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SEMICLASSICAL SPECTRAL INVARIANTS FOR
SCHRODINGER OPERATORS

VICTOR GUILLEMIN AND ZUOQIN WANG

ABSTRACT. In this article we show how to compute the semi-classical spectral
measure associated with the Schrodinger operator on R", and, by examining
the first few terms in the asymptotic expansion of this measure, obtain inverse
spectral results in one and two dimensions. (In particular we show that for
the Schrédinger operator on R? with a radially symmetric electric potential,
V, and magnetic potential, B, both V and B are spectrally determined.) We
also show that in one dimension there is a very simple explicit identity relating
the spectral measure of the Schrodinger operator with its Birkhoff canonical

form.
1. INTRODUCTION
Let
h2
(1.1) Sy = *?A+V($),

be the semi-classical Schrodinger operator with potential function, V(z) € C*°(R"),
where A is the Laplacian operator on R"™. We will assume that V' is nonnegative
and that for some a > 0, V~1([0,a]) is compact. By Friedrich’s theorem these
assumptions imply that the spectrum of S on the interval [0, a) consists of a finite

number of discrete eigenvalues
(1.2) Ai(h), 1<i< N(h),

with N(h) — oo as h — 0. We will show that for f € C*°(R), with supp(f) C

(—00,a), one has an asymptotic expansion

(1.3) @rh)" Yy fFa(m) ~ Y i)
i k=0

with principal term

(1) wif) = [ 15 + Vi) d de
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and subprincipal term
1 £ 0%V
= — — (2) —_—
(1.5) vi(/f) 24/f (5 + V() EZ 922 dx dg.

We will also give an algorithm for computing the higher order terms and will show

that the k' term is given by an expression of the form

k
(1.6)  w(f) = / > f@j)é +V(@)prg(DV, -, D*V)dade
J=15+1]

where py ; are universal polynomials, and DFV the k" partial derivatives of V.
(We will illustrate in an appendix how this algorithm works by computing a few of
these terms in the one-dimensional case.)

One way to think about the result above is to view the left hand side of
as defining a measure, uy, on the interval [0,a), and the right hand side as an

asymptotic expansion of this spectral measure as i — 0,

g2
(1.7) pn o~y B (dt) [k

where uy, is a measure on [0, a) whose singular support is the set of critical value of
the function, V. This “semi-classical” spectral theorem is a special case of a semi-
classical spectral theorem for elliptic operators which we will describe in §2, and in
83 we will derive the formulas and and the algorithm for computing
from this more general result. More explicitly, we’ll show that this more general
result gives, more or less immediately, an expansion similar to , but with a
“(4)4k” in place of the (<)2*. We'll then show how to deduce (1.7) from this
expansion by judicious integrations by parts.

In one dimension our results are closely related to recent results of [Col05],
[Col08], [CoG], and [Hez]. In particular, the main result of [CoG] asserts that if
¢ € [0,a) is an isolated critical value of V and V~1(a) is a single non-degenerate
critical point, p, then the first two terms in determine the Taylor series of V'
at p, and hence, if V' is analytic in a neighborhood of p, determine V itself in this
neighborhood of p. In [Col08] Colin de Verdiere proves a number of much stronger
variants of this result (modulo stronger hypotheses on V). In particular, he shows
that for a single-well potential the spectrum of Sy determines V up to V(z) <
V(—2z) without any analyticity assumptions provided one makes certain asymmetry
assumption on V. His proof is based on a close examination of the principal and
subprincipal terms in the “Bohr-Sommerfeld rules to all orders” formula that he
derives in [Col05]. However, we’ll show in §4 that this result is also easily deducible
from the one-dimensional versions of and , and as a second application
of and , we will prove in §5 an inverse result for symmetric double well
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potentials. We will also show (by slightly generalizing a counter-example of Colin)
that if one drops his asymmetry assumptions one can construct uncountable sets,
{Va,a € (0,1)}, of single-well potentials, the V,,’s all distinct, for which the py’s in
(1.7) are the same, i.e. which are isospectral modulo O(/*°).

