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Bit-wise Unequal Error Protection
for Variable Length Block Codes with Feedback

Baris Nakib@lu Siva K. Gorantla Lizhong Zheng Todd P. Coleman

Abstract

The bit-wise unequal error protection problem, for the case when the eurob groups of bite/ is fixed, is
considered for variable length block codes with feedbaak.eAcoding scheme based on fixed length block codes
with erasures is used to establish inner bounds to the abieperformance for finite expected decoding time. A
new technique for bounding the performance of variabletleidpck codes is used to establish outer bounds to the
performance for a given expected decoding time. The innértla@ outer bounds match one another asymptotically
and characterize the achievable region of rates-exponventsrs, completely. The single messagessage-wise
unequal error protection problem for variable length bleckles with feedback is also solved as a necessary step
on the way.

Index Terms

Unequal Error Protection(UEP), Feedback, Variable-Lengbmmunication, Block Codes, Error Exponents,
Burnashev’s Exponent, Yamamoto-ltoh scheme, Kudryashsignaling, Errors-and-Erasures Decoding Variable-
Length Block Coding, Discrete Memoryless Channels (DMCs)

. INTRODUCTION

In the conventional formulation of digital communicatiomplem, the primary concern is the correct transmission
of the message; hence there is no distinction betweeneliff@rror events. In other words, there is a tacit assumption
that all error events are equally undesirable; incorredigoding to a message when a messaga is transmitted,
is as undesirable as incorrectly decoding to a messagéien a messaga is transmitted, for anynh other thanm
andm other thanm. Therefore the performance criteria used in the conveatiermulation (minimum distance
between codewords, maximum conditional error probabdityong messages, average error probability, etc.) are
oblivious to any precedence order that might exist amongether events.

In many applications, however, there is a clear order of gotence among the error events. For example in
Internet communication, packet headers are more impotiteant the actual payload data. Hence, a code used for
Internet communication, can enhance the protection agtiaserroneous transmission of the packet headers at the
expanse of the protection against the erroneous transmis$ipayload data. In order to appreciate such a coding
scheme, one may analyze error probability of the packetdrsaahd error probability of payload data separately,
instead of analyzing the error probability of the overallssege composed of packet header and payload data. Such
a formulation for Internet communication is an unequal epmtection UEP) problem, because of the separate
calculation of the error probabilities of the parts of thesseges.

Problems capturing the disparity of undesirability amoragiaus classes of error events, by assigning and
analyzing distinct performance criteria for differentadas of error events, are called unequal error protedti&)
problems.UEP problems have already been studied widely by research@mnmmunication theory, coding theory,
and computer networks from the perspectives of their rasgefields. In this paper we enhance the information
theoretic perspective obEP problems [[5], [[2] for variable length block codes by genieiay the results of[[2]
to the rates below capacity.

In information theoretidJEP, error events are grouped into different classes and theapilities associated with
these different classes of error events are analyzed defyada order to prioritize protection against one or the
other class of error events, corresponding error exporeinicieased at the expense of the other error exponents.

This paper was presented in part at ISIT 2010, [6].
Authors acknowledge the support of the NSF through the NSBefhysical Systems Program (NSF0932410) and the NSF cg&ci&n
Technology Center (CCF-0939370) and support of DARPA thhothe ITMANET program (W911NF-07-1-0029)
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There are various ways to choose the error event classesvbigpecific choices of error event classes stand out
because of their intuitive familiarity and practical redexe; they correspond to thmeessage-wise UERNd the
bit-wise UER Below, we first describe these two typesWEP then specify thdJEP problems we are interested
in this manuscript.

In the message-wise UERhe message sél is assumed to be the union 6Hisjoint sets for some fixed i.e.,
M = U5_  M; whereM; M = () for all i # j. For each seM;, the maximum error probabilllyr. {;}, the rate
Ry;; and the error exponeitt;;, are defined as the corresponding quantities defined in theentonal problem,

i.e., Po{j} = maxmer, P|M# m‘ M= m}, Ry = 1“%”]", Egy = _1%{3} forall j in {1,2,...,¢} wheren is
the length of the code. The ultimate aim is calculating thiei@@ble region of rate vector error exponent vector
pairs, (R}, Eq})’s wherd Ry = Ry Rygys -5 Ryyy) and Egy = (Eqqy, Eqgy, ..., Egyy). The message-wise
UEP problem was the first information theoretitEP problem to be considered; it was considered by Csiszar in his
work on joint source channel codingl [5]. Csiszar showed thatny integer/, block lengthn and /-dimensional
rate vectorRy., such thatd < REj} < Cforj=1,2,...,¢4 there exists a length block code with message set
M = Uﬁzl/\/lj where|M;| = e" R3—e) such that the conditional error probability of each messagsachM
is less there"(E-(Ri1)=2n) where E,.(-) is the random coding exponent ang converges to zero as diverge
Thebit-wise UEPproblem is the other canonical form of the information thedicrUEP problems. In thebit-wise
UEP problem the message s#tf is assumed to be the Cartesian productidf, Mo, ..., M, forAsome fixed
(e, M = My x Mg x ... x M. Thus the transmitted messay and the decoded messalye are given
by M = (M, Ma,...,M;) andM = (M, Ma,...,My), receptively. FurthermoreM;’s and M,’s are called the
transmitted and decoded sub-messages, respectively.riidreegents of interest in thbit-wise UEPproblem are
the ones corresponding to the erroneous transmission sltirénessages. The error probabilty(;j), rateR; and

the error exponerit; of sub-messages are given by(j) = P[I\A/Ij # MJ}, R, = ln\ﬁml, E; = “nPl) for all 4

n

in {1,2,...,¢} wheren is the block length. As was the case in timessage-wise UEBroblem, the ultimate aim

in the bit-wise UEPproblem is determining the achievable region of the ratdoreerror exponent vector pa@s
(R,E). The formulation of Internet communication problem we haemsidered above, with packet header and
payload data, is ait-wise UEPproblem with two sub-messages, i.e., with- 2.

There is some resemblance in the definitionsnafssage-wisand bit-wise UEPproblems, but they have very
different behavior in many problems. For example, consitiermessage-wise UEPRroblem and thebit-wise
UEP problem with¢ = 2, M; = {1,2} and My = {3,4,...,e"(¢~=2)} for somee, that goes to zero as
diverges. It is shown inJ2, Theorem 1] thatM = M; x M, andP{Mg #+ '\7'2} < &, for somee, that goes to

zero as diverges th(ﬂmEl = 0. Thus in thebit-wise UEPproblem even a bit can not have a positive error exponent.
As result of [5, Theorem 5], on the other hand M = M; U M5 we know thatM; can have an error exponent

E{1y as high as?,.(0) > 0 while having a small error probability foMs, i.e., max P{I\A/I;A m‘ M= m} < &, for
meMy

someg, that goes to zero as diverges. Thus in thenessage-wise UEProblem it is possible to give an error
exponent as high ag,.(0) to M;.

The message-wisand thebit-wise UEP problems cover a wide range of problems of practical interést,
as noted in[[2], there are manyEP problems of practical importance that are neithe¥ssage-wisaor bit-wise
UEP problems. One of our aims in studying theessage-wisand thebit-wise UEPproblems is gaining insights
and devising tools for the analysis of those more complit@t®blems.

1This formulation is called the missed detection formulataf the message-wise UEProblem in [2]. If P [I\7I7é m’ M= m} is replaced

with P [M = m‘ M= m| we get the false alarm formulation of theessage-wise UEPBroblem. In this paper we restrict our discussion
to the missed detection problem and usessage-wise UERithout any qualifications to refer to the missed detectionmiulation of the
message-wise UEProblem.

2 Here/ is assumed to be a fixed integer. All rates-exponents veaotsevable or not, are in the region B* in which R¢;3 >0 and
E(;;>0forall 1 <j<¢ R* is the2¢ dimensional real vector space with the nofi || = sup; |z

3Csiszar proved the above result not only for the case whisrconstant for all but also for the case whefy is a sequence such that
limy 00 252 = 0. See|[5, Theorem 5].

“4Similar to themessage-wise UEproblem discussed above, in the current formulatiobitfvise UEPproblem we assuméto be fixed.
Thus all rates-exponents vectors, achievable or not, aregion of R* in which R; >0 andE; >0 for all 1 < j < £, by definition.

5The channel is assumed to have no zero probability transitio




In the above discussion tHeéEP problems are described for fixed length block codes for the s& simplicity.
One can, however, easily define the corresponding problemsfious families of codes:with or without feedback,
fixed or variable length, by modifying the definitions of therog probability, the rate and the error exponent
appropriately. Furthermore parameterepresenting the number of groups of bits or messages isnaskto be
fixed in the above discussion for simplicity. However, bdih message-wisend thebit-wise UEPproblems can be
defined for/’s that are increasing with block lengthin fixed length block codes and féis that are increasing with
expected block lengtiE[T] in variable length block codes. In fact Csiszar's resultdssed above| [5, Theorem
5], is proved not only for constaritbut also for any’,, sequence satisfyingm,, h“rf" = 0.

In this manuscript we consider two closely relatéBP problems for variable length block codes over a discrete
memoryless channels with noiseless feedback:hibevise UEP problem and the single messagessage-wise
UEP problem.

« In the bit-wise UEPproblem there aré sub-messages each with different priority and rate. Fdixat values
of ¢ we characterize the trade-off between the rates and theexponents of these sub-messages by revealing
the region of achievable rate vector, exponent vector p&ios fixed ¢ this problem is simply the variable
length code version of the above descriliswise UEPproblem.

« In the single messageessage-wise UEProblem, we characterize the trade-off between the expertdrihe
minimum and the average conditional error probability. Stlois problem is similar to the above described
message-wise UEProblem for the casé = 2 and M; = {1}. But unlike that problem we work with variable
length codes and average conditional error probabilitherathan fixed length codes and the maximum error
probability.

The bit-wise UEPproblem for fixed number of groups of bits, i.e., fixédand the single messageessage-wise
UEP problem were first considered inl[2], for the case when the imf(very close to) the channel capacity; we
solve both of these problems for all achievable rates.

In fact, in [2] single messagmessage-wise UEProblem is solved not only at capacity, but also for all the
rates below capacity both for fixed length block codes witifeedback and for variable length block codes with
feedback, but only for case when overall error exponentie geee [2, Appendix D]). Recently Wang, Chandar,
Chung and Wornel[[11] put forward a new proof based on metifdgipes for the same problﬂﬂ\lazer, Shkel and
Draper [9], on the other hand, investigated the problem fadflength block codes on additive white Gaussian noise
channels at zero error exponent and derived the exact a@lgkpression in terms of rate and power constraints.

Before starting our presentation, let us give a brief oatlaf the paper. In Sectidn] ll, we specify the channel
model and make a brief overview of stopping times and vagigdrgth block codes. In Sectiénllll, we first present
the single messageessage-wise UEgroblem and fixed version of thebit-wise UEPproblem for variable length
block codes; then we state the solutions of these Wi problems. In Sectioh IV we present inner bounds for
both the single messageessage-wise UEProblem and thebit-wise UEPproblem. In SectioliV we introduce
a new technigue, Lemnid 5, for deriving outer bounds for Wdgidength block codes and apply it to the two
UEP problems we are interested in. Finally in Section VI we déscthe qualitative ramifications of our results
in terms the design of communication systems WitBP and the limitations of our analysis. The proofs of the
propositions in SectiodsI[-IM,V are deferred to the Apgiees.

[I. PRELIMINARIES

As it is customary we use upper case letters, &/43.X, Y, T for random variables and lower case letters, e.g.,
m, x, y, t for their sample values.

We denote discrete sets by capital letters with calligrapbints, e.g.,M, X', Y and power sets of discrete sets
by p(), e.9.,p(M), p(X), p(). In order to denote the set of all probability distributioms a discrete set we
use Z(-), e.g., (M), 2(X), 2(Y).

Definition 1 (Total Variation): For any discrete se€ and for anyu,, us € #(Z2) the total variationA (w1, p2)
is defined as,

Apr, p2) = %ZZEZ [ (z) — p2(2)]. 1)

®In addition to their new proof in missed-detection probléh,[ Theorem 1] Wang, Chandar, Chung and Wornell present gletely
new result on the false-alarm formulation of the probléni, [Lhieorem 5].



We denote the indicator function by, ,, i.e., 1,y = 1 when evenfl” happensl -, = 0 otherwise.
We denote the binary entropy function by-), i.e.,

h(s)= —slns — (1 —s)In(1 — s) Vs € [0,1]. 2

A. Channel Model

We consider a discrete memoryless channel (DMC) with infphiabetX’, output alphabel and |X'| — by — ||
transition probability matrixi¥. Each row of W corresponds to a probability distribution @h i.e., Wy € 2())
for all x € X. For the reasons that will become clear shortly, in Sedildn] Iwe assume thai¥y(y) > 0 for all
x € X andy € Y and denote the smallest transitions probability oy

pE n)‘iuyn Wi(y) > 0. (3)

The input and output letters at time up to timer and between time, and 7, are denoted by, Y., X", Y7,
X72 and Y72 respectively. DMCs are both memoryless and stationarycénéime conditional probability oY, =y
given (X7,Y7~1) is given by

P[Y, =y[X", Y"1 = Wx_(y).

Definition 2 (Empirical Distribution): For anyr, > 7 and any sequenc€? suchthat; € Z forall j € [r, 7],
the empirical distributiorQ{ng} is given by

1 T2
Qzr2y(2) = P | ZT:TI | — VzeZ. 4)

Note that if we replace? by Z7 when the empirical distributiof) 72 (z) becomes a random variable for each
ze€ Z.

B. Stopping Times

Stopping times are central in the formal treatment of vdeidbngth codes; it is not possible to define or
comprehend variable length codes without a solid undedgtgrof stopping times. For those readers who are not
already familiar with the concept of the stopping times, wespnt a brief overview in this section.

In order to make our presentation more accessible, we useotheept of power sets, rather than sigma- fields
in the definitions. We can do that only because the randonabi@s we use to define stopping times are discrete
random variables. In the general case, when the underlyanighles are not necessarily discrete, one needs to use
the concept of sigma fields instead of power set.

Let us start with introducing the concept of Markov timest &o infinite sequence of random variables Z,, . . .,

a positive,integer valued function T defined onZ* is a Markov time, if for all positive integers it is possible
determine whethel = 7 or not by considering™ only, i.e., if 1;t_, is not only a function ofZ> but also a
function of Z7 for all positive integers-. The formal definition is given below.

