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Abstract

Using methods from algebraic graph theory and convex optimization, we study the relationship
between local structural features of a network and spectral properties of its Laplacian matrix. In
particular, we derive expressions for the so-called spectral moments of the Laplacian matrix of a
network in terms of a collection of local structural measurements. Furthermore, we propose a series of
semidefinite programs to compute bounds on the spectral radius and the spectral gap of the Laplacian
matrix from a truncated sequence of Laplacian spectral moments. Our analysis shows that the Laplacian
spectral moments and spectral radius are strongly constrained by local structural features of the network.
On the other hand, we illustrate how local structural features are usually not enough to estimate the

Laplacian spectral gap.

I. INTRODUCTION

Understanding the relationship between the structure of a network and the behavior of dynam-
ical processes taking place in it is a central question in the research field of network science [1].
Since the behavior of many networked dynamical processes is closely related with the Laplacian
eigenvalues (see [2]], [3]] and references therein), it is of interest to study the relationship between

structural features of the network and its Laplacian eigenvalues.
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In this technical note, we study this relationship, focusing on the role played by structural
features that can be extracted from localized samples of the network structure. Our objective is
then to efficiently aggregate these local samples of the network structure to infer global properties
of the Laplacian spectrum. We propose a graph-theoretical approach to relate structural features
of a network with algebraic properties of its Laplacian matrix. Our analysis reveals that there
are certain spectral properties, such as the so-called spectral moments, that can be efficiently
computed from these structural features. Furthermore, applying a recent result by Lasserre [4],
we propose a series of semidefinite programs to compute bounds on the Laplacian spectral radius
and spectral gap from a truncated sequence of spectral moments.

The paper is organized as follows. In the next subsection, we define terminology needed in
our derivations. In Section [[IL we introduce a graph-theoretical methodology to derive closed-
form expressions for the so-called Laplacian spectral moments in terms of structural features of
the network. In Section we use semidefinite programming to derive optimal bounds on the
Laplacian spectral radius and spectral gap from a truncated sequence of spectral moments. We

validate our results numerically in Section

A. Notations & Preliminaries

Let G = (V, ) be an undirected graph, where V = {vy,...,v,} denotes a set of n nodes and
€ CV xV denotes a set of e undirected edges. If {v;,v,;} € &€, we call nodes v; and v; adjacent
(or first-neighbors), which we denote by v; ~ v;. We define the set of first-neighbors of a node
vias N; ={w €V : {v;,w} € E}. The degree d; of a vertex v; is the number of nodes adjacent
to it, i.e., d; = |[N;|. We consider three types of undirected graphs: (i) A graph is called simple
if its edges are unweighted and it has no self—loopﬂ (if) a graph is loopy if it has self-loops,
and (7ii) a graph is weighted if there is a real number associated with every edge in the graph.
More formally, a weighted graph H can be defined as the triad H = (V,&,W), where V and
& are the sets of nodes and edges in H, and W = {w;; € R, for all {v;,v;} € £} is the set of
(possibly negative) weights.

The adjacency matrix of a simple graph G, denoted by Ag = [a;;], is an n X n symmetric

matrix defined entry-wise as a;; = 1 if nodes v; and v; are adjacent, and a;; = 0 otherwise. In
'A self-loop is an edge of the type {v;,v;}.
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the case of weighted graphs (and possibly non-simple), the weighted adjacency matrix is defined
by Wy = [w;;], where w;; = 0 if v; is not adjacent to v;. We define the degree matrix of a
simple graph G as the diagonal matrix Dg = diag (d;). We define the Laplacian matrix Lg (also
known as combinatorial Laplacian, or Kirchhoff matrix) of a simple graph as Lg = Dg— Ag. For
simple graphs, Lg is a symmetric, positive semidefinite matrix, which we denote by Lg > 0 [3].
Thus, Lg has a full set of n real and orthogonal eigenvectors with real nonnegative eigenvalues
0 =X < X < ... < )\, The second smallest and largest eigenvalues of Lg, Ay and A,
are called the spectral gap and spectral radius of Lg, respectively. Given a n x n real and
symmetric matrix B with (real) eigenvalues oy, ..., 0,, we define the k-th spectral moment of

