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Abstract

The classical problem of model selection among parametric model sets is considered.
The goal is to choose a model set which best represents observed data. The critical
task is the choice of a criterion for model set comparison. Pioneer information the-
oretic based approaches to this problem are Akaike information criterion (AIC) and
different forms of minimum description length (MDL). The prior assumption in these
methods is that the unknown true model is a member of all the competing sets.

We introduce a new method of model selection: minimum description complexity
(MDC). The approach is motivated by the Kullback-Leibler information distance.
The method suggests choosing the model set for which the model set relative entropy
1s minimum. We provide a probabilistic method of MDC estimation for a class of
parametric model sets. In this calculation the key factor is our prior assumption:
unlike the existing methods, no assumption of the true model being a member of the
competing model sets is needed. The main strength of the MDC calculation is in its
method of extracting information from the observed data.

Interesting results exhibit the advantages of MDC over MDL and AIC both the-
oretically and practically. It is illustrated that, under particular conditions, AIC is a
special case of MDC. Application of MDC in system identification and signal denois-
ing is investigated. The proposed method answers the challenging question of quality
evaluation in identification of stable LTI systems under a fair prior assumption on the
unmodeled dynamics. MDC also provides a new solution to a class of denoising prob-
lems. We elaborate the theoretical superiority of MDC over the existing thresholding
denoising methods.
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Chapter 1

Introduction

From biological to huge man-made systems, complex systems are all around us. Un-
derstanding the behavior of these systems is necessary for the purposes such as sim-
ulation, prediction and control. Describing these systems with a model of lower
complexity becomes essential in practical applications. When no prior knowledge, or
a partial knowledge, of the system’s physics is available, the only source of under-
standing the system is through observation of its inputs and outputs. In this scenario
the crucial question is how to extract the most information about the complex system,
under a realistic prior assumption about the system. The motivation of this thesis
primary was the search for a proper answer to this question.

System identification approaches to this problem are divided in two fields based on
the prior assumption on the additive noise properties. In deterministic identification
the additive noise belongs to a set with a bounded norm. In stochastic identification
the additive noise is a sample of a random variable. In both approaches estimation of
possibly a complex system in a parametric model set is investigated. The complex-
ity of the true system is taken into account by prior assumptions on the unmodeled
dynamics in the competing parametric sets. It is an important quality of an identifi-
cation method to offer an efficient estimation method in each low-complexity model
set and provide a proper information and comparison method on the estimation er-
rors of the competing model sets [34]. In next chapter we thoroughly discuss several
deterministic and stochastic approaches which attempt to satisfy this quality.

In practical problems more can be said about the correlation of the noise with itself
and with the input compare to only a bounded norm definition. The conservative
definition of additive noise in deterministic approaches prevents the method to provide
any results on the convergence of the estimates in each competing set robustly, as the
length of the data grows. On the other hand, in quality evalution of the estimates
the stochastic approaches fail to address the unmodeled dynamics effects properly. It
seems that all the stochastic and deterministic methods lack a proper, fair assumption
on either the additive noise or on the model structure.

Continuing the search for a suitable quality evaluation method leads us to study
information theoretic approaches to order estimation problem. Here the problem of
parametric model selection is considered. The competing sets are parametric sets of
different order. The question is that by using one observation of a random variable,



which is generated by a parametric model, which model set best represents the data.
It is clear that our quality evaluation problem in system identification is a special
case of this order estimation problem.

The well-known existing information theoretic model selection methods are Akaike
information criterion(AIC), Bayesian information criterion(BIC) and different forms
of minimum description length(MDL). AIC provides a method to estimate the Kullback-
Liebler distance of the true model and the estimate of model asymptotically and
suggests to use that as a comparison criterion. BIC is based on calculation of the
probability that the model set includes the true model. In this method a prior prob-
abilistic assumption on the parameters is also needed. MDL is introduced based on
an idea to define a description length for the observed data given each model set.
It suggests to choose the model set for which the description length is minimum.
In this thesis we thoroughly study the theory and motivation behind each of these
methods. The main common drawback of the theory of these methods is that calcu-
lation of these criteria is under the prior assumption that the unknown true model is
a member of all the competing sets.

We invest on defining a new model selection method which can overcome the
observed drawbacks. The first step is to define a proper distance measure between
the true model and any given parametric model set. We define this distance, the
description complexity, based on the Kullback- Liebler information distance. The
next important step is to provide a method of estimation of this distance using only
the observed data. Comparison of this distance for the competing sets leads to the
choice of the set for which the minimum description complexity(MDC) is obtained.

In the last part of the thesis we illustrate the application of MDC in signal denois-
ing. The problem of estimating an unknown signal embedded in Gaussian noise has
received a great deal of attention in numerous studies. The denoising process is to
separate an observed data sequence into a “meaningful” signal and a remaining noise.
The choice of the denoising criterion depends on the properties of the additive noise,
smoothness of the class of the underlying signal and the selected signal estimator.

The pioneer method of wavelet denoising was first formalized by Donoho and
Johnstone [11]. The wavelet thresholding method removes the additive noise by
eliminating the basis coefficients with small absolute value which tend to be attributed
to the noise. The method assumes a prior knowledge of the variance of the additive
white Gaussian noise. Hard or soft thresholds are obtained by solving a min-max
problem in estimation of the expected value of the reconstruction error [12]. The
suggested optimal hard threshold for the basis coefficient is of order /2log N/(N).
The method is well adapted to approximate piecewise-smooth signals. The argument
however fails for the family of signals which are not smooth, i.e., the family of signals
for which the noiseless coefficients might be nonzero, very small, and comparable with
the noise effects, for a large number of basis functions.

The approach to the denoising problem in [29] proposes a thresholding method
for any family of basis functions. Here the attempt is to calculate the mean-square
reconstruction error of the signal as a function of any given threshold. It provides
heuristic estimates of such error for different families of basis functions such as wavelet
and local cosine bases. The choice of the optimum threshold is given experimentally.
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For the best basis search the suggestion is to compare the error estimates for different
families of bases and choose the one which minimizes such criterion.

A different denoising approach is recommended by Rissanen in [43]. In each sub-
space of the basis functions the normalized maximum likelihood (NML) of the noisy
data is considered as the description length of the data in that subspace. The Min-
imum description length (MDL) denoising method suggests to choose the subspace
which minimizes this description length. Here noise is defined to be a part of the data
that can not be compressed with the considered basis functions, while the meaningful
information-bearing signal need not to be smooth. The method provides a threshold
which is almost half of the suggested wavelet threshold in [11].

The new method of denoising in this thesis is based on subspace comparison rather
than thresholding. We suggest to use the proposed information theoretical approach,
MDC, for denoising. Our focus is not on setting a threshold for the coefficients
beforehand, but to find the estimation error in each subspace separately and choose
the subspace for which the error is minimized. Similar to MDL denoising no prior
assumption on the smoothness of the noiseless part of the data is needed.

The thesis is organized as follows. In chapter 2 the identification and quality eval-
uation problem is defined. In chapter 3, the methods of order estimation, AIC, BIC
and MDL are discussed. Chapter 4 proposes a new method of quality evaluation for
the identification problem. In chapter 5 we introduce the new method of parametric
model selection MDC. We also introduce a new minimum description length which
is consistent with the notion of Kolmogorov complexity. Chapter 6 addresses the de-
noising problem. We provide the new method of denoising based on the information
theoretic approaches introduced in chapter 5. Finally, chapter 7 is the conclusion and
future work.

10



Chapter 2

Background: System Identification
and Model Quality Evaluation

2.1 System Identification

In this section we briefly review the basic approaches to the system identification in
both stochastic and deterministic settings. The following methods provide parametric
estimates for the impulse response of a stable linear time invariant(LTI) system. The
input of the system is assumed to be persistently existing of order N, the length of
the data [32].

2.1.1 Notations and Definitions

For vectors and matrices (-)7 denotes transpose. For vector y and a linear subspace
Zm of order m, §z,, = argmin,cz,, ||y — z|[? is the orthogonal projection of y into Z,,,
’lL2 . -
where || - || denotes the [;-norm. The @ function is Q(z) = 7= /2, e 7 du which is
the probability that an element of a normal distribution is within |z| distance of zero.

Finally, O(f(N)) is a function of N such that limp_,q O;{%)) =0.

2.1.2 Stochastic Methods

A finite set of observation, input 4" = [uy, - -, uy] and output y¥ = [y, -- -, yn] of a
system is given. It is assumed that gy, an element of a parametric model set ©, with
a probability density function(PDF) f,(y"|6p,u"), generated the data. The goal is
to find an estimate of 6 in the set © by using the observed data.

Maximum a posteriori (MAP) and maximum likelihood (ML) estimators are two
basic, important estimators. If by the prior assumption there is a probability distri-
bution for 8 in ©, fo(#), then the MAP estimate is

6(MAP) = arg max fo (6]y"™, u™) (2.1)

where fy(6]y",u") is the conditional PDF of the parameter § € © given the observed
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data 2z = (y",u"). If the distribution of # is unknown or 6 is not a random variable,
the ML estimator is used. The ML estimate of 6 is

§(ML) = arg max F @10, w™) (2.2)

where f,(y~|0,u") is the conditional PDF of the output using the observed data.
Note that if 8 is a deterministic parameter this PDF is written in form of f, (y"; 8, u").
Also note that when fo(#) is a uniform distribution on ©, ML and MAP estimators
are the same.

Consider the noisy output of a stable LTI system

e = D A+ D oK) 23)
k=0
= H{q Go)un+G(q,90) = H(q,6p)un + wy, (2.4)

where h is the impulse response of the system, e is a sequence of independent random
variable with zero mean and unit variance. The sequence w, = G(g, 6p)e,, represents
the additive colored noise of the system. The transfer function of A is

H(q,00) = Y  h(k (2.5)
k=1

where , in H(q,6p) is a parameter which represents the impulse response h. For
example, it can be the taps of the impulse response §, = h, or can be the zeros
(and/or poles) of the system transfer function. What is the best estimator of o,
using the finite length data u™ and y™?

In most identification methods for such systems the impulse response is deter-
ministic and no prior PDF for € is assumed. Therefore, MAP is not used for the
estimation. The ML estimator is given by (2.2) for PDF

1 -
Fy (710, 0") = e~ H AT g 26)

vdet Xy

where 3, is the covariance matrix of noise w and itself is a function of G(g, §). When
the covariance matrix is a function of # the ML estimator is obtained by solving a
nonlinear optimization problem which is not trivial.

The conventional method of calculation of § in this setting is based on minimum
prediction error(MPE) estimation. For any 8, the output predictor at point n is a
function of ¢y~ u™ and 6, 7,(y""*,y",0). MPE method is to choose the 6 which
minimizes the output prediction error,

N
2 _ : 5 n—1 ,n 2
6(MPE) = arg min > " yn — Gy, 0", 0))] (2.7)

n=1

In [32] the output predictor §,(y" ', u™,6) is obtained based on Bayes’ Least-square
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method, also known as minimum mean square error(MMSE). The MMSE is computed
as follows. For each 6 find the output predictor of §, such that the expected value of
the least square error is minimized,

iy, 0) = argmin [ (0= 22y, (el o, O (28)

where f, (z|y"~',u",0) is the conditional PDF of y, given y™!,u" and #. The
solution to this minimization is

Jn(BLS) = E(Y, |y, u™, 6), (2.9)

where E(Y,,|y" !, u", 0) is the expected value of y, given y*~1,u”, 6. For this setting,
using (2.4),

Jn(BLS) = G™(q,0)H(q, 8)un + (1 — G7(g, ) yn- (2.10)

Note that the transfer function G(g, ) is assumed to be inversely stable and monic!
The MPE estimator, in (2.7), using BLS output predictor is

§(MPE) = arg rneinZ(yn — §a(BLS))2. (2.11)

n=1

As it is mentioned before, when G(gq,6) # 1 the ML estimator is the solution of a
nonlinear optimization. However, when G(g,6) =1 and 6, is the taps of the impulse
response h,

§(BLS) = Za(k Ytk (2.12)

and the ML and MPE estimators are the same.

In [32] and [49] the asymptotic behavior of MPE is investigated. It is shown that
as N grows the estimate of the impulse response, Ry, approaches h with probability
one and the random variable A — A" can be appr0x1mated by a “zero-mean” random
variable with a normal distribution,

VN(h - hY) =~ N(0, Py). (2.13)

where P, is the covariance matrix.

A transfer function of the impulse response g is monic if g(i) = 0, for i < 0 and g{0) = 1.
Therefore, the first element of impulse response of G=1(q,6) is one. As a result for L{q,0) =
1-G7'(q,8), 1(0) is zero, and in calculation of (1 — G~'(q,6))y,, only y™ !, and not y,, is needed.

13



2.1.3 Deterministic Methods

Deterministic system identification methods avoid stochastic assumption on the addi-
tive noise in favor of non-stochastic magnitude bounded disturbance. This assumption
led to various methods of set-membership identification, worst-case identification, H,
identification, {; identification, [22, 53, 27], etc.

The basic idea in these identification methods is to use the observed data, a pa-
rameterized model set and with a prior assumption on the bounded magnitude error,
find a region in the parameter space that is compatible with the prior assumption.

One example of set-membership identification in Hy, is as follows [18]. Assume
that the input-output relation is given by

Yn = H(q, bo)un + wy (2.14)
where H(q, 6,) is the transfer function of the impulse response of the system 4, 6y € 0,
and [wy, - -, wy] is an element of set W

W= {v (2.15)

1
| \/—Nl\vl\z < e}

Given the finite length input and output of the system, ", y", the acceptable region
in the parameter space, feasible parametric set(FPS), is

FPS={0c0| |ly" — H(g,0)u"|2 < VNe}. (2.16)

Also an estimator ® provides an estimate of h using the finite data, ®(u”,y", €) = AV,
If for such estimator the following property holds

lim sup||/H(g,00) — H¥(g)||leo — 0, for all 6o €O (2.17)

N—00,e—0

the algorithm is called robustly convergent [22]. The optimality of the least-square
estimator for H, identification is investigated in [51].

An example of worst-case identification is given in [53]. It investigates the asymp-
totic results in Iy identification. The prior assumption is that & is the finite impulse
response of an LTT system and w € W, W = {v| ||v|lsc < €}. In this scenario [53]
proves that there exists an optimal algorithm @, ®(u™,y",€) = A" such that

e < A}im sup ||h — A"||; < 2¢, for FIR filters. (2.18)
—00

2.2 Model Quality Evaluation in System Identifi-
cation

The major motivation for deterministic identification methods is to provide an esti-
mate of the system and also provide bounds on the accuracy of the estimate. Con-
ventional system identification approach claims that the answer to this question is in

14



the estimate of the variance of the impulse response estimate in (2.13). The argument
is that the region of confidence, provided by this variance, plays the same role as the
feasible parametric set in deterministic identification (2.16). However, this argument
in general is not valid. Why? The answer lies on the source of disturbance. Here
the prior assumption on the model set plays an important role. If the true model is
an element of the model set, the argument given above is correct. If the true model
is not an element of the model set, the unmodeled dynamics effects always can be
considered as a bounded disturbance, however, it can not be considered as additive
stochastic noise which is independent of input. While deterministic identification cap-
tures such scenario, the stochastic identification fails to address this case. Therefore,
to compare the estimate of the true model in competing model sets, it is important to
separate the effects of additive noise and the effects of unmodeled dynamics. In [26]
the results of model quality evaluation for some deterministic and stochastic settings
is compared. '

Here we review some important existing quality evaluation methods. The first
method, which is proposed by the conventional system identification approach, is
the bias-variance tradeoff method. The second identification method is proposed by
Venkatesh [55]. The attempt is to estimate a system with unknown dimension in a
parametric model set. The prior probabilistic assumption on the unmodeled dynamics
is suggested in [20] and we briefly review this method. There are set-membership
identification methods which consider the unmodeled dynamics effects of the system
in the parametric identification. Examples of such methods of quality evaluation are
in [18, 18, 61, 5, 16]. Here we discuss the most recent of these methods.

2.2.1 Bias-Variance Tradeoff

Following the conventional system identification method, reviewed in section 2.1.2,
[33] suggests a method of calculating the quality of the estimated model.

Problem Statement

The collected data y™ = (y1,---,yn) and wV = (u;, -, uy) of system in (2.4) is
available. The posterior information in terms of the frequency function H (e7*) is
given either with a fixed known hard bound

|HY (/) — H(e/))? < W(el), (2.19)
or with a probabilistic bound
Hy () — H(&™) € N(0, P(el)), (2:20)

where I;TT]Z (e7) is the estimate of the system impulse response in the parametric model

set of order m, Sy,,. Here N(y, P) is a normal distribution with mean p and variance
P.
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Quality Evaluation

To search for the most powerful unfalsified model in a model set of order m, [33]
suggests to find a nominal model HY (¢/*) which minimizes max,, Wy, (e’*) in (2.19) for
when the hard bound assumption is considered, or to minimize the average variance in
(2.20) for the probabilistic bound. For the probabilistic prior assumption the method
is equivalent to using the mean square error(MSE) criterion, i.e., minimizing J(Sy),

J(Sm) = /W Pr(e)duw (2.21)

-

Po(e™) = E[HN(e™) - H(e™)P
In this case the MSE can be split into two terms, bias and variance contributions
J(Sm) = J(Sm) + Jv(Sm) (2.22)

where the bias contribution is Jp(Sn,) and the variance is Jy (Sp,). From [33]

m
Jy(Sm) = N (2.23)
(It seems that here the variance of the noise is assumed to be one and no information
about the input power is given). In [33] it is claimed that in most cases the best
trade-off is obtained when the conflicting contributions are of the same magnitude

As a result, three methods for choosing the order of the system are suggested

o Cross Validation: Evaluate the criterion (2.21) (without the expectation E) on
a fresh set of data for each model HY (e7). The role of H is then played by the
new, observed data ( typically J(S,) is the MSE between the model’s output
and the observed one). The role of “E” is played by the fact that a fresh data
is used. Then pick order m that minimizes this estimate of J(Sp,).

e Penalty Criteria: Suppose that the criterion J(Sy,) in fact is the expected value
of the squared prediction errors. Then the decrease in J(Sy,) due to Jp(Sm)
can be measured by J(S,,) itself, when evaluated on the data set that produced
the model. The contribution from J,(S,,) must then be computed and added
artificially, using (2.23), as a model complexity penalty. This leads to criteria
of the Akaike-Rissanen[2, 38] type

- f(m)
mwiln main ; (n,0) + —]an (2.25)

where
e(n,0) = yn — Jn(0) (2.26)
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and §,(0) is the estimate of output using input and parametric model with
parameter 6.

o Hypothesis Tests, Model Validation: The most traditional statistical approach
is to start with small m, let the obtained model go through model validation,
Le., try to falsify the hypothesis that the data have been generated by an mth
order model. The model order is then increased until we find a model that
cannot be falsified. The most common tests are constructed so that they are
testing whether a possible contribution is significantly larger than the variance
contribution.

2.2.2 Minimize-Unmodeled Dynamics Principle(MUDP)

Minimize-unmodeled dynamics(MUD) principle is proposed for parametric identifi-
cation of a system with possibly infinite dimension [54].

Problem Statement

Finite, NV, points of a noisy output of a linear system, 7', with input u is given

Y, = Tu +w, = Zh unk+2h Yn_k + W, (2.27)
m+1
where noise w belongs to Wy
Wy ={weR"| su wre| < 1}, 2.28

qEQ‘

and @' is the class of polynomials in N of order [/ over field of reals?. For each N
the estimate of the system, hY, in a subspace of order m is obtained using the least
square method

hY = arg min ||y — y(g)|? (2.29)
gESm

where y,(g) = >, 9(k)uq_g and Sy, is the set of all FIR filters of length m. Define
h,, as follows

hm = arg min ||h — g||; (2.30)
gE€Sm

where || X||; = 37 |z;| is the I; norm of X. The prior knowledge in this setting is

[|h = hm|li <7, (2.31)

%in the definition of W, j is /=1
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for a given . The input of the system is
u, = exp(jan®), a € R, (2.32)

which satisfies the following property

< log(V)

max | (r)] < L{e) =

L(a) >0 (2.33)

for almost all & > 0 except for a set of Lebesgue zero measure where rV(r) =
%Zf’ u(r + 1)u(d). An upper bound on the rate of convergence of A to Ay, is

provided as follows.

Rate of Convergence of the Error In subspace of order m,

B = hm = (A (V)" An(N)) 7 (A (N)T (Bm(N)AL + w™), (2.34)

m

where hY = [n(1),---,h(m)]T, AN = [h(m + 1), -+, A(N)]", An(N) is a N x m
matrix, B, (N) is a N x N —m matrix, A, (V) is the first m columns of the Toeplits
matrix Uy and B,,(N) is the last N —m columns of Uy

u; 0
oy = | o0 T (2.35)
un e e
The prior information in (2.31) is
ANl < 7. (2.36)
Therefore, we have
1B = hanlls = H((Am(N) T Am(N) ™ (Am(N)T (Br(N)Ag, + w™)[[1 (2:37)

< (% An(N) (Ba(N)AX [ + |5 (An (V) wll), (238)

1
N

where for a given N,

€= sup [[(5Am(N)T An (V) o (2.39)

N>Ng

Using the prior information (2.36) and the input property in (2.33) for the m x 1
vector & Am(N))T (Bn(N)AY = [v1, -, vm]", we have

I An(N) Ba(N)AN L = o vl S max o] (240)
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log(NV)

< N
< my max |r, (7)) < myL{e)—5— (241)
Also using the noise property in (2.28) with ¢[k] = &2, for the m x 1 vector
¥ (An @) wlly = ||[z1, -+, 2],
1 T T
I ANl = Il 2l < m ma 12 (2.42)
log(N)
< _—. .
< m— (2.43)

Finally, from (2.43) and (2.41) the upper bound for the subspace impulse error in
(2.38) is

log(N)
N

|BY — Bpmlly < Cm(yL(e) + 1) (2.44)

2.2.3 Set-membership Identification
H,, Identification

We follow an example of deterministic approach to the quality evaluation in system
identification from [18]. Assume that the impulse response of the LIT system can be
written in form of

h=> pF;+ 6, (2.45)

=1

where Fis are orthonormal basis functions and p;’s are the parametric representation
of hin a model set of order m, S,,. For simplicity of presentation we follow the method
with Fj being a vector for which all its elements are zero except the sth element which
is 1, therefore, p; = h(7). The input-output relationship is as follows

Un =D h(K)unog + > h(k)un_i + wn, (2.46)
1 m+1

and finite length data, input and output of the system, is available. The assumptions
are that input has power one, and noise, w, has a bounded power less than e. In each
subspace Sy, an identification algorithm is an operator ®,, which maps the available
data to an estimate h,, = ®(y", u).

Other important assumption is on the H,, norm of A,,

AR gy < €m (2.47)

where A, is the transfer function of é,, in (2.45). In each subspace S,, define the
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feasible parameter Set(FPS) as
FPS(Sn,) = S iy =y < e+ e 2.48

where yV(g) = [y1(g), - -, yn(9)], yn(9) = 27 g(k)un_t. The proposed criterion for
the quality evaluation of estimation in each model set is

J(Sm)= sup sup ||[G+An— Tl loo (2.49)

gEFPS [|Am|lco<em

where H is the transfer function of h, and G is the transfer function of g.
The method suggests to choose the model set which minimizes J(Sy).

Bounds on the Unmodeled Dynamics Induced Norm

Comparison of the FPS in (2.16) and (2.48) shows that while the norm of the additive
noise is upperbounded by e for exact modeling, here the effects of both noise and
unmodeled dynamics is upperbounded by € + €, for each model class S,. The
proposed algorithm is sensitive to the choice of upper bound e, in (2.47).

In [18] it is claimed that an operator ® for which the minimum of J(Sy,) is attained
is the least square method (optimality of least-square method). With this estimator
the following method of estimation of €, is suggested. In each subspace S, find

[An@)l= sup [An(w)];|An(w)l = inf [An(w)], (2.50)

SmEFES dmEFES

where the feasible error set(FES) is

FES = {0m, [Jy" = 4" (hm) — u s 8|l < VNe}. (2.51)
Then
sup |A,, ()] € em < sup |Ap(w)] (2.52)
O<wm 0<wm

It is then suggested to calculate the estimate of €, as follows

~

€m = sup |An(w)] (2.53)

0<w<L2m

where A, = L[|An| + 4,1

H, Identification

In [16] the prior assumption is that the disturbance sequence w™ = [wy,---,wn]” in
[e o]
Un =D h(E)un_t + wp, (2.54)

1
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belongs to W,

1
We={e": =V, < €}, (2.55)
N
and a priori information on the system is expressed as follows
K ={h:|hll2, <L,L>0,0<p<1}, (2.56)

where

1Rl = /D h(i)2p7%. (2.57)

An identification mapping % (y") provides an approximation of 4 based on the ob-
served data. The global worse case identification error E(i,¢) is defined as

E(4, €) = sup sup [|h — y(y™)]*. (2.58)

heK €€We

Let Us,, be the set of all admissible identification algorithms v which maps the data
to an element of set S, where S, is a m-dimensional subspace of the impulse response
space. The conditional radius of information is defined as

7(Sm,€) = Inf E(hy,,€) (2.59)

YEVs,,

The goal is to find an estimate of this criterion for comparison of different model sets.
[16] provides upper and lower bounds on 7(S,,,€) for any class of models linear in
parameters for identification of exponentially stable systems. However, no results on
convergence of the bounds can be provided and in the simulation results the bounds
for model sets of different order are monotonically decreasing or increasing as the
order of the model set grows.