Definition 3 (Markov Time):Let Z$° be an infinite sequence & valued random variables, for r € {1,2,...}

andT be a function ofZ> which takes values from the sét, 2, ..., oo0}. Then the random variabl€ is a Markov
time with respect taZ7 if
{22 T=7if 2 =27} € p(27) x {27, vre{1,2,...}. (5)

wherep(27) x {229} is the Cartesian product of the power setdif and the one element S€g? , }.
We denoteZ,’s from 7 = 1 to 7 = T by ZT and their sample values k. The set of all sample values @
such thatT = 7, on the other hand, is denoted E%T:T}. We denote union of aIEET:T}’s for finite 7's by ZT*

“Integer is the set of all integers together with two infinities, i.e500,...,—1,0,1,...,00}.



and the union of alZ7 's by ZT, i.e.,

{T=r}

ET:T}é{zT T=r7ifZ"=2"} T€{1,2,...,00} (6a)

e | 2, @
1<7<0c0

ZTez™| 2% oy (6c)

For an arbitrary, positiventeger valued functionT of Z>°, however, one can not talk abofit, because the value
of T can in principle depend o#$ ;. For a Markov timeT, however, the value of does not depend 0BT, ;.

That is why we can defingT, 2l ZT* and ZT for any Markov timeT.
Given an infinite sequence czé’s, i.e.,z, eitherz™® ¢ Z‘{XT’:OO} or z*° has a unique subsequencethat is in

ZT,

In most practical situations, one is interested in Markove that are guaranteed to have a finite value; those
Markov times are called Stopping times.

Definition 4 (Stopping Time): A Markov time T with respect toZ” is a Stopping Time iffP[T < oo].

Note that if T is a stopping time the#® [ZT € ZT*] = 1. Furthermore unlike2T, ZT* is a countable set for all
stopping timesT becauseZ| is finitel

C. Variable Length Block Codes

A variable length block code on a DMC is given by a random déaapdime T, an encoding schem& and a
decoding rule¥ satisfyingP[T < oo] = 1.

« Decoding timeT is a Markov time with respect to the receiver’'s observaéni.e., givenY” receiver knows
whetherT = 7 or not. HenceT is a random quantity rather than a constant, thus neithedelseder nor the
receiver knows the value of a priori. But as time passes, both the decoder and the encoder (kechus
feedback link) will be able to decide wheth&rhas been reached or not, just by considering the current and
past channel outputs.

« Encoding scheme is a collection of mappings which determines the input tettietime (7 + 1) for each
message in the finite message a4t for eachy” € V™ such thatT > 7,

Oy ) M= X VT T > T

« Decoding Rulas a mapping from the set of output sequengesuch thafl = 7 to the finite message st
which determines the decoded messadeWith a slight abuse of notation we denote the set of all, ipbss
infinite, output sequenceg such that{T =7 if Y™ =y"} b)E YT and write the decoding rul& as,

T : YT - M.
« Note that because of the conditi@[T < o] = 1, decoding time is not only a Markov time, but also a
Stopping timéd

At time zero the messadé chosen uniformly at random frooM is given to the transmitter; the transmitter uses
the codeword associated, i.e., (M, ), to convey the messagdé until the decoding timeT. Then the receiver
chooses the decoded messagaising its observatioty™ and the decoding ruld, i.e., M = ¥(YT). The error
probability, the rate and the error exponent of a variabhgtle block code are given by

In | M| —In Pe
= E= . 7

BT BT )
Indeed one can interpret the variable length block codes MIC®as trees, for a more detailed discussion of this
interpretation readers may go over [1, Section II].

&:PW#M} R

82T is a countable set even whég| is countably infinite.

°See equatior{6).

Having a finite decoding time with probability one, i.®[T < oo] = 1, does not imply having a finite expected value for the deapdin
time, i.e.,,E[T] < co. Thus a variable length code can, in principle, have an tefiekpected decoding time.



D. Reliable Sequences for Variable Length Block Codes

In order to suppress the secondary terms while discussiagrain results, we use the concept of reliable
sequences. In a sequence of codes we denote the error pitybaibil the message set of thé" code of the
sequence by’ ") and M), respectively.

Definition 5 (Reliable Sequencek sequence of variable length block codgss reliable if the error probabilities
of the codes vanish and the size of the message sets of the diveeg

Jim, (P + pfey) =0
where P,*) and M%) are the error probability and the message set forsiecode of the reliable sequence,
respectively.

Note that in a sequence of codes, each code has an associtedifity space. We denote the random variables
in these probability spaces together with a superscrigesponding to the code. For example the decoding time of
the k" code in the sequence is denoted BY). The expected value of random variables in the probabifiyce
associated with the'" code in the sequence is dendtety E*) [].

Definition 6 (Rate of a Reliable Sequenc@he rate of a reliable sequen€eis the limit infimum of the rates
of the individual codes,

A In |M*)|
Rl gy froo]

Definition 7 (Capacity):The capacity of a channel for variable length block codeséssupremum of the rates
of the all reliable sequences.

C= sup Ro.
Q

The capacity of a DMC for variable length block codes is idEitto the usual channel capacity/ [3]. Hence,

C = max x) Wi(y)In — 8
ax &yu() (y) 0y) (8)
wherefi(y) = 3, pu(x) Wi(y)-
Definition 8 (Error Exponent of a Reliable Sequenc&he error exponent of a reliable sequeriges the limit
infimum of the error exponents of the individual codes,

ar oo —InP®
o= I lnf g rea]
Definition 9 (Reliability Function):The reliability function of a channel for variable lengthobk codes at rate
R € [0, C] is the supremum of the exponents of all reliable sequencesevhate iR or higher.

ER):E sup Eg.
Q:Rg>R
Burnashevl[[B] analyzed the performance of variable lengghkbcodes with feedback and established inner and
outer bounds to their performance. Results of [3] deterntieereliability function of variable length block codes
on DMCs for all rates. According to [3]:

HRecall that the decoding time of a variable length block cisdénite with probability one. Thug " [T‘“) < oo} =1 for all  for a
reliable sequence.
2Evidently it is possible to come up with a probability spalettincludes all of the codes in a reliable sequence and éimmependence

between random quantities associated with different cod&schoose the current convention to emphasize indepeadexgicitly in the
notation we use.



« If all entries of W are positive theftd

R
ER) = <1 ~ 5) D  VRe0C]
where D is maximum Kullback Leibler divergence between the outgstrithutions of any two input letters:
a N
Df)(’miggiD (Wl Wx). )

« If there are one or more zero ent%in W, i.e., if there are two input lettess x and an output lettey such
that, W, (y) = 0 and Wx(y) > 0, then for allR < C, for large enouglE[T] there are rat&® variable length
block codes which are error free, i.é% = 0.

When P, = 0 all error events can have zero probability at the same tinems€quently all th&JEP problems are
answered trivially when there is a zero probability trapsit This is why we have assumed thit(y) > 0 for all
x € X andy € ).

We denote the input letters that get this maximum value ofliégk Leibler divergence @ a andr:

D =D (Wa| Wy). (10)

[1l. PROBLEM STATEMENT AND MAIN RESULTS
A. Problem Statement
For eachm € M, the conditional error probability is defined@s,

Pem2P [|\7| £ M‘ M — m} . (11)

In the conventional setting we are interested in either tleeage or the maximum of the conditional error probability
of the messages. The behavior of the minimum conditional gmobability is scarcely investigated. Single message
message-wise UEBYoblem attempts to answer that question by determiningyduke-off between exponential decay
rates ofPe andminme v Pejm- The operational definition of the problem in terms of reléakequences is as follows.

Definition 10 (Single Messagdessage-wis&JEP Problem): For any reliable sequendg the missed detection
exponent of the reliable sequen@eis defined as

— Inming,e A0 P(H)

elm (12)

Ema = Bl =5 o]

K)

WherePéIm is the conditional error probability of the messageor the x* code of the reliable sequenge

For any rateR < [0, C] and error exponeIH E € [0,(1 — £)D], the missed detection expondhtq(R, E) is
defined as,
End(R,E)2  sup Emd - (13)

Q.RQZR
‘Eo>E

Problem is formulated somewhat differently il [3], as a hef@] did not deal with the cas@[T] = oco. The bounds in[[3] does
not guarantee that the error probability of a variable lenghde with infinite expected decoding time is greater thaw,zkowever this
is the case if all the transition probabilities are positife see that consider a channel with positive minimum ttawsiprobability A,

-
i.e., A = minsy Wx(y) > 0. In such a channel any variable length code satisfies> "‘V‘A‘A"lE (%) ,thenPs > 0 asA > 0 and

P[T < oo] = 1. Consequently both the rate and the error exponent are aerafiable length block codes with infinite expected deogdi
time. A more detailed discussion of this fact can be found ppéndix H1.

Note that in this situatiorD = cc.

BThis particular naming of letters is reminiscent of the u$ehese letters in Yamamoto Itoh schemiel[12]. Although they mamed
differently in [12], a is used for accepting andis used for rejecting the tentative decision in Yamamoth koheme.

8Later in the paper we consider block codes with erasures.cBhditional error probabilitiesP, |, for m € M, are defined slightly
differently for them, see equatiof {24).

"Burnashev’s expression for error exponent of variabletlehipck codes is used explicitly in the definition becausekwew, as a result
of [3], that the error exponents of all reliable sequencesupper bounded by Burnashev's exponent. An alternativaitiefi oblivious to
Burnashev’s result can simply defifig(R, E) for all rates-exponents vectors that are achievable. Téf@ition is equivalent to Definition
[10, because of [3].



In variable length block codes with feedback, the singlesagemessage wise UEProblem not only answers
a curious question about the decay rate of the minimum dondit error probability of a code, but also plays a
key role in thebit-wise UEPproblem, which is our main focus in this manuscript.

Though they are central in thmessage-wise UEProblems, the conditional error probabilities of the megesa
are not relevant in theit-wise UEPproblems. In thebit-wise UEPproblems we analyze the error probabilities of
groups of sub-messages. In order to do that, consider a citheawnessage sett of the form

M=M; X Mg x...x My

Then the transmitted messalfeand decoded messa@é of the code are of the form
M= (M, Mq,...,My)
M= (M17M27"'7MZ)
where M;;, I\A/Ij e M, forall j =1,2,...,¢ FurthermoreM; and I\A/Ij are called;j™ transmitted sub-message and
4% decoded sub-message, respectively.
The error probabilities we are interested in correspondrimneous transmission of certain parts of the message.

In order to define them succinctly let us deﬂmﬂ, M7 and M’ for all j between one and as follows:
MJéMl XM2 X .. XMj

MIE(Mq, Mg, ..., M;)
M2 (My, M, ..., M,).
Then P(j) is defineld as the probability of the event th&t/ £ M
Po(j)2P [MJ’ ” MJ} for j =1,2,...,1. (14)

Note that if M # MJ thenM? # M for all i greater thary. Thus
Po(1) < Po(2) < Po(3) < ... < Po(0). (15)

Definition 11 Bit-wise UEP Problem For Fixed’): For any positive integeflet Q be a reliable sequence whose
message set81(®) are of the formM*) = Mg”) X Mg”) X ...X Mf). Then the entries of the rate vecty
and the error exponent vectdi, are defined as

R .Ahminfw
Q=550 ER [T*)]

A —In P (5)™)
Form i @ re]

Vie{l,2,...,¢}
Vie{1,2,...,¢0}.

A rates-exponents vecto(R, E) is achievable if and only if there exists a reliable sequecaich that(R, E) =
(R, Eq).

This definition of thebit-wise UEP problem is slightly different than the one described in th&aduction,
becausePe(j) is defined asP [Mﬂ' # MJ} rather thanP[Mj # MJ}. Note that if M; # M, then M/ # M/;

consequentiyP [I\A/Ij #+ MJ} > P[I\A/Ij #+ MJ} for all j's. In addition, if we assume without loss of generality that

P[I\A/Ij ;AM]} > P|M; # MZ-J for all j > 4, the union bound implies thaP |[Mi£MI| < jP LI\A/I]-;«AM]}. Thus
for the case whed is fixed, both formulations of the problem result in exacthe tsame achievable region of
rates-exponents vectors.

The achievable region of rates-exponents vectors coulé baen defined as the closure of the points of the
form (Rg, Eq) for some reliable sequend@ Using the definition of Rg, Eg)’s one can easily show that, in this
case too both definitions result in exactly the same achieva&gion of rates-exponents vectors.

8Similar to the conditional error probabilitied).m's for m € M, error probabilities of sub-message,(j)'s for j = 1,2,...,¢, are
defined slightly differently for codes with erasures, seaatign [30).
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Fig. 1. TheJ(R) function is drawn for Binary Symmetric Channels (BSCs) vatbss over probabilities € {0.005, 0.01, 0.02, 0.04, 0.08}.

B. Main Results

For variable length block codes with feedback, the resultsoth the single messageessage-wise UEproblem
and thebit-wise UEPproblem are given in terms of thé(R) function defined below. Thd(R) function is first
introduced b@ Kudryashov([7, equation (2.6)] while describing the periance of non-block variable length codes
with feedback and delay constraints. Later th&) function is used in[[2] for describing the performance ofdilo
codes in single messagressage-wise UEProblem. It is shown in[[2, Appendix D] that for both fixed lehg
block codes without feedback and variable length block sodigh feedback on DMCs satisfy,

End(R,0) = J(R). (16)

Recently Nazer, Shkel and Draper obtained the closed foipnesgion forEnqg(R, 0) for fixed length block codes
on the Additive White Gaussian Noise channel, under cedaérage and peak power constraints [9, Theorem 1].
Curiously equality given in[(16) holds in that case o.
Definition 12: For anyR € [—o0, C], J(R) is defined as
J(R)2 max aD (| Wx,) + (1 = @)D (s | W.) (17
X1T><2g)(

Q,X1,X2, 1, M2 P2 €EP(X)
ol (1, W)+(1—0) (2, W) >R

wherefi;(y) = > Wi(y)pi(x) for i =1,2.

We have plotted thd (R) function for Binary Symmetric Chann@s(BSCs) with various cross over probabilities
in Figure[1. Note that as the channel becomes noisier, sehecrossover probability becomes closet 19, the
value of J(R) function decreases at all values of rate where it is posititgthermore the highest value of rate
where it is positive, i.e., the channel capacity, decreases

¥In [7, equation (2.6)] there is no optimization over the paegera. Thus strictly speaking, what is introduced [ [7, equat{@r6)] is
j(R) given in equation[(84) rather thaf(R) given in [17).

2Unlike DMC for these channels it is possible to obtain a alok®m expression in terms of the rate and the power consstain

ZRecall that in a binary symmetric channel with crossoverbability probability p, X = {0,1}, ¥ = {0,1} and Wi(y) = (1 —
P)Lmyy + PL gy -



10

5.0
~ —F— E=0

45—
S - - L ; E=D/4

~ =
T
40 \\ P ~—— E=DR2

3.5

3.0

R, E)
[

& 250

Em d
I

2.0

1.5 -

1.0~ -

0 .05 .10 .15 .20 .25 .30 .35 40 45 .50 .55 .60 .65

Fig. 2. Emd(R,E) is drawn at various values of the error exponEras a function of ratd® for a BSC with crossover probabiligy = 0.01.
Note that wherp = 0.01, C = 0.6371 Nats per channel use ard = 4.503. As we increase the exponent of the average error probabilit
i.e., E, the value ofEmd(R, E) decreases, as one would expect.

