
MIT Open Access Articles

Explicit Solutions for Root Optimization of a 
Polynomial Family With One Affine Constraint

The MIT Faculty has made this article openly available. Please share
how this access benefits you. Your story matters.

Citation: Blondel, V. D., M. Gurbuzbalaban, A. Megretski, and M. L. Overton. “Explicit Solutions 
for Root Optimization of a Polynomial Family With One Affine Constraint.” IEEE Trans. Automat. 
Contr. 57, no. 12 (December 2012): 3078–3089.

As Published: http://dx.doi.org/10.1109/tac.2012.2202069

Publisher: Institute of Electrical and Electronics Engineers (IEEE)

Persistent URL: http://hdl.handle.net/1721.1/90396

Version: Original manuscript: author's manuscript prior to formal peer review

Terms of use: Creative Commons Attribution-Noncommercial-Share Alike

https://libraries.mit.edu/forms/dspace-oa-articles.html
http://hdl.handle.net/1721.1/90396
http://creativecommons.org/licenses/by-nc-sa/4.0/


1

Explicit Solutions for Root Optimization of a

Polynomial Family with One Affine Constraint

Vincent D. Blondel, Mert G̈urbüzbalaban, Alexandre Megretski

and Michael L. Overton

Abstract

Given a family of real or complex monic polynomials of fixed degree with one affine constraint

on their coefficients, consider the problem of minimizing the root radius (largest modulus of the roots)

or root abscissa (largest real part of the roots). We give constructive methods for efficiently computing

the globally optimal value as well as an optimal polynomial when the optimal value is attained and an

approximation when it is not. An optimal polynomial can always be chosen to have at most two distinct

roots in the real case and just one distinct root in the complex case. Examples are presented illustrating

the results, including several fixed-order controller optimal design problems.

I. INTRODUCTION

A fundamental general class of problems is as follows: givena set of monic polynomials of

degreen whose coefficients depend on parameters, determine a choicefor these parameters for

which the polynomial is stable, or show that no such stabilization is possible. Variations on this
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stabilization problem have been studied for more than half acentury and several were mentioned

in [BGL95] as being among the “major open problems in controlsystems theory”.

In this paper, we show that there is one important special case of the polynomial stabilization

problem which is explicitly solvable: when the dependence on parameters is affine and the

number of parameters isn − 1, or equivalently, when there is a single affine constraint onthe

coefficients. In this setting, regardless of whether the coefficients are allowed to be complex or

restricted to be real, the problem of globally minimizing the root radius (defined as the maximum

of the moduli of the roots) or root abscissa (maximum of the real parts) may be solved efficiently,

even though the minimization objective is nonconvex and notLipschitz continuous at minimizers.

The polynomial is Schur (respectively Hurwitz) stabilizable if and only if the globally minimal

value of the root radius (abscissa) is less than one (zero). This particular class of polynomial

stabilization problems includes two interesting control applications. The first is the classical

static output feedback stabilization problem in state space with one input andm−1 independent

outputs, wherem is the system order [Che79a]. The second is a frequency-domain stabilization

problem for a controller of orderm − 2 [Ran89, p. 651]. In the second case, if stabilization is

not possible, then the minimal order required for stabilization is m − 1. How to compute the

minimal such order in general is a long-standing open question.

As a specific continuous-time example, consider the classical two-mass-spring dynamical

system. It was shown in [HO06] that the minimal order required for stabilization is 2 and

that the problem of maximizing the closed-loop asymptotic decay rate in this case is equivalent

to the optimization problem

min
p∈P

max
z∈C

{Re z | p(z) = 0}

where

P = {(z4 + 2z2)(x0 + x1z + z2) + y0 + y1z + y2z
2 | x0, x1, y0, y1, y2 ∈ R}.

ThusP is a set of monic polynomials with degree 6 whose coefficientsdepend affinely on 5

parameters. A construction was given in [HO06] of a polynomial with one distinct root with

multiplicity 6 and its local optimality was proved using techniques from nonsmooth analysis.

Theorem 7 below validates this construction in a more general setting and proves global opti-

mality.
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The global minimization methods just mentioned are explained in a sequence of theorems

that we present below. Theorem 1 shows that in the discrete-time case with real coefficients,

the optimal polynomial can always be chosen to have at most two distinct roots, regardless of

n, while Theorem 6 shows that in the discrete-time case with complex coefficients, the optimal

polynomial can always be chosen to have just one distinct root. The continuous-time case is more

subtle, because the globally infimal value of the root abscissa may not be attained. Theorem 7

shows that if it is attained, the corresponding optimal polynomial may be chosen to have just

one distinct root, while Theorem 13 treats the case in which the optimal value is not attained.

As in the discrete-time case, two roots play a role, but now one of them may not be finite. More

precisely, the globally optimal value of the root abscissa may be arbitrarily well approximated

by a polynomial with two distinct roots, only one of which is bounded. Finally, Theorem 14

shows that in the continuous-time case with complex coefficients, the optimal value is always

attained by a polynomial with just one distinct root.

Our work was originally inspired by a combination of numerical experiments and mathematical

analysis of special cases reported in [BLO01], [BHLO06b], [HO06]. As we began investigating

a more general theory, A. Rantzer drew our attention to a remarkable 1979 Ph.D. thesis of

Raymond Chen [Che79b], which in fact derived a method to compute the globally infimal value

of the abscissa in the continuous-time case with real coefficients. Chen also obtained some key

related results for the discrete-time case with real coefficients, as explained in detail below.

However, he didnot provide generally applicable methods for constructing globally optimal or

approximately optimal solutions, indeed remarking that hewas lacking such methods [Che79b,

p. 29 and p. 71]. Neither did he consider the complex case, forwhich it is a curious fact that

our theorems are easier to state but apparently harder to prove than in the real case when the

globally optimal value is attained.

This paper is concerned only with closed-form solutions. The problem of generating the

entire root distribution of a polynomial subject to an affineconstraint can also be approached

by computational methods based on value set analysis (see [Bar93] for details). This has the

advantage that it can be generalized to handle more than one affine constraint.

The theorems summarized above are presented in Sections II and III for the discrete-time and

continuous-time cases, respectively. The algorithms implicit in the theorems are implemented in

a publicly available MATLAB code. Examples illustrating various cases, including the subtleties
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involved when the globally optimal abscissa is not attained, are presented in Section IV. We

make some concluding remarks about possible generalizations in Section V.

II. D ISCRETE-TIME STABILITY

Let ρ(p) denote theroot radiusof a polynomialp,

ρ(p) = max {|z| | p(z) = 0, z ∈ C} .

The following result shows that when the root radius is minimized over monic polynomials with

real coefficients subject to a single affine constraint, the optimal polynomial can be chosen to

have at most two distinct roots (zeros), and hence at least one multiple root whenn > 2.

Theorem 1:Let B0, B1, . . . , Bn be real scalars (withB1, . . . , Bn not all zero) and consider

the affine family of monic polynomials

P = {zn + a1z
n−1 + . . .+ an−1z + an | B0 +

n
∑

j=1

Bjaj = 0, ai ∈ R}.