2.2.4 Probabilistic Prior Assumption on the Unmodeled Dy-
namics

In [20] a probabilistic assumption on the unmodeled dynamics is chosen in attempt
to provide a new method of quality evaluation in identification.

Problem Statement The output of the system is in form
=Tu+w=eL0 +¥in+w (2.60)
where the additive noise is a Gaussian random variable, an element of N (0,62) and

T(e™) = H(e ™, 6p) + Ae ™) (2.61)
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with assumption that A(e™7“) is a zero mean stochastic process

E(A(e™)) = 0 (2.62)

Alg) = D ma™ (2.63)

where 7, is zero mean with variance
2y _ ok
E(n;) = ai (2.64)
and L < N. The prediction model H(g,8) is a member of the model set
Sn={H(g,0):6 € R™} (2.65)

The estimate of 6y, QA,JX is obtained by using the least-square method and the goal is
to estimate

Vs (w) = B (|Hr(e77) — H(e ™, 63)) (2.66)
for model sets of different order S,,.

Solution It is shown that to estimate (2.66), the estimate of £ = (a, A, 0y) is
needed. Consider

Ws, = RTe = RL (4N — @5,.0) (2.67)

where R is any matrix whose columns span the subspace orthogonal to columns of ®
and € is the output error. The estimate of £ = (o, A, 0,,) is obtained using the output
error as following

£ = argm?xL(Wsm]U, £) (2.68)

where L(Ws, |U, €) is the likelihood function

1
L(Ws,|U,€) = 3 Indet 3, - %ngE;IWSm + const (2.69)
and
S, = RIUC,(a, )¥'R+2R"R (2.70)
Cpla,)) = diag(ar, a)?,- -, aXh). (2.71)

The suggested method of comparing estimates in different model classes is to compare

T(Sm) = f " Ve (w)dw (2.72)

—T
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for the model classes.

2.3 Discussion

In this section we reviewed some basic system identification methods for stable LTI
systems. Here we discuss the model quality evaluation methods presented in this
section. Some drawbacks of these identification methods, from a practical point of
view and for robust control purposes, are discussed in [34]. Although some of the
methods can be used in practical problems for a subclass of stable LTI systems, here
we discuss some of the shortcomings in generalizing their application.

Bias-Variance Tradeoff

In the stochastic approaches with the finite length data fz%, an estimate in each model
set Sp,, is obtained. The estimator variance is such that as N grows it becomes smaller
and eventually zero. Therefore with probability one, and for some h,,, we have

lim AN — A, (2.73)

N—ooo

The error in estimation of impulse response h is

h—hY = (h— hy) + (hm — 1Y) (2.74)

In bias-variance method the hard band on the norm of frequency response of this
error W(e’*) in (2.19) is given as a prior and no method of estimation of such bound
is given. The probabilistic assumption on such error is given in (2.20). The main
assumption is that such error is zero mean. Considering the structure of error in
(2.74), the expected value of this error can be zero only if as N grows

E(hy—hY) = 0 (2.75)
h—hpm = 0 (2.76)

The second assumption implies that the true system is an element of the model set
S 1t seems that the correct prior assumption is to consider that only the subspace
error A, — h, has a zero mean asymptotically. In this case the bias-variance method
observes the behamor of the variance of A,, — h,Nn, not of the total error h — h,]X . The
variance of the error h,, — fz,’,f, has two elements, a noise effect, called variance, and
effects of the unmodeled dynamics, h — h,,, called bias term.

Note that in off-line identification, the error h,, — iLN can be estimated using
several samples of output obtained from several input sets. However, in comparison
of model sets, the important error is A — hN which this bias-variance method can not
estimate.
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Minimize-Unmodeled Dynamics Principle

Similar to the bias-variance method this method focuses on the estimate of the sub-
space error hg, — E,Nn The main difference is that here an upper bound for the bias
term is provided based on a prior assumption on the norm of the unmodeled dy-
namics. However, since the upper bound , v, is the same for all the model sets, the
upper bound for error increases as the order of the model set increases. Therefore the
provided upper bound can not be used as a criterion for comparison of the estimates
in different model sets.

Another issue is on the choice of log(V) in defining the input and noise in (2.33)
and (2.28). Instead of log(V) in these definitions it can be shown that any function
B(N), for which lim . S(N) = 0o and lim ;o w = 0, can be used. Then the noise
definition is

Wn(By) ={w € R"| sup | ! XN:w[k}ejq[ku <1} (2.77)
A qEQE" \/Nﬁ(N) k=1 B

Therefore the rate of convergence of the error in (2.44) can be generalized to

[[RY — Byl < Cm(yL(e) + 1)@ (2.78)

Set membership Identification

Similar to the definition of “robustly convergence” given in (2.17), we define the
robustly convergent property as

imsup [H(g,00) = BV (@)oo =[Sl (2.79)
None of the available H,, or H, identification methods can prove whether the method
is robustly convergent. It is not possible to provide any rate of convergence for the
estimate of ||AN|| as N grows. One of the main factors causing this problem is the
definition of noise. Boundedness of the norm of the noise is a very conservative prior
assumption and it ignores other properties of the additive noise such as independence
from the input. Even the correlation of noise with itself provides some advantages
in the stochastic approach that enables us to prove the variance of the estimate
approaching zero with rate % Therefore, even if an estimate of unmodeled dynamics
norm is available, the noise effects limits the performance of the error estimators
similar to what is discussed for the worst-case !; identification in (2.18).

Probabilistic Prior Assumption on the Unmodeled Dynamics

In this setting not only the additive noise but also the unmodeled dynamics is proba-
bilistic. Unlike the bias-variance method the goal is to estimate the error between the
true model and the estimates in each model class, h — Y. However, the main draw-
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back is in the structural and probabilistic assumption on the unmodeled dynamics

L
9) =Y ma* (2.80)

With this structure, the unmodeled dynamics and the estimate of the model are
not orthogonal. Therefore, even in noiseless case, distinguishing the overlap between
h¥(g)u and A(q)u is not possible.

On the other hand the prior assumption that E(n;) is zero discards the bias term
in E(h — AY) and the unmodeled dynamics is more of a kind of additive noise with
structure different than the additive white Gaussian noise. Because of the structure of
the unmodeled dynamics, the algorithm is very sensitive to the choice of L the length
of the unmodeled dynamics impulse response in (2.80. The algorithm estimates the
variance of noise and the unmodeled dynamics, E(n7) = a)l*. Using the likelihood
function, the estimates of £ = (a, A, 0,,) changes as L changes.

Conclusion

We summarize the quality evaluation problem for the competing model sets with the
following final words. The first N taps of the impulse response is an element of RN
and in all the discussed methods, E,]X , the estimate of this parameter in S,,, a subset
of R¥  is calculated. We believe that the important criterion for comparison of these
model sets is the impulse response error

h—hY (2.81)

in different model sets. The prior assumption on the structure of S, plays an impor-
tant role in calculation of this error. The only discussed method in this chapter which
focuses on calculation of this error is the last method with probabilistic assumption
on the unmodeled dynamics and all the other methods fail to calculate this error.
However, the calculation of the error becomes ad-hoc due to the prior assumption on
the structure of Sy, and the unmodeled dynamics. If S, is a subspace of RV, then as
figure 2-1 shows the unmodeled dynamics of h, AY, is a member of RY which is not
in subspace S,. A, is defined as

Bm = lim AY. (2.82)

N—oo

In MUDP method an upper bound on the subspace impulse response error(SIRE)
B — B (2.83)

is provided based on a prior assumption on the I; norm of the unmodeled dynamics,
ANl < v. As a result the provided upperbound on the error is monotonically
increasing as the dimension of subspace Sy, grows. Note that while this error( SIRE)
asymptotically is zero, if h is not an element of S,, the IRE does not approach
zero. Our goal in the following chapters is to find an estimate of the I, norm of the
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Figure 2-1: Impulse response estimate in subspace Sy,

unmodeled dynamics using the observed data. We aim to provide an estimate not
only for subspace impulse response error in 2.83 but also for the impulse response
error in 2.81 as a criterion for the quality evaluation. Our prior assumption on the
structure of the model set and structure of the unmodeled dynamics is similar to
assumptions of the MUDP approach. We also plan to search for a rich deterministic
noise definition to provide a deterministic identification method which is robustly
convergent.
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Chapter 3

Order Estimation Methods

An observed data is produced by an unknown parametric model set. The problem
of selecting an appropriate model set among parametric model sets with different
dimension to fit this data is of interest. This classical order estimation problem has
been studied extensively, and a variety of methods have been developed in this area.
If model sets are nested, the maximum likelihood(ML) principle always leads to the
choice of the model set with the highest possible dimension.

In this chapter we review three important information theoretic approaches to the
order estimation problem: Akaike Information Criteria (AIC), Bayesian Information
Criteria(BIC), and minimum description length (MDL). All these methods use the
ML estimate of the parametric model in each model set. However, for the purpose of
model set comparison, they implement criteria different from the ML principle.

3.1 Model Validity Criterion

Akaike extends the Maximum likelihood (ML) principle to a pioneering method of
model order selection, Akaike Information Criterion (AIC) [2].

Let 2V = (u",y") denote the observed data, where u¥ = (u1,--+,uyn) and yV =
(1, -,yn) are the input and output of a parametric model. The observed data
is an element of a random variable Z¥ = (u",Y"). Note that «" in the following
arguments is considered to be a deterministic signal. However, in general u” itself can
be an element of a random variable UY. It is assumed that the data is generated by a
parametric model set with parameter . The goal is to pick an element of competing
parametric model sets of different order, as the best model which represents the given
data. For any parameter v in the competing model sets the distribution of the output
is defined with f(Y'";u",~) and the output is produced by the unknown parameter
v =6. A competing model set with order m is called S,,.

A cost function VY (fs,,,2") is considered, where fs_ € S,,. The estimate of the
true parameter € in subspace S,,, éévm, is obtained by minimizing the cost function

ON (2V) = arg Il;r}sin VIi(Gs, ,2N). (3.1)
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When the cost function is VY (8s,,, 2") = +(log likelihood function), where likelihood
function is the inverse of probability distribution f(y";u",8s,.), the estimate is the
maximum likelihood (ML) estimate.

For some families of cost functions, Akaike proposes to compare the model sets of
different order by comparing the expected value of the estimate of the cost function
of Y in each subspace asymptotically, limy_co Vo' (0N, zM). Define V,N (s,,) as

where EVY(0s,.,zV) is the expected value of V.Y (fs,,,2") using the true probability
distribution of the random variable f(Y¥;u",6).

The criterion for comparison of the model sets is FV,,(Y) over all possible 7,
which evaluates the cost function “on the average” for each model set S,. The
estimate is provided as

— ~ ~ — " P *
J(Sm) = BV (85) ~ EV,Y (011, 27) + (V)" (07) &) (3:3)
where 8%, = argming, Vi, (V)" is the second derivative of V;r, Pp;, is the covariance

matrix of for the following random variable vV N (6Y — %) — N(0, Py. ) and tr(4) is
the trace of matrix A. Details of the estimation is in appendix A.1.

The criterion J(Sy,) is called the model validity criterion [32]. Akaike calculates
this criterion for two different cost functions, maximum likelihood and least square
error. These criteria are called AIC and final prediction error (FPE) respectively. We
briefly review calculation of these criteria.

3.1.1 Akaike’s Information Theoretic Criterion(AIC)

AIC is the validity criterion, in (3.3), when the cost function is V.Y (0,,, Z") = +-(log
likelihood function ). For this cost function provided that

o The true system is in the model class of order m, i.e., 8}, = 6 (strong assump-
tion),

e (VN)"() is invertible,

it can be shown that J(Sy,), in (3.3), is
1 N Ny T
J(Sm) = NLN(ﬁm,z )+ N (3.4)

where Ly (N, ZN) = Llog f(YV;ul, gY) is the log likelihood function.
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Since 6 is an element of S,,, 0, = # and by using the Cramer-Rao inequality ! for
calculation of J(S,,) in (3.3) we have

7/ Pg

(75 (0) 2 -

) & (T (0)S0) = Str(Va(8) (T (6)) ) =

(3.6)

=2/3

where P* = —Edd(}2 log f,(8; YN |g = (V.. (6))1.

The AIC criterion can be viewed as the expected value of the Kullback-Leibler
distance of the true probability distribution and the estimated probability distribu-
tion. Kullback-Leibler distance of two pdfs fi(z) and fy(2), of random variable z,
when f; is the true pdf is

Elog /f

It can be shown that the information distance between the true pdf f(y";u?,9)
and f(y¥;u™,0N) is H(8) + EV,, (6Y) asymptotically, where H (#) is the entropy of
the true system output, H(#) = Elog f(y"™;u",8). Since H(f) is a fixed number,
comparison of the expected value of the Kullback-Leibler distance for different model
sets is equivalent to comparison of EV,,(6Y) which is the AIC.

(3.7)

AIC for Gaussian Innovations Consider the ARMAX model
Ynt Q¥Yn-1+ -+ QpYn—p = boUn + -+ Dgtn_g + € +crn 1+ + e,y (3.8)

where e, is the additive white Gaussian noise(AWGN) with unknown variance o2.
Therefore, the dimension of the parameter is k = p+ ¢+ 1+ 1 and

9:(a’la"'aapab())"'7bqaclu“'5cl)' (39)
The ML function is
1 1 Sp &2 (nfm)
VN, 2Y) = ——log————— e "™ 3.10
O I =T (310)
1 e(n,0,) N N
= = o m ) - —=1 .
22 = 5 logo ~ og 2w (3.11)

Cramer-Rao Inequality Let (z") be the estimate of 6. It is important to assume that the
estimator is unbiased, E(6,(Z")) = 6. Under this condition Cramer-Rao Inequality states that

Péﬁ > (P*)—l (3~5)

where P* = —Ed%zg log f,(8; Y™ ){p=¢ is the fisher information.
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where + 3" €*(n, ) is the output error

7 200 00) = 5 Do = () (3.12)

T

and §,(6,») is obtained by using ,, and the input in ARMAX model (3.8) when noise
is zero.
The ML estimate of the parameter

A 1 1 A
N(, Ny _ - 2 A2 (NY _ 2. AN
g, (z") = argmin E (n,0n), on(z") = N E e*(n,0,),) (3.13)

m
n n

Therefore the AIC, in (3.4), is

J(Sm) = %(1 + log 27 + log [%Zez(n, éﬁ)]) + ]—ﬂ\j— (3.14)

If the variance of the additive noise, 02, is known, then 6% = argming,, > €%(n,0,)
and the model validity criterion is

1 1 i
J(Sm) = 5{logo +log2m + 7= >~ € (n, 6]))) + < (3.15)

3.1.2 Final Prediction Error(FPE)

If the cost function is V¥ (O, ZY) = £ 37 1€%(n, 0,), where €*(n,6,,) is defined in
(3.12), the validity criterion, in (3.3), is called FPE. For the ARMAX model in (3.8),
if 8 is an element of the parametric model set, [32]

1+m/N 1 1 .
J(Sp) = 1J—r—m%ﬁ 562(?1, 6Ny, (3.16)
In [1] Akaike considers an AR model and shows that by implementing the FPE
criterion, the probability of adapting a model set with order smaller than the correct
model order goes to zero as N grows. But the probability of FPE(Sy) < FPE(true
model set) for model sets which include the true model and have higher dimension,
goes to a non-zero constant number and therefore the estimation is not consistent.
Note that when m/N << 1, the above model validity criterion (FPE) is the same as

AIC criterion. This proves that AIC is also not consistent.

3.2 Bayesian Information Criteria (BIC)

Here the problem of selecting the dimension of a model is treated by calculation and
comparison of the Bayesian Information Criterion (BIC) [44]. A prior probability
distribution for the model parameter # € © is assumed. In his classical paper [44]
Schwarz argues that there is no intrinsic linear structure in a general parameter space
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and assumes that the observed output ¥V = (y, - -, yn) comes from a Koopman-
Darmois family, i.e., relative to some fixed measure on the sample space they posses
a density function of the form

flyN,0) = (0 y™)—b(9)) (3.17)

where 0 is an element of © a convex subset of M-dimensional Euclidean space, b is a
scalar function of 8, [(y,) is a sufficient statistic 2 of y"V and has the same order as
and @ - [(y") is the inner product of the two vectors, 8 and I (v™).

Competing model sets are S, C ©, with order m and P(S,,) = a,, is the prior
probability of Sy, being the correct model set. The prior distribution of 8 in S,, is
f(01Sm)d0 = dpum(f) for a prior known function p,. Hence, the a priori density of
0is f(0) = 3" cudp(9).

With this prior assumption, the probability of # being an element of S,,, given
the observed data 4", is

f(yNa Sm)
fh)

Bayesian information criterion for each model set S,, is the probability of the model
set S,, being the correct model set given the observe data. Since the denominator of
such criterion in (3.18) is the same for all S,,’s, the criterion in comparison of BIC
equivalently is

P(Sply™) = (3.18)

Sy",Sn) =log f(y™,S,) = log/ f(y™,8)do (3.19)
Using (3.17), Schwarz replaces S(y", S,,) with
SN, Sn) = logamnm +Iog/e(o"l(yN)*b(e))Ndum(Q) (3.20)

However, (3.20) is obtained from (3.19) only if the prior assumption in (3.17) is
replaced with the following prior assumption

f(leg) — 6(9"1(3/N)—b(0)) (321)

which is a conditional probability distribution assumption rather than a joint proba-
bility distribution assumption.

Note that the conditional prior assumption in (3.17) is not consistent with separate
prior assumptions for a,, and g, If the joint distribution of y" and 6, is known then

%sufficient statistic / relative to the parametric probability distribution family f(y",6) is a func-
tion of the random variable y”V for which the conditional density of the random variable given { is
independent of §, i.e., mutual information of § and ¥V is the same as mutual information of 8 and .
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o, and p, can be calculated as follows

o = P(Sn) = /M " Bty (3.22)
foism = L85 = [ r o (3.2)

Therefore, in the following, we continue with the prior assumption in (3.21) which is
consistent with the prior assumption on a,, and p,.

BIC Criterion Assume that for each model set Sy, un, is the Lebesgue measure
on S,,. With the observed data y" for each model set, as N goes to infinity, we have

1
SN, Sm) — N sup (8, - L(y"™) — b(0,)) — §mlogN +R (3.24)
9€Sm

where R = R(y™,N,m) is bounded in N for fixed yN, m. The method suggests
to pick the model set which minimizes this asymptotic estimate of S(y",Sy). The
proof is first given for a family of probability distribution, f(y"}f), for which the
distribution defined in (3.21) is in form

O - 1(y™) = b(0m) = Crm = 7118 — O (3.25)

where C,, = 0 1y )m — b(0) = maxg,cs, (0 - I(yY) — b(6m)) for some b =
(Bm1s -+ s Omm) € Sm- For such family of distributions Schwarz claims that the crite-

rion in (3.20) is
P m
S(y", Sp) = log oy, + NC; + log (1 /N—’Y) . (3.26)

BIC for Linear Gaussian Models Consider the following model structure

Yn = Doty + - - - + bglUp_g + W, (3.27)

where w, is the additive white Gaussian noise(AWGN) with variance o?, uy, is the

input which is independent identically distributed(ii.d) with zero mean and unit
variance and

0= (bo,"--,bqg) (3.28)

with dimension k = ¢ + 1. In a model set of order m, 8, = [0:n(1), -, 0m(m)], the
conditional density of y, is fo(yn|u”,8m), where for a given input, Eg(yn|0m;u) =

[ty -, tp—m]T - Om, With the prior assumption that 6 is an element of the model set
we have
00 = () .
m ) € 20 . -
Y 2mo?
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where A, is the Toeplits matrix

—ul 0 0 h
Uy U] - 0
An=| 1 o (3.30)
LUN Uy - UN—m ]

In each model set of order m there exists a f,,, which maximizes f(y™|0,),

~ ~

Om = (AL Am) ALY, f(yN|0m) = VO (3.31)

As N goes to infinity, C;,, — In (\/%az) + 5wz (W) TAn (AL An) ATV, since the
process is stationary the limit exists. Also

1Y = AnBl? = lly" — Al + 5O~ )" 22 00— B). (332

AT A
i — Lnxm. Therefore

As N goes to infinity, since the input is IID,
Fy™10,,) = eV (Om=zrllom=inl?), (3.33)

This conditional density function is from the family of probability distributions in
(3.25) with v = 53;. Therefore the BIC is

N R T R T L N 1
SW", Sm) =~z 0" = Ambal? — Flog (575 ) + Nlog( =)

+ loga,, + log (1 /1) (3.34)
nwy

3.3 Minimum Description Length

In this section we describe the principle of minimum description length (MDL) and
study the two-stage MDL. Some examples are accompanied with several MDL criteria,
to show the fundamentals behind each description. We start with some background
on information theory [8].

3.3.1 Background

Consider stationary random processes YV (0,,) = Y1,---, Yy where 6, = (6(1),---,
6(m)) is a real-valued vector parameter. Range of Y; is a finite or countable set and
each outcome y" = [y;,---,y,] has a time invariant probability of Ps(y"). If Y,
is not finite or countable we use some number « of fractional digits in their binary
representation for truncation and work with py(y”) obtained from fg(Y'V). Issues

33



related to the truncation of ¥; are addressed in [39].

The important question is how to code each string to a binary string such that the
expected value of the code length is minimized. When the probability distribution
of the string is known, i.e., # is known, Shannon suggests a method of coding to
minimize the expected value of length of codes as NV tends to infinity.

Shannon coding theory

Consider a random variable y with finite (or countable) elements and string of Y~ =
[Y1,---,Yn] an IID stochastic process. Entropy of Y, with probability distribution

Po, is defined as H(9) = — 3=, po(y) logps(y)-
Theorem
i 1
Aim (- logp(y1, ¥2, - yn)) = H(B). (3.35)
In other words as IV goes to infinity only the elements of the typical set have non-zero
probability. Typical set AN (6) is the set of all (y1,---,yn)s such that

2 NHOT < py(yy, -+, yn) < 27NHO (3.36)

and Pr(AN(6)) > 1 — ¢ for sufficiently large enough N. This important theorem is a
result of the weak law of large numbers.

Prefix code: A code maps all elements of YV to a set of binary codewords with
length L{y"). If no codeword is the prefix of any other, then it is uniquely decidable.
Any code satisfying this codeword condition is referred to as a prefiz code. The code
is prefix if and only if the code length satisfies Kraft’s inequality. If we use binary
alphabet for coding each y" with code length L(y"), then Kraft’s inequality is

S ot <1 (3.37)
yN

Shannon shows that when ¥V is generated by a source with probability distribution
po(y"), and a prefix code L(y") is used for coding, then as N goes to infinity the
expected value of the length code is lower bounded by the entropy of the source

3

Eo(L(Y™)) 2 H(0), (3.38)
and the lower bound is achieved with a code satisfying

L(y™) = —log Ry(y"). (3.39)
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A random prefix code can be associated with any probability distribution QM. If
L(y") is the codeword length for y”, define the probability for y¥ as

9-L(x")
Q™) = EEZ0E (3.40)

By using the kraft’s inequality, which holds for codeword L(y%), it can be shown that

Eo(L(Y™)) > H(8) + D(pol|Q) (3.41)

where D(p;||Q) = > pa(YV) log Ig((;/;vv)) is the Kullback-Leibler distance of ps and Q.
This inequality provides a lower band for the expected value of the codelength when
the true parameter is not used for the coding.

Huffman Coding Note that for a finite length observation Huffman codes are the
optimum codes minimizing the expected value of the code length [8]. In finite obser-
vation, Huffman code assigns a shorter length code to the non-typical set elements
than Shannon coding. However, as N grows, the non-typical set becomes smaller and
smaller and the effects of this set in the expected value of the code length can be
ignored. Therefore, the expected value of the code length for Shannon and Huffman
code becomes the same in the limit.

3.3.2 The MDL Principle

Here we consider the problem of coding the string ¥ = (y1, - -, yx) when the distri-
bution generated the data is not known but y? is a string generated by a parametric
probability distribution py, and 6 belongs to a compact subset of R™. Following the
Shannon coding, Rissanen obtains a lower bound for E4(L(Y")) when the model
parameter ¢ is not known. The estimate of 8, é, defines a probability distribution
@ for yV. In the following theorem the principle of two-stage MDL is given and a
lower bound is derived for D(py||@) in (3.41). The bound is provided under particular
assumption on the rate of convergence of § to §. The MDL principle is to estimate
the obtained lower bound as a criterion to compare different model sets of different
order.

Rissanen’s First Theorem

Consider a family of parametric models with parameter § € Q™ where Q™ is a

compact subset of R™. Let central limit theorem hold for the maximum likelihood
estimator §(y™) for each 6 in the interior of Q™ so that the distribution v N B(y™)—8)
converges to a zero-mean normal distribution with covariance matrix £(8) as N grows.
Then for any prefix code with codelength L(y") and for all positive ¢

EeiL(YN) >

- LHE) + (1— 0 log N, (3.42)

N ON
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where H(f) is the entropy of the data generated by §. The inequality holds for all
but a set of fs with a Lebesgue measure which approaches zero as the length of y"N,
N, grows. The proof of this theorem first presented in [38] and some corrections was
made by Telatar in [50]. Rissanen gives a more comprehensive proof in his book [42].

