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Explicit Solutions for Root Optimization of a

Polynomial Family with One Affine Constraint

Vincent D. Blondel, Mert @rblzbalaban, Alexandre Megretski

and Michael L. Overton

Abstract

Given a family of real or complex monic polynomials of fixedgdee with one affine constraint
on their coefficients, consider the problem of minimizing tloot radius (largest modulus of the roots)
or root abscissa (largest real part of the roots). We givesttootive methods for efficiently computing
the globally optimal value as well as an optimal polynomiélen the optimal value is attained and an
approximation when it is not. An optimal polynomial can ajwde chosen to have at most two distinct
roots in the real case and just one distinct root in the coxgdse. Examples are presented illustrating

the results, including several fixed-order controller wati design problems.

. INTRODUCTION

A fundamental general class of problems is as follows: gaeset of monic polynomials of
degreen whose coefficients depend on parameters, determine a cluoitieese parameters for

which the polynomial is stable, or show that no such staddilan is possible. Variations on this
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stabilization problem have been studied for more than ha#rdury and several were mentioned
in [BGL95] as being among the “major open problems in consgatems theory”.

In this paper, we show that there is one important specia oéshe polynomial stabilization
problem which is explicitly solvable: when the dependenceparameters is affine and the
number of parameters is — 1, or equivalently, when there is a single affine constrainthon
coefficients. In this setting, regardless of whether thdfments are allowed to be complex or
restricted to be real, the problem of globally minimizing ttoot radius (defined as the maximum
of the moduli of the roots) or root abscissa (maximum of tia parts) may be solved efficiently,
even though the minimization objective is nonconvex anduqméchitz continuous at minimizers.
The polynomial is Schur (respectively Hurwitz) stabililalif and only if the globally minimal
value of the root radius (abscissa) is less than one (zeto¥ Farticular class of polynomial
stabilization problems includes two interesting contrpplécations. The first is the classical
static output feedback stabilization problem in state spaith one input andn — 1 independent
outputs, wheren is the system ordef [Che79a]. The second is a frequency-dostebilization
problem for a controller of ordem — 2 [Ran89, p. 651]. In the second case, if stabilization is
not possible, then the minimal order required for stahbiicrais m — 1. How to compute the
minimal such order in general is a long-standing open qoesti

As a specific continuous-time example, consider the clabs$igo-mass-spring dynamical
system. It was shown i [HOO06] that the minimal order recglifer stabilization is 2 and
that the problem of maximizing the closed-loop asymptog&cay rate in this case is equivalent
to the optimization problem

min max{Re | p(z) = 0}

where
P = {(z"+22°)(wg + 212 + 2°) + Yo + Y12 + y22° | @0, T1, Y0, Y1, Y2 € R}

Thus P is a set of monic polynomials with degree 6 whose coefficielgigsend affinely on 5
parameters. A construction was given in [HOO06] of a polyraimvith one distinct root with
multiplicity 6 and its local optimality was proved using ketques from nonsmooth analysis.
Theorem 7 below validates this construction in a more gérsmtiing and proves global opti-

mality.
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The global minimization methods just mentioned are expldim a sequence of theorems
that we present below. Theordm 1 shows that in the discie-tase with real coefficients,
the optimal polynomial can always be chosen to have at mastdigtinct roots, regardless of
n, while TheoreniL b shows that in the discrete-time case withpex coefficients, the optimal
polynomial can always be chosen to have just one distindt fide continuous-time case is more
subtle, because the globally infimal value of the root alsscimay not be attained. Theoréin 7
shows that if it is attained, the corresponding optimal polypial may be chosen to have just
one distinct root, while Theorei 113 treats the case in whiehdptimal value is not attained.
As in the discrete-time case, two roots play a role, but now @inthem may not be finite. More
precisely, the globally optimal value of the root abscissayrhe arbitrarily well approximated
by a polynomial with two distinct roots, only one of which isunded. Finally, Theorerm 114
shows that in the continuous-time case with complex coefiisi, the optimal value is always
attained by a polynomial with just one distinct root.

Our work was originally inspired by a combination of numatiexperiments and mathematical
analysis of special cases reported[in [BLOOL], [BHLOO06BIODE]. As we began investigating
a more general theory, A. Rantzer drew our attention to a meabée 1979 Ph.D. thesis of
Raymond Chen [Che79b], which in fact derived a method to adgmfhe globally infimal value
of the abscissa in the continuous-time case with real cositis. Chen also obtained some key
related results for the discrete-time case with real coeffts, as explained in detail below.
However, he didhot provide generally applicable methods for constructingoglly optimal or
approximately optimal solutions, indeed remarking thatae lacking such methods [Che79b,
p. 29 and p. 71]. Neither did he consider the complex casewfoch it is a curious fact that
our theorems are easier to state but apparently harder t@ phan in the real case when the
globally optimal value is attained.

This paper is concerned only with closed-form solutionse froblem of generating the
entire root distribution of a polynomial subject to an affioenstraint can also be approached
by computational methods based on value set analysis [(sa®3Bfor details). This has the
advantage that it can be generalized to handle more thanfbne eonstraint.

The theorems summarized above are presented in Secliond[ITHor the discrete-time and
continuous-time cases, respectively. The algorithmsigiiph the theorems are implemented in

a publicly available MTLAB code. Examples illustrating various cases, including ti#lsties
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involved when the globally optimal abscissa is not attajree@ presented in Sectign]IV. We

make some concluding remarks about possible generalimaiinoSection V.

[I. DISCRETETIME STABILITY

Let p(p) denote theoot radiusof a polynomialp,

p(p) = max {[z| | p(z) =0, z € C}.
The following result shows that when the root radius is miaad over monic polynomials with
real coefficients subject to a single affine constraint, theénwal polynomial can be chosen to
have at most two distinct roots (zeros), and hence at leashuritiple root whem > 2.
Theorem 1:Let By, By, ..., B, be real scalars (witlBy, ..., B, not all zero) and consider
the affine family of monic polynomials

P:{Z"+a1z"_1+...+an_1z+an | BO+ZBjaj:0,ai€R}.

j=1
The optimization problem

* = inf
pr = nf p(p)

has a globally optimal solution of the form
p(2)=(-7"" z+7)"eP

for some integek with 0 < k£ < n, wherey = p*.

Proof: Existence of an optimal solution is easy. Take apyc P and definel, = {p €
Plp(p) < p(po)}- The setF, is bounded and closed. Sina€ ,cp p(p) = inf,ecp, p(p), Optimality
is attained for some € P, C P.