In one dimension one can also interpret the expansion from a somewhat
different perspective. In §6 we will prove the following “quantum Birkhoff canonical

form” theorem:

Theorem 6.1. If V is a simple single-well potential on the interval V= ([0,a))

then on this interval Sy is unitarily equivalent to an operator of the form
(1.8) Hqp(Sp™", %) + O(h™)

where S;{” is the semi-classical harmonic oscillator: the 1-D Schréidinger operator
2

with potential, V(x) = %-.

Then in §7 we will show that the spectral measure, uy, on the interval, (0,a), is

given by

(1.9) / f@) th2)
where
(1.10) Hgp(s,h?) =t <= s = K(t,h?).

In other words, the spectral measure determines the Birkhoff canonical forms and
vice-versa.
The last part of this paper is devoted to studying analogues of results (1.3])-(1.7))

in the presence of magnetic field. In this case the Schrodinger operator becomes
m)  x~ h 0
(1.11) S = 3G g T @)+ V(@)

where oo = Y apdxy, is the vector potential associated with the magnetic field and
the field itself is the two form

(1.12) B:da:ZBijda:i/\dxj.

For the operator ([1.11)) the analogues of (1.3)-(1.7) are still true, although the

formula (1.6) becomes considerately more complicated. We will show that the

subprincipal term (|1.5)) is now given by

1 [0 a2 Y G + 1P

As a result, we will show in dimension 2 that if V and B are radially symmetric

they are spectrally determined.
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2. SEMI-CLASSICAL TRACE FORMULA

Let

(2.1) Py= ) ao(z,h)(hD;)"

la<r

be a semi-classical differential operator on R™, where a,(z, ) € C°(R"xR). Recall
that the Kohn-Nirenberg symbol of Py is

(2.2) p(z, &, h) Zaa (z, )€
and its Weyl symbol is
ih
(23) pw(x7£’ h) :exp(_EDﬁaz)p(‘r7§7h)

We assume that p" is a real-valued function, so that Py is self-adjoint. Moreover
we assume that for the interval [a, b], (p*)~1([a,b]), 0 < h < hy, is compact. Then
by Friedrich’s theorem, the spectrum of Py, i < hg, on the interval [a,b], consists

of a finite number of eigenvalues,

(2.4) Ai(R), 1<i<N(h),
with N (i) — oo as i — 0. Let

(2.5) p(z,§) = p(z,§,0) = p*(,£,0),

be the principal symbols of Pj.
Suppose f € C§°(R) is smooth and compactly supported on (a,b). Then

f(Pn) = J% / e dt,

where f is the Fourier transform of f.

Theorem 2.1 ([GuS]). The operator f(Pr) is a semi-classical Fourier integral
operator. In the case p(x,&, h) = p(x,§), i.e. aq(x,h) are independent of h, f(Pr)
has the left Kohn-Nirenberg symbol

26) )~ > buate€) (G207 ) (0l €)

<2k
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It follows that
2.7) tracef(Py) = h" / by (2,6, h) dwd€ + O(F™).

The coefficients by ;(z,£) in (2.6) can be computed as follows: Let Q, be the

operator

1 Jdp
2.8 o Oy + it
(28) Qu= ( i 81;)
Let by (x,&,t) be defined iteratively by means of the equation
10by,
(29) o = 2 Z (DgP)(Qabr).
|| >1 k+|a|=

with initial conditions

(2.10) bo(z,&,t) =1
and
(2.11) b (2,£,0) =0

for m > 1. Then it is easy to see that by(x,&,t) is a polynomial in ¢ of degree 2k.

The functions by ;(z, ) are just the coefficients of this polynomial,

(2.12) br(z, 1) = Y brala, Ot

<2k

3. SPECTRAL INVARIANTS FOR SCHRODINGER OPERATORS

Now let’s compute tracef(Ss) for f € C§°(—a,a) via the semi-classical trace
formula (2.7). Notice that from (2.6)), (2.7) and (2.10)) it follows that the first trace

invariant is
[ $0(w.€)) daa,

which implies Weyl’s law, ([GuS| §9.8), for the asymptotic distributions of the

eigenvalues (2.4]).