Lemma 1:The functionJ(R) defined in equatiorf (17) is a concave, decreasing functich thatJ(R) = D
for R <0.

Proof of Lemmdl is given in Appendix]A.

Now let us consider the singe messagessage-wise UEProblem given in Definitiom_T0.

Theorem 1:For any rate) < R < C and error exponerlt < (1—%)D the missed detection expondiitq(R, E)
defined in equatior (13) is equa@o

Ena(R,E) =B+ (1- 5) (%) (18)

whereC, D andJ(-) are given in equationsl(8].1(9) arid{17), respectively.lramnoreE4(R, E) is jointly concave
in (R,E) pairs.
We have plottedE4(R,E) as a function of rate, for various values Bfin Figure[2. When rate is zero, the
exponent of the average error probability can be made asdgdh Thus all the curves meet &, D) point. But
for all positive rates the exponent of the average error giodily makes a difference; aB increase€mqg(R, E)
decreases. Furthermore for any given rAt¢he exponent of the average error probability can only beigis &s
(1- %)D. This is why the curves corresponding to higher value& dfave smaller support on rate axis.

Proof of Theoreni]1 is presented in Appendix I.

Similar to the single messagressage-wise UEProblem, the solution of thbit-wise UEPproblem is given in
terms of theJ(R) function.

?’For the case wheR = 0 andE = D the (1 - £) J(1 R ) term should be interpreted asi.e., (1 — £) J( R )‘R:O =0.

_E
D
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Fig. 3. E1(Ra,R2, E2) is drawn for various values rate paiR., R2) as a function error exponeii, for a BSC with crossover probability
p = 0.01. Recall that wherp = 0.01, C = 0.6371 Nats per channel use add = 4.503.

Theorem 2:A rates-exponents vecto(ﬁ, E) is achievable if and only if there existsrasuch thaE

14 4 R, .
E<(-)_ mD+> an(n—j) Vie {1,2,...,0) (192)
R; < Cn; Vie{l,2,...,0} (19b)
ni >0 Vie{l,2,...,0} (19¢)
J4
ijl =1 (19d)

where C, D and J(-) are given in equation$](8).1(9) and [17), respectively. rarrhore the set of all achievable
rates-exponents vectors is convex.
Proof of Theorenh2 is presented in Appendix J.

For the special case when there are only two sub-messagesrtiion given in Theorer 2 for the achievablity
of a rate vector error exponent vector pair can be turnedantanalytical expression for the optinia] in terms
of Ry, Ry andEs. In order to see why, note that revealing the region of achiv/(R;,R2, Eq, Ey) vectors is
equivalent to revealing the region of achievaiig , Ro, E2)’s and the value of the maximum achievahle for all
the (R1, Rz, E2)’s in the achievable region.

Corollary 1: For any rate pai(R;,R2) such thatR; + Ry < C and error exponenk, such thatE, < (1 —
Ritl2) D, the optimal value o, is given b

c D

Ei(Ri,Ro,Ey) =Ep + (1 - B — &) J(%) (20)

whereC, D and J(-) are given in equation§](8).1(9) arld [17), respectively.li@mnoreE; (R, Ro, E2) is concave
in (Rl, RQ, EQ).

ZFor the case wheR; = 0 andn; = 0 the nﬂ(%) term should be interpreted asi.e., nﬂ(%)
J J

R;=0 — 0.
n;=0
*For the case wheR2 = 0 andE; = (1 — R—Cl)D, the second term on the right hand side of equafioh (20) dhoeilinterpreted as zero,

H R E R.
i.e., ( —71—72)(]<717%1272) n =0

D Ro=0, Eo=(1—-4)D
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Note that for theF; (R, Ro, Eo) given in equation[{20)E;(R1,Re, Es) > E, for all (R, Rs, E9) triples such
thatR; + Ry < C andE, < (1 — B£82)D. Furthermore inequality is strict as long Bs > 0. We have drawn
E1(R1,Ra, Eg) for various(Rq,Rs) pairs as a function oE; in Figure[3.

IV. ACHIEVABLITY

In both the single messageessage-wise UEProblem and thevit-wise UEPproblem, the codes that achieve
the optimal performance employ a number of different ideath@ same time. In order to avoid introducing all of
those ideas at once, we first describe two families of coddsasmalyze the probabilities of various error events
in those two families of codes. Later we use those two famitiecodes as the building blocks for the codes that
achieve the optimal performance in th#EP problems we are interested in. Before going into a more léetai
description and analysis of those codes let us first give dsleye plan for this section.

(a) A Single Messagklessage-wis®JEP Scheme without Feedbadkrst in Section IV-A, we consider a family of
fixed length codes without feedback. We prove that thesescoale achieve any raie less than channel capacity,
with vanishin@ error probability P while having a minimum conditional error probabilitying, P|m, as low
ase /R) The main drawback of this family of codes is that the decag oi the average error probability
P, has to be subexponential in this family of codes.

(b) Control Phase and Error-Erasure Decodintyt Sectio V=B in order to obtain non-zero exponential defta
the average error probability, we use a method introduceWddoyamoto and Itoh in[12]. We append the fixed
length codes described in Sectlon IV-A with a control phase ase an error-erasure decoder. This new family
of codes with control phase and error-erasure decodingreners in Sectio IV-B, to achieve any rakeless
than the channel capacity with exponentially decaying average error probabily, exponentially decaying
minimum conditional error probabilityning, P, and vanishing erasure probabiliti,.

(c) Single Messag&lessage-wis@JEP for Variable Length Codedn Section[IV-C we obtain variable length
codes for single messageessage-wise UEPBroblem using the codes described in Secfion JV-B. In order t
do that we use the fixed length codes with feedback and esaseseribed in Sectidn TViB, repetitively until
a non-erasure decoding happens. This idea too, was emplyy¥dmamoto and Itoh i [12].

(d) Bit-wise UEP for Variable Length Codek SectiorTV-D we first use the codes described in Se¢iioAllahd
the control phase discussed in Secfion IV-B to obtain a faofiffixed length codes with feedback and erasures
which hasbit-wise UER i.e., which has different bounds on error probabilities diifferent sub-messages.
While using the codes described in Section IV-A we employraplicit acceptance explicit rejection scheme
first introduced in[[¥] by Kudrayshov. Once we obtain a fixedlgih code with erasures amit-wise UEP we
use a repeat at erasures scheme like the one described ian$&EC] to obtain a variable length code with
bit-wise UEPR

The achievablity results we derive in this section are rieebéo be the optimal ones, in terms of the decay rates
of error probabilities with expected decoding tifiT], as a result of the outer bounds we derive in Sedfibn V.

A. A Single Messagklessage-wis&JEP Scheme without Feedback

In this subsection we describe a family of fixed length blookles without feedback that achieves any fate
less then capacity with small error probability while hayen exponentially smathing, P, for sufficiently large
block lengthn. We describe these codes in terms of a time sharing constanb, 1], two input lettersx;, x, € X
and two probability distributions on the input alphabet, o € Z(X).

In order to point out that certain sequence of input lettera codeword or part of a codeword for message
we put (m) after it. Hence we denote the codeword farby x*(m) in a given code and b¥X"(m) in a code
ensemble, as a random quantity.

Let us start with describing the encoding scheme. The codkwafdhe first message, i.e¢; (1), isxy in firstn, =
|lan| time instances ang, in the rest, i.e.x,(1) =x; for 7 =1,...,n, andx,(1) = xq for 7 = (ny +1),...,n.
The codewords of the other messages are described via amaratbng argument. In the ensemble of codes we are
considering all entries of all codewords other than the fiosteword, i.e.X.(m) V7 € [1,n],Vm # 1, are generated
independently of other codewords and other entries of theesaodeword. In the firsi, time instanceX.(m) is

Zyvanishing with increasing block length.
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generated using;, in the rest usingu, i.e., P[X,:(m) = x] = p1(x) for 7 =1,...,n, andP[X;(m) = x] = pa(x)
forT=(ny+1),...,0.

Let us begin the description of the decoding scheme, by Segithe decoding region of the first message
G[1]: it is the set of all output sequenceg’ whose the empirical distribution is not typical with, z1;, f15). More
precisely, the decoding region of the first messd&gje|, is given by,

Gl = {y" : 0B (Qpey ) + (0 = 1) A Qs 10 7i2) = XY/ In(T+m) | (21)

whereA is the total variation distance defined in equatidn (3),«, and Q{y .} are the empirical distributions
of yI* andy} ., defined in equatiori{4) and, and i, are probability distributions oy, i.e., iy, iy, € Z(Y),

such thatz, (y) = >_, pi(x) Wx(y).

For other messages) # 1, decoding regiong/[m] are the set of all output sequences for wh@he m) = is
typical with (a, i1 W, 2 W) and Qen sy y»y is not typical with (o, g W, uz W) for any m # m. To be precise
the decoding region of the messages other than the first gessa

Gim] = B (m)] () (NmemBE@])  ¥m e 2,3, M]} (22)
where for allx® € X", B[x"] is the set of ally™'s for which (x",y") is typical with (a, uy W, us W):

B = {y" : A (Qpege yyoy i1 W) + (0= 10)A(Qpes L,z o2 W) < XVl +0)} (23)

whereA is the total variation distance defined in equatidn (3}« yna) andQ{Xn Lyh ) are the empirical dis-
tributions of (xj~,yy*) and(x; .,y ) defined in equatlorE(4) amzh W andp, W are probability distributions
onX x Y, ie,mWe 22X xY)andu, W e Z(X x ).

In Appendix[B we have analyzed the conditional error proli#s, P, for the above described code and
proved Lemmal2 given below.

Lemma 2: For any block length, time sharing constant € [0, 1], input lettersx;, x, € X and input distributions
w1, o € P(X) there exists a length block code such that

M| > erellim, W)+ (1=a)l(nz, W)—en)
Py < e @D (I Wi )+ (=)D (7| Wy ) —2:)

Pe|m§5n m:2,3,...,\M]

wherejiy (y) = 3, W) (). fialy) = 35, Wily)ua(x) ands, — 20100y nlLn)

Given the channelV, if we dlscard the error terms,, for a given value of rate) < R < C, we can can
optimize exponent of’; over the time sharing constaat the input lettersq, xo and input distributionguy, uo.
Evidently the optimization problem we get is the one given tlee definition of J(R), in equation [(1I7). Thus
Lemma2 implies that for anR € [0, C] and block length there exists a length code such thatM| > er(B—en),

Pejm < en form=23,... M| and Py < e 2R)=en),

One curious question is whether or not the exponeritgpf can be increased by including more than two phases.
Carathéodory’s Theorem answers that question negativelyto obtain the largest value d{R) one doesn't need
to do time sharing between more than two input-letter-irgistribution pairs.

B. Control Phase and Error-Erasure Decoding:

The family of codes described in Lemrnh 2 has a large expowerihé conditional error probability of the first
message, i.el;. But the conditional error probabilities of other messadgg, for m # 1, decay subexponentially.

In order to facilitate an exponential decay Bf|, for m # 1 with block length, we append the codes described in
Lemmal2 with a control phase and allow erasures. The ideain ascontrol phase and an error-erasure decoding,
in establishing achievablity results for variable lengte, was first employed by Yamamoto and Itoh[in| [12].

In order explain what we mean by the control phase, let usriesour encoding scheme and decoding rule
briefly. First a code from the family of codes described int®edlV-Alis used to transmiM and the receiver
makes a tentative decisigM using the decoder of the very same code. The transmitter kgdwbecause of the
feedback link. In the remaining time instances, i.e., indbatrol phase, the transmitter sends the input lettér
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M = M, the input letterr if M # M. The input lettersa andr are described in equatioh {10). At the end of the
control phase, the receiver checks whether or not the ostggience in the control phase is typical wih,, if
it is thenM = M otherwise an erasure is declared.

Lemma[3 given below states the results of the performanclsinaf the above described code. In order to
understand what is stated in Lemina 3 accurately, let us makéehdigression and elaborate on the codes with
erasure. We have assumed in our models until now that M. However, there are many interesting problems
in_which this might not hold. In codes with erasures for ex@nme replaceM e M with M € M where
M=MU {x} andx is the erasure symbol. Furthermore in codes with erasuresafthm € M the conditional
error probability P, and conditional erasure probability, |, are defined as follows.

Pejm :P[l\?l ¢ {m,x}‘M :m} m=1,2,..., M| (24a)
Px‘m:P[l\A/I:x‘M:m} m=1,2,..., M| (24b)

Note that definitions of;|,, and Py|, given above can be seen as the generalizations of the condisg definitions
in block codes without erasures. In erasure free codes atefirgitions are equivalent to corresponding definitions
there.

Lemma 3:For any block length, rate0 < R < C and error exponerit < E < (1— )D there exists a length
n block code with erasures such that,
M| > en(Ren)
Puy Se—n(E+(1—%)J(17‘;;/]3)—5“)
Pejm < enmin{l, e n(E—a)y m=23...,|M|
Prm < en + ¢ (05 (i) =) m=12. M|

Wherea 10|X||)J|(ln )\/ln(l—i—n)

Proof of Lemme[B is glven in AppendiX]C

Note that in Lemma&l3, unliké’,,'s which decrease exponentially with Py|,'s decays aé%. It is possible
to tweak the proof so as to have a non-zero exponenPfgy’s, see[8]. But this can only be done at the expanse
of Pgm’s. Our aim, however, is achieving the optimal performanceariable length block codes. As we will see
in the following subsection, for that what matters is expueeof error probabilities and having vanishing erasure
probabilities. The rate at which erasure probability dsocdgyes not effect the performance of variable length block
codes in terms of error exponents.

C. Single Messag®lessage-Wis@JEP Achievablity:

In this section we construct variable length block codedtiersingle messageessage-wise UEproblem using
Lemmal3. In firstn time units the variable length encoding scheme uses a fixegtHeblock code with erasures
which has the performance described in Leniina 3. If the detouwessage of the fixed length code is in the message
set, i.e., ifM € M then decoded message of the fixed length code becomes theedecmssage of the variable
length code. If the decoded message of the fixed length cdtie israsure symbol, i.e., M = x, then the encoder
uses the fixed length code again in the secortine units. By repeating this scheme until the decoded ngessa
of the fixed length code is iM, i.e., M € M, we obtain a variable length code.