We now prove the existence of an optimal solution that hascliiened structure. Let

ni n2

p(z) = H(z +¢) H (22 + 2d;z + ¢;)

=1 i=ni1+1
be an optimal solution with; + 2(ny —ny) = n, ¢;,d;, e; € R, e; > |d;| andp(p) = r. We first
show that there is an optimal solution whose roots all havgmtader. Consider therefore the

perturbed polynomial

ni n2

pa(z) = [JE+a+2)) J[ (2*+2diz + ei(1+ Ay))

i=1 i=n1+1
= 2"+ a (A" a1 (A)z Fan (D),
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with po € P. The function
L(A) = BQ + Blal (A) +...+ Bn_lan_l(A) + Bnan(A)

is a multilinear function fromR"> to R and it satisfied.(0) = 0. Observe that the casg = 1

can occur only ifn. = 1 or n = 2 and in that case the result is easy to verify, so assume that
ny > 2. Consider now a perturbatiofy; associated with a root or a conjugate pair of roots that
do not have maximal magnitude (i.e.< j < n; and|c;| <7, orn;+1 < j < ny ande; < r?),

and define
oL
My = aA]
If 1; # 0 then by the implicit function theorem one can find sorvein a neighborhood of

0).

the origin for whichA; < 0 for i # j with L(A) = 0 and therefore for whichp(ga) < p*,
contradicting the optimality of. On the other hand, ifi; = 0, then, sinceL is linear in A;,
we haveL(0,...,0,A;,0,...,0) = L(0) = 0 for all A;, and soA; can be chosen so that the
corresponding root or conjugate pair of roots has magniexaetly equal to-. Thus, an optimal
polynomial whose roots have equal magnitudes can alwaysuredf

If » =0, the result is established, so in what follows suppose that). We need to show
that all roots can be chosen to be real. We start from somenapsolution whose roots have

magnituder > 0, say

p(z) = H(22 + 2d;z +1?) H(z +7) H(z —r),
=1 =1 =1
with d; € R. Consider the perturbed polynomial

ni

pa(z) = [ (2 +2di(1+ Do)z + (1 + Agiy)) %
=1

H (Z + T(l + A2n1+i>> H (Z - T(l + A2n1+n2+i))

i=1 i=1
= 2"+ a (A" a1 (A)z +an (D),

now including a perturbation td;, so the function
L(A) = BQ + Blal (A) + oo Bn_lan_l(A) + Bnan(A)

is now a multilinear function froniR™ to R that satisfied.(0) = 0. Letj be an indexl < j < ny

for which d; # £r and define
oL 0
Wy = 90, .
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If 1; # 0 then by the same argument as above one can find a valdeiofthe neighborhood
of the origin for whichA; < 0 for ¢ # 25 with L(A) = 0 and therefore for whichy(pa) < 7,
which contradicts the optimality gf. So we must have;; = 0. But thenA,; can be modified
as desired while preserving the conditidtA) = 0 and so in particular it may be chosen so
thatd;(1+A,;) = +r. Repeated application of this argument leads to a polyrlomia) whose
roots are alltr. ]

Notice thatp*(z) € P if and only if v satisfies a certain polynomial equality oncés fixed.
The following corollary is a direct consequence of this fattowing thaty in Theoreni Il can
be computed explicitly.

Corollary 2: Let v be the globally optimal value whose existence is assertéthaoreniIL,

and consider the set
E={reR| gi(r) =0 for some k € {0,1,...,n}}

where

gr(2) = Bovg + Biviz + ...+ By_10,_12" "t + Buun 2"
and (vo, ..., v,) is the convolution of the vectors
n—=k n—=k n—=k k k k
o d — (1)
(60 ()G e (6)-()- ()
for k=0,...,n. Then,—~ is an element oE with smallest magnitude.

Although Theoreni]l and Corollafy 2 are both new, they aret@dl#o results in[[Che79b],

as we now explain. Let

Hp ={(ay,as,...,a,) ER" | 2" +a2" '+ ... +a, € P} (1)

be the set of coefficients of polynomials in The setHp is a hyperplane, by which we mean

ann — 1 dimensional affine subspace &f'. Let
Cr ={(a1,as,...,a,) €R" | p(2) = 2" + a12""'... + a,, and p(p) < r}

be the set of coefficients of monic polynomials with root tedsmaller than. Clearly, p* < r
if and only if Hp N C™ # (). The root optimization problem is then equivalent to findihg
infimum of » such that the hyperplang, intersects the set”. The latter set is known to be

nonconvex, characterized by several algebraic inegesligo this would appear to be difficult.
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However, sinceC" is open and connected, it intersects a given hyperplanedfauty if its
convex hull intersects the hyperplane:

Lemma 3: (Chen[[Che79b, Lemma 2.1.2]; see also [Che79a, leerdr]) Let H be a
hyperplane inR", that is ann — 1 dimensional affine subspace &', and letS C R" be
an open connected set. Théhn S # () if and only if H N conv(S) # 0.

The setconv(C?) is an open simplex so it is easy to characterize its interseetith Hp:
Theorem 4: (Chen, special case of [Chel79b, Prop. 3.1.7] dsd Bam and Meditch [FM78],
for the caser = 1; see also[[HPOB, Prop. 4.1.26])Ve have

conv(Cl) = conv(vy, Vo, ...y Upt1)
where the vertices

v = {(ar,a2,...,a,) €R" | (z =)z +r)f ="+ Zajzj}
j=1

are the coefficients of the polynomials — )" *(z + r)".

Since the optimum* is attained, the closure ebnv(C}.) and the hyperplané/» must have
a non-empty intersection. Theordrh 1 says that, in fact, tkersection ofHp with C7. must
contain at least one vertex obnv(C7.), and Corollary{P explains how to find it. In contrast,
Chen uses Theoreh 4 to derive a procedure (his Theorem 302 .@sting whether the minimal
value p* of Theoren(l is greater or less than a given valysee also[[Che79a, Theorem 2.6]).
This could be used to define a bisection method for approxigat®, but it would not yield
the optimal polynomiap*(z). Note that the main tool used in the proof of Theorem 1 is the
implicit function theorem, in contrast to the sequence gthraic results leading to Theoréin 4.

Remark 5:The techniques used in Theorém 1 are all local. Thus, anylyosptimal mini-
mizer can be perturbed to yield a locally optimal minimizéthe form (z — 3)" *(z +38)* € P
for some integerk, where 5 is the root radius attained at the local minimizer. Furthaen
all real roots—/ of the polynomialsg; in Corollary[2 define candidates for local minimizers,
and while not all of them are guaranteed to be local mininsizérose with smallest magnitude
(usually there will only be one) are guaranteed to be globaimizers.

