 6%*1; otherwise set
k<« k+1andgoto (1).

And the algorithm for estimating using Post-LASSO is as follows:

Algorithm 2 (Estimation of ¢ using Post-LASSO iterations) Setg® = /Var,[yi]
and k= 0, and specify a small constant> 0, the tolerance level, and a constant
I > 1, the upper bound on the number of iterations. (1) Computétis-LASSO

estimatorB based om = 2cG¥A (1— a|X). (2) Set

n ~

/O\.k+1 — _
n—s
wheres= [|Blo = |T|. (3) If [G%"1 — G%| < v or k+1 > I, then stop and report
0 = o*t1; otherwise, set k- k+ 1 and go to (1).

We can also usg = 2cG¥,/n®~1(1— a/2p) in place ofX-dependent penalty. We
note that using LASSO to estimate it follows that the sequenceX, k > 2, is
monotone, while using Post-LASSO the estimat®sk > 1, can only assume a
finite number of different values.

The following theorem shows that these algorithms prodeosistent estimates
of the noise level, and that the LASSO and Post-LASSO estirméitased on the re-
sulting data-driven penalty continue to obey the asymptmtunds we have derived
previously.

Theorem 4 (Validity of Results with Estimated g). Suppose conditions ASM and
RES hold. Suppose that< 6° < o with probability approaching 1 andieg p/n —
0. Thend produced by either Algorithm 1 or 2 is consistent

0/0—pl

so that the penalty levels = 2ca*A (1 — a|X) andA = 2cg¥/n®1(1— a/2p)
with a = 0o(1), andlog(1/a) < logp, satisfy the conditiod{30) of Corollary 1,
namely

A <poy/nlogp and A > c'n||Sl|le Wwp — 1, (39)

for somel < ¢’ < c. Consequently, the LASSO and Post-LASSO estimators based
on this penalty level obey the conclusions of Corollarie®, Bnd 3.
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7 Monte Carlo Experiments

In this section we compare the performance of LASSO, Pos$%@, and the
ideal oracle linear regression estimators. The oracleestr applies ordinary least
square to the true model. (Such an estimator is not avaitaltlide Monte Carlo
experiments.)

We begin by considering the following regression model:

y=XpBo+¢, Po=(1,11/21/31/4,1/5,0,....0),

wherex = (1,Z) consists of an intercept and covariates N(0, %), and the errors

¢ are independently and identically distributed- N(0, o?). The dimensiorp of
the covariatex is 500, the dimensios of the true model is 6, and the sample
sizenis 100. We sefA according to thex-dependent rule with + a = 90%. The
regressors are correlated wily = p/~Jl andp = 0.5. We consider two levels of
noise: Design 1 witlw? = 1 (higher level) and Design 2 withh? = 0.1 (lower level).
For each repetition we draw new vectay's and errors;’s.

We summarize the model selection performance of LASSO inrEg3 and4.
In the left panels of the figures, we plot the frequencies efdimensions of the
selected model; in the right panels we plot the frequenciesetecting the cor-
rect regressors. From the left panels we see that the freguérselecting a much
larger model than the true model is very small in both designthe design with
a larger noise, as the right panel of Figlite 3 shows, LASSQuiatly fails to se-
lect the entire true model, missing the regressors with Istoafficients. However,
it almost always includes the most important three regrsssaih the largest co-
efficients. Notably, despite this partial failure of the rebdelection Post-LASSO
still performs well, as we report below. On the other hand,see from the right
panel of Figuré} that in the design with a lower noise leveBSO rarely misses
any component of the true support. These results confirnhtwrétical results that
when the non-zero coefficients are well-separated from, zkeogpenalized estima-
tor should select a model that includes the true model as sesuldoreover, these
results also confirm the theoretical result of Theokém 2,algnthat the dimension
of the selected model should be of the same stochastic ssdiee @imension of the
true model. In summary, the model selection performandespenalized estimator
agrees very well with the theoretical results.

