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ERROR EXPONENTS FOR DECENTRALIZED DETECTION IN FEEDBACK
ARCHITECTURES

Wee Peng Tay John N. Tsitsiklis
Divison of Communication Engineering Laboratory for Information and Decision Systems
Nanyang Technological University Massachusetts Institute of Technology
50 Nanyang Avenue, Singapore 639798 Cambridge, MA 02139
ABSTRACT open. In addition, we provide results for the Bayesian counterpart of

feedback architecture consideredin [11].

. . . . . . the
We consider the decentralized Bayesian binary hypothesis testlr}B The remainder of this paper is organized as follows. In Section

problem in feedback architectures, in which the fusion center broads . X
casts information based on the messages of some sensors to som e formulate the problems that we will be studying. I.n Sedfion 3,
all sensors in the network. We show that the asymptotically optimaYVe analyze the performar_lce of various feedback architectures. We
detection performance (as quantified by error exponents) does noymmarize and conclude in Sectidn 4.

benefit from the feedback messages. In addition, we determine the

corresponding optimal error exponents. 2. PROBLEM FORMULATION

Index Terms— Decentralized detection, feedback, error expo-

nent. sensor networks We consider a decentralized binary detection problem involving

sensors and a fusion center. Each seisobserves a random vari-
able X, distributed according to a measuifgunder hypothesi&l;,
1. INTRODUCTION for j = 0,1. Under either hypothesi&/,;, j = 0, 1, the random
. . . . . . variablesX, are assumed to be i.i.d. We uBgeto denote the expec-
We consider the binary decentralied detection problem, in Wh'CQation oper;tor with respect B, 5 P
)«

each sensor in a network makes an observation, quantizes it to a In the daisy chain architecture introduced[inl[LZ, 13], every sen-

fusion rule so as to minimize a cost function, such as the prObab”it)éensors All observations at the sensors are assumed to be condition-
of an incorrect final decision. PN . . '
- i . . ally i.i.d., given the hypothesis. Each senkadn the first stage sends
The decentralized detection problem has been widely studied fq o
the parallel configuration (selé [1] and the references therein),rtandea{ messaga’ = . (Xy) to an aggregator. The aggregator forms a

h : g messagéd/ that is broadcast to all sensors in the second stage and
networks [2E4], and bounded height tree architectures [5-8]. A V&he fusion center. Each sendan the second stage forms a message

riety of feedback architectures, under a Bayesian formulation, have, ™ . : . )
been studied in]9,10]. These references show that it is person-b)gl = 0(X., U), which depends on its own observation and the mes

: oo . ._~SageU. The fusion center makes the final decision using the fusion
person optimal for every sensor to use a likelihood ratio quantizer, - Y; = 74 (U, Zonsr Z.). We denote by the set of allow-
with thresholds that depend on the feedback messages. However, he- LI e S S
cause of the difficulty of optimizing these thresholds when the numl?d%le guantization functions for the first stage sensors. For simplicity,

NN . we assume thdt is rich enough so that for any given realization of
ber of sensors becomes large, it is difficult to analytically compare ;" i o quantization function (-, u) = /() € T'. We can
- W, ) — O .

the performance of netwc_arks with and without f_eedback. To.betteélso view the architecture just described as a parallel configuration,
understand the asymptotics of the error probability [11] studies th?n which the fusion center feedbacks a message based on information
error probability decay rate under a Neyman-Pearson formulatimﬂOm sensord m. o the rest of the sensors - 1 n

for two different feedback architectures. For either case, it shows We consi(j’é;i\;vo ‘cases for hdwis formed. In theyfir.s.t’ce.tse we
that if the fusion center also has access to the fed back messages, ; (Y2 Y..), i.e., the second stage s.ensors and fusi(;n cen-

tehnecne;%%%? ggﬁ:igé’: ;mepﬁ)genggi%%g‘:géﬁ”%;é?no?fme F;Z];i[ér have the full information available at the first stage aggregator.
. . . y 50N prok Ye call this the full feedback daisy chain. In another form of feed-
chain architecture (see Figure 1), and obtain a similar result. back, we take/ — . (Y; Y,) € {0,1} to be a preliminary

In th'.s paper, we consider the_ decentralized Bayesian qetecuoxﬁ]ecision made in the first stage. We call this the restricted feedback
problem in various feedback architectures. We study the daisy Chal(lj’l