B as my (B) = 1 St oF. As we shall show in Section , there is an interesting connection

T n
between the spectral moments of the Laplacian matrix, my (Lg), and structural features of the
network.
We now define a collection of structural properties that are important in our derivations. The
degree sequence of a simple graph G is the ordered list of its degrees, (ds, ..., d, ). A walk of length

k from v;, to v;,,, is an ordered sequence of nodes (vil,%, . ) such that v;; ~ v;,, for

- Vig
J=1,2,..., k. One says that the walk fouches each of the nodes that comprises it. If v;, = v;,_,
then the walk is closed. A closed walk with no repeated nodes (with the exception of the first
and last nodes) is called a cycle. Given a walk p = (vil,vig, vy Vi +1) in a weighted graph H,

we define the weight of the walk as, w (p) = Wi, i, Wiyis- Wiy, , -

II. MOMENT-BASED ANALYSIS OF THE LAPLACIAN MATRIX

In this paper, we use algebraic graph theory to study the relationship between structural
properties of a network and its Laplacian spectrum based on the spectral moments. A well-
known result in algebraic graph theory relates the diagonal entries of the k-th power of the
adjacency matrix, [Ag]n" to the number of closed walks of length k in G that start and finish
at node v; [5]. Using this result, it is possible to relate algebraic properties of the adjacency
matrix Ag to the presence of certain subgraphs in the network [6]. We can generalize this result

to weighted graphs as follows:

Proposition 1: Let H = (V,E, W) be a weighted graph with weighted adjacency matrix Wy, =
[wz]} Then, [Wz;_ﬂ i Z
to itself in H.

- (p) ,where P, is the set of closed walks of length k& from v;
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Proof: By recursively applying the multiplication rule for matrices, we have the following
expansion
n n n
[Wm” = Z Z T Z Wiig Wi ig =+ Wiy i (1)
i=1 =1 =1
Using the graph-theoretic nomenclature introduced in Section we have that w; ;,w;, ;,...w;, i =
w (p), for p = (v, vi,, Vig, .., Vi, , v;). Hence, the summations in H can be written as [Wﬂ =
> 1<isig...ir<n @ (). Finally, the set of closed walks p = (v;, viy, Vig, ..., Vi, v;) With indices
1 <i,i9,...,1 < nis equal to the set of closed walks of length £ from v; to itself in H (which

we have denoted by P ; in the statement of the Proposition). [ ]

The above Proposition allows us to write the relate moments of the weighted adjacency matrix

of a weighted graph H to closed walks in H, as follows:

Lemma 2.1: Let H =(V,E, W) be a weighted graph with weighted adjacency matrix Wy =
[w;;]. Then,

(W) == 3 3" wi),

v, €V pEPk,i

where P ; is the set of closed walks of length £ from v; to itself in H.

Proof: Let us denote by pug, ..., i, the set of (real) eigenvalues of the (symmetric) weighted

adjacency matrix W,. We have that the moments can be written as
1 < 1
A k k
my (Wy) = - Zlui = gTrace (W5,
1=

since Wy, is a symmetric (and diagonalizable) matrix. We then apply Proposition 1] to rewrite

the moments as follows,

n

1=1 v, €V pEPy ;

In Subsections we shall apply this result to compute spectral moments of the Laplacian
matrix in terms of structural features of the network. First, we need to introduce a weighted

graph that is useful in our derivations:
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Definition 2.1: Given a simple graph G = (V, £), we define the Laplacian graph of G as the
weighted graph £ (G) = (V,EUS,,T), where S, = {{v,v} for all v € V} (the set of all self-
loops), and I" = [v;;] is a set of weights defined as:

-1, for {v;,v;} €€

A

Yij d;, fori=

0, otherwise.

Remark 2.1: Note that the weighted adjacency matrix of the Laplacian graph £ (G) is equal
to the Laplacian matrix of the simple graph G. Hence, we can apply Lemma [2.1] to express the
spectral moments of the Laplacian matrix Lg in terms of weighted walks in the Laplacian graph
L(9).

Before we apply Lemma [2.1] to study the Laplacian spectral moments, we must introduce the
concept of subgraph covered by a walk.