We summarize the results on the performance of estimatofabie[3, which
records for each estimat@ the meanto-norm E[||B|o], the norm of the bias
|EB — Bo|| and also the prediction err&[En[|X (8 — Bo)|?]*/?] for recovering the
regression function. As expected, LASSO has a substariisl We see that Post-
LASSO drastically improves upon the LASSO, particularlygrms of reducing the
bias, which also results in a much lower overall predictiomie Notably, despite
that under the higher noise level LASSO frequently failsecaver the true model,
the Post-LASSO estimator still performs well. This is besmthe penalized esti-
mator always manages to select the most important regeed&feralso see that the
prediction error of the Post-LASSO is within a factgfog p of the prediction error
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of the oracle estimator, as we would expect from our themaktesults. Under the
lower noise level, Post-LASSO performs almost identicalyhe ideal oracle esti-
mator. We would expect this since in this case LASSO sel&etsiodel especially
well making Post-LASSO nearly the oracle.

Monte Carlo Results

Design 1 g2 =1)
Mean/g-norm Bias Prediction Error

LASSO 5.41 0.4136 0.6572
Post-LASSO 5.41 0.0998 0.3298
Oracle 6.00 0.0122 0.2326

Design 2 g2 =0.1)
Mean/g-norm Bias Prediction Error

LASSO 6.3640 0.1395 0.2183
Post-LASSO 6.3640 0.0068 0.0893
Oracle 6.00 0.0039 0.0736

Table 3 The table displays the averaggnorm of the estimators as well as mean bias and predic-
tion error. We obtained the results using 1000 Monte Capetigons for each design.

The results above used the true valuerdh the choice ofA. Next we illustrate
how o can be estimated in practice. We follow the iterative procediescribed in
the previous section. In our experiments the tolerance Wa8 times the current
estimate foro, which is typically achieved in less than 15 iterations.

We assess the performance of the iterative procedure unéetesign with the
larger noise,g? = 1 (similar results hold forw? = 0.1). The histograms in Fig-
ure[3 show that the model selection properties are very ainnl the model se-
lection wheng is known. Figurdb displays the distribution of the estinnadoof
o based on (iterative) Post-LASSO, (iterative) LASSO, anal ithitial estimator
69 = \/Var,[yi]. As we expected, estimatorbased on LASSO produces estimates
that are somewhat higher than the true value. In contrasgstimatog based on
Post-LASSO seems to perform very well in our experimentgngiestimateso
that bunch closely near the true valae

8 Application to Cross-Country Growth Regression

In this section we apply LASSO and Post-LASSO to an inteomati economic
growth example. We use the Barro and Lek [4] data consistirgpanel of 138
countries for the period of 1960 to 1985. We consider theonatigrowth rates in
GDP per capita as a dependent variapbler the periods 1965-75 and 197588

2 The growth rate in GDP over a period fraqto t, is commonly defined as I¢GDR, /GDR; ).
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our analysis, we will consider a model with= 62 covariates, which allows for a
total of n = 90 complete observations. Our goal here is to select a sobsetse
covariates and briefly compare the resulting models to #edstrd models used in
the empirical growth literature (Barro and Sala-i-Marfi)[

Let us now turn to our empirical results. We performed catarselection using
LASSO, where we used our data-driven choice of penalty lavei two ways.
First we used an upper bound orbeingg® and decreased the penalty to estimate
different models with, A /2,A /3,A /4, andA /5. Second, we applied the iterative
procedure described in the previous section to defihéwvhich is computed based
on o' obtained using the iterative Post-LASSO procedure).

The initial choice of the first approach led us to select ncaciates, which is
consistent with over-regularization since an upper boundfwas used. We then
proceeded to slowly decrease the penalty level in ordetda/dbr some covariates
to be selected. We present the model selection results ile [BbWVith the first
relaxation of the choice of, we select the black market exchange rate premium
(characterizing trade openness) and a measure of poliigtability. With a second
relaxation of the choice of we select an additional set of variables reported in the
table. The iterative approach led to a model with only thelblamarket exchange
premium. We refer the reader {d [4] and [5] for a complete dkidimand discussion
of each of these variables.

