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Quantitative Stratification and the
Regularity of Mean Curvature Flow

Jeff CheegerRobert Haslhofer and Aaron Naber

Abstract

Let M be a Brakke flow of-dimensional surfaces iRN. The singular se$ ¢ M has a
stratifications® c 8 c ... 8, whereX e 8! if no tangent flow aX has more thar symmetries.
Here, we define quantitative singular strﬁi,a satisfyingU,-o No<r 8,’-7,r = 81. Sharpening the
known parabolic Hausdorff dimension bound difn< j, we prove the effective Minkowski
estimates that the volume oftubular neighborhoods cﬁ,‘ir satisfies Vom'r(S,j,,r) N Bj) <
CcrN+2-i—¢_ Our primary application of this is to higher regularity ofs&ke flows starting at
k-convex smooth compact embedded hypersurfaces. To thjsnengrove that for the flow
of k-convex hypersurfaces, any backwards selfsimilar limivflgith at leastk symmetries
is in fact a static multiplicity one plane. Then, denoting By c M the set of points with
regularity scale less than we prove that VOIT, (B,)) < Cr™4*%=_ This givesLP-estimates

for the second fundamental form for apy n+ 1-k. In fact, the estimates are much stronger

and giveLP-estimates for the inverse of the regularity scale. Themates are sharp. The
key technique that we develop and apply is a parabolic vedithe quantitative stratification
method introduced in [CN11a, CN11b].
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1 Introduction and main results

In this paper, we prove estimates and quantitative redulagisults for the mean curvature flow of
dimensional surfaces iRN [Bra78,[Hui84]. Smooth solutions of the mean curvature floa given by
a smooth family of submanifold®? c RN satisfying the evolution equation,

0tx = H(X), xe M. (1.2)

More generally,M; is a family of Radon-measures that is integerectifiable for almost all times and
satisfies[(1J1) in the weak sense of Brakke, i.e.

Btf¢thsf(—¢H2+v¢.H)th 1.2)

for all nonnegative test functions whereD; is the limsup of difference quotients, see Secfibn 2 forileta
Brakke flows enjoy wonderful existence and compactnesseptiep, see the fundamental work of Brakke
and llmanen[[Bra78. lim94]. The main problem is then to itigede their regularity.

Our results build upon the deep regularity theory of Briant@&/[wWhi94,Whi97[ Whi00, Whi0Z, Whil1],
see below for a short summary. The main new technique thatewelap and apply is, with numerous
tweaks and complementary results, a parabolic versioneofjtiantitative stratification method introduced
in [CN11a,/CN11Db] (see alsb [Che] for a general perspectiVh)s method enables us to turn infinitesimal
statements arising from blowup arguments and dimensiaicteoh, into much more quantitative estimates.

To outline our main results we begin with a brief and impreadiscollection of the stratification of a
Brakke flow, see Sectidn 1.1 for a rigorous account. GivenaklBs flowV(, recall that there exists at every
point X € M a tangent flowMx obtained by blow up aX. The tangent flows a need not be unique, but
all tangent flows are self-similar. One may proceed to sépgaintsX of M into strataS!()M) based on the
number of symmetries for the tangent flowsXatagain see Sectidn 1.1 for a rigorous definition. At least
in spirit, for instance iftM were a stratified space, then this stratification agrees tiw¢matural one based
on the singularities dM. For general Brakke flows White first proved the (parabolieubktiorff dimension
estimate

dimsI(M) < j. (1.3)

Our first main result, Theorem 114, valid for Brakke fldwis= {(M, t)|t € 1} in general codimension and
without additional assumptions, is a quantitative refinetod (1.3). Specifically, we introduce in Section
[1.2 what we call the quantitative streﬁé, (M) of M (Definition[1.10). The quantitative stratification does
not see the infinitesimal behavior ®f, and instead separates point’dfbased on thalmost symmetries
of parabolic balls of\l of definite radius. Nonetheless, it is possible to recoverstiandard stratification
from the quantitative stratification, sée (1.13). For thargifative stratification we will replacé (1.3) with
much stronger estimates on the volume of tubular neighlmo$hof the quantitative singular strata. Using
(@.13) we can recover the estimates[of|(1.3) from this. I &t easy consequence of this will be to replace



Hausdorff dimension estimates for the singular set wittmtlueh stronger Minkowski dimension estimates.
The quantitative stratification also plays a key role in eguiarity theory for the mean curvature flow of
k-convex hypersurfaces, see below for a general descripfitns and Sectioh 112 for rigorous statements.

The proof of the estimates of Theorém 1.14 require sevemalteehniques, originally introduced in
[CN11la,,CN11b] and modified appropriately here to the pdmatsetting. We develop a new blow up
technique for mean curvature flows, distinct from those efdtandard dimension reduction. The blow up
technique allows for a quantitative refinement, which dagsseem accessible by the ideas of the standard
dimension reduction. The key ideas are that ofearrgy decompositiortone-splitting and quantitative
differentiation We begin by proving an quantitative version of the statdntleat every tangent flow is
self-similar. Essentially, at any given point we have thaay from a definite number of scales that every
parabolic ball isaiImostself-similar. The proof of this statement is surprisinghps, and based on a quanti-
tative differentiation argument. If we refer to badthose scales at a poiXtfor which the parabolic ball is
not almost self-similar, then the energy decompositionemft®n[3.1 is based on grouping those points of a
Brakke flowM with the samédvadscales. The estimates of Theorlem 1.14 turn out to be moig pesvable
on each piece of this decomposition, because such pointeahgrales interact with one another to force
higher order symmetries, an idea we ahe-splitting The final step of the proof is then to show that the
number of elements to the energy decomposition is much emththn one would initially have expected,
a result equivalent to the bound on the numbebad scales from above, and so we can sum the estimates
over each piece separately to obtain Thedrem| 1.14.