Definition 2.2: Consider a walk p = (vil s Vigy -y Vi +1) of length k in a (possibly loopy) graph.
We define the subgraph covered by p as the simple graph C (p) = (V. (p), & (p)), with node-set
V. (p) = Ufg v;,, and edge-set &, (p) = Uvz‘#vml {vi,, vi,,, }, for 1 <7 <k + 1.

Based on the above, we define triangles, quadrangles and pentagons as the subgraphs covered
by cycles of length three, four, and five, respectively. Notice that self-loops are excluded from
&. (p) in Definition For example, consider a walk p = (vy,vq, v, v3,v3,01,v3,01) in a
graph with self-loops. Then, C' (p) has node-set V. (p) = {vi,vq,v3} and edge-set &.(p) =
{{v1,v2},{v9,v3},{vs,v1}}. In other words, C (p) is a simple triangle.

In what follows, we build on the above results to derive closed-form expressions for the first

five spectral moments of the Laplacian matrix in terms of relevant structural features of the

network.

A. Low-Order Laplacian Spectral Moments

The following theorem, proved in [/]] via algebraic techniques, allows us to compute the first
three Laplacian spectral moments in terms of the degree sequence and the number of triangles
in the graph.

Theorem 2.2: Let G be a simple graph with Laplacian matrix Lg. Then, the first three spectral
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moments of the Laplacian matrix are

1
my (Lg) = 551, ()

1
my (Lg) = - (S1+S52),

1
ms (Lg) = E (352 + Sg — 6A> s

where S5, £ Zvi Y d?, and A is the total number of triangles in G.

In [7], Theorem [2.2] was proved using a purely algebraic approach. This algebraic approach
presents the limitation of not being applicable to compute moments of order greater than three.
In what follows, we propose an alternative graph-theoretical approach that allows to compute
higher-order spectral moments of the Laplacian matrix, beyond the third order. In particular,
according to Lemma we can compute the k-th spectral moment of the Laplacian of G by

analyzing the set of closed walks of length k in the Laplacian graph L (G).

B. Higher-Order Laplacian Spectral Moments

In this Subsection, we apply the set of graph-theoretical tools introduced above to compute the
fourth- and fifth-order spectral moments of the Laplacian matrix. We first define the collection
of structural measurements that are involved in our expressions. Let us denote by ¢;, ¢;, and p;
the number of triangles, quadrangles, and pentagons touching node v; in G, respectively. The
total number of quadrangles and pentagons in G are denoted by () and P, respectively. The

following terms define structural correlations that are relevant in our analysis:

1 1
Car & =D didy, Cpa® > did;, 3)
’l)iN'Uj ’L)iN”Uj
1 1
Cu = — Z diti, Cgpy = — Z dzt;,
n v; €V n v; EV
1 1
Cag = Ezdi(ha Dddég Zdidj Vi NN,
v; EV Vi~

where |A; N ;| is the number of common neighbors shared by v; and v;. The main result in this
section relates the fourth and fifth Laplacian spectral moments to local structural measurements

and correlation terms, as follows:
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Theorem 2.3: Let G be a simple graph with Laplacian matrix Lg. Then, the fourth and fifth

Laplacian moments can be written as

1
My (Lg) = E (—Sl + 2S5 + 455+ 5, + 8@) 4

1
ms (Lg) = E (—552 + 553 + 554 + 85 + 30A - 10P)
+10 (Cgaq + Cpa — Cap — Czt + Cag — Do)

where S, = d?, and the correlation terms Cyq, Cat, Caq, Ca2a, Cy2y, and Dyq are defined

v, €V 1
in (3).

Proof: In the Appendix. [ ]

Remark 2.2: Theorem [2.2] relates purely algebraic properties — the spectral moments — to
structural features of the network, namely the degree sequence, the number of cycles of length 3
and 5, and all the correlation terms defined in (3). The key steps behind the proof are: (i) Relate
the spectral moments my (Lg) and ms; (Lg) with closed walks of length four and five in the
Laplacian graph L (G), and (i7) classify the set of closed walks in L (G) into subsets according
to the subgraph covered by each walk.