To compute the next trace invariant, we notice that for the Schrodinger operator

(1),
(3.) P €)= pola.€) = pla§) = &+ V(o).

so the operator (), becomes

AN
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It follows from (2.9)) that

1 by, o
T = 2 2. DerQh

|al>1 k+lal=m

and thus
19by <& zt2 1 o . av\®
Pt *§i <aI ) Zflaxl 22 axk“taxk) M
A AN L0V L9V OV
Zﬁk& (a oz ouy a;m) 2§(”ax§ —f mm)

It follows that
(3.3)

t? 0?V it? 8V ov ov
o6 =32 Gt ( o)+ 0k ) 5 LG
k

Thus the next trace invariant will be the integral

/“ZZZ]‘” Cive >>—é2<8xk> 1E +via)
k

2 oV ov
kaflax e £ (2 ka&ax 92 (4)(5 +V(z)) dwds.

We can apply to these expressions the integration by parts formula,

52

(3.5) /amk & V(@) ded = — /A B( + V(@) dude

and

§

2
(3.6) / &&A(@B’(% +V(2)) dedt = — / 5L A(x) B 22 +V(2)) dadt.

Applying (3.5) to the first term in (3.4]) we get

[ F S G Ve as
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and by applying (3.6)) the fourth term in |D becomes

/s Z S P10+ V(a) dade.

Finally applying both (3.6) and (3.5)) the third term in (3.4) becomes

/ —*Z S P IO Vi) dade.

So the integral (3.4]) can be simplified to

/Z Mk +V( )) dzdé.

We conclude

Theorem 3.1. The first two terms of are
(3.7)

tracef (Sy) = / f(§+v ) dudé+o; h2 / Z 89% +V( ) dzdé+O(RY).

In deriving we have assumed that f is compactly supported. However,
since the spectrum of Sy is bounded from below by zero the left and right hand
sides of are unchanged if we replace the “f” in by any function, f, with
support on (—o0, a), and, as a consequence of this remark, it is easy to see that the

following two integrals,

(3.8) / dwdg
£1v(@)<x
and
ov
3.9 / dade
(3.9) £ 1y (z)<A ;(3%)

are spectrally determined by the spectrum (2.4)) on the interval [0,a]. Moreover,
from (3.7), one reads off the Weyl law: For 0 < \ < a,

52
(3.10) #{N(h) < A} = (2nh)™" <Vol( FV(z) <A+ O(h)> .

We also note that the second term in the formula (3.7) can, by (3.6), be written

in the form
24 /Z f(2> +V( ) dadg

and from this one can deduce an h2-order “cumulative shift to the left” correction
to the Weyl law.



8 VICTOR GUILLEMIN AND ZUOQIN WANG

3.1. Proof of (|1.6]). To prove (|1.6)), we notice that for m even, the lowest degree

term in the polynomial b, is of degree 3 + 1, thus we can write

bm = in: bmJtm+l.

l=—m 41

Putting this into the the iteration formula, we will get

m+1 &k Obp_1, ov 1 0?by—2141
by =S Sl N S s S e
- y ; + ) & o, 101

1 oxy, 2 83:%
i, 0 OV ov 0 1 ov
— it o bme21 5 3 (o) bmo211,

2(6xk oxy, + oy 8$k) 20+ 2 Z(axk) 2i-1

from which one can easily conclude that for [ > 0,
oV
_ o Jé] m

(3.11) bmi =D (5 ) Pas(DV, -, D"V)

where p, g is a polynomial, and |a| + |3| > 21 — 1. It follows that, by applying the
integration by parts formula and , all the £+ 1 > 0, in the integrand of
the Ath term in the expansion can be replaced by f(™). In other words, only
derivatives of f of degree < 2k figure in the expression for v, (f). For those terms
involving derivatives of order less than 2k, one can also use integration by parts to
show that each f(™ can be replaced by a f(t1) and a f(™=1. In particular, we
can replace all the odd derivatives by even derivatives. This proves .

