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ABSTRACT

A method to estimate cgg, which is a shear modulus of a transversely isotropic forma-
tion (with its symmetry axis parallel to the borehole), is developed and tested. The
inversion for c¢gg is based upon a cost function which has three terms: a measure of
the misfit between the observed and predicted wavenumbers, a measure of the misfit
between the current estimate for cgg and the initial guess of its value, and penalty
functions which constrain the estimate for egs to physically acceptable values. The
inversion is applied to synthetic data for fast and slow formations, and the estimates
for cgg are within 5% of their correct values and are well resolved. The inversion is
applied to field data from a formation which consists mostly of siltstone. All estimaies
for egg are significantly higher than for c44, and the S-wave anisotropy generally ranges
from 19 to 24%.

INTRODUCTION

In sedimentary basins, transverse isotropy with a vertical symmetry axis is the largest
component of anisotropy. Field measurements indicate that the velocity of the horizon-
tally polarized S-wave in transversely isotropic formations can be 10 to 30% higher in
the horizontal direction than in the vertical direction (White et al., 1983; Winterstein,
1986). In contrast, azimuthal variations in S-wave velocity generally range from 3 to
5%, and those in P-wave velocity are even less (S. Crampin, 1988, oral communication;
D. Corrigan, 1989, oral communication; D. F. Winterstein, 1989, oral communication).

An important question is: can acoustic logging be used to estimate the elastic
properties of these transversely isotropic formations? White and Tongtaow (1981) and
Chan and Tsang (1983) found that the velocities of the refracted P and 5 waves are
caz/p and \fcas/p, respectively. Consequently, if the formation density is known,
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then the refracted waves can be used to estimate caz and cg4. White and Tongtaow
also developed a {formula which relates the velocity of the tube wave at the zero fre-
quency Hmit to cgs, but when data at low frequencies (i.e., less than about 200 Hz)
are unavailable this formula cannot be used.

In this paper, a method is developed to estimate cgg of a transversely isotropic
formation (with its symmetry axis parallel to the borehole) using the wavenumbers
from the tube wave. These wavenumbers are shown to be moderately sensitive to
cgs over a wide range of frequencies for mast transversely isotropic formations, and
this sensitivity is the basis of the inversion. A robust procedure for the inversion is
developed, and its performance is evaluated using synthetic data from fast and slow
formations. Field data are used to estimate cgg in a siltstone.

METHOD

Formulation

The inversion is based upon a mathematical model of the borehole environment (Fig-
ure 1). The fluid is perfectly elastic, its incompressibility is A;, and its density is p;.
The borehole wall is perfectly round, and its radius is B. The formation is perfectly
elastic and homogeneous. Because the formation is transversely isotropic with its
symmetry axis paralle] to the borehole, its elastic properties are specified by only five
moduli: ¢11, 13, cas, €44, and cgg which are written in abbreviated subscript notation.
The density of the formation is pg.

The procedure by which cgg is estimated is based upon a cost function that has
three terms. The first term contributes information about the data, the second about
the original estimate of cgg, and the third about the physical constraints on ¢gs. These
three terms will now be developed.

The first term in the cost function requires that the wavenumbers predicted by
the forward model closely match the observed wavenumbers. Array processing of seis-
mograms from multi-receiver tools is used to estimate the wavenumber, amplitude,
attenuation, and phase of each guided wave at all frequencies (Parks et al., 1983; Mec-
Clellan, 1986; Ellefsen et al., 1989). The estimated wavenumbers are arranged in a
vector denoted d,p;. Because the amplitude estimates indicate the accuracy of the
wavenumber estimates, they are used to develop the data covariance matrix, Cp. The
matrix is diagonal because all wavenumber estimates are assumed to be independent.
Wavenumbers for the current forward model are calculated with the dispersion equa-
tion. These predicted wavenumbers are arranged in a vector denoted g{m), where m
represents the current estimate of cgg. In terms of probability theory, the relationship
between the observed and predicted wavenumbers may be expressed by the generalized
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Gaussian density function:
1
fp(m) = Kyexp —;(|dabs - g(m)|p/2)TCBI(|dobs - g(m)lplz) (1)

(Tarantola, 1987, p. 26-28) where Ky is a normalizing constant. The important prop-
erty of fy(m)is that when pis close to 1 f,(m) decreases slowly away from its maximum
value at dops == g{m). Hence, a few observed wavenumbers can deviate significantly
{from their correct value without seriously affecting the solution. This property makes
the inversion robust. Maximizing the probability density function is equivalent to
minimizing the negative of its exponent,

f,;(ldab,mg<m>|f’/2)?oaludobs —g(m)P?) (2)

which will be the first term in the cost function.