The optimization problem

ρ∗ := inf
p∈P

ρ(p)

has a globally optimal solution of the form

p∗(z) = (z − γ)n−k(z + γ)k ∈ P

for some integerk with 0 ≤ k ≤ n, whereγ = ρ∗.

Proof: Existence of an optimal solution is easy. Take anyp0 ∈ P and defineP0 = {p ∈
P |ρ(p) ≤ ρ(p0)}. The setP0 is bounded and closed. Sinceinfp∈P ρ(p) = infp∈P0 ρ(p), optimality

is attained for somep ∈ P0 ⊆ P .

We now prove the existence of an optimal solution that has theclaimed structure. Let

p(z) =

n1
∏

i=1

(z + ci)

n2
∏

i=n1+1

(z2 + 2diz + ei)

be an optimal solution withn1 + 2(n2 − n1) = n, ci, di, ei ∈ R, ei > |di| andρ(p) = r. We first

show that there is an optimal solution whose roots all have magnituder. Consider therefore the

perturbed polynomial

p∆(z) =

n1
∏

i=1

(z + ci(1 + ∆i))

n2
∏

i=n1+1

(z2 + 2diz + ei(1 + ∆i))

= zn + a1(∆)zn−1 + . . .+ an−1(∆)z + an(∆),
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with p∆ ∈ P . The function

L(∆) = B0 +B1a1(∆) + . . .+Bn−1an−1(∆) +Bnan(∆)

is a multilinear function fromRn2 to R and it satisfiesL(0) = 0. Observe that the casen2 = 1

can occur only ifn = 1 or n = 2 and in that case the result is easy to verify, so assume that

n2 ≥ 2. Consider now a perturbation∆j associated with a root or a conjugate pair of roots that

do not have maximal magnitude (i.e.,1 ≤ j ≤ n1 and|cj| < r, or n1+1 ≤ j ≤ n2 andej < r2),

and define

µj :=
∂L

∂∆j

(0).

If µj 6= 0 then by the implicit function theorem one can find some∆ in a neighborhood of

the origin for which∆i < 0 for i 6= j with L(∆) = 0 and therefore for whichρ(q∆) < ρ∗,

contradicting the optimality ofq. On the other hand, ifµj = 0, then, sinceL is linear in∆j ,

we haveL(0, . . . , 0,∆j, 0, . . . , 0) = L(0) = 0 for all ∆j , and so∆j can be chosen so that the

corresponding root or conjugate pair of roots has magnitudeexactly equal tor. Thus, an optimal

polynomial whose roots have equal magnitudes can always be found.

If r = 0, the result is established, so in what follows suppose thatr > 0. We need to show

that all roots can be chosen to be real. We start from some optimal solution whose roots have

magnituder > 0, say

p(z) =

n1
∏

i=1

(z2 + 2diz + r2)

n2
∏

i=1

(z + r)

n3
∏

i=1

(z − r),

with di ∈ R. Consider the perturbed polynomial

p∆(z) =
n1
∏

i=1

(

z2 + 2di(1 + ∆2i)z + r2(1 + ∆2i−1)
)

×

n2
∏

i=1

(z + r(1 + ∆2n1+i))

n3
∏

i=1

(z − r(1 + ∆2n1+n2+i))

= zn + a1(∆)zn−1 + . . .+ an−1(∆)z + an(∆),

now including a perturbation todi, so the function

L(∆) = B0 +B1a1(∆) + . . .+Bn−1an−1(∆) +Bnan(∆)

is now a multilinear function fromRn to R that satisfiesL(0) = 0. Let j be an index1 ≤ j ≤ n1

for which dj 6= ±r and define

µj :=
∂L

∂∆2j
(0).
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If µj 6= 0 then by the same argument as above one can find a value of∆ in the neighborhood

of the origin for which∆i < 0 for i 6= 2j with L(∆) = 0 and therefore for whichρ(p∆) < r,

which contradicts the optimality ofp. So we must haveµj = 0. But then∆2j can be modified

as desired while preserving the conditionL(∆) = 0 and so in particular it may be chosen so

thatdi(1+∆2j) = ±r. Repeated application of this argument leads to a polynomial p∗(z) whose

roots are all±r.
Notice thatp∗(z) ∈ P if and only if γ satisfies a certain polynomial equality oncek is fixed.

The following corollary is a direct consequence of this fact, showing thatγ in Theorem 1 can

be computed explicitly.

Corollary 2: Let γ be the globally optimal value whose existence is asserted inTheorem 1,

and consider the set

Ξ = {r ∈ R | gk(r) = 0 for some k ∈ {0, 1, . . . , n}}

where

gk(z) = B0v0 +B1v1z + . . .+Bn−1vn−1z
n−1 +Bnvnz

n

and (v0, . . . , vn) is the convolution of the vectors
((

n− k

0

)

,

(

n− k

1

)

, . . .

(

n− k

n− k

))

and

((

k

0

)

,−
(

k

1

)

, . . . (−1)k
(

k

k

))

for k = 0, . . . , n. Then,−γ is an element ofΞ with smallest magnitude.

Although Theorem 1 and Corollary 2 are both new, they are related to results in [Che79b],

as we now explain. Let

HP = {(a1, a2, . . . , an) ∈ R
n | zn + a1z

n−1 + . . .+ an ∈ P} (1)

be the set of coefficients of polynomials inP . The setHP is a hyperplane, by which we mean

an n− 1 dimensional affine subspace ofRn. Let

Cn
r =

{

(a1, a2, . . . , an) ∈ R
n | p(z) = zn + a1z

n−1... + an andρ(p) < r
}

be the set of coefficients of monic polynomials with root radius smaller thanr. Clearly,ρ∗ < r

if and only if HP ∩ Cn
r 6= ∅. The root optimization problem is then equivalent to findingthe

infimum of r such that the hyperplaneHP intersects the setCn
r . The latter set is known to be

nonconvex, characterized by several algebraic inequalities, so this would appear to be difficult.
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However, sinceCn
r is open and connected, it intersects a given hyperplane if and only if its

convex hull intersects the hyperplane:

Lemma 3: (Chen [Che79b, Lemma 2.1.2]; see also [Che79a, Lemma 2.1]) Let H be a

hyperplane inRn, that is ann − 1 dimensional affine subspace ofRn, and letS ⊂ R
n be

an open connected set. ThenH ∩ S 6= ∅ if and only if H ∩ conv(S) 6= ∅.

The setconv(Cn
r ) is an open simplex so it is easy to characterize its intersection with HP :

Theorem 4: (Chen, special case of [Che79b, Prop. 3.1.7] and also Fam and Meditch [FM78],

for the caser = 1; see also [HP05, Prop. 4.1.26].)We have

conv(Cn
r ) = conv(ν1, ν2, . . . , νn+1)

where the vertices

νk = {(a1, a2, . . . , an) ∈ R
n | (z − r)n−k(z + r)k = zn +

n
∑

j=1

ajz
j}

are the coefficients of the polynomials(z − r)n−k(z + r)k.

