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Abstract

In this thesis, we develop wavelet surface wavelet representations for complex sur-
faces, with the goal of demonstrating their potential for 3D scientific and engineering
computing applications. Surface wavelets were originally developed for representing
geometric objects in a multiresolution format in computer graphics. However, we
further extend the construction of surface wavelets and prove the existence of a large
class of multiwavelets in R™ with vanishing moments around corners that are well
suited for complex geometries. These wavelets share all of the major advantages of
conventional wavelets, in that they provide an analysis tool for studying data, func-
tions and operators at different scales. However, unlike conventional wavelets, which
are restricted to uniform grids, surface wavelets have the power to perform signal
processing operations on compler meshes, such as those encountered in finite element
modeling. This motivates the study of surface wavelets as an efficient representation
for the modeling and simulation of physical processes. We show how surface wavelets
can be applied to partial differential equations, cast in the integral form. We analyze
and implement the wavelet approach for a model 3D potential problem using a surface
wavelet basis with linear interpolating properties. We show both theoretically and ex-
perimentally that an O(hfl)700nvergence rate, h, being the mesh size, can be obtained

by retaining only O((logN)2 N) entries in the discrete operator matrix, where N is the
number of unknowns. Moreover our theoretical proof of accuracy vs compression is
applicable to a large class of Calder6n-Zygmund integral operators. In principle, this
convergence analysis may be extended to higher order wavelets with greater vanishing
moment. This results in higher convergence and greater compression.
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1. Multiindex notation for D®u(z): Let a = (e, ..., a2), where a; € Z* and let

o] = a1 + ... + a,

then
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D%u(z) = 50T Byon ((9360‘"'
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L (U)={u:U — R|ve LP(V) for each V compactly contained in U}.
. C¥(U): Compactly C*(U).

C*({U): {u: U — R|u is k-times continuously differentiable }

W N

1
loc?

5. Weak derative: Suppose u,v € L; ., and « is a multiindex. We say that v is

the at*-weak partial derivative of u, written
D% = v,

provided

/U uD%¢dz = (—1)le /U védz

for all test functions ¢ € C§°(U).

6. W*P(U): The Sobolev space consists of all locally summable functions u : U —
R such that for each multiindex a with |a| < k, D*u exists in the weak sense and

belongs to LF(U).

7. Hf(U): Compactly supported Sobolev space W*P(U) with p = 2.
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Chapter 1

Introduction

During the past two decades, wavelet representations have emerged as a powerful
new tool for signal processing and mathematical analysis. The power of wavelets
lies in their ability to dissect data, functions and operators according to the scale of
the features that are present. This allows us to develop fast algorithms to extract
information of interest and represent it in a compact form.

The origin of wavelets dates back to the beginning of the 20th century with the
development of the first orthogonal wavelet by Haar. The field further developed
independently in areas such as mathematics (Calderén-Zygmund operator theory),
physics (Coherent state and renormalization group theory) and electrical engineering
(Subband coding theory and filterbanks).

Many of these ideas merged in the 80’s with the development of Wavelets by re-
searchers such as Morlet, Arens, Fourgeau and Giard [30] , Morlet [29], and Grossman
and Morlet [27]. Most notably the multiresolution framework by Meyer and Mallat,
which with together with filter bank theory led to the discrete wavelet transform.

However, it was not until the development of compactly supported orthogonal and
biorthogonal wavelets by Ingrid Daubechies [21] that wavelets extended substantially
to other domains. In particular, wavelet theory has revolutionized Signal and Image
processing. Such authors as P.P. Vaidyanathan and Martin Vetterli have extensively
written about this field.

More recently M-band wavelets [46, 48] and Multiwavelets [1, 25] extend the con-

13



cept of wavelets to vector wavelets. Furthermore, W. Sweldens develops a new frame-
work, called Lifting, to construct wavelets over finite irregular grids [40, 41]. As
pointed out in this thesis this concept permits a generalization of Multiwavelet to ir-
regular grids. Although independently Dahmen, Carnicer and Pefia developed a sim-
ilar wavelet construction tool termed Stable Completion [10], which may be though as
a generalization of Lifting, however, we shall apply Lifting extensively in this thesis.

Wavelets have already been shown to be conceptually attractive for problems in
computational mechanics, where one is often interested in studying local features such
as shocks, stress concentrations and other discontinuities (see e.g. [5, 6, 7, 47]). In fact,
a considerable body of literature now exists on the application of wavelet techniques
to the solution of partial differential equations (PDEs), in particular in the field of
integral equations [16, 17, 18, 19, 20, 1, 2, 8, 10, 11, 12, 24, 34, 35, 36, 37, 38].

Much of the current research in wavelets for the numerical solution of integral
operators dwells on Multiwavelet constructions. Traditional wavelets suffer from the
drawback that they do not form a basis for finite domains. This problem has led
to the development of Multiwavelets by Alpert [1]. However, such constructions are
limited to tensor products of 1D Multiwavelets. In contrast, Petersdorff and Schwab
[34, 35, 36] develop a 2D Multiwavelet scheme to solve boundary element problems
over arbitrary surfaces in 3D. This method consists of mapping flat 2D polynomial
multiwavelets patches onto the 3D geometry. However, these wavelets are ill suited
for geometries with corners, where the compression is low, and up to our knowledge,
there exists no practical implementation of Petersdoff scheme for linear or higher
order wavelets.

Alternate work by Alpert et al [2] consists of forming sparse representations by
sampling the kernel of the integral equation. This method consists of mapping a finite
set of points in 1D to a discrete orthonormal pseudo wavelet basis with vanishing
moments in a discrete sense. This basis construction is then applied to solve integral
operators. The kernel is first sampled at n discrete points with a quadrature scheme.
A sparse representation is achieved by applying the discrete wavelet mapping to

the quadrature matrix. This sparse form representation retains the full accuracy of
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quadrature method but only requires O(nlog*(n)) computations. This method is
applicable to a large class of integral equations. However, applications are limited to
1D problems.

To quote Wolfgang Dahmen:“It is fair to say that wavelet analysis as it stands
has by far not yet reached a steady state in this field. As promising as many of the
underlying concepts are, it would be naive to expect their immediate practical success

in complex, real-life applications governed by PDEs.” [14]

1.1 Motivation

One may naturally ask, “How successful are wavelet techniques compared to finite
element techniques?”. Responses to this question are often mixed. Both techniques
use similar bases, which are designed to represent functions that are piecewise poly-
nomial. Wavelets are also intrinsically capable of representing functions at multiple
resolutions (cf. adaptive finite element methods). However, previous work on wavelet
techniques for PDEs has typically relied on traditional wavelet constructions, such
as the one by Daubechies [21]. Such wavelets are best suited for problems that are
discretized on uniform grids, a constraint that can be rather restrictive when it comes
to modeling 3D problems with complex geometry. Some attempts have been made
to address the problem of complex geometry using Multiwavelets, but with mixed re-
sults. For example although a fully discrete Multiwavelet boundary element method
for 3D computational problems exists [36, 35], it is very difficult to implement, more-
over, to our knowledge, no implantation of linear or higher order Multiwavelets exists.
By contrast, we note that finite elements are very well suited for complex meshes.
In this thesis we combine the flexibility of finite element basis functions with the
localization and decorrelation property of wavelets. We will investigate a generaliza-
tion of the wavelet concept that permits the application of wavelet techniques to 3D
problems on complex domains in computational mechanics. The generalized wavelets
are a fairly recent development in the literature, known as second-generation wavelets

[41]. They have been used primarily by the computer graphics community to gener-
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ate multiresolution descriptions of complex geometric shapes [42]. Here, we develop
the main ideas behind these generalized wavelet representations, their extensions to
higher order polynomials and dimensions, and applications to PDEs. Moreover, we
show that the second generation framework permit a generalization of Multiwavelets

to irregular grids. The contributions of these thesis include

e The construction of a class of interpolating irregular Multiwavelets in R" which
combine the fast transform, decorrelation and localization properties of wavelets
with the flexibility of finite elements on irregular meshes. These constructions
may represent polynomials of arbitrary polynomial order. Moreover, we explic-
itly construct irregular Multiwavelets over curves and surfaces with vanishing
moments around corners. In essence these novel constructions allow practical

multiresolution decompositions over irregular meshes.

e Application of interpolating irregular Multiwavelets to solve Calderén-Zygmund
integral operators. We derive theoretical estimates of convergence under com-
pression in R®, more explicitly, we show that we may achieve the asymptotic

convergence of the full stiffness matrix with only O(N(logN)7/?) entries.

e Implementation of a 3D linear surface Multiwavelet with one vanishing moment

to solve a second kind integral equation over an irregular mesh.

e Implementation of a 2D linear surface Multiwavelet which vanishes global linear

functions around corners to solve a second kind integral equation.

The basis constructions in this thesis are similar to a new development by Tausch
and White [33]. This alternate multiscale basis is constructed from piecewise poly-
nomials and may also be applied to integral equations of the first kind in 3D over
complex geometries. Such approach is similar to the polynomial functions constructed
in this thesis. However, this alternate approach does not lead to refinable functions.

We shall elaborate more in the discussion session in Chapter 7.
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1.2 Thesis Outline

In Chapter 2, we introduce wavelets and Multiwavelets as a tool for multiscale anal-
ysis. This chapter covers the basic theory of wavelets, Multiwavelets and their prop-
erties.

Chapter 3 introduces the basic concepts of lifting and Surface Wavelet construc-
tions introduced by Sweldens. We introduce the basic concepts of Lifting and illustrate
linear wavelet constructions. Although Sweldens [42, 43] only covers the construc-
tion of the primary scaling functions, we further develop the construction of the dual
scaling functions. Moreover we investigate the stability of both the primary and dual
basis, and under a normalization show that the {> norm of the projection coefficients
of any function belonging to H3(S) is bounded both by above and below by non zero
constants.

Chapter 4 deals with the generalization of Linear Surface Wavelets to higher order
polynomial bases. We prove the existence and construction of a wide class of interpo-
lating Multiwavelets. With this construction theorem we build examples of quadratic
Multiwavelets on irregular domains in 1D and 2D. In many practical computational
modeling problems the presence of corners may seriously degrade the performance
of compression algorithms. However, we further show that the construction theorem
allows the construction of Surface Multiwavelets which produce vanishing moments
around corners, thus conserving the compression properties of the wavelets at any
section of the mesh.

Chapter 5 demonstrates the application of Multiwavelets to Calderén-Zygmund
Integral Operators in three space. We obtain estimates for the decay of the kernel
expansion coefficients in the Surfacewavelet basis and develop a compression criterion
such that asymptotic convergence, under compression, is of the same order as without
compression. We show that it is sufficient to compute O(N(logN)"/?) of the entries
of the stiffness matrix to achieve quadratic asymptotic convergence.

In Chapter 6 we apply linear surface wavelets with one vanishing moment to the

3D Poisson PDE with a Petrov Galerkin formulation of the second kind integral
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equation. We also implement a Galerkin formulation of the Poisson PDE in 2D using
wavelets with three vanishing moments around corners. Experimental results reveal
we only have to compute O(N(log,N)P) of the entries of the stiffness matrix to achieve
quadratic asymptotic convergence.

In Chapter 7 we summarize the thesis, contributions, its strength and weakness,
and give directions for further research. We effectively have a wealth of problems
to solve with Multiwavelets. In particular, we have not explored the finite element

variational or weak formulation.
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Chapter 2

Elementary Theory of Wavelets

This chapter provides the necessary background in the theory of wavelets. The focus

is on orthogonal, biorthogonal wavelets and MultiWavelets.

2.1 Basic concepts

Wavelet theory has been used extensively in many areas of mathematics and engi-
neering. As the name implies, they indeed look like small waves. These functions
are highly connected with signal representation, that is, arbitrary signals may be
constructed from wavelets.

Suppose we have some signal and are given a “box” function, as shown in Fig 2-1
(a). This box function is called the scaling function in the Wavelet literature and is
denoted by ¢(t). On every unit interval, we may place a “box” whose height is the
average of the waveform on this interval. This results in a staircase representation
of the original signal, with unit resolution, as shown in Fig 2-1 (b). Thus, we have
approximated the signal at some resolution, just as an image is represented with a
certain number of pixels on a computer screen. It is only necessary to remember the
height of the boxes to construct our approximation.

Let us reduce the width of the box function by one half. Now, we may fit twice
as many boxes in the same unit interval, thus the signal is represented at twice the

resolution, as show in Fig 2-1 (c) . We continue this process by making the boxes
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Box Function ¢(t)

0 1 °0123X5/to123}{34;17&t

(a) (b) (c)

Figure 2-1: (a) Box function. (b) Coarse approximation. (c¢) Finer approximation

thinner and thinner. Eventually, the staircase approximation will be indistinguishable
from the original waveform. However, for all practical applications, the signal is of
finite length and may be represented at some high, but finite resolution. This implies
we only need a finite amount of memory to represent the signal.

The relation between the scaling functions at different resolutions is of special
significance. Suppose we take the box function and add the wavelet function denoted
by 1¥(t), as shown in Fig 2-2. We obtain the same box function, but reduced in
width by one half. This is exactly the scaling function at the next resolution level,
scaled in height by two. This implies that we may represent a signal at one level of
resolution with a combination of scaling and wavelet functions at a coarser resolution.
The wavelet function may be thought of as the detail we need to add to move from
one level of resolution to the next higher one.

Now, suppose we know something about our signal. Suppose it is very flat in
some regions, but very detailed in some short intervals. Trying to represent the entire
signal at some fixed high resolution with scaling functions is a waste of memory. It is
much more efficient to represent some regions at low resolutions and some at higher
resolutions. This is where wavelets are useful. We may represent the entire signal at

some coarse resolution and then, add the details where they are necessary, to increase
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Scaling function ¢(t) Wavelet function y(t)

Figure 2-2: Scaling function and Wavelet function are added together to form the
scaling function at a higher resolution

the resolution locally. This results in a multi resolution representation of a signal.
Example applications of multiresolution representation include the compression of
audio and video signals.

The scaling function and wavelet described in this section are the basic building
blocks for the Haar basis, which is one of the most simple orthogonal wavelet de-
compositions. In the following sections we will introduce the general description of

orthogonal and biorthogonal wavelets.

2.2 Orthogonal Wavelets

2.2.1 Time Domain Representation

We now introduce a more formal description of wavelet theory and extend the Haar
wavelets discussed in the introduction to a larger class of orthogonal wavelets.

Suppose we have the following sequence of embedded subspaces,

{0}c---cV,,cCcV,yCcVoCcWViCcVoaC---C L*R),
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which possess the following properties:
1. U;ez Vj is dense in L*(R). (Z denotes the set of integers.)

2. ﬂjeZ V] = {0} .

3. The embedded subspaces are related by a scaling law
gt) e Vj <= g(2t) € Vjuu .

4. BEach subspace is spanned by integer translates of a single function, g(t), such

that
gt)eVo<=g(t+1)e V.

Condition 4 suggests that we can find a function, ¢(t) € V4, whose integer trans-
lates form a basis ! for V. It follows from Condition 3 that the functions ¢(2¢ — k)
must span V;. Now since since Vy C V7, this implies that any function in Vj is also in

V1, in particular, we may write a two-scale difference equation of the form

B(t) = axp(2t — k) . (2.1)
k

Here {ax; k € Z, ar € C} is a sequence of constant coefficients. This equation is
known as the dilation or refinement equation and forms the basis for the multireso-
lution properties of wavelet theory. The filter coeflicients a; are of importance since
they are closely linked to the properties of the multiresolution, in particular, the shape

of ¢(t).
The filter coeflicients a; may be real or complex valued and an infinite or finite
sequence. However, for many practical applications the filter coefficients are chosen
to be real and finite. This family of finite impulse response filters will give rise

to compactly supported scaling functions, which are are important to the study of

IThe bases we deal with are Reisz stable bases. See Section 3.2.2 for the definition of a Reisz
stable basis.
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signals with local features. In addition, we may choose a; such that the basis functions
{¢(t — k); k} form an orthonormal set.