The second term in the cost function requires that ecge, which is estimated during
the inversion, be close to the initial estimate of its value. A cross-plot of ¢44 and ceg,
which is based upon laboratory and field measurements of transversely isotropic rocks,
indicates that when cs4 is known the range of acceptable values for cgg is well defined
(Figure 2). Consequently the cross-plot is used to estimate the most-likely value of
ces (which is used for the initial value of cgg in the inversion, m,) and the standard
deviation of cgs (m ). The relationship between m, and the model parameter predicted
by the inversion, m, may be expressed by the normal density function:

paa(m) = Kaexp [~3(m = mo)(ohe) ™ (m - mo)] 3)

where K5 is a normalizing constant. Maximizing this density function is equivalent to
minimizing the negative of its exponent,

1 —
5m —mo)(ed)  (m = m,) ()
which will be the second term in the cost function.

The third term in the cost function requires that the elastic moduli be physically
possible. The elastic strain energy density, %e rergeg, is always positive for any nonzero
strain, e;. Hence, the matrix of elastic moduli, ¢ry, must be positive definite. For 2
transversely isotropic medium, this requirement is met when

c11 — |eur —2¢es| >0 (5)

(e11 — cge)eas — ¢ >0 , (6)

and
cga > 0 (7)
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(Auld, 1973, p. 147-149). Only the first two equations are needed for the inversion.
They are written symbolically as h;y(m) > 0 (where 7 is an equation index) and are
used to develop penalty functions,

T hi(m)

P (8)

where «; is a small, positive constant {Bard, 1974, p. 141-145)}. The penalty functions
are written in vector form as ¥, and the inner product,

vy | (9)

is the third term in the cost function. For almost values of cgq, this term is negligibly
small. As ces approaches the region in which the Eqs (5) and (6) are not satisfied, this
term becomes very large and significantly increases the cost function.

The cost function used by the inversion combines the expressions in (2), (4),
and (9):

B(m) = %udaa, ~ g(m)P!2TCE (| dops — g(m)"/2) + (10)
S(m = mo)(ad) " (m — mo) + ¥TE

This cost function is minimized with respect to m to find the best choice for cgs.

Optimization Technique

An approximate technique is used to minimize the cost function (Eq. 10). The dif-
ferences between the observed and predicted wavenumbers are the residuals: r; =
(d:)oss — g:i(m). A diagonal weighting matrix, W, is defined from these residuals:

) (PP i ] > e
Wi = { 1 if ] < e (11)

where ¢ is a small positive constant and 1 < p < 2 {Scales and Gersztenkorn, 1988).
The cost function is now rewritten as

&(m) = ﬁ(ldm — g(m)[P?)TWYACEIWH(|d gy — g(m)P )+ (12)
%(m —mo) i) (m —m,) + T

This equation shows that W prevents large residuals from significantly increasing the
cost function and adversely affecting the estimate for m. The advantage of this formula-
tion is that standard least-squares algorithms can be used to perform the optimization.

s
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The cost function is minimized using a Levenburg-Marquardt algorithm which has
been developed for nonlinear, least-squares problems (Moré, 1978; Moré et al., 1980).
The Jacobian matrix, which 1s required for this algorithm, is calculated using a pertur-
bation method. When the inversion finds an acceptable solution, the costs associated
with the constraints are virtually zero. If the product p’W"UzCJ:;‘/"V"U:2 is interpreted
as a data covariance matrix which is continually being adjusted, then the optimization
is similar to the maximum likelihood inversion (Aki and Richards, 1980, p. 690-692).

Resolution of the Estimate

To evaluate the estimate for cgg, its final standard deviation is compared to its initial
standard deviation. If the deviation has been significantly reduced, then cgg is well
resolved. The final standard deviation is the square root of the final model variance,

-1
ok ~ [GTCHG + (o} ] for p =2, (13)

{Tarantola, 1987, p. 196-198) where G;; = 8g:;/&m;. This formula is only approximate
because the problem is nonlinear. No formula for J?W exists when 1 < p < 2, but this
relation may still be used for a crude estimate of aip.