Since the optimumρ∗ is attained, the closure ofconv(Cn
ρ∗) and the hyperplaneHP must have

a non-empty intersection. Theorem 1 says that, in fact, the intersection ofHP with Cn
ρ∗ must

contain at least one vertex ofconv(Cn
ρ∗), and Corollary 2 explains how to find it. In contrast,

Chen uses Theorem 4 to derive a procedure (his Theorem 3.2.2)for testing whether the minimal

valueρ∗ of Theorem 1 is greater or less than a given valuer (see also [Che79a, Theorem 2.6]).

This could be used to define a bisection method for approximating ρ∗, but it would not yield

the optimal polynomialp∗(z). Note that the main tool used in the proof of Theorem 1 is the

implicit function theorem, in contrast to the sequence of algebraic results leading to Theorem 4.

Remark 5:The techniques used in Theorem 1 are all local. Thus, any locally optimal mini-

mizer can be perturbed to yield a locally optimal minimizer of the form (z−β)n−k(z+β)k ∈ P

for some integerk, whereβ is the root radius attained at the local minimizer. Furthermore,

all real roots−β of the polynomialsgk in Corollary 2 define candidates for local minimizers,

and while not all of them are guaranteed to be local minimizers, those with smallest magnitude

(usually there will only be one) are guaranteed to be global minimizers.

The work of Chen [Che79b] was limited to polynomials with real coefficients. A complex

analogue of Theorem 1 is simpler to state because the optimalpolynomial may be chosen to
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have only one distinct root, a multiple root ifn > 1. However, the proof is substantially more

complicated than for the real case and is deferred to Appendix A.

Theorem 6:LetB0, B1, . . . , Bn be complex scalars (withB1, . . . , Bn not all zero) and consider

the affine family of polynomials

P = {zn + a1z
n−1 + . . .+ an−1z + an | B0 +

n
∑

j=1

Bjaj = 0, ai ∈ C}.

The optimization problem

ρ∗ := inf
p∈P

ρ(p)

has an optimal solution of the form

p∗(z) = (z − γ)n ∈ P

with −γ given by a root of smallest magnitude of the polynomial

h(z) = Bnz
n +Bn−1

(

n

n− 1

)

zn−1 + . . .+B1

(

n

1

)

z +B0.

III. CONTINUOUS-TIME STABILITY

Let α(p) denote theroot abscissaof a polynomialp,

α(p) = max {Re(z) | p(z) = 0, z ∈ C} .

We now consider minimization of the root abscissa of a monic polynomial with real coefficients

subject to a single affine constraint. In this case, the infimum may not be attained.

Theorem 7:Let B0, B1, . . . , Bn be real scalars (withB1, . . . , Bn not all zero) and consider

the affine family of polynomials

P = {zn + a1z
n−1 + . . .+ an−1z + an | B0 +

n
∑

j=1

Bjaj = 0, ai ∈ R}.

Let k = max{j : Bj 6= 0}. Define the polynomial of degreek

h(z) = Bnz
n +Bn−1

(

n

n− 1

)

zn−1 + . . .+B1

(

n

1

)

z +B0.

Consider the optimization problem

α∗ := inf
p∈P

α(p).

Then

α∗ = min
{

β ∈ R | h(i)(−β) = 0 for some i ∈ {0, . . . , k − 1}
}

,

December 10, 2011 DRAFT
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whereh(i) is thei-th derivative ofh. Furthermore, the optimal value is attained by a minimizing

polynomialp∗ if and only if −α∗ is a root ofh, that isi = 0, and in this case we can take

p∗(z) = (z − γ)n ∈ P

with γ = α∗.

The first part of this result, the characterization of the infimal value, is due to Chen [Che79b,

Theorem 2.3.1]. Furthermore, Chen also observed the “if” part of the second statement, showing

[Che79b, p.29] that if−α∗ is a root ofh (as opposed to one of its derivatives), the optimal value

α∗ is attained by the polynomial with a single distinct rootα∗. However, he noted on the same

page that he did not have a general method to construct a polynomial with an abscissa equal to

a given valueα̃ > α∗. Nor did he characterize the case when the infimum is attained. We now

address both these issues.

Because the infimum may not be attained, we cannot prove Theorem 7 using a variant of the

proof of Theorem 1. Instead, we follow Chen’s development. Define the hyperplane of feasible

coefficients as previously (see equation (1)). Let

Snζ :=
{

(a1, a2, . . . , an) ∈ R
n | zn + a1z

n−1 + . . .+ an = 0 implies Re(z) < ζ
}

denote the set of coefficients of monic polynomials with rootabscissa less thanζ , whereζ ∈ R

is a given parameter.

Definition 8: (Snζ -stabilizability)A hyperplaneHP ⊂ Rn is said to beSnζ -stabilizable ifHP ∩
Snζ 6= ∅.

As in the root radius case, Lemma 3 shows that althoughSnζ is a complicated nonconvex set,

a hyperplaneHP is Snζ -stabilizable if and only ifHP intersectsconvSnζ , a polyhedral convex

cone which can be characterized as follows:

Theorem 9: (Chen [Che79b, Theorem 2.1.8])We have

conv(Snζ ) = ν + pos({ẽi}) = {ν +
n

∑

i=1

riẽi | ri ≥ 0},

an open polyhedral convex cone with vertex

ν =

n
∑

j=1

(

n

j

)

(−ζ)jej

December 10, 2011 DRAFT
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and extreme rays

ẽi =
n

∑

j=i

(

n− i

j − i

)

(−ζ)j−iej,

where{ej}nj=1 is the standard basis ofRn.

This leads to the following characterization ofSnζ -stabilizability:

Theorem 10: (Chen, a variant of [Che79b, Theorem 2.2.2]; seealso [Che79a, Theorem 2.4])

Define the hyperplaneHP as in equation (1), the polynomialh and the integerk as in Theorem

7. Then the following statements are equivalent:

1) HP is Snζ -stabilizable

2) There exist nonnegative integersj, j̃ with 0 ≤ j < j̃ ≤ k such that

h(j)(−ζ)h(j̃)(−ζ) < 0

whereh(j)(−ζ) denotes thej-th derivative ofh(z) at z = −ζ .

To prove the last part of Theorem 7, we need the following lemma.

Lemma 11:We haveh(−ζ) = 0 if and only if (z − ζ)n ∈ P . Furthermore, fori ∈ {1, 2, . . . , k−
1}, h(i)(−ζ) = 0 if and only if exactly one of the following two conditions hold:

1) Li ∩HP = ∅ andh(−ζ) 6= 0

2) Li ∈ HP andh(−ζ) = 0

where

Li = {ν + riẽi | ri ≥ 0}, i = 1, 2, . . . , n.

is the i-th extreme ray of the coneconv(Snζ ) given in Theorem 9.