The work of Chen[[Che79b] was limited to polynomials with Ireaefficients. A complex
analogue of Theorer] 1 is simpler to state because the opfiolghomial may be chosen to
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have only one distinct root, a multiple rootf > 1. However, the proof is substantially more
complicated than for the real case and is deferred to Appeéfidi

Theorem 6:Let By, By, ..., B, be complex scalars (witB, ..., B,, not all zero) and consider
the affine family of polynomials

P:{z"+a1z"_1+...+an_1z+an | BO+ZBjaj:O,aiEC}.

j=1
The optimization problem

* = inf
p" = inf p(p)

has an optimal solution of the form
p(z)=(-—7)"€eP
with — given by a root of smallest magnitude of the polynomial

h(Z) :Bn2n+Bn_1< " )Zn_l—F...—FBl(,;L)Z—l—B(].

n—1
[[l. CONTINUOUS-TIME STABILITY

Let «(p) denote theoot abscisseof a polynomialp,
a(p) = max{Re(z) | p(z) =0, z € C}.

We now consider minimization of the root abscissa of a mooigmomial with real coefficients
subject to a single affine constraint. In this case, the infimmay not be attained.
Theorem 7:Let By, By, ..., B, be real scalars (witlBy, ..., B, not all zero) and consider

the affine family of polynomials

P={"+az""+.. . +au1z+a, | Bo+ Y Bja;=0,a; € R}.
j=1

Let £ = max{j : B; # 0}. Define the polynomial of degree
n n n—1 n
h(z) = B,z" + B, 1 9k + ...+ B; ) z + By.
n —

Consider the optimization problem

* = inf i
o = inf o(p)

Then
a*:min{5€R|h(i)(—ﬂ)zoforsomeie{O,...,k—l}},
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whereh(® is thei-th derivative ofh. Furthermore, the optimal value is attained by a minimizing

polynomial p* if and only if —a* is a root ofh, that isi = 0, and in this case we can take
FE)=(-a)"er
with v = o*.

The first part of this result, the characterization of thenafi value, is due to Chefn [Che79b,
Theorem 2.3.1]. Furthermore, Chen also observed the “ift plthe second statement, showing
[Che79b, p.29] that if-o* is a root of/, (as opposed to one of its derivatives), the optimal value
o* is attained by the polynomial with a single distinct raot However, he noted on the same
page that he did not have a general method to construct agulghwith an abscissa equal to
a given valuex > «o*. Nor did he characterize the case when the infimum is attaMé&dnow
address both these issues.

Because the infimum may not be attained, we cannot prove &hg@rusing a variant of the
proof of Theoreni L. Instead, we follow Chen’'s developmermfif® the hyperplane of feasible

coefficients as previously (see equatibh (1)). Let
St = {(ar,a,...,a,) ER™ | 2" + a12" " + ...+ a, = 0 implies Re(z) < (}

denote the set of coefficients of monic polynomials with rabscissa less thap where( € R
is a given parameter.

Definition 8: (57-stabilizability) A hyperplaneH» C R" is said to beS?-stabilizable if Hp N
S¢# 0.
As in the root radius case, Lemrha 3 shows that althobighs a complicated nonconvex set,
a hyperplanefi» is S¢-stabilizable if and only iffi/p intersectsconvSy, a polyhedral convex
cone which can be characterized as follows:

Theorem 9: (Chen [Che79b, Theorem 2.1.8J¢ have

conv(S) = v +pos({&}) = {v + iriéi | ; >0},
i=1

an open polyhedral convex cone with vertex
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10

and extreme rays

s _ " n—1 _ j—i '
f=2 (3200
where{e;}"_, is the standard basis &f".
This leads to the following characterization 8f-stabilizability:
Theorem 10: (Chen, a variant df [Che79b, Theorem 2.2.2];ase [Che79a, Theorem 2.4])
Define the hyperplanél» as in equation{1), the polynomialand the integek as in Theorem

[7. Then the following statements are equivalent:
1) Hp is S¢-stabilizable
2) There exist nonnegative integets with 0 < j < j < k such that

B (=D (=¢) <0
where h)(—(¢) denotes thg-th derivative ofh(z) at z = —.

To prove the last part of Theoremh 7, we need the following lemm
Lemma 11:We haveh(—(¢) = O ifand only if (z — {)" € P. Furthermore, fof € {1,2, ..., k—
1}, K9 (=¢) = 0 if and only if exactly one of the following two conditions lbl

1) LinHp =0 andh(—¢) #0
2) L € Hp andh(—() =0
where
Li={v+ré |rn>0} i=12,...n

is thei-th extreme ray of the conenv(S¢) given in Theorenil9.

Proof: We have
h(—() = zn:Bj (;’) (—¢) = By + (B1,Bs, ..., By) v
j=0
where- denotes the usual dot productlitt. Therefore,
M=) =0 <= By+(B,By,....,B,) - v=0 (2)
<~— veHHp

= +) py" T =(2-()"€P
=1
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11

proves the first part of the lemma. Now, ket {1,2,... k — 1}. A straightforward calculation

gives
h(l) _ _ mn—1 j—i
(-0 n_@,zl (020
n!
= Bi,Bs,...,B,) ¢
(n_71> ( 17 27 Y ) e
Hence,

R (—¢)=0 <= (By,Bs,...,By)-é=0

<— L;e H:={(ay,as,...,a,) | —(B1,Ba,...,B,) v
—i—ZBjaj:O}
j=1

If By = —(By,Bs,...,B,) v,thenH = Hp, v € Hp and from [2), we gef.(—() = 0 (case
(1)). Otherwise, the hyperplan is parallel toH, and H N H, = 0, so thatL, N H, = 0, and
alsoh(—¢) # 0 (otherwise by[(R)y € L, N H, which would be a contradiction); this is case
(2). [
Now we are ready to complete the proof of Theofdm 7.
Proof: Chen’s theorem[[Che79b, Theorem 2.3.1] establishes theactiesization of the

optimal value,

inf a(p) = o = min{p | Hh(l B) = 0}.

peP

Letl € {0,1,...,k — 1} be the smallest integer such that' (—a*) = 0. If | = 0, then—a* is
a root of h and by Lemma 11p*(z) = (z — )" € P is an optimizer withy = o*.