Our primary application of the quantitative stratificatigrto the higher regularity theory of some mean
curvature flows. For such applications we focus on the caszenie Brakke flow starts at a smooth com-
pact embedded hypersurfabl) c R™? satisfying some convexity assumption. We consider the tage
Mo is k-convex, i.e. 13 + ...k = 0, whered; < ... < A, are the principal curvatures, see elg. [HS99b].
Special instances are the 1-convex case (0), where the mean curvature flow converges to a round point
[Hui84], the 2-convex case in which Huisken-Sinestrarivebthe existence of a mean curvature flow with
surgery [HS09], and the general mean-convex chse Q) for k = n to which White’s regularity theory
applies.

Our second main result, Theorém 1.17, states that ik-t@nvex case any backwards selfsimilar limit
flow with at leask symmetries is in fact a static multiplicity one plane. ThasHtbeen understood previously
at the first singular time by use of a maximum principle, butextend this result into the singular region by
using ideas of elliptic regularization from [l[Im94, Whil14 principal application of this result is the proof
of a newe-regularity theorem fok-convex mean curvature flows, see Theotenh 5.1. In shorthé@ém
states that if in some parabolic ball the mean curvature flomains enough almost symmetries, then the
flow is smooth with definite estimates on a slightly smalldr. Behis will be combined with the quantitative
stratification in order to prove our regularity theory feconvex flows.

Our third main result, also in tHeconvex case, is Theordm 1126, which is our main reguldniptem. It



arises as a combination of the quantitative stratificatiohheoreni1.I4 and the-regularity which results
from Theoreni_1.17. Roughly, the assertion is that away frastaf small volume the Brakke flow can be
written as a smooth single valued graph of definite size wétlinite estimates. A little more precisely, let
us define the regularity scatg;(X) as the supremum of 8 r < 1 such thatMy N B, (X) is a smooth graph
forallt—r? <t’ <t+r?and such that

sup 1 |AI(X) <1, (1.4)
X'eMNB (X)
see also Definition 1.22. Then Theorem 1.26 obtains shBgstimates foriﬁl. As a consequence, though
in fact this statement is much weaker, we obtain sh&rgstimates for the second fundamental form and its
derivatives, see Corollafy 1.30.

Remarkl.5. Although we concentrate here on the mean curvature flow, aet@ative stratification tech-
niques can be applied also to other nonlinear evolutiont@ng In particular, similar results hold for the
harmonic map flow. We will discuss this in a subsequent paDEIN].

1.1 Basic notions and the regularity theory of Brian White

Before giving the technical statements of our main resuitshe mean curvature flow, let us collect some
basic notions and some fundamental regularity results fhemvork of Brian White[[Whi94, Whi97, Whi00,
Whi03,[Whill]: Since the mean curvature flow is a paraboligagign, time scales like distance squared
and it is natural to equip the spaceti®®"! = RN x R with the metric

d((x 1), (¥, 9) = max(x -yl |t - §*2). (1.6)

All neighborhoods, tubular neighborhoods, Hausdorff digiens, etc. will be with respect to this metric,
e.g. B (0N1) = B,(ON) x (-r?,r?), T,(RN x {0}) = {(x,t) € RN1: |t] < r?}, and dim(0} x R) = 2. We write
X = (x,t) for points in spacetime and Vol for th&l(+ 2)-dimensional Hausdorff measure dr'\*, d).

ForX € M andr > 0 we letMy; := D/ (M — X), where—-X denotes translation aridl;(x, t) = (1x, 1%t)
denotes parabolic dilation. K, € M converges tX andr, — 0, thenM® := My, is called ablowup
sequenceat X. After passing to a subsequend®& converges (in the sense of Brakke flows [[IMm94, Sect.
7]) to alimit flow N. If X, = X for all a, thenN is called atangent flow Tangent flows may not be
unique, but they always exist at any given point and theikbacds portionN~ = {(N;,t) : t < O} is
always selfsimilar, i.e N~ = D, N~ for all 4 > 0. In particular,N~ is determined byN_;. The number
d(N) of spatial symmetries is the maxindbsuch thafN_; splits off ad-planeV (possibly with multiplicity).

With respect to the dimensional behavior in the time dimttihere are two exceptional cases. Namely,
it can happen thatl_; is a stationary cone. Théd = N_; Xx R or N = N_; X (—c0, T] for someT > 0. In
these caseN is calledstatic or quasistaticrespectively. Otherwis® is called ashrinker Following White,



we consider the number of spacetime symmetries,

d(N) if N is a shrinker or quasistatic

1.7
d(N) + 2 if Nis static. (3.7)

D(N) = {
The numbeD(N) is the dimension of the subset of pointse N such thatNy = N. We say that
N is j-selfsimilar, if its backwards portion is selfsimilar af{N) > j. Note that every tangent flow is
0-selfsimilar. Now, following White again, we define a sifiatition of the singular se8(M),

8O(M) € 8*(W) € --- € S™H(M) € S(M) € M,

where by definitionX € $/() if and only if no tangent flow aX is (j + 1)-selfsimilar.