Proof: We have

h(−ζ) =
n

∑

j=0

Bj

(

n

j

)

(−ζ)j = B0 + (B1, B2, . . . , Bn) · ν

where· denotes the usual dot product inRn. Therefore,

h(−ζ) = 0 ⇐⇒ B0 + (B1, B2, . . . , Bn) · ν = 0 (2)

⇐⇒ ν ∈ HP

⇐⇒ zn +

n
∑

i=1

νjz
n−j = (z − ζ)n ∈ P

December 10, 2011 DRAFT
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proves the first part of the lemma. Now, leti ∈ {1, 2, . . . , k − 1}. A straightforward calculation

gives

h(i)(−ζ) =
n!

(n− i)!

n
∑

j=i

Bj

(

n− i

j − i

)

(−ζ)j−i

=
n!

(n− i)!
(B1, B2, . . . , Bn) · ẽi

Hence,

h(i)(−ζ) = 0 ⇐⇒ (B1, B2, . . . , Bn) · ẽi = 0

⇐⇒ Li ∈ H := {(a1, a2, . . . , an) | − (B1, B2, . . . , Bn) · ν

+

n
∑

j=1

Bjaj = 0}

If B0 = −(B1, B2, . . . , Bn) · ν, thenH = HP , ν ∈ HP and from (2), we geth(−ζ) = 0 (case

(1)). Otherwise, the hyperplaneH is parallel toHp andH ∩Hp = ∅, so thatLi ∩Hp = ∅, and

alsoh(−ζ) 6= 0 (otherwise by (2),ν ∈ Li ∩ Hp which would be a contradiction); this is case

(2).

Now we are ready to complete the proof of Theorem 7.

Proof: Chen’s theorem [Che79b, Theorem 2.3.1] establishes the characterization of the

optimal value,

inf
p∈P

α(p) = α∗ = min{β |
k−1
∏

i=0

h(i)(−β) = 0}.

Let l ∈ {0, 1, . . . , k − 1} be the smallest integer such thath(l)(−α∗) = 0. If l = 0, then−α∗ is

a root ofh and by Lemma 11,p∗(z) = (z − γ)n ∈ P is an optimizer withγ = α∗.

Suppose now thatl > 0. We will show that the infimum is not attained. Suppose the contrary,

that isHP ∩ cl(Snα∗) 6= ∅ so thatHP ∩ cl(convSnα∗) 6= ∅. Without loss of generality, assume

Bk > 0 so thath(k) is the constant functionk!Bk > 0 and the derivativesh(j), j = 1, 2, . . . , k−1

each have leading coefficient (coefficient ofzk−j) also having positive sign. By Theorem 10,

h(j)(−α̃) > 0 for any j = 1, 2, .., k and α̃ < α∗ and, in addition,h(j)(−α∗) > 0 for 0 ≤ j < l.
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By continuity of h(j), we have

h(j)(−α∗)



























> 0 if 0 ≤ j < l

= 0 if j = l

≥ 0 if l < j < k

> 0 if j = k

It thus follows from Theorem 10 thatHp is notSnα∗-stabilizable, which meansHP ∩Snα∗ = ∅, or

equivalently, by Lemma 3, thatHP ∩convSnα∗ = ∅. SinceconvSnα∗ is an open set, it follows from

the assumption made above that its boundary intersectsHP . Pick a pointy ∈ HP ∩ bd(convSnα∗).

It is easy to show thatHP is a supporting hyperplane to the convex coneconvSnα∗ at the boundary

point y. Since every hyperplane supporting a convex cone must pass through the vertex of the

cone [HUL93, A.4.2], it follows thatν ∈ HP . On the other hand, sincel > 0, Lemma 11 implies

Ll ∩Hp = ∅. This is a contradiction.

Remark 12:If −β is a real root ofh(z), then (z − β)n ∈ P . Such a polynomial is often,

though not always, a local minimizer ofα(p), but it is a global minimizer if and only if−β is

the largest such real rootand no other roots of derivatives ofh are larger than−β.

We now address the case where the infimum is not attained.

Theorem 13:Assume that−α∗ is not a root ofh. Let ℓ be the smallest integeri ∈ {1, . . . , k−
1} for which−α∗ is a root ofh(i). Then, for all sufficiently smallǫ > 0 there exists a real scalar

Mǫ for which

pǫ(z) := (z −Mǫ)
m(z − (α∗ + ǫ))n−m ∈ P

wherem = ℓ or ℓ + 1, andMǫ → −∞ as ǫ→ 0.

Proof: By Theorem 7, the optimal abscissa valueα∗ is not attained. Without loss of

generality, assumeα∗ = 0. Otherwise, writez = z̃ + α∗ and rewriteP as the set of monic

polynomials inz̃ with an affine constraint.

For 0 < m ≤ n, we havepǫ(z) = (z +K)m(z − ǫ)n−m ∈ P if and only if its coefficients are

real and
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0 =

(

B0 +B1

(

n−m

1

)

(−ǫ) +B2

(

n−m

2

)

(−ǫ)2 + · · ·+Bn−m(−ǫ)n−m

)

+

(

m

1

)(

B1 +B2

(

n−m

1

)

(−ǫ) +B3

(

n−m

2

)

(−ǫ)2 + · · ·Bn−m+1(−ǫ)n−m

)

K

+

(

m

2

)(

B2 +B3

(

n−m

1

)

(−ǫ) + · · ·+Bn−m+2(−ǫ)n−m

)

K
2

+ · · ·+

(

Bm +Bm+1

(

n−m

1

)

(−ǫ) + · · ·+Bn(−ǫ)n−m

)

K
m

= η0(ǫ) + η1(ǫ)K + · · · ηm(ǫ)Km =: fǫ(K).

Thus,pǫ ∈ P if and only ifK is a real root offǫ, a polynomial of degreem whose coefficients

depend onǫ. By Theorem 10, theh(j)(ǫ) have the same sign for allǫ > 0 and for all j ∈
{0, 1, . . . , k}, which we take to be positive. By the definiton ofℓ, h(j)(0) > 0 for j < ℓ and

h(ℓ)(0) = 0 which givesηj(0) =
(

m

j

)

h(j)(0)
n!(n−j)! > 0 for j < ℓ and similarlyηℓ(0) = 0. We have

also

ηm(ǫ) =

n
∑

j=m

Bj

(

n−m

j −m

)

(−ǫ)j−m =
(n−m)!

n!
h(m)(−ǫ) (3)

and

ηm−1(ǫ) = m
n

∑

j=m

Bj−1

(

n−m

j −m

)

(−ǫ)j−m (4)

= m
(n−m)!

n!

(

(n−m+ 1)h(m−1)(−ǫ) + ǫh(m)(−ǫ)
)

. (5)

Let m = ℓ. We haveηℓ(ǫ) > 0 for ǫ < 0 and ηℓ(0) = 0. The polynomialηℓ might change

sign around 0, depending on the multiplicity of 0 as a root. If0 is a root ofηℓ with an odd

multiplicity, ηℓ(ǫ) < 0 for ǫ > 0 small enough and so the coefficients offǫ have one and only one

sign change. By Descartes’ rule of signs,fǫ has one and only one rootK with positive real part

which must therefore be real. SettingMǫ = −K, we havepǫ(z) = (z − ǫ)n−m(z +K)m ∈ P as

desired. If the multiplicity is even, then the multiplicityof 0 as a root ofh(ℓ) is also even by

(3). Then,h(ℓ+1) must have 0 as a root with odd multiplicity andh(ℓ+1) changes sign around 0.