In [38] Rissanen suggests an optimal code which achieves the lower bound given
in theorem, as N grows. If 85(y") is the ML estimate f(yn), truncated to [log VN |
and C1(N) is a normalized factor to make the code length satisfy the Kraft inequality,
define

1
Ly™) = —logp, (v™) + imlogN + C1(N). (3.43)

where C1(N)/N goes to zero as N grows.

To compare different model sets with different order, the integer number m is
coded by using Elias’s universal representation of integers. The number of bits for
such coding is log"m = logm + loglogm + --- 4+ ¢. The summation is over all
nonnegative loglog - - -logm and constant c is added so that the coding satisfies the
Kraft inequality®. It is then suggested to choose the set with dimension m for which
the code length is minimized

1
L(y") = min{~logp;, (y") + 5mlog N +log" m + C5(N)} (3.44)

Example of Model Selection

In finding the two-stage MDL criterion it is assumed that there is an equal probability
that any of the models being the correct model. Therefore for each string generated
by any of the models we use a fixed number of bits. In comparison of the code length
of the data, we can ignore this code length.

In stage one, given each model set Sp,, # is encoded by first discretizing the
compact parameter space of dimension m, with precision § = 1/ /N per dimension.
So in the first stage we estimate 6 using a method such as ML or Bayes procedure.
The estimate @ is then truncated to precision # |f]. Assuming that probability
distribution of € in each model set is uniform, i.e., f(0|Sn) is constant, we have

L(§) ~ % log N. (3.45)

In the second stage, the estimated distribution is used to encode YN using Shannon’s
coding method. A continuous data is discretized to some precision d4. Therefore

log P(y™) = —log f(y1, - ,yNHGAJ) — Nlogidy. (3.46)

3Example of Elias coding : code 1010010000 is used for N=16 ( log N=4, log log N=2), we start
with the first two digit, the first element is 10= binary representation of j = loglogn, this tells us
that the second j +1 = 3 elements to be read which is 100. So we should read the next j+1=4+1
digits 10000 which is 16 and after that zero means that the code is ended.
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Since N logdq is constant for all the model classes, we can ignore it in comparing the
model sets. Then

L(y™10) = —log f (31, -, ynl6). (3.47)

Combining the two steps, the two-stage MDL criterion is
~m
L{y") = ~10g f(ys, -, ynl6) + 5 log . (3.48)

Note that this criterion is the same as BIC.

Let’s assume that y¥ = (y1,---,yn) is an [ID observation from a normal distri-
bution with variance one and mean 6, N(6,1), for some § € R. We want to choose
between the models My = {N(0,1)} and M, = {N(6,1) : 8 # 0}. Note that if we
maximize the likelihoods of both models and choose the larger maximized likelihood,
M; is always chosen unless yy = y—liﬁm 1s 0, which is an event with zero probability
even when My is true!.

By using the two-stage description length criterion (3.48) for model My and M;
we have

L") = 5 Zy log (2m). (3.49)

L) = -2 -]Xk)g(mr) SlogN. (3.50)

where gy = ’—”Lﬁm and § = 7Y is the ML estimate of #. Following the MDL
principle, we choose My over M; if

|gn| < V/log(N)/N. (3.51)

In this example the MDL criterion takes the form of a likelihood ratio test and it can
be shown that the method is consistent.

3.3.3 Rissanen’s Second Theorem

The second theorem is the result of the first theorem when it is applied for ARMA
models. Here the upper bound of expected value of the code length, provided in

theorem one, gives an approximation for the rate of convergence of the output error
to zero [38]. Consider an ARMA process

Yp + Q1 Yp—-1 + -+ = boen + blen_l + 4 bqen_q (352)
where e,s are independent zero-mean Gaussian random variables with variance ¢2(9)

and 0 = (ai1,---,ap, bg, - - -,b,) ranges over a compact set {¥™. The two polynomials
have no common factors and all the roots are outside the unit circle, i.e., the system
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is assumed to be minimal phase. The prediction error is

VN(Q) = z_: Eﬂ(yn—l-l - gn—(-l)z- (353)

n=1

The second theorem in [42] provides a lower bound for V¥ (6)/N.

Theorem Consider the ARMA model in (3.52). The predictor function ¢, is a
function of past observations and @ the estimate of f converges 6 as N grows. Then
the following inequality holds.

N-1
1 . p+qg—c¢
E ; Eg(yn_H - yn+1)2 Z 0'2(9)[1 + —N— 111 N] (354)

for all fs except elements of the typical set A.(/V) defined in (3.36) which its Lebesgue
measure goes to zero as N grows.

Example Related to the Second Theorem The second theorem provides a
lower bound for rate of convergence of output error to zero. The prior assumption
is that the true system is an element of the model set. This prior assumption plays
an important role in calculation of the lower bound. When the true system is not a
member of the model sets the error in limit is a nonzero number. To elaborate this
point we give the following example of calculation of the limit of the output error.
Consider the following ARMA model

Yn + GoYn—1 = €n + Con—1 (3.55)

where e, is an AWGN with variance . Then

R,(0) = o0, Rye(l) = (co — a0)o, Rye(n)=0,n#0,1 (3.56)
14+c¢2—2

R,,(0) = a—+—1c"_?@. (3.57)
0

where for the stationary processes z, z, Ry,(7) = E(Zn2n+-). Here we consider three
different model sets and use the least square (LS) estimation in each of the sets and
calculate the prediction error(PE) as N goes to infinity.

e The first model set has order two, # = (a, ¢) and the structure of the model set
is in form of
Un + AYpn—1 = €n + cen_q (358)

for each a,c. Therefore §; = (ag, o) is an element of this model set. By using
the minimum variance estimator of the output [32]

On = EWnl¥n-1,""",Y0) = C€n_1 — QYn—1 (3.59)
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-1 -2 .
where e,_; can be found from e,,_; = Y (2) e

en—1 = (Yn—1 + ayYy_2) * ([1, ¢, c?, ]) (3.60)
(A = B denotes the convolution of signals A and B ). Therefore for § we have
U — Gn1 = (¢ — @)Yn_1 (3.61)

and
Un — Yn = —€n + (c — co)en_1 + (ap — @)yn_1. (3.62)

We minimize the output error

vi,2Y) = %Z(yn — Un)’ (3.63)

to find the estimator. As N goes to infinity the output error converges to its
mean

== ) = Bl 3. (3.64)
= o(1+ (c—c)*+ (a0 — @)2R,(0) + 2(c — ¢o)(ag — a))

and the LS estimator is ¢ = ¢y and a = q¢ with
.1 . 2
min - Z(yn — ) =0 (3.65)

So with this model set § — 6, as N grows and the result is consistent with
MDL approach.

Consider a model of form 6 = ¢, i.e., M, is one dimensional model set with
a =0 in (3.55). So the model set is in form of

Yn = €n + Cep_1. (3.66)

In this case
gn =CCp_1 = C(y’n—l + a’y'n—Z) * ([1; ¢, 027 oo ]) (367)
Un—Un = —€n+(C—Co)en_1+ QYn_1 (3.68)

E(Gn—yn)?® = o(l+ (c - o)) + agRyy(O) +02a0(c—cp)  (3.69)

Here the LS estimator, as N goes to infinity, is @ = 0,é = ¢y — ag, which can
cause a large bias.

min % Z(g}n — )’ = o(1 +ad) + R, (0) (3.70)
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e Consider # = a, i.e., M is a one dimensional model set with ¢ = 0 a model
class of form

Yn T QYp—1 = En. (371)
Then
'gn = 0Yn-1 (372)
Un—Yn = —€n—Ceen_1+ (ag— a)Yn—1 (3.73)
E(fn —yn)? = o(l+}) + (a0 — a)? Ry, (0) — 20a0(c — cg)  (3.74)
Co0 c0(1~a§)

The LS estimator as IV goes to infinity is¢ = 0,6 = a
and

(ocp)?
Ry, (0)

min % Z(gjn ~ ) =o(l+cd)+ (3.75)

This example shows the effects of under modeling in the estimation for an ARMA
process. For the last two model sets, M, and Mj; the lower bounds on the output error
in (3.70) and (3.75) are nonzero and functions of the unmodeled elements. Therefore
it proves that the lower bound suggested in Rissanen’s theorems is not applicable in
these cases.

3.3.4 Other Forms of Description Length

The two-stage MDL was the first MDL method suggested when the MDL principle
was introduced. Here we briefly review several coding schemes that was introduced
after two-stage description length. The methods provide description lengths for a
data string based on classes of probability models. All these forms of MDL share
many aspects of both frequentist and Bayesian approaches to the model selection.
See [24] for more details and simulation results on these methods.

Mixture MDL and Stochastic Information Complexity

In mixture MDL a prior probability distribution for & in each model set is considered.
The description of a data string " in a model set M is based on a distribution that is
obtained by using a mixture of the model set members with respect to a distribution
w(f) on the parameters

m(y") = /M foly" 0)w(8)a0. (3.76)

It should be emphasized that w(f) is not as a prior in the Bayesian approach but
rather as a device for creating a distribution for the data based on the model class.
The description length is

~loglm(y™)] = — log /M £ (™ 19)w(8)d0. (3.77)
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An analytical approximation to the mixture m(-) in (3.76) is obtained by Laplace’s
expansion when w(f) is smooth [41]. With this approximation, for the defined de-
scription length, we arrive at a two-stage description length which we will call the
Stochastic Information Complezity:

SIC(yN) = —logf(y™)0) + %Iog det (S) (3.78)

where 0y is the MLE and 3y is the Hessian matrix of — log f(y™|8) evaluated at Oy.
For IID observations from a regular parametric family, as N tends to infinity

%log det(Sy) = %log det(NI())(1 + o(1)) = glog N1+ 0(1)) (3.79)

where I(-) is the Fisher information matrix of a single observation. In this case SIC
is approximately the same as BIC or two-stage description length.

Predictive Description Length

In [40] Rissanen introduces another description length for strings generated by para-
metric models. Here instead of minimizing the log likelihood over the complete data
i.e. the joint distribution f(y",#), at each time ¢ we estimate 6(t) from the first ¢ — 1
elements of y”. Therefore we have

L(y™) = = log f3, (yr41ly") (3.80)

t=1

as the cost of encoding the data string ¥». The MDL model selection criterion based
on this form of description is called predictive MDL.

Consider the ARMA model, with 8 the parameter to be estimated. Then the
PMDL is

PMDL(y") = =) " log f(:[B). (3.81)

PMDL is closely related to the so-called accumulated prediction error(APE) of the
form

APE(™) = (1 — )% (3.82)

1

which was introduced by Akaike as a final prediction error (see section 3.1.2). The
computational cost of PMDL for general ARMA models is enormous since the pa-
rameter estimate must be updated for each new observation.
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Normalized MDL

Recently Rissanen developed an MDL criterion based on normalized maximum likeli-
hood coding scheme. The NML description of a data string is provided by restricting
the second stage of coding to a data region identified by the parameter estimate, i.e.,
by the typical set of strings generated by the estimated parameter.

The description length of normalized MDL, nMDL, for a linear regression model
is derived in [24] and [3]. Assume that the output of the system is generated by

k
Yi = Z Pntlipn +w (3.83)
n=1

where variance of the zero mean additive white Gaussian noise w is o2, Consider
and &2 the maximum likelihood estimates of 8 and o2,

B™) = WU Uy, 6% =|ly" - UBIF/N. (3.84)

where U is the Toeplits matrix of input u. The Gaussian density of y” corresponding
to the model set Sy, is fs,, (y";u”,8,0%). Then the normalized maximum likelihood
function is

A Fsn N0, B(y), 6%(y))
N; N,Sm _ 4 3.85
) = oG, B(2),6%(2)d 359
where
S(r,02) = (2|3 ()U'UB(2)/N < 1,6 > o2}, (3.36)

and r and o are chosen such that the Ml estimates fall within S(r,o3). Calculation
of nMDL and comparison of this description length with other forms of MDL, for the
linear regression problem, is given in [24].

3.3.5 Consistency

One important issue in model selection procedure is consistency of the method when
a finite-dimensional model has generated the data. As the sample size gets larger,
a consistent procedure chooses the correct model class with probability approaching
one. Akaike in [1] shows that with FPE, the probability of choosing a model with
higher dimension is nonzero, and hence this method is not consistent. AIC and FPE
are the same for the ARMA models, when the number of observed data is much larger
than the dimension of the true model set. Therefore AIC also is not consistent for
ARMA models.

In [48] it is proven that the two-stage MDL(and therefore the BIC), predictive
and mixture form of MDL are consistent methods for linear regression problems.
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3.4 Discussion

We reviewed three methods of model order selection AIC, BIC and MDL, with em-
phasis on the application for linear regression. All these methods assume that the
true model has a finite dimension, and there exists a model set among the chosen
model sets that is “close enough” to the true system. Not much related research is
done for the case that the true system is infinite dimensional and the bias decays
gradually but never approaches zero. For such cases Shibata [45],[46] shows that in
terms of prediction error AIC is optimal.

3.4.1 Comments on BIC

BIC in section 3.2 is in form of

S(y", Sm) = loga,, + NC, + log ) (3.87
J N,Y

However, in appendix A.2 we prove that the calculation of S(y",S,,) leads to

S(yY, Sm) = log a, + NC; — log i, + log (1 /Nify) ) (3.88)

The extra element —log p, in the criterion, which was ignored in (3.26), plays a
critical role in comparison of model sets of different order.

The extra term especially becomes important when the estimation is over all model
sets with dimension less than the true model set. Assume that the true model set
is § = (.5,.5) and our prior information is that 6 € [0,1] x [0,100]. Consider two
model sets m; = 0 x [0,100], m, = [0.1] x 0. Also assume that we assigned the
same probability for each of these models to be the correct one, i.e., @; = ay. If the
BIC defined in (3.87) is the same for the two model classes, A = A; = A,, and it
occurs at two points (0,a) in m; and (b,0) in my, then the new BIC is S(y¥, m;) =
Ay —logp = A —1og100 and S(y"¥,my) = Ay — logpu; = A, which implies that
we choose point (a,0). It means that we pick the subset which has the smaller size(
smaller Lebesgue measure). However the criterion is the same if we use the BIC in
(3.87) for both models.

3.4.2 MDL Principle and the Role of “2&M)»

The inequality which is proved in theorem one is valid for all but the non-typical set
out of D(N) whose Lebesgue measure is small and as N grows approaches zero. This
prior assumption might be wrong in cases that the some of the elements of D (V) has
a very high probability density (for example Dirac delta at some 6). This problem is
addressed in [10]. The theorem can be further strengthened to the form that not only
the volume of the non-typical set tends to zero, but even the union of these sets over
n > N goes to zero as N also tends to infinity. The proof is tied to the rate at which
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the distribution of the estimator approaches its limit. More on this issue is discussed
by Rissanen in [41].
The lower bound provided in the first theorem which introduces the MDL princi-

ple, is of form

%L(YN) - %H(()) > (1-— e)%logN, (3.89)

with probability one for 0 < ¢ < 1. One important fact about the probability of this
event is that for a fixed N the probability is an increasing function of €. If € is close
to 1 the rate of convergence of the probability as a function of N is much faster than

the rate of convergence of that of es close to zero.
Note that as we discussed in 3.1.1, AIC estimates FEpxL(Y") — & H(6) to be

Ey

m

1 1
Ey—L;(YN) - —H(f) ~ — .

N
when the estimator of 8 is unbiased. MDL is obtained by using an unbiased estimator
for 6 for which the lower bound in (3.89) is achieved for € ~ 0 and as N grows

EelL(YN) — lH(e) > " log N, (3.91)

N N 2N
with probability which approaches one as NV grows. In the following theorem we prove
that log(/V) in Rissanen’s first theorem can be replaced with a family of functions:

Theorem 3.4.2 Consider a family of parametric models with parameter 6 € 2™,
where Q™ is a compact subset of R™. Let central limit theorem hold for the maximum
likelihood estimator §(y") for each 6 in the interior of Q™ so that the distribution
VN (O(yN) — ) converges to a zero-mean normal distribution with covariance matrix
¥(6) as N grows. Then for any prefix code with codelength L(y") and for all positive
¢ the following inequality holds

EglL(YN) >

1 e log(B(NV))
N

—H(# 1 , 3.92
H()+ ( - (3.92)
where H(#) is the entropy of the data generated by §. The inequality holds for all
but a set of fs with a Lebesgue measure which approaches zero as the length of yN,
N, grows and B(N) is a function of N satisfying the following conditions

lim B(N) = oo (3.93)

RS SN 1:104) i

N T e2) NP 0 (3:94)

Proof In appendix B. ¢

An example of S(N) = N™?2 results the lower bound which is given in first
theorem. However, this 8(IV) does not provide the tightest lower bound in the limit.
For example B(IN) = (log(N))Z which is smaller than N™/? as N grows also satisfies
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the conditions.
An information theoretical approach to this theorem is given in [9]. Here Rissanen
first theorem is stated as follows.

Theorem Let {Fy}gco be any family of random processes, not necessarily IID,
possibly not even stationary, where © € R™. Suppose that for each N > N, there
exists an estimator 6y (y"), function of observed data y, with

By — o < 2, (3.95)

Then, for every e > 0, there is a constant K > 0 such that for N > N, and for every
probability density or mass function g we have

F(YY)

Eylo
SR

logN — K (3.96)

except possibly for a set of parameters f of Lebesgue measure less than e¢. The fixed
number K is a function of m and ¢(#). It is shown in the proof that

K:B+%by@ (3.97)

where B itself is a function of ¢(#) and m.

Note that in practical cases c(f) in (3.95) is a function of the variance of the
estimate and can be a chosen as a function of N. One valid example is ¢(§) = N f(N).
For the variance of estimate to be a finite number limpy_,, NJ;E,N) has to be finite. For
this example one ¢(#) dependent element of K, logc, is

5 log(c(6)) = 2 log F(V) + T log(N) (3.98)

Using (3.97) and (3.98), the element Z log(N) is eliminated from the lower bound in
the theorem in (3.96).

We conclude that the mysterious number % in the first theorem can be replaced
by a family of functions S(N) provided in theorem 3.4.2.

3.4.3 Conclusion

All the information theoretic approaches discussed in this chapter heavily rely on one
prior assumption: the true model belongs to all the comparing model sets. With such
assumption as NV grows an estimate of the rate of convergence of the estimate to the
true parameter is estimated. The results provided for all the methods is asymptotic
for large enough N.

Can the criterion provided for such model sets be used for comparison of model
sets which do not include the true model? In practical problems we do not know
which of the competing model sets has the minimum order and at the same time
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includes the true model. That is why we use the order estimation methods. In
practice the criterion which is obtained for model classes which include the true
model is used for all the competing model sets. Here we elaborate the drawbacks of
such implementation through the following example. The output of an LTI system is
generated as follows

Un = Z un—ih(i) + wp (399)

where h(i) is the taps of the finite impulse response of the system and w is the
additive white Gaussian noise which belongs to N(0,02). The goal is to estimate
the impulse response and its length M using the input and output of length N. The
competing model sets S, are the systems with impulse response of length m. No
delay is considered.

All the information theoretic methods at some point of calculation of the criterion
calculate the pdf of 4" given the estimate of the impulse response ﬁg in each subspace.
The distribution of ¢V for subspaces, when M < m, is

1 ney -g™2
20 (3.100)

(vi)"

where §j = S u,_;h(i) is the mean and §s,, is the estimate of output using the
estimate of impulse response hY. The output provided by any subspace Sy, is of form

YSm = Zun—ihsm (¢) (3.101)
=1

Note that the mean of the random variable Ysm, 7Y, can not be generated by any
element of subspace S, when M > m. Therefore, by using the pdf in (3.100) for
all the model sets, the unmodeled dynamics effects in the estimation of output is
considered as a part of the noise. Such assumption provides a larger variance for the
additive noise than o2 for model sets Sy, m < M, which is an inconsistent result.

In the following chapters our goal is to provide a new information theoretic order
estimation method which avoids this problem and does not rely on a prior assumption
that the true model is an element of any given model set. Also, from the review of
the existing methods it seem that a proper definition of distance measure for the
parametric family of probability distributions is needed. For all these purposes we
will introduce a new method of order estimation based on an information theoretic
distance measure in chapter 5.
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Chapter 4

New Quality Evaluation Method

4.1 Problem Statement

We consider a stable causal, single-input/single-output, linear time-invariant, discrete-
time system. Input and output of the system are related as follows

= Z hitin—it1 + Wn, (4.1)

=1

where h = [hy,- -7 is the impulse response of the system and w = [wy, )T is the
zero-mean additive white Gaussian noise(AWGN). Each w; has variance o2, and is
independent of the input. The input is assumed to be a quasi-stationary signal [32].

Finite length data, input [u;,---,uy], and output [y;,---,yy], is available and
u; is zero for ¢ < 0. There is no assumption on the length of the impulse response.
However, note that only the first NV elements of h, A", relate the finite N points of
the input and output.

Consider subspace Sy, of order m in space RY. An estimate of A" in this subspace
is hs,,. Our goal is to find an estimate for the estimation error

1Y — ks, I (4.2)

In the following sections we provide probabilistic bounds on this error as a function
of length of data N, the structure of S,,, and the input u. We are able to provide
probabilistic bounds on this criterion. The provided bounds converge to the criterion
as N grows. We are also able to provide the rate of convergence. The performance of
estimates in different subspaces can be compared by comparison of the error estimate.
With this criterion the best subspace is the one which minimizes the estimation error.

4.2 Impulse Response Error

Consider the space R, which is the space of the first N taps of the impulse response,
and Sy, a subspace of order m of this space. The following argument can be used
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for any subspace of RY, S,,. However, for simplicity of presentation, let Sm be a
subspace which includes the first m taps of the impulse response. Form (4.1) the
input-output relationship for the finite available data 1s

Y1 U o -+ 0 hq wy
Yo _ Ug U - 0 ho n Wa (4_3)
YN Uy UN-1 UL hn wWN
b
y¥ = [ An(N) Bn(N) ] +w? (4.4)
AL
Where yN = [yl) T "ayN]Ta hN = [h’%: A%]) hz — [hh Ty hm]Ta Arlx = [hm+1: Ty hN]Ta

An(N)is an N X m matrix, B, (N) is an N X N —m matrix and w" is the additive
white noise. The least-square method is used to find the estimate of first m taps of
the impulse response, A,

= (An(N)TAn(N) (A ()9, (4.5)
= hly A+ (An(N))" Am(N)) T (AR (N) T (Br(N)AL +w™)

(From here we drop N from w", Ap(N), Bn(N)). We define two errors: subspace
impulse response error (SIRE), ||AY — hXY||2, and impulse response error(IRE), ||A) —
M3

RN — hN112 = (BaAlN +w) Cr(BrAl, + w) (4.6)
RN — BN(12 = |[R) — BRI+ 1A (4.7)

where
Co = Am(AT A 1AL A,)PAL. (4.8)

The goal is to estimate these errors given the observed data.

Asymptotic Behavior Before we estimate bounds on IRE and SIRE, it is infor-
mative to investigate on the asymptotic behavior of the two errors as the length of
data grows. As N approaches infinity the terms which are noise dependent approach
zero asymptotically

lim 2w’ CpBnAYN =0, lim w'Chrw =0 (4.9)
N—ooo N->oo
Therefore
lim [|AY —hY|53 = (AR)T(lim By .CmBnm)AY, (4.10)
Nooo N—ooo
: PN pl2 — . IN _ N2 0|2
Jim (B = AlE = lim (BN — KX+ AR (4.11)

48



The second component of the impulse response error in (4.11) is the norm of the
unmodeled dynamics of the system. The first component, however, is a function
of both the input and unmodeled dynamics. Since the input is quasi- stationary
lim AT B, and lim A7 A, exist, therefore, BLCy,B,, has a limit. If the input is
such that

L 7
]\}l_r)xio NAmB =0 (4.12)
then BZC,,B,, vanishes as N approaches infinity and SIRE in (4.10) approaches
zero asymptotically. Such scenario happens for a subspace of quasi-stationary inputs
such as independent identically distributed (IID) inputs. We will elaborate on the
properties of such input in the following sections. If lim %AﬁBm does not approach
zero asymptotically, there is a fixed bias in SIRE as NV goes to infinity.

4.2.1 Output Error

The only available data to estimate the impulse response error is the observed input
and output of the system. Here we study the behavior of the output error and its
relationship with the IRE in different subspaces. The output error is

1 . 1
Tl =B = (Bl +w)TGrBa(AY +w) (413

where g = AmhA,Nn is the estimate of the output in subspace S,, and
Gm = — Apn(AL A, )71AT). (4.14)

In absence of the additive noise, SIRE, IRE (4.6),(4.7) and the output error are
decreasing functions of m. Assume that there exists M such that hy; # 0, h; =
0, i > M. If M < N, then all errors are none zero for m < M and zero for
m > M. If M > N, then all errors are decreasing functions of m. In this noiseless
scenario comparing the output error, which is available, is equivalent to comparing
the IRE of different subspaces and to find the model set with minimum order m*,
which minimizes the IRE, we can use the output error. If the output error is non-zero
for all m, then m* = N, otherwise, the smallest m for which output error is zero is

= M. Figure(4-1) shows the behavior of both the output and impulse response
error. Figure(4-2) shows the output and IRE behavior in presence of the additive
noise. In this scenario the output error is a decreasing function of m. However,
regardless of M, which can be less than or greater than N, the IRE is minimized at
some point 7*. The optimum order m* is less than or equal to M and might be less
than or equal to V. In the next section we elaborate the relationship between the
output error and the IRE in presence of the additive noise.
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Error Error

(M<N) (M>N)

Figure 4-1: Output and impulse response errors in absence of an additive noise: Left figure
shows the “behavior” of both output error and IRE when the length of h, M, is less than
N. Right figure shows the behavior of the output error when M > N. In this case the IRE
is also a decreasing function of m. Although here the output error is zero for m = N, the
impulse response error might still be none zero for all m.