. ) - s . aisy chain. In this case, the architecture is equivalent to a parallel
architectures in [12], _under which the sensors are d|V|ded_ Into tV"cf’:onfiguration, in which the fusion center makes a preliminary deci-
groups, and sensors in the second group have full or partial knowl:. based h f he fir broad h
edge of the messages sent by the first group. Referente [12] desllfn. ase ont_gmessages fom the firsiensors, broa casts_t ¢
with the Neyman-Pearson formulation. In this. aper, we turn to th eliminary decision, and forgets the messages sent by therfirst

. y i ’ paper, Sgnsors. The fusion center could be subject to memory or security
Bayesian formulation and resolve several questions that had been & . : i
constraints, and does not retain the firstnessages.
This research was supported, in part, by the Nanyang Teabical Uni- In the two-message feedback architecture (see F[gure 2), each

versity Startup Grant, and by the NSF under grant ECCS-Z216 sensork sends a messagdé = i (Xx) to the fusion center. Sim-




ceeees @ 3. PERFORMANCE ANALYSIS

Let the prior probability of hypothesi&; ber; > 0, 7 = 0,1.
Given a strategy, the probability of error at the fusion centét.is=
Yi=m(X1) Yo = ym(Xom) moPo(Yy = 1) + mP1(Yy = 0). Let P, be the minimum probabil-
ity of error, over all strategies. We seek to characterize the optimal
U ¢ ¢ error exponent

ceccee limsupllogP:.

n—oo N
From [14], the optimal error exponent for the parallel configuration
T = 60(Xn,U) without any feedback is given by

& = m,?)lgrz Jmin log o [exp(Alog f10(7(X1),6(X1)))]-

Zm41
= 57n+1 (Xm+1 ) U)

v

Yy

We first show that under the Bayesian formulation, the full feed-
back daisy chain and the two-message architecture both have the
Fig. 1. The daisy chain architecture. same optimal error exponent as a parallel configuration wisken-

sors Letﬁﬁ)”) be the log likelihood ratio at the fusion center, and
Yn(N) = logEo [exp(AE%))] be the log moment generating fuc-

tion. The Fenchel -Legendre transformf is given by W, (t) =

upycr{At — ¥n(N)}. The following lemma applies in both the
dalsy chain and two-message architectures. An outline of the proof
8 provided in the appendix.

ilar to the restricted feedback for the daisy chain, the fusion cen:
ter broadcasts the message= ~.(Y1,...,Y) to all the sensors.
Each sensor then sends a second mes&age dx(Xx,U) to the
fusion center. The final decision of the fusion center is made base

on the received messag¥s, ..., Y, andZ, ..., Z,. Lemma 1. Suppose Assumptionls 1 ddd 2 hold.
(i) Forall s € [0,1], we haveE [log f10(X1)] < ¥, (s)/n <
U:"/u(yly'“:Yn) ]El [lOgZIO(Xl)]

(i) Let ¢ be such that for alln, there existss, € (0,1) with
¥y, (sn) = t. Then, there exists a constafit such that for
all n, we havey;, (s,) < nC.

ceeees (i) Forall s € [0,1], we havep,(s)/n > &,.

Theorem 1. There is no loss in optimality if all sensors in the full
ZZ"::éjf)(():jl)]) feedback daisy chain are constrained to using the same quantiza-
tion function, with sensors in the second stage ignoring the feedback
message. Similarly, there is no loss in optimality if all sensors in the
two-message architecture ignore the feedback message, and use the
same quantization functions (one for the first message and another
Fig. 2. A two-message architecture. for the second message). Moreover, the optimal error exponent in
either architecture i<, .