For general Brakke flows of integral varifolds, recall thalhX® proved the (parabolic) Hausdorff dimen-
sion estimate
dim 81w < §, (1.8)

see[Whi9T]. For the flow of mean-convex hypersurfaces, beqat the deep result
S(M) = 8"E(W), (1.9)

and thus that the singular set has (parabolic) Hausdorfédgion at mosh — 1 [Whi0OQ]. This is based on
many clever arguments, in particular the ruling out of tamtglews of higher multiplicities. Some of his key
steps are an expanding hole theorem, a Bernstein-typeetineamd a sheeting theorem. In his later articles
[Whi03],Whi11] he gives a precise description of the singti&s in this mean convex case: He proves that
all tangent flows are spheres, cylinders or planes of midiiplone.

1.2 Quantitative regularity results for the mean curvature flow

Givenn > 0 and O< r < 1, we define a quantitative versiéi%,r(Jv[) of the singular strat&i(M). The
criterion for membership oK € M in S,’M(Jv[) involves the behavior aM on Bg(X) forallr < s< 1. To
state it, we fix a suitable distance functidg on the space of Brakke flows @& (0N1) (see Sectiohl2).

Definition 1.10. For eachy > 0 and O< r < 1, we define thg-th quantitative singular stratum
S,j,,r(M) ={XeM:dg(Mxs,N) >nforallr <s<land all(|+ 1)-selfsimilarN}. (1.12)

The distance above is the Brakke flow distance introducecati@[2.4. The quantitative singular strata
satisfy

S c8h o0 (f i<y nzy. rsr), (1.12)

and

sion = J [ sk (1.13)
n r



The inclusion [(1.12) follows directly from the definitionthe relation [(1.13) is a bit more tricky and will
be proved in Section 2.4. This is also a good test case to dhaotr choice of distance functial; is
sensible.

Our first main theorem gives an estimate for the volume of larbneighborhoods of the quantitative
singular strata. In the following we I@?\(BZ(ONJ)) denote the Brakke flows with total mass bounded\by
in Bo(0N1), see Sectionl2 for a precise definition.

Theorem 1.14.For all &, > 0, A < o0 and integers < N, there exists a constant€C(g,n, A, n,N) < oo
such that: IfM € BN (Bo(0N1)) is a Brakke flow of n-dimensional integral varifolds ip(8%!) ¢ RM* with
mass at mosA, then its j-th quantitative singular stratum satisfies

Vol (Ty(8),,(M)) N By(@M)) <MV (0 <r<1). (1.15)

Remarkl.16 By virtue of (1.13), we recover the Hausdorff dimensionraste [1.8), and in fact improve
this to a Minkowski dimension estimate. Of course, our theoicontains more quantitative information
about the singular set than just its dimension.

In our applications we focus on Brakke flows starting-abnvex smooth compact embedded hypersur-
faces. Building on the work of White via elliptic regularicn (see limaneri [IIm94]) we prove:

Theorem 1.17.Let Mj R™! be a k-convex smooth compact embedded hypersurface ahtibetthe
Brakke flow starting at M Then any k-selfsimilar limit flow is in fact a static muligity one plane. In
particular, for every singular point X $(M) all tangent flows are shrinking spheres or cylinders

RIxS™  with 0<j<k. (1.18)

Remarkl.19 Here we tacitly assume that is the unique Brakke flow without mass-drop, see Section 2.2.
The above classification of tangent flows gives a bound for(plagabolic) Hausdorff dimension of the
singular set:

Corollary 1.20. Let M be a Brakke flow starting at a k-convex smooth compact embdugfeersurface.
Then
SM) =8¥IM) and  dimS(M) < k-1. (1.21)

In fact, this can be strengthened to a bound for the Minkowdakiension (see Theorem 1126). Our
primary applications of Theorem 1]17 are to theegularity of Theorerh 511, which itself is combined with
the quantitative stratification to prove the regularity @ren[1.26. To state this theorem we introduce the
notion of the regularity scale:

Definition 1.22. For X = (x,t) € M we define theegularity scale §(X) as the supremum of @ r < 1
such thatMly N B(x) is a smooth graph for all- r2 < t’ < t + r? and such that

sup r]AX) <1, (1.23)
X/ eMNB (X)

whereA is the second fundamental form. FokQ < 1 we define the bad set

Be(M) = (X = (1) € M| rpe(X) <1} (1.24)
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The relevance of this definition is that for points outsidelthd set we get definite bounds on the geometry
in a neighborhood of definite size. In particular, parabektimates give control of all the derivatives of the
curvatures

sup L VAAIX) <Cp for X e M\ Br(M). (1.25)
X'eMNBy/2(X)

The following theorem shows that (a tubular neighborhogdhasf bad set is small.

Theorem 1.26.Let M be a Brakke flow starting at a k-convex smooth compact embeuggersurface
M c R™1L. Then for every: > 0 there exists a constant € C(My, €) < co such that we have the volume
estimate

VoI(T, (B, (M))) < Cra-k-e (O<r<1), (1.27)

for the r-tubular neighborhood of the bad set(Bl). In particular, the (parabolic) Minkowski dimension of
the singular ses(M) is at most k- 1.

Remarkl.28 Note that the exponent arisesras 4 — k = dim@R™%1) — (k - 1).

Remarkl.29 For the analogous results proved|in [CNI11a] for Einstein ifolts it was possible in some
situations to remove the-dependence from the righthand side. There is no analogmagisn here.