We may now extend the refinement equation to all spaces V;. Conditions 3 and
4 state that the collection of scaling functions {¢(27t — k); k} form a basis for the
function space V;. However, we are mostly interested in stable Reisz basis for all
j. To satisfy this condition we must rescale the scaling functions at every single
resolution. It follows then from the translation and scaling argument that we may

define a function

$iu(t) = 2292t — k), ke Z, (2.2)

which forms a Reisz basis for the subspace Vj}, and

Gjot) = Z arpjir k(27 — k)
k

We have now set up a framework for multiresolution signal representation. Given
a function f(t) € L*(R) we may generate a sequence of successive approximations to
f(t) by projecting it on to the subspaces V. Define P; as the orthogonal projection
of f(t) onto Vj, thus

Pif(t) =) clbir(®) - (2.3)
k

Since {¢;(t)} forms an orthonormal set, the coefficients ¢, are given by

= [ ” F);x(t)dt . (2.4)

In general the orthogonality of the scaling function ¢(t) may directly be related

to the filter coefficients ay

Zakak—m = 26;.
,

This last relation follows from the refinement equation and is known as Condition O
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[44]. Moreover, we normalize the coefficients such that

Zak:Z.

k

We have constructed a series of multiresolution function spaces, able to represent
a function f(¢) € L? at any resolution j. The next logical step is to represent f(t)
at a higher resolution j + 1. However, in wavelet theory, instead of representing f(¢)
as a projection on to the subspace V;.; we are mostly interested in the difference
between V;, Vjy1. In other words: what do I have to add to P; f(¢) to get to Pj41 /()7
We use the notation W; to denote this detail space and we use Q;f(t) to denote
the projection of f(t) on to W;. For orthogonal wavelets, the spaces W; and V; are
orthogonal, and W is said to be the orthogonal complement of V; in V4. This is

written as

Vin=V,i@w;  w; LV, (2.5)
where €P is the direct sum. Equivalently, the projections are related by
Pinf(t) = Pif(t) + Q;f(t);  Pif(t) L Q;f(¢) . (2.6)

Now, the collection of functions {¢(2t — k); k € Z} forms a basis for V; then

necessarily

Y(t) = beg(2t — k) (2.7)

where by is a sequence of real numbers. If we choose

bk = (_1)k AN—_1—k (28)

then the collection of functions {y(t — k); k € Z} forms an orthonormal basis for Wj.

This can be easily derived as
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[owot-1 = [Susi-03 apize- k)

- / SO (-1 an-ig@t— 1) S ad(2t — k)

k=0
N

= /Z(~1)"a1v,lat
=0

= 0 (where N is odd).

The function v(t) is referred to as a wavelet. Following the same pattern we may

define a wavelet basis for W; for all j. Define
Dix(t) = 2927t — k); k € Z,

then the collection of {1, x(t); k € Z} forms an orthonormal basis for ;. In partic-

ular,

(65k(-):050()) = Ok,
(in(), () = 0,
<1/)j,k(~)7wm,l(')> = 5j~m 5k—l - (29)

Notice that since these bases are orthonormal, therefore they are automatically Reisz
stable bases (cf. Parsevals thm). Moreover, they form a tight frame (see [44]).
Denote (); as the orthogonal projection of f(¢) on W, thus

Qif(t) =) diapk(t) (2.10)

with
& = _/ P (t)dt (2.11)

We may now represent a function f(¢) as a linear combination of the projections on
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to the detail spaces W}, a complete wavelet decomposition may be written as
f®) =Y Qif®) =Y ditx(t) . (2.12)
j=—o00 ik
2.2.2 Fourier Domain Representation

The Fourier domain representation of orthogonal wavelets is at least as instructive
to consider as the time domain representation. In particular, the design process for
regularly spaced wavelets, before the discovery of lifting (see Chapter 3), is usually
done in the Fourier domain. For sake of notation, let the Continuous-Time Fourier

Transform (CTFT) of f(¢) be defined
F(iQ) = / f(t)e 7t . (2.13)
and the inverse CTFT is given by

£(t) = % /_ T R0 | (2.14)

o0

We now take the Fourier transform of the Refinement Equation, Equation 2.1. We

obtain
1 .
(i) = ;A () @ (j0r/2) , (2.15)
where
N-1
A(e®) = Z ane e (2.16)
n=0

Note that A (e’*) is the Discrete-Time Fourier Transform (DTFT) of the filter a,.
Similarly, by taking the Fourier transform of equation (2.7), we arrive at the Fourier

representation for the wavelet:

(i) = 2B () #(j2/2) | (2.17)
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where

N-1
B (o) = S bfalen = SN g (e0) L (2as)
n=0

The orthogonality condition (Condition O) in the Fourier domain can be derived from
the time domain orthogonality condition, equation (2.9), by using Parseval’s theorem.
The result is

1 o 12 (ot 12

7A@+ A @ )] =1. (2.19)
2.2.3 Daubechies Wavelets and the Acuracy Condition

Another important characteristic of wavelets is the ability to represent polynomials up
to a certain degree. This accuracy condition? is an important property of Daubechies
Wavelets [21] which is referred to as Condition A.

Condition A is closely related to the vanishing moments of the wavelets i.e.

/ W(t) t'dt=0;  k=0,1,---,N/2—1. (2.20)

Forcing the wavelets to have vanishing moments at all the levels of resolution implies
that the scaling function spaces may represent polynomials. This is simple to see.
Define P,%j as the space of piecewise polynomials of degree n = N/2 ~ 1 with length
27 and split L?> = V,,, P ZlZm W,. The vanishing moment property states that P,fj is
orthogonal to W;, furthermore, P¥ ¢ P27 for all j, thus P2" is orthogonal to W;,
for j = m,m + 1,.... This necessarily implies that P>" C V.

The vanishing moment condition is translated to the filter as

(Do kt=0; k=01, N2-1. (2.21)
k

However, it is in the z and discrete Fourier domain where we clearly see the accuracy

condition. Taking the Fourier transform of the filter a; gives us the condition

2Formally known as a Strang-Fix condition.
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Ae?) = (5%@) " Ry (2.22)

where R(e?*) is chosen to satisfy Condition O. In the z-transform domain, this means
that A(z) has a zero of order N/2 at z = —1.

Daubechies wavelets are the most famous example which satisfy Condition A. The
ability to represent polynomials makes it well suited for applications involving image
compression and PDEs. However, the regular grid restriction on Daubechies wavelets

is still a handicap for solving PDEs for complex meshes.

2.3 Biorthogonal Wavelets

Biorthogonal wavelets maybe viewed as a generalization of the orthogonal wavelets

setting. With biorthogonal wavelets, there are two sequences of embedded subspaces

{0} VycVicVycWcVy--L*R),
{0} - VoCcV,iCcVoCViCVy - LAR).

These two set of multiresolution subspaces are biorthogonal (dual) to each other. As
expected, we now have two scaling functions. The primary scaling function ¢,(t)
which belongs to V; and the dual scaling function ¢,(t) which belongs to V;.

Define a series of nested primary multiresolution subspaces V; C Ly(R), where
j € Z, which satisfies the following conditions:

(a). V; = closspan{¢,r | £ € Z}, where the span of the scaling functions
Gjm = 29/2¢(27t — k) forms a Reisz basis (see [44])

(b). V; CVin

(c). UR_V;is dense in Ly

(d) Let W; = clos span{t;x | k € Z} be a series of subspaces, such that Vj,; =
V; @ W;, where the wavelet function 1, = 2//21(27t — k). This condition forms
the basis for the multi resolution property of wavelets. We may project a function

onto V41 and then decompose it into V; and W; through the Biorthogonal Discrete

Wavelet Transform.
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Similarly, we define a series of dual subspaces f/J C L,, with the following condi-
tions:

(e). V; = clos span{¢; | k € Z}, where the span of ¢;,, = 2//2¢(2/t — k) forms
a Reisz basis

(). Vi € Vjn

(g). U‘]?';_Oof/j is dense in L,

(h). Vj4, = V;@W;, where W; = clos span{t;; | k € Z} and ;= 29/2(27t—k)
Now, V; and W, are not necessarily orthogonal, although their intersection is zero,

but they satisfy the following condition:

V; LW;, W, LV; (2.23)
The basis functions of V; and W satisfy the following biorthogonality condition:
(p(t — k), (t — 1)) = Sy, (Pt — k), p(t — 1)) = Gp—y. (2.24)
Now, Conditions (a) to (h) imply

Gt =) a2t~ k) dt) = ad(2t —k) (2.25)
(1) = bed(2t— k) G(t) =D bed(2t — k). (2.26)

for some real coefficients ay, a, by and by. In contrast to the orthogonal wavelets we
now have two scaling relations and two wavelet relations. Furthermore {ay, by, ay, l~7k}

satisfy
bk = (—1)ka]v__1_k and Ek = (_1)de—1—k

and condition (2.24) implies

Z a,&l_zk = 25k

k
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2.3.1 Fourier Domain Representation

Taking the Fourier transform of equations (2.25) and (2.26) results in the following

frequency domain scaling relations:

2(j0) = sA (V) 2(O/2),  BGW = AV B,  (@221)
¥(i0Q) = %B (/%) & (jQ/2), T(iQ) = %B (e7%) @ (jQ/2), (2.28)
where

B (ejw) — e—j(w+7r)(N—l) A* (ej(w+7r)) and B (ejw) — e—j(w—Hr)(N—l) A* (ej(w—Hr)) )
(2.29)
Furthermore, condition (2.24), leads to the following biorthogonality condition in the

Fourier domain:

[A(ejw)ji*(eﬂ‘w) + A(eﬂwﬂ)/i*(eﬂwﬂ)] ~1. (2.30)

W

2.4 Orthogonal Discrete Wavelet Transforms

One of the key properties of the wavelet theory is the existence of the Discrete Wavelet
Transform (DWT). This computational procedure allows us to quickly move between a
single scale representation to a multiscale representation. In fact, this transformation
is of O(N). In contrast to such popular methods as the Fast Fourier Transform which

is O(NlogaN). We shall now derive the DWT. Note that
Pif(t) = Pio f(t) + Q-1 f(2) (2.31)

and then taking the inner product with ¢;_;,(t) and ¢;_1,(t), from equations (2.1)
and (2.7), we obtain

(Djk(t), dj1a(t)) = 71—5 Ak—2n (2.32)
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G100 Vyrn()) = —= boam (2.33)
V2

The DWT may then be written as

1 2n+N-1

a7t = —= > dapm, (2.34)
\/5 k=2n

‘ 1 2n+N-1 )

Bt = Z c brgn - (2.35)

\/Q k=2n

Equations 2.34 and 2.35 may be also written in filter form as shown in Figure 2-
3. The DWT may be thought of as low pass filtering with the dilation equation
coefficients followed by downsample and also high pass filtering with the wavelet
equation coefficients. As Figure 2-3 shows, we may further decompose the coarse
coefficients into different frequency bands. Thus, applying recursively the DWT to
the coefficients of f(t), which belong in V,,, gives us a decomposition of the form
Vo 202 P — W;. This effectively leads to a logarithmic frequency decomposition
of the original signal f(¢).

To obtain the inverse DWT we simply take the inner product of Equation 2.31
with ¢, »(t) and apply Equations (2.1) and (2.7), thus

| < I
¢ = 7 Apop T
n /2 Z k 2k
k={(n—N+1)/2]
[n/2]

1

7 k_{(ﬂ;ﬂ)m AL by - (2.36)

We are, however, not restricted to signals in R!. We may extend the DWT to a
two dimensional domain by taking tensor products of one dimensional wavelets. In
Figure 2-4 we show an example of applying the wavelet transform to images. We first
apply the DWT to the rows of the original image to obtain two downsampled images.
We now apply the DWT to the columns. As shown in Figure 2-4 we now have four

images; Each image corresponds to one of four subands. In fact, it has been shown
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Figure 2-3: Signal flow graph for a two stage implementation of the Discrete Wavelet
Transform.

that the entropy of high pass subands is substantially reduced.

In Figure 2-5 the four images are reconstructed to get the original image back.
Note that due to the entropy reduction of the wavelet transform it is possible to
remove substantial amounts of data and still recover an image of very high quality.
In practice, several applications of the DWT leads to a thirty to one compression
with very high quality.

The low frequency component is easily recognized as being a subsampled version

of the original image.

2.4.1 Biorthogonal Discrete Wavelet Transform

A change of basis from the primary scaling function subspace, at some fixed resolution,
into a series of nested subspaces, at lower resolutions, may be easily accomplished by
the biorthogonal discrete wavelet transform (BDWT). This transformation is of order
O(n).

Let P; : L* - V; and Q; : L* — W, be projection operators such that
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Figure 2-4: Two-dimensional Discrete Wavelet Transform.
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Figure 2-5: Two-dimensional inverse Discrete Wavelet Transform.
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Pif = ch,k¢j,k and Q;f = Zdj,kwj,k,
k P

where ¢;; =< f,djx >, djx =< f,h;x > and f € L?. Similarly, let us define the
dual operators P; : L2 — V; and Q; : L? — W}, such that

Pif = Gudix and Q;f = > dixthin,
P

k

where ¢;; =< f,¢;, > and Jj,k =< f,¢;r >. By combining (2.24) to (2.26) with
condictions (a) and (b) in Section 2.3, we obtain the BWDT:
1 . 1 ~
Ci1 = NG ‘L; Qk—2Ci41 k) d;; = NG 21@: be—21Cj+ 1k,

and it’s inverse:
1 1
Cit1l = = Z Ag—2Cj ) + —= Z br—21d; k-
V2 < V2 4

We obtain in a similar fashion the dual Briothogonal DWT

5 1 B J 1 b N

Cil = —= E Ar—21C54+11 = = E E—21Cj+1.k

T 7 b2 Js J 3K
V2 k V2 k

and it’s inverse:
. 1 _ N 1 - -
Cit10 = —= Z (p—2uCjk + —= Z be—aud; k.
V2 < V2 4

The BWDT establishes the connection of wavelet functions spaces to discrete linear

systems.
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2.5 Spatial Decorrelation

One of the key properties of wavelets is the decorrelation of sets of data. The per-
pendicular relation of Equation (2.23) implies that the statistical correlation between
V; and W, is exactly zero. This is also true for V; and W;.

Let us start with a scaling function space V};, which has some overlap with \7j, as
shown in Figure 2-6. By applying the Biorthogonal DWT, we may efficiently map V;
onto V;_; and W;_;. By Equation (2.23), V;_; and W,_, are completely decorrelated,
which implies that the intersection of W;_; and Wj,l is decorrelated from V;_;. We
may further map V;_; onto V;_, and W;_,. Equation (2.23) implies W;_; N Wj_l is
decorrelated from W;_, N W;_,. By continuing this process, we obtain the following

multiresolution decomposition:
Vi=W,,ie . . Wye V,,

where the intersections U; = W; N'W;, for ¢ = 1..j — 1, are completely decorrelated
from each other. The previous analysis implies that if we want “good” decorrelation
of data then W; N W; must be as large as possible. In general, they should have
the same vanishing moments. This decomposition appears very frequently in the
wavelet literature and forms a basic framework for compression and entropy reduction

schemes.

2.6 MultiWavelets

An underlying limitation of wavelets is that they do not naturally form a basis for
functions on a finite interval. This problem was mitigated by the construction of a
class of wavelets defined over a finite domain. In [1] Alpert introduces the concept of
an orthogonal Multiwavelet basis. It is further generalized to the biorthogonal setting
(25, 45]

In a multiwavelet basis, one has r > 1 scaling functions ¢,(z) (¢ = 0,1...,7 — 1)

and a similar number of wavelets w,(z). The scaling functions then satisfy a matrix
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Figure 2-6: V; is decomposed into VYJ-_I ®...® Wy & Vy by use of the Biorthogonal
DWT. The intersections of W; and W; , for : = 7 — 1...0, are completely decorrelated
from each other, which gives rise to a highly decorrelated function basis.
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refinement equation:

(bo(ﬂf) hoo[k‘] hO,r—l[k] ¢o(2$ - k)

¢r—1(x) hr—l,O[k] e hr—l,r—l[k] ¢r—1(2x - k)

Likewise , the wavelets are given by a matrix wavelet equation. This form of basis
allows for greater complexity and adaptability of the wavelet scheme. However it is
still limited to regular grids. In this thesis we generalize the concept of multiwavelets
to irregular grids by dropping the requirements of shift and scale invariance, and
respectively replacing the notations ¢,(z — k'), ¢,(2z — k) and h ,[k] with qﬁg’k, (z),
¢ % (x) and bl [k, K'].

A simple example is given in Figure 2-7. These wavelets form a biorthogonal set

i.e.

(o) iy (2 — k) = 0 {wy(x),d (x ~ k) = 0

and that they satisfy the following scaling laws

¢o(z) _ 1 1 ¢o(22) N 5 0 $o(22 — 1)
¢1(z) 0 Yo || ¢1(22) Yh 1 ¢1(2z — 1)
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Figure 2-7: Example of piecewise linear multiwavelets (top row) and their duals
(bottom row).
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Chapter 3

Linear Surface Wavelets

In this chapter we discuss the extension of wavelets to irregular geometries. The
lifting scheme, by Sweldens [40], is introduced as a tool to construct linear surface
wavelets over complex meshes. Moreover we construct the dual scaling functions and
wavelets, and prove stability properties of the basis. Many of these results are located

in [4].