4. INVERSE SPECTRAL RESULT: RECOVERING THE POTENTIAL WELL

Suppose V' is a “potential well”, i.e. has a unique nondegenerate critical point
at = 0 with minimal value V' (0) = 0, and that V is increasing for x positive, and
decreasing for x negative. For simplicity assume in addition that
(4.1) —V'(-x) > V'(2)
holds for all x. We will show how to use the spectral invariants (3.8) and (3.9)) to

recover the potential function V(z) on the interval |z| < a.
For 0 < A < a we let —z2(A\) < 0 < z1(A) be the intersection of the curve

% + V(z) = A with the z-axis on the x — ¢ plane. We will denote by A; the region
in the first quadrant bounded by this curve, and by A, the region in the second
quadrant bounded by this curve. Then from (3.8) and (3.9) we can determine

(4.2) /A . /A 2 dzdg

(4.3) /A + A V' (x)?dxdE.
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F1GURE 1. Single Well Potential

Let x = fi(s) be the inverse function of s = V(z),z € (0,a). Then

21(\) 2(A—V (2)
/ V'(2)? drd¢ = / V'(z)? / dédx
Ay 0 0
{L’l()\)
= / V' (x)*\/2\ — 2V () dx
0

_ / N VIR TRV (f(s) ds

[ ()

Similarly
10,02 A df -
V'(z)* ded€ = V2A—2s Ts ds,
Az 0 §

where © = f5(s) is the inverse function of s = V(—z),z € (0,a). So the spectrum

of Sy determines

(4.4) / \/7< dfl) +(Cg;2)1) ds.

Similarly the knowledge of the integral (4.2) amounts to the knowledge of

(4.5) /ﬁ(dfl Cg") ds.

Recall now that the fractional integration operation of Abel,

A
(4.6) Jog() = P(la) / (A — 0 g (t) dt

for a > 0 satisfies J*J? = J*tb. Hence if we apply J'/2 to the expression and
|i and then differentiate by A\ two times we recover df1 + df2 and (Cgsl )74 (’Zf—j)’l
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from the spectral data. In other words, we can determine f] and f} up to the
ambiguity f] < f4.
However, by (4.1), f1 > f4. So we can from the above determine fi and fJ, and

hence f;,© =1,2. So we conclude

Theorem 4.1. Suppose the potential function V is a potential well, then the semi-

classical spectrum of Sy modulo o(h?) determines V near 0 up to V(z) « V(—z).

Remark 4.2. The hypothesis or some “asymmetry” condition similar to it is
necessary for the theorem above to be true. To see this we note that since V' (z) and
V(—z) have the same spectrum the integrals in have to be invariant under
the involution, x — —z. (This is also easy to see directly from the algorithm )
Now let V : R — R be a single well potential satisfying V' (0) = 0, V(x) — +oco as

r — £o00 and
(a) V(—z)=V(x) for k>0and 2k <z <2k+1
and
() V(—z) <V(z)fork>0and 2k+1 <z <2k+ 2.
Now write the integral as a sum

(4.7) %:/IJr/I

where I}, is the set, {(z,£),k < < k4 1}, and for a € (0,1) having the binary

expansion .aiasas---, a; = 0 or 1, let V,, be the potential
Valz)=V(z)on 2k <z <2k+1lifap=0
and
Va(z) =V(—z)on 2k <z <2k+1if ap = 1.
In view of the remark above the summations are unchanged if we replace V
by V.

Remark 4.3. The formula can be used to construct lots of Zoll potentials, i.e.
potentials for which the Hamiltonian flow vy associated with H = &% + V(x) is
periodic of period 27. It’s clear that the potential V (x) = 2 has this property and
is the only even potential with this property. However, by and the area-period
relation (See Proposition 6.1) every single-well potential V' for which

Fi(s) + fa(s) = 252
has this property. We will discuss some implications of this in a sequel to this

paper.
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5. INVERSE SPECTRAL RESULT: RECOVERING SYMMETRIC DOUBLE WELL
POTENTIAL

We can also use the spectral invariants above to recover double-well potentials.
Explicitly, suppose V is a symmetric double-well potential, V(z) = V(—x), as
shown in the below graph. Then V is defined by two functions Vi, Va:

FIGURE 2. Double Well Potential

As in the single well potential case, let f;, fo be the inverse functions
x=fi(s) <= s=Vi(x+a)

and

x = fo(s) <= s="Va(x —a).