Setm = ℓ+1 in this case and repeat a similar argument: By (3),ηm changes sign around 0, i.e.

ηm < 0 for ǫ > 0 small enough. Furthermore, from (5),ηm−1 > 0 for ǫ > 0, ǫ small enough. As
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a result, the coefficients offǫ have one and only one sign change, forǫ > 0, ǫ small enough.

We again get the existence ofpǫ in P with the desired structure.

Finally, let us show thatMǫ → −∞. Suppose this is not the case. Then, there exists a

sequenceǫκ ↓ 0 and a positive numberR such thatsupκ ρ(pǫκ) ≤ R. Sincecl(Cn
R) is compact by

Theorem 4, there exists a positive constantR̃ such that all of the coefficients of the polynomial

pǫκ are bounded byR̃, uniformly over κ. By compactness, there exists a subsequencepǫκι

converging to a limitp∗ pointwise. Furthermore,p∗ ∈ P sinceP is closed. By continuity of

the abscissa mapping,α(p∗) = limι→∞ α(pǫκι ) = 0. This implies that the optimal abscissa is

attained onP , which is a contradiction.

Theorem 7 showed that in the real case the infimal value is not attained if and only if the

polynomialh has a derivative of any order between 1 andk − 1 with a real root to the right of

the rightmost real root ofh. However, it is not possible that a derivative ofh has a complex root

to the right of the rightmost complex root ofh. This follows immediately from the Gauss-Lucas

theorem, which states that the roots of the derivative of a polynomial p must lie in the convex

hull of the roots ofp [BLO04], [Mar66]. This suggests that the infimal value of theoptimal

abscissa problem with complex coefficients is always attained at a polynomial with a single

distinct root, namely a rightmost root ofh. Indeed, this is established in the following theorem,

whose proof can be found in Appendix B.

Theorem 14:Let B0, B1, . . . , Bn be complex scalars (withB1, . . . , Bn not all zero) and con-

sider the affine family of polynomials

P = {zn + a1z
n−1 + . . .+ an−1z + an | B0 +

n
∑

j=1

Bjaj = 0, ai ∈ C}.

The optimization problem

α∗ := inf
p∈P

α(p)

has an optimal solution of the form

p∗(z) = (z − γ)n ∈ P

with −γ given by a root with largest real part of the polynomialh where

h(z) = Bnz
n +Bn−1

(

n

n− 1

)

zn−1 + . . .+B1

(

n

1

)

z +B0.
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IV. EXAMPLES

Example 1. The following simple example is from [BLO01], where it was proved using the

Gauss-Lucas theorem thatp∗(z) = zn is a global optimizer of the abscissa over the set of

polynomials

P = {zn + a1z
n−1 + . . .+ an−1z + an | a1 + a2 = 0, ai ∈ C}.

We calculateh(z) =
(

n

2

)

z(z + 2
n−1

). Theorem 7 proves global optimality overai ∈ R and

Theorem 14 proves global optimality overai ∈ C.

Example 2. As mentioned in Section 1, Henrion and Overton [HO06] showedthat the problem

of finding a second-order linear controller that maximizes the closed-loop asymptotic decay rate

for the classical two-mass-spring system is equivalent to an abscissa minimization problem for a

monic polynomial of degree 6 whose coefficients depend affinely on 5 parameters, or equivalently

with a single affine constraint on the coefficients. Theorem 7(as well as Theorem 14) establishes

global optimality of the locally optimal polynomial constructed in [HO06], namely,(z − β)6,

whereβ = −
√
15/5.

Example 3. This is derived from a “Belgian chocolate” stabilization challenge problem of

Blondel [Blo94]: givena(z) = z2−2δz+1 andb(z) = z2−1, find the range of real values ofδ

for which there exist polynomialsx andy such that deg(x) ≥ deg(y) andα(xy(ax+ by)) < 0.

This problem remains unsolved. However, inspired by numerical experiments, [BHLO06b] gave

a solution forδ < δ̄ = (1/2)
√

2 +
√
2 ≈ 0.924. Whenx is constrained to be a monic polynomial

with degree3 andy to be a constant, the minimization ofα(xy(ax+ by)) reduces to

inf
p∈P

α(p)

where

P = {(z2 − 2δz + 1)(z3 +

2
∑

k=0

wkz
k) + (z2 − 1)v | w0, w1, w2, v ∈ C}.

For nonzero fixedδ, P is a set of monic polynomials with degree 5 whose coefficientsdepend

affinely on 4 parameters, or equivalently with a single affineconstraint on the coefficients. In

[BHLO06b] a polynomial inP with one distinct root of multiplicity 5 was constructed and

proved to be locally optimal using nonsmooth analysis. Theorems 7 and 14 prove its global
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optimality. They also apply to the case whenx is constrained to be monic with degree 4; then,

as shown in [BHLO06b], stabilization is possible forδ < δ̃ = (1/4)
√

10 + 2
√
5 ≈ 0.951.

Example 4. The polynomial achieving the minimal root radius may not be unique. LetP =

{z2 + a1z + a2 | 1 + a1 + a2 = 0, ai ∈ R}. We have

ρ∗ := inf
p∈P

ρ(p) = inf
a2∈R

ρ(z2 − (a2 + 1)z + a2) = inf
a2∈R

ρ ((z − a2)(z − 1)) = 1.

The minimal value is attained on a continuum of polynomials of the form (z−a2)(z−1) for any

−1 ≤ a2 ≤ 1 and hence minimizers are not unique. The existence of the minimizers (z − 1)2

and (z + 1)(z − 1) is consistent with Theorem 1. The same example shows that theminimizer

for the radius optimization problem with complex coefficients may not be unique.

Example 5. Likewise, a polynomial achieving the minimal root abscissamay not be unique. Let

P = {z2 + a1z + a2 | a1 = 0, a2 ∈ R}. We have

α∗ = inf
p∈P

α(p) = inf
a2∈R

α(z2 + a2) = 0.

HereB0 = B2 = 0, B1 = 1. The optimum is attained atp∗(z) = z2, where−α∗ = 0 is a root

of the polynomialh(z) = z, as claimed in Theorem 7. However, the optimum is attained ata

continuum of polynomials of the formz2 + a2 for any a2 > 0.

Example 6. In this example, the infimal root abscissa is not attained. Let P = {z2+a1z+a2 | a1 ∈
R anda2 = −1}. We haveh(z) = z2 + 1, so −α∗ = 0 is a root ofh(1) but not of h. Thus,

Theorem 13 applies withℓ = 1. Indeed

α∗ = inf
p∈P

α(p) = inf
a1∈R

α(z2 + a1z − 1)

= inf
a1∈R

max

{

−a1 −
√

a21 + 4

2
,
−a1 +

√

a21 + 4

2

}

= 0.