RESULTS AND DISCUSSION

Sensitivity of the Data to the Elastic Moduli

To properly perform an inversion, the sensitivity of the wavenumbers to the different
elastic moduli must be determined. This sensitivity can be expressed quantitatively
with the normalized partial derivative of the wavenumber with respect to an elastic

modulus of the formation, ¢37:

i k.
]Cz ac"}‘f

Similarly, the sensitivity associated with the incompressibility of the fluid is

A Ok,
kz OX1

The sensitivities were calculated for the normal modes in fast, slow, and very slow
formations {Tables 1, 2, and 3) using a perturbation method. Ellefsen et al. (1988)
examined the sensitivities of all normal modes to demonstrate that the best data for
estimating ces come from the low frequency portion of the tube wave. The sensitivities
for this part of the tube wave will be discussed here in the context of the inversion.
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In many respects, the sensitivities for the fast and slow formations (Figures 3, 4,
5, and 6) are similar. The wavenumbers are more sensitive to Ay than they are to
ceg, and therefore A; must be accurately known before cgg can be estimated. The
wavenumbers are insensitive to ¢y;; and ¢j3, and consequently using any reasonable
value for these unknown moduli will not adversely affect the inversion. Because the
data are insensitive to ¢33 and only moderately sensitive to cyq near 5 kHz, inaccurate
values for these moduli, which are determined from the refracted waves and the flexural
wave, will not affect the estimate of cgg much.

The sensitivities for the non-leaky tube wave in the very slow formation (Figures 7
and 8) are very different from those in the previous two examples. In general, the
wavenumbers are very sensitive to ¢44, moderately sensitive to ¢11, €13, ¢33, and cgs,
and insensitive to A;. Because the sensitivities for ¢;; and ¢i3 are roughly equal to
that for cgg and because ¢1; and ¢13 are unknown, cgg cannot be estimated.

An important issue is knowing when cgg can be reliably estimated. To this end,
examine the sensitivities for the fast, slow, and very slow formations (Figures 3, 5,
7, and Figures 4, 6, 8 in these orders). The sensitivities for A; generally decrease,
and the sensitivities for ¢11, ¢13, €33, and c44 increase. The sensitivity of cgg does not
change as much between the three formations as the sensitivities of the other moduli
do. To accurately estimate cgg, the sensitivities for ¢;; and ¢13, which are not precisely
known, must be small compared to the sensitivity of cgs. As a rule of thumb, this
situation occurs when the velocity of the vertically propagating S wave is greater than
or approximately equal to the zcoustic velocity of the fluid.

Testing the Inversion with Synthetic Data

The inversion for cgg was tested first with synthetic data calculated for the model
with the fast formation (Table 1). Synthetic seismograms (Figure 9) were processed
to extract the wavenumber and amplitude estimates for the tube wave (Figures 10
and 11). Then values for the elastic moduli of the formation were selected. Values for
cas and cqq were determined from the refracted P and S waves, respectively. (Although
the refracted P wave is not evident in Figure 9, it can be seen if the amplitudes are
increased.} Values for ¢1; and ¢33 were determined from cross-plots of the elastic
moduli of transversely isotropic rocks (Figures 12 and 13). (In Figure 13, ¢;3 depends
strongly on the linear combination, c3s — 2cqq- To understand this result, assume
for a moment that the rock is isotropic. The elastic moduli in terms of the Lamé
parameters are ¢;3 = €33 = A+ 2u, ¢13 = A, and ¢q44 = ¢ceg = p. When a rock
is only slightly anisotropic, caz — 2c44 is close to c¢13.) The starting value for cgg
and its standard deviation, 0.35 x 101° Pa, were estimated from the cross-plot with
cqq {Figure 2). Because the formation density, fluid density, and borehole radius are
normally measured in field situations, they were set to their correct values. Because A
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can be estimated from the first mode of the leaky P-wave (using a technique which will
be demonstrated later), A; was set to its correct value. All of the model parameters
used in the inversion are summarized in Table 1. Only data below 4 kHz were used,
and p was chosen to be 1.8 because the data contain little noise. For this inversion, the
cost function is dominated by the term associated with the data (Figure 14) indicating
that the estimated value for ¢gg depends almost entirely upon the data and not upon
the initial estimate of its value or the constraints. The cost surface (Figure 15) has no
local minima over the range of values which ¢gg might have, and hence convergence to
the global minimum is guaranteed. The estimated value for cgg is 0.92 x 10'° Pa which
differs from the correct value by only 0.04 x 10'° Pa. cgg is well resolved: the final
standard deviation is 0.03 x 101° Pa, which is much smaller than the initial standard
deviation (0.35 x 10*° Pa).