Suppose now thdt> 0. We will show that the infimum is not attained. Suppose thereoyn
that is Hp N cl(S2.) # 0 so thatHp N cl(convS™.) # (. Without loss of generality, assume
By, > 0 so thath®) is the constant functioh! B, > 0 and the derivativeg"), j = 1,2,..., k—1
each have leading coefficient (coefficient df/) also having positive sign. By Theorem] 10,

hU)(—a) > 0 foranyj =1,2,..,k anda < o* and, in additionh¥)(—a*) > 0 for 0 < j < L.
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By continuity of ), we have

(S0 ifo<j<l
. =0 if j=1
h(J)(—a*) J
>0 ifl<j<k
>0 ifj=k

It thus follows from Theorerh 10 that, is not S?.-stabilizable, which mean&,NS”. = 0, or
equivalently, by Lemma@l3, thafr NconvS”. = (). SinceconvS?. is an open set, it follows from
the assumption made above that its boundary intergégtsick a pointy € HpN bd(convS™.).
It is easy to show thali» is a supporting hyperplane to the convex cooevS”. at the boundary
point y. Since every hyperplane supporting a convex cone must passgh the vertex of the
cone [HUL93, A.4.2], it follows thatr € Hp. On the other hand, sinde> 0, Lemma1l implies
L, H, = . This is a contradiction. ]

Remark 12:I1f —p is a real root ofh(z), then(z — 5)" € P. Such a polynomial is often,
though not always, a local minimizer of(p), but it is a global minimizer if and only i3 is
the largest such real roaind no other roots of derivatives df are larger than-3.

We now address the case where the infimum is not attained.

Theorem 13:Assume that-a* is not a root ofh. Let ¢ be the smallest integere {1,..., k—
1} for which —a* is a root of ("), Then, for all sufficiently smalt > 0 there exists a real scalar
M, for which

pe(2) == (z = M)"(z = (" +¢)" " eP

wherem =/¢or/+1, and M, - —occ ase — 0.

Proof: By Theorem[T, the optimal abscissa valué is not attained. Without loss of
generality, assume* = 0. Otherwise, writez = Z + «o* and rewrite P as the set of monic
polynomials inz with an affine constraint.

For0 < m < n, we havep.(z) = (2 + K)"(z —¢)" ™ € P if and only if its coefficients are

real and
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13

o
Il

(BO + B (n —1 m) (_E) + Bs (n —2 m) (_5)2 4t Bnm(_e)nm>
+ <T> <B1 + B> <n —1 m) (_6) + B3 <n —2 m) (—6)2 + . Bnm+1(—6)nm> K
+ <T;> <B2 + B3 <n —1 m) (—€)+ -+ Bnm+2(_6)nm> K2

+eo (Bm + Bm41 <n —1 m) (=€) +--- —I—Bn(—E)nm) K™

= (&) +m()K + - nm(e) K™ =: fe(K).

Thus,p. € P if and only if K is a real root off., a polynomial of degree: whose coefficients
depend ore. By Theorem[ID, thé,")(¢) have the same sign for all > 0 and for allj ¢
{0,1,...,k}, which we take to be positive. By the definiton 6f1)(0) > 0 for j < ¢ and
A (0) = 0 which givesn;(0) = () O~ 0 for j < ¢ and similarlyn,(0) = 0. We have

j/ nl(n—yj)!
also
w0 = B2 ) e = e @
and
nm—l(e) = mZBj_l (?:2)(—6)]—7” (4)
= P (g DA () 4 b () ®)

Let m = (. We haven,(¢) > 0 for e < 0 andn,(0) = 0. The polynomialy, might change
sign around 0, depending on the multiplicity of O as a root0 lis a root ofr, with an odd
multiplicity, n,(e) < 0 for e > 0 small enough and so the coefficientsfohave one and only one
sign change. By Descartes’ rule of sigtfshas one and only one rodf with positive real part
which must therefore be real. Settidd. = — K, we havep.(z) = (2 —¢)" " (2 + K)" € P as
desired. If the multiplicity is even, then the multiplicitf 0 as a root ofh(¥) is also even by
@). Then,h“*Y) must have 0 as a root with odd multiplicity and*" changes sign around 0.
Setm = ¢+ 1 in this case and repeat a similar argument: By {3),changes sign around 0, i.e.

Nm < 0 for € > 0 small enough. Furthermore, from (5),,_1 > 0 for € > 0, ¢ small enough. As
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14

a result, the coefficients of. have one and only one sign change, éor 0, ¢ small enough.
We again get the existence pf in P with the desired structure.

Finally, let us show thatV/, — —oo. Suppose this is not the case. Then, there exists a
sequence,, | 0 and a positive numbeR such thasup,, p(p..) < R. Sincecl(C}) is compact by
TheorenT#, there exists a positive const&nsuch that all of the coefficients of the polynomial
pe. are bounded byR, uniformly over x. By compactness, there exists a subsequence
converging to a limitp, pointwise. Furthermorey, € P since P is closed. By continuity of
the abscissa mapping,(p.) = lim, ,. a(p., ) = 0. This implies that the optimal abscissa is
attained onP, which is a contradiction. [ ]

Theorem¥ showed that in the real case the infimal value is tt@inad if and only if the
polynomial h has a derivative of any order between 1 @nd 1 with a real root to the right of
the rightmost real root oi. However, it is not possible that a derivative/ohas a complex root
to the right of the rightmost complex root af This follows immediately from the Gauss-Lucas
theorem, which states that the roots of the derivative of [gnmmial p must lie in the convex
hull of the roots ofp [BLOO4], [Mar66]. This suggests that the infimal value of thptimal
abscissa problem with complex coefficients is always athiat a polynomial with a single
distinct root, namely a rightmost root éf Indeed, this is established in the following theorem,
whose proof can be found in Appendix B.

Theorem 14:Let By, By, ..., B, be complex scalars (with,, ..., B, not all zero) and con-
sider the affine family of polynomials

P={"4+a 2" '+ .. . +a,_1z+a, | BO+ZBjaj =0,a; € C}.
j=1
The optimization problem

ot = ;glf)a(p)

has an optimal solution of the form
()= ()" ep

with —~ given by a root with largest real part of the polynomialvhere

h(z) = an"+Bn_1< " 1)2"_1 +...+ B (?)Z%-Bo-
N —
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IV. EXAMPLES

Example 1. The following simple example is fronmi [BLOO1], where it wasoped using the
Gauss-Lucas theorem that(z) = 2" is a global optimizer of the abscissa over the set of

polynomials
P={"4a2" ' 4+.. . +an12+a, | a+ay=0,a; € C}.