Impulse Response Error Output Error

Figure 4-2: Impulse response error and output error for a subspace of order m

4.2.2 Impulse Response and Output Spaces

Figure(4-3) shows the output space and the impulse response space for a finite data
of length N (both are R¥). In the output space, 7 is the noiseless output, § = Y xu.

As the figure shows
hy 0
N __ m
h_[o}jt[Am]. (4.15)

Transformation of the impulse response by the two matrices A, and Bp,,in (4.4), to
an element in the output space results

J=[An Bm}([hﬂﬂ;m]) (4.16)
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Impulse Space Output Space

Figure 4-3: Left figure: h"V, the first N elements of the impulse response. Right figure: 7,
the noiseless output.

where A, forms a basis for the outputs resulted from elements of subspace S,,.
Therefore, matrix [A, By, which is a N x N full rank matrix, transforms A" to
two elements

Ym = Amhﬁi, YA = BmAm (417)

While the elements of the impulse response, Ay and A,,, are orthogonal, the orthog-
onality of the elements of the output, y,, and ya, depends on orthogonality of the
matrices A,, and B,

The observed output is the output of the system corrupted by the additive white
Gaussian noise. The least-square estimate of the impulse response, hm, is obtained
such that the distance between the output estimate, 9,, = A, h , and the output, vy,
is minimized

hY = argmin ||y — A,h|% (4.18)
h

The solution is found by projecting the output, y, on the space spanned by A,,. The
solution provides both the projection, ., and the impulse response estimate, izg
Figure(4-4) shows the estimate of the output using the least-square method. The
left figure shows one sample of the noisy output, y, and the projection, §,,. As the
figure shows, the estimate of the impulse response in each subspace is biased, i.e.,

[Ym — Y ;é 0, it and only if columns of A,, and B,, are dependent. If subspaces
spanned by A, and B,, are orthogonal then the estimate is unbiased. Later we show
that these two subspaces are asymptotically orthogonal for independent identically
distributed (IID) inputs. The thick segment in the right figure shows the impulse
response estimates for additive noise such that |w| < o, where o, is the noise
variance. Figure(4-5) shows the behavior of the IRE in presence of noise. The figure
shows the error results for the same system when the output is corrupted by two noises
with different variances, o, and oy, where 0; < 0,. We call the two cases setting 1
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Figure 4-4: Left figure: an example of the observed noisy data, y = y + w, and the
estimation result for subspace Sy,. Right figure: the thick segment in direction of y, is the
estimated output, 9y, for when the noise belongs to the set W, = {w| ||w|| < oy}

and setting 2 respectively. The left figure is the IRE results of the first setting and
the right figure is the IRE results of the second setting. The thick segments on the
subspace S,, in both cases are the impulse response estimates when the noise belongs
to Wy = {w| ||w|| < o1} for the first setting and W, = {w| ||w{| < o2} for the second
setting. It is worth mentioning that the probability of these two sets happening is the
same. The circles in both figures represent all possible impulse response estimates
in space RN with the same assumption on the additive noise. We can compare the

N-m

RA R A

=z
3

Figure 4-5: The impulse response estimates of a system in two settings. Setting 1: Additive
noise has variance o, and noise belongs to Wy = {w| ||w|| < o:1}. Setting 2: Noise has
variance o5 where o1 < o, and belongs to Wy = {w| ||w|| < o2}. Left figure shows the
impulse response for the first setting and right figure shows the impulse response for the
second setting. The thick segments are the impulse response estimates in Spm, fz%. The
circles are the impulse response estimates in Sy.

worst case error of IRE in each setting for the estimate in RY and S,,. As the figure
shows, in the first setting the worst case error of the estimate in Sy, is larger than
that of RY. However for the second setting the worst case error in RY is larger than
that in S,,.
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4.3 Bounds on the Impulse Response Error

Both SIRE v,, = ||AY — hf¥||? in (4.6) and IRE 2, = ||AY — h"||? in (4.7) are random
variables which are quadratic forms of the additive Gaussian random variable w.
If o and ug; are the ith singular value and corresponding vector of the singular
decomposition of Cy, in (4.8), then we have

U = Z(Mz‘+mz‘)2 (4.19)
o = et (AP (4.20)

where 11; = \/Omul w.

If the probability distribution of these random variables are known, and the esti-
mate of h,, in each subspace is calculated ﬁm, which subspace is representing h the
best?, i.e., which subspace estimate is eventually picked? The important random
variable to be checked is IRE, z,,. One answer to this question is to pick the subspace
for which expected value of this error is minimum,

Sm+ = argmin E(Z,,). (4.21)

On the other hand variance of this random variable also plays an important role in
this comparison. We know that the estimate &, produces one sample of the random
variable Z,. How close this sample is to the expected value? We can assign the
probabilistic region of confidence around the mean, i.e., with probability P1, the
following holds

|zm — E(Zp)| < Ji(m). (4.22)

Therefore, to compare estimates of different subspaces we suggest comparing
E(Zy) + Ji(m) (4.23)
of the different subspaces and pick the subspace for which this criterion is minimized
Sppr = arg n}riln E(Zy) + Ji(m) (4.24)

Then it can be said that with probability of confidence of P1 the worst case error is
minimized for subspace S,,«.
What if only the second order statistics of these random variables are available?
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One option is to use the Chebychev inequality L.
S+ = argmin E(Z,,) + f/varZ, (4.25)

for which the confidence region is given with probability P1 > 1 — #

Also, if m is large enough the Central Limit Theorem can be used to estimate
the distribution of these random variables with Gaussian distributions (See appendix
C.2). In this case the same criterion in (4.25) valid with probability P = Q(8). In
the following we calculate the expected value and variance of SIRE and IRE.

Expected value and variance of SIRE and IRE The expected value and the
variance of these random variables are (see appendix C.1).

E(|HEY —r¥I?) = tr(Cn)ol + (BuAN) CrnBrAL, (4.26)
E(IHY = V1) = tr(Cm)o2 + (BuAD) CnBu AL +||ALIF, (4.27)

where tr(F) is the trace of matrix F', ) . F};, and the variances are

var(||[Hy — WN|%) = var(|Hp — hnl®)
= var(w ' Cpw) + 4(BnANTC2 B,,ANG2  (4.28)

The noise related components of the expected values and variances, tr(Cy)o2 and

var(wTCpw), can be computed using the input and the AWGN second order statistics
(Appendix C.4). The goal is to estimate the unmodeled dynamics effects, in the
expected values and variance, which are quadratic forms

me = (BpANTC,BLAY (4.29)
ve = (Bulp) CrBmAn, (4.30)

and ||AN]|2. These elements are in form of

(AR DAL, (4.31)

where
me @ Dy = BLCBn, (4.32)
ve : Do= BTYC2B,, (4.33)

1For a random variable z with expected value E; and variance of o, the Chebychev inequality is
Prob(|z — Eg| > 1) < ("%)2.

Note that for t = B0,
1
Prob{|lz — E;| < fo,) > 1— 5
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HANI® © D3 = Iin—myx(N-m). (4.34)

In our problem setting the prior assumption is that ||AX||? is bounded but no prior
upper bound is available.

4.3.1 The Output Error

The output error (4.13) is a Chi-square random variable of order N — m for which

l _UN[2y _my 2
1 SN2y m,20s 402

where g, is the effect of the unmodeled dynamics

Om = %(BmA,Z)TGmBmAg. (4.37)
See appendix C.2 for the details on calculation of the expected value and the variance.

How can we use one sample of this random variable to estimate unmodeled dy-
namics effects for SIRE and IRE? We suggest to use the observed output error to
validate g, probabilistically. Bounds on this quadratic form of the unmodeled dy-
namics can then be used to provide bounds on the quadratic forms m,,v, and |[[AY][2
in (4.32), (4.33) and (4.34).

The first step is to choose probability of validation P2. Next is to find the bounds
for which X,,(gm) = £||Y — Y;¥|12 is around its mean with probability P2. For such
probability we can use the table of Chi-square random variables of order N — m and
find L1 such that

Pr(|Xm(gm) — E(Xm(gm))| < L1) = P2 (4.38)

Therefore L1 is a function of P2,0,, N, m,g,. Next step is validation of g,,s for
which the observed z., = +||y — g/} |3 lies in the region E(X,,)+ L1. Such validation
provides an upper and an lower bounds on g,,.

By using the Central Limit Theorem, the cumulative distribution function(cdf) of
the output error can be estimated with the cdf of a Gaussian random variable asymp-
totically (see appendix C.2). Therefore instead of table of Chi-square distribution we
can use the Q(-) function.

If Gaussian random variable X,,, has mean mx and variance g%, then

Pr(mx —aox < X, < mx + aox) = Q(a). (4.39)

Given the observed output error z,,, we find the feasible set of g,,s for which z,, is
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within an/varX,, distance of its mean, i.e., we calculate g,s for which
5 Im
|Zm = (gm + )] < 04 [405 77 + Vs (4.40)

m, 200
My = (1 — =)oo, VUpm=(1- N)_N_ (4.41)

where

The expected value g,,-+m,, and variance 402 22 +uvp,are resulted from (4.35) and(4.36).
If the output error is estimated with a Gaussian distribution, this feasible set is valid
with probability Q(«).

Lemma 1 The result of validation of (4.40), with z,,, = +||y — §||3, for feasible
gms provides the following upper and lower bound for g,

Lgn < gm < Ugm, (4.42)

o If z,, < my — @+/Unm, there in no valid g,.
o If my — a/Uy < Ty < My + Q/Upp,

Lgn = 0, (4.43)

20202  2a0, o202 3
w et w m— =M. 4.44
N + ~ N +z 2m ( )

Ugm = Tm— Myt

o If my + a\/vy < T,

2002 2w0, [co? 3
Law = 2o —my w _ 200w [OOy o S (445
g T My + N i N +z 2m ( )
20262 2aw0, [a?02 3
U m = m w w 2 L m -~ w 4.4
g T — My + N + i N +x 5™ (4.46)

Proof In appendix C.3 $
Note that to avoid the first case we have to choose « large enough such that

a>—N——(1—%—xm). (4.47)

T V/2(N —m) U_ﬁ,

4.3.2 Probabilistic Upper and Lower Bounds for SIRE and
IRE

We suggest a method to find bounds for the quadratic form mc, v, AN]? in
(4.32),(4.33),(4.34) by using the validation result of Lemma 1 . The unmodeled
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dynamics effect in the output error is in form
9m = (AR) DAY (4.48)

where Dy = %BZLGmBm. Therefore, given that Lgm < g, < Ugy,, bounds L
Ly, Uy,, L, and Up,, are calculated

Me> Umc7

me S mc S UmC) LUC S UC S UUC)
Lma < ||AY||2 < Uma. (4.49)

"This step is a deterministic procedure which solves a constrained quadratic optimiza-
tion problem.

Theorem 4.3.2 Given the bounds on ¢, = %(BmAﬁ)TGmBmAg, Lym < gm <
Ugm, for the two random variables SIRE, vy,, and IRE, z,,, with probability larger
than 1 — ﬁ_12 the following hold

max{0, Lm. + tr(Cp)o2 — BJn} <
max{0, Lm, + Lma + tr(Cp,)02 — BJn} <
Zp <Um, +

Vi <Um + tr(Cp)o? + B, (4.50)

Uma + tr(Cp)o2 + Bm, (4.51)

where J,, = 1/Uv, + var(wTCpw).

Proof By using the Chebychev inequality for random variables V,, or Z,, and
bounds on (4.49), the proof is done. ¢

Asymptotic Behavior of the Error Estimates and Conditions on « and S
In appendix C.2 we show that the noise related part of the output error, v,, =
ww'Gnw in (4.13), is such that

m, V2(o?)

/U, = afl N) N
Therefore, by choosing « as a function of N, ay, such that lim%‘i\, = 0, the upper
and lower bounds of g,,, in Lemma 1, approach each other as N grows. To have
the validation probability approaching one as N grows, we choose ay such that
limy_,0 an = 00, therefore Q(an) — 1. For example one candidate for ay is log(N).
While as N grows, with proper choice of ay, the lower and upper bounds of Im
(4.37) in lemma 1 approach each other, the upper and lower bounds of unmodeled
dynamics related terms of SIRE and IRE in (4.49) might not approach each other as
N grows. Note that since the input is quasi-stationary limits of these bounds exist
and are finite. The asymptotic behavior of these bounds depends on the structure
of the input. If the input is independent identically distributed random variable, the
upper and lower bounds of the unmodeled part of SIRE and IRE also converge to

each other as NV grows.
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In Theorem 4.3.2 to have the probabilistic bounds with probability which goes
to one as N grows, we pick 8 as a function of N such that limy_ bOn = oo.
To have finite values for the upper and lower bounds of V,, and Z,, the term
B+/Uv, + var(wTCpw) in (4.50) and (4.51) has to be finite for all .

Corollary 1 For the variance of w? Cyw we have

k

Uv, + var(w? Cow) < N (4.52)

for some finite number k.

proof In appendix C.4.2. &
Therefore, as long as the rate of growth of By is such that th_>oo \/— = 0,

the upper and lower bounds in (4.50) are only functions of the bounds of the mean
m. and unmodeled dynamics norm ||AZY||? in (4.49). Hence, to have tight bounds
on the errors with validation and region confidence probabilities which goes to one
asymptotically, the necessary conditions for o and 3 are :

_ N __ (1 _m _Z5m
°a2,/2(zv—m)(1 N cf?u)’

[43
e limy_ o iy = 0O, hm\/‘ﬁ’: ,

o limyoo By = 00, limy o0 24 =0,

The first condition is from Lemina one.

4.4 Independent Identically Distributed Input

Consider a subset of quasi-stationary inputs, sequence of independent identically dis-
tributed(IID) random variables with unit variance and zero mean. An example of
such input is a Bernoulli sequence of 1 which is commonly used in communications.

Theorem 4.4 If the input of the system is IID, the expected value and variance
of SIRE and IRE in (4.26), (4.27) and (4.28) are

BIBY - Y = o+ ok + 0(5), (4.5
QIS —h¥(P) = o2+ Tgl + AN +0(3), (4.54)
var(2 ~ W1 = var(( Y — BEIP) (4.59)
< o2 () +Ol) (4.56)



where g7 is

1
N = —E||Bnlnl?
Im ~ 2 1
N-—-m N-m+1 1
= Thfn+1+—N'—h3n+2+“'+Nh?\f
N .
N-—-1+1
= Z — |1hs] 2. (4.57)
i=m+1

proof See appendix D.2. {

4.4.1 Estimation of g7

Theorem 4.4 shows that in oder to provide probabilistic bounds on IRE and SIRE
we need to find estimates of g/Y and ||A%|2. For the unmodeled related parts from
(4.29), (4.30), we have

m m

Me = Ngga Ve < ﬁ(gv']x)Z (458)

Following the proposed method in the previous section we first use the observed
output error to find bounds on g, in (4.37). The goal is to use this estimate to find

bounds on ¢ in (4.57) and ||AY][2.

Lemma 2 If the input of the system is IID, g, in (4.37) is also a random variable
with the following expected value and variance

E(gm) = E%(BmA,’z)TGmBmAﬁ
m 1
= (1-=2)gy = .
Ny2
1
vargm < kn (g]"\’,) +0(5); (4.60)
where
km=1+m (4.61)

and [ is an upper bound for %IEE ([|7|| #re is the Ho norm of system with impulse
response ). "

proof In appendix D.1. {

By using Lemma one, we obtain upper and lower bound for random variable g,,
with validation probability (). Next we find the feasible set of g¥s for which

Ly < gm < U, and g, is within 7=/ var(gn) distance of its mean

E(gn) \/%\/var(gm) < gm < E(gm) + %\/var(gm), (4.62)
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N_yIm < Ny dm (4.63)

Therefore,
Lg,, Ugm
- <gh < Im_. (4.64)
TR =75

This provides upper and lower bounds on g¥ with validation probability greater than
Q(v/kn). Note that practically &y, in (4.61) is not available. We can choose 7y as a
function of IV such that

. . Y
]\}I_Igo’y — 00, A}l_r)%o i — 0. (4.65)

This conditions guarantees the convergence of the upper and lower bound of g¥ to
each other and at the same time the probability Q(-y/k.,) approaches one as N grows.
Note that since k,, is an unknown but bounded number, we know that v/vk,, grows
as N grows. The rate of growth however is unknown.

4.4.2 Bounds on ||AY]]?

For the expected value of IRE, bounds on |{AY|[? is needed. The estimate of g in
(4.57) provides a lower bound since

gm < AR (4.66)

An upper bound for ||A¥]|[? can not be provided by using g}, however, for
ngﬂ ||hi]|?, when M < N, we have

Y Y O N-i+1 N & N-i
P L =T e w3
< —1—Mgf,f : (4.67)
N

We can choose M, as a function of N, such that

131_1)%0 M(N) = oo, ]égnoo%](vN—) =0 (4.68)
and therefore
M

g 35 P AP (469)

As a result, for large N, g, can be a tight estimate of [|AY][.
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Corollary 2 For IRE and SIRE, with validation probability of Q(c) and boundary
probabilities greater than Q(v/k,,), with probability greater than 1—1/52 the bounds
in Theorem 4.3.2 are

|1 — BV} <

1 — B3

v

(4.73)

2

m m, Lgn  Bv/m Ugm
max < 0,—0°+ (1+ =) — 2(02)2+m ( )
N N1+ \_}Lﬁ N 1-— \/—%

where Lg, and Ug,, are lower and upper bounds on the unmodeled part of the output
error obtained in lemma 1.

proof The proof follows from Theorem 4.3.2 and Theorem 4.4. ¢

Note that when m, the order of subspace S, is large enough both IRE and SIRE
can be estimated by Gaussian random variables using the Central Limit Theorem. In
this case the probability of 1 — % is replaced by Q(J).

Rate of Convergence If we choose «, 8 and « as functions of N such that
limay = oo, limfy = oo, limyy = oo, (4.74)

the probabilities Q(a), Q(8) (or 1 — l%) and Q(v/k.) go to one as N grows. Also if
we have

lim 2% =0, lim2Y =0, Jim Y
VN

VN N

then Ugy, and Lg,, approach each other as N grows. With these conditions on a,
B and < inequalities (4.70),(4.71),(4.72),(4.73), give tight estimates for the rate of

=0, (4.75)
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convergence of the errors to their limits. In the limit Ug,, and Lg,, both converge to
max {0, L||y — 9|3 — o }. For SIRE and IRE in the limit we have

lim [|hY —h}Il5 = 0, (4.76)
N—=oo

. 1
lim (B — BV = max{o,—ny—@g’ué—oi}- (4.77)
Nooo N

4.5 Orthonormal Basis

In previous sections we examined estimation of an impulse response of a LTI system
in time domain. Here we generalize the same approach to estimation of the system
impulse response using basis functions. The problem of system identification imple-
menting orthonormal basis is a subject that attracted number of researchers [25, 57].
The main advantage of the following approach, unlike the existing methods, is that
it separates the unmodeled dynamics effects and noise effects in the identification
process.
Consider basis functions s;s for representation of the impulse response of length
N. The orthonormal basis functions s; are such that
llss]2=1, sis;=0 i#] (4.78)

The impulse response of a stable LTI system, T', is represented as follows
T = h(i)s:. (4.79)
1

where h is the vector of coefficients of T' in the basis. Finite, N, points of input and
output, (yV,u") of the system is available. The noisy output is in form of

y=Txu+w, (4.80)

where w is a zero mean additive white Gaussian noise. Note that only the first N
taps of T relate N taps of the input to N taps of the output. Therefore, we can at
most estimate the first N taps of T, T{¥ € R", using the finite data. We assume that

the bases s;s are such that if we choose m of those basis i.e. [s1,-- -, S|, the first N
elements of each s;, 1 < i < m form a orthogonal basis and matrix [(s1)Y, -, (sm)}]
has full rank m. To span the space RY, the rest of the bases are [Spm41,- -, 5n], such
that the bases of this subspace are orthogonal to the elements of [(s1)Y, -, (sm)}].
Also
hm gi = §;- (481)
N—oo
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For the first NV elements of T, TV, we have

M N
TV =3 hN@) ()Y + Y RN @ EY (4.82)
1 m+1
and the assumption is that
R N
A}l_rgoTl = T (4.83)
lim BY = h. (4.84)
N-ooo

Therefore the input-output relationship of the system is as follows

0 up 0 0
Yo U  Up 0
= : x
YN Uy UN-1 U1
hN(l) w
hN(2) Wy
[(s)Y - (sm)Y Gmr)? -+ (5w)7] :
hN(N) Wy
hN
= [ Ax(N) Ba(N) ] +wf, (4.85)
An

Uy 0 0 s1(1)  s2(1) $m(1)
A= | e @) @
uN uN;l - ﬁl sl(N) sz(N) sm(-N)
vy 0 - 0 Smi1(1)  Smi2(l) - Ewn(1)
Bavy= [ " ] Sea®) Snal) @)
uN uN;1 . 11:1 §m+i(N) §m+2{N) . §N('N)

To estimate 7V in the subspace with order m, i.e., the subspace represented by
(s1)7, -+, (sm)Y, use the conventional least-square method. We are interested in
choosing the subspace which best represent the true system. The approach is identical
to what is presented in Chapter 3. Here A,, and B,, in (4.4) are replaced by A,, and
B, in (4.86,4.87) and the rest of the procedure is the same.
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4.6 Time Series Analysis

Let y1,- - -, yn be the finite sample of length N from a stationary process y, satislying
the recursion

Po q0
Un+ D Qi = O[wn + Y by (4.88)
=1 i=1

where w; is white noise with zero mean and unit variance. This is an ARMA (py, o)
process and the model is assumed to be stable and minimum phase.

The identification problem is as follows. Given an observed data yN find the
estimates of po, go, 0, a; and b;. Here we state a similar problem. Since the model is
minimum phase we can rewrite (4.88) in form of

N
Yo = Y hityn—i = wn, (4.89)
i=1
or
E y2 y1 - O h w
=0T T T (4.90)
YN YN YnN-1 Y1 hn wWN

Then we suggest using the proposed estimation method in this chapter to find estimate
of h;s. This part is called the denoising step of the estimation. The estimate of & is
h sz for the subspace which IRE is minimized. To find an estimate of the parameters,
Do, o, O, a; and b;, we suggest minimizing the distance between this estimate of the
impulse response and elements of family of ARMA models in (4.88). This part of the
procedure is the curve fitting step.

Note that another interesting solution to this problem is given in [37]. It will be
interesting to compare the complexity of the algorithms solving the problem in these
two methods.

4.7 Additive Colored Noise

Consider the problem of identification of a stable LTI system when the additive noise
is colored,

y=Hxu+Gxe (4.91)

where G is a minimum phase filter representing the auto-correlation of the noise,
w = G * e, e is white noise with zero mean and unit variance. With the prior
assumption that G or its estimate is available we can generalize the new identification
and quality evaluation method. In practical problems the estimate of G is available
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by experimenting the output of the system with no exogenous input. Note that, in
this case, one method of identification of G is the identification method we described
for the time series analysis in section 4.6.

If the estimate of G is available we suggest first to pass the output through G~!.
Therefore

§:G_1*y=T*(G_1*u)+e (4.92)

Now we can use the proposed method for finding bounds on the impulse error treating
g as the output and G~! x u as the input.

4.7.1 Input Design

We can design the input such that the filtered input, by the noise related filter G2,
is IID. In this case we are able to use the asymptotic result of the IID case. For this
purpose the input can be designed in form of

u=G=*v (4.93)
where v is IID itself. Therefore the output of the system is

g = G lay=Tx+ (G +Gxv)+e (4.94)
= Hxv+te (4.95)

and the identification method in section 4.4 is applicable for identification and quality
evaluation of the system impulse response.

4.8 Zero-Pole Representation

One other application of the proposed method is for identification and order estima-
tion of ARMAX model with the following structure

Do qdo
UYn + Z AiYn—i = Z bi'U'n—z' + wy, (496)
=1 =0

where the additive noise w is zero mean with variance 2. Here estimation of p, and
go, which represent the number of zero and poles of the system, is as important as
identification of a; and b;. The problem can be considered in form of

o= ) [ § ]+ (4.97)

where ¥ and ul are the Toeplits matrices generated by terms > aiYn-i and
> 3o biu,_;. Note that with this observation the sum of maximum length of a; and
b; can not exceed N.
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4.9 Algorithm for Choosing the Best Finite Num-
ber of Parameters

Assume that the length of impulse response, including a possible delay, is less than
M where M << N. Using the proposed method we find the optimum length of the
impulse response, which might be much less than M, and the delay associated with it.
First compare all the estimates of the impulse responses of length one. This will need
a search of order M. Next we search among subspaces of order two which include
this element and choose the subspace which minimizes the impulse response error.
This search is of order M — 1. By continuing this method, the maximum number of

searchs is of order M + (M — 1) +---+ 1= ——M”ﬁ'”-

4.10 Comparison of the Quality Evaluation Meth-
ods

In this chapter our main goal was to find an estimate of the IRE which is the distance
between the estimate in the subspace and the true impulse response. Here we compare
the proposed quality evaluation method with the methods reviewed in Chapter 2.
Note that all the methods in chapter 2, except one, concentrate on finding an estimate
of the “subspace” IRE. The one method which focuses on the IRE, with probabilistic
assumption on the unmodeled dynamics, fails to separate the effect of unmodeled
dynamics and subspace impulse response estimate. The problems with the prior
assumption on the unmodeled dynamics of that method reviewed in section 2.3.