This infimum is not attained, but asa1 → ∞, setting ǫ =
−a1+

√
a21+4

2
→ 0 and Mǫ =

−a1−
√
a21+4

2
→ −∞ gives(z −Mǫ)(z − ǫ) ∈ P as claimed in Theorem 13.

Example 7. Consider the familyP = {z3 + a1z
2 + a2z + a3 | a1, a2 ∈ R anda3 = −1}. We

haveh(z) = z3 + 1, so −α∗ = 0 is a root of bothh(1) and h(2). Thus, the assumptions of

Theorem 13 are again satisfied withℓ = 1. However, this example shows the necessity of setting

m = ℓ + 1 whenh(ℓ) has a root of even multiplicity at−α∗. Settingm = ℓ = 1 is impossible
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since then(z −Mǫ)
m(z − ǫ)n−m ∈ P impliesMǫ =

1
ǫ2

→ +∞ as ǫ → 0. On the other hand,

whenm = ℓ+ 1 = 2, we have(z −Mǫ)
m(z − ǫ)n−m ∈ P with Mǫ = − 1√

ǫ
→ −∞ as ǫ ↓ 0.

Example 8. This is a SIMO static output feedback example going back to 1975 [ABJ75]. Given

a linear systeṁx = Fx+Gu, y = Hx, we wish to determine whether there exists a control law

with u = Ky stabilizing the system, i.e., so that the eigenvalues ofF + GKH are in the left

half-plane. For this particular example, the gain matrixK ≡ [w1, w2] ∈ R2×1, and the problem

is equivalent to finding a stable polynomial in the family

P = {(z3 − 13z) + (z2 − 5z)w1 + (z + 1)w2 | w1, w2 ∈ R}.

A very lengthy derivation in [ABJ75] based on the decidability algorithms of Tarski and Seiden-

berg yields a stable polynomialp ∈ P with abscissaα(p) ≈ −0.0656. In 1979, Chen [Che79b,

p.31], referring to [ABJ75], mentioned that his results show that the infimal value of the abscissa

α over all polynomials inP is approximately−5.91, but he did not provide an optimal or

nearly optimal solution. In 1999, the same example was used to illustrate a numerical method

given in [PS99], which, after 20 iterations, yields a stablepolynomial in p ∈ P with abscissa

α(p) ≈ −0.0100. The methods of [ABJ75] and [PS99] both generate stable polynomials, but

their abscissa values are nowhere near Chen’s infimal value.Applying Theorem 7, we find that

the rightmost real root ofh is −β ≈ 5.91 and none of the derivatives ofh have larger real roots,

so (z − β)3 is the global minimizer of the abscissa in the familyP . Theorem 14 shows that

allowingK to be complex does not reduce the optimal value.

Example 9. Consider the SISO system with the transfer function ([SMM92, Example 1], [GAB08])

s2 + 15s+ 50

s4 + 5s3 + 33s2 + 79s+ 50
.

We seek a second-order controller of the form

w3s
2 + w4s+ w5

s2 + w1s+ w2

that stabilizes the resulting closed-loop transfer function

T (s) = (s4 + 5s3 + 33s2 + 79s+ 50)(s2 + w1s+ w2) + (s2 + 15s+ 50)(w3s
2 + w4s+ w5).

Applying the software package HIFOO [BHLO06a] to locally optimize the abscissa ofT results

in a stabilizing controller withα(T ) ≈ −0.6640. But sinceT (s) is a monic polynomial with
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degree 6 depending affinely on 5 parameters, Theorems 7 and 14apply, showing that the optimal

closed-loop transfer function is(z − β)6 whereβ ≈ −12.0801.

More examples may be explored by downloading a publicly available1 MATLAB code imple-

menting the constructive algorithms implicit in Theorems 1, 6, 7 and 14 as well as Corollary 2

and Theorem 13. A code generating all the examples of this section and two other examples

mentioned in [BGMO10] is also available at the same website.In general, there does not seem

to be any difficulty obtaining an accurate globally optimal value for the root abscissa or root

radius in the real or complex case. However, even in the caseswhere an optimal solution exists,

the coefficients may be large, so that rounding errors in the computed coefficients result in a

large constraint residual, and the difficulty is compoundedwhen the optimal abscissa value is not

attained and a polynomial with an approximately optimal abscissa value is computed: hence, it is

inadvisable to chooseǫ in Theorem 13 too small. Furthermore, the multiple roots of the optimal

polynomials are not robust with respect to small perturbations in the coefficients. Optimizing a

more robust objective such as the so-called complex stability “radius” (in the data-perturbation

sense) of the polynomial may be of more practical use; see [BHLO06b, Section II]. Since it is

not known how to compute global optima for this problem, one might use local optimization

with the starting point chosen by first globally optimizing the root abscissa or radius respectively.

V. CONCLUDING REMARKS

Suppose there areκ constraints on the coefficients. In this case, we conjecture, based on

numerical experiments, that there always exists an optimalpolynomial with at mostκ− 1 roots

having modulus less thanρ∗ or having real part less thanα∗ respectively. However, there does

not seem to be a useful bound on the number of possible distinct roots. Thus, computing global

optimizers appears to be difficult.

When there areκ constraints, we can obtain upper and lower bounds on the optimal value

as follows. Lower bounds can be obtained by solving many problems with onlyoneconstraint,

each of which is obtained from random linear combinations ofthe prescribedκ constraints.

Upper bounds can be obtained by local optimization of the relevant objectiveρ or α over an

1www.cs.nyu.edu/overton/software/affpoly/
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affine parametrization which is obtained from computing thenull space of the given constraints.

However, the gap between these bounds cannot be expected to be small.

The results do not extend to the more general case of an affine family of n × n matrices

depending onn− 1 parameters. For example, consider the matrix family

A(ξ) =





ξ 1

−1 ξ



 .

This matrix depends affinely on a single parameterξ, but its characteristic polynomial, a monic

polynomial of degree 2, does not, so the results given here donot apply. The minimal spectral

radius (maximum of the moduli of the eigenvalues) ofA(ξ) is attained byξ = 0, for which the

eigenvalues are±j. Nonetheless, experiments show that it is often the case that optimizing the

spectral radius or spectral abscissa of a matrix depending affinely on parameters yields a matrix

with multiple eigenvalues, or several multiple eigenvalues with the same radius or abscissa value;

an interesting example is analyzed in [GO07].

APPENDIX A

PROOF OFTHEOREM 6

We begin with some notation. For a positive integern, letPn denote the complex vector space

of all polynomials

p(z) = a0z
n + a1z

n−1 + · · ·+ an−1z + an

with complex coefficientsai ∈ C. LetP1
n be the affine subset ofPn consisting of all polynomials

with a0 = 1 (the monic polynomials).

Definition 15: For p ∈ P1
n and k ∈ {1, 2, . . . , n}, let rk(p) denote thek-th largest absolute

value of a root ofp, i.e. rk(p) = |zk| when

p(z) = (z − z1)(z − z2) . . . (z − zn), |z1| ≥ |z2| ≥ · · · ≥ |zn|.