As a consequence, we obtdif-estimates for the inverse regularity scale, and thus itiqodar LP-
estimates for the second fundamental form and its derastiv

Corollary 1.30. Let M be a Brakke flow starting at a k-convex smooth compact embdugmersurface
Mg c R™1. Then for every < p < n+ 1 — k there exists a constant € C(My, p) < oo such that

f rnfdM <C  and fo f rnPAdmdt< C. (1.31)
In particular, we have B-estimates for the second fundamental form,
f|A|det <C and f f|A|p+2th dt<C, (1.32)
0

and also IP-estimates for the derivatives of the second fundamental, fo

i o0 pt2
f IV‘'A|#TdM < C,  and f f |V/A|#T dMdt < Cp, (1.33)
0

for some constants/G= C;(Mo, p) < 0 (¢ =1,2,...).

Remarkl.34 Note thatn + 1 — k is the critical exponent for the shrinking cylinddR&~! x S™1-K  That
is, the mean curvature flow @< x S™1-K has localLP estimates oA for all p < n+ 1 -k, but not for
p > n+ 1—k. In particular, the above estimates are sharp.



1.3 Relationship with other works on the regularity of mean arvature flow

To put things into a broader context, let us mention someratioeks (besides the results of White and our
contribution) on the regularity and on estimates for the mazavature flow.

Brakke’s main regularity theorem [Bra78, Thm. 6.12] (seeogKT11]), gives regularity almost ev-
erywhere, but relies on the unit density hypothesis. Inmedision one, but still without any convexity
assumption on the initial surface, limanén [IIm94, Sect] (k2e also[[ES95]) proved a generic almost
everywhere regularity theorem without unit density asstionp Other early fundamental contributions in-
clude the theory of the level-set flow by Evans-Spruck [EZ81] Chen-Giga-Goto [CGGP1].

Using tools from the smooth world, thkeconvex case (in particular fér= 2 andn) has been extensively
studied by Huisken-Sinestrari [HS99a, HSE9b, HS09], AndriAnd11] and Sheng-Wang [SW09, Wan11].
This also provides alternatives for some arguments of Whaitkeast up to the first singular time. Specializ-
ing to the 2-convex case, there is the very interesting shafslohn Head [Heall]. In particular, by taking
limits of the Huisken-Sinestrari surgery-solutions heamis the same estimates (in the special ¢ase?)
as we did in[(1.3R). Thus, there are two very long and sohited lines of reasoning for the 2-convex case.
One of them starts with Huisken’s study of smooth solutidfsi84], moves all the way up to the surgery
construction of Huisken-Sinestrari [HS09] and concludéh the limiting argument of Head [Heall]. The
other one starts with the weak Brakke solutions, goes thraligthe regularity theory of White and con-
cludes with our quantitative stratification. Both argunsagitze the sameP-estimates, though we emphasize
that the latter argument allows additionally for shafpestimates ok-convex flows fork > 2, which were
previously unknown, and in fact we prove the significantipsgerLP estimates on the regularity scale in
(@.313) for allk-convex flows.

Finally, there is a very interesting alternative approaghlaus Ecker using integral estimatés [Eck11],
where he investigates the size of the singular set at thesiirgtilar time in thek-convex case. This is related
to our Corollarie$ 1.20 arid 1.80. See also [[IM95, HaS11, X¥Z S11] for further related results.

2 Preliminaries

In this section we collection some standard references esdts which will be needed in subsequent sec-
tions.

2.1 Brakke flow

Let M = {(M,1) : t € 1} be a Brakke flow ofi-dimensional integral varifolds in an open subset: RN
[Bra78,[1Im94]. This means thadl; is a one-parameter family of Radon measuretJ@uch that for almost
all timesM; is associated to amdimensional integer muliplicity rectifiable varifold aioat

Btf¢thsf(—¢H2+v¢-H)th, (2.1)
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for all nonnegative test functions € C1(U, R*). Here,D; denotes the limsup of difference quotients and
H denotes the mean curvature vector, which is defined via theviriation formula and exists almost
everywhere at almost all times. The righthand side is im&tgol as—-c whenever the integral does not
exist. We assume that the mass is bounded,

M(U)<A<oo  (tel). (2.2)

This can always be achieved by passing to smaller sets aedinii@rvals (using that Radon-measures are
finite on compact sets and a local version of the fact that thesnis decreasing under mean curvature
flow). After rescaling and shifting time and space, we camasswithout essential loss of generality that

= Bo(ON) and| = (-4,4), i.e. thatM is defined onB,(0N1) = B,o(0N) x (-4,4). To keep track of
everything said so far we writ®( € B?\(Bz(ON’l)). We sometimes, when there is no danger of confusion,
also denote by; andM the support of the measuhd; and of the Brakke flovM respectively.

2.2 The mean-convex case

If M R™1is a mean-convex smooth compact embedded hypersurfacethtre is an essentially unique
Brakke flowM = {(M,t)[t = O} starting atMOEI In fact, equality holds in[(Z2]1), see Metzger-Schulze
[MSO08], and the flow can also be described as the level set ffo@hen-Giga-Goto and Evans-Spruck
[CGGI1,ESI].