In MUDP method, section 2.2.2, an upper bound for the expected value of SIRE
is provided. The prior assumption is that there exists an upper bound on norm of
[|AN|2, ie., ||AN]|? < 4. With such assumption, for all the subspaces of different
order m, m, defined in (4.29) is upper bounded as follows

Me < YOmaz(D1) (4.98)

where Opaz(D1) is the maximum singular value of matrix D; defined in (4.32). As
a result the provided upper bound of the expected value of SIRE is a decreasing
function of m and does not provide a tool for comparison of the subspace estimated,
i.e., the provided upper bound is minimized for the subspaces of order onel. In this
chapter we proposed a method to use the output error and provide bounds on m.
and ||A,||? for each subspace separately.

4.10.1 Set-membership Identifications

In review of set membership identification, in section 2.3, we concluded that none
of the methods are able to provide “robust convergence” because of the conservative
definition of noise.

The proposed method in this chapter is an H, identification method. Here we
define the noise in a deterministic setting such that it satisfies more properties of a
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practical additive noise. The method is proved to be robustly convergent for the IID
inputs.

Deterministic Noise

In conventional set membership identification methods the additive noise belongs to
a bounded norm set. However, in general more can be said about the additive noise
by restricting the set with additional constraints on the correlation of the noise with
the input or with itself. Paganini introduces such set descriptions in [35].

Here to bridge the gap between set description and stochastic additive noise, and
inspired by the what Paganini suggests in [35], we check the richness of a set with the
probability that a stochastic noise is a member of set. Lets assume that the additive
noise in (4.1) belongs to the following set, W,

W = {v| gzvj\‘;’m < —\/R”(O VEI0), |RY( T)|<—Rv )/ R (0)4.99)
T £0, [R)0) - <)Z‘“y<a—m W R (0) - (RY(0))2}

where ¢ is a bounded power sequence and

N
1
RY (1) = szivmai (4.100)
=1
1 N
RY(1) = NZU,-UHT. (4.101)
=1

The method presented in this section provides the worst-case IRE in each subspace
Sm

sup |[BY — A¥|[2, inf ||AN — RN]2. (4.102)
wEW weWw

As N grows, an additive white Gaussian noise is a member of W with probability
[Q()]V*? and o can be chosen as a function of N such that ay goes to infinity
as IV grows 2. Therefore the set W is rich enough since AWGN is a member of it
asymptotically.

ZEach of the N + 2 conditions of the set W are satisfied by AWGN with probability of Q(a)
and since each of the conditions are asymptotically Gaussian and uncorrelated, therefore they are
also independent, so the probability of all the events is the product of the probablhty of each event

[Q(a]V+?
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4.11 Simulation Results

Figure (4-6) shows the impulse response used in the simulation, h{n) = .3(.5)""! +
3(n—1)(.8)""1. The input is an IID Bernoulli sequence of =1 and the noise is additive,
white and Gaussian. Figures (4-7), (4-8) show SIRE and IRE errors. The bounds on
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Figure 4-6: The impulse response of the system.

the error are calculated based on the upper and lower bounds given in (4.70),(4.71),
(4.72), (4.73). The solid line in both figures is the estimate of expected value of the
ErTors

E(|[RY — h)I1?) % tr(Cm)o?, + %(max{o% y—gmll— (- )od}) (4.103)
E(||AY - BY)|P) = tr(Cm)o? + max{0, (1 + %)(%ny —gnll3— (1 - T)o2).104)

Figure (4-9) shows the simulation results for inputs with different length and fixed
noise variance, o, = .02. Figures (4-10) and (4-11) show the SIRE and IRE respec-
tively for when N = 400, and for two different noise variances, o, = .2, o, = .02.
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Figure 4-7: ’*: Subspace impulse response error, ||hY — hN|2, for o, = .2 and
N=400. ’~’: Bounds calculated for o* = v* = = log(N), -.”:Bounds calculated for
a? =~ = = 2. Solid line: Estimate of erpected value of SIRE, E||AY — hN||2, in
(4.103).

Figure 4-8: ’*: Impulse response error, || — hN||2, for o, = .2 and N=/00.
~’: Bounds calculated for o®> = +* = B = log(N). *-.”: Bounds calculated for
o® =4* = f = 2. Solid line: Estimate of ezpected value of IRE, in E||hY — hV|[2
(4-104).
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Figure 4-9: °*’ line: Impulse response error, R — h|2, for o, = .02 and
N=200,400,1000. Solid line: E||h7 — hl[2 .

Figure 4-10: '*’ line: Subspace impulse response error, [[A = b2, for o = .02 and
0w = .2 N=400. Solid line: E||hT — hpy||3.
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Figure 4-11: ’*’ line: Impulse response error, | — B2, for 0, = .02 and oy = .2
=400. Solid line: E|IhT — hll3 .
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Chapter 5

New Information Theoretic
Approach to the Order Estimation
Problem

In Chapter 3 we reviewed the well-known methods of order estimation. Here we
present a new information theoretic approach to the order estimation problem. We
compare the proposed method with the existing information theoretic approaches.
The advantages of implementation of the new approach are illustrated in this chapter.

5.1 Minimum Description Complexity

An observed data y”, of length N, is a sample of independent identically distributed
random variable Y~. The random variable YV is generated by a parametric proba-
bility distribution pg(Y™) where € is an element of a compact set ©. Shannon shows
that for any prefix code we have

Eo(L(Y™)) — Hy(YN) >0 (5.1)

where L(Y'"N) is the corresponding codelength defined by the prefix code. Note that
given any probability distribution ¢(Y"), for which g(y") # 0, for all elements of Y
the code with codelength

Ly(YY) = —logq(¥'™). (5.2)

is prefix. Rissanen finds a nonzero lower bound for the distance Eg(L(Y™))—Hy(Y'"))
when 6 is unknown: Assume that g(Y") is defined with a parametric probability de-
fined by a member of closed subset of © with dimension m, Sp,. Also assume that there
exists an estimator dg,_ (y™) for 8 in S,, such that the distribution of VN (8s,, (™) —6)
converges to a zero-mean normal distribution (Note that this assumption is equivalent
to the prior assumption that @ is a member of S,). Then Rissanen shows that for
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6 = 0s,, a member of S,
Epy (L(Y™)) — Hgg (YY) > m(1 —¢€)log N, (5.3)

The inequality is valid with a probability which is a function of € and with a proper
choice of € the probability approaches one as N grows. In Theorem 3.4.2 we proved
that log(/V) in this inequality can be replaced with a family of functions of N.

In order estimation problem, as it is shown in figure 5-1, first ésm, the estimate
of 8 in each subset S,,, is calculated. The estimate in all the information theoretic
methods is obtained by choosing an element of S, which minimizes the codelength
corresponding to the observed data (ML estimate)

fs,, = arg r{;nin L, (y™). (5.4)
Sm
Then the goal is to compare these estimates, of different subspaces, based on a proper
criterion and choose the one which minimizes the criterion as the optimum estimate
with optimum order. The main drawback of all the existing order estimation methods

Figure 5-1: Order estimation problem.

is the prior assumption that 8 is a member of S,,.
In the following we introduce a new method of order estimation. Define §g  in
set S, as

fs,, = arg min E(Lg; (YV)) — He(Y™). (5.5)

95m esm

Therefore, the probability distribution generated by 6s, minimizes the Kullback-
Leibler distance of the true distribution and pg; . We suggest to use this distance as
a criterion to compare the competing subspaces.

The entropy Hg(Y'") is a fixed number for all the subsets, therefore, for compar-
ison of the model sets we suggest to estimate the description complexity(DC) of the
random variable YV when 5 _ is used.
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Figure 5-2: Order estimation and the notion of information distance.

Definition 5.1 The description complexity of Y imposed by any element of S, is
defined by

DO(,05,.) 2 5 Fo(Las, (V")) (5.6)

The description complexity of the data imposed by subset Sy, is then defined as

DC(,S,) = , min DC(0,0s,,) (5.7)
Sm m
= DC(6,0s,) (5.8)

Definition 5.2 The minimum description complexity(MDC) of random variable
YV is attained at

Sy, = argmin DC(8,8s,,). (5.9)
When the true parameter is not known and the only available data is an observed data,

calculation of this criterion is complicated and might be impossible. The following
theorem provides a tool to estimate fs,, in this scenario.

Theorem 5.1.1 Asymptotically as the length of data grows,
ésm (yN) — ggm (510)

where fg_(yN) is the ML estimate of 6 in subspace Sp, (in 5.4).
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Proof For the elements of the typical set of # we have!

N
1 N 1
—~ logpe(y”) = —N;bgm(%)
— —Eglogpe(Y™) (5.11)
_ 1 N
= ~H(™) (5.12)

with probability which approaches one as N grows. Similarly for the elements of the
typical set, with probability which approaches one as IV grows

N
1 1
wlos, ") = N;Iogpesm(yi) (5.13)
— —Eglogpy,, (YY) (5.14)
1
= 3 F6(Los, (YT)). (5.15)

Therefore, with probability approaching one as N grows

.1 .1
min % Log, (1) = min < B(Lag, (V™) (5.16)

which proves the theorem. §
Therefore, the estimate of DC of Y is the DC of YV using the observed data
which is defined as

DCs,(y™) £ DC(9,s,,) (5.17)

Here we provide a method of calculation of this criterion for the following order
estimation problem.

Consider the problem formulated in chapter 4. Finite length, N, output of an LTI
system, corrupted by AWGN, is available. Subspace S,, of R" represents one of the
spaces of impulse responses of length m

y = §rwy=hxutw (5.18)
= hg,xu+Ag, *u+w
= ASthm +BgmAm+’w

1Typical set A.(8, N) is defined as
Ae(G,N) — {yNIQ—IogHg(YN)—Ne Sp(yN) < 2—1ogHg(Y”)+NE}_
The probability of this set when N is sufficiently large is

Pr(4.(0,N)) =1 —ce.
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where Ag_ and Bg,, are functions of input ». In each subspace S, fLSm is the estimate
of h. Use the Shannon coding to describe a codelength for elements of Y¥ using the
estimate of h

b
f(-f; ilsm)

N le—gs,11%

- 10g(\/27r012u) e . (5.19)

The estimate of the impulse response in each subspace is the element of S, which
minimizes the codelength of the observed data y~. Therefore the estimate of impulse
response is the least-square solution

Ly, (z) = log

hs, =arg min ly" = ys, (g5, (5.20)

Sm m
where yg_(gs,,) = u * gs,,. The description complexity of random variable YV in

(5.17), which is generated by h, using distribution p;, (YN) is

DC(h,hs,) = %Eh(L;lsm (¥) (5.21)

= log+/2moy + ToNoI oge

where §g_ = u * ilgm. This leads to the calculation and comparison of

1 A 1 )
NEh(HYN—ysmHZ) = NEh(IIAsmhsm+BsmAm+w—AsmhsmH2) (5.22)
= i||A (hs, — hs,) + Bs, A ||2+i
— N Sm Sm Sm Sm&em N

for different subspaces. Therefore we conclude with the following theorem

Theorem 5.1.2 For the LTI model in (5.18), consider the compact set © which
is the space of possible first N taps of the impulse response and S;,’s which are the
closed subspaces of order m of ©. The MDC, defined in (5.17), is attained for

* 1 7
Sp(y) = argmin {1 As, (hs, = hs, (y")) + Bsn Sl (5.23)
where hg _ is the least-square estimate of 4 in (5.20). Bounds on ||+ A4s,, (hs,, —hg,)II?
can be calculated similar to bounds on SIRE, ||hs,, — hs,,||? which is provided in

section 4.3. Also estimation of ||Bs,,A.,||%, using the output error, is provided in
section 4.3.1.
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Definition 5.3 If the input u of the LTI system in (5.18) is stochastic, the descrip-
tion complexity of Y imposed by elements of S,, is defined as

DCy(h, hs,) £ EyDC(h,hs, ) (5.24)
1
= BvEn(L;, (Y") (5.25)

For IID inputs, the properties of Ag_ and Bg , are studied in section 4.4. In this case
we have

1 1

ﬁEh(HYN —gsal®) = %ll/lsm(hsm — hs,)|PQ+ Ol(ﬁ)) +  (5.26)
1 2 1 o2
NHBSmAmH (1+ Oz(ﬁ)) + N

and the expected value with respect to the input, ignoring O(:) terms, is
T
N
% 27
+ - 5.
)+ 28 (527)

1

BB ~ G5, I7) = [hsn — sl + Bl Bs, Al +

= |lh~ s, P+ O(5)

Which is calculated in chapter 4.

Theorem 5.1.3 For the LTI system in (5.18) with IID input of zero mean and unit
variance the MDC, defined in (5.17), is attained for

.1
Si(y) = arg min -]\—[EUEh(LéSm (Y)) (5.28)
= argmin||h — hg, |I?(1 + O(i)) + %y (5.29)
Sm o NN ‘

Therefore as we show in chapter 4 the rate of convergence of the distance error in
(5.17) is not just a function of m and N but also a function of unmodeled dynamics
which can be validated by the use of output error.

The proposed method in this section calculates the description complexity of Y
for the family of Gaussian distributions and when the estimate of impulse response
is provided by the least square method. However, the method can be generalized for
calculation of the description complexity of YV even if the additive noise w is not
Gaussian.

5.1.1 New Minimum Description Length

“One should not increase, beyond what is
necessary, the number of entities required to
explain anything”
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Occam’s razor is a logical principle attributed to the medieval philosopher William
of Occam. Applying the principal to the statement above, the main message is

“The simplest explanation is the best”

The principle states that one should not make more assumptions than the minimum
needed. A computer scientific approach to this principle is manifested in Kolmogorov
complexity. Let y be a finite binary string and let I/ be a universal computer. Let
I(y) denote the length of the string y. Let U(pg) denote the output of the computer
U when presented with program pg. Then the Kolmogorov complexity Ky(y) of a
string y with respect to a universal computer U/ is defined as

Ky(y)= min I(pg) (5.30)
pg : U(pg)=y

The complexity of string y is called the minimum description length of y. For any
other computer A we have

Ku(y) < Kaly) +ca (5.31)

where ¢4 does not depend on y. This inequality is known as universality of Kol-
mogorov complexity. The minimum description complexity method we described
previously deals with averaging the description length of a set ¥. Kolmogorov com-
plexity is a modern notion of randomness dealing with the quantity of information in
individual objects; that is “pointwise” randomness rather than average randomness
produced by a random source.

Consider the order estimation problem for the LTI system which we discussed
before. The output of the system is given in (5.18). Inspired by the Kolmogorov
complexity and notion of minimal description length of string y, we want to search
for the subspace which provides the minimum description length of the “data”. In
each subspace S, the description length of y is described as the minimum codelength
which can describe y by an element of S,,. For the codelength in this probabilistic
setting the Shannon coding method is used, therefore

DLg, (y) = Inin —log f(y; 9) (5.32)
= —log f(y; hs,.) (5.33)

Note that in this scenario the probability distribution defined by each g, is a Gaus-
sian distribution with output of form

Ys,, = g * u-+w. (5.34)

where the mean of the random variable is g x u, g € S,,, and variance of the additive
noise is 02. Therefore the least square estimate of A in each subspace provides the
DL of the output in that subspace

N 5 2
DLs,, (y) = log (\/%OJ‘;) + lly = Fsa loge. (5.35)
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But comparison of this description length for different subspaces always leads to the
choice of S, with largest possible order, Sy for which the output error is zero!.

To avoid this problem, in two-stage MDL, Rissanen introduces the codelength
which describes elements of S,, as well. Here the assumption is that the length of the
code describing any element of subspace S, is the same and is of order

% log(N) (5.36)

Therefore the total codelength describing y in subspace S, is the codelength describ-
ing hsm in (5.36) plus the description length of the output given this estimate from
(5.35)

m 1
7 = — 1 - . -
Dthm (y) 5 log(N) + log Fo (y; hsm) (5 37)

Choosing the description length of elements of S,,, fs_, by codes of length % log(NV)
seems to be an ad-hoc method. Partitioning the subspace S,, can be done with
any other descritization per dimension factor other than log(N). For this reason we
believe that the codelength for all elements of Sy and its subspaces is the same.

Another method of achieving this description length is given in [38]. It is argued
that the codelength in (5.37) is optimum since it can achieve the lower bound in the
inequality given in (5.3). However, as we discussed before, log(N) in this inequality
can be replaced by a family of functions of N. This implies that log(/N) in describing
the description length can be replaced by that family of functions of N.

The comparison of the codelength in (5.35) fails because of the following argument:
Minimizing the description length in (5.32) is the same as

arg min — log f(y; g) = arg max f(y; g) (5.38)
9ESm gESm

which provides the ML estimate of & in each subspace. As we discussed in previous
sections the ML estimation always points to a member of Sy, which has the highest
possible, as a perfect candidate. For example in the Gaussian case minimizing the
codelengths is equivalent to minimizing the output error ||y — s, || which happens for
a member of Sy for when the error is zero. Therefore comparison of the codelength
describing y itself in each subspace is not a proper tool for comparison of the estimates.
Here y is not the string of “data”, y is the data which is corrupted by an additive
noise. Therefore we believe that the codelength of the “noiseless output” in each of
these subspaces is the proper criterion.

To follow the Kolmogorov complexity is to compare the codelength which describes
the noiseless output 7 in each subspace. Therefore the new description length is

Definition 5.4 The description length of “data” in subspace S,, is defined as

DLi, (y) = —log f(5;hs,) (5.39)
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1 sy I

= —log———e o . (5.40)

(verz)”

Comparison of such description length for different subspaces leads to comparison of
the reconstruction error

1 . _ N
NHysm —gl? = ||As,hs, — (As,hs, + Bs.As,)| (5.41)

In chapter 4 the goal is to find the probabilistic bounds on the impulse response error
||hs,. — hN||2, by using one sample of the output error +||7s,, — y|[*>. We suggest to
use the same approach for estimation of the new description length.

For IID inputs, the properties of Ag, and Bg,, are studied in section 4.4. For such
inputs

1. . _ -
Sllgs, — 317 = (1+0W)lhs, — AV (542)
Therefore the impulse response error can be used in describing the code length of 7.

Note that comparison of the DC in (5.21) and the new DL in (5.40) in this scenario
are the same.

5.2 Comparison of the Order Estimation Methods

In this section we compare the order estimation methods for when the input is IID.
AIC, BIC and two-stage MDL for each model set S, are given by

1 1 Mg, =l m
AlCs,(y) = —log( Voo #E )+ (5.43)
1 1 1 1 s —vi® log N
—BI = DL = ——log(———¢ %% (5.
7 BICs, (y) = 37DLs.. () I og(w%%)]ve )+ m—y o (5:44)

Using the new information theoretic approach, section 5.1, the description complexity
of Y is

95, — 9112

1 1 s 3
DCs, (y) = —— log( e ¥ ). (5.45)

We also showed that comparison of this description complexity for IID inputs is
similar to comparison of

[1h = Blls = [ — fll3 + 1A%, (5.46)
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for different subspaces. In chapter 4 we provided bounds on this error using the
output error. We showed that with validation probabilities Q(c), and Q(y/kn,)? and
with probability Q(8) 3

2
1B — M3 < %ﬁﬂw’ﬁ)fgm +ﬂ]\/f 203,+m( U ) (5.47)
_\/ﬁ

2
i La. i
b= BB > maxq0,Tod + (14 )0 _Bﬁ 20é+m(1U97 ))
+ 8 - VN
where
20” 20/ v 3
Ugn = @m+ (S = Dma + — \/am Zm— M. (549)

and z, = w|ly — s, and m,, = (1 - %)crfu. The conditions on & and 8 and « are

given as follows
N Tm
> 4/ =(1-— 5.49
ay 2 2 ( (1 _ %)0_3)): ( )

WERL OV =00 P =00, Jim v = oo, (5.50)
N _ By _ o fim N
hmﬁ =0 , ]31_13(1)0 N =0, 1\}1_{1;0 N 0. (5.51)

The expected value of impulse response error(IRE), with validation probabilities Q(«)
and Q(y/kn), is

- m, Ug
E||hN — h¥|2 = Nafu +(1+ N)1 —, (5.52)
vN

In the following sections we elaborate the advantages of the new information theoretic
approach over the existing ones regarding issues such as unknown additive noise,
consistency and sensitivity to the signal to noise ratio.

5.2.1 Additive Noise Variance

In practical problems the variance of the additive noise is usually unknown. The
existing order estimation methods MDL and AIC suggest to find the variance of noise
for each subspace separately. Since the unmodeled dynamics effects are considered as

2kpm, is defined in (4. 61)

3Here we replaced 1 — —2‘ with Q(8). This is valid for when the Chi-squared distribution of the
impulse response error can be approximated with a Gaussian distribution. The approximation is
possible for large enough m.

81



a part of the additive noise effects, for each subspace the estimate of variance is

5(Sm) = 3gllisn — vl (5.59)

In this case the AIC and MDL are calculated in [32]

y 2m., |95 — ylI*
N log N ||9s,, —yl?
MDLs, (y) & (1+m—o—) et (5.55)

In [59] calculation of AIC and MDL with unknown variance is expanded for the multi-
output problems. Extension of this criteria for when the additive noise is not white
shows some drawbacks in [64] in practice.

In calculation of the new information theoretic methods, MDC or new MDL, since
the effects of unmodeled dynamics is separated from the effects of the additive noise,
one estimate of variance has to be used for all the subspaces. We suggest to use the
variance estimate obtained for a model set with high enough order M, M << N.
Therefore, the estimated variance for all model sets is

o 1
o=l = vll” (5.56)

The choice of M is experimental and such that the minimum description complexity
is minimized.

5.2.2 Consistency Issues

The order estimation method is consistent if as N grows the method chooses the
true model. Assume that the impulse response has finite length M and the order
estimation method picks Sp,«(w). the method is consistent if

h, (5.57)

lim m*(N) = M, Alfi_r)r}vhgm*(m =

NN
Given the structure of AIC, MDL and BIC in (5.43),(5.44) we can propose the fol-
lowing question. Consider the family of criteria in form of

\§s,, — ylI?
N

For what family of f(NN)s is this criterion consistent? We know that AIC is obtained

with f(N) = 2 which is not a consistent method. Also MDL and BIC are obtained
with f(N) = lo—glgvm which makes the criterion consistent. In [23] Hannan suggests to
use f(N) = &N which decreases faster than f(N) in MDL and still provides a
consistent method.

The consistency of AIC and MDL has been investigated in a wide range of liter-

+ ma2 f(N). (5.58)
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ature. The problem of overmodeling of these methods in some practical applications
are shown in examples in [31]. Also the consistency issues for the multi-output Ssys-
tems (sensor array) in practical problems are investigated in [13].

Here we check the consistency from a new perspective. For large enough m if the
unmodeled effects is almost zero, AIC provides an estimate of E(||js,, — y||?). In
this case we can show that MDL is estimating an upper bound for this error which
contains the error variance as N grows. Based on our method of estimation of IRE,
as N grows, this upper bound is valid with probability one.

In the new approach, we showed that the choice of o, 8,y plays a major role in
defining an event. We are comparing not just the estimate of the expected values
but comparing events in different subspaces. Therefore the consistency of the new
method is guaranteed as long as the validation and confidence region probabilities go
to one as IV grows. The sufficient criteria is satisfied by choosing «, 8 and v based
on conditions given in (5.50) and (5.51). For example, if @ = 8 = y = 0 the estimate
of error (5.52) is

Ellhs, = hY|P) ~ Tok+(1+3) (-jlvllﬁsm—ylf—(l—%)cri) (5.59)

1
N

2
dsn —¥lI> + =02 + 62 402 (5.60)

m
~ (1+—) N ¥ N2

N
We know that this choice of the parameters result an inconsistent method since the
variances of the random variables are completely ignored. When m > M, then
F(FlY =Y V|5 = Fop, and
R P (5.61)
Sm N w N m w* *
Interestingly with this choice of &, 8 and v this estimate of IRE is the same as AIC.
On the other hand the choice of o? = 8 = 42 = loglog V satisfies the sufficient
conditions and provides a criterion which leads to a consistent method.

5.2.3 Thresholding

Information theoretic methods attempt to “determine” the length of the impulse
response. In most practical problems, the impulse response does not have a finite
length and we require to detect the minimum number of taps of the impulse response
which represents the “significant part” of the impulse response. Implementing the
MDL method in this situation, provides an estimate for the length of the impulse
response which is very sensitive to the variation in signal to noise ratio(SNR) ¢ and
to the length of the output [30]. When the length of the true impulse response is
infinite, the consistent methods, such as MDL and BIC, point to a higher and higher
length for the impulse response as N and/or SNR grows. Some related practical

1SNR= 10log,, X2
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problems of the information theoretic methods are addressed in [60] and [7].

To overcome the consistency problem for when impulse response length is infinite
we propose implementing the new information theoretic method of order estimation.
With this method we can avoid this consistency problem by using a threshold for the
impulse response error. If a threshold e is used for the minimum acceptable IRE, then
we choose the smallest m for which Us_ < e. An example of this approach is given
in the simulation section.