We then proceeded to apply ordinary linear regression tedleeted models and
we also report the standard confidence intervals for thegaatss. Tabl€I8 shows
these results. We find that in all models with additional stelé covariates, the lin-
ear regression coefficients on the initial level of GDP isale/negative and the
standard confidence intervals do not include zero. We kelieat these empirical
findings firmly support the hypothesis of (conditional) cergence derived from
the classical Solow-Swan-Ramsey growth mﬁjlélnally, our findings also agree
with and thus support the previous findings reported in Ban Sala-i-Martin[[b],
which relied on ad-hoc reasoning for covariate selection.
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3 The inferential method used here is actually valid undetageconditions, despite the fact that
the model has been selected; this is demonstrated in a worogness.
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Confidence Intervals after Model Selection
for the International Growth Regressions

Penalization Real GDP per capita (log)
Parameter

A =2.7870 Coefficient 90% Confidence Interval

AT=23662 —0.0112 [-0.0219-0.0007

A/2 ~0.0120  [-0.0225—0.001§
A/3 ~0.0153  [—0.0261 —0.0045
A4 ~0.0221  [~0.0346 —0.0097
A/5 ~0.0370  [~0.0556 —0.0184

Table 4 The table above displays the coefficient and a 90% confiderteeval associated with
each model selected by the corresponding penalty level.s€lected models are displayed in

Table[B.

Model Selection Results for the International Growth Regressions

Penalization
Parameter Real GDP per capita (log) is included in all models
A =2.7870 Additional Selected Variables
A _
Alt Black Market Premium (log)
AJ2 Black Market Premium (log)
Political Instability
A/3 Black Market Premium (log)

Political Instability
Ratio of nominal government expenditure on defense to nan@DP
Ratio of import to GDP
A/4 Black Market Premium (log)
Political Instability
Ratio of nominal government expenditure on defense to nan@DP
A/5 Black Market Premium (log)
Political Instability
Ratio of nominal government expenditure on defense to nan@DP
Ratio of import to GDP
Exchange rate
% of “secondary school complete” in male population
Terms of trade shock
Measure of tariff restriction
Infant mortality rate
Ratio of real government “consumption” net of defense anctation
Female gross enrollment ratio for higher education

Table 5 The models selected at various levels of penalty.
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Appendix
9 Proofs

Proof (Theoreriil)Proceeding similarly td 8], by optimality (ﬁ we have that
Q(B) ~ Qo) < = Bolla — = I1B. (40)

To prove the result we make the use of the following relatidoisd = ﬁ— Bo, if
A =>cn||Ye

Q(B) — Q(Bo) — 18113, = —2En[&:X3] — 2En[riX3] (41)
> —||S]w|0]]1 — 2¢s|6]|2n

A
>~ (Irlls+18re]l2) ~ 265 Bllzn,  (42)

1Bollr—11Bllx = IBotlls— IBrlls— IBrells < &7 [l — || Brell.  (43)
Thus, combining[{40) witH (41)E(#3) implies that

(orlla—=1[Grell).  (44)

S| >

A
= (I18rlla+18rel2) + [18]15.0— 264|812 <

If |\5||§,n —2¢5]|0]|2,n < O, then we have established the bound in the statement of
the theorem. On the other hand[|iiF|\§,n — 2¢5[[0]|2,n > O we get

1
I8l < 3 <18l = &l s (45)

and therefor® satisfies the condition to invoke R&(From [44) and using RE],
167 [[1 < v/SlI9ll2.n/ ke, we get

1\ A 1\ AV5[dli2n
- 1\ A 1\ AV5[9]2,
18113, 2CS||5|2*“<<1+C)n”5T|1<<1+c) N ke

which gives the result on the prediction norm.

Lemma 5 (Empirical pre-sparsity for LASSO). In either the parametric model or
the nonparametric model, Iéh= |T \ T| andA > c¢-n||Y|«. We have

VM < /5y @(M) 26/Ks+ 3(C+ 1)/ @(M) nes/A,
where g = 0 in the parametric model.