3.1 Wavelets for Complex Surfaces

3.1.1 Traditional wavelet construction

Traditional wavelet constructions are characterized by the operations of scaling and
shifting of a single function. A typical example of such a construction starts with
the hat function and represents it as a combination of scaled and shifted versions of
itself as illustrated in Figure 3-1. Mathematically, this example can be expressed as

a two-scale difference equation

$(z) = D hig(2z — k)

k=-1

with A = {1, 1, 1}. The function ¢(z) in this case is the hat function on the interval

[—1,1] and in wavelet terminology it is referred to as a scaling function. Note that the
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Figure 3-1: Representation of the hat function as a combination of scaled and shifted
versions of itself.

scaling function in this example has linear interpolating properties. Scaling functions
with other properties, such as orthogonality and higher order, can be designed with

an appropriate choice of h (see e.g. [44].)

Wavelets are constructed from scaling functions, using a different combination of

the scaled and shifted versions of ¢(x)

P(z) = Z hyd(2x — k) (3.1)
f

The theory of wavelets and filter banks tells us how to design admissible filters,
hY and hj, using Fourier transform techniques [44]. The admissibility conditions
are referred to as biorthogonality or perfect reconstruction conditions. The term
biorthogonality implies the existence of dual functions, which we denote by qz(x) and
w(z). If we denote the corresponding dual filters by f? and f!, then the admissibility

conditions can be stated as:

41



k 2| -1 0|1 2 3
h AERE

hi ~i|-3 3|31
Rl-il3 |3 |3]|-%

i 31| -3

Table 3.1: Admissible set of filters for hat function

Fo(z ) Ho(2) + Fi(z D H (2) = 4 (3.2)

Fo(—2z"DHy(2) + Fi(-2z V) H(2) =0 (3.3)

Here, we have used the notation Hy(z)to denote the z-transform' of h

Hy(z) = Z hYz K (3.4)

k
The design proceeds by choosing Hy(z) = z7'Fy(—2z71), Fi(z71) = 2/ Hy(—2),
where [ is odd, and then looking for P(z) = Fy(27!)Hy(z) such that

P(z)+ P(—z) =4

We thus find that an admissible set of filters for the hat function example is shown

in Table 3.1.

Now that the design process is complete, one can construct a basis for functions

IThe Fourier transform can be easily obtained from Eq. (3.4) by replacing z with e®.
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1 [>] 1 n 1 131
K -4 ] -1 U 1 Z
0,0ld 1 1
hk 2 1 2
1,0ld
hy 2
0,0ld
& 2
1,0ld 1 _1
k 2 1 2

Table 3.2: Old admissible set of filters for hat function

in L?(R) by taking the following set of scaled and shifted functions

{¢(z — k), (Pz ~k) | ke Z,j>0}

This brief introduction illustrates a key point about traditional wavelets: they are
naturally associated with uniform grids. This can be easily seen from the fact that
the functions (272 — k) are located at the dyadic points # = 277k . Furthermore, we
note that the Fourier transform techniques for designing the discrete filters are only

applicable to uniform grids.

An alternative methodology for designing wavelets called the lifting scheme was
recently described by Sweldens [40]. The main idea behind lifting is that one can
use very simple operations to transform an initial set of admissible filters into a more
complex set of admissible filters. For instance, if we were given the admissible filters

in Table 3.2, we could obtain new admissible filters by letting

Hy(2) = Hg"(z) (3.5)
Hi(z) = HY'(2) = S(2*) Ho(2) (3.6)
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Fo(z™") = Fg(="") + S R (=) (3.7)
Fi(="") = (") (3.8)

The choice S(z) = (1 + z~*) would then give us the more complex filters shown
in Table 1. Note, however, that the admissibility conditions, Egs. (3.2) and (3.3), will
be satisfied regardless of the actual choice for S(z). Here, the only filters to change
were h} and f, however, a similar procedure can be used to update the filters A and
fi. We may thus produce filters of any desired order by alternately lifting one pair
of filters and then the other pair.

3.1.2 Second-generation wavelets

The lifting scheme can also be stated in the spatial domain. This allows the gen-
eralization of the wavelet concept to irregular grids. The generalized wavelets are
typically referred to as second-generation wavelets [40]. Thus, Eqgs. (3.5)-(3.8) can
be shown to be equivalent to the following operations on the scaling functions and

wavelets:

5(z) = °4(x) (39)
w(z) = vz Zék $lz — (3.10)
$(z) = " (x) + Z sk (x + k) (3.11)

Zf“ld (22 — k) (3.12)

One can then state the biorthogonality conditions in terms of the following L?

inner products:

(@), B(- — k) = dox (3.13)
(@(), ¥(. —k)) =0 (3.14)
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(¥(), 6(. —k)) =0 (3.15)
(W(.), &~ k) = dox (3.16)

Again, it is quite straightforward to verify that these conditions remain valid when
an initially biorthogonal set, {qb"ld, Pold gold 1/3""’}, is lifted using Eqgs. (3.9)-(3.12).
For the filters given in Table 3.2, the initial set of functions is particularly simple.
¢°¢ is the hat function on [~1,1], ¢*¢ is a hat function on [0, 1], ¢*¢ is the Dirac
delta function, é(x), and ¥ is a combination of Dirac functions at 0, % and 1. These
functions do not lead to a good wavelet basis, but they do provide a useful starting
point since the biorthogonality conditions can be verified using the property that
(f(.), 6(.)) = f(0). The lifting construction allows us to improve the properties of

the wavelet basis by adding vanishing moments to the wavelet. In our example, we

may add two vanishing moments to w by choosing sy and s; in Eq. (3.10), such that

[ vt =o

for m = 0,1. This gives us sg = s; = 1/2. The resulting wavelet is shown in Figure

3-2.

We are now in a position to generalize the wavelet construction to non-uniform
grids. To do this, we need to relax the constraint that the wavelet basis functions
are all shifted and scaled versions of the same function. Figure 3-3 illustrates how
a hat function on a non-uniform grid can be represented as a combination of hat
functions on a finer version of the grid. In this example, the grid was refined by
the subdivision of each interval into two intervals of equal size (the points z,,_; and
T, are the midpoints). Note that the functions on the finer grid are not scaled and

shifted versions of the function on the coarser grid, although they are similar in shape.

We introduce the notation ¢;x(z) to denote the scaling function on the coarser
grid. Here, the subscript k refers to the spatial position, z;, at which the scaling

function is located. The subscript j refers to the resolution of the coarser grid; the
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Figure 3-2: Construction of wavelet by lifting.
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Figure 3-3: Generalization of scaling function to a non-uniform grid.
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finer grid then has resolution j + 1. One may think of the function ¢;.(z) as a
generalized version of ¢(2/z — k). With this in mind, we write the generalized two-

scale difference equation as

¢ix(z) = Z hg,k,l¢j+1,l(5’3) (3.17)

!

In Equation 3.17, the filter Y, is no longer constrained to be invariant with
respect to space and scale. However, the filter coefficients can be constant in special
cases, such as the case of equal subdivision shown in Figure 3-3.

The construction for the wavelet can be generalized in a similar fashion. The

generalized version of Eq. (3.10) is given by

Yim(x) = Y0%(2) = Y sjkmbin(z).
k

Note that the wavelet is spatially located at one of the subdivision points. Al-
though the coeflicients s; ,, are now dependent on j and m, they can still be deter-

mined using the vanishing moment criterion described earlier.

3.1.3 Wavelets on surfaces in three-dimensions

The second-generation wavelet construction can be applied to more complex meshes
in three dimensions (Schroder and Sweldens [42]). In fact, the hat function example
has a direct analogy in the three-dimensional case. Suppose that Figure 3-4 represents
a portion of a triangular (polyhedral) surface mesh S C R*® , which we will refer to
as the jth resolution mesh. The nodes of the jth resolution mesh are identified by
a set of indices, K(j), which includes the indices {k,kl|i =1,...,6}. The (j + 1)th
resolution mesh is obtained by introducing new nodes, identified by a set of indices,
M(j), which subdivide the mesh at its edges. The nodes labeled {m;|i =1, ..., 6}
are examples of such subdivision points. The complete set of nodes in the 5 + 1th
resolution mesh is then given by K(j + 1) = K(j) U M(j). In practice we shall have

a maximum resolution level n and denote each triangular patch, at resolution n, as
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Figure 3-4: Refinement of the surface grid by subdivision of the edges.

%, where k is the index of that triangle. Thus our mesh becomes S = | J, @}, for any
resolution level . We shall assume that any further conceptual refinements are of the

form Q" ¢ Qp for some [ and i =1,2,...,.

We use the notation z to refer to the position vector of the node whose index
is k. The hat scaling function can then be defined as the function, ¢;x(z), that
varies linearly from the value 1 at the vertex z, to the value 0 at the vertices Ek;
(¢ =1, ..., 6). As in the one-dimensional case, the scaling function on the jth
resolution mesh can be expressed as a combination of scaling functions on the j + 1th

resolution mesh:

$ik(E) = disrk(@) + D hpnbirim(@): (3.18)

m € n(j,k)

The hat function fits this equation with
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|Zm, = Zg||/llTe =Tl 5 me€n(),k)

0 ) mgén(]ak)

jikm =

Here, n(j,k) = {m;li=1, ..., 6, m; € M(j)} i.e. the set of subdivision points
neighboring node k at the jth level. Note that the filter 7, , becomes considerably
simpler if the edges are subdivided at their midpoints. In this case, all the nonzero

coefficients in the filter are 2. One can construct higher order scaling functions by

2

expanding the neighborhood n(j, k) beyond the immediate neighbors. In doing so,
it is usually convenient to restrict the neighborhood to subdivision points only i.e.
n(j, k) C M(j). This ensures that ¢;,(z) has interpolating properties, which helps
to simplify the calculations in many practical applications [42].

The wavelet can then be defined as

Yim(@) = bjam(@) = D Mg ndik(@) (3.19)

ke A(j,m)
where A(j,m) is a neighborhood of node m. The simplest choice for A(j,m) is to use
the two immediate neighbors, i.e. the parent nodes of the subdivision point. This
allows us to construct a wavelet with up to two vanishing moments. As a matter of
convenience, one can instead choose to work with a zero integral constraint and a
symmetry constraint on the filter. (This is based on the observation that the filter
s, turned out to be symmetric in the case of a regular one-dimensional grid.) The

wavelet filter is then given by

1 — .
h’j,k,m -— ]+1,m/2[]’k

where [, is the integral of the scaling function, ¢, x(z), over the surface. In practice
such integrals are computed for the scaling functions on the finest resolution grid that
we will use. The integrals over the coarser resolution grids can be obtained using a

recursion of the form
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Figure 3-5 illustrates examples of a scaling function and a wavelet constructed in

and hl

k. jokymy DAVE

accordance with the preceding recipe. Now that the filters, h‘}

been determined, the dual scaling function and the dual wavelet may be defined such

that the biorthogonality conditions are satisfied:

6ix(@) = $i1x(@) + D By im(E) (3.20)
m € a(j.k)

%m(z) = <l§j+1,m(~75) - Z h?,k,m ¢~51'+1,k(5) (3~21)
ke N(jm)

Here, the neighborhood sets are the adjoints of the neighborhood sets defined for
the primary functions i.e. a(j, k) = {m|k € A(j,m)}and N(j,m) = {k|m € n(j,k)}.

3.1.4 Representation of functions

Ideas from approximation theory have historically played an important role in the
evolution of wavelet techniques. Most of the ideas that apply to the representation of
univariate functions using traditional wavelets can be extended to the representation
of functions on three-dimensional surfaces using second-generation wavelets. Let S
be such a surface and let = be a point on S. We may then approximate the function

J(z) by an expansion of the form

F@) = ) Xadir(@). (3.22)

keK(5)

The coefficients, \;, are formally given by the inner products (f(z), $; £(Z)). This
follows from the biorthogonality condition, Eq. (3.13). When the scaling functions
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Figure 3-5: Examples of surface wavelet basis functions. (a) Scaling function and (b)
wavelet.

are designed to be interpolating functions, the calculation of the coefficients can be
greatly simplified, since putting z = 7 in Eq. (3.22) gives A\;x = f(zx). The error in
approximating f(z) is dependent on the both the order of the scaling functions and
the characteristic size, hj, of the jth resolution mesh. For example, when ¢;,(z) are
the generalized hat functions considered earlier, the error would be O(h3). This is
the order of the lowest order terms in a Taylor series expansion of f(x) that cannot
be exactly represented by the scaling functions.

The accuracy of the function approximation can be improved by adding in wavelets,

w;jm(7), which are located at the mesh subdivision points, thus

f(@) = Z Ajkdik(T) + Z V5mWjm(Z)-

kEK(4) meM(j)

The correct choice for the coefficient, -y, n, is the inner product (f(z), w; (7)),

which again follows from biorthogonality. With this choice, the improved approxi-
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mation for f(z) will be identical to the resolution j + 1 approximation in terms of
the finer level scaling functions, ¢;1,(Z). Of course, the main advantage of using
wavelets is that often many of the v;,, are very small, which means that the corre-
sponding wavelet, w; (), can be dropped from the expansion altogether. This can
happen, for example, if f(z) is mostly smooth, with a few local features. By adding
in wavelets locally, one can develop efficient adaptive function representations that

are suitable for simulation and visualization.

3.1.5 Analysis and Synthesis of Discrete Data

We now turn to the analysis of discrete data that is defined on a 3D mesh, such as
the output or error produced by a finite element program. One can think of this as a
problem in signal processing. However, standard signal processing techniques based
on Fourier analysis lack the flexibility to handle signals sampled over geometry of
complex shape. Surface wavelet representations provide a powerful tool for addressing

this problem.

Wavelet analysis of a discrete signal can be performed using the discrete wavelet
transform (DWT)? . This consists of a set of filtering and subsampling operations,
which is typically iterated several times. Suppose that data is available on the (j+1)%
resolution mesh and that it is denoted by A;;15. Then the DWT for the surface
wavelet representation can be expressed as a highpass filtering and subsampling op-

eration

Vim = Nj+1m = Z h?,k,m Atk 5 m € M(j) (3.23)
ke N(jm)

which extracts detail information from the data by differencing, and a lowpass filtering

and subsampling operation

2 Also known as the Mallat pyramid algorithm.
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)‘j,k = )\j+1,k -+ Z h},k,m Yim 3 ke K(]) (324)

m € a(jyk)
which reduces the resolution of the data from level j + 1 to level j by effectively
computing a local average. Here, subsampling is implied by the fact that the data is
being mapped from a finer mesh to a coarser mesh. Note that the v, ,, coefficients
must be computed first, since they are needed to compute the X, coefficients. The

filters A and Al

i km ikm are the same filters that were used to construct the scaling

functions and wavelets. In fact, Eq. (3.23) and (3.24) can be directly derived from
Eq. (3.21) and (3.20) if \;; and 7;,, are defined as the inner products (f(z), ¢;(Z))
and (f(z),®jm(z)). The dual DWT can be similarly derived from Eq. (3.18) and
(3.19).

One may iterate Eq. (3.23) and (3.24), starting with j = n — 1, where n denotes
the finest resolution, and continuing until j = 0. The initial data, A, (k € K(n)),
is the signal we wish to analyze, such as the output from a finite element program.
The signal may already be in discrete form; if not, it can legitimately be sampled
as Anx = f(xx) because of the interpolating property. After n iterations, one has a

complete set of wavelet coeflicients

{ Mok, vmlk € K(0), m € M(j),0<j <n}.

These coeflicients can then be studied to identify features of interest in the signal.
For example, a few large values of ;, in the same spatial proximity occurring over
the complete range of scales, 0 < j < n, may indicate the presence of a sudden jump
or some other discontinuity in the signal. One can similarly look for other features
based on the space-scale distribution of the wavelet coefficients. This multiresolution
signal processing capability will be exploited in Chapter 5 section to realize a class of
high performance algorithms for modeling 3D problems.

It is now a simple matter to synthesis {A;x}, and {v, .}, where (kK € K (7)) and
m € M(j), to obtain {\;,41}. By reversing equations 3.23 and 3.24 we obtain
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VkEK(]), )\j+1,k = /\j,k— Z hg,k,m’h,m? (325)
meal(j,k)

Vm € M(])) )‘j+1,m = Yjm + Z h;,k,m/\j—f-l,k- (326)
kEN(4,m)

3.2 Dual Wavelet Constructions and Basis Stabil-
ity

We now deal with the construction of the dual wavelets and analyze the stability

of the primary and dual spaces wavelet functions for a S C R®. This dual wavelet

construction is based on the idea of recursive wavelets by Donoho applied to the

second generation setting [47]. It allows us to construct a dual wavelet basis at an

arbitrary level of resolution n and then solve for the wavelets. After a rescaling of

the wavelets we then show that this basis is stable in some norm sense.