Let L be the number of times the fixed length code is used uiMil@ M is observed. Then given the message
L is a geometrically distributed random variable with susga®bability (1 — Py ) Where Py is the conditional
erasure probability of the fixed length code given the mess&grhen the conditional probability distribution and
the conditional expected value bfgiven M are

PlL=1[M] = (1 — Pgw)(Pxgm)™" 1=1,2,... (25a)
E[L|M] = (1 - Pgum) " (25D)
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Furthermore the conditional expected value of decoding &md the conditional error probability given the message
M are

E[T|M] = nE[L| M] (26a)
P[|\7| ” M‘ M} = PouE[L|M] (26b)

wheren is the block length of the fixed length code aRgly is the conditional error probability given the message
M for the fixed length code.

Thus as result of equations (25H), 1(26) and Lenitha 3 we knowftiaany rateR € [0, C], error exponent
E € [0, (1 — &)D] there exists a reliable sequen@esuch thatRg = R, Eg = E and

EmdQ:E+(1—%)J<$>. (27)

We show in Section (V-C) that for any reliable sequef@®ith rateRg = R and error exponerifg = E, Endg
is upper bounded by the expression on the right hand side watieq [27).

D. Bit-Wise UEP Achievablity:

In this section we first use the family of codes described iatiSe[IV-A]l and the control phase idea described
in SectionIV-B to construct fixed length block codes withsnaes which havéit-wise UEP Then we use them
with a repeat until non-erasure decoding scheme, simildhaoone described in Sectién TV-C, to obtain variable
length block codes witlbit-wise UEP

Let us start with describing the encoding scheme for the fizadth block code withbit-wise UER If there are
¢ sub-messages, i.e., 1 = (M; x Ms x --- x M), then the encoding scheme has- 1 phases with lengths
ng, Ng, ..., Nyyq such thatm +ng+...+n4] =n

« In the first phase a lengtly, code from the family of codes described in Secfion IV-A isdiSEhe message set
of the code,M; is M1 U{| M|+ 1} and the messag¥l, of the code is determined by the first sub-message:
M1 = M + 1. At the end of first phase receiver uses the decoder of thehengcode to get a tentative
decision{M; which is known by the transmitter at the beginning of the selcphase because of the feedback
link.

« In the second phase a lengih code from the family of codes described in Secfion IV-A, witle message
setuMy = Mo U{|Mz|+1}, is used. If{M is decoded correctly at the end of the first phase then theagess
M- of the code used in the second phase is determined by thedssobAmessage aps = My + 1, else
Mz = 1. At the end of the second phase the receiver uses the decbtiez second phase code to get the
tentative decisionMs which is known by the transmitter at the beginning of thedhihase because of the
feedback link..

o In phases3 to ¢ above described scheme is used. In phaselengthn; code, with the message sg\t; =
M; U{|M;| + 1}, from the family of codes described in Section IV-A is usetieTmessage of the length
codeM; is M; + 1 if tI\A/IZ-_l = M,_1, 1 otherwise fori = 3,4, ... /.

« The last phase is a,,; long control phase, i.e., a,.; long code with the message sg¥f,,, = {1,2} is
used in the last phase. The codewords for the first and seceisdages are,; long sequences of input
lettersr and a respectively, where anda are described in equation {10). The tentative decision énldist
phaseM,, is equal to the first message if the output sequence in thepleste is not typical wittV 5, the
second message otherwise. The message af,thelong codeM,; is equal to2 if M, = My, 1 otherwise.

Note that if we definecl\A/Io, Mo and My, all to bel, i.e., tI\A/Io = My = My;1 = 1 we can write the following
rule for determining theM;’s for ¢ =1 to £ + 1.

tMi - 1+]l{tmi—1:tMi—1}Mi 0= 172’7(€+1) (28)

It is important however to keep in mind that the last phase t®mtrol phase and the codes in the fifgphases
are from the family of codes described in Secfion IV-A.

Note that during the phasés= 2 to ¢ erroneous transmission @¥;_; is conveyed usingM; = 1, hence the
transmission oM; through M,, i.e., M; = 1 + M;, is a tacit approval of the tentative decisigvi; 1. Because
of this, the above encoding scheme is said to have an implazieptance explicit rejection property. The idea of
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implicit acceptance explicit rejection was first introdddey Kudryashov in[[7] in the context of non-block variable
length codes with feedback and delay constraints.

After finishing the description of the encoding scheme, we @ady to describe the decoding scheme. The
receiver determines the decoded message using the tendatisionsM; for i = 1 to £ + 1. If one or more of
the teniative gecisions are equalltothen an erasure is declared. If 4l 1 tentative decision are different from
1thenM; = M; —1 foralli=1,2,...,¢ Hence the decoding rule is

('\7'1 Mo, ... l\7|é): (M =1, My —1,..., Mg — 1) if H“‘l(tM ~1)>0
) ) ) X if HZ-‘:—l(tM _1) _0

For bit-wise UEPcodes with erasure, the definition &%(7) is slightly different from the original one given in
equation [(14)

(29)

Po(i) =P [{w £ mi M £ x}} . (30)
With this alternative definition in mind let us defin@, (i) as the conditional probability of the erroneous
transmission any one of the firstsub-message whad = m:

Pejm(i) = P[{M £ m', 0  x}| M = m| (31)
The error analysis of the above described fixed length cqatesented in AppendIxID, leads to Lemfla 4 given
below.

Lemma 4:For block lengthn, any integer/ < ﬁ rate vectorR, and time sharing vectaf such that
R; < Cn; Vie{l,2,...,0} (32a)
n; >0 Vie{l,2,...,¢} (32b)
EE (320)
there exists a length block code such that:
IM;| > erBimens) Vie{1,2,...0}
M| > en(onet i Ro) vie {1,2,...0)
Pejm(i) < enve ( e “"’J(%)) VmeM, ie{l,2,...0}
Pyim < ény Vm e M

wheren,; 1 =1— Zf 1Mi» Rey1 =0, enp = b 1“5;) n(ltn) V1+4.

Recall the repeat at erasures scheme described in S¢chbh Vwe use that scheme to obtain a variable
length code from the fixed lengthit-wise UEPcode described in Lemnia 4, we obtain a variable length code wi
UEP such that

E[T‘ M] = 1—;}7x\M (33a)
S TP ey

As result of equation(33) and Lemrfia 4 we know that for any vatetor R, error exponent vectoE and time
sharing vectorj such that

V4
Bo<(-) _m +Z] I (3) Vie {1,2,....0) (34a)
R; < CT]Z‘ Vi € {1,2,...,@} (34b)
ni >0 Vie{l,2,...,0} (34c)
Z? n <1 (34d)

there exists a reliable sequer@esuch thatRg, Eg) = (R, E). Thus the existence of the time sharing vedjeat-
isfying the constraints given i (B4) is a sufficient cortitifor the achievablity of a rates-exponents vec(tﬁr E)
We show in Section{V-D) that the existence of a time shariagtar i satisfying the constraints given ih(34) is
also a necessary condition for the achievablity of a rakpeeents vector(R E)
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V. CONVERSE

Berlin et. al. [1] used the error probability of a random liinguery posed at a stopping time for bounding the
error probability of a variable length block code. Later gamtechniques have been applied [in [2] for establishing
outer bounds iMJEP problems. Our approach is similar to that bf [1] ahd [2]; weg,tuse error probabilities of
random queries posed at stopping times for establishingr duatunds. Our approach, nevertheless, is novel because
of the error events we choose to analyze and the boundingiteets we use. Furthermore, the relation we establish
in Lemmal® between the error probabilities and the decayoftée conditional entropy of the messages with
time is a brand new tool fOUEP problems.

For rigorously and unambiguously generalizing the techaigsed in[[l] and[2] we introduce the concept of
anticipative list decoders in Section -A. Then in SecfiofWe bound the probabilities of certain error events
associated with anticipative list decoders from belowsTdound, i.e., Lemmid 5, is used in Sectibns]V-C [andl V-D
to derive tight outer bounds for the performance of variddteyth block codes in the single messagessage-wise
UEP problem and in théit-wise UEPproblem, respectively.

A. Anticipative List Decoders

In this section we first introduce the concepts of anticialist decoders and non-trivial anticipative list decader
After that we show that for a given variable length code, aog-trivial anticipative list decod€(T,.A4) can be used
to define a probability distributior® 4, on M x YT*. Finally we USEP 4 to define the probability measulg 4 [-]
for the events inp(M x YT). Both the non-trivial anticipative list decode(r?,A) and the probability measures
P4 [-] associated with them play key roles in Lemija 5 of Sedtion V-B.

An anticipative list decoder for a variable length code issadecoder4 that decodes at a stopping tirflethat
is always less than or equal to the decoding time of the dodehe anticipative list decoders are used to formulate
questions about the transmitted message or the decodedgeess terms of a subset of the message/gethat
is chosen at a stopping time. For example letd be the set of alin € M whose posterior probability at time
one is larger thar /| M]|. Evidently for all values ofYy, A is a subset ofM, but it is not necessarily the same
subset for all values of;. Indeed.A is a function from)); to the power set of\ and (T, A) is an anticipative
list decoder, for whichlT = 1. Formal definition, for anticipative Iist~decoders, is giveelow. In order to avoid
separate treatment in certain special cases we includeatte whenT = 0 and A is fixed subset ofM, in the
definition. _

Definition 13 (Anticipative List Decoder)for a variable length code with decoding tiriie a pair (T, .A) is
called an anticipative list decodeAl(D) if

« eitherT is the constant random variabileand A is a fixed subset oM, i.e.,

T=0
A€ p(M)

sorTisa stopping time, which is smaller than with probability one, andA is a p(M) valued function
defined on)'T, i.e.,

P['T'ST} —1
A YT S p(M).

Definition of ALD does not required to be of some fixed size, nor it requiresto include more likely or less
likely messages. Thus for certain valuesydf, A might not include anyn € M with positive posterior probability.
In other words for some values & we might have

P[M € A(Yf)‘ YT = yf} — 0.

The ALD's in which suchy®’s have zero probability are called nontriviaLD's.
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Definition 14 (Nontrivial ALD): An anticipative list decode(r'T’, A) is called a nontrivial anticipative list decoder
(NALD) if P [M e A(YT)‘ YT} > 0 with probability one, i.e.,

P[P [M € A(Yf)‘ Yﬂ > o} ~1. (35)

Below, for any variable length code and an associated maadtanticipative list decode('T’,A) we define a
probability distributionP; 4 on M x Y™ and a probability measurByy [-] for the events inp(M x YT). For
doing that first note that the probability measure generbyeithe code, i.e P[], can be used to define a probability
distributionP on M x YT* as follows:

P(m,y) 2P [M —m YT = yt} ¥me M.yt e YT (36)

where)™* is a countable set for any stopping time, given in equafidd).(6
As T is a stopping time, the probability of any evdnin (M x YT) underP][], i.e., P[T], is equal to

P[] = > P(m,y). (37)
(myt)erN(MxYT*)

Evidently we can extend the definition Bfand assume that is zero whenevey' is in yf-{’%zoo}, i.e.,
P(m,y")=0 Vm € M,y' € yﬁ:m}. (38)

This extension is neither necessary nor relevant for cafitig the probabilities of the events (M x Y1),
becauseT is a stopping time, i.eP[T < oo] = 1. N
Definition 15: Given a variable length code with decoding timgfor anyNALD (T,.A) let Py be?g

z P(m‘yi)]l{meA(yE)}
Py (m,y")=P(y") ~— =
“ S mem PMIYO) L ime aiyty)

Note that Definitior[ 15 is a parametric definition in the setisa it assigns @4 for all nontrivial anticipative

list decoders('T’,A). While proving outer bounds we will employ not one but mu#ipNALD's and use them in
conjunction with our new result, i.e., Lemrh 5. But beforeaducing Lemmal5, let us elaborate on the relations
between marginal and conditional distributionspgfy andP.

For Py defined in equatior (39) we have

> Pg(myh) =1

meM yte YT+

P(yt, ly", m) ¥me M,yt e YT (39)

HenceP , is a probability distribution om x YT ie., Py € P(M x Y.

Note that the marginal distributions BfA} andP are the same o "*. Furthermore for alyE € yf* andm ¢ M
the conditional distributions df;, andP are the same OW%. The probability distribution® 4, andP differ only

in their conditional distributions oM givenyt. More specifically,
Py () = P(y") vyt e YT (40a)
By _ P(m|yt)]l{In€A(yz)}
> mem P(MY) Lmec Ay
P{A}(y%_g.l‘yta m) = P(y%.;_l‘yta m) Vyt € yT*yvm e M. (40C)

vyt € YT ¥m e M (40b)

ZThere is a slight abuse of notation in equation (39)? ifs not a stopping time but rather a constant random vari@ibte0, P4 (m, y")
should be interpreted as

j .
Pia(m,y) =R (y m) Vme M.y e Y™
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Using the parametric definition of probability distributi®; 4 on M x YT we define a probability measure
Py [] for the events inp(M x YT) as follows:

Py T2 Prgy(m,y") VT € p(M x YT). (41)
(myt)eTN(MxYT)

Evidently we can extend the definition Bf4 to M x YT by defining it to be zero ooM x yﬁ:m}, ie.,
P{A}(m,yt)éo Vm € ./\/l,yt S y‘f‘{:oo}. (42)

As in the case oP, this extension is neither necessary nor relevant for &atiog the probabilitiesP [I'] given
in equation[(411).

B. Error Probability and Decay Rate of Entropy:

In this section we lower bound the probability of the everdttthe decoded messa@e is in A under the
probability measurePyy [, i.e., Py [M ¢ A(YT)}. The bounds we derive depend on the decay rate of the

conditional entropy of the messages in the interval betwieemd T.

Before even stating our bound, we need to specify what we rbgahe conditional entropy of the messages.
While defining the conditional entropy, many authors do takeaverage over the sample values of the conditioned
random variable and obtain a constant. We, however, do Retda average over the conditioned random variable
and define conditional entropy as a random variable itseffickvis a function of the random variable that is
conditioned o

HMYT)2 Y™ PIM = m| Y7]In grorer- (43)
meM
Using the probability distributio® defined in equatior_(36) we see that the conditional entragined in [438) is
equal to,

HM|Y™) = E[an

w} . (44)

Lemma 5:For any variable length block code with finite expected démpdime, E[T] < oo, let (Ty,.41),
(Ta, Az), . o(Tg, Ag) bek NALD’SI% such that

P{O< T <Tp< - <Tp <T} =1 (45)
Then for alli in {1,2,...,k} such that(P[M € A;(Y"))] + Pe) < 1/2 we have

Py [M & A(YT)] > exp (_h(Pe il ff‘ﬁiﬂ; EZ f{fffrn‘ﬂ JW) (46)
whereTy =0, Tp; =T and for allj in {1,2,...,(k+ 1)}, r;'s are given by
0 if P[T;=T,4] =1
v {E{H(M';j?{'*f]“”'w”] it PIT; = T)] < 1} | “7)

Proof of Lemmd.b is presented in Appendix E.
Before presenting the application of Lemida 5UEP problems, let us elaborate on its hypothesis and rami-
fications. We assumed théT;, A;) are allNALD. Thus for each(T;, A;) the set of ally € YT: such that the

?’Recall the standard notation in probability theory aboetdbnditional expectations and conditional probabilitlest H be a real valued
random variable an@ be a random quantity that takes values from a finiteGsetuch thatP[G = g] > 0 for all g € G. Then unlikeE[H],
which is constantE[H| G] is a random variable. Thus an equation of the fa&rm E[H| G|, implies not the equality of two constants but the
equality of two random variables, i.e. it means that E[H| G = g] for all g € G. Similarly let #, be a set of sample values of the random
variableH then, unlikeP[H € H1], which is a constantP[H € H1| G] is a random variable. Equatiorls {43) afd] (44) are such emsti
Explaining conditional expectations and conditional iollities are beyond the scope of this paper, readers whoarsufficiently fluent
with these concepts are encouraged to réad [10, ChaptectioSe3] which deal the case where random variables can takel§i many
values. Appropriately generalized formal treatment of shbject in terms of sigma fields is presentedin [10, ChapteSdction 7].