In the next section, we present a series of semidefinite programs (SDP’s) whose solutions
provide optimal bounds on the Laplacian spectral radius and spectral gap in terms of Laplacian

spectral moments.

III. OPTIMAL LAPLACIAN BOUNDS FROM SPECTRAL MOMENTS

In this section, we introduce a novel approach to compute bounds on the spectral gap and the
spectral radius of the Laplacian matrix from a truncated sequence of Laplacian spectral moments.

More explicitly, the problem solved in this section can be stated as follows:

Problem 1 (Moment-based bounds): Given a truncated sequence of Laplacian spectral mo-
ments (my, (Lg))szl, find bounds on the spectral gap and the spectral radius of the Laplacian

matrix Lg.

In this section, we propose a solution to the above problem based on a recent result in [4].
In [4]], Lasserre developed an approach to find bounds on the support of an unknown density

function when only a sequence of its moments is available. In order to adapt Problem 1 to
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this framework, we need to introduce some definitions. Given a simple connected graph G
with Laplacian eigenvalues {\;};_,, we define the spectral density of the nontrivial eigenvalue

spectrum as

L1
O e DILICEROE 5)
122

where ¢ (-) is the Dirac delta function. Notice how we have excluded the trivial eigenvalue,
A1 = 0, from the spectral density; hence, the supportﬂof pg (A) is equal to supp(pg) = { N}, .
The moments of the spectral density in , denoted by . (Lg), can be written in terms of the

spectral moments of Lg, as follows

mk(Lg)é/R)\k ! 125(A—Ai) d\

1
_ SN = nﬁlmk@g), (6)

for all £ > 1 (where we have used the fact that A\; = 0, in our derivations).
In what follows, we propose a solution to Problem (1| using a technique proposed by Lasserre

in [4]. In that paper, the following problem was addressed:

Problem 2: Consider a truncated sequence of moments (M), <r<x corresponding to an un-
known density function s (A), ie., My = [Adu()). Denote by [a,b] the smallest interval
containing the support of . Compute an upper bound o > a and a lower bound S < b when

only the truncated sequence of moments is available.

In the context of Problem 1, we have access to a truncated sequence of five spectral moments,
(my(Lg))1<k<s, corresponding to the unknown spectral density function pg and given by the
expressions (2), (), and (6). In this context, the smallest interval [a,b] containing supp(pg) is
equal to [A\g, A,]. Therefore, a solution to Problem [2| would directly provide an upper bound on
the spectral gap, o > \g, and a lower bound on the spectral radius, 5 < \,. We now describe
a numerical scheme proposed in [4] to solve Problem |2} This solution is based on a series of
semidefinite programs in one variable. In order to formulate this series of SDP’s, we need to

introduce some definitions. For any s € N, let us consider a truncated sequence of moments

ZRecall that the support of a density function i on R, denoted by supp (1), is the smallest closed set B such that 1 (R\B) = 0.
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M = (M, k)iil, associated with an unknown density function y. We define the following Hankel

matrices of moments:

M - M M, My - M,
My My - Mg My Mz - Mg
Ry (M) |~ 7 T Run (M) 2| v S IC)
L My Mgy - My i L Mgy Mgyo -+ Magyy i

We also define the localizing matrif| H, (x, M) as,
H, (2, M) 2 Ry.ot (M) — 2 Ry (M). (8)

Using the above matrices, Lasserre proposed in [4] the following series of SDP’s to find a

solution for Problem

Solution to Problem 2: Let M = (Mk)i‘:;l be a truncated sequence of moments associated

with an unknown density function . Then

a < a, (M) £ max {z: H, (x,M) = 0}, )

b> B, (M) 2 min{z : —H, (z,M) = 0}, (10)
where [a, b] is the smallest interval containing the support of .