3.2.1 Dual Wavelet Construction

In this section we descibe a method to obtain the dual scaling fuctions. The first
step is to calculate the filter coefficients {h; 1, hjmi> Pjps Pikm} Dy use the lifting
scheme. This will give us the primary scaling functions, wavelets and all the filter
coeflicients. The second step is to obtain the dual scaling functions and wavelets.
They are traditionally obtained by applying the cascade algorithm to the dual filter
coeflicients. However, in this section we follow a different approach based on the
recursive wavelet idea by Donoho. An explicit expression for the dual scaling function
may be obtained by fixing the highest level of resolution to an arbitrarily large n and
solving for qgnk(i) such that V,, is biorthogonal to V,,. Once the dual space V., is
obtained, the spaces W]’ and f/] are automatically obtained for j = 0...n — 1 from the
refinement equations (3.20) - (3.21).

The first step is to use the lifting scheme to obtain the wavelet filters described.

The filters will then satisfy the following conditions
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)Y h?,kl,ail‘},kz,z =0 [k — ko] ki, ks € K(j)
lEK(+1)

0 11 _
2 hkhimy =0
IeK(j+1)

”g ﬁ%mﬁmmem—mﬂTmmweMU)
€EK(j+1

1 70 —
> hiklimi =0,
leK(j+1)

where S, =1 (k € K(j)), hjnm =1 (m € M(j)),

J7m7m

N okt L€ K(j)
h’?,k,l = y and hl =
h;,k,m m € M(j) —h?

Jaml

»

e K(j)

The second step is to obtain the dual scaling functions. These may be computed
by the application of the cascade algorithm [44] (section 4.1.2). This would be the
prefered way to go. However, since the mesh is inherently irregular, a convergence
analysis of the cascade algorithm for the dual filters would be in general difficult to
perform. Albeit, we do prove convergence, in Chapter 4, for the primary filters. We
thus reply on an alternative construction method, which is discribed as follows:

For scaling functions in V,,, divide the support of the primary scaling function
(Figure 3-4) into @, p = 1...q, triangles. Define the dual scaling functions as
piecewise linear polynomials over every single triangle (). Thus qgn,k = alg’p + a'f’pa:l +
as? zywhenever (zq,7,) € @y Given that the characteristic mesh size h, # 0 and the

following conditions

| gt idS = oV =1.q
Qr

[ GnppndS = 0,¥1 # k
Qi

then we can uniquely solve for the coefficients {a’é”’ ,at? gh? } Furthermore, sup(én ) <

h%. We now have constructed a dual function space V,, which is biorthogonal to V;,.
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The next step is to apply the refinement and wavelet equations (3.20)-(3.21) to V,, to
obtain the dual spaces VJ and Wj for j =0...n — 1 (Notice that we assume that all
these coefficients are bounded, which will be the case for the linear surface wavelets).

Although we may construct the dual scaling functions at any arbitrary position the
downside of constructing the dual wavelets in this form is that as n — 0o, the coarse
level scaling functions in V; might not converge to a function in L?(S), possibly not
even in a weak sense. This implies that as we go to higher resolutions the entire basis
has to be recalculated. Moreover, it will make it difficult to numerically integrate
functions with the dual scaling functions as n is increased.

In practice, we may still use the recursive biorthogonal decomposition by either
resorting to Galerkin formulations, thus avoiding the dual functions altogether, or
employing the interpolating property of the primary spaces. These two approaches

will be shown in Chapter 5.

3.2.2 Stability and Normalization of the Wavelet Basis

A wavelet basis is stable if the energy of the wavelet expansion coefficients is finite

for finite energy functions. Let f(Z) be a function in L?(S) with the expansion

Z )‘no,kqbno, Z Z fYJm?y/)]m (327)

ke K{(ng) J=no meM(j)

Then the basis is said to be stable if it satisfies the Riesz criterion

AIFEIP < D0 Qs +Z > (i) < BIS@)I? (3.28)

ke K (no) j=no meM(j)
where A and B are constants, which are independent of ng, with B > 4 > 0.

The normalization of the wavelet basis is an important consideration in satisfying
the Riesz criterion. In the preceding sections, we assumed for convenience that the
primary scaling functions, ¢;x(Z), were normalized to have a maximum height of
unity. We note, however, that we are free to re-normalize the primary basis functions

and the dual basis functions in a reciprocal fashion, without affecting the biorthog-
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onality and vanishing moment conditions (see Section 3.1.2). The correct normal-
ization for v (), for example, can be determined by considering the case where

f(Z) = ¥ m(Z). Eq. (3.28) then gives

Allhim(Z)? <1 < Bllop;m (2| (3.29)
from which we obtain
1 N - 1
5 < [lon@las@ < (3.:30)
s

A similar condition can be obtained for the scaling functions. To satisfy these
conditions, we re-normalize ¢;;(z) and ;,,(Z) by a factor of 1/h;, where h; is the
characteristic size of the jth resolution mesh. Correspondingly, the dual basis func-
tions are normalized by a factor of h;. We now have qgjk(f):%,ﬁ—f;) and similarly
ng?k(zé):hjéj,k(i) where the characteristic mesh size is chosen such that, for every
element 7 at the jth resolution, the corresponding element size, h;;, satisfies the con-
dition C1h,; < h;; < Cyhj where C; > €y > 0. Under this rescaling the new filter

coefficients satisfy the biorthogonal conditions

_ =0
2 ke = 0 [k — ko] kis ks € K(7)

lEK(j+1)

70 =1
> hpihym =0
EK(G+1)I

_ =1
) h},ml,lhj,mz,l =6 [my —ma] my,my € M(j)
IEK(G+1)

71 =0
Z hj,k,lhj,m,l =0,
leK(j+1)

In addition ¢;, ;5]-,,6 € L*(S) and
- 1 = 1
sup(pjr) ~ O | |, sup(¢;) ~ O | —
for all k. Under this rescaling we analyze the behavior of the projection coefficients,

for arbitrary n. More precisely, we show that if f € HS(S), then the projection
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coefficients onto the primary and dual spaces belong to I, i.e. the sum of the squares

of the projection coefficients is bounded.

Lemma 3.2.1 Let 7 € S, f € H3(S) and My x be the projection coefficients of f
with respect to {Gnox}. Then A|f]> < 3 (Mnos)? < B for arbitrary ng, where
A/B < oc.

Proof The upper bound may easily proved for all ng with the Schwartz inequality.
Thus

=37 / [ (@)6;4(F) dS)?

)2<Z/f(x dS/—-dS
SCZ/.f(?:YdS

< B|IfI*.

Notice that B will depend on the overlap between the supports of the scaling

functions, thus in practice it will be small. Now, for any finite ng

A Hf”z S Z ()‘no,k)z'

ke K (no)

However, more importantly, we analyze the behavior of the bounds as ny — oo. First

notice that if f € HZ(S), then f € C3(S), and sup|f| < co. For sufficiently large ng

ZZf (Z0) Do a (T) Py 1 (2 —>Z /f Vo () dS)* =D (M)’

k

since 3 f(Z1) by (T) — f due to the interpolating property of ¢y, x(Z). Now, || f||* <
l
C'Y f(mk)?h? for C > 0, then the result follows.
k
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Lemma 3.2.2 Let f € H3(S) and :\no,k be the projection coefficients of f with respect
to {(Zno’k}. Then Al flI* < 2 (noi)? < B FI? for sufficiently large ng, where A/B <

0.

Proof The upper bound is proven by the Schwartz inequality argument. Now, for

sufficiently large ng

/fo,qsm, VB () dS)? /f D bnok(3)dS)2 = 3 (m0)?

k

Now, since C'||f||* < 3 f(zx)?h?, C # 0, and
%

/fold)noz onok()h; dSY > 3 1
k

then the result follows.

We may now derive stability properties of the basis.

Theorem 3.2.1 Suppose f € H3(S) and let ;. be the projection coefficients of f
with respect 0 {Gaom}, then AN € Cnoi)? + 0 ¥ (im)® < BISIP,

J=nomeM(y)
where BJA < oo.

Proof f € H3(S) implies f € C§(U). By a Taylor series expansion of f € C! and

vanishing moments of the wavelets

> > Oum)’ -y ¥ /f(:v Tadsy<CS T <o

JZng meM(j Jzno meM(j JZne meM(j)

Notice that it is sufficient for the wavelet to vanish constant functions to satisfy the

previous bound. Lemma 3.2.1 implies

”f”zf Z Ano k +Z Z (Vim) <B[|f”

k€K (ng) J=no meM(j)
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Theorem 3.2.2 Suppose f € HZ(S) and let ¥;,, be the projection coefficients of f
with respect to {4, .}, for j = n..oo then AP <X Cnos)?+ > 5 (Fym)? <

J=nmeM(j)

B||f|I’, where BJA < oc.

Proof Similar argument as for Theorem 3.2.1.
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Chapter 4

Spatially Adaptive MultiWavelets

Sccond generation wavelets have been recently introduced by Sweldens [41]. First and
second generation wavelets have the same properties of fast transform, localizability
and decorrelation. However, second generation wavelets are characterized by a set of
spatial variant filters that allows the construction of wavelets over unstructured grids.
We shall first expand on the lifting theory from Chapter 3 to a more general setting
and prove a construction theorem on a wide class of interpolating wavelet functions

over irregular grids and finally provide some examples of these constructions.

4.1 Second Generation Wavelets and The Lifting
Scheme

Most of the details of this section may be found in [41] and [42]. Suppose we have
an initial mesh over some domain S in R". Denote by Z; the vertex nodes, where
k =1...Ny and N, is the number of initial vertices on the surface. Further refinements
to the mesh may be applied by adding more vertices on S. Let K(j) be the index
set at each level j of refinement. Let X; = {z,;x € S|k € K(j)} be the set of
vertex values defined over the index set K(j). The vertices are constrained such
that X; C X;4; an Z,;x = ;31 The index sets are also constrained such that

K; C Kj;; and the difference between the index sets from one level to another is
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given by M(j) = K(j + 1)/ K(j). Furthermore, let {S;,} be a partitioning of the
domain S at resolution level j with index v € K (j).

Second generation biorthogonal wavelet subspaces are defined similarly to classical
wavelets. Let V; C L*(.S) be a series of nested subspaces such that

(a). V; = clos span{¢;x|k € K(j)}, where the basis elements ¢, form a Riesz
basis.

(b). V; C Vi1

(c). UR,V; is dense in L*(S).

(d). Vjs1 = V; + W;, where W; = clos span{t;,, | m € M(5)}.
Similarly, the dual subspaces V; C L*(S), are defined as follows

(e). V; = clos span{d;+|k € K(j)}, where the basis elements ¢, forms a Riesz
basis.

(£)- V; C Vi

(g)- U,V is dense in L*(S).

(h). V;z1 =V, + W,, where W; = clos span{¢;,, | m € M(j)}.
The subspaces V;, W;, XN/] and Wj satisfy

Vi LW, W LT, (4.1)
In addition, the basis functions ¢, x, (j;ch, Y;m and Q/Sj’m satisfy
(Dikr Bia) = Okt (Djms Vi) = Omy (4.2)

and the following Refinement equations

ik = Z hg,k,zd’jﬂ,lv ke K(j) (4.3)
IEK(j+1)

‘%j,k = Z Bg,k,ld;j—i-l,la ke K(j)
leK(j+1)

Vjim = Z W mabitie, m € M(j)
IEK(j+1)
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17[)j,7'n = Z h’},m,l¢j+1,l7 me M(])
lEK(j+1)
Notice that these equations are equivalent to the scaling and wavelet relations of first
generation wavelets. The difference is that the filters are not shift invariant and scale
invariant in general. We shall also use the operator notation introduced by Sweldens,

where (]5_7' = Hj¢j+1 means

0
bk = Z hj,k,l¢j+1,la

IEK(j+1)

and similarly for H,G and G. Where, H comes from ﬁg’k}l, G from h;,,, and G from
h’; m,l*

The fast biorthogonal wavelet transform is given by

/\j,k = E, h],kl/\ﬁ-l’
leK(j+1)

Yim = E : h’] ml)‘J—l-lla
lEK(7+1)

where \jx = (f,d;ix), Yk = (f,¥;x) and f a function in L*(S). The inverse fast

biorthogonal wavelet transform is given by

]+1l— Z }I’]kl)\ k+ Z h]ml’)/]m

keK(j) meM(j

Second generation wavelets have the same properties as classical wavelets: fast trans-
form, localizability, decorrelation and polynomial approximation, among others. In
fact, classical wavelets are a subset of the larger class of second generation wavelets.

However, second generation wavelets are constructed from the lifting scheme.

4.1.1 The Lifting Scheme

First generation wavelets are usually designed using the Fourier transform. However,

due to the irregularity of unstructured grids, this transform is not adequate for the
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design of second generation wavelets. The lifting scheme was built as a tool for the
design of second generation wavelets [41].
Suppose we have a biorthogonal set of wavelet filters {RO2% plotd pOold ploliy
Pp g gk, 2 g m b TPk TP mlL
and corresponding scaling and wavelet functions {¢9'¢, ¥oid, §old 4914}, A new set of

filters {hO, , h} ., A%, 1, Bl } may be readily lifted (constructed)

0,0ld 1 old
h’]kl h]k:l? h]ml ]ml E : SJ,km Jkl (44)
keK(j)
7 1,0ld 70 _ 70,0ld 71
h] md = hj,m,l’ hj,k,l = hj,k,l + E Sj,k,mhj,m,z:
meM(j)

which are biorthogonal for any choice s; 4, [41]. The refinement and wavelet equa-

tions now take the form

_ old - 1,0ld
bii = 51 Yim= > hioiieu— D Sjkmbik (4.5)
IER(j+1) ke K (5)
7 lold 700ld 7 7
Y=Y Ryt bk = E  hp e+ E S5k mtym-
leK(j+1) lEK(j+1) meM(5)

A large class of wavelets may be designed by use of the lifting scheme. The
procedure is to start from a simple wavelet and then “lift” it. The variables s;;
may be chosen to satisfy desired criteria e.g. vanishing moments. After lifting, the

wavelet transform may be written as a two step procedure:

Yim = D himidinn Ym € M(j)
leK(5+1)

/\j,k = Z h(;]?l;i)‘]—kl,l"f_ Z S4,kmVi,ms VkEK(j)
leK(j+1) meEM(J)

Note that there is an equivalent notion of lifting for the dual wavelet. We simply
interchange the duals with the primals and apply the lifting procedure.
In this section, second generation wavelets have been introduced in its most general

form. We shall now concentrate on the class of interpolating wavelets.
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4.1.2 Interpolating Wavelets

An interpolating function ¢, satisfies the following condition
Gi(Tip) = Ok-r, Yk, k' € K(j).

Define n(j, k) and N(j, m) as local neighborhoods to the indices k£ and m respectively

as follows:

e n(j, k) C M(j) is the set of indices of the new values \j 11, (m € n(j, k)) that

are formed by the old value ;.

e N(j,m) C K(j), is the set of indices of the old values \; (k € N(j,m)) that

are used in the construction of a new value \j;; .

Notice that n(j,k) and N(j,m) are related as n(j,k) = {m|k € N(j,m)}. The
linear operator H; and its adjoint H} may now be written as I} : n(j, k) — k and
H: : N(j,m) — m. Define the sequences Xj = {M\r|k € K(j)}. The subdivision

scheme now takes the form

)‘j—i-l,m = Z hg,k,m)\ﬁh (46)

keN(jm)

or in operator notation

>

g1 = HiA;
with an initial condition of \j s, = 1 for kg = &k and A; 4, = O for ky # k, where

k, ko € K(jo). Define
f](g;)ko - Z AjkaSj,kﬂ
)

keK(j

taking (4.6) ad infinitum, and assuming the algorithm converges, we obtain

lim fjgg,)ko = ¢jo,ko J = Jo, (4,7)

J—oo
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which is interpolating. The previous scheme is also known as the cascade algorithm.
Assuming that (4.7) converges for all jo and ko, then ¢;, x, satisfies the following

refinement equation

Gk =D hjkibitrg = bix+ > hjkm®it1m, Vi and Vk € K(5)
IEK(j+1) men(j.k)
We now turn our attention to the wavelet construction. At every single node
m € M(j), choose ¥9'% = @j41m- We now define the local neighborhoods A(j,m)

and a(4, k) such that

e A(j,m) C K(j), is the set of indices of the scaling functions at level j + 1 that
¥;m will depend upon.

e a(j, k) C M(j), is equal to {m |k € A(j, m)}.