For A small, the region {(z,&) | % + V(x) < A} is as indicated in figure 2, so if
we apply the same argument as in the previous section, we recover from the area

of this region the sum g—; + Cg—j via Abel’s integral. Similarly from the spectral

invariant [e ., (V")? dad€ we recover the sum (42)=1 4 (42)=1 As a result,
2

(x)<A
we can determine V; and V5 modulo an asymmetry condition such as .

The same idea also shows that if V' is decreasing on (—oo, —a) and is increasing
on (b,00), and that V is known on (—a,b), then we can recover V everywhere. In
particular, we can weaken the symmetry condition on double well potentials: if V'
is a double well potential, and is symmetric on the interval V~1[0, V(0)], then we

can recover V.

6. THE BIRKHOFF CANONICAL FORM THEOREM FOR THE 1-D SCHRODINGER
OPERATOR

Suppose that V=1 ([0,a]) is a closed interval, [¢, d], with ¢ < 0 < d and V(0) = 0.
Moreover suppose that on this interval, V" > 0. We will show below that there

exists a semi-classical Fourier integral operator,

U: CX(R) — CF(R)
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with the properties

(6.1) UF(SHU* = f(Hop(Sp™, b)) + O(h™)
for all f € C§° ((—o0,a)) and

(6.2) UU'A = A

for all semi-classical pseudodifferential operators with microsupport on H~1 ([0, a)).

To prove these assertions we will need some standard facts about Hamiltonian

systems in two dimensions: With H(z,§) = % + V() as above, let v = vy be the

Hamiltonian vector field
L _OHO 0H O
T7"0¢ or oz o€
and for A\ < a let (¢, \) be the integral curve of v with initial point, (0, A), lying
on the z-axis and H(y(0,A)) = A. Then, since L,H = 0, H(y(t,\)) = A for all ¢.

Let T()A) be the time required for this curve to return to its initial point, i.e.
Y, A) £ (0, A), for 0 <t < T()\)
and
VTN, A) =7(0,A).
Proposition 6.1 (The area-period relation). Let A(\) be the area of the set
{z,¢ | H(z,§) < A}. Then

(6.3) AN =T,

Proof. Let w be the gradient vector field

OH , 0H ,\ '(0H 0 OH 0
— — —— 4+ ———= | p(H
((8x> +(5¢) ) a0 o+ og og ) ")
where p(t) = 0 for t < § and p(t) = 1 for t > . Then for A > ¢ and ¢ positive,
exp(tw) maps the set H = A onto the set H = XA+ ¢ and hence

AN+1) = / dzx d€ = (exp tw)* dx d€.
H=M+t H=\
So for t =0,
iA()\ +1) = / Ly dx d§ = du(w)dzd§ = t(w)dxd€.
dt H<A H<A H=X
But on H = A,

W(w)dzde = <(%Z)2 + (%?)2> - (aljdg - 8Hd:c) .
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Hence by the Hamilton-Jacobi equations

_0H

and
OH
d¢ = ——— dt
£ a9

the right hand side is just —dt. So

ﬁ(A)Z_L_A dt = T(N).

For A =a, let c = % and let

HY% 5 :10,c] — [0,a]

be the function defined by the identities

A(A
HYp(s) =\ <:>s:L
27
and let
22 + £2
Hep(x,€) == Hpl( 5 3 )-
Thus by definition
(6.4) Acp(N\) = area{Hep < A\} = A(N).