Then the inversion was tested with synthetic data calculated for the model with the
slow formation (Table 2). The generation of synthetic seismograms, array processing,
and inversion for the slow formation followed the same procedures used in the fast
formation. The model parameters for the inversion are listed in Table 2. The standard
deviation was estimated from Figure 2 to be 0.35 x 10'° Pa, and p was chosen to be
- 1.8. Because the cost function is dominated by the term associated with the data
(Figure 16), the estimated value for cgs depends upon the data and not on the initial
estimate or the constraints. Because the cost surface has no local minima (Figure 17),
convergence to a global minimum is guaranteed. The estimated value for cgg is 1.11 X
10'° Pa which differs from the correct value by 0.06 x10° Pa. Again ceg is well resolved
because the standard deviation was reduced from 0.35 x 10° Pa to 0.02 x 10 Pa.

For both inversions, the exact value of cgg was not estimated. This inaccuracy may
be due to errors introduced into the inversion by the approximate values which were
chosen for ¢31, €13, a3, and cy4q (Tables 1 and 2). Nonetheless, each estimated value
for cge is within 5% of its correct value.

Field Data

The acoustic logging data were collected by a tool having 12 receivers and 2 sources.
The other measurements which were made in this well include the shear, caliper,
gamma ray, and density logs. In several zones, cores were cut, and the permeabilities
of the rock were measured.

To determine the incompressibility of the fluid, seismograms from a zone with a
very slow formation (Figure 18) were processed to calculate the phase velocities of the
leaky P wave (Figure 19). These phase velocities asymptotically approach the acoustic
velocity of the fluid. Judging from this dispersion curve, the acoustic velocity of the
fluid is approximately 1.52 km/s. Because the fluid density is 1.10 x 103 kg/m3>, the
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incompressibility of the fluid is approximately 0.255 x 10'° Pa.

Because the logging tool affects the tube wave, the inversion must be modified.
The most direct method of accounting for its effects is to develop a new mathematical
model and then derive a new dispersion equation. The tool near the receivers consists
of a steel cable, 12 transducers mounted on the cable, a layer of oil which surrounds the
cable and the transducers, and a rubber housing. Incorporating these features in the
mathematical model would be difficult, and the resulting dispersion equation would
be very complicated. An alternative method of accounting for the tool is based on
the fact that at low frequencies the tool causes a uniform shift in the phase velocities
of the tube wave (Cheng and Tokséz, 1981). An equivalent result could be obtained
by scaling the wavenumbers. The results of some numerical experiments indicated
that the errors introduced by this scaling are very small. The main advantages of this
method are that it is simple and that the original mathematical model and dispersion
equation can be used.

To determine the best scaling, a two-step process was used. First, wavenumbers
were calculated by processing seismograms from a formation which had low perme-
ability (i.e., 26 to 33 mD) and low gamma ray emissions (i.e., 75 to 95 GAPI units).
Low permeability (i.e., less than about 100 mD) is important because permeability
can affect the velocity dispersion of the tube wave (Cheng et al., 1987). The low emis-
sions indicate that few clay minerals are present, and because these minerals are a
major cause of transverse isotropy their small concentration suggests that the forma-
tion is mostly isotropic. Second, css was estimated with different scaling factors for
the wavenumbers until cgg was fairly close to c44; this match is necessary because cgg
equals c44 in isotropic formations. The best scaling factor was 0.94.