For p ∈ P1
n define

φ(p) = max{|z1 − z2| | |z1| = |z2| = r1(p), p(z1) = p(z2) = 0},

the diameter of the set of roots with maximal modulus (zero ifp has only one distinct root with

maximal modulus). Giveng ∈ P1
n and a linear functionalL : Pn 7→ C, let X0 be the set of all
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p ∈ P1
n such thatL(p) = L(g). For k = 1, 2, . . . , n defineXk as the set of allp ∈ Xk−1 for

which rk(p) equals the minimum ofrk on Xk−1.

We will need the following preliminary result.

Lemma 16:For g ∈ P1
2 , let X0, X1, X2 be defined as above. Then one of the following

statements is true:

(a) the functionalr1(·) has a unique minimizerp∗ on X0, and there existsa ∈ C such that

p∗(z) = (z − a)2, or equivalentlyX0 ⊇ X1 = X2 =
{

(z − a)2
}

.

(b) the functionalr2(·) has a unique minimizerp∗ on X1, and there existsa ∈ C such that

p∗(z) = (z − a)z, or equivalentlyX0 ⊇ X1 ⊃ X2 = {(z − a)z}.

(c) there exista ∈ C, a 6= 0, θ ∈ (0, π), and a continuous strictly decreasing function

ψ : [0, 2π] 7→ [−π, π] satisfying interpolation constraints

ψ(0) = π, ψ(θ) = θ, ψ(π) = 0, ψ(2π − θ) = −θ, ψ(2π) = −π,

such that

X0 ⊇ X1 = X2 =
{

p(z) =
(

z − aejt
) (

z − aejψ(t)
)

| t ∈ [0, 2π]
}

.

Proof: Let the complex numbersq0, q1, q2 be defined by

L(z2 + a1z + a2)− L(g) = q2 + q1a1 + q0a2.

Then a polynomialp(z) = (z − z1)(z − z2) belongs toX0 if and only if

q2 − q1(z1 + z2) + q0z1z2 = 0. (6)

Whenq0 6= 0 defineb, c such that

c =
q1
q0
, b2 = c2 − q2

q0
, Re(c̄b) ≥ 0,

i.e. (6) is equivalent to

(z1 − c)(z2 − c) = b2,

and |c+ b| ≥ |c− b|. One of the following situations must occur.

1) q0 = q1 = 0: the fact that (6) must be feasible yieldsq2 = 0, henceX0 = P1
2 , and the

minimal value0 of r1(p) for p ∈ X0 is attained at a single pointp(z) = z2 (case (a)).
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2) q0 = 0, q1 6= 0: condition (6) is equivalent to

z1 + z2
2

=
q2
2q1

def
= a.

Since the inequality
∣

∣

∣

∣

z1 + z2
2

∣

∣

∣

∣

≥ max{|z1|, |z2|}

implies z1 = z2, the minimal value|a| of r1(p) for p ∈ X0 is attained at a single point

p(z) = (z − a)2 (case (a)).

3) q0 6= 0, b = 0: condition (6) holds when eitherz1 = c or z2 = c, hence the minimal value

|c| of r1(p) for p ∈ X0 is attained on polynomials of the formp(z) = (z − c)(z − u),

where|u| ≤ |c|, and the minimal value0 of r2(p) for p ∈ X1 is attained at a single point

p(z) = (z − c)z (case (b)).

4) q0 6= 0, b 6= 0, |c+ b| > |c− b|: the minimal value|c− b| of r1(p) for p ∈ X0 is attained

at a single pointp(z) = (z − c+ b)2 (case (a)). The statement is obvious whenb = c. To

see that no other polynomialp ∈ X0 achieves the value of|b− c| (or better) whenb 6= c,

it suffices to show that the discD0 = {z | |z| ≤ |c − b|} and its imagef(D0) under the

map f : z 7→ c + b2/(z − c) have a unique common pointz = c − b. It is well known

that f is a bijection of the extended complex planeC ∪ {∞} to itself which maps discs

to discs, complements of discs, or half-planes, and also maps boundaries to boundaries.

Sincez0 = c− b = f(c− b) is a fixed point off , andf ′(z0) = −1 is negative real,f(D0)

is tangential toD0 at z0. By the negativity off ′(z0), z0 will be the only intersection of

D0 andf(D0).

5) q0 6= 0, b 6= 0, |c + b| = |c − b|: the minimal value|c− b| = |c + b| of r1(p) for p ∈ X0

is attained on the set of polynomials of the formp(z) = (z − z1)(z − z2), wherez1 is an

arbitrary complex number such that|z1| = |c− b|, and

z2 =
b2

z1 − c
+ c

(which automatically implies|z2| = |c− b|). This is case (c), wherea = jb and θ = π/2

when c = 0, and otherwisea, θ are defined by

a =
|c− b|
|c| c, ejθ =

c± b

|c± b|
|c|
c

(the plus sign is to be used when the imaginary part ofbc̄ is positive), andψ is a “phase”

representation of the mapz1 7→ z2.
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This completes the proof.

In order to establish Theorem 6, we first state and prove a related “super-optimization”

problem, again using Definition 15.

Theorem 17:The functionalφ achieves its minimum onXn, and for every minimizerp∗ ∈ Xn

of φ, there existsa ∈ C and nonnegative integersκ, λ such thatp∗(z) = (z − a)κzλ.

Proof: We use induction with respect ton. Whenn = 2, the statement follows by Lemma 16.

Assume the statement is true forn = m > 1. Consider the casen = m + 1. Note thatφ is

continuous onXn, and hence achieves its minimum at a polynomial

p∗(z) = (z − z1) . . . (z − zm)(z − zm+1), |z1| ≥ |z2| ≥ · · · ≥ |zm| ≥ |zm+1|.

One of the following three situations must take place.

1) |z1| = 0. Thenp∗(z) = zn.

2) |zm+1| < |z1|. Then, according to Lemma 16,p∗ ∈ Xn implies zm+1 = 0. Moreover, the

polynomial

q(z) = (z − z1) . . . (z − zm)

must be optimal in the sense of Theorem 17 withn = m, and hence, by the inductive

hypothesis,q(z) = (z − a)κzλ, which impliesp∗(z) = (z − a)κzλ+1.

3) |zm+1| = |z1| = d > 0. According to the inductive hypothesis, the setXn must contain a

polynomial of the formp(z) = (z− a)m(z− z1), where|a| = d. Let Ω be the shortest arc

of the circle|z| = d connecting the pointsa andz1 (if a = −z1, take one of the two arcs

of equal length). Among all polynomialsp ∈ Xn with roots inΩ, take the one with the

minimal radius of the root set, and denote it by

q∗ : q∗(z) = (z − w1)(z − w2) . . . (z − wn).

Sinceq∗ ∈ Xn, we have|wi| = |a| for all i.

Let us show that all rootswi of q∗ are equal, i.e. thatq∗(z) = (z − b)n for someb ∈ C.