Proof. We have from the optimality conditions that
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2En[x; (i —XB)] = sign(B;)A /n foreachj € T\T.

Therefore we have fdR = (ry,...,rn), X = [X,...,X|", andY = (y1,...,Yn)’

VA = 2[|(X'(Y = XB))s. 7
< 2|(X'(Y = R=XBo)) g | + 2 (X R)z 7+ 2/ (XX (Bo—~ B |
< VM- N[|S]w + 2n1/@(M)cs + 2n/@(M) || B — Boll2n,

where we used that

XX (Bo— B))#\7 ]| < SUBwre o< <1 VXX (Bo— B)|
SURvye [o<mvi<t IVX X (Bo— B)Il

= SUBvcflp<mvii<1 V VX XVI[|X( Bo—B)
= ny/@(M) | Bo— Bllzn

and similarly|| (X’ R)s\7ll <nvo(M)cs.

SinceA /¢ = n||Y||», and by Theorerhl1)| By — BHZn (1+1) ’:ﬁf + 2¢s, we
have

(1—1/c)Vm< 2¢/@(M)(1+1/c)\/5/Ke+ 61/(M) ncs/A.
The result follows by noting thdtl — 1/c) = 2/(c+ 1) by definition ofc.”

<
<

Proof (Proof of Theorem2BinceA > c¢-n||S||» by Lemmd® we have
V< /(M) - 26./5/Ke+ 3(C+ 1)1/ @(M) - ncs/A,

which, by lettingL = (ZC +3(c+1) A”f}) , can be rewritten as

M< s (ML (46)

Note thatm < n by optimality conditions. Consider aty € .#, and suppose >
M. Therefore by Lemmia 9 on sublinearity of sparse eigenvalues

meo | M '
m<s {M-‘ o(M)L
Thus, sincd k| < 2k for anyk > 1 we have

M < s-2¢p(M)L

which violates the condition d¥1 € .# ands. Therefore, we must hava < M.
In turn, applying[(4B) once more witfi < (M An) we obtain

m<s-@(MAN)L.

The result follows by minimizing the bound ovigr € .7 .
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Proof (Lemma&l, part (1))The result follows immediately from the assumptions.

Proof (LemmaRB, part (2).etm= |f\T|_||ﬁTc||o Then, note thafd||. < ||9]| <
18|20/ K (M). The result follows from Theoref 1.

Proof (LemmAﬂ3, part (3)Letd ;= ﬁ— Bo. Note that by the first order optimality
conditions of8 and the assumption oh

[En[xiX{0] e < ||En[ (/\i Yi = XB)]lleo + 1S/ 2]]co + | En[xiri] o
o
<2 cherln NGk )G

since||En[Xifi]||e < mln{ f,cs} by Lemmd® below.
Next lete; denote thejth-canonical direction. Thus, for evefy=1,...,p we
have

|En[€j%i% 0] — Jj| = [En[€](xiX —1)0 |<1<n?§§ [(Enpaix —17)jk| 118]]1
< [|8]l2/[Us].

Then, combining the two bounds above and using the triangiguality we have

1\ A . o 18]]1

The result follows by Lemmia 7 to bourid||; and the arguments in][8] and [17] to
show that the bound on the correlations imply that for @ny 0

Ke > \/1_5(1+ 2C) || En[xiX — 1][]eo

so thatkg > /1—[(1+2¢) /U] andkag > /1 — [(1+ 4c) /U] under this particular
design.

Lemma 6. Under condition ASM, we have that

[Enlir] o < mm{%,cs}.