Therefore, we can directly apply the above result to solve Problem [I] by considering the
sequence of moments m 2 (7, (Lg))>%' = (2:m, (Lg))2%" in the statement of the solution
to Problem [2] Since this sequence of moments corresponds to the spectral density pg, with
support {\;},, the solutions in @) and directly provide the following bounds on the
spectral radius and spectral gap:

Solution to Problem I: Let m = (-“;m, (Lg))2*%' be a truncated sequence of (scaled)

Laplacian spectral moments associated with a graph G. Then the Laplacian spectral gap and

spectral radius of G satisfy the following bounds:
Ao < a, (M) £ max {z : H, (z,m) = 0}, (11)

An > B, (M) = min {x : —H, (r,m) = 0}. (12)

T

3A more general definition of localizing matrix can be found in [?]. For simplicity, we restrict our definition to the particular

form used in our problem.
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5

In Section|lI, we derived expressions for the first five Laplacian spectral moments, (m, (Lg)),_;,

in terms of structural features of the network, namely, the degree sequence, the number of
triangles, quadrangles and pentagons, and the correlation terms in (3]). Therefore, we can apply
the Solution to Problem 1 to find bounds on A\, and \,,.

In this section, we have presented an optimization-based approach to compute optimal bounds
on the Laplacian spectral gap and spectral radius from a truncated sequence of Laplacian spectral
moments. The truncated sequence of spectral moments (my (Lg)),_, can be written in terms
of local structural measurements using (2)) and (). Hence, the above methodology allows to
compute bounds on the spectral radius and spectral gap of the Laplacian matrix given a collection
of local structural features of the network. In the following section, we illustrate the usage of

this approach with numerical examples.

IV. STRUCTURAL ANALYSIS AND SIMULATIONS

In this section, we apply the moment-based approach herein proposed to study the relationship
between structural and spectral properties of an unweighted, undirected graph representing the
structure of the high-voltage transmission network of Spain (the adjacency of this network is
available, in MATLAB format, in [8]). The number of nodes (buses) and edges (transmission
lines) in this network are n = 98 and e = 175, respectively. From this dataset, we compute
the set of structural properties involved in (2) and (), namely, the power-sums of the degrees
(S,)°_, = (350,1692, 9836, 64056, 44942), the number of cycles A = 79, Q = 134, P = 232,
and the correlation terms Cyy = 42.58, Cp2q = 249.41, Cy = 13.98, Cpey = 88.69, Cy, =
33.11, and D4y = 80.77. Using this collection of structural measurements, we use (2) and
to compute the first five Laplacian spectral moments of the Spanish transmission network:
(my (Lg))s_, = (3.571,20.83,147.33,1155.5, 9686.6). Using this sequence of spectral moments
and the methodology described in Section[[II, we compute bounds on the spectral gap and spectral
radius, oy and [, solving the SDP’s in (11)) and . The numerical values for these bounds,
as well as the exact values for the spectral gap and spectral radius are: 5, = 9.18 < A\, = 10.66
and Ay = 0.077 < ay = 0.86.

Our numerical analysis reveals that the Laplacian spectral radius and spectral moments of
the electrical transmission network are strongly constrained by local structural features of the

network. On the other hand, the spectral gap cannot be efficiently bounded using local structural
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features only, since the spectral gap strongly depends on the global connectivity of the network.
This limitation is inherent to all spectral bounds based on local structural properties (see [9] for
a wide collection of spectral bounds). In the following example, we illustrate this limitation with
a simple example.

Example 4.1: Consider a ring graph with n = 12 nodes, which we denote by Rjs. The
eigenvalues of the Laplacian matrix of a ring graph of length [, R;, are equal to \; = 2 —
2cos(2mi/l), for i = 0,...,1 — 1 [5]. Therefore, the Laplacian spectral gap and spectral radius
of Ry are \y = 2 — 2cos7/6 ~ 0.2679 and A, = 4, respectively. We can also compute the
moment-based bounds «, and Sy using local structural measurements, as follows. The degrees
of all the nodes in Ry, are d; = 2; thus, the power sums of the degrees are equal to S;, = 2812.
The number of triangles, quadrangles and pentagons are A = () = P = 0. The correlation terms
are Cyqq = 4, Cizqg = 8, and the rest of correlation terms in (3) are equal to zero. Based on these
structural measurements, we have from (2) and (4) that the first five Laplacian spectral moments
are (m, (Lg))°_, = (2,6,20,70,252), and the resulting moment-based bounds from and
are 0y = 3.732 < 4 and ay = 0.2679 =~ \,. Therefore, both the bounds on the spectral
radius and the spectral gap are very tight for Rj,. In particular, s is remarkably close to \s.