Now let v be the Hamiltonian vector field associated with the Hamiltonian, H, as
above and vep the corresponding vector field for Hop. Also as above let y(¢, \) be
the integral curve of v on the level set, H = A, with initial point on the z-axis, and
let yop(t, A) be the analogous integral curve of vop. We will define a map of the
set H < a onto the set Hop < a by requiring

i. f*Hep = H,
(6.5) ii. f maps the z-axis into itself,

Notice that this mapping is well defined by proposition[6.1] Namely by the identity
(6.4) and the area-period relation, the time it takes for the trajectory ~(t,\) to
circumnavigate this level set H = X coincides with the time it takes for yop(t, A)
to circumnavigate the level set Hop = A. It’s also clear that the mapping defined
by , i—iii, is a smooth mapping except perhaps at the origin and in fact since
it satisfies f*Hpc = H and f.vg = vp,,, is a symplectomorphism. We claim that
it is a C*° symplectomorphism at the origin as well. This slightly non-trivial fact

follows from the classical Birkhoff canonical form theorem for the Taylor series of
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f at the origin. (The proof of which is basically just a formal power series version
of the proof above. See [GPU]J, §3 for details.)

Now let Uy : C§°(R) — C*(R) be a semi-classical Fourier integral operator
quantizing f with the property . By Egorov’s theorem UySrUf is a zeroth
order semi-classical pseudodifferential operator with leading symbol Hg B(“”gi)
on the set {(z,§) | H%B < a}, and hence the operator

U Sl — HO(Sp")

is semi-classical pseudodifferential operator on this set with leading symbol of order
h%. We'll show next that this O(h?) can be improved to an O(A*). To do so, however,

we’ll need the following lemma:

Lemma 6.2. Let g be a C° function on the set H=*(0,a). Then there exists a
C™ function, h, on this set and a function p € C*°(0,a) such that

(6.6) g=Lyh+p(H).
Proof. Let
T(\)
o)) = / g(x(t,N)) dt

and let ¢y = g — p(H). Then

(N
/0 a1 (v(t, ) dt = 0.

So one obtains a function h satisfying by setting

W (t,N)) = / a1 (1(t, V) d.

Remark. The identity can be rewritten as
(6.7) g={H,h}+ p(H).
Now let —h2g be the leading symbol of
Sp — USHY (SR Uy =: h*Ry.

Then if h and p are the functions and @ is a self adjoint pseudodifferential
operator with leading symbol h one has, by (6.7)),

exp(ih?Q) Sy exp(—ih*Q) = Sy +1i[Q, Sp]h? + O(h*)
= Sp — h*(Ro + p(Sk)) + O(h*).
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Hence if we replace Uy by Uy = Uy exp(ih?Q) we have
UL Sy = HQ p(SR) + h2p (HYp(SE™)) + O(h*)

(6.8)
= HYp(SE™") + Hyp(SE™") + O(h*)

microlocally on the set H~1(0, a).

As above there’s an issue of whether holds microlocally at the origin as
well, or alternatively: whether, for the g above, the solutions h and p of
extend smoothly over x = £ = 0. This, however, follows as above from known facts
about Birkhoff canonical forms in a formal neighborhood of a critical point of the
Hamiltonian, H.

To summarize what we’ve proved above: “Quantum Birkhoff modulo /2”7 implies
“Quantum Birkhoff modulo #*”. The inductive step, “Quantum Birkhoff modulo
K25 implies “Quantum Birkhoff modulo A2*12” is proved in exactly the same way.
We will omit the details.

7. BIRKHOFF CANONICAL FORMS AND SPECTRAL MEASURES

Let g(s) be a C§° function on the interval (0,00). Then by the Euler-Maclaurin

formula
Sy (h(n 4 ;)) — /OOO o(s) ds + O(h™).
Hence for f € C3°(0, a),

tracef (Hop (S} 1) = [ f(Han(s. ) ds + O(),
Thus by (6.1) and (6.2),
(7.1) n(f) = tracef(Si) = [ f(tHqn(s.1) ds-+ O().