The field logs were used to find a zone where accurate values of cgg could be esti-
mated. The cores indicate that rock in this zone is mostly siltstone. The permeability
ranges from 0.1 to 110 mD (Figure 20) which is low enough that the estimate for
cge will not be affected. The borehole wall is smooth (Figure 21), which reduces the
scattering of the waves and makes the processing results moré accurate. The differ-
ence between the drill bit size and the measured radius is small (i.e., about 0.005 m)
indicating that shale hydration is not a severe problem. The gamma ray emission is
high (Figure 22) indicating that the formation has many clay minerals and might be
transversely isotropic. The vertical S wave velocity is high (Figure 23) indicating that
(if the formation is transversely isotropic) the tube wave will be more sensitive to ces
than the other elastic moduli. The density corrections are small (Figure 24) indicating
that the density measurements are reliable. The acoustic logging data show no reflec-
tions (Figure 25) indicating that the elastic properties of contiguous beds are similar
and that large fractures are not present.

At each depth, the wavenumbers for the tube wave were calculated by combining
the data from both sources. That is, the wavenumbers were calculated from 2 data
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sets, each of which contained 12 seismograms from the 12 receivers. A few inaccurate
wavenumber estimates were obtained, and these were deleted before the inversion was
performed. The model parameters (i.e., c11, €13, ¢33, €44, @ starting value for cgg,
oM, p2, and R) were determined from the logs (Figures 21, 23, and 24) and cross
plots (Figures 2, 12 and 13). ¢gs was determined at twenty successive depths using
p = 1.8 (Figure 26). These estimates are actually an average of the value of cgg.
That is, the data from all receivers at one depth are combined to obtain one estimate
even though this modulus probably changes over the length of the receiver array.
The estimates for cgs should change smoothly because the logging tool only moves a
fraction of the length of the receiver array between successive depths. The scatter in
the estimates is caused by slightly inaccurate wavenumber estimates. The scatter has
been removed with smoothing, and the estimated values appear to be within about
15% of the smoothed values. The smoothed values for cgs {(and even the original
estimates) are significantly higher than c4q4 which is typical of transversely isotropic
rocks (see Thomsen, 1986). Another way of comparing these moduli is based upon the
percentage of 5 wave anisotropy, which is defined as

-
USH ~ U5V . 100%
V8V
where vgy and vgy are the velocities of horizontally propagating S waves with hor-
izontal and vertical polarizations, respectively. In this zone, the S wave anisotropy
ranges from 19 to 24% (Figure 27) based upon the smoothed values for cgg.

CONCLUSIONS

Sensitivities, which are normalized partial derivatives, indicate how the wavenumbers
for the tube wave are affected by the elastic moduli of the fluid and the formation.
At low frequencies the wavenumbers for the tube wave in fast and slow formations are
very sensitive to Ay and moderately sensitive to cgs. Therefore, an accurate value for Ay
must be obtained before a value for cgg is estimated. The wavenumbers are insensitive
to ¢11, €13, 33 at all frequencies, and are only moderately sensitive to ¢y near 5 kHaz.
Consequently, the inversion for egg will not be adversely affected if slightly inaccurate
values for these moduli are picked. In very slow formations, the wavenumbers for the
tube wave are as sensitive fo the unknown moduli e13 and ¢13 as they are to cgs. Hence
ceg cannot be estimated for very slow formations. A useful rule of thumb is that ces
should be estimated only when the vertical S wave velocity is greater than or nearly
equal to the acoustic velocity of the fluid.

The inversion for cgs is based upon a cost function which combines information
about the wavenumbers, the expected values for cgg, and the physical constraints on
its value. The cost function is minimized using a robust method which prevents large
residuals in the wavenumbers from adversely affecting the result. When the inversion
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was applied to synthetic data from fast and slow formations, the estimates for cgs were
within 5% of their correct values and were well resolved. The inversion was applied
to field data from a formation which consists mostly of siltstone. All estimates for
cgs were significantly higher than csq, and the percentage of S wave anisotropy ranged
from 19 to 24%.
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Value used
Quantity Value for Inversion
e11 | 3.126 x 1019 Pa | 3.0 x 101 Pa
€13 0.345 x 101° Pa | 1.1 x 10'° Pa
c33 2.249 x 10'° Pa | 2.1 x 10'° Pa
Ca4 0.649 x 10'° Pa | 0.64 x 1010 Pa
a6 0.882 x 101° Pa'| 1.0 x 10'° Pa
P2 2075. kg/m"> 2075. kg/m>
M 0.225 x 10'° Pa | 0.225 x 1010 Pa
o1 1000. kg/m® 1000. kg/m®
R 0.1016 m 0.1016 m

Table 1: Model with a formation which represents the Green River shale (Thomsen,

1986).