We calculatei(z) = (3)z(z + -2;). Theorem[7 proves global optimality over € R and

n—1
Theoren_I¥ proves global optimality over € C.
Example 2. As mentioned in Section 1, Henrion and Overton [HO06] shothed the problem
of finding a second-order linear controller that maximizes ¢tlosed-loop asymptotic decay rate
for the classical two-mass-spring system is equivalenhtalascissa minimization problem for a
monic polynomial of degree 6 whose coefficients depend &ffime 5 parameters, or equivalently
with a single affine constraint on the coefficients. Thedréasiwell as Theorem 14) establishes
global optimality of the locally optimal polynomial constited in [HOO6], namely(z — 3)S,
where 8 = —/15/5.

Example 3. This is derived from a “Belgian chocolate” stabilizationatlenge problem of
Blondel [Blo94]: givena(z) = 2z* — 26z + 1 andb(z) = 2% — 1, find the range of real values 6f
for which there exist polynomials andy such that de@) > deqy) and a(xy(ax + by)) < 0.
This problem remains unsolved. However, inspired by nucaéexperiments/ [BHLOO06b] gave
a solution ford < § = (1/2)v/2 + v/2 ~ 0.924. Whenz is constrained to be a monic polynomial

with degree3 andy to be a constant, the minimization of zy(ax + by)) reduces to

inf a(p)

where

2
P={(*-252+1)(2* + Zwkzk) + (22 = D) | wo, w1, wa,v € C}.
k=0

For nonzero fixeds, P is a set of monic polynomials with degree 5 whose coefficielejsend
affinely on 4 parameters, or equivalently with a single affio@straint on the coefficients. In
[BHLOO6L] a polynomial inP with one distinct root of multiplicity 5 was constructed and

proved to be locally optimal using nonsmooth analysis. Tees[T and_14 prove its global
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optimality. They also apply to the case whens constrained to be monic with degree 4; then,
as shown in[[BHLOOBb], stabilization is possible ok § = (1/4)v/10 4+ 2v/5 ~ 0.951.

Example 4. The polynomial achieving the minimal root radius may not beque. LetP =
{2+ a1z +as | 1+a;+ay=0,a; € R}. We have

__ . 2 _ - - _
p = inf p(p) = Inf p(z" —(az + 1)z +az) = inf p((z —az)(z—1)) = L.

The minimal value is attained on a continuum of polynomidlthe form (z —ay)(z—1) for any
—1 < ay, < 1 and hence minimizers are not unique. The existence of thémiziers (z — 1)?
and(z + 1)(z — 1) is consistent with Theoreif 1. The same example shows thahihienizer

for the radius optimization problem with complex coeffidemay not be unique.

Example 5. Likewise, a polynomial achieving the minimal root absciesay not be unique. Let
P={2>+a1z+ay | a; =0,a, € R}. We have

* — inf = inf a(z? =0.
@ = o) = et o)

Here By = B, = 0, B; = 1. The optimum is attained at*(z) = 2%, where—a* = 0 is a root
of the polynomialh(z) = z, as claimed in Theorefn 7. However, the optimum is attainea at

continuum of polynomials of the form? + a, for any a, > 0.

Example 6. In this example, the infimal root abscissa is not attainetl e {2?+a,z+ay | a; €
R anday, = —1}. We haveh(z) = 2% + 1, so —a* = 0 is a root of h) but not of h. Thus,
Theoren{ 1B applies with = 1. Indeed

* : : 2
= = —_ ]_
@ = jpfo®) = ol rme =)
, —a1 —y/ai +4 —ag ++/ai +4
= inf max , = 0.
a1 €R 2 2
—a (12
This infimum is not attained, but as, — oo, settinge = ﬁf Vatt o and M, =

ey Veitt o gives(z — M.)(> — ¢) € P as claimed in Theorefi13.

Example 7. Consider the familyP? = {2® + a,2% + a2 + a3 | a;,a, € R andaz = —1}. We
have h(z) = 2z* + 1, so —a* = 0 is a root of bothh™™ and r®. Thus, the assumptions of
Theoren{ 1B are again satisfied with- 1. However, this example shows the necessity of setting

m = { + 1 whenh® has a root of even multiplicity at-o*. Settingm = ¢ = 1 is impossible
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since then(z — M,)™(z — e)"~™ € P implies M, = & — +oo ase — 0. On the other hand,

whenm = +1 =2, we have(z — M.)"(z — )"~ € P with M. = — - — —oo ase | 0.

Example 8. This is a SIMO static output feedback example going back @61ABJ75]. Given
a linear system: = Fxz+ Gu, y = Hx, we wish to determine whether there exists a control law
with « = Ky stabilizing the system, i.e., so that the eigenvalue$'ef GK H are in the left
half-plane. For this particular example, the gain mafkix= [w,, w,| € R**!, and the problem

is equivalent to finding a stable polynomial in the family
P={(z* - 132) + (2* = 52)w; + (2 + Dwsy | wy,wy € R},

A very lengthy derivation in[ABJ75] based on the deciddpiélgorithms of Tarski and Seiden-
berg yields a stable polynomiale P with abscissay(p) =~ —0.0656. In 1979, Chen[[Che79b,
p.31], referring to[[ABJ75], mentioned that his resultswhbat the infimal value of the abscissa
a over all polynomials inP is approximately—5.91, but he did not provide an optimal or
nearly optimal solution. In 1999, the same example was useliustrate a numerical method
given in [PS99], which, after 20 iterations, yields a staptdynomial inp € P with abscissa
a(p) = —0.0100. The methods of [ABJ75] and [PS99] both generate stablenpofyals, but
their abscissa values are nowhere near Chen’s infimal vAlyglying Theorenil7, we find that
the rightmost real root of is — 3 =~ 5.91 and none of the derivatives éfhave larger real roots,
so (z — () is the global minimizer of the abscissa in the famity TheoremI4 shows that

allowing K to be complex does not reduce the optimal value.

Example 9. Consider the SISO system with the transfer function ([SMiv®2ample 1], [GAB08])

52 4+ 15s + 50
st + 553 4+ 3352 + 795 + 50°

We seek a second-order controller of the form

w3S% + wys + ws
52 + WS + wo

that stabilizes the resulting closed-loop transfer florcti
T(s) = (s* + 55® 4+ 335> + 795 + 50)(s? + wyis + wy) + (s> + 155 + 50)(w3s® + wys + ws).

Applying the software packagelEbo [BHLOO64] to locally optimize the abscissa dfresults
in a stabilizing controller withn(7") ~ —0.6640. But since7’(s) is a monic polynomial with
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degree 6 depending affinely on 5 parameters, Thedréms [7_dapplyl showing that the optimal

closed-loop transfer function is — 3)¢ where 3 ~ —12.0801.