Thus if K(t,h) is the inverse of the function Hgg(s,h) on the interval 0 < ¢ < q,
ie for0<t<a,

K(t,h) =s <= Hgg(s,h) =t,
then can be rewritten as

@ dK
(72) m(h)= [ 105 dt+ 00,
0
or more succinctly as
dK
. = — dt.
(7 3) 143 dt d

Hence in view of the results of §6 this gives one an easy way to recover Hop(s, h)

from V and its derivatives via fractional integration.



16 VICTOR GUILLEMIN AND ZUOQIN WANG

8. SEMICLASSICAL SPECTRAL INVARIANTS FOR SCHRODINGER OPERATORS
WITH MAGNETIC FIELDS

In this section we will show how the results in §3 can be extended to Schrodinger
operators with magnetic fields. Recall that a semi-classical Schréodinger operator

with magnetic field on R™ has the form

(8.1) Sp ::*Z(?ai +a;(2))* + V()

J

where a;, € C°°(R™) are smooth functions defining a magnetic field B, which, in
dimension 3 is given by B =V x d, and in arbitrary dimension by the 2-form
B =d(} ardzy). We will assume that the vector potential @ satisfies the Coulomb

gauge condition,

Oa;
(8.2) V.d= Z 890] =
J

(In view of the definition of B, one can always choose such a Coulomb vector
potential.) In this case, the Kohn-Nirenberg symbol of the operator (8.1)) is given
by

1
(8:3) pla, & h) = 5 ) (& + a;(2))* + V(x).
Recall that

(8.4) Qa = S (a + z‘tap)ak ,
k

so the iteration formula ([2.9) becomes

1 9by, 1dp, & . dp 1 o ap\’
8.5 = ——(— t+it=— )1 — = — Fit=—— | bp_o.
T ;i@{k(axk—i_l@xk) ! 2;(8%“8@@ 2
from which it is easy to see that

Op Op it?

Thus the “first” spectral invariant is

[ S s outo s asi == [ 32 5 ripyanac =0
k

where we used the fact ) 5% 8“’“ =0.
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With a little more effort we get for the next term

82
ba(z,§,1) = 4 922

it3 Op Oa; Op dp 8p 0%p ap |,
+ 6 ; 3fk 8$k 8xl + ; 8fk 8& 8%]491’1 + Zk:(axk)

5~ % O p
. 8@ 8xk 8& al‘l'

and, by integration by parts, the spectral invariant

1 9%p aak aal
. I =—— — — E 2) .

Notice that

da; dp da; 5 O*V
Z 022 D¢, Z(axk) T 522
and

Oay, Oa; Oay,
2 _ 2 oag oaj Ol o
1Bl trB —22 9z, Dok 25 ( )

So the subprincipal term is given by

82
& [ 7069 <B||2 - 22&%) do de.
k

Finally Since the spectral invariants have to be gauge invariant by definition, and

since any magnetic field has by gauge change a coulomb vector potential represen-

0V
IBI? =2 = | dadt
IR

is spectrally determined for an arbitrary vector potential. Thus we proved

tation, the integral

Theorem 8.1. For the semiclassical Schrédinger operator with magnetic
field B, the spectral measure v(f) = tracef(Sy*) for f € C§°(R) has an asymptotic

expansion
V(f) ~ (27h) Ty ul ()R
where
— [ #pta, myds

and

) = 55 [P e B -2 Y )
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9. A INVERSE RESULT FOR THE SCHRODINGER OPERATOR WITH A MAGNETIC
Fi1ELD

Making the change of coordinates (z,£) — (x,& + a(x)), the expressions (8.1)
and @D simplify to

A 0) = [ 1€+ V)dude
and
1 9’V
() = 55 [ OE VB -2 e

In other words, for all A, the integrals

I, = / dxdé
£24V(z)<A

and
0%V
I, — / U182 -2 20 ) dude
£24V (z)<A Z 85%2

are spectrally determined.