By applying the lifting scheme, we “lift” the old wavelet with scaling functions at

the resolution level 7 + 1. The new wavelet now takes the form

Vim = Gjr1m — Z 55k,m®Pi ks
keA(3,m)
where, in general, A(j, m) is some finite set neighborhood. This implies that the
wavelet will have compact support. The variables s;,, may be chosen such that the
new wavelets meet with desired performance criteria.
The next step is to look at the duals. As for the primary case, the cascade
algorithm also applies to the dual scaling function filters. However, we iterate over

the filters iLch,l- In this case, if the cascade algoithm converges then

§ S0 - 5 B
Gjk = Z hi g i®iv1y = Gjrrk + Z S km Wi ms

leK(j+1) mea(j,k)

and the wavelet equation is equal to
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~ ~ 0 -
Yim = Gjp1m = Z Rk m®it 1k

keEN(j,m)

From the primary and dual refinement and wavelet equations, the wavelet trans-

form and its inverse, may be computed as a two step procedure [42, 43]:

Analysis
Vm € M(j), Yim = Ajtim— Z h?,k,m)‘ﬂl,k-
kEN(j,m)
Vk e K(j), Mg = Ajpet Z S.k,m Y m-
mea(j,k)
Synthesis

Vk € K(J), Niyig = Ajgp— Z S j,kemYi,ms
mé€a(y,k)

an, < M(])7 )\j+1,7’71 = '-Yg,m + Z h"(]),k,mAJ+17k
kEN(4,m)

See section 12 in [41] for more details.

4.2 Construction of Interpolating Wavelets over

Unstructured Grids

In this section we build interpolating scaling functions that may represent a set of
linearly independent functions. If these functions are chosen to be polynomials, then
we obtain multiresolution finite elements [49]. However, the main difference is that we
also construct the wavelets which bridge across the different multiresolution scales.
For many numerical applications it is useful to have an analytical form for the
scaling function. This may be achieved if we restrict all interpolated values at the
nodes Z;,, over some partition (surface element) S;, to lie on 3 M ' a,Pi(z) for

some unique set of coefficients {ag,a1,...,an—1} where {Pi(z)} is a set of linearly
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independent functions.

We shall first show that the cascade algorithm, for the primary scaling functions,

converges for a class of interpolating scaling functions.

Lemma 4.2.1 Suppose that {Fy, Py,...,Py_1} forms a set of continous, bounded
linearly independent functions over S;,. If y(z) = Zf\igl a;P;(z) for some unique
set of coefficients {ag, a1, ...,an-1} then there exists a set of coefficients 5k m(k €

N(j,m)) such that

Y(Tjm) = Z 8ikm¥(Tix), Ym € M(j).
kEN(j,m)
Proof Starting from the lazy wavelet [43)( ¢%% = 8(Z—Z ;) and Y2 = (2~ ;m))
and lifting the dual wavelet, so that [ P(Z) );(T) dS=0foralli=0...M — 1,

we obtain

/S P(F) 099(F) dS = 3 Fem / P(3) ¢94(3) dS,

k€N (j,m) S

for all {Fy, Py, ..., Py 1}, where N(j,m) = {ko,k1,...,kp_1}- This can be written

in matrix form

Po(Z jm) Po(Zjk,)  PolZjm) o Po(Tjky_,) 8} kosm
P(Zjm) P(Zjr,)  Puzje) 0 PulTig,.,) 8 ky,m
| Pyua(Zim) | | Pu—1(Zike) Pu—i(Zin) o Puaa@jgyy) | | Sika_im |

The result follows. (Note that in the case of polynomials, this matrix is a Vandermode
matrix which is always invertible.)

a

Thus any new nodal quantities formed by the family of filters S']* lie on some space
of linearly independent functions. We use this fact to prove the convergence of the

cascade algorithm.
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For many numerical applications it is useful to have an analytical form of the
scaling function. This may be achieved if we restrict all interpolated nodes z;,,
over some partition Sj, to lie on Y 2! a;P;(x) for some unique set of coefficients

{(lo,al, .. .,aM_l}.

Theorem 4.2.1 Suppose that for all the nodes z, , in S;j,, z > j, all the neighboring
nodes I,y, such that k € N(z,m), are contained in Sjv. Further assume that the
number of elements of N(z, m) is equal to some positive integer M and the collection
of nodes {Z;x} in S, forms a dense subset in S;,. Then there exists an interpolating

scaling function, which is given by

M-1
$;k(T) = > aPi(T) ae.
=0
over S;, for some set of unique coefficients {ag, a1, ..., ap_1}, such that
M-1 1k =k
Z a;l(Tjp) = k' e K(j5).
1=0 0 kl 5& k

In addition
| Pi@yha@) ds@ = o
S

Moreover, the support of ¢, s equal to union of all the neighboring partitions of the

node k.

Proof 1t is sufficient to analyze the convergence properties of the cascade algo-

rithm, i.e. the sequence

H;—HH;H—I ;+i—2 T H;‘Sk
as i — 00, where
01 1 € K(j)
R =
VLN

§j,k,l l S n(], k)
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Suppose that A, = y(Z, ), ¥’ € N(z,m), and A\, = {A\:x | k' € K(2)}. By Lemma
(4.2.1) j\zﬂ = H:XZ satisfies A1, = Y(ZT,m). Now, let \;x = & and choose

{ao,a1,...,ap-1} such that

B 1 k" =k
y(Tjer) = :
0 k" +#k

for k” € K(j). The result follows.

The coeflicients of the refinement equation are given by

Ok—1 L€ K(j)
Ko
7.k,

M aP(T5) L€ n(i k), Ty € S
With Theorem 4.2.1 we may construct interpolating scaling functions that repre-
sent polynomials over the domain S. Moreover, the domain S does not have to be
connected since the scaling functions are constructed directly over the partition S; .
Suppose we restrict S = R, partition the real line into S;; = (277(k — 1),277k)
and let Py(z) = 1,P(z) = z and Py(x) = z?. By Theorem (4.2.1), all scaling

functions ¢, are equal to a polynomial ag + ayz + ayz?

over the segment S;,. In
Figure 4-1 a) and b) the scaling functions over the nodes 0 and 1 are shown. Notice
that we have two different forms of scaling functions at the even and odd nodes. The
shift invariance property of classical wavelets is no longer satisfied. However, scaling
functions at any resolution level can be constructed from scaling functions at a finer
level from the refinement equation, as shown in Figure 4-2.

The scaling functions constructed in Figure 4-1 are an example of a Multiwavelet
representation. Since we have two basic shapes of the scaling function we separate

them in even and odd components. Let ¢epen = @o.2i and Poaq = Po 2i+1 for all z, where

i is an integer. It is simple to see that the two scaling functions satisfy
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Figure 4-1: Quadratic interpolating scaling functions over the real line at different
scales of resolution.

bon@ | [ 138 ] [ bumntz) | [0 <18 ][ ez =)
Boda(T) | 0 3/4 || Poaa(22) 1 3/4 Poda(2T — 4)
. B 3/8 | Peven (2T + 4) . 1 -1/8 Deven (22 + 8)
|0 0 || doua(2x+4) 0 0 boda(22 + 8)

The next step is to construct vanishing moments on the wavelet. This condition

is satisfied by forcing
/ P(3)¥sm(3) dS = 0.

With the use of the lifting scheme this condition reduces to solving the coefficients

S;km such that

[ P@61:1m@) dS = X siam [ P@OE) dS. (48)

keA(3,m)

This completes the construction of the primal basis. Note that we may construct the

dual scaling functions with the same procedure described in Chapter 3. However, we
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Figure 4-2: The function ¢;; may be easily reconstructed from scaling functions
from a finer level of resolution. In this example, the refinement equation ¢; 19 =
¢jo+ %(%‘,-1 +¢j1) — %(qﬁj,,g +¢;.3) is satisfied. The filter coeflicients are determined
by the values of ¢; 19 at z =+/—1and z =4/ - 3.

leave the stability analysis as future work.

4.2.1 Basis Properties
Theorem 4.2.2 The basis elements of V +Z?:_J1 W; form a linearly independent set.

Proof Choose an element v € V,. Due to the interpolating property of {,},

there exists a unique set of coefficients {s;} such that v =), sg¢nr. Now, let

- -

Hj—nHj—n—l - Hj—l
Gj-—nHj—n—l . e Hj—l

Gj_gHj_l

Gj_l

and apply this matrix to every single basis element in V;,. Thus, any element of

Vi + Z?:_; W; is a linear combination of basis elements of V;,. Linear independence
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T

Figure 4-3: Scaling functions at level 0 and 1 over the finite interval S=[0, 5]. The
scaling functions {¢o 1, o2, ¢o,3} are located at the nodes { kg, k1, k2 } respectively and

{01,1,-., d15} at K(0) = {ko, k1, ko, mo, my }.
follows from the full rank property of Y.
]

Corollary 4.2.1 The basis elements of f/] + ZZ:; W; form a linearly independent

set.

Proof The proof follows from the biorthogonal relation between the basis elements

of V,, and f/n. O

4.2.2 Construction of 1-D Wavelets

We may now construct scaling functions and wavelets over more complex geometries.
Suppose that S= [0, 5], Py =1, P, = z, P, = 2. We group the nodes at level 0 and
1 as K(0) = {ko, k1, k2}, M(0) = {mo,m1} with (1) = K(0) U M(0) = {ko, ki1, ks,
mo, M1} , as shown in Figure 4-3. As in the previous example we construct piecewise
quadratic scaling functions, however, in this case, we have a finite domain. Theorem

4.2.1 allows the construction of scaling functions adapted to the local domain, thus

73
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Figure 4-4: In this figure we construct all linear scaling functions {kg, k1, k2} at level
0 from linear combinations of scaling functions at level 1.

the boundary scaling functions ¢ 1 and ¢g 3 are inherently different from the middle
scaling function ¢g;, However, the refinement equation is still satisfied. Figure 4-4
shows the relation of the scaling functions at level 0 and 1. All three scaling functions
bo.1, P02 and ¢ 3 are constructed from a linear combination of ¢ 1,..., ¢1s.

With the lifting scheme we may now build the two wavelets located at the nodes
{mg,m1} as shown in Figure 4-5. In this case we impose vanishing moments up
to quadratics. As a check, we integrate the wavelets against polynomials {1,z, 2%},
indeed confirming the vanishing moment property of the wavelet. This will be signif-
icant for computational modeling problems, where the number of vanishing moments
is directly related to the rates of decay of the coefficients of the stiffness matrix, which
leads to a sparse system representation. This will investigated further in chapters 5
and 6.

We now demonstrate the adaptability of the wavelet constructions. If the nodes at
level K£(0) and M(0) are shifted, the adaptive property of Theorem 4.2.1 still allows

the reconstruction of wavelets and scaling functions. However, as seen in Figures
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Figure 4-5: Wavelets located at the nodes my and m;. The two wavelets satisfy the
vanishing moment condition up to quadratics.

Irreqular Primary Scaling Functions Level 0

Irregular Primary Scaling Functions Level 1
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Figure 4-6: Scaling functions at level 0 and 1. In this example the nodes {ky, mq, m;}
are shifted, breaking the regularity of the scaling functions at level 0. As shown, the
new scaling functions depend on the local properties of the domain.
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Figure 4-7: After the nodes {ki, mg, m1} are shifted, the refinement equation is still

satisfied.

-1
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-3

Figure 4-8: Wavelets created at the shifted nodes {mq, m }.
of the wavelets is still satisfied.
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Figure 4-9: Wavelet construction around corners. K(0) = {kJ, k), k3}, M(0) =
{mg, my}, M(1) = {mg, my, m3, m3}

4-6, 4-7 and Figures 4-8, the refinement equation for the scaling functions and the

vanishing moment property for the wavelet are still satisfied.

4.2.3 2D constructions with corners

We may now extend scaling functions built in 1-D to curvilinear domains in R%. One
solution might be to map scaling functions and wavelets from R' to R?. However,
when 1D wavelets with M vanishing moments are mapped onto a curve in R?, one
cannot expect to obtain the M order of vanishing moments with respect to the
global 2D cartesian coordinates. We may mitigate this problem by restricting the
domain to be smooth, but in many practical computational problems we have to deal
with corners. The solution is to construct wavelets on the curve but impose vanishing
moments in the global 2D coordinates.

Divide the domain S C R? into two intervals I'; and I'; with a corner at k?,
as shown in Figure 4-9. Further choose Py = 1, P, = z,, and P, = z,, where

(z1,z2) € S. Now, the neighborhood set N(j,m) depends on the location of the
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node. Around the corner we need to lift three dual scaling functions to kill three
moments {1,z, 3}, thus N(0,ml) = N(0,m?) = {kJ, k% k2}. Similarly for mi
and mi, N(1,m!) = N(1,m}) = {md,k?, m?}. However, for m} and m} only
two moments ({1,z:1} or {1,z,}) need to vanish, thus N(1,m{) = {kJ,md} and
N(1,m}) = {k3,m?}. Following the same pattern ad infinitum we have for the scal-

ing functions at level 0

$opg =1—21 only,
¢o,k3 =0 on I'y,
Gopo =21 — 22 onlh,
¢0,k§’ =23 —xz2 only,
oo =0 on I'y,

2

¢0,k3 = T3 on FZ.
The refinement equation coefficients are given by

1 . .
h(),kg,mg = 3 h07k87m(1) =0, hO,k?,mg =3,
3 L

27 3

hO,k?}m? - hO,kg,mg =0, hO,kg,mgJ -

The refinement equations are of the form

1
oy = Drpo+ §¢1,m8
1 1
oo = Orpo + §¢1,m8 + §¢1,m?

1
Popg = Orpgt §¢1,m?'

The dual wavelets at level 0 are

~ ~ ~ 1~
d}O,mg = ¢1,m3 - §¢1,k8 - §¢1,k‘f
~ - ~ 1~
1/’0,m‘1) = ¢1,m§> - §¢1,k9 - §¢1,kga

(4.9)
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It is not hard to show that the dual wavelets at level 0 vanish moments in {1, z;, z,}.

For example:

~ ~ 1- 1-
/le'(/)O,mo = /S(%,k‘f + Go,9)(P1,mg — ‘2‘¢1,k3 - §¢1,k?) =0.

The next step is to construct primary wavelets at level 0 which vanish moments

across the corner. We impose the condition A(j, m) = N(j, m), thus

Js Podins () Js Poding Js Poding Js Poding | | 5iugms
s Pﬂb;lgzo(é) = fg Pig; o s Pig; ko Js Projro 5,k0,mQ
| Js Padne (@) | Js Pading s Pading [s Pading | | Siwgmg |

Evaluating the matrix gives us

1/2 1/2 1 1/2 gj’kg’mg
1/4 | =1 1/6 5/6 1/2 | | &40
0 0 1/6 1/3 | | 300
Then, 5; 40 mo = 13/16, §; 40 o = 1/8 and 40 .0 = —1/16. It is now a simple matter

to show that the wavelet ¥; mg vanishes polynomials.

We may now build wavelet basis around more complex objects. In Figures 4-10
and 4-11 we present results of linear wavelet constructions which vanish polynomials
of order one in R?. Notice that even at very crude discretizations of the circle, as

shown in Figure 4-10, the wavelets still vanish polynomials.

4.2.4 Surface Wavelets

We now concentrate on the class of interpolating scaling functions over flat surface
elements in R3. We shall first start with the construction of surface wavelets on
the plane and then extend them to R®. Let S be a (not necessarily connected)

surface embedded in R3. Now, partition S into a finite number of triangular elements.
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Figure 4-10: Multiple irregular discretizations of the circle with linear hats wavelets
which vanish first order polynomials around corners.

Denote each individual triangle as Sy ,, where 0 refers to the level of resolution of the
triangulation. The next step is to subdivide each triangle Sq,, into 4 smaller triangles.
Denote the refined triangles by S;, at level 1 of resolution. This process is repeated
for n iterations. We denote the new refined triangles as S;,, where j is the level
of refinement that they belong to. Thus at any level of refinement j, | J, S;j., = S.
Let {P;(z)} be the set of polynomial functions over the surface element S;,. The
polynomials are given by

Pl(i:) = xcllxgv

where the indices a, b and c¢ are chosen such that P;(r) represents all polynomial
permutations over the partition S, up to the desired order, and {z;|i = 1,2} are

the global coordinates. The primary functions now take the form
M-1
din(z) = Z a; P;(x) (4.10)

=0

over any partition .S;,.
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Figure 4-11: Compression of a first order polynomial 7+ 29z, 4+ 23z, using a wavelet
basis. We project the polynomial onto the dual wavelet basis. The projection coffi-
cients are obtained by integrating [(7+ 29z + 23x2)¢;x for the dual scaling function
and [(7 4+ 29z + 23x;)¢;x for the dual wavelet. As seen in the graphs only the first
six coeflicients, which correspond to the projection coeflicients of the dual scaling
functions, integrate to a non zero number.
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There are many ways to group the interpolating nodes xz;; at different scales of
resolution to form a dense subset of nodes over any triangular element. However, it
is desirable to have a fairly uniform density of scaling functions at every resolution
level. We shall therefore take the following approach. Start with the triangle S;,
and let Sji14041, [ = 0...3 be the refined triangulation of S;,. Pick M nodes
Tr € Sju, k € K(j). These M nodes are used to construct values at interpolating
nodes z,, at the next level of refinement, where z,, € S;11 4,41 such that m € M(j),
for { = 0...3. The refined nodes z,, are chosen such that each refined triangle S; 4,11,
[l =0...3 contains exactly M nodes and retains the original structure of the primary
triangle.