2Recall ALD's and NALD's are defined in Definitions 13 afd]14, respectively.
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transmitted message is guaranteed to be outdid¢" ), has zero probability and there is an associated probabilit
measurePy4,[] given in equation[(41). Furthermoi®@,, [I\7I ¢ Ai(YTi)} is the probability of the event that

decoded messag‘@ is not in A; under the probability measui@ 4, [-].

Condition given in equatiorl_ (45) ensures that the decodmgd of thek NALD's we are considering]{, To,
...,Tx, are reached in their indexing order and before the decailimg of the variable length cod€. Any T,
To, ..., Tj satisfying equation(45) divides the time interval betw@&eand T into & + 1 disjoint intervals. The
duration of these intervals as well as the decrease of thditimmal entropy during them are random. For tfié
interval the expected values of the duration and the deern@athe conditional entropy are given B{T; — T,_]
and E[H(M[YT:-1) — H(M|YT/)], respectively. Hence;'s defined in equation(37) are rate of decrease of the
conditional entropy of the messages per unit time in difieiatervals.

Lemmal® bounds the probability d¥l being outsideA; under Py, [-] from below in terms ofr;'s and

E[T; — T;_4]'s for j > i. The bound onP{Ai}n[l\A/l ¢ Ai(YTi)} also depends o?[M € A;(YT+)] and P.. But
the particular choice af4;’s for j # i has no effect on the bound. This feature of the bound is its marit over
bounds resulting from the previously suggested techniques

C. Single Messag®essage-Wis&JEP Converse:

In this section we bound the conditional error probabdite the messages, i.6%,'s, from below uniformly
over the message séil in a variable length block code with average error probgbil., using Lemmdl5.
Resulting outer bound reveals that the inner bound we oddaiin Sectiorl IV-C for the single messag®ssage-
wise UEPproblem is tight.

Consider a variable length block code with finite expectedodeng time, i.e.E[T] < oco. In order to bound
Pejm, defined in equatior{ (11), from below we apply Lemima 5 #or 2 with (Ty,.A;), (T2, A2) given below.

o Let Ty be zero and4; be {m}, i.e.,

Ty =0 (48)
A = {m}. (49)

o Let T, be the first time instance beforie such that one message, not necessarily the one chosef foe.,
m, has a posteriori probability — § or higher,

To2min{r : maxPM =m|Y"] > (1 —6§) or 7 = T}. (50)
Let A be the set of all messages whose posterior probability a Tigis less then(1 — ¢),
As(YT)2 (M e M P[M — YTz} <(1-4)). (51)

We apply Lemmal5 foTy,.4;) and (Ts,.42) given in equations (48)[(49)(50) anld 151). Then using tt f
that J(-) < D we get,

E[H(M)—H(M|YT2)]

_h(peﬂMrl)—E[mJ(T)_E[T_TQ}D

In Pojm = =P M| (52a)
Y T, —h(Pe+PMEA,(YT2)])-ET-T2]D
In Py [M ¢ Ap(YT)] 2 SHEARRELER I oD, (52b)

If 6 < 1/2 one can showPy,, [I\A/I ¢ AQ(YTZ)} is roughly equal taP. /4. Thus inequality in[(52b) becomes a lower
bound onE[T — T,] in terms of P.. It can be shown that the lower bourid (52a) takes its smalse for the
smallest value oE[T — T5]. Then using Fano’s inequality fd& H(M|YT2)] we obtain Lemm&l6 given below.

A complete proof of Lemma]6 for variable length block codeshwviinite expected decoding time is presented
in Appendix[F. For variable length block codes with infinitepected decoding time, Lemnaa 6 follows from the
lower bounds onP, and Py, derived in AppendiXx H1 and Appendix H2.

Lemma 6:For any variable length block code and positiveuch thatPe + & + £= + M| ™1 < 1/2

In Pejm
HT]

<E+(1— E;)J(M) ¥m € M (53)

E—¢
-E<
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whereR = Mﬂ E= gt e =922 & = Po+ 6+ L2+ IM|7! andé, = MTI}“M

Lemmal® is a generalization dfl[2, Theorem 8] and [2 LemmaAdiile deriving bounds given iri |2, Theorem
8] and [2, Lemma 1], no attention is payed to the fact that tite of decrease of the conditional entropy of the
messages can be different in different time intervals. Asilteboth [2, Theorem 8] and][2, Lemma 1] are tight
only when the error exponent is very close to zero. Whilewilggithe bound given in Lemnid 6, on the other hand,
the variation in the rate the conditional entropy decreasedifferent intervals is taken into account. Hence the
outer bound given in Lemmd 6 matches the inner bound givereati@[1V-G for all achievable values of error
exponent) <E < (1— £)D.

Consider a reliable sequence of codesvith rate Ry and error exponeriig. Then if we apply Lemmal6 with
5= m we get

Emgq < Eq+ (1 - %)JG_ES/D) : (54)

Note that the upper bound diingg’s given in equation[{34) is achievable by at least @helescribed in Section
V-Cl

D. Bit-Wise UEP Converse:

In this section we apply Lemnid 5 to a variable length blockecwmith a message se¥t of the form M =
My x Ma x ... x My, in order to obtain lower bounds 0Re(i)’s for i = 1,2,...,¢ in terms of the sizes of
., |[M¢| and the expected decoding tink&T]. When applied to reliable code
sequences these bounds Bg(i)’ [T] gives a necessary condition for the achievablity of
a rate vector and error exponent vector g&rE) that matches the sufficient condition for the achievablityivkd
in Section1V-D.

In order to boundPe(7)’s we use Lemmal5 witlf NALD's, (T1,.A;),...,(T¢, Ag). Let us start with defining;’s
and A;(YT)'s.

o Foranyiin {1,2,...,/}, let T; be the first time instance that a member/ef gains a posterior probability
larger than or equal t¢1 — ¢) if it happens beforél', T otherwise:
T;2min{r : maxP[M"' =m’| Y| >1 -5 orr =T} (55)
m
o For anyi in {1,2,...,¢}, let A;(YT) be the set of all messages of the form= (m’ m;,1,...,m,) for
which posterior probability ofn® is less than1 — §) at T;:
Ai(YT)R (M misr,....me) € M : P[Mi - mi|YTz} <1-6). (56)

If we apply Lemmdb for(Ty,.A4;),...,(Ts, As) defined in equationg(55) and_{56), we obtain lower bounds on
P, [I\A/I ¢ Ai(YTi)} 's in terms of P[M € A;(YT*)]'s andr,’s andE[T; — T;14]'s for j > i. In order to turn these
bounds into bounds of.(i)'s we boundPy, [I\A/I ¢ Ai(YTi)} 's andP [M € A4;(YT)]'s from above.

« The posterior probability of a message at time 1 can not be smaller thaktimes its value at time because
minke x yey Wx(y) = A. Thus if § < 1/2 one can boun®yy, [I\A/I ¢ Ai(YTi)} 's from above:

P, [l\?l ¢ Ai(YTi)} < L Po(i) Vie{1,2,...,0}. (57)

« Note that if atT; there is am’ with posterior probability(1 — 6) thenP[M € A;(YT")|YT:] < 4. If at T,
there is nom® with posterior probability(1 — &) thenP {I\A/IZ # Mi‘ YTT‘} > §. Using these facts one can bound
P[M e A4;(YT")] from above:

P[MeAi(YTi)} <Py vie{1,2,...,0}. (58)
More detailed derivations of the inequalities given[inl (3nd [58) can be found in Appendix G.

Using equationd (37) and (68) together with Lenimha 5 we carmlode that,

—h(Po+64Po/8) =001 BT, T, 1]J(r;)

In Pe(i) > In(AS) + T~ Vie{l,2,....0}. (59)
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provided thatPe + 0 + Pe/0 < 1/2, wherer;’s are defined in[(47).

Note that the lower bound o.(i)’'s given in equation[(39) takes different values dependingtt® rate of
decrease of the conditional entropy of the messages inreiiffentervals, i.e.r;’s, and the expected duration of
different intervals, i.e.E[T; — T;_;]'s. Making a worst case assumption on the rate of decreasetaipy and
the durations of the intervals one can obtain Leniina 7 givéombe

A complete proof of Lemmal]7 for variable length block codethwinite expected decoding time is presented
in Appendix[G. For variable length block codes with infinitepected decoding time, Lemnia 7 follows from the
lower bounds onP, and Pe(i)'s derived in AppendiXx H1 and AppendixH3.

Lemma 7:For any variable length block code with feedback with a mgssetM of the forned M = My x
My x ..., M, and for any positive) such thatP, + § + % < % we have

(1—&)E;—& < (1 —ijlnj)DJij:iH nﬂ(@) i=1,2,....0 (60a)
(1—&)R; — &l =1y < Cy i=1,2,...,0 (60b)
for some time sharing vectaof such that
n; >0 i=1,2,...,0 (61a)
S mst (61)
whereR; = [l B = =550 & = Po 5+ B, & = 3 & = Mo

For any reliable sequen@ whose message setg®) are of the formM® = M\ x M x . x Mé”) if
we seté to § = —i5- LemmalT implies that there existsijasuch tha]

. K . ¢ 7( Bag ;
Boa<(1->. m)D+> . n (M) Vie{1,2,...,0} (62a)
Ro, < Cn; Vie{l,2,...,0} (62Db)
i >0 Vie{1,2,....0 (62¢)
J4
ijlnj <1 (62d)

Recall that a rates-exponents vect(ji, E) is achievable only if there exists a reliable code sequéhseich that
(Rg,Eg) = (R, E). Thus a rates-exponents vect¢R, E) is achievable only if there exists a time sharing vector
7j satisfying equation(34). In other words the sufficient dbad for the achievablity of(f{, E) we have derived

in SectionIV-D is also a necessary condition.

V1. CONCLUSIONS

We have considered the single messagssage-wisand the fixedl bit-wise UEPproblems and characterized
the achievable rate error exponent regions completely étin bf the problems.

In bit-wise UEP problem we have observed that encoding schemes decoupkngammunication and bulk
of the error correction both at the transmitter and at theeivec can achieve optimal performance. This result
is extending the similar observations made for conventioadable length block coding schemes withduEP.
However, for doing that one needs to go beyond the idea of aomuation phase and control phase introduced in
[12], and harness the implicit confirmation explicit rejeatschemes, introduced by Kudryashov/in [7].

For the converses results, we have introduced a new teahiigestablishing outer bounds to the performance
of the variable length block codes, that can be use in bmssage-wisand bit-wise UEPprobIems@

We were only interested ihit-wise UEPproblem in this paper. We have analyzed single-mesgsaggsage-wise
UEP problem, because it is closely relatedlit-wise UEPproblem and its analysis allowed us to introduce the

2We tacitly assume, without loss of generality, that| > 2.

**This fact is far from trivial, yet it is intuitive to all who saworked with sequences of vectors in a bounded subsBt‘ofhere R is
the ¢ dimensional real vector space with the nojit || = sup; |;| For details see Appendi} J

*we have not employed the bound in any hybrid problem but imsegesult is abstract enough to be employed even in thoséepneb
with judicious choice ofNALD's.
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ideas we use fobit-wise UER gradually. However it seems using the technique emplogd@,i Theorem 9] on
the achievablity side and Lemrha 5 on the converse side, ogktroe able to determine the achievable region of
rates-exponents vectors for variable length block codeneéssage-wise UEProblem. Such a work would allow
us to determine the gains of feedback and variable lengtbdieg, because Csiszarl [5] had already solved the
problem for fixed length block codes.

Arguably, the most important shortcoming of doit-wise UEP result is that it only addresses the case when
the number of groups of bité is a fixed integer. However this has more to do with the formefinition of the
problem we have chosen in Section Ill than our analysis andasymptotic results given in Sections! IV dndl V,
i.e., Lemmd# and Lemnid 7.

Using the rates-exponents vectors for representing terpeaince of a reliable sequence wiit-wise UER is
apt only when the number of groups of bits are fixed or bountdéten the number of groups of bifsn a reliable
sequence diverge with increasirgi.e., whenlim,_,~ ¢, = oo, the rates-exponents vector formulation becomes
fundamentally inapt. Consider, for example, a reliableusege in which|M§“)| = (eE{T“)]%L The rate of this
reliable sequence B, yet the rate of all of the sub-messages are zero. Thus Whdiverges the rate vector does
not have the same operational relevance or meaning it has ¥hes fixed or bounded. In order to characterize
the change of error performance among sub-messages insbembeen’,, diverges, one needs to come up with an
alternative formulation of the problem, in terms of cumiviatrate of sub-messages.

Our non-asymptotic results are useful to some extend evemhdiverges. Although infinite dimensional rates-
exponents vectors falls short of representing all achievabrformances one can still use Leminha 4 of Se¢fidn IV
and Lemmdl7 of Sectidn]V to characterize the set of achievalbdevector error exponent vector pairs.

« As a result of Lemmal7 the necessary condition given in eqndfl9) is still a necessary condition for the

achievablity of rates-exponents vector.

« Using Lemmd# we see that the sufficient condition given inagign [19) is still a sufficient condition as

long as the number of sub-messages in the reliable sequetisly §m sup,,_, . ﬁ =0.