2.3 Localized monotonicity formula

Let M € BN (B2(0M1)) andXp = (%o, to) € B1(O™1). Let

1 2
X, 1) = . —- oo WA () 23
¢X0( ) (47T(t0 _ t))n/z ( )

be the backwards heat kernel base@and consider the cutoff function
3
Pxo(x1) = (L= %= xof? = 2n(t - to)) . (2.4)

Then we have the following localized version of Huisken’'snoinicity formula [Hui90]:

thgbxopxoth ﬂH—M

This is proved for smooth hypersurfaces [in [Eck04, Prop.7i.kut as indicated there the proof can be
generalized for Brakke flows in arbitrary codimension (sk® @flm95, Lemma 7]). The monotonicity
formula [2.5) has many very useful consequences: Firshgties bounds for the density ratios. Concretely,
if X =(x1t) e By(OV) and 0<r < 1/2, then
Mi(Br (X))
rn

PxoPxdMy  (t <tg). (2.5)

<4A. (2.6)

1t is unique up to sudden disappearing of connected comperfarass-drop) [IIm24, Sond3]. Since sudden
disappearing only helps in our proofs, we exclude it from row

9



Then, using the compactness theorem for Brakke flows [lIni94n 7.1], blowup sequenced® = My,
always have a subsequential litNt called a tangent flow, and again utilizing the monotoniéiymula it
follows thatD N~ = N~ (see alsd [lIm95, Lemma 8]). Finally, using the notation

O Xo0.1) = [ GroprdMr. 2.7)
we define the Gaussian densityXatby the formula
O(M, Xo) = lim O(M, Xo, 7). (2.8)

Note by monotonicity that this limit is well defined. The Gaias density is the important quantity in the
local regularity theoremni [Bra78, Whi05, KT111].

2.4 Distance between Brakke flows

After restricting to the unit ball, the rescaled flod$* = Mx,, (ro < 1/2) are elements of the space
BQA(Bl(ON’l)). Let us define a pseudometrilg; as follows: Pick a countable dense subset of functions
#a € Ce(B1(ON)) and a countable dense subset of times (-1, 1), and define

1 |f¢athﬁ_f¢adNtﬁ|
2P 1 +| [ o dMy, — [ o ANy |

ds (M, N) = Z (2.9)
aB

Note that one could just as well take a countable collecticspacetime functions in the definition, though

for Brakke flows it makes little difference. The key facts abady are that it is on the one hand weak enough

to be compatible with the convergence of Brakke flows and erother hand strong enough to distinguish

between different 0-selfsimilar solutions. To illustrdés, let us prove (1.13):

Proof of [T.I3B). If X ¢ 8/(M), then there is aj(+ 1)-selfsimilar tangent flowd(y,, — N. Sinceds is weak
enough this impliesls (Mx,, N) — 0 and thusX ¢ U, N Sﬂ;,r(M). Conversely, ifX ¢ U, N S,‘;’r(Jv[),
then we can find a sequence ¢f{1)-selfsimilar flowsN* and scales, — 0 such thatls(Mxs,, N*) — 0.
Note that since we have uniform local mass boundsMgrs, from (2.6), we also have local mass bounds
for N* because of a local version of the fact that mass is decreastimge under Brakke flow. Therefore,
after passing to subsequences we can find a 0-selfsimil@rMfrand a ( + 1)-selfsimilar limitN. Then
dz(M,N) = 0, and sincedy is strong enough to distinguish between 0-selfsimilar timhs, this implies
that M = N. ThusM is (j + 1)-selfsimilar. Now for§, — O slowly enoughMy,s, converges to a
(j + 1)-selfimilar flow on wholdR'1, and we conclude that ¢ S!()V). O

3 Volume estimates for quantitative strata

In this section, we prove Theordm 1114. In outline, we folline@ scheme introduced in [CN1Z1a, CN11b].
We first prove a quantitative rigidity lemma and decompdée B;(0) into a union of sets, according to the
behavior of points at different scales. By virtue of a quatitie differentiation argument, we show that the

10



number of sets in this decomposition grows at most polynithynid/e then establish a cone-splitting lemma
for Brakke flows and prove, roughly speaking, that at themdyecales points ilS,j]’r(M) line up along at
most j-dimensional subspaces. Using all this, we conclude thanaegt by constructing a suitable covering
of S,j,,r(Jv[) N B1(0) and computing its volume.

The possibility of quasistatic tangent flows causes somdiadal difficulties. In fact, the quasistatic
case was the reason why White proved a general stratificiitemrem in[[Whi9¥], somewhat different in
spirit to the previous ones in the literature. To resolvedhasistatic issue in our case, we essentially show
that it suffices to cover a neighborhood of the final timees(isee Lemmia 3.11 and Sectlon]3.3). This also
gives an alternative proof of White's result.

3.1 Energy decomposition

The goal of this subsection is to decompdde B1(0) into a union of set&qz, according to the behavior of
points at different scales. As in [CN11a, CN11b] it will beanficial importance that we can deal separately
with each individual seEq;, all of whose points have the sag¢uple of good and bad scales.

Definition 3.1. A Brakke flow M € BR (Bx(X)) is (e,r, j)-selfsimilar atX = (x,t) if there exists aj-
selfsimilar flowN such that
dz My, N) < e.

If N is a shrinker with respect to a plaid, we putWy = (x + V) x {t}. If N is quasistatic with respect to
VI and disappears at tinle, we putWy = (x + V) x (=oo, t + r2T]. If N is static with respect t&/1-2, we
putWy = (x+ V) x R. We say thaiM is (g, 1, j)-selfsimilarat X with respect toNy.