Proof. First note that for every=1,..., p, we haveEn[Xijri]| < | /En[X]]En[r?] =
Cs-
Next, by definition ofBg in (), forj € T we have

En[xij (fi —XBo)] = En[x;jri] =0
sincefy is a minimizer over the support §. For j € T¢ we have that for anyc R

Eaf(fi— B0 + 07 < Eal(f ~ X0 ;)% + 0?2
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Therefore, for any € R we have

—0?/n< E[(fi —Xfﬁo—txij)z] —En[(fi—XBo)%] = —2AEn [xij (i —xiBo)] +t2En[Xu]

Taking the minimum overin the right hand side at = En[xij (fi — X/ 0)] we obtain
—0%/n < —(Balxij (fi —XBo)])

or equivalently|En[xj (fi —XBo)]| < o/v/N.
Lemma 7.1f A > cn||§|«, then forc= (c+ 1)/(c— 1) we have
~ (14+2¢)/s 1\ A/ 1\ 2c n,
_ < TUVE —) V- )= _
1B~ PBoll1 < o 1+ ) e T2\ M o) oo &

where g = 0 in the parametric case.

Proof. First, assumddre||1 < 2¢]|r]|1. In this case, by definition of the restricted
eigenvalue, we have

18]l1 < (14 20)||8r[|2 < (1+26)v/S[|8]|2n/ Kae

and the result follows by applying the first bound|i®||, sincec> 1.
On the other hand, consider the case ff@&t||1 > 2] r |1 which would already
imply ||6]]2,n < 2cs. Moreover, the relatiori (44) implies that

[[Orefl2 < 5[\5r||1+c“H5llz,n(20s—|\5||2,n)
< Cllorli+ g5
< 3l 8rells +CL% cs.

1 1 2c n
< —|—— 61-(; < _|__ C2
(LIRS (1 2(:_) 16refla < (1 2(:_) c—1A %

The result follows by adding the bounds on each case and iimydkheorenf L
to bound||5||2,n.

Thus,

Proof (TheorerEIS)Let 5= B Bo- By definition of the Post-LASSO estimator, it
follows thatQ(B) Q(B) andQ(B) < é(ﬁof). Thus,

QUB) — Qo) < (QB) ~ Qo) )  (QBos) — ABo) ) = BaACi.

The least squares criterion function satisfies
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1QB) ~ Q(Bo) — 1313, < 18] + 268l
< 810+ [Sred| + 265 8|2 ~
< [ISt{HI3] + lISrelleol Srel|1 + 265][8]|2.n
< ISrll118] + [ISrelleo VAR 8] + 2¢5]|5]|2n
19]l2.n = [|3]l2n 5
. c||oo — 2cs||d .
ISt gy +l1Srello VAR R 4 205132
Next, note that for any € {1,..., p} we haveE[S7] = 40/n, so thatE[||Sr|?] <
40?s/n. Thus, by Chebyshev inequality, for afiy> 0, there is a constarty such
that||Sr|| < Ayo/s/n with probability at least - . Moreover, using Lemmia 8,
[[Srello < Ay20+/2logp /n with probability at least + y for some constan;.
DefineA, := K,0/(s+ mlogp)/n so thatA, n > ||Sr || + v/M||Sre| With proba-

bility at least 1— y for some constar, < « independent ofi andp.
Combining these relations, with probability at least ¥ we have

N

13113 — Ayl Bl 2n/K (M) — 23 8|20 < Ba ACn,

solving which we obtain:
1181120 < Ayn/K (M) 4 265+ v/(Bn)1 A (Cn (47)
Note that by the optimality OB in the LASSO problem, and Iettm@ B Bo,
Bn = Q(B) — Q(Bo) < 4 (IBolls— 1Bll2) < 5 (v~ |refl2).  (48)

If || 3re |1 > & 3r |11, we haveQ(B) — Q(Bo) < 0 sincec™ 1. Otherwise, if| 3re|1 <
cl|or |1, by REE) we have

B = Q(B) — QBo) < 2 13rll < ”5”5”2” (49)

The choice ofA yieldsA > cn||S||.. with probab|I|ty 1- a. Thus, by applying
Theoreni 1L, which requires > cn||S|, we can bound 6||2,n.
Finally, with probability 1— a — y we have that[(47) and_(#9) wit}d||on <

(1+1/c)A\/s/nke+ 2cs hold, and the result follows sincef C T we haveC, =0
so thatBy ACy < L{T Z T }By.