Value used
Quantity Value for Inversion
c11 3.395 x 101° Pa | 3.0 x 10'° Pa
c13 1.058 x 101° Pa | 1.2 x 100 Pa
€a3 2.248 x 101O Pa 2.2 % 1010 Pa
Ca4 0.537 x 101° Pa | 0.51 x 10%° Pa
Cg6 1.053 x 101° Pa | 0.70 x 101° Pa
P2 2420. kg/m® 2420. kg/m3
A1 0.225 x 10'° Pa | 0.225 x 10%° Pa
p1 1000. kg/m® 1000. kg/m®
R 0.1016 m 0.1016 m

Table 2: Model with a slow formation which represents shale (5000) (Thomsen, 1986).

e,
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Quantity Value
€11 1.387 x 1010 Pa
Ci3 0.803 % 1010 Pa
€33 0.998 x 10° Pa
Ca4 0.177 x 101° Pa
C66 0.283 x 1010 Pa

P2 2250. kg/m>
bY 0.225 x 1010 Pa
r1 1000. kg/m®
R 0.1016 m

Table 3: Model with a very slow formation which represents the Pierre shale (Thomsen,
1986).
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Figure 1: Mathematical model used for the inversion.
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Figure 2: Cross-plot used to determine an initial value and standard deviation for cee.
The data are from the list of elastic moduli of transversely isotropic rocks compiled
by Thomsen {1986).
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Figure 3: Sensitivities for the tube wave in the model with the fast formation (Table 1).
See also Figure 4.
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Figure 4: Sensitivities for the tube wave in the model with the fast formation (Table 1).

See also Figure 3.
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Figure 5: Sensitivities for the tube wave in the model with the slow formation (Table 2).
See also Figure 6.
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Figure 6: Sensitivities for the tube wave in the model with the slow formation (Table 2).
See also Figure 5.
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Figure 7: Sensitivities for the tube wave in the model with the very slow formation
(Table 3). See also Figure 8.
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Figure 8: Sensitivities for the tube wave in the model with the very slow formation
{Table 3). See also Figure 7.
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Figure 9: Synthetic seismograms for the model with the fast formation (Table 1).
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Figure 10: Wavenumber estimates for the tube wave obtained by processing the svn-
thetic seismograms for the fast formation (Figure 9).
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Figure 11: Amplitude estimates for the tube wave obtained by processing the synthetic

seismograms for the fast formation (Figure 9).
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Figure 12: Cross-plot used to determine a reasonable value for ¢;;. The data are
from the list of elastic moduli of transversely isotropic rocks compiled by Thomsen

(1986).
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Figure 13: Cross-plot used to determine a reasonable value for ¢;3. The data are
from the list of elastic moduli of transversely isotropic rocks compiled by Thomsen

(1986).
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Figure 14: Terms in the cost function used to estimate cgs in the fast formation.
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Figure 16: Terms in the cost function used to estimate cgs in the slow formation.
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Figure 18: Seismograms used to estimate the phase velocity of the high frequency
portion of the first leaky P mode, which is indicated by the arrow.
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Figure 19: Phase velocity estimates for the high frequency portion of the first leaky P

wave shown in Figure 18.
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Figure 20: Permeability log. The shaded rectangle indicates the zone where cgs is
estimated.
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Figure 21: Caliper log. The shaded rectangle indicates the zone where ces is estimated.
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Figure 22: Gamma ray log. The shaded rectangle indicates the zone where cgp is
estimated.
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Figure 23: Velocity log. The shaded rectangle indicates the zone where ceg is estimated.
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Figure 24: Density log. The shaded rectangle indicates the zone where cgg 15 estimated.
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Figure 25: Seismograms recorded by the last receiver in the zone where ceg was esti-
mated.
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Figure 26: Estimates of cgg made from the tube wave, smoothed values for these
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Figure 27: Percentage of S wave anisotropy calculated with the smoothed estimates of
Ca6.
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