More examples may be explored by downloading a publiclylah@ MATLAB code imple-
menting the constructive algorithms implicit in Theorem& 17 andI¥ as well as Corollary 2
and Theoreni_13. A code generating all the examples of thisoseand two other examples
mentioned in[[BGMO1D0] is also available at the same web#itgeneral, there does not seem
to be any difficulty obtaining an accurate globally optimalue for the root abscissa or root
radius in the real or complex case. However, even in the cekese an optimal solution exists,
the coefficients may be large, so that rounding errors in tmaputed coefficients result in a
large constraint residual, and the difficulty is compoundéen the optimal abscissa value is not
attained and a polynomial with an approximately optimalédsa value is computed: hence, it is
inadvisable to choosein Theorenl 1B too small. Furthermore, the multiple rootshef dptimal
polynomials are not robust with respect to small pertudretiin the coefficients. Optimizing a
more robust objective such as the so-called complex diabiidius” (in the data-perturbation
sense) of the polynomial may be of more practical use; [sed (B¥h, Section Il]. Since it is
not known how to compute global optima for this problem, onghtuse local optimization

with the starting point chosen by first globally optimizirgetroot abscissa or radius respectively.

V. CONCLUDING REMARKS

Suppose there are constraints on the coefficients. In this case, we conjectoased on
numerical experiments, that there always exists an optopoinomial with at most — 1 roots
having modulus less thap or having real part less tham* respectively. However, there does
not seem to be a useful bound on the number of possible distots. Thus, computing global
optimizers appears to be difficult.

When there are: constraints, we can obtain upper and lower bounds on thenaptralue
as follows. Lower bounds can be obtained by solving manyIprob with onlyone constraint,
each of which is obtained from random linear combinationghef prescribeds constraints.

Upper bounds can be obtained by local optimization of theveeit objectivep or o« over an

Twww.cs.nyu.edu/overton/software/affpoly/
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affine parametrization which is obtained from computingniné space of the given constraints.
However, the gap between these bounds cannot be expectedstodil.
The results do not extend to the more general case of an a#iméyfof n» x n matrices

depending om — 1 parameters. For example, consider the matrix family
&1
—1 5

This matrix depends affinely on a single parametebut its characteristic polynomial, a monic

A(§) =

polynomial of degree 2, does not, so the results given hemneoti@pply. The minimal spectral
radius (maximum of the moduli of the eigenvalues)Af) is attained byt = 0, for which the
eigenvalues are-j. Nonetheless, experiments show that it is often the cageofitanizing the
spectral radius or spectral abscissa of a matrix dependiimglst on parameters yields a matrix
with multiple eigenvalues, or several multiple eigenvaluath the same radius or abscissa value;
an interesting example is analyzed in [GOO07].

APPENDIX A

PROOF OFTHEOREM[@

We begin with some notation. For a positive integefet P,, denote the complex vector space
of all polynomials

p(2) = ap2™ +a 2"+ ap_12 +ay

with complex coefficients; € C. Let P! be the affine subset @, consisting of all polynomials
with ag = 1 (the monic polynomials).
Definition 15: For p € P! andk € {1,2,...,n}, let r,(p) denote thek-th largest absolute

value of a root ofp, i.e. r;(p) = |z| when

p(z)=(G—2)(z—2)...(2— ), |alZ|al2- 2|zl
Forp € P! define

¢(p) = max{|z1 — 22| | |21] = |22] = 11(p), p(21) = p(z2) = 0},

the diameter of the set of roots with maximal modulus (zene lias only one distinct root with

maximal modulus). Gively € P! and a linear functional : P, — C, let X, be the set of all
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p € P! such thatL(p) = L(g). Fork = 1,2,...,n define X, as the set of alp € X,_, for
which r,.(p) equals the minimum of, on Xj_;.
We will need the following preliminary result.
Lemma 16:For ¢ € P3, let X,, X;, X, be defined as above. Then one of the following
statements is true:
(a) the functionalr;(-) has a unique minimizep, on X,, and there exists& € C such that
p(z) = (2 — a)?, or equivalentlyX, D X, = X, = {(z — a)?}.
(b) the functionalry(-) has a unique minimizep, on X;, and there exista € C such that
p«(2) = (2 — a)z, or equivalentlyXy O X; D Xy = {(z —a)z}.
(c) there exista € C, a # 0, § € (0,7), and a continuous strictly decreasing function

Y [0,27] — [—7, 7| satisfying interpolation constraints
W(O0) =m, $(0) =0, v(m) =0, Y(2r—0)=—0, P(2r)=—m,
such that
Xo2 X1 =Xy = {p(2) = (2 — ae’) (z — ae™V) | t € [0,27]}.
Proof: Let the complex numberg), ¢,, ¢» be defined by
L(2* + a1z +az) — L(g) = g2 + qras + qoas.
Then a polynomiap(z) = (z — z1)(z — z2) belongs toX, if and only if
G2 — qi(21 + 22) + qoz122 = 0. (6)
When g, # 0 defineb, ¢ such that
c=L =22 Rea) >0,
qo qo

i.e. (8) is equivalent to

(z1 — ¢)(z2 — ¢) = b?,

and|c + b| > |¢ — b|. One of the following situations must occur.
1) qo = ¢ = 0: the fact that[(6) must be feasible yields = 0, henceX, = P}, and the

minimal value0 of r(p) for p € X, is attained at a single poiptz) = 2? (case (a)).
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2) qo =0, q; # 0: condition [6) is equivalent to

21t 22 Q2 def
2 2(]1

Since the inequality
Z1 + 29

> max{|z], [z}

implies z; = z5, the minimal valuela| of r(p) for p € X, is attained at a single point
p(z) = (= — )’ (case (a)).

3) qo # 0, b = 0: condition [6) holds when either; = ¢ or 2, = ¢, hence the minimal value
lc| of r(p) for p € X, is attained on polynomials of the forp(z) = (z — ¢)(z — w),
where|u| < |¢|, and the minimal valu® of r,(p) for p € X, is attained at a single point
p(2) = (2 — ¢)z (case (b)).

4) qo #£0,b#0, |c+b| > |c— b|: the minimal value|c — b| of r{(p) for p € X, is attained
at a single poinp(z) = (z — ¢+ b)? (case (a)). The statement is obvious wiben c. To
see that no other polynomiale X, achieves the value db — | (or better) wherb # ¢,
it suffices to show that the disb, = {z | |z| < |c — b|} and its imagef(D,) under the
map f : z — ¢+ b*/(z — ¢) have a unique common point= ¢ — b. It is well known
that f is a bijection of the extended complex plafieU {0} to itself which maps discs
to discs, complements of discs, or half-planes, and alsosrbapndaries to boundaries.
Sincezy = c—b = f(c—b) is a fixed point off, and f'(z,) = —1 is negative realf(D,)
is tangential toD, at z,. By the negativity off’(z,), zo will be the only intersection of
Dy and f(Dy).