By construction,wi ∈ Ω lie within an arc of angular length not larger thanπ. Let u1

andu2 be the two most distant values amongwi. Applying Lemma 16 to the polynomial

p(z) = (z − u1)(z − u2), shows that the case (c) takes place (otherwiseq∗ 6∈ Xn), hence

for every pairwi = u1, wk = u2 of the roots ofq∗, it is possible to replacewi andwk with

a pair of equal roots̃wi = w̃k = w̃ ∈ Ω, wherew̃ lies strictly betweenu1 andu2. If u1 or
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u2, as the roots ofq∗, have multiplicity 1, this immediately leads to a polynomial q̃∗ ∈ Xn

with the root set contained inΩ and having a smaller diameter. If the multiplicities ofu1,

u2 are greater than 1, this process can be repeated until lack ofoptimality of q∗ is proved.

This completes the proof.

Corollary 18: Let L : Pn 7→ C be a linear functional. Then for everyg ∈ P1
n there exists a

polynomialf(z) = (z − a)n (wherea ∈ C) such thatL(f) = L(g) and

r1(f) = min{r1(p) | p ∈ P1
n, L(p) = L(g)}.

Proof: Taking into account the statement of Theorem 17, it is sufficient to show that if the

setX1 contains a polynomial of the formp(z) = (z− a)κzλ with |a| > 0 andλ > 0 then it also

contains the polynomialq(z) = (z − a)κ+1zλ−1. Indeed, for∆, δ ∈ C let

p∆,δ(z) = (z − a−∆)κzλ−1(z − δ), f(∆, δ) = L(p∆,δ)− L(g).

Note thatf(∆, δ) is a polynomial, linear with respect toδ, i.e

f(∆, δ) = f0(∆) + f1(∆)δ.

By constructionf0(0) = 0. Moreover,q ∈ X1 implies f1(0) = 0, as otherwisep∆,δ ∈ X0 and

r1(p∆,δ) < r1(q) for

∆ = −at, δ = −f0(∆)

f1(∆)
,

wheret > 0 is sufficiently small. Sincef0(0) = f1(0) = 0, we havep0,a ∈ X1, which completes

the proof.

Now the stage is set for the proof of Theorem 6.

Proof: Each choice ofB0, B1, . . . , Bn corresponds to a linear functionalL : Pn 7→ C of

the formL(p) =
∑n

i=0Biai. Thus, we wish to prove that given a linear functionalL : Pn 7→ C

and a polynomialg ∈ P1
n, the minimum ofr1(p) over all polynomialsp ∈ P1

n satisfying the

constraintL(p) = L(g) can be attained on a polynomialp = f of the formf(z) = (z − a)n for

somea ∈ C. But this is exactly the statement of Corollary 18 proved above. With the existence

of the minimizer with the claimed structure established, the property that−γ is a root of the

polynomialh now follows from the fact that(z − γ)n is in P if and only if h(−γ) = 0.

December 10, 2011 DRAFT



24

APPENDIX B

PROOF OFTHEOREM 14

We will derive Theorem 14 from Theorem 6, proved in Appendix A. Let the linear functional

Ln : Pn 7→ C be defined by

Lnp = lim
z→∞

z−np(z).

We havep ∈ P1
n if and only if Lnp = 1. Theorem 6 is equivalent to saying that given a linear

functionalF : Pn 7→ C, F 6= 0, F 6= Ln, the minimal root radius over the set

{q ∈ Pn | Fq = 0, Lnq = 1}

is attained at a polynomialq∗ with only one distinct root. It is easy to see that replacing the

constraintLnq = 1 with Lnq = c for any c ∈ C, c 6= 0 would not change the minimal root

radius, as the optimizer would simply becomecq∗. As a consequence, we have the following

theorem, equivalent to Theorem 6:

Theorem 19:Given a linear functionalF : Pn 7→ C such thatF 6= cLn for everyc ∈ C, the

root radiusρ achieves its minimum on

ΩF = {q ∈ Pn| Fq = 0, Lnq 6= 0}

at a polynomialq∗ = ga of the formga(z) = (z − a)n for somea ∈ C.

To prove Theorem 14, it suffices to show that the minimal abscissa is attained at a polynomial

with only one distinct rootγ, since then−γ would have to be the rightmost root (root with the

largest real part) ofh. We will prove the following equivalent statement:

Theorem 20:Given a linear functionalG : Pn 7→ C such thatG 6= cLn for everyc ∈ C, the

root abscissaα achieves its minimum on

ΩG = {p ∈ Pn : Gp = 0, Lnp 6= 0}

at a polynomialp∗ = gγ of the formgγ(s) = (s− γ)n for someγ ∈ C.

Proof: The proof follows from Theorem 19 as we now explain. It is sufficient to demonstrate

that

(*) if p ∈ ΩG andα(p) < σ for someσ ∈ R, then there existsd ∈ C such that the polynomial

r(s) = gd(s) = (s− d)n satisfiesr ∈ ΩG andα(r) < σ.
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This is because (*) implies that the optimizer can be chosen to have one (distinct) root. Notice

that (*) states implicitly that the optimum is attained, because every suchd is a root of the

polynomialp̃(w) = Ggw, and so there is a finite number of choices ofd ∈ C such thatgd ∈ ΩG.

The optimal abscissa would then be one of suchd’s with the smallest real part.

To prove (*), for σ ∈ R, let Aσ be the functionAσ : Pn 7→ Pn mappingp ∈ Pn to

q = Aσp ∈ Pn defined by the identity

q(z) = (z − 1)np

(

σ +
z + 1

z − 1

)

(z 6= 1).

Note thatAσ is linear and invertible. Ifp ∈ ΩG, q = Aσp, andα(p) < σ, then q(z) 6= 0 for

|z| ≥ 1, because

Re(s) ≥ σ for s = σ +
z + 1

z − 1
, z 6= 1, |z| ≥ 1,

and

q(1) = lim
z→1

(z − 1)np

(

σ +
z + 1

z − 1

)

= 2nLnp 6= 0,

so ρ(q) < 1. In addition,

Lnq = lim
z→∞

(z − 1)n

zn
p

(

σ +
z + 1

z − 1

)

= p(σ + 1) 6= 0,

which implies thatq ∈ ΩF for F = GA−1
σ , and thatF 6= cLn for everyc ∈ C.

By Theorem 19, there existsa ∈ C such that|a| < 1 and the polynomialq0(z) = (z − a)n is

in ΩF . Let r0 = A−1
σ q0. By definition,

(z − 1)nr0

(

σ +
z + 1

z − 1

)

= (z − a)n,

which means that

r0

(

σ +
z + 1

z − 1

)

=

(

z − a

z − 1

)n

=

(

1 + a

2
+

1− a

2

z + 1

z − 1

)n

,

i.e.

r0(s) =

(

1− a

2

)n(

s− σ − a+ 1

a− 1

)n

.

SinceGr0 = FAσr0 = Fq0 = 0, we can setr(s) = (s− d)n with

d = σ +
a+ 1

a− 1
.

and we haveRe(d) < σ since|a| < 1. Therefore,α(r) < σ.
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