Proof (Theorenid)Consider the case of Post-LASSO; the proof for LASSO is
similar. Consider the case with= 1, i.e. wheno = 6¥ for k= 1. Then we have
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QB) _ En[gf]

o2 o?

_ IB=Foll3n  |1SlIB~Boll ,

o2 o2

~ 2
2¢/|B— Pollan . 20s\/Enle?] 2
+ 5 + — +—5
g g g

since ||ﬁ— Boll2n <p 0/(s/n)logp by Corollary[3 and by assumption a®,
ISl <p 0/ (1/n)logp by Lemmd8||B — Boll1 < \/§IIB—B||2 <P VS|[B—Bl2n
by condition RSES <p s by Corollary2 ancts < o+/s/n by condition ASM, and
slogp/n — 0 by assumption, anE— 1 —p 0 by the Chebyshev inequality. Fi-

nally, n/(n—98) = 1+ op(1) since$ S <p s by Corollary[2 andslogp/n — 0. The
result for 2< k < | — 1 follows by induction.

= Op(l).

10 Auxiliary Lemmas

Recall that||S/(20)|» = max<j<p|En[Xijgil|, whereg; are i.i.d.N(0,1), fori =
1,...,n, conditional onX = [x{,...,x]/, andEn[xﬁ-] =1 for eachj = 1,...,p, and
note thatP(n||S/(20)|le = A (1— a|X)|X) = a by definition.

Lemma 8. We have that for £ O:

P(NS/(20) o > tVAIX) < 20(1 - ®(1)) < 207 (1),
A1~ alX) < VAo (1 a/2p) < \/2nlog 20/ )

P(n[[S/(20) = > /2Nlog(2p/a)|X) < a.

Proof. To establish the first claim, note thaf||S/20]|» = max<j<p|Zj|, where
Zj = \/NEn[x;0i] areN(0,1) by g; i.i.d. N(0,1) conditional onX and by]En[x,-Zj] =

1 for eachj = 1,...,p. Then the first claim follows by observing that far> 0
by the union boundP(max<j<p|Zj| > 2) < pP(|Zj| > z) = 2p(1— @(2)) and by
(1-®(2)) = [;” e(u)du< [, (u/2)@(u)dz< (1/2)9(z). The second and third claim
follow by noting that (1 — @(t')) = a att’ = @ 1(1—a/2p), and aat%(p(t”) =a
att” < /2log(2p/a), so that, in view of the first claim) (1 — a|X) < y/nt’ <
\/ﬁt//.

Lemma 9 (Sub-linearity of restricted sparse eigenvalues}or any integer k> 0
and constant > 1 we havep([(K]) < [¢]@(k).

Proof. Let W := Eq[xX{] anda be such thatp([¢k]) = a’'Wa, ||a] = 1. We can
decompose the vectar so that
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1] 1]
a=yS a, with S ||aire]|o = ||are]|o andair = at/[¢],
2,0 2 la |

where we can choosr’s such that|airc||o < kfor eachi = 1,..., [¢], since[/]k >
[¢K]. Note that the vectorg;'s have no overlapping support outsi@le SinceW is
positive semi-definiteq/Wai + a; Wo:J Z]G(Waj \ for any pair(i, j). Therefore

[ e
o([/K]) = a’'Wa = a/Waj
2,2,
A1 afWai + afWa €]

s izljzlf -1 i;ai’Wai

6]
<W;Haillz¢(llawcllo <[ maﬁ(p(llawcllo) < []o(k),

where we used that

d d HO’THZ

lelall\z Z (lair ||+ aire]|?) =

Lemma 10.Letc= (c+1)/(c— 1) we have for any integer m 0

Kz > K(m) (1— u(m)c_\/g) .

Proof. We follow the proof in[[8]. Pick an arbitrary vect@r such that||drc||y <
¢]|6r (1. Let T denote thenlargest components @c. Moreover, lefT¢ = UK | T*
whereK = [(p—s)/m], |TK| < mandTk corresponds to them largest components
of & outsideT U (USZ1T).