5) g #0,b#0, |c+b| = |c— b|: the minimal valuejc — b| = |c + b| of ri(p) for p € Xy
is attained on the set of polynomials of the fopfx) = (2 — 21)(z — 22), wherez; is an

arbitrary complex number such that | = |c — b|, and
bZ
zZ1 — C

(which automatically impliesz;| = |c — b|). This is case (c), where = jb andf = 7 /2

Z9 = +c

when ¢ = 0, and otherwise:,  are defined by
e o cEb |
T ¢ T et e
(the plus sign is to be used when the imaginary paricaé positive), and) is a “phase”

representation of the map — 2.
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This completes the proof. [ ]
In order to establish Theoref 6, we first state and prove derklésuper-optimization”
problem, again using Definitidn 5.
Theorem 17:The functionak) achieves its minimum oKX,,, and for every minimizep, € X,
of ¢, there exists: € C and nonnegative integers A such thatp, (z) = (z — a)"z>.
Proof: We use induction with respect to Whenn = 2, the statement follows by Lemrhal16.
Assume the statement is true far= m > 1. Consider the case = m + 1. Note thato is

continuous onX,,, and hence achieves its minimum at a polynomial
pel(2) = (2 —21) . (2 = zn)(2 = Zmn), 21| 2 [22] 20 2> 2] 2 |z

One of the following three situations must take place.
1) |z1| = 0. Thenp,(z) = 2".
2) |zms1| < |z1|- Then, according to Lemniall, € X,, implies z,,.; = 0. Moreover, the
polynomial

qz)=(z—21)...(2 = zm)

must be optimal in the sense of Theorem 17 with= m, and hence, by the inductive
hypothesisg(z) = (z — a)~2*, which impliesp.(z) = (z — a)"2 .

3) |zm+1| = |z1] = d > 0. According to the inductive hypothesis, the $&f must contain a
polynomial of the formp(z) = (z — a)™(z — z1), where|a| = d. Let Q) be the shortest arc
of the circle|z| = d connecting the points and z; (if « = —z, take one of the two arcs
of equal length). Among all polynomials € X,, with roots in(2, take the one with the

minimal radius of the root set, and denote it by
Gt G(2) = (z—wy)(z —wg)...(z2 —wy).

Sincegq. € X,,, we have|w;| = |a| for all .

Let us show that all roots); of ¢, are equal, i.e. thaj.(z) = (= — b)" for someb € C.
By construction,w; € Q lie within an arc of angular length not larger than Let u,
andu, be the two most distant values amomng Applying Lemma_1b to the polynomial
p(2) = (z —u1)(z — ug), shows that the case (c) takes place (otherwisg¢ X,,), hence
for every pairw; = uy, wy, = uy Of the roots ofy,, it is possible to replace; andw; with

a pair of equal rootsy; = w, = w € (), wherew lies strictly between:; andu,. If u; or
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us, as the roots of,, have multiplicity 1, this immediately leads to a polynomjac X,
with the root set contained i1 and having a smaller diameter. If the multiplicities:gf,
uy are greater than 1, this process can be repeated until laggtiohality of ¢, is proved.
This completes the proof. [ ]
Corollary 18: Let L : P, — C be a linear functional. Then for evegyc P! there exists a
polynomial f(z) = (z — a)™ (wherea € C) such thatL(f) = L(g) and

ri(f) = min{ri(p) | p € P,, L(p) = L(9)}.

Proof: Taking into account the statement of Theolleth 17, it is sefficto show that if the
setX; contains a polynomial of the form(z) = (z —a)"z* with |a| > 0 and X > 0 then it also

contains the polynomiaj(z) = (2 — a)"*12*~1. Indeed, forA,é € C let
pA75<Z) = (Z —a-— A)H’Z}\_1<Z - 5)7 f(Aa(S) = L(pA,5) - L(g)
Note thatf(A,¢) is a polynomial, linear with respect 1 i.e

f(A,9) = fo(A) + f1(A)o.

By constructionf,(0) = 0. Moreover,q € X; implies f,(0) = 0, as otherwisepa s € X, and

r1(pas) < ri(q) for
fo(4)
fi(A)

wheret > 0 is sufficiently small. Since,(0) = f1(0) = 0, we havep,, € X, which completes

A=—at, 6=—

the proof. [ ]
Now the stage is set for the proof of Theorem 6.

Proof: Each choice ofB,, By, ..., B, corresponds to a linear functional: P, — C of
the form L(p) = >"" , B;a;. Thus, we wish to prove that given a linear functiodial P, — C
and a polynomialy € P!, the minimum ofr,(p) over all polynomialsp € P} satisfying the
constraintZ(p) = L(g) can be attained on a polynomial= f of the form f(z) = (z — a)™ for
somea € C. But this is exactly the statement of Corollaryl 18 provedwahdVith the existence
of the minimizer with the claimed structure establishe& fmoperty that-~ is a root of the

polynomial » now follows from the fact thatz — v)" is in P if and only if A(—~) = 0. [ |
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APPENDIX B

PROOF OFTHEOREM([I4

We will derive Theoreni 14 from Theorem 6, proved in ApperdixLAt the linear functional

L, : P, — C be defined by
L,p = lim z7"p(z).

Z—00

We havep € P! if and only if L,p = 1. Theoren[b is equivalent to saying that given a linear
functional /' : P, — C, F # 0, F # L,,, the minimal root radius over the set

{¢€P,| Fg=0, L,g=1}

is attained at a polynomiaj* with only one distinct root. It is easy to see that replacihg t
constraintL,q = 1 with L,,q = ¢ for any ¢ € C,c¢ # 0 would not change the minimal root
radius, as the optimizer would simply becomg. As a consequence, we have the following
theorem, equivalent to Theordm 6:

Theorem 19:Given a linear functionaF' : P, — C such thatt’ # cL,, for everyc € C, the

root radiusp achieves its minimum on
QF:{q€73n| Fq=0, LnQ%O}
at a polynomialg* = g, of the formg,(z) = (z — a)™ for somea € C.