Lemma 3.2(Quantitative Rigidity) For all £ > 0, A < oo and n< N there exist$ = é(¢, A, n,N) > 0, such
that if M € B (Bo(0"1)) satisfies

OMM, X, r?) — M, X, (6r)%) <6 forsome Xe By(ONY), 0<r < 1/2, (3.3)
thenM is (&, r, 0)-selfsimilar at X.
Proof. If not, then there exisM® € B (By(0N1)), X, € B1(0"*) and 0< r,, < 1/2 with
O(MY, Xy, 12) = OM?, Xy, (1o /@)?) < 1/a, (3.4)

but such thaf® := M{ _ ~satisfiesds (M, N) > ¢ for all O-selfsimilarN. However, it follows from [(Z.b),

(2.9), [(3.4) and the compactness theorem for Brakke flowts dfi@r passing to a subsequend® — N
for some O-selfsimilaiN. In particular,M{ — N in the sense of Radon measures, fortal(-1,1). But
this impliesds (M“, N) < ¢ for a large enough, a contradiction. |

Now, for X e M n B1(0) and %2 > r1 > ro, we define therg, ry)-Huisken energypy

Wi, (M, X) = (M, X, r%) - ©(M, X, r3) > 0. (3.5)
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Given constants & y < 1/2 andé > 0 and an integeq < ~ (these parameters will be fixed suitably in
Sectior 3.B), lelN be the number aof > g such that

Wo-ay0+a(M, X) > 6.
Clearly, the sum of the changes®fis bounded bYd(M, X, 1/4) < A/x"?. Thus
N < (2q+ 1)6 *A/x"V2 . (3.6)

Otherwise, there would be at least A /z"2 disjoint intervalls of the formy2=9, y2*9) with W,e-a ye+a(M, X) >
6. This is an instance afuantitative differentiation

For each poinX € M n B4(0), to keep track of its behavior at different scales, wergeéi{0, 1}-valued
sequenceT,(X))q.>1 as follows. By definitionT,(X) = 1 if a < q or W,e-q e+a(M, X) > 6, andT,(X) = 0
if @ > qandW,e-a .+a(M, X) < 6. Then, for eachB-tuple (T2)1<,<s, we put

Ers(M) = (X e M N B1(0)| To(X) = TP forl<a < B}. (3.7)

A priori there are 2 possible set&s()M). However, by the abové&s(M) is empty whenevef? has more
than

Q:=(2q+ 1) A/"? +q
nonzero entries. Thus, we have constructed a decompositidfi N B1(0) into at mosis® (for g8 > 2)
nonempty set&s(M).

3.2 Cone-splitting for Brakke flows

The goal of this subsection is to prove Corollary 3.10 whiayss roughly speaking, that at their good scales
points line up in a tubular neighborhood of a well defimdahost planarset. Here, the set of points that we
call 5-good at scales betwedkr andr /A (A > 1) is defined as

LAr,r/A,(S(M) ={XeMn Bl(O) . WAr,Aflr(M’ X) < 6}. (38)

A key role is played by the cone-splitting principle for Bkakflows and its quantitative version (Lemma
[3.9). Similar ideas played a key role in [CN11a, CN11b], amdrecall here the cone-splitting principle for
varifolds for the readers convenience:

Cone-splitting principle for varifolds. Let|l| denote an-varifold onRN which is j-conical with respect to
the j-planeV!. Assume in addition that for sonyeg V! that|l| is also 0-conical with respect to Then it
follows that|l| is (j + 1)-conical with respect to thg ¢ 1)-plane spafy, VI}.

For Brakke flows there can be shrinkers, static and quasissatgent flows, and thus we have to distin-
guish a couple of cases:

Cone-splitting principle for Brakke flows. Assume thaf\ is j-selfsimilar at O with respect toV and
O-selfsimilar atY = (y, s) ¢ W. Then we have the following implications:

e If W=Vix{0}and
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— if s=0, theny ¢ V andM is (j + 1)-selfsimilar at &1 with respect to spdy, Vi} x {0}.

—if s # 0 andy € V, thenM is j-selfsimilar at ®! and quasistatic with respect ¥ x
(—c0, maxs, 0}].

— if s# 0andy ¢ V, thenM is (j + 1)-selfsimilar and quasistatic with respect to sjya¥!} x
(=00, maxs, O}].

e If W=VIx(-c0,T]and
— if yeV, thens> T andM is j-selfsimilar at ®"1 and quasistatic with respect® x (—co, 9.
— y ¢V, thenMis (j+1)-selfsimilar and quasistatic with respect to sjyav!} x (—co, maxs, T}].
o If W=VI2xR, theny ¢ V andM is (j + 1)-selfsimilar and static with respect to spavi=?} x R.

From the above and an argument by contradiction, we immadiatbtain the following quantitative
refinement.

Lemma 3.9 (Cone-splitting Lemma)For all £,0 > 0, RA < o and n < N there exists a constant
6 = 6(s,p, R A, n,N) > 0 with the following property. IM € B" (Bor(0N1)) satisfies

1. Mis (6, R, j)-selfsimilar ato™! with respect to W.

2. There exists ¥ (y, s) € By(OM1) \ T,(W) such thatM is (6, 2, 0)-selfsimilar at Y,
then we have the following implications:

e IfW =V x{0}and

— if |8 < p?, thendy, V) > p andM is (g, 1, j + 1)-selfsimilar atO"-! with respect tesparfy, V1} x
{0}

— if |9 > p2and dy, V) < p, thenM is (¢, 1, j)-selfsimilar ato™-! with respect to Wx(—oo, maxs, 0}].