We have

i 2 2_
+ leaw o*<lall =

K
18llzn = 10 rall2n = 1 9rurtyellan = K (m)||5ruT1||—kZZH5rkHz,n
- K

m)|[Srrall = v/ @(m) kZzll5rk||-

Next note that
|8rke | < [18rlla/v/m

Indeed, consider the problem m@p|| /|Jul]1: v,u € R™ max |vi| < min; |ui| }. Given
avanduwe can always increase the objective function by usiagrax |vi|(1,...,1)’
andu’ = min; |ui|(1,...,1)" instead. Thus, the maximum is achievedrat= u* =
(1,...,1), yielding 1/ /m.

Thus, byl|dre||1 < ¢[|or[[1 and[T|=s
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K K—-1
[ Opclla _ [|Orells s s
3 ionl< 3 ol <Io0 <qery 2 <dien o

Therefore, combining these relations Wi 1| > ||or | = ||or|]1/+/Swe have

181120 > 171 k(m) (1 w(mes/57m)

which leads to
VS|[8]|2n

R > K(m) (1—;.l(m)c_ s/m) .
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Fig. 2 The figures illustrate the geometry of LASSO and Post-LASS@Orator.
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Total Number of Components Selected Number of Correct Components Selected

0
-2 0 2 4 6 8 10 12

Fig. 3 The figure summarizes the covariate selection results fd#sign witho = 1, based
on 1000 Monte Carlo repetitions. The left panel plots thédgisam for the number of covariates
selected by LASSO out of the possible 500 covaridfs, The right panel plots the histogram for
the number of significant covariates selected by LASSAO]T|; there are in total 6 significant
covariates amongst 500 covariates. The sample size forepetition was1 = 100.

Total Number of Components Selected Number of Correct Components Selected

800 1000
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Fig. 4 The figure summarizes the covariate selection results godésign witho? = 0.1, based
on 1000 Monte Carlo repetitions. The left panel plots théogiam for the number of covariates
selected out of the possible 500 covariat&$, The right panel plots the histogram for the number

of significant covariates selecte|dA',mT|; there are in total 6 significant covariates amongst 500
covariates. The sample size for each repetition mvasl100.
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Total Number of Components Selected Number of Correct Components Selected
500 600

500
400
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100

Fig. 5 The figure summarizes the covariate selection results frdésign witho = 1, when

o is estimated, based on 1000 Monte Carlo repetitions. Thedefel plots the histogram for the
number of covariates selected out of the possible 500 @tesriThe right panel plots the histogram
for the number of significant covariates selected; therérat@tal 6 significant covariates amongst
500 covariates. The sample size for each repetitionnwad 00.

Estimated o using LASSO iterations Estimated o using Post-LASSO iterations
300 300

250

50

13 14 15

Initial estimate of o using "

Fig. 6 The figure displays the distribution of the estimafioof o based on (iterative) LASSO, (it-
erative) Post-LASSO, and the conservative initial esttnaf = /Var,[yi]. The plots summarize
the estimation performance for the design watk= 1, based on 1000 Monte Carlo repetitions.



	High Dimensional Sparse Econometric Models: An Introduction
	Alexandre Belloni and Victor Chernozhukov
	1 The High Dimensional Sparse Econometric Model
	2 The Setting and Estimators
	2.1 The Model
	2.2 LASSO and Post-LASSO Estimators
	2.3 Intuition and Geometry of LASSO and Post-LASSO
	2.4 Primitive conditions

	3 Analysis of LASSO
	4 Model Selection Properties and Sparsity of LASSO
	4.1 Sparsity Bounds
	4.2 Perfect Model Selection Results

	5 Analysis of Post-LASSO
	6 Estimation of Noise Level
	7 Monte Carlo Experiments
	8 Application to Cross-Country Growth Regression
	Appendix
	9 Proofs
	10 Auxiliary Lemmas
	References