MDL Thresholding

Can thresholding be used for two-stage MDL? In order to make the description length
in (5.37) a valid codelength corresponding to a prefix code, which satisfies the Kraft’s
inequality, in [38] it is suggested to add a normalizing constant C'(IV) to the description
length

DLs (y) = mlog(N) + log —————— + C(N). (5.62)
fsn (v bs,n)

It is argued that as N grows C(N)/N — 0.
However, note that as NV grows the factor mloijsim also goes to zero. For any fixed

N, C(N) might be comparable with m%. Calculation of this normalizing factor
is not trivial and it is not provided. Because of the structure of the DL we believe
C(N) is a function of the noiseless output 3. Since C(N) is a fixed number in the
comparison of different subspaces this term is ignored in the MDL method. However,
since C (V) might change for different order estimation settings, for example with the
change of §, implementation of threshold is meaningless for this criterion. Note that
the problem of calculation of C(N) is consistent in definition of other existing MDL
methods.

In previous section we suggested to use thresholding for the comparison of the
description complexity. Here we prove that the use of threshold also is meaningful
for the new proposed MDL method. Assume that for any problem setting the des-
critization in output space Y is the same. We prove that the new description length
itself is a codelength which is uniquely decodable. The new DL satisfies the Kraft’s
inequality by adding a normalized factor. The normalizing factor is not a function of
y or 7 but a function of the order of subspace and descritization of Y.

Theorem 5.2.3 The new description length, defined in (5.40), satisfies the Kraft’s
inequality when a normalized factor C(N) is considered

DLs, (y) = log + C(N). (5.63)

fsn (@ hs,)
where

1 —m
O(N) =~ La(s" orazt ™y, (5.64)
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Note that although C(N) is a function of m, with a proper choice of &, 8 and v,

C(N)/N goes to zero much faster that the terms in the estimate of log f—l— and
Sm

(Fihsm)
it can be ignored for large enough N.

Proof The codelength defined for the descritized version of v, y%(1) using ésm is
defined as

1 _lig-3g_ @12
DL, ean(®) = —log el (5.65)
(\/271'012”)
1 1 L Ol
= - Ln € 205 . (5.66)

Ln(2) ( \/271'—03,)

To check the Kraft’s inequality for each code word of length DLj, (20 (%) we have
to show that

Y D Pisnedan® < (5.67)

where D is the size of alphabet resulted from descritizing the output space Y. Equiv-
alently we can check the following inequality

> (e‘DLﬁsmwd(i))@))LnD <1 (5.68)

we know that

LnD
Z —DL; (@) LoD Z —-DL; €]
(e hSm (9d(i)) ) < e hsm (yd(i)) ¥

%
LnD
Ln2

1 -3, OI°
e 26;1)

\g

Note that
1 g9, o1 1 _Ha—gs,, 112
5”2——6 203 %/— 2% dy (5.69)

= (vear)" (Vez)"

where ¢ is the precision per dimension in space Y, or equivalently in space of additive
noise W. From chapter 4, the error § — §s,, is such that

12

e dy = 1. (5.70)

/ 1 _Ng-3g,,
- 20%
(\ /2%05,)
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Therefore

2

1 _Ng-9s,, 1
/ e b dy = (5.71)

(varaz)" (vamoz)" "

Therefore

DL L Tn(6m/2m03 _m) Lnb
Z(e_( Fom 40T ) (5.72)

7

Hence the normalizing factor is —Ln(6 \/27r02 = m) Y

5.3 Simulation Results

We use the microwave radio channel, chanl10.mat, which is available at

http://spib.rice.edu/spib/microwave.html.
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Figure 5-3: Real part of the first 60 taps of a microwave radio channel impulse re-
sponse.

Figure (5-3) shows the real part of the first 60 taps of the impulse response. The sim-
ulation result for N = 300 and SNR=10db is as follows: m(AIC)=34, m(MDL)=32.
The new proposed criterion selects m* = 33. Figure(5-5) shows the upper and lower
bound on IRE for N=800, SNR=90db. The bounds on the error are from (4.70),
(4.72) with a = /8 = v = loglog N. The solid line is the estimate of expected value
of LR.E, E(||hY — rM)||?), when o = 8 = v = 0.

In this case all the methods select an impulse response length which is larger than
130. With higher SNR and/or longer data sample, all the methods choose a larger and
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10" —

Figure 5-4: "*’ line: Impulse response error, ||BY — h||2, for SNR=10db, N=300. *-.’:
Upperbound and lowerbound of IRE. Solid line: Estimate of E||hY — h|3.

10°

107 L

Figure 5-5: **’ line: Impulse response error, ||hY — h|[2, for SNR=90db, N=800. *-.”:
Upperbound and lowerbound of IRE. Solid line: Estimate of E||hYN — h|2.
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larger length for the impulse response estimate. However, if we choose a threshold for
the IRE to be 1073, the new criterion selects m* = 35. With this threshold m* < 35
when SNR grows and/or the length of data gets larger. Counting for the delay of
the system, with the same threshold, the proposed method chooses the 10 taps of the
impulse response estimate from 27 to 36 for modeling the system.
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Chapter 6

Signal Denoising

The problem of estimating an unknown signal embedded in Gaussian noise has re-
ceived a great deal of attention in numerous studies. The denoising process is to
separate an observed data sequence into a “meaningful” signal and a remaining noise.
The choice of the denoising criterion depends on the properties of the additive noise,
smoothness of the class of the underlying signal and the selected signal estimator.

In this chapter we review some of the important existing denoising methods:
The pioneer thresholding method of wavelet denoising which was first formalized
by Donoho and Johnstone [11], the thresholding method proposed in [29] and the
normalized minimum description length approach [43]. We propose a new denoising
method based on MDC. Calculation of MDC in this case is very similar to the calcula-
tion of MDC for system identification which was proposed in chapter 4. We illustrate
the benefits of implementation of the new method over the existing methods.

6.1 Problem Formulation

Consider noisy data y of length N,

y(n) = (n) +wln), (6.1)

where ¥ is the noiseless data and w is the additive white Gaussian noise with zero
mean and variance ¢Z. Data denoising is achieved by choosing an orthogonal basis
which approximates the data with fewer nonzero coefficients than the length of the
data. Consider the orthogonal basis of order NV, Sy. The basis vectors s, sp, - -, Sx
are such that ||s;||3 = N. Any vector of length N can be represented with such basis.
Therefore, there exists h = [hy, kg, -+, hy]" such that §i(n) = SN s;(n)h;. As a
result the noisy data is

y(n) = si(n)h; + w(n). (6.2)

=1
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The least square estimate of each basis coefficient is

b= osTy = bt ofw (6.3
where ¥V = [y(1),y(2),---,y(IV)], the observed noisy data, is a sample of random
variable YN The benefit of using a proper basis is that —s w is almost zero as
N is assumed to be large enough and we hope that there ex1st a large number of
basis vectors for which h; = 0. Therefore, the estimation of the noisy signal on
this basis has the advantage of noise elimination. For such reason conventional basis
denoising methods suggest choosing a threshold, 7, for the coeflicient estimates hy’s.

The denoising process is to ignore the coefficient estimates smaller than the threshold

. 1 1
hy = if N >
i Nay, sy =7
- 1
hi = 0, ﬂ\NzyM<T (6.4)
and the estimate of the noiseless signal is
N ~
§N(n) = si(n)hs. (6.5)
i=1

A very important factor in finding the optimum threshold is the behavior of the mean
square reconstruction error

SE(I7 - VIR, (6.6

6.1.1 Wavelet Thresholding

The classic paper [11] provides an upperbound for the mean square reconstruction
error in wavelet denoising by solving a min-max problem. Assume that the wavelet
coefficients of signal y are h; s,

h =Sy (6.7)

where wavelets s;; denotes the (4, k)th row of . The vector hhas N = 27+ elements.
The wavelet basis is s;; which is generated by a mother wavelet ¢. for ig <17 < T —1;

Nisy(j) ~ 2%¢(2t — k) t=j/N (6.8)

This approximation improves with increasing N and increasing ¢;. The orthogonal
properties of the wavelet is such that y = STh. If h is the coefficients corresponding
to the noiseless data g, we have

Bz‘,k = Bi,k + 2k (6.9)
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where z = Sw is additive white Gaussian noise with the same variance of w, o2. The
main assumption is that very few wavelet coeflicients contribute to the signal, i.e.,
the signal is piecewise smooth.

To find the optimum threshold the following procedure is suggested. Without
loss of generality and to simplify the calculations, the wavelet notation is changed to
the vector representation introduced in the problem formulation of the last section.
Therefore, the estimate of a wavelet coefficient is

where z; is additive white Gaussian noise with variance o%. The following soft thresh-
olding method with threshold level 7 is used

hi(r) = 0k, 7) = sign(R)(|h{ — )+ (6.11)
The goal is to find an estimate for

E(||H(r) - hl}} (6.12)

A min-max solution to the problem is proposed as follows. In [11] it is shown that as
N — oo

Y R
inf sup E(Hli(ﬂ h_H?‘) ~ 2log N (6.13)
ﬁ(T) A 0'120 + Zi:i min(hi, 0'7_2”)

where the infimum is obtained for the optimum threshold

T =0yv2logN. (6.14)

Note that the method eventually is not able to provide an estimate for the recon-
struction error. But it introduces a function of 7, f(7) = 02 + Y.~ min(h;, 02) and
provides the 7 for which the ratio of “reconstruction error/f(7)” is optimized in a
min-max setting.

6.1.2 Estimation of Mean-square Reconstruction Error

In [29] an estimate of the mean square error as a function of a given threshold is
provided heuristically. Consider an orthonormal basis with basis functions s;s. The
estimate of coefficients are provided with the least-square algorithm in (6.3) and the
thresholding method with level 7 in (6.4) is used. An estimate of error is provided
based on a heuristic method. It demonstrates that for a class of signals the pro-
posed threshold by Donoho and Johnstone, o,,1/2log IV, does not provide the optimal
threshold.
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6.1.3 MDL Denoising

Instead of focusing on finding a threshold one can compare the signal estimate in
different subspaces of the basis. Choosing a subspace to estimate the data is equivalent
to setting the coeflicients of the basis vectors out of that subspace to zero without
thresholding. MDL denoising is the first method which approaches the denoising
problem with this idea. In each subspace it calculates the defined description length
of the data and suggests to pick the subspace which minimizes this criterion.

Rissanen suggests using the normalized MDL for the denoising problem. We
briefly reviewed the normalized MDL in section 3.3.4. In each subspace S,,, Bsm, the
least-square estimate of h, is obtained. Also an estimate of the variance is calculated
as follows

7 = el ~ dsa (6.15)

In each subspace of the basis, Sy, the criterion is defined as

. Fon N5 hs, (y7), 82 (y™))
F™;Sn) = - 6.16
(y ) fZ(R,o’g) me(z; hsm(z)7 A%U(z))dz ( )
where
Z(r,08) = {z|ks, (2)Zs,. hs, (2)/N < R, 62 > o2}, (6.17)

and Xg, = Ay Ag, where Ag,, is the maftrix whose columns are the bases of S,,. It
is said that » and of are chosen such that the ML estimates fall within S(r, a2).

The normalized description length in (6.16) is claimed to be the solution to the
min-max problem

-, 52
i e L 5 @15 (2),6(@)

iinme o) (6.18)

The approach is considered as a result of the universal coding of a single message
proposed in [47].

6.1.4 The New Approach

Similar to MDL denoising approach, we investigate on estimation of a criterion which
is defined for the subspaces of the basis. For each subspace S,,, izsm denotes the
estimate of the coeflicients in that subspace. Our goal is to find an estimate of the
coefficient estimation error in each subspace, ||k ~ hg, ||2. Note that, as a result of
the Parseval’s Theorem, this error is the same as the reconstruction error for each
subspace

b~ hoalit = i7" ~ 52113 (6.19)
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Because of the additive noise the coefficients error is also a random variable. The
objection is to compare the worst case behavior of this error in different subspaces
probabilistically. The best representative of the signal is then the signal estimate of
the subspace which minimizes such criterion. In the following section we describe the
method in detail. The first step is to probabilistically validate the error caused by
the elimination of the basis vectors out of the subspace. Next we estimate both the
mean-square and the variance of the coefficients error. The approach is similar to the
quality evaluation method for impulse response estimate of the LTI system which is
proposed in chapter 3.

6.2 New Denoising Method

Consider a subspace of order m of the orthogonal basis, S,,. We want to estimate the
error of coefficient estimation in this subspace, ||h — hg,, ||2. Given the noisy data in
(6.1), we suggest the following procedure to estimate the error: For the subspace S,
matrix Ag_ separates the basis vectors as follows

y(1) he

¥(2) =[4s, Bs,]|  |+w (6.20)
. ASm

y(N)

where columns of Ag_ are s; € S,,, columns of Bg_ are basis vectors which are not in
Sm, $i € Sm, and hs,, is the coefficients of the noiseless data g™ = [5(1), - - - §(N)]T in
Sy The least square estimate of coefficients in each subspace using the noisy data is

7 1 Tr . N 1 T
= — =hs +—A . 21
hgm NA my Sm N m'w (6 )

Therefore, for the subspace error we have

- 1
lhs,, = hs, I3 = 14, wlP (6.22)
s = Bl = lihs,, — hs, |5+ 11 As, |1 (6.23)

The additive noise has a normal distribution of N(0,02). Therefore, y" is an element
of a Gaussian random variable Y and hg,, is also an element of a Gaussian random
variable Hg . Both errors in (6.22) and (6.23) are Chi-square random variables.

Expected value and variance of coefficient error Zg = ||Hg — h|)? is
~ m
E(Zs,) = El|Hs,, — hll; = Sy + 145, (6.24)
~ 2m?
var(Zs,,) = var||Hg,, — h||2 = W(aﬁ))z. (6.25)
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If the norm of the discarded vector coefficients in each subspace, ||Asg,, ||?, was known,
how do we choose the subspace which best represents the data? The suggestion is
to compare ||k, — h||3 of different subspaces. If we compare subspaces with the
same order, m, the error random variable in each subspace has the same variance of
%(05)2. Therefore, we can only compare the expected values of the error and pick
the subspace which has the minimum ||Ag,,||5. The expected value of the error has
two components, one caused by the noise and other by the ignored vector coeflicients.
The tradeoff between the noise related and the ignored coefficients related parts min-
imizes the expected value of the error for some m. This is called the bias-variance
tradeoff method. Here we argue that ignoring the variance of the random variable
can be problematic. For example, what if we are comparing two subspaces with dif-
ferent orders? Instead of comparing only the expected values, lets compare an event
happening in each subspace with same probability. In this case both expected value
and variance of the random variable might be involve in our decision. Assume that
for a particular 7 the expected value of error is minimized. Therefore, the expected
value for the subspace of order m — 1, Eg,,_,, is larger than Eg,,. However, the vari-
ance of the error in Sy is smaller than the variance in S;. Therefore, when we are
comparing two events in these two spaces, which occur with the same probability, the
worst case error might be smaller in space Sp,_1 than in Sg,.

The event, we consider in each subspace, is that the random variable zs,, =
||hs,, — h||2 is around its mean with a given probability P1

Pr{|Zs, — E(Zs,)| < Ds, } = P1. (6.26)

Therefore, Dg_, is a function of ||Ag, ||, 0w, m and P1, and for each subspace Sy,
with probability P1 the error is between the following bounds

m

ﬁff@?a + |As,|I? £ Ds,, (P1, 0w, m, ||As,|]). (6.27)
To find the optimal subspace we suggest to choose the subspace which minimizes the
worst case error with the probability P1,

m

Syo= argnsl,in{E(Zsm)+D5m} (6.28)

. m

In the example we discussed previously, the variance of error in Sp_; is lower than
the variance in S. Therefore, Dg,__,, which depends on the variance, might be less
than Dg,_ and the worst case error in Sz-_1 might be less than that of S;. It is
important to mention that since the variance of error is of order %, for large enough
N we are able to pick P1 close to one and still have a bounded number for Dg,,. We
will discuss this issue later in detail.

So far the argument was with the assumption that |{Ag,.|| is known. In our
problem setting, however, ||Ag,, || is unknown. To use a similar approach, we next
suggest a method to probabilistically validate ||Ag, || using the observed noisy data.
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Estimation of ||Ag_||

In each subspace the data representation error is

1 1
Vv =g, = 1BsnBs, + Gswl?
= [l(As, +v)II” (6.30)
where Y = Ag,, hs, and Gg, = (I— ~As, AL ) =+ ~Bs,, BY is a projection matrix.

Therefore, Gs_ w = v where v;’s are 1ndependent Gaussm,n random variables. Note
that using the Parseval’s theorem we already know that

S = 91 = 1B oM IE = 3 lihs, I (6.31)

The data error Xs, = +||Y — Vs..||2 is also a Chi-square random variable for which

B(Xs,) = (1 - 2)ob + [|As, | (6.32)
and var(Xg, ) is
2 m,y 2 m. 2 2
v = 7)ou(l = o +21|As,[[F). (6.33)

Given the noisy data, one sample of this random variable is available. We call this
observed error zg,. Note that the variance of the data error is of order + of its
expected value. Therefore, one method of estimating ||Ag,,|| is to assume that this
one sample is a good estimate of its expected value,

|As, |2~ zs, — (1 - %)afu. (6.34)
This can be a convenient method of estimation of ||Ag_ || when N is large enough.
However, since we want to use the estimate to compare the different subspaces, we
have to be more precise in the estimation process: Each Xg_ has a different variance
and the confidence on the estimate is different for each of the subspaces even as N
grows. So how “relatively” close we are to the estimate in each subspace is very
important. As a result we suggest the following validation method for estimation and
comparison of ||Ag_||5 in different subspaces.

'The Chi-square probability distribution of the data error is a function of ||Ag, ||
and the noise variance, i.e., fx; (Zs,;m,0u,||Ag,||). We suggest validating ||Ag, ||
such that X, is in the neighborhood of its mean with probability P2, i.e., validate
Ixs,, (£33 M, 0w, ||As,.]|), and therefore, ||Ag,, ||, such that

Pr(|Xs,, — E(Xs,)| < Js,.) = P2. (6.35)

The bound Jg, is a function of [|Ag, ||, 02, m, and P2, Js_ (P2,02,m,||As, ||).

3 w?

Therefore, for each subspace S,,, with validation probability P2, we find Us, and
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Ls,., the upper bound and lower bound on ||Ag, ||, Ls,, < [|As,|[3 < Us,.

Subspace Comparison

Using the estimate of ||Ag,,|| from the previous section, we can estimate the worst
case error criterion in (6.28). The validation part finds bounds on ||Ag, ||3. Therefore,
we suggest to pick m* such that

S* = arg min max E(Z
™ & o nAsmne(Lsm,Usm){ (Zs..)

+  Ds,(Pl,0w,m,|As, |} (6.36)

The worst case estimate in each subspace is given with confidence probability P1 and
validation probability P2. The confidence region of error here is between

bs,, = max {E(Zsm) + Dsm}, (6.37)

HASm “E(LSm 7U5m)

and

asg, = min{() {E(Zsm) - .ng}}. (638)

m

, min
[1A5, ) €(Lsm Usm)

Note that one choice for Jg _ in (6.35) is Js,, = fvarXg,. In this case using the
Chebychev inequality we have

1

1
P2>1— - <
= =

ﬂZ

(6.39)

which shows how 8 and P2 are related. How close § is to y/—5; depends on the
distribution of the error in each subspace.

6.2.1 Gaussian Estimation

In both the probabilistic and validation part we use the table of Chi-square dis-
tribution. However, in this setting we can use the central limit theorem(CLT) to
approximate the Chi-square distributions with Gaussian distributions. This gives us
the advantage of finding a mathematical expression for the error bounds and worst
case error (6.36),(6.37), (6.38) as a function of P1, 0y, m, P2 and the observed noisy
signal.

Data Error and Estimation of ||Ag,||

The data error (6.30) is of form

Sl - X IE = l1As, + ol
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N—m

= Z (6; + v;)? (6.40)

=1

where v;’s are zero mean white Gaussian random variables with variance % HN-—m
is large enough we can estimate the Chi-square distribution of the data error with
a Gaussian distribution. For a Gaussian random variable X with mean mx and
variance 0% we have

Pr(mx —aox < X <mx + aox) = Q(a), (6.41)

e

where Q(a) = [° \/%_We—:cz/de. For the data error, Xg,, = +|[V — Y5, |2,

E(Xsm) = My + my, (642)
2my,
var(Xs,) = %(mw+2m5), (6.43)

where my, = (1 — §)o2 and m; = ||Ag,,||3. Using the one observed data error given

the noisy data, zg,, with probability Q(a) we have

4my,
|Z5m — (Mo + ms)| < 0y %ma + U, (6.44)

_ 2.2 _ 2 my2 4
where v, = ymy, = £(1 — %)%0,,.

Lemma 1 Validation of (6.44) for feasible ||Ag, ||s provides the following upper
and lower bound for ||Ag,, |2

Ls,, < ||As, I3 < Us,, (6.45)
where

o If 75, < (my — 0y/U,), there is no valid [|Ag,_ || given the data.

o If (my — 0/Up) < 25, < (My + @\ /Ur),

Ls, =0 (6.46)
2 2.2
Us, = zg, —my+ aNgw + Ks_(a). (6.47)
where
Ow [02%02 1
K = 2a2% w — . 4
s, (@) a\/ﬁ\/ N + zs,, 5™ (6.48)
o If (my + ay/v,,) < x5,
2 2.2
Ls, = s, —my + aN"“’ ~ Ks_(a) (6.49)



2 2.2
Us O‘N"w + Ks(a). (6.50)

mn

=Tg,, — My +

Proof In Appendix C.3.
Note that to avoid the first case o has to be large enough such that

N m X
> (1——=—-—]. )
a ( N ) (6.51)

T V/2(N —m) o2

Comparison of Subspaces

For the error in each subspace Sm, Zs,, = ||Hs,, — k||, in (4.7), we have

s, —RlI” = [1As,|[5 + Zu2 (6.52)

=1

where u;s are zero mean white Gaussian noises with variance %3& If m is large enough
we can estimate the Chi-square distribution of the error with a Gaussian distribu-
tion. Then the probabilistic bounds on this error are provided as following. With
probability Q(8) we have

|ng — E(ng)‘ S ,BvarZsm. (653)

The bounds on expected value and variance of Zg,,, in (6.24) and (6.25), can be
calculated by using the bounds from lemma one. Therefore, the worst case error
bound in subspace S,, with probability @(3) and validation probability of Q(c) is

2

2
o2 +Us, + BT 54 (6.54)

B(Zs,) + Ds, = A

m
N

Theorem 6.2.1 If both random variables Xg_ = ||Vs,. —v|? and Zs,, = ||Hs,, —hl|?
are estimated by a Gaussian distribution, then the optimum subspace in (6.36), is
provided by

. . om 2m?
Sk = arg n;;n{ﬁaﬁ, + Usg,, + ﬂﬁaﬁ,}, (6.55)

where Ug,_ is provided by lemma 1. The optimality of Sp» is valid with probability
Q(B) and validation probability Q(«).

Proper Choice of o and 3

In order to have the probability of validation close to one, o and 8 should be as large
as possible. Simultaneously, to have limited tight bounds, at both stages of finding
bounds on ||Ag,, || in lemma 1 and finding bounds for the subspace error in (6.53),
we have to choose a/v/N and §/N? small enough. Also as a result of the validation
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stage in lemma one, another necessary condition is that o satisfies the inequality in
(6.51). Note that with this proper choice of o and $, the upper and lower bounds
provided in (6.37) and (6.38) can be used to evaluate the quality of estimate of each
subspace.

6.3 Probabilistic Assumptions on the Noiseless
Data

Theorem 6.3 Assume that

1. All the model sets, S,,s, have equal probability of being the best model set to
fit the data.

2. The conditional probability density function(pdf) of the unmodeled dynamics
effects gs,, = [|Ag,||> in each subspace has a uniform distribution, i.e., 0 <
9s,, < G with a uniform distribution f,, (g) = 2

vt
then with the available noisy data y as N grows

Pr(ls, < As,[B < Usaly) > 5Q(0), (6:56)
where Lg,, and Ug,_ are provided by lemma one. Also as V grows, the bounds on the
reconstruction error zg,, = ||h — hg,,|[? are valid with probability

Pr(as, < 25, <bsly) > Q()Q(H) (6:57)

where a5, and bs,, are defined in (6.38) and (6.37).