— if |8 > p?and dy, V) > p, thenM is (g, 1, j + 1)-selfsimilar atO"-1 with respect tsparfy, V1} x
(—c0, maxs, 0}].

e IfW =VIx (-, T] and

— ifd(y,V) < p, then s> T + p2 andM is (¢, 1, j)-selfsimilar atON-1 with respect to ¥x (-, ).
— ifd(y, V) > p, thenM is (e, 1, j+1)-selfsimilar atO"-1 with respect tsparfy, V1}x(—co, maxs, T}].

o IfW =VIi2x R, thendy,V) > pandM is (¢, 1, j + 1)-selfsimilar with respect tepary, Vi~2} x R.
Using also Lemmga_3]2, by induction/contradiction we nowagft

Corollary 3.10 (Line-up in tubular neighborhoods¥or all u,v > 0, A < o and n < N there exist
§ = 6(u, v, A,n,N) > 0and A= A(u,v,A,n,N) < oo such that the following holds: [t € B? (By(0"1))
and Xe Larr/as(M) for some r< 1/A, then there exist8 < £ < n+ 2 and V\é such that
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1. Mis (u,r,€)-selfsimilar at X with respect to W,

To deal with the quasistatic case we need another lemmaa fusntitative version of the fact that points
in a quasistatic flow at times earlier than the vanishing tiowk like static points when viewed at small
enough scales.

Lemma 3.11(Quantitative behavior in the quasistatic case)r all ¢,y > 0, A < o0 and n< N there
existsé = d(e,y, A,n,N) > 0, such that the following holds: Il BR(BZ(ONJ)) is (6, 1, £)-selfsimilar at
oM with respect to W= V¢ x (—co, T] and if Y = (y, ) € M N By_2,(0N1) with s < T — (2y)? thenM is
(e,7,  + 2)-selfsimilar at Y with respect to W (y + V¢) x R.

Proof. If not, passing to limits we obtain a floW that is ¢-selfsimilar onB;(0"!) with respect tow =
V& x (-0, T] and a pointY = (y,9) € Bi_2,(0N) with s < T - (2y)? such thatM is not €, y, € + 2)-
selfsimilar atY with respect toV = (y + VY) x R, a contradiction. O

3.3 Conclusion of the argument

Proof of Theoreri I.14Let &, 17, A, n, N, M be as in the statement of the theorem. It is convenient tosghoo
v = CO(N)‘f, wherecp(N) is a geometric constant that only depends on the dimengidnéll appear
below (roughly a doubling constant). Now we apply Coroll@r¥0 withv = y/2 andu <  small enough
such that also the below application of Lemima 8.11 is justiféad get constantsandA. Choose an integer
q, such thatyd < 1/(2A). SettingQ := [(2q + 1)6-*A/x"?] + q, from the argument in Section 3.1 we get
a decomposition aM N By(0) into at most B2 nonempty set&s(M). The factor 2 is just to make it also
work forg = 1.

Lemma 3.12(Covering Lemma) There exists §N) < oo such that each seﬁj} YB(M) N E1s(M) can be
covered by at mositcyy (Nt2)Q(cyy 1)~ balls of radiusy”.

Proof. We will recursively define a covering. F@r= 0 pick some minimal covering cS'j] yO(M) N B1(0)
by balls of radius 1 with centers sgy (M) N B1(0). Note thavsj] a0 C sj] (V). Let TA be thep-tupel
obtained from dropping the last entry frofi*1. Then we also havEqs.1(M) ¢ Eqs(M).

Recursion step. For each balB,s(X) in the covering ofsiyﬂ(M) N Eqs(M), take a minimal covering of
B,s(X) N sj7 sV 0 Ersa (M) by balls of radius/*2 with centers irB,s(X) 0 sj7 V0 0 Epsa (M),

Let us now explain that this covering has indeed the desiregepties. First observe that, for gl the
number of balls in a minimal covering from the recursion sgegat most

c(N)y~(N+2) (3.13)

However, if Tg(X) = 0, thenX € Ly 2,5/a5(M) and Corollary 3.10 gives us @ £ < n + 2 andW,, such
that
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1. Mis (u, 2y#, £)-selfsimilar atX with respect tonVy |

2. LZA)/B,Z)/B/A,(S(M) N Bzyﬁ(X) c Tyﬁ+1(W§) .

SinceX € Srjwﬁ(M) we must have < j. SinceErs(M) C Loays 2,8/a5(M) this implies the following better
estimate for the number of balls in a minimal covering:

c(N)y ™. (3.14)

Indeed, the estimate is clear in the ca¥és = (x + V¢) x {t} andW{ = (x + V7?) x R, the casen, =
(x + V%) x (=0, T] requires some extra thought, but in fact onlyfif< t + (2y#)? and¢ > j — 1 which we
will assume now. So, iff = (y,s) € Bs(X) N Srj]’yﬁﬂ(Jv[) N Eqp2 (M), then by Lemma_3.11 we conclude
s > T — (2y%*1)? and thus[(3.14) holds also in the quasistatic case. By thatitmtive differentiation
argument, the better estimafte (3.14) applies with at iQostceptions. This proves the lemma. m|

We will now conclude the proof of Theordm 1114 by estimating ¥olume of the covering. The volume
of balls inRN! satisfies

VoI(B,s(X)) = wn ()", (3.15)
which together with the choice gfand the fact that polynomials grow slower than exponentiaswith
o =0")%,

B <c(N. Q) 2,

gives (recalling again the decomposition)dfn B4(0) into at most 22 nonempty set§'j7 yﬁ(M) N Eqs(M)
and the Covering Lemnia 3]12)

VoI(s! (M) 0 B1(0)) < 282 colcoy™ ™) Acoy Ty  wi ()2
< o(N, Q &) ()" %] (3.16)
< c(N, Q&) (yP)N+2 12,
From the above, for all & r < 1, we get
VoI(8K (M) N B1(0)) < c(n, Q, &)(y tr)N*+21-2
< c(e,n, A, n, N)rN+2-i-e

It follows that
Vol (T (8}, (M) N By(0)) <CrNV*21=¢ (0<r <1).