We now divide the refined nodes into two categories: interior and boundary nodes.

The neighborhood around any interior refined node Z,, in S;, is restricted such that

N(j,m) C {k € K(j) | Tk € Sju}-

which correspond to the nodes marked 4 in Figure 4-12. The neigborhood N(j,m)
corresponds to all the nodes marked x.

The neighborhood around any boundary refined node z,, is chosen such that the
nodes of N(j,m) belong to the same triangle. However, for the other two edges the
nodes N(j,m) belong to the adjacent triangle. Notice that as long as we pick all the
boundary nodes between two triangles to lie on a plane comming out of the surface,
the new refined points will only depend on other boundary nodes in the same triangle,
thus satisfying the requirements of Theorem 4.2.1. Another consequence is that the
scaling functions will be C°(S) continuous across the boundary.

The primary wavelets may now be constructed by applying the lifting scheme and
imposing vanishing moments over the surface S. For the interior nodes, the nodes of
the neighborhood A(j, m) are chosen from the same triangle. For the boundary nodes,
at one edge, the nodes of A(j,m) belong to the same triangle. For the other two
edges the nodes of A(j, m) belong to the adjacent triangle.

We now present a quadratic surface wavelet construction. In Figure 4-12 we have
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an example of the nodes distribution to create quadratic wavelets on a flat surface.
The first step is to create the scaling functions. For interior nodes marked as 4 we
choose the the neigborhood N(j, m) to be all six nodes marked x. For the boundary
nodes we choose N(j, m) to be only the three nodes marked x on the same edge. This
choice for the boundary nodes is sufficient since we only need three colinear points to
define a quadratic exactly. In Figures 4-13 and 4-14 we have the support and shape
of the quadratic scaling functions.

The next step is to impose vanishing moments on the wavelet. In this case the
moments to vanish are {Py,..., Ps} = {1,x1,%s, 7179, 7%, 22}. We need in this case
A(j,m) to have cardinality six. From 4-1, all the nodes marked as 1,4, A(j, m) to be
equal to all six nodes marked x. For nodes 2 and 3 we use all six nodes in K(7) from
the adjacent triangle. We then apply the lifting scheme to impose these vanishing
morments.

The quadratic surface wavelets may now be extended to ?* by mapping the scaling
functions over each triangle in 122, at the finest resolution, onto a mesh in 3D. The next
step is to impose vanishing moments. However, the wavelet must vanish moments in

the global domain directly over the mesh. In this case the polynomial moments are

P(z) = aiwyas,

where {z; |i = 1,2,3} are the global domain coordinates. Thus if we want to kill the
four moments {1, z1, z2, 23} we need at least four nodes in A(j,m). We then proceed
lift the wavelet , with the mapped scaling functions, to impose vanishing moments
directly over the mesh.

Notice that the mapping will destroy the vanishing moment properties of the dual
wavelet. For corners, we would have only one vanishing moment. However, we may
avoid the dual wavelet altogether, if we solve a Galerkin formulation of a PDE, which

relies only on the primary basis functions.
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Figure 4-12: Example of the distribution of nodes for the construction of
quadratic scaling functions and wavelets. For this example, {F,...,P} =
{1,z 1y, 1179, 22, 22}. For both the scaling function and wavelet, the nodes marked
as 1 or 4 depend only from nodes, marked x, in the principal triangle. The node
numbers 2 and 3 depend from nodes in K(7) from the adjacent triangle.

AN AN AN A VAN
/N /N /N /N /N /N
P _,%\ /f A %\

/N

<= X{?e % % aﬁ_
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Figure 4-13: Support of the primary scaling functions over a triangulated surface
domain in R® or R?. The gray lines indicate the boundaries of the scaling functions.
The x nodes belong to K(j) and the (J nodes belong to M(j). As in the one dimen-
sional case, we have two types of scaling functions. The left figure shows the support
for scaling functions ¢; . centered at the vertex of the triangular element S ,. In the
right figure we have the support for ¢;;, which is centered at an interior node.
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Figure 4-14: Example of four shape functions located at interior and exterior nodes.

A scaling function is then constructed from all the neighboring triangles to the inter-
polating node.
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Chapter 5

Applications of Wavelets on
Curves and Surfaces in

Computational Modeling

The multiwavelet for surfaces representations described in Chapters 3 and 4 provide a
multilevel framework, which can support the study of 3D problems in computational
mechanics in several ways. Essentially, the spatially adpative Multiwavelet, developed

in the previous chapters, can be thought of as a tool for

(a) Represention of complex surfaces or functions on complex surfaces.
(b) Analysis of discrete data sampled at the nodes of an irregular mesh.

(c) Discretization of partial differential equations on arbitrary domains.

In this chapter we concentrate on applications to discretize PDEs in 3D. Moreover, we
analyze the 3D integral formulation with linear surface wavelets introduced in Chapter
3 applied to Calderén-Zygmund integral operators. We derive a scheme based on a
distance criterion between the source and the observation points. We show that it is
only necessary to compute O (N(logN)"/?) entries of the stiffness matrix to achieve

quadratic asymptotic convergence.
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5.1 Discretization of partial differential equations

Traditional wavelet constructions have already been shown to be a useful tool for
simulating the partial differential equations of physical processes. Examples of work
involving differential forms can be found in Amaratunga et al. [5, 6, 7] and Qian et
al. [39], while examples of work involving integral forms can be found in Beylkin et
al. [8] and Dahmen et al. [15]. In all of these instances, the general approach is
to use a traditional one-dimensional wavelet basis or a tensor product of such bases
in a Galerkin procedure. This leads to fast, hierarchical and locally adaptive algo-
rithms. The disadvantage of using a traditional wavelet basis is that it necessitates
the discretization of the problem on a uniform grid. For 3D problems in particular,
uniform grids can be unduly cumbersome. For example, Dahmen et al. [15] and von
Petersdorff et al. [36] treat 3D problems by using a scalar or multiwavelet basis on
a 2D uniform grid, which is then mapped to smooth 3D surface patches. However,
no results from a practical implementation are presented in either case. In our work,
we show how second-generation surface wavelets, which are directly constructed on
a 3D mesh, can be used to simulate 3D problems, thereby extending their appli-
cability beyond the domain of computer graphics. We analyze and implement our
approach. Thus, we demonstrate that second-generation surface wavelets combine
the advantages of traditional wavelets with a level of geometric flexibility similar to

that associated with finite element techniques.

5.1.1 Differential Formulations

Although the focus of the present discussion has been on integral forms, it should be
noted that the surface wavelet construction is also applicable to problems stated in
differential form. Suppose now that we wish to solve the Laplace equation on a two

dimensional domain, S. We may then consider expanding u(z) as

u(@) = D Axdni(z) ; ZES.

keK(n)
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The Galerkin approach then yields the following system of equations

Z nk'/A¢nk' )buk(Z)dS =0 ; k€ K(n).

k'€ K (n)

The inner products with respect to the operator,

. ““/A¢nk’( )b i (Z)dS
5

are known as connection coefficients and they can be interpreted as the coeflicients

in an expansion of the form

Apn(Z)= > Qpous(@) ; T€S

keK(n)

Once again, it is desirable to design the primary scaling function, ¢, x(T), to have
interpolating properties, since this allows the connection coefficients to be simply
computed as €, = A¢, 1(z)). Note that this requires the scaling function to
be twice differentiable with respect to the spatial dimensions. Subsequently, the
multiscale representation can be obtained by performing a change of basis in a manner
similar to that described for the integral form. One must also deal with the issue
of boundary conditions, which can be enforced using techniques similar to those
described in Amaratunga et al. [5, 6, 7] for traditional wavelet discretizations.

In general, the discretization of problems in differential form does not result in
significant opportunities for compression, since the matrix is already sparse to start
with. However, one can still realize significant performance benefits by using sim-
ple diagonal preconditioning to accelerate the solution of the multiscale system of

equations [7].
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5.1.2 Integral Formulations

Our methodology for solving integral equations using second generation surface wavelets
is applicable to a wide class of engineering problems (for example, Laplace, Helmholtz
and elasticity,) whose kernels exhibit decay of the form 1/r*. Here, we develop the ap-
proach with reference to the Laplace equation on a closed 3D domain, noting that the

procedure for other Calderon-Zygmund and pseudo-differential operators is similar.

Consider the model boundary value problem
Au=0, wu€eq,

where (2 is a closed 3D domain of arbitrary shape. We prescribe a Dirichlet boundary

condition
u==b wues,

where S is the boundary of €.

In order to use surface wavelets to efficiently discretize the problem, it must be
first restated in boundary integral form. This can be done with the help of Green’s
theorem, which is commonly used to reduce the problem dimension (see e.g. Brebbia,

[9]). We will restate the problem as a second-kind Fredholm integral equation’

@) (@) + / W) K(3,5)dS@) = b(@) ; Fes (5.1)
S

K(z,y) is the kernel of the integral operator, which in this case is the normal

derivative, /0n,G(Z,y), of the free space Green’s function

1 1

CED = =T

'The second-kind formulation is preferable to the first-kind formulation, since the latter generally
leads to an ill-conditioned system of equations.
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Here, the notation ||.|| denotes the Euclidean vector norm. A(Z) is a geometric
parameter, which is equal to 1/2 if the surface S is smooth everywhere? . Eq. (5.1)
must be solved for u(x), after which the solution can be computed as the double layer

potential

u(@) = / W@ K(E,7)dSF) ; Feo. (5.2)

The general approach to discretization is to form a truncated wavelet expansion

for the unknown quantity

1
-

n

Mapprox(i‘) _ Z Mg,approz ¢0,k(§)+ Z ng;,lapprogcwj,m(i)

keK(0) =0 meM(j)

o
il
-}

] . 0 ; . .
and then solve for the expansion coefficients y, ***"** and 7] ***"* using a Galerkin or

collocation scheme. Here, n denotes the finest level in the multilevel mesh. When a
Galerkin approach is used, one chooses the test functions (weighting functions) to be

the dual wavelet basis

{B04(3), im(@)lk € K(0), m € M(j), 0< j <n}

since the biorthogonality conditions permit some simplification of the resulting system
of equations® . From an algebraic perspective, this system of equations is most easily
developed if one proceeds as follows.

Step 1: Form a single scale Galerkin system

Start with an equivalent single scale expansion of the form

) = 3 T (),

keK(n)

2If the surface is not smooth, A(Z) can be determined using standard techniques outlined in
Brebbia [9] .

3Strictly speaking, such a scheme is referred to as a Petrov-Galerkin scheme since the test func-
tions differ from the trial functions.
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Plug this into Eq. (5.1), weight with the dual scaling functions, ¢, x(z) and integrate

over S. This results in the system of equations

Mg+ N KR ™ = by k€ K(n) (5.3)
KeK(n)

In this system, the right hand side is formally given by the integral

Zr/ﬂ@@ﬂ@ﬁ@) (5.4)

S

but because of the interpolating property, this can be simply calculated as
by = b(zy)

Similarly, the matrix entries, K}/, are given by

K%=//K@m%ﬂmﬁ®%ﬁﬂw@ (5.5)

and these can be calculated as

Kiy = [ K(0T) 600 (7) dS().

S

Since ¢, 1(y) are simply linear interpolating functions, the K7 coeflicients can
be computed using standard Gaussian quadrature formulae similar to those commonly
used in finite element modeling. Note that for computational tractability the kernel
can be expressed as

o 1 (z - y)- n(y)

K(’E,’y) =

ST T (5.6)
S E|

where n(y) is the outward unit normal vector to the boundary at the point ¥.
The coefficients A} in Eq. (5.3) are samples of A(z) at the points Z; for the nth

resolution mesh. In general, the nth resolution mesh will be a polyhedral approxi-
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mation to the true surface geometry, which means that A\(z) for the mesh will differ
from A(Z) for the true surface wherever there is an artificial discontinuity introduced

by the geometric approximation. This typically occurs at element boundaries.

In matrix form, the single scale Galerkin equations may be written as

(An + Kn)_;n ,apPTOT _ g

—n,approx .

Here, 1 is the vector of unknown coefficients p;*"*"**, A" is a diagonal matrix
with entries A}, K™ is the stiffness matrix with entries K}';,, and b is the vector
with entries b}.

Step 2: Perform a change of basis

The second step is to decompose the level n scaling functions, ¢, x(x) and b, (),
into wavelets in Eq. (5.4) and (5.5). This is a recursive process, which can be per-

formed by rearranging the scaling relations and the wavelet equations in the following

form:

¢7+l k( ) d’], Z h]km¢]+17n( )
mEn(j,k)
ij—l-],m( ) 1/).7777 Z hl,knz (Zs]k )
k€ A(j,m)
$i+14(T) = Gin(@) = Y g Gim(T)
m € aj,k)
‘Jgjﬂ,m( ) ?;DJm Z h],km¢3+1 lc( )
ke N(j,m)

With some algebraic manipulation, it can be shown that this change of basis

results in a system of equations of the form

W (A" + K")YJT(WE™ ™) = Wb . (5.7)

In this system, W denotes the matrix that performs the DWT. For example, Wb

transforms b7 according to the recursion
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vl = bt Z B0 biﬂ

3.k.m
k€ N(jm)

=0+ Y Bk

me a(j,k)

where

= [ 3) () 45 (@)
S
Similarly, W denotes the dual DWT matrix. The dual DWT operates on the rows of
A" + K™ in Eq. (5.7), hence the transpose notation.

The matrix K* = W(A" + K*)WT is the realization of the integral operator in
the wavelet basis. It is in fact the generalization to 3D triangular meshes of the
standard form matrix, which was described by Beylkin et al. [8] for problems on
uniform one-dimensional grids using traditional wavelets. Since K™ is the result of a
boundary integral discretization, it is technically a densely populated matrix with N2
entries, where /N is the total number of unknown coefficients in the wavelet expansion

for 11(z). The entries of K™ are typically of the form

g7, = / / K(3,5) Byn(3) dS(E) oy (7) dS () (5.8)
S S

and they exhibit rapid decay as the distance ||z,, — ¥,,|| between the observation
point T, and the source point 7, increases. This is considerably faster than the rate
of decay of the entries in the single scale matrix, K™. Consequently, one need only
retain roughly O((logN )%N ) of the most significant entries in K™ in order to compute
the final solution with acceptable accuracy. In Section 5.2, we derive in the 3D case
estimates for (a) the decay of the kernel coefficients, (b) the rate of convergence and
(c) the number of entries that must be retained in the compressed matrix to match

the rate of convergence that is obtained without compression.
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5.2 Analysis of the 3D Integral Formulation

In section 5.1 we presented the application of the multiresolution linear surface

wavelets to the Laplace equation
Au=0, wuefl

where Q is a closed 3D domain of arbitrary shape. We prescribed a Dirichlet boundary
condition

u="b wu€s

This PDE may be posed as an integral equation of the form

N@u@) + [ 1§ K(E,5)d5@) =b@) ; TS
s

We will now obtain estimates for:

(a) the decay of the kernel expansion coefficients in the linear surface wavelet basis

(b) the rate of convergence of the numerical scheme when no matrix compression
is performed, and

(¢) the number of entries that must be retained in the compressed matrix, so
that the rate of convergence under compression is of the same order as that which is

obtained without compression.

Note that the following analysis is valid for the class of integral operators T :

L*(S) — L*(S) of the form

T0) = [ Kr(EDu) dS() = @)
The kernel K7(z,y) satisfies

C

Ig; — y[2+|a|+|5|’

| DDy Kr(%,3)| <
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Figure 5-1: Local coordinate system for Taylor series expansion.

where C' is bounded and D®, D? are the cartesian derivatives in R* acting on a smooth

extension of Kr(z,y) to a tubular neighborhood of S. Furthermore we shall restrict

b(z), 1(z) € HI(S).

5.2.1 Decay of the Kernel Coefficients in the Linear Surface

Wavelet Basis

We now establish estimates for the decay of the kernel coeflicients ﬁfr’bj;n, in the linear
surface wavelet basis. Referring to Figure 5-1, we first expand the kernel in a three-

dimensional Taylor series about z = z,,.