Now assume that the dimension is 2, so that the magnetic field B is actually a
scalar B = Bdxj A dxa. Moreover, assume that V is a radially symmetric poten-
tial well, and the magnetic field B is also radially symmetric. Introducing polar

coordinates

1
2 a2l =s, dacl/\dxgzids/\cw

1
&+ & =t, d&y Nd = Sdt N dy

we can rewrite the integral I as

s(A)
I = 7r2/ (A =V (s))ds,
0

where V(s(A)) = A\. Making the coordinate change V(s) = x < s = f(x) as before,
we get

A
df
_ 2 _ 7
Iy=n /O (A — ) da.

A similar argument shows

A
I, = / (O~ D H(T (@) L,

where
H(s) = B(s)® — 4sV"(s) — 2V'(s).
It follows that from the spectral data, we can determine

1 d?
L
w2 d\2

"N =
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and
HEO) PO = 5 2o
Tt
So if we normalize V(0) = 0 as before, we can recover V from the first equation

and B from the second equation.

Remark 9.1. In higher dimensions, one can show by a similar (but slightly more
complicated) argument that V' and || B|| are both spectrally determined if they are

radially symmetric.

APPENDIX A: MORE SPECTRAL INVARIANTS IN 1-DIMENSION

For simplicity we will only consider the dimension one case. One can solve the
equation (2.9)) for the Schrédinger operator with initial conditions (2.10]) and (2.11] -

mductlvely, and get in general

(A1) bom (2, 6,1) = Z e > v ylog, ),

k= m—+1 n+t=k—m,n<m
i+ +lg=2m

and
4m—2
(A.2) bom-1(z,&,t) = > t* S @yt ylog,
k=m+1 ntt=k—m,n<m—1
i+ +lg=2m—1
where a,; and @, are constants depending on n and I,,--- ,l;. In particular,
£ (3) tt / 7 1. (3)
by(,,8) ==&V (@) + i€ V@)V (@) + €2V
(A.3) )
tP . t
- ¢ (V@) + €V @)V (@) - 2ig V' (@),
12 48
and
(A.4)
b4(x £ t) = — iiV(4) (1‘) —|—t4 lV”(a:)Q + ivl(x)v(?))(x) + i€2v(4)(x)
Y 24 96 48 16

13 19 .
5 19 -y 2y A9 oy n T2 27 1 (3) 1w
o <12OZV (@) V{e) + 120Zf V@) + gtV @V @) + o5ieV (x)>

72 288

#10 (-5V @) = S VPV @) -

LEV @) - LV V) )

7
_ iig (ifQV/(x)4 + Z-£4V/(x)2vu(x)) + @54‘//( )
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The order A term is given by integrating the above formula with ¢* replaced by

%kf(k)(% + V(x)). By integration by parts

/g?’fA(gc)JBUf)(g2 + V(@) dede = (—1)F(2k — 1)!!/A(:c)B(€22 + V(@) dade,

so we can simplify the integral to

/ (V(4)f(3) (V//)2f(4) V/V///f(4) 11(V/)2V//f(5) (V/)4f(6)

240 160 120 1440 1152 ) deds,

Notice that
/V(4)f(3) _ _/V/V///f(4) — /V//V//f(4) + V//V/V/f(5)
and
/ VvV e = - / (2V’V’V”f(5) +V’V’V’V’f<6)),
we can finally simplify the integral to

1 ¢ 7 &

z5s [ (5070 + GO @)t) 1O + V() dsde

This can also be written in a more compact form as

1 AVl ﬂ Z 2\ £(4) g
1152 (Vv + 3 (V")) f (2 + V(x)) dxdé.
It follows that
4
/. VIV 4 (V7 (0))?) dade,
£ v (z)<A 5

is spectrally determined.

A similar but much more lengthy computation yields the coefficient of A%, which

is given by
8 6 4 2
Klso <f%(v"'(x))223(v"(x))3i(v’(x)v”(:c))Qil(v’(mﬁ)f@(i+V(x))dxd€-

In other words, the integral

58 " 2 66 " 64 / " 2 11 /
/22+v(;c)9 (490<V (@)* = G (V"@)* = V@V (@) — g (v <x>>6) dude

is spectrally determined.
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