Yy

Proof. (Outline) Let the optimal error exponent for the full feedback
Let PX be the distribution of a random variablé under hy-  daisy chain be£*. Since this architecture can simulate the parallel
pothesisH;. Consider the Radon-Nikodym derivatid®;* /dP; configuration, we hav€™ < &7. To show the reverse bound, let
of the measur@®X with respect to (w.r.t.) the measu]laé(. ltisa  Pe.; be the conditional error probability undéf;. We use Lemma
random variable whose value is determined-byaccordingly, its [in the following upper bound generalized fram][15] to obtain
value should be denoted by a notation sucli;a6X). However, in 1
order to avoid cluttered expressions, we will abuse notation and jugpax Fe.; > ; exp (wn( n) — 21&4{(8%)) > exp(n€, — CvV/n),
write £;;(X). We also usé;;(v(X)) to denote the Radon-Nikodym
derivative of the random variablé = ~(X). Throughout this pa- WhereC'is a constant. Taking — oo, we obtain the upper bound
per, we deal with various conditional distributions. Abusing notationfor £*. The proof for the two-message architecture is identical
as before, we let;; (X|Y") be the Radon-Nikodym derivative of the . .
In the following, we obtain the error exponent for the re-

conditional distribution ofX’ givenY underH; w.r.t. that undei;. . . . . S
. . . stricted feedback daisy chain architecture, and show that it is
We make the following assumptions throughout this paper (Segtrictly worse than that of a parallel configuration with sen-

[14] for justifications). sors. We assume thdim, ,.. m/n = r € (0,1), otherwise

) . the architecture is equivalent to a parallel configuration. &gt
Assumption 1. The measureB, andP; are absolutely continuous be the optimal error exponent. For € T, andj = 0,1, let

w.rt. each other. Furthermore, there exists some I such that A3 (,1) = sup,ep {st — log E;[exp(slog f10(v(X1)))]}. For

—Eo [log £o1 (7(X1))] < 0 < E1 [log £10(7(X1))]- i,7 € {0,1}, let the rate of decay of the conditional probabilities be
eij = —limsup,_, . + logP;(U = j). We collect the decay rates

Assumption 2. We haveg; [log® fo1(X1)] < oo for j = 0, 1. into a vectore' = [eo1, €10, €00, €11].



Lemma 2. For any strategy for the restricted feedback daisy chainTheorem 2. The optimal error exponent for the restricted feedback

architecture, we have daisy chain is
lim sup 1 log P. > —h(é), Eje = —(1 —7) sup min {AS <’y7 A; (6, t))7
n—soo N ~,0€l 1—r
teR
and
A (v -r=Ai ) ) @
. * T

h(€) = min {(1 =) i Ao (7’ 1—r (€10 — 600)) + reoo, Moreover, there is no loss in optimality if all sensors in the first stage

, are constrained to using the same quantization function; and sen-

(1 —r)sup A7 (77 — (eo1 — 611)) + rell} sors in the second stage ignore the feedback message, and are con-
ver 1—r strained to using the same quantization function.

Proof. The same argument as in the proof of Corollary 3.4.6 of [16]Proof. (Outline) We skip most of the details and provide an outline
shows that it is sufficient to prove the lower bound for a strategyof the proof here. Let the threshold of the first stage aggregator be
using a zero threshold log likelihood ratio test at the fusion cent,,. Sincet,, is in a bounded interval, we can choose a subsequence
ter. Henceforth, we will assume that such a fusion rule is employedin.)ren such that,,, — ¢. It suffices to prove the lower bound for

Conditioning on the value df, we have this subsequence. For any fusion rylefor the first stage, the lower
bound in Lemm&l2 can be achieved by letting all sensors in the sec-
P (Y; =0)=P1(Yy=0|U =0)P, (U =0) ond stage use the same quantization function that ignores the feed-
TP (Y =0|U=1P (U =1). back messag¥&’. This implies that the restricted feedback architec-

ture is equivalent to a tree architecture with two stages. Furthermore,
is optimal for the first stage fusion rule to be a log likelihood ratio
test [1]. Consequently, it can be shovin][12] that there is no loss in
optimality if all the stage one sensors are restricted to the same quan-
tization functiond € T'. Applying Lemmd® witheo1 = A{ (4, ¢)
andeio = A7 (4,t), we get the theorem. O

Letd;(-,u) = 4;*(-) € I" be afunction that depends on the value of it
u. Lete > 0. From the lower bound in Cragn's Theorem([16], we
have

LlogBy(v; =0|U=0)
me Proposition 1. Suppose that there exisisé € T" andt € R such
log]pl Zlog€1o (8%(X;)) < —log P (U =0) that the supremum i) is achieved. The restricted feedback daisy
P 0) chain performs strictly worse than the parallel configuration with
the same total number of sensors, i&,, > &;.