M~1

N up'anr aP-HH-rK R N upvan 8MK L
K(if,y): zx’ "z (LE Y) + zVz'x (T,y).

ptgtr=M

(5.9)

Here, u,, v, and n, denote a system of local coordinates such that directions
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u, and v, lie in the tangent plane at the point z,, € S and n, is the direction of
the outward normal. 7 is a point such that 7 — z,, € [(0,0,0), (us, vz, n,)]. The
coordinates of any point z € S in the neighborhood of Z,, are constrained by the
surface geometry. For example, in the case of the sphere of radius R shown in Figure

5-1, we have
1
n, = [R? — u — v P_R= fluzvs).

Note that other smooth surfaces can be represented in a similar manner. We may

expand n, in a two-dimensional McLaurin series as

N-1
uPy? OPHIf uPvd ONf
z = T ———(0,0 2L (€ M) 5.10
o= Y, a0 * 2. g Bukout ) (5.10)
p+g=N

p+q=0

where (£;,7,) € [(0,0), (ug,v,)]. By combining Equations (5.9) and (5.10), we obtain
a representation of the kernel in terms of u, and v, only.

We now consider the case of the linear surface wavelet basis described above. By

their construction, the scaling functions ¢, (%), k € K(J), can reproduce linear func-

tions of the form co+ ¢yuy +Cav, in the neighborhood of Z,,. Since (¢ x(Z), ¥ (Z)) =

0, we see that

/zﬁj,m(i)dS(?c) =0, (5.11)
5

/ux&j,m(i)dS(i) =0, (5.12)
/ 0 m(2)dS(F) = 0. (5.13)

Hence, if we expand the kernel with M =1 and N = 2 in Equations. (5.9) and (5.10)

respectively, we obtain from Equation (5.8) that
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0 = F(arme) / e (7)o (1) 45 (5). (5.14

where 7 lies within the support of 1);,,(Z) and

102 ~ ~ -
Fl6n2) = 3 55 €e) [0 Bim@a5) + 500 (60m) [ v ()iSE)
’ s s
62
;a : gz,nx)/v By (3)dS (7). (5.15)

Using a similar Taylor series analysis, this time about y = ¥,,, with M = 1 and

N =1, we find that [ %K;(?, Y)Yy (y)dS(y) is equal to
s

{ PK of 'K

(7.7) + (6 (?,v)] [ty s

S

Ouyny onyng

0K . . 0 K
+ { (T,7) + ‘a—f“(fyvny)
Uy

Ovyny Onyng

(7.7)] / vy e (5) dS(5)

for some v lying within the support of ;s (y). From Equation (5.6), each of the
terms 82K (7,v)/0u,dn,, O*K(7,v)/0v,0nzand 8K (7,v)/0n,0n, has the bound

C/||7 - v||*. Hence we arrive at the estimate

o, 1
B | S _sup_sup o= (O + Gl )(Ca i + Gl + G5 ),
?e/ij,m I_J\EAj/,m/ HT - V“
(5.16)
where

e, = / WPy (D)AS(7), 18 = / W0l s (3)dS(E)

Ajlyml Aj,m

and Aj v = support ¥ m,(y) jm = support % =(Z). Using the Schwarz inequality
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and Equation (3.27), we obtain

|
=

m<d [ el as@y | [ el s

A ot Aj’,m’

J,m

+g+1
< ChEFtL, (5.17)

Similarly, we find that 1~’~’ < C’h§+q+1. Let l“ denote the distance between the

supports of 1/J]m( ) and ;7 (y). We thus have

1

312
_ Omh
= (lj’jl ,)4'

)
m,m’

5.2.2 Convergence

Consider now the rate of convergence of the discrete approximation, in the case where
no compression is performed on the operator matrix. This will represent the desired
rate of convergence that we expect to match when compression is in fact performed.

Let Tu(z) : L*(S) — L?*(S) be an integral operator, satisfying the following

conditions of continuity and invertibility:

ITu(@)l| < Cllp()l] (5.18)

lp(@)] < ClITp)].

Let the operator be discretized using a biorthogonal surface wavelet basis, which

satisfies the Riesz stability criterion i.e.

Allp@)* < ln |I2+Z|l 7112 < Bllu@)|?, | (5.19)

where A and B are constants independent of n and B > A > 0. This will be true

from Theorem 3.2.1 since u(z) € HZ(S). We now expand () as
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/‘L(Ti): Z Uk¢nk +Z Z 1/}3,

keK(n) J=n meM(j)

in the L? sense and the norms of the coefficient vectors, zi° and 7’ are given by

2= @ 171 = Y k)

kEK(n) meM(j)

We are interested in understanding the behavior of the error || () — u*P™o%(z)||,

e:cact( )

where g is the exact solution to the integral equation

Tu(z) = b(z)

and p®PP"°%(7) is the approximate solution. From the Riesz criterion, we have

oo (@) = poeer (3 >u<c{|r”“““ ﬁ"““’“”||2+Zn”“‘“‘HZ} CED

j=n

In order to proceed, we must first show that the discrete operator matrix, A"+ K",

satisfies the condition

—n

I2"1 < ClA™ + K™E"|| - VA"

for sufficiently large n. This ensures the invertibility of the matrix, because the

minimum singular value then satisfies the condition

A"+ KMi"
Omin (A" + K™) = min It tn il >C > 0. (5.21)
M 7

Let f(z) be a function in H3(S) with the expansion
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f(f): Z CZ%,k@)"‘ Z Z dgn"/}],m(f)

keK{n) J=n meM{(j)

and let its projection onto the subspace V,, = span{¢n «(z)|k € K(n)} be P, f(z) i.e.

Pf(@)= D & dni(@).

keK(n)

From the Riesz condition (Theorem 3.2.1), we then have that

AP < I+ Y1) (5.22)

and

SO < BIf - PAI

j=n

Now since ||f — P, f|| — 0 as n — oo, we may find a positive constant C,,, < A/B

such that, if ng is a sufficiently large integer and n > ny,

If — PSP
e =

This gives
2, =i
> ld 1 < BCy|If1I?
i=n

Hence, from Equation (5.22)
an > =]
1™ > AFIP =Dl P
j=n
> (A - BCno)Hf||2
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> ClIfII®

where C > 0. Now we set

f(@) =TPuu(z)
so that the coefficients of P, f and P,u are related by
¢ =(A"+ KMi".
We then have by the Riesz criterion

12" < CllPan(@)]

by Equation (5.14)
"Il < CIT Pup(a)l,

by the Riesz criterion

/) N

-]l < Clle]],

and by Equation 5.21

oy ¢

14" < CIA™ + K™)a".

n,ezact

We may now relate the error in solving for the coefficients i to the residual

-
error, r ,

[

Hgn,exact _nn,appro;cll

n ny r="-eract —T,approx
p — 1 ClI(A™ + K™)(n -2

n ny—nexact 77
ClI(A™ + K™)p —b |

IA

< C|r. (5.23)

The residual error can be determined by inserting the exact solution, u®**<(x),

into the resolution n Galerkin equations, which are formed from the boundary integral
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equation by taking @, x(Z) as test functions. Thus, we obtain

)._‘n sexact

=(A"+ K"

o0

Z , ] = ],ezact

where v™7 has entries

T = / / K (Z, §)3m(5)dS (5)dni(3)dS (2);

—~jexact .
and 7 has entries

?#nuatt / ecact( )17/}]7“( ) (x)’

S

Next, we rewrite Equation (5.24) in the form

7 =R"g,
where
Rn :[ (AH+KW.) ’7”’" ,Yn,n+1
and

0

—n,exact
—n

~n+l,exact

5

k € K(n),

m € M(j).

(5.24)

m € M(j),

(5.25)

(5.26)

We now show that ||R"|| is bounded. Let f(Z) be a function in L%(S) and let the

expansion coefficients of f(z) and T f(z) be respectively given by
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~s i
Il
L
3
+
AN

and

N
T

an+1
z

Then

IR"] = mazx ||R"f||
F#0 H}H

I

But from Equation (5.19)

15" < C|ITf (@)
and
171l = ClF @)

Then, because of Equation (5.18), we have

|R"™|| € Cmax 17/ @) <C (5.27)

#of@ T

Next, we consider the behavior of ||g"||. By expanding 1#***/(Z) in a Taylor series
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about z = z,, in Equation (5.25), we find that

_j,exact

I | < Ch?

for the linear surface wavelet basis. (In general, we will have one order higher than the

highest order polynomial that can be reproduced by the scaling functions.) Hence,

we have

[oo]

S < 030 m
j=n

j=n
[es) hn .
j=n

< Che.

(5.28)

Here we have assumed that equal subdivision is used to generate those hypothet-

ical meshes with resolution j > n. Note that this does not impose any additional

restrictions on the actual mesh. Thus,

1

17"l = {Z Hﬁ"”“‘“rr?}

j=n

< ChL.

Combining Equations (5.23), (5.26), (5.27) and (5.29) we have

_n,exact —T,6PPTOT —n

[T T (el T
< CIRg"
< CH:.

Finally, from Eqgs (5.20), (5.28) and (5.30) we have
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e () — o= (3) | < O,

5.2.3 Convergence under compression

We now examine the trade-off between compression and solution error. In the case
where matrix compression is performed, we solve a discrete system of the form

N

Kmcomp (Wu Wb .

_n,comp
) —

Here, the compressed matrix is given by
l{"n,comp — K'n _ AKn

where K" is the standard form matrix described earlier and AK™ represents the
entries discarded during compression.

As a first step, we note that the discrete wavelet transform operator, W, and
its inverse are bounded because of the Riesz criterion. To see this, consider the
projection of a function, P,u(z) € V,,, which has the equivalent single scale and

multiscale expansions

keK(n)
n—1
= D Hbor@) Y D i
kEK(0) 7=0 meM(j)

Then, from Equation (5.19), we have

Al Pap(@)® < IE"IP < Bl|Paps())?
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AllPap(@) | < [WE|? < Bl|Pap(@)|I”

for the single scale expansion and the multiscale expansion respectively. This gives

R < e <y B

The error in solving the boundary integral equation when the matrix is compressed

is

1

00 ) 2
[e=et(@) — peomr(@)]| < © {uﬁ"’“““ N DY W’“‘““HZ} .
i=n

Now,

” —n.exact

But

T,comp ‘ ’

AN VAN VAN PAN

IA

CIIA™ + K™Y — 3y
CH(A" + Kn)ﬁ"ﬂmct B WT(I”(n,comp + Akn)wﬁn,compH
CllA™ + KM~ 5 — WA WE"™ ")

ClIF" — WTAR"WE ™))

C{IF" |+ 7 AR (5.31)

~ o ATL,COMY, B o —~n,com
IWTARMW ™) </ SIAK W)

IA

AN

B Srn an,exact - _n,exact N, CO
\ FIARWE — AR T — @)

B orm ~n,exact B S —~n,eract —T,com,
A NAK WL+ [ S [[AK™W (1 -1l
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= W

S \/ !!Aknwﬁn,ezact!!
Given that we must satisfy the basic requirement that ||AK"|| decreases mono-

tonically with increasing n, we may combine Equations (5.31) and (5.32) to obtain

=N - _.n,exact
n,exact —n,comp “T ” + \/EHAK"'W " ||
Il -p I C .
1- CE|AR™|

for n > ny, where ng is sufficiently big to make the denominator positive. Then,
for the rate of convergence to remain unchanged as a result of compression, we see
an, emactH

that the compression threshold must be controlled so that the term ||AK"W L

exhibits behavior similar to |7 i.e.

IAK™W "™ < Ch2.

_n,exact .
Let us now examine the term AK"W 7 in detail. The uncompressed matrix,
p
Kn , 18 of the form

KO 00 01 N
a0,0 ,60’0 50,1 . ﬁo,n—l

ono_ 1,0 1,0 1,1 1n-1

Kh=| g0 g0 gt .o

n—-1,0 n—1,0 n—1,1 n—1l,n—1

o B B . B

where the submatrices K°, v%/', o0 and 577 respectively have entries of the form

my—//ny%k>%mmw@%@>;kemmwemm

Voo = / / K(Z,7) dos(Z) ¥y (¥)dS(2)dS(H) ; ke K(0),m' € M(j')
S S

107



ity = [ [ KD m@) duw D)@ dSE) 5 me MG € KO)

s S

. / / K, 5) $sm(@) by (5) dSGE) dSG) 5 m € M(G),m' € M),

Since the blocks K°, v%9" and a?® represent only C N out of the total of N? entries,
we will suppose that the compression operation is restricted to the blocks 479'. Then
the only nonzero blocks in AK™ are the submatrices, AS%/', which represent those
portions of 377 that are discarded during compression.

Now recall that Wﬁn 2 has blocks of wavelet coefficients, which behave as

H._x_} ,exact

| < Ch2.

We take advantage of this fact by absorbing the h? term into the submatrices, so

that
AK”W_\TL ,exact _ K “f*,
where
0 0 0 .-+ 0
1 0 h2AB  RIABYL ... B2 ABOTE
K=n2h2| 0 RZABY  RIABY ... h2_ ABI
_0 h%Aﬁn_l’O h%A,B"_l’l hi_lAﬁn—l,n—l-
and
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0
ho
fo=nTEhl | prgheet (5.33)

2—0,exact
n

9 —n—leract

| hpZ17

with n > 0. The rescaled vector, ?n, then behaves as

DO

n—1
—n _L _ 4. —].exact
£ < onmani (> byt n™ )

i=0
< Ch2.

We must therefore control the submatrices A% such that

K| < C. (5.34)

Using Schur’s Lemma [28], Equation (5.34) will be satisfied if there exists a sequence

of positive real numbers, wy, such that

Z }Kk’kl’Wkl S ka Vk

k/
Z |Kk,k'| Wi S ka/ \'/k,
k

Consider a set of weights of the form h$, where the exponent s is to be selected

subsequently. The boundedness of K can then be ensured by the conditions

1 n—1 .
n2h 2y RE|ABY |ht < CRS 5 j=0,1,---,n—1 (5.35)

§'=0

n—1
1 it
n2h? E RAABM || ths < CRS 5 §'=10,1,--,n— 1. (5.36)

=0
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Figure 5-2: (a) Compression of submatrices by discarding those entries for which the
distance between basis functions exceeds p’7' (b) Bounding the discrete sum by an
integral.

Recall from subsection 5.2 that the submatrix 37" has entries of the form

Pra

i | < Chih,
dm m'| = i,j'

= @)
m,m

Let us therefore consider the effect of compressing 377" by discarding all entries

for which 1’7’ exceeds some prescribed value, p’7 (Figure 5-2a). Then

m,m

186 e = sup 3" |agi,

meM ()

m'eM(j")
PpLa i’
s v AR T
AST pem() (e il
m' € M(j')
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where AS” denotes an elemental area of resolution j'. The terms in the above sum de-
crease monotonically with increasing distance, l;’;jm,, between the supports of @Zj m(T)
and ¥ (y). Hence, the sum can be bounded by an integral, as illustrated in Figure
5-2b [36]. This integral has a lower limit, pé” , which differs from 7" by one mesh
width, h;, i.e. Pt > pg’j' + hj. Imposing the added restriction, pg’j’ > Chj, so that

p+Ch; <Cpfor p> pﬁ’jl, we have

1ABY | < CHERSE sup / 5

meM(j) 4
S
p> pb?
2 Ch;)d
< C’h?hgfz sup / 7r(p+. )dp
meM() J I
>0y’
Chehe?
Ll (r>2). (5.37)

< LI
- (/7(7):,7 )7‘—2

A similar process gives

IAB ||, = sup Z ’Aﬁfnm,l
m'€M(j’) meM(j
-2
< —_Ch§’ h‘j
- (p,én'] )7‘—2

Comparing Equation (5.35) with Equation (5.37), we obtain the condition

(5.38)

-1 q
Z ]) <Ch; ; j=0,1,---,n—-1
To satisfy this condition, we require that

hERS

W <Cn~ 2h2hs
0
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i.e.

. 3 1
o7 2 Onahhy—*hgf) =2, (5:39)

Similarly, by comparing Equation (5.36) with Equation (5.38), we obtain the

concurrent requirement that

. 3 1
oy > C(n2h P e oy =g, (5.40)

Equations (5.39) and (5.40) can now be reduced to a single condition, by choosing

s = 1. Then, since we also have g’ > Ch; and p' > p§" + h;:, we obtain

7" 3 —2pp—1pq+1 L
P > Cmaz ¢ (n2h "R h37") 72, hy o + hye. (5.41)

This is the condition for compressing the matrix such that the overall convergence
rate for the numerical scheme matches the convergence rate that is obtained when no
compression is performed.

We focus now on the case where

1
qrl

-1
> 1 and 1.

r—2 7 r—2 T —

Note that these conditions are satisfied for the values p = 3, ¢ = 2 and r = 4, which

were obtained in subsection 5.2. We may then satisfy Equation (5.41) by choosing

o 3
p" > Cnth thihj (5.42)

with C' > 1.