Proof Because of the given prior assumptions zg_ also has a uniform distribution:
the distribution of the additive noise effects can be ignored, since the variance of S,
is mainly effected by the uniform distribution of gg,,. Therefore, if NV is large enough
and m is small enough then f(zs,) = &. Also the set of z5,_s satisfying the second
case in lemma 1 is a zero measure set as N grows. Therefore, the probability that
Ls, <||As,||* < Us,,, given the observed data, is

1 Usm
Pr(ls, S 8,8 < Usn | 950 = 505 [ Frsulonn (55,10) s, (0)4d5.59)

1 [Usm 1 - —55m 9
~ 8of, 2vm
e — e fr+2om dg,
Ls,, V2m\/405% +vm

U
40’%% ~+ Um Usm

Umn Ls, V2m\/vm

g, —9

e 8a2, ﬁ%ﬂk+2um dg,
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Us,.
1 | 40—~ +va Us,, — Zs,,
- G2 2 Lspm, L
Aoy =" + Um 402 Zm 4y,

Note that as N grows, the lower bound approaches zzQ():

1
Pr(Ls, < 1|As,|l5 <Us,lzs,) > e (), (6.59)

Given any gs,., the probabilistic upper and lower bounds on zg,,, the reconstruction
error, are

fl(gSm) = Migg, — ﬂazsma f2(gSm) = My, + ;Bazsm (660)

where m,_ is the mean and o, is the variance of Zs,,. Given a fixed gs,, = || As,. 115
we pick the confidence region such that

|25, — Mg, | < BOss,, - (6.61)
Therefore, we have

Pr (|25, — Mas | < Boss, ) =~ Q(B). (6.62)

Define ag,_ and bg,, as follows

as, = Lsmsg;,?ﬁUsm fl(gSm) (6.63)
Cbg, = LsmﬁrﬁsiXSUsm fg(ggm) (6.64)

These are the bounds we provided in (6.37) and (6.38) for the reconstruction error.
Therefore, using (6.59), we conclude that

Pr(as,, < zs,, <bs,.|%s,) = Pr(as, < zs,, < bs,|%sm>Ls, < 95, < Us,,) X
1 Usm
> Lo / Pr(as, < zs, < bs,|9)dg  (6.66)
G? Ls,

using (6.62)

1
Z &

Note that the conditional probabilities in each subspace is found by using zs,, which
is provided by y. Therefore, zg,, can be replaced by y in (6.59) and (6.67).

Q(e)Q(P) (6.67)

Pr(as,, < zs, < bs,|Zs..)
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6.4 Discussion on Normalized MDL Denoising

The normalized MDL, described in section 6.1.3, is in form of

Fs, N hs, (y7N), 62 (™))

f N;Sm = =
T ) fZ(R,gg)me(z5hSm(z)>55;(z))dZ

(6.68)

where the information about the set Z(R, o) is given in section 6.1.3. This description
length is claimed to be minimizing the following criterion

minmax Ln NG Flsm (z), 6%(z))
g z q(z)

(6.69)

which is defined based on the universal coding in [47]. The universal coding of a
single message in [47] is as follows.

Universal Coding Theorem Let A be a describe alphabets, o; of m > 2 letters.
AVis the set of all m" sequences o = ay,---ay can be generated with any source
9 € © with distribution p(a*;6). We use a code denote by ¢ with codelength of
Lg(a) to code o € AN. The quantity — log p(a?; 0) is naturally interpreted as the
amount of information contained in the block o™ on the output of the source 6. Then

p(&; L,,6) = < (Ly(e™) + pla™;0)) (6.70)

is the redundancy of coding the block o™ on the output of the source 6 by code g. For
the elements of © define

p(aN;Lq,@) = sgpp(aN;Lq,O) (6.71)
1
= (La(a™) +p(a™;©))
where
p(a”;0) = supp(a”; ). (6.72)
9

The goal is to find a code ¢ for which the redundancy as a function of the set © is
p(©) = inf max p(a™; Ly, 0) (6.73)
7 «

Note that this quantity is an upper bound for the “mean” redundancy defined as

r(©) = infmaxr(a”;L,,0) (6.74)
q oV
= infmaxsup Ey(p(a”, L,,8)). (6.75)
g oV g
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In [47] it is proved that for any source ©

p(©) > s(6) (6.76)
where
- s(0) =) p(a";0) (6.77)

and there exists a uniquely decodable code ¢ with codeword length
Ly (") = Nlog s(8) — logp(a™'; ©)] (6.78)

with the corresponding probability distribution

p(e”;0)

*( N, —
such that
maxr(; L, 0) < ]—if—(s(@) +1) < p(O) + % (6.80)

Note that Shannon coding theorem results when © only has one element.$

How does the transition from this theorem to the normalized MDL happen? Here
y is considered to be one of the a™s. Therefore, a form of descritization is considered
such that the probabilities in the universal coding are replaced by the probability
distributions. The min-max criterion in (6.69) has to be the redundancy function,
(6.73), for this setting

i h
P(Sm)zminmax sup LHM

6.81
9 % hg €8x q(z) ( )

where the minimum is attained for a code ¢*. From (6.79), this code is defined in
form of

suphsm €Sm me (yN; hsm)

W, Sm) = " Sm) = e . (6.82)
To obtain the normalized MDL in [43] the numerator is replaced by
hSmesm
where
5% = <lly - 5. (684
w N T
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and the denominator 5(S,,), which is defined in (6.77), is replaced by
Sm) = [ fan(aihsn(a), 52z (6.85)
Z(R,02)

where
Z(r,08) = {z|ks, (2)Es, hs, (2)/N < 7,62 > o3}, (6.86)

and Xg, = A5 As,, where Ag,, is the matrix whose columns are the bases of S,,. It
is said that r and o¢ are chosen such that the ML estimates fall within Z(r, 03).

It is not clear how s(S,,) is estimated with (6.85). The numbers r and o, are
unknown numbers that through the calculation of the MDL are replaced by their
asymptotic approximates and are eliminated by considering the asymptotic behavior
of the integral in (6.85). For more details please see [43].

It is important to note that in this scenario (6.83) shows that the subspaces, Ss,
are not the same as what we considered in our problem formulation. While in our
discussion S,, is the set of subspaces of order m describing the noiseless data with
additive noise w with fixed variance for all subspaces, here in the subspace S, the
variance of the additive noise is also a variable which is estimated by the observed
data.

If the variance of the noise is considered fixed o2 for all the subspaces, one im-
portant fact is that the calculation of fg  (y|hs,, ) is meaningful only if y has been
generated with an element of S,,,. The conditional probability distribution function
in Sy, is then defined for elements which can be represented in form of

Ysm = Z Sihi + w. (687)

5;€5,

In normalized MDL, however, the ignored basis vectors effects, > s:€3,, Sihi, is consid-
ered as a part of the additive zero mean noise. If such effects are indeed nonzero, the
new defined noise is not anymore zero mean and it contradicts the prior assumption
on the noise to be zero mean. As a result of such approach the estimates of the noise
variance in different subspaces are different, even though the ignored coefficient part
only effects the mean and not the variance of estimates. This causes problem in the
evaluation of the description length even if the true number of the basis vectors, which
has generated the noiseless data ¢, is finite. Consider an example for which only A
and hg are nonzero and the prior knowledge is that only two basis vectors are enough
to represent noiseless data. With the prior assumption that the additive noise is zero
mean, the description length can be calculated. However, except for one subspace
of order two, {s1,s3}, such assumption is not valid and the mean of the noise is the
effects of hys; and/or hsss.
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6.5 New MDL Denoising

The minimum description complexity and the new MDL criteria defined in chapter
5 are valid criteria for comparison of the subspaces for the purpose of denoising.
Both of these criteria are applicable if similar to normalized MDL we assume that y
is an output of a source which might continue sending messages and therefore, the
notion of coding and/or averaging in each subspace is meaningful. In this case we
are estimating a “model” represented by ﬁgm which describes not only the observed
available data but will possibly code other signals which are generated by h.

However, in denoising problem we just observe one set of data and there is no
“gystem model” to be estimated. Although the estimate of coeflicients in this chapter
and the estimate of taps of the impulse response in chapter 4 both are denoted by
vector h, there is a conceptual difference between what these two vectors represent.
For example in the system identification problem we estimate a model which might be
used later to decode the system input in communications. Therefore, the information
theoretic methods deal with optimizing the codelength of the data generated by the
true model set h, when an estimate of h is used. However, in the denoising problem
the goal is to find the denoised version of the signal and the estimate of the coefficients
hg s does not represent any model set to code any random variable further. Although
the provided description length in chapter 5 can be used in this setting we here
introduce another description length which is well suited to the denoising problem:

Here the only probability distribution to be considered is provided by the additive
noise which generated the noisy data in space Sy. We already know that the minimum
description length of the noiseless data g is provided by the codelength of the code
which represent 4 with probability distribution defined by A. The description length
for the denoised data of subspace S, is also the codelength of the code which is defined
by the same distribution: The prior assumption is that the noisy data is generated
with h

N
i=1 5;ESm 8:€E8m

The code length of any signal of length N with the distribution that generated y is
of form

1
1 _llz—gll?
= —log e % (6.90)

where noiseless data §j = Zfil s;h; is the expected value of random variable Y.
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Definition 6.1 The description length of S,, as the code length of the estimate of
data using the estimate of h in S,,, is defined as

1 1
DLn(y, Sm) = min—L(ys,)=log ———— 6.91
o Sm) = min L L{ys, ) = log o (6.91)
1 1  Nisy, —3?
= —log e @ (6.92)

T (ve)

where ys,, is an estimate of y using the basis in S,,. Comparison of such description
length for different subspaces leads to comparison of the reconstruction error

115, = 917 = [lhs,, — hIP (693

which was calculated in previous sections of this chapter. Therefore, the “uniquely”
decodable codelength for the estimate of signal y, which is corrupted by additive
white Gaussian noise with variance o2, is in form of

1 hs,, — h]|?
;- lIhsn = bl loge. (6.94)

V27102 202

Note that in definition of the description length in chapter 5 we calculate the de-
scription length of § when it is generated by a system defined in each subspace S,,.
Here the description length of the denoised signal in S,, is the codelength of the code
describing this signal with one model which is represented by h. Anther interesting
observation is that in this case the MDC and the description length, in (6.94), are
the same.

Figure 6-1 shows the behavior of the denoised version of ¥ in each subspace S,,,.
While the data error is always a decreasing function of m ( which is zero for m = N ),
the reconstruction error is minimized for some m* depending on the length of data,
noise variance and the basis.

DLh(y: Sm) = —log

6.5.1 Best Basis Search

For a given noisy data one might proceed to search for the basis which is the best
representative of the data. We suggest to compare the new proposed MDL of dif-
ferent families of basis functions. The method leads to the choice of the basis which
minimizes this criterion. Among the basis B,; pick the one for which the new MDL

MDLg,,(y) = min DLx(y, S,) (6.95)

Sm CBsi

is minimized. Therefore, the best basis among Bys is

B} = arg rgin MDLg,_,(y) (6.96)
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Figure 6-1: Figures (a) and (b) show the behavior of the estimates of y for same §
with different noise variances. The variance of noise in figure(a) is larger than the
one in figure(b).

6.5.2 Thresholding Denoising Methods

In threshold methods, a threshold 7, is provided before the calculation of the coeffi-
cients’ estimates. It is not known that for this choice of threshold how many coefficient
estimates, which are less than 7, are due to the additive noise only. In cases where we
know a priori that there are few nonzero coefficients to represent the noiseless part of
the data, it might be intuitive to pick the threshold only as a function of the variance
of the noise and the length of the data, as it is suggested in [11]. But as [29] shows
without such prior assumption it is not trivial to decide on the optimum threshold
beforehand.

What we showed in our method is that the critical possible thresholds are the
absolute values of the coefficient estimates. Lets sort the basis vectors based on the
absolute value of the coefficient estimates. Our method is computing the estimation
error for any of those absolute values as the threshold. We find the optimal of those
thresholds comparing the error estimation of such thresholding. Depending on the
tradeoff between the eliminated coefficients and the noise effects there is a subspace
for which the estimation error is minimized.

Similar to our approach, MDL denoising suggests a criterion to be calculated for
different subspaces. However, as we discussed previously, in this method the effect
of the eliminated coefficients in each subspace is considered as a part of the additive
noise. The comparison of the NML criterion for different subspaces asymptotically
provides a threshold which is only a function of the variance and the length of the
data. In [43] the normalized MDL threshold is shown to be

T & oyyIlogN (6.97)

which is half of what is suggested in wavelet thresholding. As we argued previously,
in the proposed method, there is a distinction between the noise effects and the
eliminated coefficients effects in different subspaces. Therefore, even the asymptotic
results can not provide a threshold which is only a function of the noise variance and
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the length of the data. The optimal threshold is sensitive to the coefficient estimates
of all the basis vectors.

6.5.3 Unknown Noise variance

If the variance of the additive noise is unknown but bounded, we can estimate the
variance as follows. Calculate the description length of the data as a function of o

1 1A, — hI?

V2na2 202

DL (y, Sm, 0w) = — log

+

loge. (6.98)

Therefore, the MDL (y, 0,) is

MDL(y, o) = Iglin DL (y, Sm, 02) (6.99)

Choose the variance such that

o, = argmin MDL(y, o) (6.100)

We illustrate the application of this method in an example in the simulation section.

6.6 Application: Blind Channel Identification

One potential application of the new denoising method is in blind channel identifi-
cation. An important application of the blind channel identification is in wireless
communications. The time varying system in this case is identified by the use of
training signals which are send periodically between the communication signal. Main
methods of blind channel estimation are surveyed in [52]. Various existing algorithms
are classified into the moment-based and the maximum likelihood(ML) methods. The
ML methods are usually optimal for large data records and unlike moment-based
methods cannot be obtained in closed form. In method of moments the focus is on
matching the second-order moment of the noisy data to that of the available trained
signal. Most of the available methods assume a prior knowledge of the length of the
impulse response.

Second order statistical subspace method is one of the important methods of
moments. In this method first the length of the impulse response is estimated using
the MDL estimate in [59]. Then the noisy moment provided by the output is denoised
using the prior assumption on the noise variance, and the obtained length of the
impulse response. Therefore, the denoising step is sensitive to assumption on the
length of the impulse response. The last step is a curve fitting algorithm which uses
the denoised moment to find the best estimate of the impulse response. Here we
suggest to combine the first two steps, the order estimation and the denoising step,
by using the proposed MDL denoising method.

107



6.7 Simulation

The unit-power signal shown in Figure (6-2) used to illustrate the performance of the
MDC/MDL denoising method. Figure (6-3) shows the absolute value of the discrete
Fourier transform of the noiseless signal. Figure (6-4) shows the subspace error of

thim}
3

Figure 6-3: 188 points discrete Fourier transform of the noiseless signal.

the noiseless data. The subspace of order m is the one among the subspaces of same
order which minimizes the error. As we expect such error decreases as the subspace
order increases. Figure (6-5) shows the subspace error in presence of additive noise
with variance 0.25. It shows that the subspace error in this scenario is minimum
for S; and our method also picks Ss. If the variance of additive noise is very
small we can use a threshold on the error ( or the description length). Note that
since the description length proposed in this chapter is a valid uniquely decodable
code, defining a threshold on this error is valid. Note that as we showed in 5.2.3,
the normalized MDL is ignoring a normalizing constant and a threshold used in one
setting is not comparable with a denoising problem with a different 3. Figure(6-6
shows the simulation results of the same noiseless data when it is corrupted by a
noise with very small variance. The minimum is attained for Sas, however, using a
threshold either for the reconstruction error or for the description length can provide
a subspace with less order.
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Figure 6-4: Subspace error for the noiseless signal with subspaces of order m. The
subspace with order m 1s the one among all the subspaces with same order which
minimizes the error.

6.7.1 Unknown Noise Variance

In an example here we show how to use the new minimum description length (6.98)
to estimate the noise variance. Assume that the data corrupted with AWGN which
has variance of 0.25. First step is to find the valid s for which the upper bound can
be calculated. When the variance of noise is known the lower bound for & can be
found using the condition from lemma one

oz —t—(1-F-22). (6.101)

T V2(N—-m) N a2

If variance of noise is .25 the available data shows that any « greater than .5 is valid.
Here we check for proper choice of o by using the MDL. Figure (6-7) shows the MDL
for variable variances when « varies. The minimum valid « is the one for which
the minimum description length still is a positive number. In this case, for 8 = 1,
as the simulation shows the lower bound for « is .64. The lower bound is obtained
through validation the condition in lemma one and the MDL defined in (6.98). Next
we choose a valid a and choose the variance for which the MDL is minimized for that
a. As figure(6-7) shows for & = 1 the optimum variance is .27. Figure(6-8) shows
the description length of the data with variance .27. In this case Sg is chosen as the
best subspace. The same figure also shows the true description length of the data
with the known variance. In this case the validation probability and the confidence
probability are both Q)(1) = .68. Note that the simulations shows that the algorithm
is very robust on the choice of a. For example for & = 2 the optimum variance as
figure (6-7) shows is o* = .6, (0, = .36) and in this case still Sg is the optimum
subspace.
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Figure 6-5: Subspace error for the noisy signal with subspaces with order m. The
subspace with order m is the one among all the subspaces with same order which
minimizes the error. Noise variance is o2, = .25. The solid line is the subspace error.
The line with “*” is the estimate of the expected value of subspace error using the
proposed method. The dashed line is the error’s upper bound, Us,, in (6.54), with
a =log(N)/2 and § = log(N).

6.7.2 Search for the Optimum Finite Number of Coefficients

For the search of optimum subspace we suggest the following algorithm. Search among
the subspaces of order one to minimize the DL, this search is of order N. Then search
among the subspaces of order 2 which includes the one basis function provided in first
step of the search, this search is of order N — 1. Continue the search for higher order
basis and the total search is of order

N+(N-1)+---+1:N(L21—) (6.102)
Another search method is to first sort the basis functions, in decreasing order, based
on the absolute value of its estimated coefficients. The best S; is then the one which
has the first basis of the sorting result. The best S, has the first two elements of
the sorting process. This search, therefore, is of order onel. F igure(6-9) shows the
result of using both the algorithms. As it is expected the second method provides a
higher error. Note that the examples given in this section are provided with the first
search method. In the second method the additive distribution of the noise is no more
independent. The dependence is caused by sorting the coefficients. For example by
having the first n elements of the sorted error, we have an upper bound on the next
coefficient error and this is an information imposed on the next additive Gaussian
distribution of the n 4 1st element.
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Figure 6-6: Subspace error for the noisy signal for subspaces with order m. The
subspace with order m 1is the one among all the subspaces with same order which
minimizes the error. Noise variance is o2, = 6.25 X 1075, The solid line is the
subspace error. The line with “*” is the estimate of the erpected value of subspace
error using the proposed method. The dashed line is the error’s upper bound, Ug, in
(6.54), with o = log(N) and = log(N).

Minimum Description Lenglh

Figure 6-7: MDL for variable standard deviations from .2 to .8 and for different as
with 8 = 1.
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Minimum Description Length

Figure 6-8: For 8 =1 and o = 1: Solid line is the description length with the true

variance o2, = .25 (o, = .5). Line with "*’ 1s the DL provided with the estimated
variance o2, = .27 (o, = .64).

Figure 6-9: Solid line is the subspace error resulted with search of order N? and line

with “0” is the subspace error resulted by sorting the coefficients estimate with search
of order 1.
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Chapter 7

Conclusion and Future Work

In this thesis we introduced a new method of parametric model selection. The method
was proposed after extensive study of the theory of the existing order estimation
methods such as AIC, MDL and NMDL. The new approach, minimum description
complexity method, is based on the Kullback-Leibler information distance. The key
advantage of the proposed method over the existing methods is that, unlike the prior
asumption in calculation of existing methods, no assumption on the true model be-
longing to all the competing sets is needed. We provided a probabilistic method of
MDC estimation for a class of parametric model sets. The main focus in this cal-
culation was how to extract the most information from the given data. While the
obtained MDC for this class of parametric models covers a wide range of applications
in different areas, one challenge for future research is to calculate MDC for more
general parametric sets.

We explored the application of MDC in two fields, system identification and signal
denoising. We will close with more future directions in these application areas.

7.1 System Identification and Quality Evaluation

The problem of identification and quality evaluation of stable LTI systems was in-
vestigated. We thoroughly studied the existing methods of both deterministic and
stochastic approaches to this problem. The methods seem to lack a proper prior
assumption on the model structure and/or the description of the additive noise.

One interesting observation was that all the quality evaluations methods in system
identification focus on calculation of the impulse response error without a complete
use of the observed data, while the information theoretic approaches implement the
observed data efficiently when the impulse response is an element of the competing
model set. Here we presented a powerful method which uses the information theory
tools to extract the observed data’s information in order to estimate the impulse
response error.

We were able to bridge between set-membership and stochastic identification ap-
proaches by introducing a proper deterministic noise definition. The definition is not
as conservative as the existing bounded norm definitions and satisfies the sufficient
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assumptions of the second order stochastic method of MDC estimation.

We examined the practical advantages of implementation of MDC over AIC and
MDL. In practical problems, and due to the method of calculation of AIC and MDL,
these methods are very sensitive to the length of the observed data and the signal
to noise(SNR) ratio. We illustrated how implementation of MDC can avoid these
problems.

More related practical problems such as zero-pole estimation and time series anal-
ysis were discussed briefly and MDC for these cases were provided theoretically. The
application of MDC and comparison of the existing methods with MDC in these areas
is another subject which clearly deserves more attention in future research. Also, for
practical purposes it is beneficial to develop a recursive method of MDC calculation
based on the provided estimation method. One other potential field to explore is
off-line nonlinear identification. In this case, with a proper input design, MDC can
be implemented to provide a piece-wise linear estimate of the system.

7.2 Signal Denoising and Data Representation

Another interesting problem we reviewed is data denoising and signal representation.
We briefly reviewed the thresholding methods which are the well-known denoising
approaches. We suggested to choose a new algorithm based on a subspace compar-
ison. MDC was proposed and implemented as a subspace comparison method. We
elaborated the theoretical superiority of MDC over the existing thresholding denois-
ing methods. Application of MDC for this denoising problem also provides a new
method for best basis search. The application of MDC in signal denoising promises
to cover a broad set of applications in a variety of fields. For example one potential
application is in blind channel identification. In available methods of blind channel
identification first an estimate of the length of impulse response is calculated then
the available noisy second order statistics of the data is denoised. MDC is able to
combine these two steps and provide the estimate of the impulse response length and
denoise the data’s second order statistics in one step.
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Appendix A
AIC and BIC

A.1 Estimation of Cost Function

For the cost function V,¥(6,,, ZV) we have

Vin(B) = Aim EVN(8,,,2Y) (A1)

where the expectation is taken over the true probability distribution of data f(zV,6).
The parameter which minimizes this criterion is 67,

g;, = arg na}in Vi (1) (A.2)

As N goes to infinity BN converges to 6, and therefore the Taylor expansion of
V,n(8Y), ignoring the terms with order hlgher than two, is

— A — ]. ~ 4 A
V(05) = Vin(87,) + 5 0m = 05) V(1) (O — 07,). (A.3)
Therefore the expected value of this random variable is
_ _ 1 . _
BV (02) % Vnl0;.) + E5 (0% — 61,7V (€1) (B2 — 67, (A4)

Also assuming that N is large enough, functions V;,(6,,) and EV.Y (6,,, zV) are close.
Therefore the Taylor expansion of EV.N(8,,, 2V) is

EVY (0%, 2%) % Vn03) — B3 BN — ) V(@)Y —05)  (A5)

where & and & are some intermediate points between g, and BN Therefore
Vo (&in) — Voo (62) as N goes to co with probability one and

B3 — 0 Valew) @)~ 07) = LB {T(6w) @ - 6,0 — 07)7)(A6)
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1
~ StV (0n) Pal (A7)

with P = Pj* /N and VNN — 6:) — N(0, Pg?) in distribution. Therefore

EVA(0) ~ Tnl0) + 5trVn(0) P (A.8)
P _— 1 — I
E(VNOY,2Y) ~ Va(0;,) - Eter(H;)Pé" : (A.9)
Subtracting (A.9) from (A.8), we conclude
J(Sm) = EVn(8Y) = EVY BN, ZN) + trV,, (65) P (A.10)
A.2 Calculation of BIC
0 1(y") — b(0m) = Cry — M|0m — 0|2 (A.11)

and Cp, = 0 - 1(y™) — b(8,n) = maxg,es,, Oy, - L(y™) — b(8) for some
ém = (émh - )émm) € Sm

The density of § € S, is obtained by the Lebesgue measure on Sy,, define u(Sy,,) =
ftm. Then we have a uniform density for 0, in Sy, and dpm(0m) = ‘LL:. Hence (3.20)
is in form

1 .
S(yN’ Sm) = logam +log— e(Cm_A“gm—emHz)ngm

Hm Sm

= logam + NCp — log pim + Iog/ A —InlIN g (A.12)

™

We have

A A u(®’)
/ N Om—dmIIN gg / (A= |RN /
m o Jue

where 8 = (1, - -+, Omim—1)) and 1(¢") and u(6') are the upper and lower bounds for
the 6,,,,. Since this integral is bounded for any N we have

e—x(emm—émm)Qngmm) d’' (A.13)

lim [ e(Am=Oml*N gy —
N—oo Spm

i o) A
lim [ eCNO-ION | 1im e Momm—bmmPNgg Vdg'.  (A.14)
N—oo fg N—oo 1o mm
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For a Gaussian distribution w with mean wq and variance o2, if wg € [a, b]

lim

(w— u;Q)2
20
a—0 \/ 271-0'2

and if wg is not in [g, b] the integral goes to 0 as o goes to 0. By applying this fact
for w = 0,8, wg = Oy, 0 = 1/2NA, the inner integral in (A.14) is

u{6') R /
/ e—)\(gmm_emm)szGmm — v 27‘(0’2 = % (A.16)
(

16"

(A.15)

if 8,m € [1(6'), u(f'], otherwise the integral is zero. Note that this assumption requires
that 8 be an element of the model set S,,. Therefore

(~A[Om—~bmlP)N g — | T (=X||6"=8'|I2)N o
/Sme df 1/N)\/g’e de'. (A.17)

By repeating the procedure for each parameter 6,,;, and with the assumption that
0., € Sy, we conclude

S(yN,Sp) = logam + NCyy, — log iy, + log ( ;—/\) (A.18)
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Appendix B

Proof of Theorem 3.4.2

Our approach is similar to the proof Rissanen has for his first theorem in [41]. At
some point of the proof Rissanen uses function log(/V) and we generalize the proof
to a family of functions which satisfy the sufficient condition needed for the proof.
Similar to the proof in [41], the proof here is presented in three steps. The first and
last steps are the same as the existing proof. The second step however is modified.