On the other hand, we can construct graphs with the same local structural properties (and,
therefore, the same first five spectral moments, and bounds «, and f35), but very different spectral
gap, as follows. Consider a graph of 12 nodes consisting in two disconnected rings of length 6.
It is easy to verify that this (disconnected) graph presents the same local structural features as
a connected ring of length 12, namely, the degrees of all the nodes are d; = 0, the number of
cycles A = @ = P = 0, and the correlation terms are the same as the ones computed above. In
contrast to Ry, the spectral gap of this disconnected graph is equal to zero, Ao = 0, which is
very different than the moment-based bound ;.

In general, the Laplacian spectral gap is a global property that quantifies how ‘well-connected’
a network is [10]. Since the structural measurements used in our bounds (degree sequence,
correlation terms, etc.) have a local nature, they do not contain enough information to determine
how well connected the network is globally. In other words, it is often possible to find two
different graphs with identical local structural features but radically different global structure, as

we have illustrated in the above example.
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V. CONCLUSIONS

This paper studies the relationship between local structural features of large complex networks
and global spectral properties of their Laplacian matrices. In Section [II, we have proposed a
graph-theoreical approach to compute the first five Laplacian spectral moments of a network from
a collection of local structural measurements. In Section we have proposed an optimization-
based approach, based on a recent result by Lasserre [4], to compute bounds on the Laplacian
spectral radius and spectral gap of a network from a truncated sequence of spectral moments. Our
bounds take into account the effect of important structural properties that are usually neglected in
most of the bounds found in the literature, such as the distribution of cycles and other structural
correlations. Our analysis shows that local structural features of the network strongly constrain
the Laplacian spectral moments and spectral radius. On the other hand, local structural features
are not enough to characterize the Laplacian spectral gap, since this quantity strongly depends

on how ‘well-connected’ the network is globally.

APPENDIX

Theorem Let G be a simple graph with Laplacian matrix Lg. Then, the fourth and fifth
Laplacian moments can be written as

1
m4(Lg) == E(—Sl+232+433+54+8Q)

1
ms (Lg) = E (—552 + 553 + 554 + S5 + 30A — 10P)
+10 (Cag + Cppa — Cat — Cg2y + Cag — Daa)

where S, = Zviev d;, and the correlation terms Cyq, Cat, Cyq, Ca2q, Cazi, and Dgq are defined
in (3).

Proof: As in Theorem [2.2] we use Lemma [2.1] to compute the Laplacian spectral moments
in terms of weighted sums of closed walks in the weighted Laplacian graph Lq. In order to
compute the fourth Laplacian spectral moment, we classify the types of possible closed walks
of length 4 into subsets according to the structure of the underlying graph covered by the walk.
Specifically, two walks p; and p, belong to the same type if the subgraphs covered by the
walks, denoted by C (p;) and C (p2) according to Definition are isomorphic. We enumerate
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Fig. 1. Collection of possible graphs covered by closed walks of length 4.
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Fig. 2. Collection of possible graphs covered by closed walks of length 5.

P, Py,

7
a

the possible types in Fig. |1l and we denote the corresponding sets of walks as Pi
Pi;), and PAfi). These sets P4(2),---,P4(? partition the set of closed walks PAE?Z Hence, we have

my (Lg) = % ZviGV er{a,b,c,d,e} ZPEPAE;) w (p> :

We now analyze each one of the terms in the above summations. For convenience, we define

Al

Tie = 52 ey ZpePﬂ) w(p), and analyze the term Ty, for x € {a,b,c,d}:

(a) For x = a, we have that the weights w (p) of the walks in Pié) are all the same, and equal
to d}. Hence, Ty, = £ 3. d} = Sy/n.

(b) For x = b, the weights of the walks in PAEZ) are equal to 2+ 4 (df + djz + d,;dj). Hence,
Ty =1 D iy 24 (d2 + &2 + did;) = = (S1 + 453) + 4Cuq.

(c) For x = ¢, the weights of the walks in P4(? (i.e., walks that cover the two-chain graph)
are equal to 4. Hence, T). = %Zvjwiwk 4@ DI (d2i)4 = 2 (S, — 51), where in equality
(i) we have used the fact that the number of two-chain graphs whose center node is v; is equal
0 (4).