Thus for the case whef~ 0(%), i.e., limsup E<~>[T<~>}/1%E<~> =7 = 0, the condition given in equatiof_({19)
_)
is still a necessary and sufficient condition for the achititia of a rates-exponents vector.
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APPENDIX
A. Proof of Lemmall
Proof: Note that/(R) defined in equatio (17) is also equal to

JR) = max aD (|| Wi,) + (1 — @)D (fe]| Wi,)

0<a<l
X1,X2€X

H1, 2 €EP(X)

a1 ,X2, 1,02, R1,Re: - R1,R2€[0,C1

I(/th)ZRl

I(szw)ZRz

aRl“r(l—a)Rz:R

= max - aj(Ri) +(1-a)j(Re) (63)
a,R1,R2: Ri,R2€[0,C]
aRl“r(l—a)Rz:R

wherej(R) is given by
j(R)= max D (]| Wy) VR e C. (64)

Xe
ax,pu: pEP(X)
I(p, W)=R
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Note thatj(R) is a bounded real valued function of a real variable. Theeef€arathéodory’s Theorem implies
that considering two point convex combinations suffices ritleo makej(R) a concave function. In other words
for any k we have,

k
max aj(R1) + (1 —a)j(Re) = max a;7(R;) . 65
X j(R1) + ( )i (Ra) = ax WZ_ iJ (Rq) (65)
a,Ri,Ra: R17R2€[Ovc] Qe Qg 0<R;<C Vi
aRi+(1—a)R2=R Ri,...,Re” Z a;=1
>, Ri=R

Then the concavity off (R) follows from the equationg (63),_(64) arld [65).

Evidently if the constraint set in a maximization is cumdlthan resulting maximum value can not increase.
HenceJ(R) function defined in equatiol (17) is a decreasing functiol® of

As a result of the definition oD given in equation[{9) and the convexity of Kullback-Leiblivergence, we
have D > J(0). On the other han® (z|| Wx) = D andI (u, W) > 0 for x = r and u(-) = 1{._,; wherea and
r described in equatio_(10). Therefore we hgye) > D. Using the fact that/(R) > j(R) we conclude that
J(0) =4(0) = D. [ |

B. Proof of Lemm&l2

Proof: We prove the lemma for a slightly more general setting andbdish a result that will be easier to
make use of in the proofs of other achievablity results. &gfil], G, [m] and B,[x"] be

g‘r[l] = {yn : naA(Q{yTo‘}vial) + (H - na)A<Q{yga+l}aﬁ2> > 7} (66&)
Gfm] = B, (m)] () (NmumB, 0 (m)])  ¥m € {2.3,..., | M} (66b)
B‘Y[Xn] = {yn -n ((‘Q{x1 yre s M1 W) + (H - na)A<Q{xga+1,yga+l}a H2 W) < 7} (660)

Note thatG[1], G[m] and B[x"| given equations[(21)[ (22) and {23) are simply thgl], G,[m] and B,[x"] for

]X]\y]\/nln 1 +n).

For ally™ ¢ G,[1] we have,
D (Qqypey || W) + (0 =)D (Qpys_ 3| W)
= 1D (Qqyzey[[ 1) + (n =)D (Q{y:w} )
+1q Z Qyzey(y) In va“% —Na) Z Qg 1Y) (())

£y (y) 2(¥)
> Ng Z Q{y“o‘} }(Iy) + n—= Ila Z Q{yn +1} ) ‘f(/x;(/y)

(b)
> 1D (g || Wi,) + (0 —n4)D (g]| Wy,) + 2yIn A

Inequality (a) follows from the non-negativity of the Kullback Leibler dzrgence In order to see why) holds,
first recall thatmin, , Wy(y) = A. Hence[ln “1(V | < In + and|ln “2({ 5| < In +. Then the inequalityb) follows

from the definitions of total variatiod\ and gn,[ ] given in equa‘uons[{l) anf[(66a) and the fact yfatz G, [1].
Note that the conditional error probability of the first mags is given by

Py :P[M ] 1(M _ 1}
= Y PY oy M=)
Y0, 1]

Recall that, the codeword of the messdde- 1 is the concatenation af, x;'s and (n — n,) x2's wheren,, =
[nar|. Hence the probability of af™’'s whose empirical distribution in first, times instances i§,»~, and whose

empirical distribution in[(n, + 1),n] is Qg _, is upper bounded by " D(Qure || W ) ~r-n)D Qo 1 [ W)
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Furthermore, there are less than, + 1)/ distinct empirical distributions in the first phase and ¢hare less than
(n — n, + 1)M! distinct empirical distributions in the second phase. Thus

Pepy <(na + 1)¥/(n —n,, + 1)Vle=maD (@[ Wy )+ (n=na)D (7 | Wrg ) =271 &
< o@D ([ Wiy ) +(1=a)D (fiy|| Wi, ) —e2(7.m))

—2v1n )\+D+2DJ\ 1n(n+1)

whereeg(y,n) =

The codewords and the decoding regions of the remainingagessare specified using a random coding argument
together with an empirical typicality decoder. Consideresnsemble of codes in which firat, entries of all the
codewords are independent and identically distributedl.ji.with input distributiony; and the rest of the entries
are i.i.d. with the input distributiom,.

For any message other than the first one, i.em # 1, the decoding region i§,[m] given in [66b). In other words
for any message, other than the first one, the decoding region is the set gfutisiequences for whidlx™(m), y")
is typical with (o, p1 W, pe W), ie., y* € By[x*(m)], and (x"(m),y") is not typical with (o, i1 W, o W), i.e
y* € B,[x"(m)], for anym # m.

Since the decoding regions of different messages are wlisjgbove described code does not decode to more
than one message. Disjointness of decoding regions of es&a,...,|M| follows from the definitions of
G,121.G,13].....G4[|[M]], given in equation[{66b). In order to see wy([1] N (Un£1G,[m]) = 0 holds, note that
for any pair probability of distributions, the total vaii@t between them is lower bounded by the total variation
between their marginals. In particular,

A(Qpae (myyrays 1 W) > A(Qqyrey, fin)

A(Qpe o ma, 112 W) = A(Qy s -

Then as results of definitions ¢f,[1], B,[x"] andg.[m] for m # 1 given in equationd (66a),_(66c) arid (66b) we
have

g5[11NGym] =10 m=23,... M|

Then form € {2,3,...,| M|} the average of the conditional error probabilityrsf* message over the ensemble
is upper bounded as
E[Pem] < PIY* ¢ By[X"(m)]|M = m] + 3~ PY™ € B [X"(@)]| M = m]. (67)
m#m
Let us start with boundin@®[Y" ¢ B, [X"(m)]|M = m]. Let S;(x,y) andSy(x,y) be
S1(%, Y)E04| Qe (m) yrey (%, y) — p1(x) Wi(y)], (68a)
Sa(x,y)= (M = 1a)[Qpxa myva 3 (% y) — p2(x) Wa(y)l- (68b)

As a result of the definition of total variation distance givie equation[(ll) and above definitions we have

oA (Qpxze (my,yrey, 1 W) 4 (0 — ng)A (Q{Xn1+1(m) Yo L) M2 W) 5 Z [S1(x,y) + Sa(x,y)]

Thus the definition of3,[x"(m)] given in equation[(66c) implies that

PIY ¢ B,[X"(m)][M =m] =P | [Si(x,y) + Sa(x,y)] > 27[M =m
Xy
If forall x e X,y € Y andj € {1,2}, S;(x,y) < v|X|"HY|~? thenz J[S10,y) + Sa(x,y)] < 2. Thus if

Y ¢ B,[X*(m)] then for at least onéx, y, j) triple S;(x,y) > ~|x|~HY| ™! Usmg the union bound we get
P[Zx’y[sl(an) +Sa(x,y)] = 2’)" M = m} < Z .P{S (xy) = |X||y\ ‘ M= m} : (70)

X,¥5J
For boundingP [S (x,y) > \XWI ‘ M = m}, we can simply use Chebyshev’s inequality, however in otdeget
better error terms we use a standard concentration resulit #fte sums of bounded random variablgs, [4, Theorem
5.3].

(69)
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Lemma 8:Let Z,Z,,...,Z; be independent random variables satisfyjdg— E[Z;]| < ¢; for all 1 < i < k.

Then i
P [ > . (Zi—E[zZ))

Forallu; € 2(X),xe X,y € Y we havec; =1 for all i = 1,2,...,n,; thus

2

[ S
>’y:| <2e *xiaci,

L
P[S1(X,y) > 0 ‘M = m} < 2¢ 2XP[VPn,

XTI
7
< 2e 2XPYPn, (71)
Similarly,
P{Sg(x, Y) = @y ‘ M= m} < 2e 2AXFPn (72)
Using equationd (89)[(70),_(71) arld{72) we get
. SR
PIY ¢ B,[X"(m)]|[M = m] < 4]X|p|e 2V (73)
Now we focus onP[Y" € B,[X"(m)]|M = m] terms. Note that aj" in B, [x"(m)] satisfy
N A (Qpene () yrey, 1 W) + (n — nl)A<Q{x:a+1(ﬁ1),yga+1}> 142 W) <7. (74)
On the other hand, whell = m, X*(m) andY" are independent and their distribution is given by,
P((X"(m), Y")= (<" (M), y™) [ M=m] = [T " 41 0xi(m))is (v:) szna+1 p2(x;(m)) i (y;)

_ e—naD(Q{x?a @)y “1171)6_“@H<Q{x‘1‘ﬂ (amg‘ﬂ})

e_(n_na)D(Q{Xgaﬂ(ﬁ)vygaﬂ} le%) e—(n—na)H (Q{Xgoﬂrl(ﬁ)’ygoﬂrl}) X (75)

Furthermore the number ¢k}~ (m),y;~) sequences with an empirical distributiol},»« ) »«} is upper bounded
ase™ ™ (Qui=@»11) I addition there are at mosh,, + 1)I¥I1Vl different empirical distributions. Using these two
bounds and their counter parts fof} _;(m),yn ;) together with equation§ (V4) and (75) we get
PIY" € B [X()]|M = m] < (g + 1)V (m — ng + 1)/¥1¥emneDln Wl i) = (mna)Dlpa W lpizfia) =27 10 A
= (ng + l)mm(n g + 1)\%\\y\e—naI(,u1,W)—(n—na)l(uz,W)—%yln)\

< e—n(al(,ul, W)+ (1—a)I(p2, W))eC+2|X\ |V In(n+1)—2y Inx (76)

Hence |f’M \ {1}‘ — 4’X’ ’y‘e_mgwen(aI(,ul,W)—i-(l—a)l(,ug,W))e—C—2|X||y|ln(n+1)+2’yln)\ then

S PV € B X)) M = m] < 4X[Y]e TP 77)

Thus the averag®, over the ensemble can be bounded using (&€7), (70[anhd(77) as

2

o
E[P.] < 8|| [Y]e TR,

But if the ensemble average of the error probability is ugmmunded like this, there is at least one code that has
this low error probability. Furthermore half of its messadve conditional error probabilities less then twice this
average. Thus for any block length time sharing constant € [0, 1], input lettersx;,xo € X, input distributions

w1, po € P(X) there exists a length code such that

M {1}] > en@llun W)+(1=a)l(ue, W)=e1 (7)) (783)
Poy < o@D (R, | Wy ) +(1=a)D Ry | Wiy ) —£2(v,m) (78b)
Pejm < e3(vm) m=23...,|M| (78c)
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where
£1(ym) = C—ln(2|X||y|)+2\Xr|l|y|ln(n+1)—2*yln)\) + 2|X|;Y|23;|2n2 (793)
Eo(ym) = D+2\y|ln(1;+1)—2'yln)\ (79b)
e3(ym) = 16|X| [Y|e 2XPIVPn, (79¢)
Lemmal2 follows from equatio (¥8) and the fact that
9)X[|Y|(1=In A)y/In(1+n) .
€Z(77n)|,y:‘x||y|\/nln(l_,’_n) é \/ﬁ 1 = 1, 2, 3 (80)
for £1(v,n), €2(v,n) andes(y,n) given in equation[{79). [ |

C. Proof of Lemm&]3

Proof: Let n; ben; = [(1 — £)n]. Recall that we have assum&d< (1 — £)D, then we have} <1 - £.
Consequently% < % and IR < C. On the other hand as a result of equationl (78) and the defindf J(-)

given in equation[{17), for any positive integer, positive real numbefy, rateR < C there exists a length;
code such that,

M| — 1> em[Rer(m)] (81a)
Popy < e ()70 (81b)
Pejm < €3(vim) m=23,...,|M| (81c)

wheree (vi,m), €2(v1,m), €3(7:,m) are given in equatiori (79).
We use such a code in the first phase viith= +-R and call its decoded messagw the tentative decision.

Then as a result of equation {81) and the facd%a{t](m—1 ) >n(l-— %)J(1 E/D) we get

IM| — 1 > erRrme(yim) (82a)
P[tm ” m‘ M = 1} < MU= B) (=R ) mea(rnm) (82b)
P{tl\A/I;ém‘M:m} < e3(y1,m) m=23,...,|M| (82c)

The transmitter knows what the tentative decision is andrdehes the channel inputs in the Idst—n,) time
instances depending on its correctnessMf= M the channel inputs in the lash — n;) time instances are adi,
if tM £ M the channel inputs in the lagt — ny) time instances are afl.

After observingY™, receiver checks whether the empirical distribution of thannel output in the lagh —n; )
time units is typical withWW,, if it is then M = M otherwiseM = x. Hence the decoding region for erasures is
given by

Gyl = {y": (=) A (Qpy,p Wa) = 72}

Let us start with boundin® {I\A/I =x
First note that

M= m,M = m}, i.e., the probability of erasure for correct tentativeidie.

(n— nl)A<Q{Ygl+l}7 Wa) =1 Zy S(y)

whereS(y) = (n —n1)|Qqyz . ,}(y) — Waly)|. Then following an analysis similar to that one presentetiveen
equations[(69) and (73) we get

—~ B 73
M=mM= m] < 2[Y|e FO—m)
= £3(y2,n—n1) Vm € M. (83)

P[I\A/sz

*Recall thatn; > (1 — E/D)n and J(-) is a non-increasing and positive function.
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In order to bound the probability of non-erasure decodin@mtentative decision is incorrect, note that

~ n
PIYE o =vialMAmM=m| =] Wiy
_ P (Qug

ﬂz) e—(l’l—l’ll) (Q{yn]+1}> )

Then following an analysis similar to the one betwded (75 @f8) we get
P {|\7| # X

tm #m,M = m} < min{(n —n; + 1)|3’\e—(n—n1)D—272 I 1}
< mjn{e—nE+|y| In(n—n;)+D—27, ln)\’ 1

< min{e PEHmmm)e(y2nm) 1} Ym e M. (84)
Furthermore the conditional error and erasure probaslitan be bounded in terms BT[tI\7I Zm|M = m},

P{I\A/Iyéx tI\A/I;«fém,M:m} andP{l\A/I:x tm:m,M:m] as follows.