for another constar® = C(e, n, A, n, N), and this finishes the proof of Theorém 1.14. O
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4 Elliptic regularization and k-convexity

In this section we prove Theorem 1117. We consider a Brakke (level-set flow)M = {(M,t)|t > O}
starting at &-convex smooth compact embedded hypersurfdfec R™?!. The flow is smooth up to the
first singular timeT > 0. Recall thak-convexity means that the sum of tkesmallest principal curvatures
is nonnegative. In particular, the mean curvature is noatneg It follows from the evolution equations that
the second fundamental form behaves as

AR, = AR, + |APA, dth = Ah+ |A%h, (4.1)
and hence thdt-convexity is preserved up to the first singular time. In fact
A1+...+ A =ch h>c, 4.2)

for somec > 0 and let's sayT /4 <t < T (see e.g.[[HSQ9, Prop 2.6] for more detailed explanatioHs).
is immediate from[{4]2) that shrinking cylindels! x S™J with j > k cannot arise as tangent flows (or
special limit flows) at the first singular time. To rule thent ailso at subsequent times we will use elliptic
regularization (see limanen [IIm94]) following White [VWHi] closely.

Proof of Theorerh 1.17The idea, motivated by the work of [Whil1], is that becauseflbws arek-convex,
we have thatM; x R arises as limit forw — co of a family of smoothflows Nf*, to which the maximum
principle can be applied. In more detail, @tc R™?! be the region bounded Wit/4. LetK be a slightly
smaller compact set, say the closure of the region boundédtby. Let N be an integral current i x R
that minimizes the functional
N — f g 2 dA (4.3)
N

subject todN = 9Q x {0}. SincedQ is mean-convexNg is given by the graph of a smooth function
fo + Q — [0, 00) (see the appendix of [Whil1] for a proof). Furtherma, satisfies the Euler-Lagrange
equation,

H=-ae,,, (4.4)

and the mean curvature is strictly positive. Using the ELubgrange equatior_(4.4) it follows thbtlAij
satisfies A A
Aﬁ =-2(Vlog h’VF>' (4.5)

Note that @1 + ... + Ax1)/h is a concave function on the space of symmetric matrices patitive trace.
Thus, the tensor maximum principle (see €.9. [Ham86]) iegaihat the minimum of the function{+. ..+
Ak+1)/hoverNg N (K x R) is attained oNg N (0K x R).

Note thatN{" := graph, — at) is a family of surfaces (with boundary) @ x R translating by mean
curvature. Forr — oo the flowsN{* converge to the Brakke flowl; x R. By the local regularity theorem
[Bra78,Whi05] the convergence is smooth at regular polBitting off theR-factor amounts to replacing
k + 1 by k and we conclude that

A1+ ...+ Ak

inf X) >c. 4.6
X=(x)eM\S(W) with t=>T /2 h (X) = (4.6)
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Inequality [4.6) implies that shrinking cylindels x S"™I with j > k cannot arise as tangent flows Xf.
Recalling that White already proved that the only possibfgent flows in the mean-convex case are shrink-
ing cylinders, spheres and planes, this completes the fabe classification of the tangent flows in the
k-convex case.

It remains to deal with more general limit floddyx, ,, — N where the poiniX, is allowed to vary.
Note that the class of limit flows is strictly larger, and undés for example also the rotationally symmetric
translating solitons. However, in our case we have the edsamption thak is k-selfsimilar. In particular,
its backwards portion is selfsimilar. Thus, by [Whi03, Thip N is either a static multiplicity one plane or
a shrinking sphere or cylinder. In the case 7 this is stated there only for so-called special limit flows,
but using White’s work[[Whi1l] it also holds for general linfliows. Now, since\N is k-symmetric, it must
either be a multiplicity one plane or a shrinking cylindet x S"1 with j > k. As before, these cylinders
are excluded by (416). This finishes the proof of Thedreml1.17 i

5 Estimates fork-convex mean curvature flows

It is now easy to finish the proofs of Theorém 1.26 and Corpl[BB0. For this, we need the following
new e-regulartiy theorem. Roughly speaking, it says that encagiroximate degrees of symmetry imply
regularity.

Theorem 5.1 (e-regularity) Let M be a Brakke flow starting at a k-convex smooth compact embedde
hypersurface §) c R™*. Then there exists an= &(Mo) > 0 such that: IfM is (g, s7'r, k)-selfsimilar at
some Xe M for some0 < r < g, then p(X) > r.

Proof. If not, there areX, € M andr, < 1/a such thatM is (1/a, ar,, K)-selfsimilar atX, butry:(X,) < re.
Consider the blowup sequend€&” := My, (,. On the one hand, it satisfieg.(0) < 1. On the other hand,
after passing to a subsequend& converges to someselfsimilar limit flowN. By Theoreni_1.17N must
be a multiplicity one plane. By the local regularity theor¢Bma78, Whi05] the convergence is smooth.
Thus,ry(0) > 1 for « large enough, a contradiction. m|

Proof of Theorerh 1.26Since the initial surface is smooth, the regularity scaleoisnded below for small
times. By comparisoriM remains in a compact spatial region and vanishes in finite.tiffhus, we have
reduced the problem to the local setting of Theofem]1.14erAfiis reduction, the-regularity theorem
implies B, (M) c Sr‘;‘l (M) for n small enough and the claim follows from the volume estimé&feh@orem

a7t
[1.14 and thes-regularity Theorerh 5]1. i
Proof of Corollary(1.30. Using the layer-cake formula, this follows immediatelyrfra’heoreni_1.26, the
density boundd (216) and the interior estimafes (1.25). i
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