=1

me | 1 <& .(w0 1 P (U = 0)
S nTZJA (5“‘@10%7@0((]:0) ) Proof. We have
+o(1) . T
(=085 (v 18 61)
ma P1(U =0) 1—r
2—7 supA1 'y,——logm—e —¢e| +0(1),
’ = (1= (3 T 00) 4 )
whereo(1) is a term that goes to zero asbecomes large. Tak- _ * *
ing n — oo and thene — 0, and using the uniform continuity of < A=A (7,00 + AT (0,1) “)
A7 (7, ), we obtain where the last inequality follows from} (v, -) being a decreasing
function andA7 (9, t) > 0. Similarly,
lim sup — logIP’l( +=0|U=0)+ limsup — logP1(U 0)
T N (1=r)A7 (%—%AS @ t)) < (1= 7)A5 (7,0) + rAG (6,1).
* T —
—(1-7) SI}/p A7 (% ﬁ(elo - eoo)) —Te1o (5)
= (1 —r)sup A} <% - i T(ew _ eoo)) — reo 1) Combining [4) and{5), we obtain
Y
Eac > —(1=7)Ag (v,0) — rmin{A7 (6,2), Ao (6,)}
In the same way, it can be checked that > —Af(7,0) > — Sup A§ (7,0) = &

lim sup — 10g P1(Yy =0]U =1)+ limsup — 10g Py(U=1) The proof is now complete.

n— o0 —>00
O

—(1 —7r)sup A} (77—1 " r(em — 611)) —rei, (2
. _

4. CONCLUSION

and we Obtair]im'supnﬁoo . l?g P1(Yy = 0) > —h(€). Asimilar e have studied feedback architectures in which a group of sen-
proof shows thalim sup,, _, ., ;- logPo(Yy = 1) > —h(€), and the  sors have access to information from sensors not in the group. We
lemma is proved. O show that feedback does not improve the optimal error exponent. In



the case where the fusion center has only limited knowledge (a 1-
bit summary) of the messages, the optimal error exponent is strictly
worse than that of the parallel configuration. A similar result holds [1] J. N. Tsitsiklis, “Decentralized detectioridvances in Statis-
for the two-message architecture. This research is part of our on-

going efforts to quantify the performance of various network archi-
tectures. Future research directions include studying the impact o

p

feedback on distributed multiple hypothesis testing and parameter

estimation.

5. APPENDIX

Outline Proof of Lemm&ll The proof of claim[{i) is similar to

Proposition 3 of([14], and is omitted here. To prol (ii), we have

Eo[(£55))* exp(snLip)]
Eofexp(sn L15))]

< CoBo[(£35))* exp(saL15))],

Yn(sn) =

= (Wh(sn))’
®)

where the last inequality follows from the bouBgl[exp(s, £{")] >
1/Cy, for some constant, (proven in Proposition 3 of [14]). To
bound the R.H.S. of{6), we have
Eo[(£55))* exp(snlis))]
(n)y\2 snL(n)
Eo |:(£10 ) e 10 1{[1(13)§0}:|

(n)
+E, {(Lﬁg))%‘“‘s“‘w 1

1 1
< — 4 — ).
—Cl<s%+<1—sn>2>

{E(l"(;)>0}:|

The rest of the proof, which is technical, and is omitted because of
[10]

space constraints, shows that bethand1 — s,, are at leas€>/\/n
for some constant’,. Therefore the claim holds.
In the following, we give an outline of the proof for claim{iii)

for the two-message architecture; the proof for the daisy chaln i

similar, and is omitted. Let = \/n andYy* = (Y1,...,Ys). W
have
Eo H(€10(Zk|yln))s Y
k=1

[H £10 (0 ( Xk, U)|YR))®

|

inf Eg [ 610(5Y’“ (Xi)|Yi))® ’ Yk]7

1 0Vker

>H

wheres¥* depends on the value .. We can defing;, € I'? such

thatgk(Xk) = (yk(Xk),ék(Xk)), Whereék(Xk) = 5%()(]9) iff

Y& (X%) = u. Therefore, we obtain

Yn(X) =logEo | (£10(Y7") H (10(Zx|YT))* | Y]
zlogEo[(élo(Yln))SH inf Eo [(610(6Y’“(Xk)|Yk))S’Yk]

Yy,
k=19 FET

>n inf logEo [(410(£(X1)))°] > né},
ger?

and the lemma is proved.
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