Pe‘m:P[tl\A/Iyém‘M:m}P[l\A/l#x

M £ m,M = m} Ym € M (85a)

Px‘mgP[tl\A/I;ém‘M:m}—i—P[l\A/I:xtl\A/I:m,M:m} Ym € M. (85b)
Using the equation$ (82),_(83)._(84) andl(85) we get
M| — 1 > erRrmea(nm) (86a)
Pe|1 < e—n(l—%)](%)-i—maz(’yhm) min{e—nE+n252(72,n2)’ 1} (86b)
Px|1 S e_n(l_%)J<71—g/D)+n182(’717n1) + 63(72,n2) (86C)
Pejm < eg(w’nl)min{e—nEHy\ln(n+1)+n262(“rz,nz)’ 1} m# 1 (86d)
Pyjm < €3(v1m1) + €3(v2.m2) m # 1. (86e)

wherens = n — nj.
We sety; = |X||Y|y/5n;1In(1 +n) for j = 1,2 and obtain

nje1(vmy) < 2|1 X||Y|(In(n+ 1) — /5nln(l +n)In A) + (5/2) In(1 + n) (87a)
n;e(v;,m;) ) < 2|X||y| hl H—I— \/5nln hl)\ + D (87b)
e3(v,my) < 16|X]|V|/(1 + m)‘f’/2 (87¢)

Lemma[3 follows from the identitiesY'| >2, || > 2, Dgln@), n>1 and the equation§ (B6) and (87). ]

D. Proof of Lemm&l4

Proof: Note that given the encoding scheme summarized in equdZignh and the decoding rule given in
equation [(2D), ifMl = x then there is @ < ¢ + 1 such thattMJ = (M, for all j < i and M; # M;. Thus the
conditional erasure probablllt?x| is upper bounded as

Pyim <Z [tM7é1+ml)
= folP[tMi # M,

Similarly if M =% x and Mi # N M¢ then for allj > i, M; =1 andtM = 1; furthermore there is & < i such that
tM =M, forall j <k andth # M. Hence one can bounB, (i) as

Pojmli) < [Zizlp[tmj £ M| M =1+ my] | Hj;l_ﬂp[tmj £1

M=m, M =My, ..., M| = tMi—1:|

M =1+ mz} (88)

My =1]. (89)
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In the first¢ phases, we use; = |n;n]| long codes with rate%—: with the performance given in equatidn {81).
Thus for1 < i < ¢ we have, '

M| > 1 4 enfim Cmmier(ving (90a)
R,
—~ —nn; J| D—n;es n;
P[tMﬁu M, :1] <e ™ (5 ) #o-mertrum) (90b)
P[tmi # M| M; =1+ mi] < e3(vims) m; =1,2,3,...,(|oMi| = 1) (90c)

whereeq (y;,n:), €2(vim:), €3(v:,n;) @re given in equation (19).
In order derive bounds corresponding to the ones given iatemu[90) for the last phase let us give the decoding
regions forl and2 for the lengthn,,; code employed betwegm + 1 — ny, ;) andn.

Gy = {ynt1-n,. : H£+1A(Q{yg+lfne+l}, Wa) > Y1}

G112] = {yns1-np, H£+1A(Q{yg+lfne+l}, Wa) < Yeg1})-

Following an analysis similar to the one leading to equatiB8) and[(84) we get
P [t|\7|€+1 #1

P [t|\7|£+1 # 2 Mgy = 2} < €3(veriometa) (91b)

Using equationd (88)[_(89)._(P0) arfd [91) we get,
IM;| > erRimmisa(yin)—C Vi=1,2,...,0 (92a)
M| > " 2i=1 Ri g Zjma (o1 (35,m5)+0) Vi=1,2,...,¢ (92b)

tMé—i-l _ 1} < e—ne+1D+ne+1€2(’w+1,Ilz+1) (918.)

i 041 R 041
—n > miJ{ ) n X myea(y;my)+D
Pejm(i) < ZEg(’yj,nj)min {1,6 = (771)6 =it ! } Vi=1,2,...,0,Yme M (92¢)
j=1
/41
Pym < Y e3(3,m)) Ym € M (92d)

If we sety; = |X||¥|/4n; In(1 +n) for i = 1,2,..., (£ + 1) for £1(v.,n.), £2(v:m:) @andez(vs,mns) given in equation
(79) we have
nie1(von) 4+ C < 2|X]|Y|(In(n; + 1) — /4n;In(1 +n)In A) 4+ 2In(1 +n) + C
€9 (vm) + D < 2|X[|Y|(In(n; + 1) — /4n; In(1 4+ n) In\) + 2D
e3(vimi) < 16[X|[V]/(1 + n)

Using the concavity of/z function we can conclude that,
41

Y el C gy (<z+1 (i) _ (D)o /8 (1 +n)in )\) 4 2 (D o (93a)
i=1
{+1
Z ni62(“h’r;n i)+ < 2(X[|Y| ((Z—H In(1+n) (f'gl) 2. /Z—i-l In(1+n)In )\) 12D (93b)
=1
41
253(%71111) < 8’/1/”3)’{1—31 (93c)
i=1

Then Lemmal4 follows from equations {92) and](93) for @ny m [ |
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E. Proof of Lemmal5
Proof: For P defined in equatior (36) as a result of equatiod (37) we have

[ vTay | t
P _M € AZ(Y )_ - Zy‘é{y‘:meAi(YTi)}ﬂyT* P(y ) (94a)
PIM¢ A(YT)] = _ P(yt 94b
MEANT)] =D gy PO (94b)
For Pyy defined in equatior (39) as a result of equatior (41) we have
Iy . T, ] — t
Puy M e AlY™)] =D e vmpopr P ®) (952)
Iy i T; ] — t
Py M EA(Y )| = Zyte{yt:w&(w)}wn Pia(y'): (95b)

Using equationd (94) anfd (95) together with the data pracgssequality for Kullback-Leibler divergence, we get
P[MgA; (Y1)

PMeA,(YT)]
P{Ai}[I\A/I ¢.A1 (YTl )] '

P{Ai}[l\A/I €A, (YTi )]

Z P(yH)In 2L > P[I\A/I € AZ—(YTT‘)} In

~ .
etk > n P[M ¢ Ai(Y )} In
yteyT*

Since0 < Pyyy [I\A/IeAi(YTi)} <1 we have
yezyj P I 52 = (P e A(YT)]) + (1-P[Mea(™)] ) np—reee (96)
Note that ifM € A;(YT:) andM ¢ A;(YT:) thenM # M. Consequently
Pl e AN =P[{MeAT)M¢ AN+ P[{ e A(T)Me A (YT)}]

< P.+P [M c Ai(YTi)} . (97)

Since the binary entropy functidi(-) is increasing on the intervéd, 1/2] if Pe+P[M € A;(YT)] < 1/2 equations
(86) and [(9F) imply

t P(y") _ (v T _ _ (v Ti 1
zyj P(y")In ;200 > h(Pe+P[M e Ai(Y )D + (1 P P[M € A (Y )Dln o (©®)
yreYT
Let B, B* andB., be

P(YT
* P(YT

B*2 In 52001 (<o) (99b)

B,21n 2000 vre{l,2,...} (99c¢)

Prap(YTh7)
whereT A 7 is the minimum ofT and .
Note that as- goes to infinity,B. — B andB, — B* with probability one. SincéB.| < Tln  andE[T] < oo,
we can apply the dominated convergence theofern [10, The8rpri87] to obtain

E[B] = E[B*] = lim E[B,]. (100)
T—00
Finally for B and B* defined in equatior{ (99) we have
P(YT
EB| = E [m %} (101a)
EB]= ) P(') P{ig&t). (101b)
yteyT*
Thus as a result of equatioris (100) ahd {101) we have
P(YT) ] t P(y")
E[ln - (m} = Y Py AL (102)

yteyT*
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Furthermore using the definition ®f4, given in equation[(39) we get

B[ 200 ] = B[tn 5200

Py (YT Pray (YT,51.1YTE)
_ Z; € (103)
where for alli > 1 andj > i
. 0 if P[Tj11=T;]=1
&= {E [m —P:(;YZ'YY))] it P[Tj1=T,] < 1} ' (104)
Assume for the moment that,
§ij BT —T,]J(rj41) (105)

whereT,; = T andr; is defined in equatiori_(47).

Then Lemmal(b) follows from equations {94), (102), (103) 40d8).

Above, we have proved Lemnla 5 by assuming that the inequgilign in (105) holds for alt in {1,2,...,k}
andjin {(i+1),...,(k+1)}; below we prove that fact.

First note that ifP[T;,; = T,] = 1 then as result of equatiorls {47) afd (103) equationl (105)us/alent to0 <
0J(0) which holds trivially. Thus we assume hence forth tR4T ; ., = T;] < 1, which impliesE[T;;; — T,] > 0.

Let us consider the stochastic sequence

. P(Yﬂ- 1‘YTj) T . k—1
U, = [— e s ) DN J(1(M5Y ‘Y ))] Loty (106)
wherel (M; Y}, [Y*~1) is the conditional mutual information betwedhandY), given Y*~!, defined as

. k=1) & POY,MYEZD) | \/k—1
Note that as it was the case for conditional entropy, whiléndey the conditional mutual information we do not
take the average over the conditioned random variable. TfMsY, |Y*~!) is itself a random variable.
For U, defined in equatior (106) we have

Urir — U, = (_m s O + T (1 (M; Y |YT))) LrsT,y (107)

Conditioned onY” random variabled! — X, ., — Y41 form a Markov chain: thus as a result of the data processing
inequality for the mutual information we havéX,,1;Y 11 |Y") > I(M;Y,-41|Y7). SinceJ(-) is a decreasing
function this implies that

T MY [Y7)) > T (1 (Xrg15 Ve [Y7)). (108)
Furthermore, because of the definitions/gf), P andP 4 given in equationd (17)[(86) and {39), the convexity of
Kullback Leibler divergence and Jensen’s inequality weehav
P(Yrsa]Y7)

T0Kos1: Yoid Y7) > Blln — Y
( ( +1 +1’ )) P{Ai}(Y7+1|YT)

w] | (109)
Using equationd (107)[_(1D8) arild (109) we get

E[UT+1‘ YT] > UT' (110)
Recall thatmin, , Wy(y) = X and|J(-) | < D. Thus as a result of equation (107) we have
E[Ur1 — U ||YT] <Ing +D. (111)

As a result of [[1110),[{111) and the fact tHa§ = 0, U is a submartingale.
Recall that we have assumed tHRT ;1 < T] = 1 and E[T] < oo; consequently

E[T;41] < . (112)



32

Because of[(111) and (I112) we can apply a version of Doob®mgt stopping theoreni [10, Theorem 2, p 487]
to the submartingal®; and the stopping tim& ;; to obtainE[UTM] > E[Up] = 0. Consequently,

Tit+1 1y o
E[ln P(Y*—Y)J < E[ZT“ J(H(M; Y, |YT‘1))]. (113)

T, .
Prag (Yo 11[YT T=T;+1

Note that as a result of the concavity &#f-) and Jensen’s inequality we have

Tt T— e JAMY-[Y7=1))
E[ZT:TJ-H‘](I (M; Y, Y 1))] :E[Tj+1—Tj]E[ZT>1 {Tit HTL]_T]_] }

E Z-,—21 1 Tip1>7>T, I(M§YT‘Y771)

<E[Tj1-T,]J ( R geul ]> L 19

In order to calculate the argument &f-) in (II4) consider the stochastic sequence

T T . i—1

V, =HM|YT) + ijl (MY Yot (115)

Clearly E[V,41|Y™] =V, andE[|V,|] < In|M| + C7 < co. HenceV, is a martingale.

Furthermore,

E[Vrs1 — V|| Y] <In|M| + C. (116)

Recall that we have assumed tRfT; < T;,; < T] =1 andE[T] < co; consequently
E[T;] < E[T 4] <oo. (117)

As a result of equation§ (I116) arid (117) we can apply Dooltsnagh stopping theorem_[10, Theorem 2, p 487] to
V. both at stopping timd ; and at stopping tim& .1, i.e,,E[Vt,,,| = E[V,] andE [V1,] = E[V,]. Consequently,

G+1

E

Z ]l{Tj+1 27’>Tj}| (M;YT YTl):| = E[H(M’Y—D) - H(M‘YTH])} : (118)

T>1

Using equationd (113)[_(1114) arld (118)

(YY) E[H(MYT ) —H(M|YTi+1)]
R RS NP A
E [m FaE iﬁvm] <E[Tj11—T)] J< BT ——T] (119)
Hence inequality given if(105) not only wh@ T, ; = T;] =1 but also wherP[T;; = T,] < 1. [ |

F. Proof of Lemm&l6 for The Cade[T] < oo

Proof: In order to boundP,, from below we apply Lemmhl5 fofT;,.A;) and (T, A2) given in equations
(48), [49), [50) and(31) and use the fact thidt) < D we get
E[H(M)—H(M|YT2)]

—MPE+\M|*1)—}3{T2]J<T>—E{T—Tz}D

In Pe\m > T—Po— M| T (1208)
v T, —h(Pe+PMeA>(YT2))-HT-T,|D
In Py, [M ¢ Az (Y )} > N 1P—)[P8—P[IS/|6A)2])(YE)] } (120b)

provided thaf M |~! + P. < 1/2 andP[M € Ay(YT2)] 4+ Pe < 1/2.
We start with boundind®y4,, [I\7I ¢ AQ(YTZ)} from above andP® [M ¢ A>(YT2)] from below.