For each 4 in , let Ex(6) be a neighborhood of radius ry = ¢/v/N with § as the
center. A #-typical string of length N is

Yn(6) = {y"10(y") € En(9)} (B.1)
Define py(0) = P(Yn(6)), then
P(Yx(0)) = P(0(y") - 6] < ¢/VN). (B.2)
Because of the central limit theorem ¢ can be picked large enough such that
P(Yn(0)) 21 -6(c) (B.3)

where §(c) is some function of ¢ which goes to zero as ¢ grows.
The distribution Q(y") is defined by L(y")

N 9—LyN)
Q") = ZyNEYN 9—L(y")’ (B.4)
then
B(L) - H(8) = 3 ply™) g 2L —10g 320" (®5)

a(y™)
where g(yV) = 274¢"). The Krafts inequality results —log ), 9~LY") > 0, therefore

E(L)— H(0) > ZP(@’N)%
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N N)

Zp(yN)l Z;N +Z M log zN) (B.6)

The main goal of the proof is to find a lower bound for the right side of the above
inequality. The lower bound is attained in the following three steps.

Stepl In first step, a lower bound for the first part of the right hand side of in-
equality (B.6) is obtained. We show that

pn(8)
gn (0)

Zp log p(y") > pn(8) log (B.7)

q(y™)

where gy (6) = 3-y, a(y™)
To prove the above inequality it is enough to show that the inequality holds for

the following case. Assume pi,ps, q1, g2, numbers between zero and one such that
P1+p2<1 g +¢q <1 then

log p1 log P2 Pz
+p2 p1+pz)lo
Hlog g logg, — = 71+ 7o) g @ ta
Since Kullback distance of the two distributions (p}, p) = oh, E-) and (g1, ¢5) =

a1 q2
e T +q2) is always positive

P Iog +p 10g—>0
! 4 ? g

which results the desired inequality. Therefore by induction (B.7) is proved.

Step 2 In this step a lower bound for the right side of inequality in (B. 7) is obtained.
We replace the function N™/2| in Risannen’s proof, with a function with properties
sufficient for the proof in thls step, B(N), to generalize the proof. Define the set
D (N) as following

p(f)
q(6)

where B(N) satisfies the following conditions:
2- impy 00 B(N)*MIN-™/2 = 0 and a(N) is defined as following

2 log(1l —€/2
)1 2 _losl=¢/2)
1—¢/2 log B(N)
For 0 < € < 1. We chose (N) with such sufficient properties so that we can show

that the Lebesgue measure of D (NN} goes to zero as N grows and therefore for almost
all 8, Ty (0) is lower bounded by (1 —€) log 3(IV). However the main proof in [42] uses

De(N) = {8]Tn(8) = p(6) log == < (1 — ¢) log B(N)} (B.8)

(B.9)
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B(N) = N™2_ We note that the second condition with given (V) can be simplified
to

i 1 (1_1122) =
I}Enoo Nt 6/Q)B(N) 7 0 (B.10)

For elements of D.(N) we have

pn(0)
pn(0) log o ® < (1 -¢€)log B(N), (B.11)
therefore,
~logq(6) < [ — 182B) 3y 5y (B.12)

p(d) logB(N)
The assumption is that 0 < € < 1 and we pick §(c) < €/2 then p(f) > 1 —¢/2 and

_¢/2 log(l —¢/2)
1—¢/2 log B(N)

—logq(f) < 1 |log B(NV). (B.13)

Therefore
g(0) > B(N) . (B.14)

Let B(N) be the smallest set of the centers of the hypercubes with volume (¢/v/N)™
which cover D (N). If vy is the number of elements of B(N) then Vy the volume of
D.(N) is bounded by

Vv < on(c/VN)™. (B.15)
Since ¢(f) is the probability assigned for Yy (6) defined in (B.1) and sets B(N) are
disjoint, we have
1> " g(6) > vy B(N) ™) (B.16)
B(N)
which gives an upperbound for vy and from (B.15) we have

Vi < BNy y—m/2, (B.17)

Using the first condition on S(N), for all €, there exist N such that for all N > N,
a is bounded 0 < a(N) < 1. Using the second condition on G(N), as N grows this

upperbound goes to zero and D.(NN) has almost zero measure.
One candidate for 3(N) is N™? which makes the upperbound to be N(e—1m/2
and therefore

Vi < ¢"Nlem/2, (B.18)
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The inequality (B.11), then takes the following form

<(1-¢21gN. (B.19)

pr(6) log 2 .

Therefore for almost all 8, except a zero-measure set, the inverse of the above inequal-
ity holds which is the upperbound Rissanen uses in the proof.

Step 3 In previous step a lower bound for one component of the right hand side
of the inequality in (B.6) is provided ( in (B.7)). Therefore for all 8 except a zero-
measure set, for the inequality we have

)

E(L)-H®) > (1-¢logN™*+3 p(y")log ply

T a(y™) (B.20)

The lower bound for the second part is calculated as follows. For all positive z,
log,y 2 > 1 — 1/z, therefore

S og 28 > 1og 103 p(57)(1 - 250 (B21)
where 2z = z E;’N), hence
R B> log10(1 — p(0) — (1~ 6)) > og10{g(6) — p(6)}) > — log10
(B.22)
Therefore from (B.20), (B.22) we have
E(L)—H(@®) > (1—¢)log B(N) —log 10 (B.23)

The above is a corrected version of Rissanen’s proof in his book [42]. The inequality
logz > 1 —1/z is not true if a log is based 2, as Rissanen assumes. The proof in the
book misses log 10 in the expression for the lower bound.

121



Appendix C

Output Error and Impulse
Response Error

C.1 Impulse Response Error
From (4.6), we have

E(RY —bN1®) = E@W'Cpw) + E((BnALY) CmBm) + E(2uwT Cp B AN)
= tr(Cp)o? + (B AN C,, By AL (C.1)

Similarly from (4.7)

E(IRY = pNIP) = B(l[hy — hp)IIP) + AR
= tr(Cp)o2 + (BnANTC,, B AN + || AN]]7, (C.2)

and the variances are

var([|[RY — h¥|?) = var((BnAN) CnBnAN + w' Crw + 2wl Cp Bn ANYC.3)
= var(wTCpw + 2w Cp, B AL) (C.4)
= var(w? Cpw) + 4(BnAN)TC2 B,AN o2 (C.5)

m-w?

Note that from (C.3) to (C.4) the variance of the deterministic part,
(BpAYN)TCpBn AN | is zero and E(wTCrpw) (2w’ CrBrAlY) = 0 since the additive
noise is white.

var(|[ — BN|[2) = var(|[B) — hY)II? + [IANIP) = var([|A — hp)I[?) (C.6)
= var(w? Cpw) + 4(B,ANTC2 B, Al o2 (C.7)

C.2 Output error

A Chi-square distribution of order 7 is of form z = > 1 ;(v;)® where v;s are inde-
pendent Gaussian random variables. If each v; has a mean of m; and variance of o;
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then

n n

E(X)= Z(Jf +m?) var(X) = Z(Qaf + 4om?). (C.8)

=1 =1

The output error, X,, in (4.13), has a Chi-square distribution. Since G,, is a projec-
tion matrix of rank N — m we have

%(u} + BAL) Go(w + BA,,) = Z v; +m;)? (C.9)

where v;s are zero mean, independent Gaussian random variables with variance o2

and
~ Z m? BAm)TG (BAp) = gm. (C.10)

The expected value and variance of such random variable is

E(Xn) = (1- %)02 + gm (C.11)
2 4 2
var(X,,) = =(1- % —]Gvﬁ + %gm (C.12)

By using the Tchebyshev’s Central Limit Theorem, the output error asymptotically
behaves like a random variable with Gaussian distribution.

Tchebyshev’s Central Limit Theorem : [36] Let X, X5, - - - have zero mean and
finite moments of all orders, and let variance of each X; to be ¢?. Further suppose
that

(1) limye0(0? + 05 + - - - + 02 ) /n exists and is finite,

(ii) |[BF(X])] < Ar <00, 7=2,3,---

Then

Jim Pr{(a < Sp/lo2 4+ 02+ -+ 02V < b} = B(b) — B(a) (C.13)
where ®(z) is the Gaussian cumulative distribution function(cdf). ¢

Next theorem is on the rate of convergence of a distribution to a Gaussian distri-
bution.

The Berry-Esseen Theorem [36]: Let X; be an IID sequence of random variables
such that F(X;) = p;, Var(X;) = o? and has a finite absolute third moment v; =
E(|X; — E(X;)|?). Then for some positive constant C, .41 < C < .8 and G, the cdf
of (X1 +Xa+--++ X, — > w;)/(v/no). Further let p, = > v;/(3. 02)%2. Then for
all x, we have

V|Ga(r) — &(2)] < Cpa-$ (C.14)
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Therefore, with a rate of convergence of order ﬁ the cdf of the output error ap-

proaches the cdf of a Gaussian distribution.

C.3 Proof of Lemma 1

Define Zs,, = zs,, — (1 — &)o3, we want to validate ms = g, for which

Ay _ 4m,,
mg — & —]V—m5+vm §$Sm <ms+ Tm5+vm

where m, = (1 — )02, and v, = (1 — )0y,
Lower Bound on m;
o2
Ts, —ms < & Twmg + U (C.15)

If Zs_ < a\/Um, then the inequality holds for ms > 0.
If Tg, > 0t/Um, then the lower bound for ms is the smallest root of the following
equation

_ 9 2 40'121)
(Zs,, —ms)° =« (—N—mg + vp) (C.16)
which is
2020®  2a0l [a’ol 1
Ly = %g,, — My + N N N +zg,, — §mw (C.17)
Note that Lsm < .”Esm.
Upper Bound on m;
A2
ms — Zg,, > O —]%D—mg + U (018)

If 5, < —a+/Um, then the inequality does not hold for any ms.
If Zs, > —ay/Um, then the upper bound is the largest root of equation

452

(Zs,, — m(;)2 = oz2(——N“’ ms + Um) (C.19)
which is
U 20202 200l |a?o2 N 1
e =TS — My Ts. — =M
5 = TSm N JNV N Sm T oW
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C.4 White Noise

If w is a random vector for which each element is a white noise with zero mean and
variance o2, then for any N x N matrix F

E,(w'Fw) = tr(F)o?

Var(w’ Fu) = [E(w4)—(ffi)2]z RGN (C.20)

L,3#]

For the impulse response error in each space Sy, F' = Cy, which is defined in (4.8).

C.4.1 Output Error

Since G,, is a projection matrix of rank N — m, we have
—uwiGpw== (v;)? (C.21)

where v;s are zero mean, independent Gaussian random variables with variance o2.
Therefore, the expected value and variance of this random variable, with a Chi-square
distribution, is

L 7 _ oMy
E(Nw Gnw) = (1 N)ow (C.22)
1 7 B m, 200

C.4.2 Bounds on the Expected Value and Variance of w? C,,w

Elements of C,, are

1 AT A, . AT A,
Gj = ﬁvzr( N )X N )l (C.24)

where v; is defined as rows of A,

vf
A, = I (C.25)
vy
where A,, is a N x m matrix defined in (4.4). Matrix (A—%\fﬂ)“l is % m and since

the input is quasi-stationary there exist finite numbers ¢,,;, and ¢, such that

AT A AT A
< T (Zmmy = ImI Ty, < . )
Cmin = VU ( N ) ( N ) VUj > Crmaz (C 26)
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Therefore

0< c;;" < ¢y < c]’:;’; (C.27)
and |c;;| < &% and we have
Crmi al c
0< 7;;” < Ew'Chw)= Zc@-i < T;;:E (C.28)

var(w? Cpw) = [E(w") — (62)% Z s+ (02)? Zc?j
cc [E(w*) — (02)7]

< BT gy
For the cross term w? Cp, B, AY we have
EQuTCpB,AL) = 0 (C.29)
var(2uwTCmBnAY) = 402(ANTBLCECBrAL (C.30)

We used bounds on absolute value of element of matrix C,, to provide the bounds.
With a similar method we can show that the absolute value of each element of matrix
CTCp = (Crm)? is less than or equal 5 and we have

AN
var(2w? Cp B AN = 402 (AN BT CT C,, Br AN < 402 C_CHBm m |2

A (C.31)

Since the input is a bounded power signal and the system has a bounded power /power

gain, then HB—""]\,A—‘f’V‘I]2 which is less than the power of output of the system is a finite
number.
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Appendix D

Independent Identically
Distributed (IID) Input

The following lemma, is used in the proves of this section.

Lemma C1

With probability greater than [Q(572%)]™ and for any p, 0 < p < .5 the following
equality holds

AT A,
N

o7 () o = (ol P+

)s (D.1)

where v is a vector of length m and c is a finite number.
Proof of Lemma C1
If matrix P is an m x m matrix(m finite) and |P; — 1| < K, |P;| < K, then

|21 = 2m + 1)K] < v Pv < |1 + 2m + DK)]. (D.2)

We show that with probability greater than [Q(+5)]™, u < -5, [+ (AT A)] ™ has
the properties of P with K = . In the next lemma we first show some properties
of the inverse of that matrix using the properties of IID input.

Lemma _C1.1 With probability greater than [Q( =)™, ¢ < .5, for matrix R,,, =
~AL Ap, the following holds

1

. 1 -
B (1,8) = 1] < 20 [Bm(id)] < 72

= L j i (D.3)

Proof of Lemma C1.1 The elements of R,, are in the form of

1 N-max(3,5)}41)
Bn(i,7) = > wmurgy; (D.4)
k=1

Each of these elements are random variables with

E(RG,j)R(k,1)=0,i#k or j#1. (D.5)
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If m << N by using the law of large number each of these elements are asymptotically
a Gaussian random variable, which are independent from each other. The expected
value and variance of these random variables are

N—-i+1 _ N —i _ war(u?)

E(R,(i,1) = — ~ 1, wvar(Rm(i,1)) = var(u?) e < N
oy oy N -—max(3,j) 1 .
E(Rn(1,7)) =0 , var(Rn(i,5)) = — Nz < ~ 7 # {D.6)

Variance of the elements of input squared, u?, is a finite number and for simplicity
we assume it is one. By using the Chebychev inequality we have

Prob (]Rm(z’,z’) 1< ng) > 0 (%)
Prob (|Rm(z,j>>|s$) > Q(5s) . i (D7)

Since these events are independent, the probability that the inequality holds for all
the elements of R,, is the product of the probability of each event. The m x m matrix
ATTA has m? elements and the proof of Lemma C1.1 is completed.

Lemma C1.2 Next we claim that if m x m matrix P~! is such that |P~!(z, j) —
I(i,7)| < €, where I is the identity matrix, then for the elements of the inverse of
P~ P, we have

|P(i,i) — 1| < efi(e,m), |P(i,5)] < efale,m), (D.8)

where fi(e,m), f2(€,m) are finite functions of .
Proof of Lemma C1.2 For each element of P

P, 7 DetPi;l D.9
(7’7.7)_Detp__17 ( ’ )
where matrix Pi;1 is matrix P~! without ith column and jth row. Therefore
P Det P’ Do
(:9) = Berp1° (D-10)
If [P71(4,7) — I(i,5)| < €, then
(1—€&)™ —mle(1+e™ ! < DetP™' < (146" +mle(l+ 6™t
-1 m—2 m—2
Pl < I+ +ml(l+em" (D.11)
Therefore
IP(%Z) - 1| < Efl(ﬁ, m)7 ‘P(%])l < €f2(€7m)7 (D12)

where fi(e,m), f2(e,m) are finite functions of €. ¢
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Using Lemma C1.1 and Lemma C1.2, the proof of Lemma C1 is completed. {

D.1 Output Error

From the first step we obtain bounds for g, = % (BnAY)TGrnB, AL, the unmodeled
part of the output error. Since the input is IID, g,, itself is a random variable and
we have

1

E(gm) = EN(BmAan)TGmBmATNn
= Ei(B ANTB AN _pL (AT B, AMT (AT—A)-IATB APD.13)
N, TmEm e N2 N e

Next we find the estimate of the two components of E(g,,) in (D.13).

D.1.1  Estimation of E&(B,AN)TB,AlN

1
B (BadN) BaAY = B (0T Asby), (D.14)
where
Bt O - 0
U1
hmiz hmei - O
e IV e (D.15)
uv hn  hy—i - Ama

and b, is a vector with IID elements. By using (2.80)

1 1
E—]lv(BmAg)TBmAg = Eﬁ(bﬁAg’ Asby) = =Trace(ATA;) =g,  (D.16)

N
where
N R
N — N-m+1 1 N—i+1
g = thfn+1+—]—7\?:—h2 ot oy = > TZ+|hi|2-(D-17)
1=m+1

D.1.2 Estimation of E3; (AL B, AN)T ( An)~1AT B AN
By using Lemma C1, (D.1), we have

AT A,
NQ(ATB AN (ZE) T AT BT, = NZ(ATB AR AL B AL (L + O(1)ID.18)
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where

[ Tul(m+1) Tug(m+2) 'r'u,N(N) h
1 ra(m)  rem+1l) o ren(N -1 m
ALBAY = 1:( ) ralm) . N(; ) :
: : : . b
(1) Ty2(2) <o run(N —m) N
N
= , (D.19)
| Um
and
| Nomolt
rali) = % >0 u()ulk+3), (D.20)
k=1
For each v; in (D.19) we have
1 N—-m N-m+1 1 1
B(v}) = N(Thfnﬂ + _N—h?n+2 ot Nh%’) Z—V—gf,‘i- (D.21)
Therefore,
1 m
Em(AanmAﬁ)TAﬁBmAﬁ = > Ew)’
i=1
m
where g2 is defined in (D.17).
From (D.16),(D.22), for E(gm) we have
E( )—E—l—(B ANTG L BrAY = (1— g 0(i D.23
where O(2) is the result of using lemma C1 (D.1).
D.1.3 Variance of g,
The variance of g, is
1 1 ;
varN(BmAg)TGmBmAﬁ = E((N(BmAg)meBmAg)z) (D.24)
1
(B (BuAYY G B A

var (| BadIP) + var (1AL Bn )
S5 (1Bt E (5 (1AL B2 )
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( (1B P 5 (1AL B AN 2). (D.25)

N2
Lemma C2
var = (Bp AN G B AN < b, Im) 0(=) (D.26)
N N N
where k,, = 1,, + m and [, is an upper bound for %(ﬁ‘;‘)

Proof of Lemma C2 We find upper bounds for the four elements of the variance
of g, in (D.25).
Lemma C2.1 First we show that

vari(lleANHZ) < Iy (9m)* (D.27)
N m - N
where [, is an upper bound of "”l‘l‘;ﬁéﬁQN)
Proof of Lemma C2.1 By using (2.80) with z = ATA; we have
1 1 N N
var g (1Bnnll’) = 7z (B — (071D 2k + (@) D ) (D.28)
i 03,177
For each fixed i,
N N
[E(u®) — (00)’ef + (00)* D 2 < ax(02)* ) 22 (D.29)
J# J

where «, is a function of the random variable u. When « is a Bernoulli input of unit
variance, then [E(u*) — (¢2)?] = 0 and o, = 0. For a fixed i then Ejv 2z 1s the I,
norm of some elements of the correlation of the ith column of A with AN I k; is
the correlation of f; = As(:,7) and AY then

>z < D k)P (D.30)

S o-maz(A;\yi) Z ’hm+n|2 (D31)

n=1

where 0y, is the Ho, norm of AY. From (D.28) and (D.30) we conclude

va,r%(HBmAfXH?) < amm (AN 2 Zzzzj) (D.32)

1
< FOmaz(A7)9m (D.33)
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Since A” has a bounded 0y, there exists a bounded number /,, such that gpes (AY) <
lmgY hence

—

var - (1 BaANIP) < (o’ (D.34)
¢
Lemma C2.2
var——(||ATB ANI?) < ——](Vg;"—)Q, (D.35)

Proof of Lemma C2.2 By using v; from (D.19) we have

N—-m

v = ZTui(j)hj+m- (D36)

j=1

Also by implementing the law of large numbers, each 74;(j)h;+m = d; is an indepen-
dent Gaussian random variable with zero mean and variance of |hj+m)2 NAT herefore
v; is also a Gaussian random variable with variance } vard; = +gJ, variance of v}
then is
varv? = E(vf) — (B(v?))? = 3(varv;)® — (vary;)?
o (9m)”
N2

Combining (D.19) and (D.37)

(D.37)

Va,r—(HATB ANIBY = var( Z Zva,rv —I—ZE vivs (v} E(v?)

7]

E Va,rv + E \/Varv va,rv

i#]

IA

2
< mPvarv? < —(N_Qm)_ (D.38)

<
For the third element in (D.25) we use (D.16), (D.22)

B(=

L (BN B (4L B AN = o x Toad = 422 (o)

N N

And for the last element in (D.25), we use the upper bounds on the variances in
Lemmas C2.1, C2.2 (D.27), (D.35)

B BaAN P L IALBAALIE) < fvar(h Bl var i (1AL Bn O I)
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lm(grlz\z,)zmz(gN)Q
< m
= \/ N N2 (D-40)
from (D.27)(D.35)(D.39),(D.40)
vari(B ANTG B AN < k (9)” +O(i) (D.41)
N TS mmEmTm = ey N '

The proof of Lemma C2 is completed ¢

D.2 Estimates of IRE and SIRE

In this section we find estimates of the expected value and variance of IRE and SIRE
for 1ID inputs. From (4.26),(4.27) and(4.28) we have

E(||RY — Y| = tr(Cw)o? + (BpAY)TCrBRAY, (D.42)
E(|lhy = BYIP) = tr(Cr)o? + (BRANY CBo AN + ||AY]2,  (D.43)

and here the input is also a random variable so the variance in (C.3) is changed to

var (- |lhy — BY|1%) = var(|[AY — KV {]2) (D.44)
= var(w' Cpw) + var((Bn AN Cr B AN) + 4E(B,, ANYTC2 B, AN 68).45)

In section D.2.1 we show that for the unmodeled related parts of the expected values
and variance we have

1
B((Brd)) CnBaAY) = Tl +0() (D.46)
2( NY2
N\T N m*(gm) 1

var((BmAm) CmBmAm) S T + O(m), (D47)

m 1
E((BuAN)TCBnANGE) = 402 Tl +0(3) (D.48)

and in section D.2.2 we show that for the noise related parts we have
1
tr(Cr)ol, = ol +0(5) (D.49)
2m 1

var(wl Cpw) = (O’i)zﬁ + O(m) (D.50)

D.2.1 Unmodeled Dynamics Effects

The unmodeled part of the subspace impulse error also is a random variable. Here
we have

1 AL A, AT AL | ¢
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Using the same argument we had for (AtTA)_1 in Lemma C1, (D.2),(D.1), here for
(AtA (AtA) we have

7 AnAm, 1 AnAn

o () R e = ol + OClllP). (D.52)

Therefore, estimating the variance and expected value of (BmA)TC B A, is similar
to estimating the variance and expected value of = (BmA)TA, AT B, A which is
provided in D.1.2. Hence we have

(B CrBndl) = gl +0(), (D.53)
1
402 B((BrAN)TCLBnAY) = 40%1507 +O0(55) (D.54)

With similar argument we can use lemma C2.2 (D.35),

var(Bpn AN Cr B AN) < ™ (9m)” +O0(-= (D.55)

D.2.2 Noise Components

Here we find estimates for the expected value and the variance of xw”Cpw
E(xw"Cruw)

1 wl A, AT A AT A AT
E—Tm - E m L imsmy—1 m* my—1-"m .
(st ) = B (Andimy - Aalmy ) (D.56)
wT A AT w wT A, AT w
= E(—W—) + O(E((_N—z——)) (D.57)
where from (D.56) to (D.57) we used (D.52).
Here A—N— is a vector of length m,
Ui
AT
m@ _ | (D.58)
Um
where v;’s are independent Gaussian random variables, E(||v;|{?) = Z5¢02. Assume
m << N, then
TA AT m
B(——="— sz (loill®) ~ o0 (D.59)
Therefore, with (D.57), (D.59) we conclude
Lre = Lot —o2™ 1+ o(L
E(Nw Crw) = Ntr(Cm)aw = ooyt O(N) (D.60)
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var+ (w? Crpw)

var%(wTme) - E((%(wTme))Q)—(E(%(wTme)))Q (D.61)
wT A AT w

~ var( (D.62)

N2 )
Note that here we ignored the O(-) terms which are results of using (D.52)

Next we calculate var( %—fh)
If random variable f = Zle d? where d;s are 1D random variables then the
random variable has Chi-square distribution with

E(f) = koj

varf = kvar(d?). (D.63)
If d; is Gaussian then E(d*) = 3(02)2,
var(d”) = E(d*) — (B(d%))” = 3(07)® — (03)” = 2(03)™. (D.64)

Here % = L3 ¥w? and %—fﬁw = > 1 vZ, where v; defined in (D.58). Therefore,
from (D.63),(D.64) we have

wl A AL w 2mo?
var(—N2 ) = NE (D.65)
and from (D.62),(D.65) we conclude
1, . om(o2)? 1
varN(w me) = T + O(m), (D66)

where O(4;) is the result of using (D.52).
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