Finally, we consider the minimum number of nonzero entries required in the com-
pressed matrix, K™ by letting the equality hold in Equation (5.42). Let J be the
number of rows in the block 47'. Then the minimum number of entries, I/T]n’z;, that

. . . s sl .
must be retained in the compressed version of 577 is
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i (o + Chy)?

min ™ ASY J

3
< C(nthyhihy)hy?h?
3 2
< Cn2h.°.
Thus, the minimum number of entries, v,,;,, that must be retained in K™ is

n—1n—1

7]
Vpin = § E ’/fmn

3=0j'=
T
< Cn?h;?
7
< C(logN)2N. (5.43)

Equation (5.43) shows that we can make ||uc®%°(z) — pome(z )H exhibit similar

behavior to ||u**(z) — p®ro*(z)|| by retaining as few as C’(logN)2N entries in the
compressed matrix. Thus, because of the boundedness of the operator in Equation

(5.2), we ensure that

[ (Z) = u (@] = | T (" (2) — u=" (@)

< Cllusee!(@) — uom ()
< Ch2.

The analysis developed in this chapter may be readily generalized to higher accu-

racy, higher vanishing moments and in particular, to the Galerkin formulation.
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Chapter 6

Implementation and Numerical

Results

In this chapter we apply the 2-D and 3-D constructions developed in Chapters 3
and 4 to solve electrostatic problem posed as a second kind integral equation. We
demostrate the advantages of using the multiscale wavelet bases for sparsification of

the stiffness matrix.

6.1 Numerical Results for 3-D Computational Prob-
lems

We have implemented our approach for using second generation surface wavelets to
solve integral equations in 3D and verified the theoretical results obtained in Chapter
5 for the spherical mesh shown in Figure 3-5. Our implementation uses a linear inter-
polating surface wavelet basis, as described in Chapter 3, with data structures that
support input meshes of general shape. A description of these data structures may
be found in our previous experimental work [3]. In the present implementation, how-
ever, we compress the matrix according to the theoretically derived, level-dependent,
truncation condition, Eq. (5.42), or using a global compression threshold on the co-

efficients ﬂ,’n’;n, Eq. (5.42) provides an a-priori method to determine the entries that
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are required in the sparse matrix.

Figures 6-1 (a) and (b) show corresponding compression and convergence results,
which were obtained when our code was validated on a spherical mesh similar to the
one shown in Figure 3-5. Figure 6-1a illustrates the number of entries retained in the
compressed matrix, as a function of N. The figure also shows a curve of the form
C(logN )%N , from which we see that the observed results agree well with the theory.
Now consider the effect of compression on the final computed solution, u®™(z),

which is given by

comp :F) Z Mn comp/ (l‘, T?j) ¢n,k'(§) dS(@) ; e

k'eK(n) 5
Figure 6-1 (b) illustrates the behavior of the relative error

uezact (}/) _ ucomp(i.‘)

exact (55)

o~ —
£ =

for a typical interior point, as a function of N. Again, we find that the observed

results are in are in excellent agreement with the theoretical O(h2) convergence rate.

Figure 6-2 illustrates the sparsity patterns of the compressed matrices, which were
obtained in the preceding experiments. Note that the symmetry of these patterns rep-
resents the symmetry of the truncation strategy. The matrix coefficients themselves
are non-symmetric because the basis is biorthogonal rather than orthogonal. We
have therefore used a generalized conjugate gradient method to iteratively solve the
non-symmetric system of equations. As expected for second-kind integral equations
the matrices were well conditioned, with condition numbers practically independent

of N. The Krylov subspace iteration therefore converges in only a few iterations.

We now try a more complex mesh, as shown in Figure 6-3, and apply the level
dependent distance criterion developed in Chapter 5. The results for this case are

mixed. Since the course mesh has many corners, then we expect the compression to
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Figure 6-1: Compression of matrix such that the optimal rate of convergence is ob-
tained. (a) Comparison of actual number of entries retained with O(logN)"?N)
prediction. (b) Comparison of actual convergence rate with O(h2).
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be low at a small level of discretization. As we increase the number of nodes, the
accuracy is nearly (O(h?) and the compression of the wavelet method increases to
about 1:100. Most of the bottleneck for compression is located at the low levels of the
mesh (M (0) and K (0)). However, as we increase the order of disretization, the level
dependent distance criterion tends to keep all the entries located at M (0). See the
sparsity patterns in Figure 6-2. In the current implementation, the primary and dual
wavelets only vanish one moment across corners. Compression may be significantly
improved by imposing more vanishing moments across corners. In section 6.2 we
apply wavelets which vanish polynomial on corners.

We now have several options for assembling the stiffness matrix. One option
involves computing the single scale formulation at level V,, and applying the wavelet
transform is the stiffness matrix. This leads to N? for memory storage and O(N?)
operations.

Another option is to compute the O((logN )%N ) entries directly. The primary
wavelets are computed from a closed form expression. However, to obtain the duals we
have to apply the recursive wavelet approach described in Chapter 5. This approach
leads to O((logN)%N) memory storage, but more than O(N?) computations.

Another alternative is to use only the primary scaling functions to compute the
entries of the stiffness matrix. Thus we form a set of Galerkin equations, with the test
functions belonging to the primary wavelet spaces. This formulation allows computing
the integrals directly because the primary functions have a closed form expression.
We may then use a high order quadrature scheme to compute the entries of the
stiffness matrix. This approach leads to O((logN )%N ) for memory storage. The
computational cost varies on the complexity of the mesh, ranging from O((logN YEN )

or higher.

6.2 2D Galerkin Implementation

We test the linear wavelets introduced in Section 4.2.3 for a 2D problem integral

equation. However, in this case, we form a set of Galerkin equations. This implies
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Figure 6-3: Laplace equation over a semi-regular distributor cap mesh [23]. The
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left is the actual error vs number of unknowns. On the right we have a compression
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the test functions belong to the primary wavelet spaces and we avoid altogether the
dual scaling functions. This step will allow us to compute the integrals of the stiffness

matrix directly. More precisely we solve the integral equation

A@)u(E) + / W) K(3,7)dT(F) = b(@) ; FeT

r

3 1 Sj =\
=2 ince Mz) =
2mony ||z -y’ ()

1

5-

Thus the discretized

where T is a curvilinear domain in R? and K(z,y) =

1 almost everywhere, then we simply replace AMz) with

equations are:

—
)_n

[\]

/ 1y z (@) 5 Nasdon(i
r M

=0 k keK(O

n—1

+ /K DY Y vkwia(y) Z Mokbok(Y) | ¢ou(z) dT(y)dl(x)

J=0 ke M(j) kEK(D

b(#)9ou(7) dT(F) WL M(0),

’;’Z Z 7]kwjk I)+_ Z )‘0k¢0k

J=0 ke M(j) keK(o)

K l' y Z Z ’Y],kw]k Z )\OkQSOk y) wzl( ) dF(g)dF(‘%)

7=0 ke M(j kEK(0)

S~
— T — /7"

b(F)w.4(3) dTE) Ve M(z),
T
z2=0...n—-1.

We apply the 2-D multiscale Galerkin method on a discretization of the circle at
several levels of resolution, as shown in Figure 6-4. The asymptotic convergence for
the full BEM matrix is of quadratic order, as expected. However, we do not need to
compute the entire matrix. We apply a similar level dependent distance criterion as

for the 3D case
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where h; is the characteristic mesh width. We only calculate the stiffness matrix
entries which lie inside the distance threshold to obtain a very sparse matrix, see
Figure 6-5. In particular, we retain only O(Nlog,(N)?) entries of stiffness matrix, but
with asymptotic quadratic convergence, as shown in Figures 6-6 (a) and (b). Notice
that for the 2D case, we have not yet proved that this criterion leads to asympotic

convergence, altought it should be straightforward to prove it from the 3D analysis.
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Chapter 7

Conclusions

In this chapter we summarize the thesis and give directions for future work.

7.1 Contributions and Discussion

In this thesis, we have demonstrated the existence of new wavelet constructions for
complex surfaces and shown how their signal processing capabilities can be exploited
in 3D computational modeling. The advantage of using these constructions is that
they combine the multiresolution properties of traditional wavelets with a level of
geometric flexibility similar to that of finite element methods. Thus, in addition to
being a useful tool for geometric representation and solution post-processing in tradi-
tional numerical applications, our investigation has revealed that there are significant
performance benefits to be realized when surface wavelets are applied to partial dif-
ferential equations.

Our work is motivated by the construction of the linear hat wavelets, which where
originally developed by the computer graphic community. However, these linear
wavelets do not form a Riesz stable basis. The stability of the basis is important
for solving PDEs since they relate the continuity and invertibility properties of the
PDE operator to the singular values of the stiffness matrices. In the present work we
show that that linear surface wavelets basis, under a rescaling and a min max condi-

tion on the mesh size h,, is H3(S) stable, thus making them suitable for differential
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equations.

We also prove the existence of a wide class of interpolating Multiwavelets over
irregular grids in several dimensions with vanishing moments around corners. Al-
though we explicitly derive 1D and 2D irregular wavelets, it is possible to generalize
these constructions to higher dimensions, in particular volumetric discretizations.

We have shown how to discretize PDEs, both in integral and differential forms. A
detailed analysis and implementation for a model 3D integral equation has revealed
that it is possible to devise numerical schemes where only O((logN)?N) entries of
the matrix have to be computed with respect to the number of unknowns, N. For
smooth surfaces, the accuracy of the numerical schemes is determined by the number
of vanishing moments of the wavelet basis, in the tangential coordinate directions
of the surface. A surface wavelet construction with linear interpolating properties
(ie. first order vanishing moments for the dual wavelet and at least zeroth order
for the primary wavelet) was shown to produce a scheme with O(h2) accuracy for
the characteristic mesh size h,, both in theory and in practice. In principle, the
theoretical proof extends to wavelets with higher order approximation.

We have shown that a wide class of Calderén-Zygmund integral operators may be
solved with this scheme. This makes it potentially competitive with other methods,
where the expansion must be tailored to the particular operator under consideration.
The wavelet framework also has the advantage that schemes with higher order of
accuracy and coefficient decay can be designed by replacing the wavelet basis with
one that has additional vanishing moments.

The wavelet compression scheme has several limitations, in particular, the Petrov
galerkin formulation with the dual wavelets as test functions. As pointed out in Chap-
ter 6 forming the single scale matrix and then applying the wavelet transform still
requires O(N?) cost. This problem is mitigated by applying the Galerkin formulation
described in Chapter 6 with the test functions as primary wavelets and calculating
the compressed entries of the matrices directly. This allows a O((logN )P N) algorithm
for fairly irregular surfaces, but not completely irregular.

For completely irregular meshes, the bottleneck lies in the computation of the
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coefficients. This motivates the development of new quadrature schemes which are
operator dependent (cf. Multipole methods). This would lead to new fast schemes
where the wavelet basis increases the rate of decay of the projection coefficients.

It is pointed out that a parallel development to the work in this thesis by Tausch
and White [33] has been in existence. This method combines a polynomial multiscale
basis with multipole expansions. This approach is well suited for solving integral
equations of the first kind over complex geometries in 3D. Similar to the sparsification
approach used in this thesis, this method constructs a multiscale basis with vanishing
moments in 3D which leads to coeficients with fast decay. The multipole expansions
are the used to compute the entries of the stiffness matrix. We briefly describe these
new multiscale constructions.

Let S be the surface of the finite element space X, which consists of piecewise

constant functions xq,..., xny over flat panels my, ..., 7y, thus
1
N x € m;,
xi(z) =
0 else.

Now embed the surface S in a cube Cy at level 0. Divide the cube into eight cubes
at level 1, and so forth. Denote all the cubes which contain part of the surface as
C, =0,...,L and for any cube v € () let K, be the non-empty children cubes. With
this formulation the scaling functions and wavelet functions at the bottom level L

may be constructed as

@y,i = Zqi,jXU,j7 Z:]'?"')Ul/
J

\I'I/,i - E Qitv, i Xv,jr = 17 sy Wy
J

The coefficients g; ; are obtained from the matrix @,, which in turn is obtained
by the Singular Value Decomposition (SVD) of the multipole moment matrix M,,
ie. M, = U:X,Q,. At higher levels, C;, the basis is constructed from the children
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functions as

o, = Zqi,(a,j)q’a,j, 1=1,...,v,
Jo

v, = ZQi+vy,(a,j)Xa,j, 1=1,...,w,.
ja
where the coefficients g; (4 3) are similarly obtained from the SVD of the moment
matrix M, which contains the multipole moments of the functions ®,,a € K,.

The stiffness matrix is then computed by replacing the finite element space X},
with the multiscale basis in the non-standard form representation [8]. The entries
of the stiffness matrix are efficiently computed by multipole expansions [31]. This
method leads to a sparse representation by only computing the entries of the matrix
inside cubes C) which are “close”. In particular, for some practical problems, this
algorithm is near O(N) in cost and storage.

This method is very well suited for solving integral equations of the first kind, it
may be used as an alternative to the method developed in this thesis for more general
kernels by replacing the entries of the moment matrix M, with polynomial moments.
However, in general, new strategies for compression would need to be developed,
which are directly related to the kernel.

The basis formed in this approach also consists of polynomial functions. However,
in contrast to the basis constructed in this thesis, they are not refinable functions
i.e. the general shape of the scaling functions are different at every single scale of
resolution. In addition, they do not have a simple analytical expression and the
complexity of the functions grows with the number of levels. Moreover, an SVD has
to be solved to compute the wavelet basis, which is more expensive than a matrix
Inversion.

We summarize the contributions of this thesis:

e The construction of a class of interpolating irregular Multiwavelets in B™ which
combine the fast transform, decorrelation and localization properties of wavelets

with the flexibility of finite elements on irregular meshes. These constructions
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may represent polynomials of arbitrary polynomial order. Moreover, we explic-
itly construct irregular Multiwavelets over curves and surfaces with vanishing
moments around corners. In essence these novel constructions allow practical

multiresolution decompositions over irregular meshes.

¢ Application of interpolating irregular Multiwavelets to solve Calderén-Zygmund
integral operators. We derive theoretical estimates of convergence under com-
pression in R®, more explicity, we show that we may achieve the asymptotic

convergence of the full stiffness matrix with only O(N(logN)™/?) entries.

e Implementation of a 3D linear surface Multiwavelet with one vanishing moment

to solve a second kind integral equation over an irregular mesh.

e Implementation of a 2D linear surface Multiwavelet which vanishes global linear

functions around corners to solve a second kind integral equation.

7.2 Future Research

In this thesis we have only explored the surface for the construction and application
of surface wavelets for irregular grids. Future work in this area include the implemen-
tation of higher order wavelets, detailed error analysis of complex geometries and the
development of the variational wavelet finite element approach to solving PDEs.

Implementation of 3D Galerkin Integral Equations. Extension of the 2D code
to 3D for practical applications. In principle, wavelet constructions over multiply
connected domains is possible. However, we have not show an application in this
thesis.

Quadrature Schemes. For Calderén-Zygmund integral operators, with decaying
singular kernels, we may use expansions of the charge density function (cf. Multipole
Expansions [33]) with close and ffar field effects. This would lead to numerical algo-
rithms which are tailor made for the operator. However, we would have control on the

number of vanishing moments and thus control the rate of decay of the coefficients.
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Construction and analysis of new wavelets. We may further explore the construc-
tion of new wavelets. In particular, the convergence analysis of the cascade algorithm
for the dual scaling functions. This is a better approach than using the dual recursive
wavelet idea used in this paper. These wavelets are useful for wave type problems
where an explicit expression of the primary and dual scaling functions is needed.

Convergence analysis under compression. Analysis of convergence for the Galerkin
formulation for higher order wavelets may give new strategies for higher compression.

Data and graphical compression Wavelets with higher vanishing moments may
achieve greater compression of data. Applications of the surface wavelets developed in
this thesis include data compression over irregular meshes, for example, topographical
data for a terrain, or compression of the mesh itself.

Wavelets applied to finite element variational approach for solving PDEs. Wavelet
transforms on finite element problems do not lead to greater sparsity, in contrast
to boundary element problems, since the stiffness matrix is sparse to begin with.
However, wavelets have been shown to be useful for many finite element problems,
including local refinements and diagonal preconditioning [7]. Due to the adaptive na-
ture of the wavelet constructions we envision the development of adaptive refinement
schemes.

Finite element stiffness matrices become ill conditioned as the number of variables
increase leading to a cost of O(N?) to invert. The wavelet transform inherently sep-
arates operators into different scales of resolution, creating a stiffness matrix which
is diagonally dominant. We may use the wavelet transform to our advantage by
applying a diagonal preconditioner to redistribute the eigenvalues and make them
approximately equal. This has the effect of significantly reducing the condition num-

ber of the stiffness matrix. The whole cost of this algorithm would be near O(N).
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