(d) For x = d, the weights of the walks in le(;) are equal to —8(d; + d; + d;). Hence,
Tia = 3 3y opens —8 (di + dj +di) = =3 370 370 D70 Btijedi,where ¢ is an indica-
tor function that takes value 1 if v; ~ v; ~ v ~ v;. Since Z;‘:l > p_y 3tiji = t; (the number of

triangles touching node v;), we have that 7, = —% Z?Zl tid; = —8Cy;.
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(e) For z = e, the weights of the walks in Pi? are equal to 8. Hence, 7). = % Zfﬁ”ﬁ;@"ﬁfé% 8 =
8Q/n.

Finally, since my (Lg) = Tyq+Tup+Tsc.+ 144, we obtain the expression for the fourth Laplacian
spectral moment in the statement of the theorem after simple algebraic simplifications.

In order to derive a similar expression for the fifth-order Laplacian spectral moments, we
follow an identical approach. Below, we provide the main steps in the derivations. As before,
we partition the set of closed walks PéZ,)L according to the subgraph covered by the walk. We
show the structure of the possible subgraphs in Fig. [2]

We now analyze each one of the terms Tgm 21 ) DY Zpepé;) w (p) for x € {a,b, ..., g}:

(a) For x = a, we have T5, = ZZ L d; = Ss5/n.

(b) For x = b, we can determine all possible closed walks of length 5 using the edge graph in
Fig. b) and derive that Ty, = &35, ., 5 (di + dj + & + d} + d3d; + did}) = 3 (S5 + Sa) +
10Cz24.

(¢) For # = ¢, the weights of walks covering the two-chain graph are d;, d;, d;. Count-
ing the multiplicities of each type of walk, we have that T;. = %Zv]”vvi"‘vk 10d; + 5d; +
5 = 05" (dz)dz + 25 > iy @ij (d; — 1) dj,where we have used that ZU gy i =
S () doand Y, dy = 55T STy (d — 1) dy. Thus, To, = 2500 32 S 2
%Zlgi,jgn aijdid; — Zg 1 ] = % (83 —2853) +10C4q

(d) For © = d, we can determine all possible closed walks of length 5 using the edge graph
in Fig. d) and derive that where b;; £ ZZ | Qi@ =
neighbors shared by v; and v;. Hence, Ty = —302 — 10 ZZ i d2 — DT Wiy (didy) =
—30A/n — 10Cs; — 10Dy,

(e) For x = e, the weights of walks covering the quadrangle graph are d;, d;, d, and d,. Count-
ing the multiplicities of each type of walk we have that T;, = + wakawwvi 10(d; +dj + dp + d,) =
% Yoy Z’;:l S op_y > Aq;jkrd;,Where g, is an indicator function that takes value 1 if
U~ Vj ~ U~ U ~ ;. Since Z1§j,k;,r§n 4q;jkr = ¢; (the number of quadrangles touching
node v;), we have that Ty, = 22 3" | ¢;d; = 10Cy,.

(f) For z = f, we have 10 possible walks covering the subgraph in Fig. 2(f). Since each walks
has a weight equal to —1, we have that 75, = %ZUiNUjNUkNUiN'UT —10 = =15 (d; —2)¢,,
where in the last equality we take into account that the number of subgraphs of the type depicted

in Fig. f) and centered at node v; is equal to the number of triangles touching node v,
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t;, multiplied by (d; — 2) (where we have subtracted —2 to the degree to discount the two
edges touching v; that are part of each triangle counted in ¢;). Hence, we have that T5; =
— N Ldity + 2257 2t = —10Cy; + 60A /n.

(g) For z = f, we have 10 possible walks on the pentagon and the associated weight of each

. 1
walk is —1. Hence, T5, = - Zviijkwwvswi

—10 = —10P/n,where P is the total number of
pentagons in G.
Finally, since ms (Lg) = T5,+ T5, + ... + 15,4, we obtain the expression for the fifth Laplacian

spectral moment in the statement of the theorem after simple algebraic simplifications. [ ]
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