To prove Theorerh 14, it suffices to show that the minimal &sscis attained at a polynomial
with only one distinct rooty, since then—~ would have to be the rightmost root (root with the
largest real part) ofi. We will prove the following equivalent statement:

Theorem 20:Given a linear functionadz : P,, — C such thatG # cL,, for everyc € C, the

root abscissa achieves its minimum on
Qc={peP.: Gp=0, L.p+#0}

at a polynomialp* = g., of the formg,(s) = (s —~)" for some~ € C.

Proof: The proof follows from Theorein 19 as we now explain. It is sigfit to demonstrate
that
(*) if p € Q¢ anda(p) < o for somes € R, then there exists € C such that the polynomial

r(s) = ga(s) = (s — d)" satisfies € Q¢ anda(r) < o.
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This is because (*) implies that the optimizer can be chosemate one (distinct) root. Notice
that (*) states implicitly that the optimum is attained, aese every such is a root of the
polynomialp(w) = Gg,, and so there is a finite number of choicesiaf C such thaty, € Q.
The optimal abscissa would then be one of sdishwith the smallest real part.
To prove (*), foro € R, let A, be the functionA4, : P, — P, mappingp € P, to
q = A,p € P, defined by the identity
z+1

q(z) = (z—=1)"p (o— + —1) (z #1).

Z _
Note thatA, is linear and invertible. If{p € Qq, ¢ = A,p, anda(p) < o, theng(z) # 0 for
|z| > 1, because
z+1
Re(s) > o for s:o+—1, z#1, |z] > 1,
Z —

and

1
q(1) =lim(z — 1)"p (O‘ + 2t ) =2"L,p # 0,
21 z—1

so p(q) < 1. In addition,

L,q = lim

Z—00

Shu <a+ *1) = plo+1) £0,

which implies thaty € Q for F = GA!, and thatF' # cL,, for everyc € C.
By Theoren{ 1P, there existsc C such thata| < 1 and the polynomiay(z) = (z — a)" is
in Qp. Letry = ASlq. By definition,

(2= 1) <0+ Z“) — (= a)",

z—1

which means that

SinceGry = FA,ro = Fqy = 0, we can set(s) = (s — d)" with

1
d:0+a+.
a—1
and we haveRe(d) < o since|a| < 1. Therefore,a(r) < o. [

December 10, 2011 DRAFT



[ABJ75]

[Bar93]
[BGLI5]

[BGMO10]

[BHLOO64]

[BHLOO6b]

[Blo94]

[BLOO1]

[BLOOA]

[Che793a]

[Che79b]

[FM78]

[GABOS]

[GO07]

[HOO6]

[HPO5]

[HULO93]

[Mar66]

[PS99]

[Ran89]

26

REFERENCES

B. Anderson, N. Bose, and E. Jury. Output feedbaclbization and related problems-solution via decision
methods.Automatic Control, IEEE Transactions pA0(1):53-66, 1975.

B.R. Barmish.New tools for robustness of linear systenvacmilllan, New York, 1993.

V. Blondel, M. Gevers, and A. Lindquist. Survey orethtate of systems and contr&@uropean Journal of Control
1:5-23, 1995.

V.D. Blondel, M. Gurbuzbalaban, A. Megretski, abIL. Overton. Explicit solutions for root optimization of a
polynomial family. InDecision and Control (CDC), 2010 49th IEEE Conference meges 485-488. IEEE, 2010.
J.V. Burke, D. Henrion, A.S. Lewis, and M.L. Ovent HIFOO - a MATLAB package for fixed-order controller
design andH ., optimization. InFifth IFAC Symposium on Robust Control Design, Toulp@896.

J.V. Burke, D. Henrion, A.S. Lewis, and M.L. Overt Stabilization via nonsmooth, nonconvex optimization.
IEEE Transactions on Automatics Contréil:1760-1769, 2006.

V. Blondel. Simultaneous Stabilization of Linear Systeiinscture Notes in Control and Information Sciences 191.
Springer, Berlin, 1994.

J.V. Burke, A.S. Lewis, and M.L. Overton. Optimiginmatrix stability. Proceedings of the American Mathematical
Society 129:1635-1642, 2001.

J.V. Burke, A.S. Lewis, and M.L. Overton. Variatiananalysis of the abscissa mapping for polynomials via the
Gauss-Lucas theorendournal of Global Optimization28:259—-268, 2004.

R. Chen. On the problem of direct output feedbaakil&tation. InProceedings of MTNSages 412-414, 1979.
R. ChenOQOutput Feedback Stabilization of Linear SystefA&D thesis, University of Florida, 1979.

A. T. Fam and J. S. Meditch. A canonical parameter epfr linear systems designlEEE Trans. Automat.
Control, 23(3):454-458, 1978.

S. Gugercin, A. C. Antoulas, and C. Beatti#, model reduction for large-scale linear dynamical syste8iaM

J. Matrix Anal. Appl, 30(2):609-638, 2008.

K. K. Gade and M. L. Overton. Optimizing the asymptatonvergence rate of the Diaconis-Holmes-Neal sampler.
Adv. in Appl. Math. 38(3):382—-403, 2007.

D. Henrion and M. L. Overton. Maximizing the closedpasymptotic decay rate for the two-mass-spring control
problem. Technical Report 06342, LAAS-CNRS, March 2006.
http://homepages.laas.fr/henrion/Papers/massspdhg.

D. Hinrichsen and A.J. Pritchardlathematical Systems Theory |: Modelling, State SpaceyAizlStability and
RobustnessSpringer, Berlin, Heidelberg and New York, 2005.

J.B. Hiriart-Urruty and C. LemaréchaConvex Analysis and Minimization AlgorithnfSpringer-Verlag, New York,
1993. Two volumes.

M. Marden. Geometry of PolynomialsAmerican Mathematical Society, 1966.

B.T. Polyak and P.S. Shcherbakov. Numerical sedrstable or unstable element in matrix or polynomial fansilie

a unified approach to robustness analysis and stabilizatioA.Garulli, A.Tesi, and A.Vicino, editorsRobustness

in Identification and ContrglLect. Notes Control and Inform. Sci. 245, pages 344-358in§er, London, 1999.
A. Rantzer. Equivalence between stability of pargalizations and feedback stabilization—applicatimnseduced
order stabilization Linear Algebra Appl. 122/123/124:641-653, 1989.

December 10, 2011 DRAFT



27

[SMM92]  J. T. Spanos, M. H. Milman, and D. L. Mingori. A new alithm for 12 optimal model reductionAutomatica
28:897-909, September 1992.

December 10, 2011 DRAFT



	Introduction
	Discrete-time stability
	Continuous-time stability
	Examples
	Concluding Remarks
	Appendix A: Proof of Theorem 6
	Appendix B: Proof of Theorem 14
	References