« Sinceminycx yey Wx(y) = X the posterior probability of a message at time- 1 can not be smaller than
A times the posterior probability of the same message at timdence for the stopping timé&, defined in
equation [(BD), randadfi set.4, defined in equatior {51) anfi< 3 we have

P [M € Ao (YT2)

YT = ytﬂ V) Wyt e YT, (121)

*The setAs, is random in the sense that it depends on previous channalitsut
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As a result of the definition of 4, (m,y") given in equation[(39) we have,

1 to
Pray (m,yt) < P(m,yt) "5z} ¥m e M.yt e YT+ (122)
If the decoded messadé(y*) is not in A»(y?) and message is in Ax(y") thenM(yt) # m:
T
Lefaggas ey} Hmes o)y < L 2m) Yme Myt e Y. (123)
Using equations (122) anf (123) we get
160yt em .
Pas (MY L 1y au ey} < POMoy) =557 Vme M,y e YT (124)

If we sum over all(m,yt)’s in M x YT* and use equationg (37) arid41) we get,

Pl [“7' ¢ Az(YTz)} <Ml _ gy (125)

« The probability of an eveni; is lower bounded by the probability of its intersection withy evenfls, i.e.,
P[Ty] > P[{I'y,[2}:

Py — P[l\?l £ M}
> PHM £ M, Ay (YT2) = MH
:P[I\A/I ”) M(AQ(YTz) :M} P[Ag(sz) = M (126)

Note that if A5 (y*?) = M thenT is reached before any of the messages reach a posteriobitybaf 1 — 4.
Thus

P[I\7I ) M( Ap(YT2) = M} > (127)
Thus as a result of equatioris (126) ahd {127) we have
P A (Y™) = M| < L. (128)

On the other hand if5(y*) # M, then the most likely message with a probability at I€ast §) is excluded
from Ay (y*). Thus

PWG&WW

As(YT2) 2 M} <5 (129)
Using equationd (128) anfl (129) together with total prolitglformula we get
P M € Ay (YT)| = P[M € Ax(YT)| Ax(YT?) = M| P | Ao(YT?) = M|
+ P[M e Ap(YT2)| Ay (YT?) £ M} P[AQ(YT2) ” M}
< P[AQ(YTZ) - M} + P[M e Ay (YT2)| Ay (YTY) £ M}
< 5 +o. (130)

We plug the bounds oRy4, [l\7| ¢ Ag(YTz)} andP[M ¢ A>(YT2)] given in equationd (125) and(1130) in equation
(120) to get

- E[H(M)—H(M|YT2)]
—h(&) —ET ] L) —HT-T,] D
( = ) (131a)

In £3 > “HOlATID (131b)

1—¢;

In Pgjm >

provided thate; < 1/2 whereé; = Pe + 6 + Lo + | M|,
Now we boundE [H(M[YT2)] from below. Note thatl (e 4,(y)y is a discrete random variable that is either
zero or one; its conditional entropy givéfl2 is given by

H(]}.{MeAz(yTz)}’YTz) = h(P [M S AQ(YTZ)

YT2D . (132)
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Furthermore since ;e 4,(yr2)y is @ function ofYT2 andM, chain rule entropy implies that
HMIY ™) = H(L e ayrma [Y™2) + B HMIY ™ B ge vy | YT (133)

Since A»(YT2) has at mostM| elements and its complemenyt \ Ax(YT2), has at most one element, we can
bound the conditional entropy of the messages as follows

HMIY ™ Timeayvre)y) < Timeq(yr)y In [ M| (134)
Thus using equation§ (132, (133) ahd (134) we get
HMIY™) < h(P[M € A (Y™)[YT]) + P[Me A (YT)

YTz} In | M|. (135)
Then using concavity of the binary entropy functibft) together with equation§ (1B0) arld (135) we get
E[H(M\YTz)} <h(G+E) + (54 Z)In M. (136)

provided thats + L& < 1/2.
If we plug in equation[(136) and the identi{M) = In | M| in equation[(131) we get,

~ \1n Pojm €1 —é1)R—h(ér
(1 - &) e > — ] — g (2RKEET (- gD (137a)
—(1—-&)E > MG (1 - p)D (137b)

provided thatt; < 1/2 wheren = %TT"‘]] & =Pe+d+25+ ML R= % andE = ‘éane.

Note that the inequality given in equatidn (I87b) boundswvhlee ofn from above,

n<l— (1—€1D)E—€2 (138)

whereéy = %

Furthermore for any); < s < % as a result of concavity of () we have
771J<7%) + (1 =m)D= 771J<7%) + (2 =m)J(0) + (1 —n2)D
< 772J<77%) + (1 —mn2)D. (139)

Using equations[(138)[ (IB9) we see that the bound in equdfi87a) is lower bounded by its value at=
1- % if E > —&— and by its value a) = 1 otherwise, i.e.,

1-¢;

E-¢ R— 2 - &
lnPe\m > _E_ (1 D ) J<1_E> If E 2 1—¢€;
HT] = D

e L j(1-&)R-&) if E< 2

1—51 1—51

whereé = SP4e.
Then, for the cas& > —2- Lemma® follows from the fact thaf(-) is a non-negative decreasing function. For

-6
the casel < —= in Lemma[® follows from the fact thaf(-) is a concave non-negative decreasing function.

€
1—¢€:
|

G. Proof of Lemma]7 for The Cadg{T] < cc
Proof: We start with proving the bounds given in equatidng (57) &8).(
« Let us start with the bound oB4, [I\A/I ¢ Ai(YTi)} given in equation(37). Sinc@inyex ey Wi(y) = A, the

posterior probability of an’ € M® at time 7 + 1 can not be smaller thah times its value at time-. Hence
for 6 < 1/2, as a result definitions 6f; and A;(YT) given in equationd(35) an@ (56), we have

P(Mec A((YT)

YT :ytw} Y Wyt e YT i e {1,2,...,0}.
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Then as a result of the definition 8f4,(m,y*) given in equation[(39) we have,

1 4
Prag(m,yt) < P(m,yt)Anspietl Yme M,y e YT ie{1,2,... 0}, (140)

For A;(y*) given in equation[(36), if the decoded messad@t) is not in A;(y") butm is in A;(y*) then
M (y*) # m?:

T .
Liiyga o) Limeay < Ligisme vmeMyteyTie{l2... 0} (141)
Using equationd (140) an (141) we get
t £y L i mi} t o yTH
P{Ai}(m’y)H{M(yt)éAi(y‘i)} < P(m,y") 5 Vme Myt €Y' ie{l,2,....0}.
If we sum over all(m,yt)’s in M x Y7* and use equationg (37) arid41) we get,
~ , P[Mi£Mi
P{Ai} [M §é AZ(YTI):| < [ >V ]
= £eli) Vie{1,2,...,0}. (142)

« Let us now prove the bound dA[M € A;(YT+)] given in equation[{38).

— If A;(YT?) # M, then atT, there is am’ with posterior probability(1 — &) and all the messages of
the formm = (m?,m;1,...,m;) are excluded from4;. Consequently we have

P [M c Ai(YTi)‘ Ai(YT) # M} <4 (143)

— If A;(YT:) = M, then atT; there is nam’ with posterior probability(1 — ) andT; = T. SinceM? # M
implies thatM # M we have

PN M AN = M| >4 (144)
As a result of total probability formula faP [I\A/I # M} we have
Py = P[M 4 M( Ai(YT) = M} P[AZ-(YTi) - M} + P[m ) M‘ Ai(YT) M} P[Ai(YTf) ” M}
> 5P [Ai(YTi) - M} (145)
If use the total probability formula foP[M € Ai(YTi)] together with equation§ (I43) arld (145) we get
P[M € Ai(vﬂ)} - P[{M e A, (YT, A (YT # MH + PHM e A, (YT, A (YTH) = MH
< P[M e AZ-(YTT‘)‘ Ai(YT) M} + P[Ai(YTi) - M}
<5+ Le
We apply Lemmals fo(T 1, A1), . ..(Tx, Ag) defined in equation§ (b5) arld {56); use the boundBan [I\A/I ¢ Ai(YTi)}

andP[M € A;(YT+)] given in [5T) and[(58). Then we can conclude thaPif+ 6 + Pe/d < 1/2 then

41
I-&)Ei <&+ > viJ) i=1,2,...0 (146)
j=i+1
whereR;, E;, é&5 andés are defined in Lemmid 7,’s are defined in equatiof (47) of Lemila 5 ands are defined
as follow
VéE[Tj] — E[Tj—l]
’ E[T]

Vie{l,2,...,0+1} (147)

3We use the conventiofip =0 and T,y = T.
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Depending on the values of; andr; the bound in equatio_(146) takes different values. Howevyeandr; are
not changing freely. As a result of equatién (1118) and thé thaat | (M; Y, |Y!) < C we have

r; < C je{l,2,...,(0+1)} (148)

In additionv;’s andr;’s are constrained by the definitions &f and.4;(YT/) given in equationd(85) anf (56). At
T, with high probability one element of1/ has a posterior probabilityl — &). Below we use this fact to bound
E[H(M|YT/)] from above. Then we turn this bound into a constraint on tHeegaof v;’s andr;’s and use that
constraint together with equatioris (146), (1148) to botipd from above.

For all j in {1,2,...,¢}, ]l{MeAj(YT].)} is a discrete random variable that is either zero or one;atslitional
entropy given by

H(L e, vm IYT) = h(P [M e A (YT YTJ'D . (149)

Furthermore sincd ;yc 4,(y™)} IS a function ofYT: and M, the chain rule entropy implies that
HMIYT) = Bl e oemp YT + B HMMIY T L e, ormp)| YT (150)

Note thatA;(YT:) has at mostM| elements and its complemen¥ \ A;(YT), has at mos% elements. We
can bound the conditional entropy of the messdd@d|Y T, Tymea;(ymiyy) as follows

HMIYT Tgmeavrop) < Tgmea, (vroyy In M| + Timga, (vroyy In %

= In {5 + Limea,vroyy In | M) (151)
Thus using equations (I49), (150) ahd (151) we get

} In | M. (152)

If we take the expectation of both sides of the inequalifyZjl&nd use the concavity of the binary entropy function
we get

E[H(Mvai)} < h(P [M e .Aj(YTJ')D +In M +P[M e A(YT )} In | M|

Using the inequality giverl (538) and the fact that binary epyr function is an increasing function on the interval
[0,1/2] we see that

E[H(Myvﬂ)} <h(Pet+ 6+ 5) +In B8 4 (Pe + 6+ Zo)In|A]. (153)

provided thatPe + & + £= < 1/2.
Note that as a result of Fano’s inequality fBfH(M|YT)] we have

E[H(MWT)} < h(Pe) + Peln|M)|. (154)
If we divide both sides of the inequalitis (153) afd (154)4d |, we see that following bounds holds
H(M|YT: . 1 - 7 3
Wgeﬁf{—zjzlf{ﬁegzjzlm i=1,2,...0 (155a)
E[H(M\YT)} < h(Ps) + PeR. (155b)
Note that
e =R - Z Vi i=1,2,...,(+1) (156)
Using equationd (155) anﬂII]56) we get,
Z (1-¢ R, —¢ i =1,2,....0 157
Zj_ V]I'] = 63 Z €4 7 ) 4y ) ( a)
04+1 P.
Zj vty = (1= Po)R — ’gﬂ) (157b)
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wherer;'s andv;’s given in equation[(47) and_(IA7) respectively.
Thus using equations (MW7), (146), (147), (148) dnd(157) eaxh the following conclusion. For any variable
length block code satisfying the hypothesis of the Leniina @ fan any positived such thatP, + ¢ + % < %

(+1
(1 - &)Ei — & < ZJ*ZH ; i=1,2,...,¢ (158a)
(1—é3) ZZ,_ R, — & < Z] Vi i=1,2,....0 (158b)
/+1
(1 Po)R — ) v (158¢)

for some(v{*'r{*1) such that

€0, C] i=1,2,...,((+1) (159a)
v; >0 i=1,2,...,(0+1) (159b)

(41
Z,_l vi=1 (159c)

We show below if the constraints given in equatién {158) iisfiad for some(v{™.r{™) satisfying [159),
constraints given in(80) is satisfied for soig) satisfying [61).
One can confirm numerically that

(1 —&3)In2 > h(és) vés € [0, 1]
Recall that we have assumed that + 6 + 5 Pe < £, Le.,é3 < % Thus,
(1 —¢&)R; —é4 > 0. (160)
Letn, r1 , vo andr; be
m = (1—532?1—54
Iy =1,

Vo =va+vi—mn

~ _ rovst+(vi—m)r1
Io = =,

Note that(n;, 7o, v5™, 11, T2, 15! satisfies[(I58b)[(I58c) and (159) by construction. Funtioge as a result of
concavity of J(-) we have,

v1J(r1) +vod(r2) <mJ(r1) +v2J(r2).

Thus (171, 7o, 5™, 11, 15, 151) also satisfied (I58a).
For j > 2 we usev; andr; to definen;, v;;1 andr;;, as follows:

1-&)R,
g = (s (161a)
Vit1 = Vi1 +Vj—1n; (161b)
= rj+1Vj+{,;j'£?j_nj)f;. (161c)
Using the fact thatn] ™", 7;, /{11, i1/, 1{1}) satisfies[(I58) and (I59) and the concavityJ¢f) we can show that
i, L mI L ) also satisfie 8) an@ (159). We repeat the iteration givemuation until we
M Vi1 Vi Tji2 p giver

reachv,; andr,.; and we letn, ; = vpyq.
Then we conclude that for any variable length block codesBartig the hypothesis of the Lemrha 7 and for any
positive d such thatPe + 6 + L= < 1
(1—é&)E; —65<ZJ o i=1,2,...,¢0 (162a)
(1 — 63)Ri — 64]1“21} == I"Z’I’]Z 7 :1, 2, PN ,f (162b)

(€3 — Pe)R + % < Treanes (162c)
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for some(ny,...,ne+1,11,...,T441) SUch thatd

r; € [0, C] i=1,2,...,(0+1) (163a)
ni =0 i=1,2,...,(0+1) (163b)
0+1
Z,_l ni = 1. (163c)
The Lemmdl follows from the fact that(-) < D. [ |

H. Codes with Infinite Decoding Time on Channels with Pasifivansition Probabilities

In this section we consider variable length block codes srrdie memoryless channels with positive transition
probabilities, i.e.,minyex yey Wi(y) > 0, and derive lower bounds to the probabilities of variousreevents.
These bounds, i.e., equatios (166), (172) and1(175), enablto argue that Lemnid 6 and Lemfa 7 hold for
variable length block codes with infinite expected decodint, i.e.,E[T] = cc.

1) Pe > 0: On discrete memoryless channel such théat,cx ycy Wx(y) = A the posterior probability of any
messagen € M at time is lower bounded as

PM = m|Y7] > (ﬁ)T M

Then conditioned on the evefiT = 7} the probability of erroneous decoding is lower bounded as
~ M -1 A T
PlM M T =] > B () (164)

Note that sincéP[T < oo] = 1, the error probability of any variable length code satisfies

Pe:iP[M#I\A/I‘T:T}P[T:T]. (165)
=1

Using equation[(184) an@d (165) we get
IM|—1 AT

Note that equatior (166) implies that for a variable lengtdec with infinite expected decoding time not only the
rate R but also the error exponehtis zero.
2) If Pe+ Wl‘ < 1 thenming, Pejm > 0 : Note that sincéP[T < oo] = 1 and M| < oo,

PT<oo/M=m|=1 Vm e M.

For any variable length block code such that+ ﬁ <1, let 7* be

7% = min {7’ + max PT>7M=m] < ‘/}A/\L—'l - Pe} . (167)

SinceP[T < co|M = m| =1 for all m in M and M is finite, 7* is finite.
Note that for anyr, m andm we have,
PYT =yT[M =m] > (:25)"P[Y" = y"|M = m] (168)
Then using equatior_(168) we get,

Pom> > PHI\]:ﬁ,TgT*HM:m}

ftm

= (207 Y P[{M=mT <} M=
m#m

> (27 Y (P[l\?lzm(lvl:ﬂ ~P[T > |M =) (169)
m#m

*0ne can replace the inequality in equatibn (162c) by equhkcause/(-) is a decreasing function.
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Note that as a result of equatidn (167) we have,

PT > 7 |M=m] < ('ml - Pe) Vi e M (170)
Furthermore
ZP[I\A/I:rﬁ‘M:Fﬁ} > |M|(1- Ps) — 1 (171)
m#m
Thus using equation§ (169, (170) ahd {(171) we get
: A \T* 1
min Pom > (125)7 (1= iy — Pe) (172)

wherer* is a finite integer defined in equatidn (167).

3) Forall i € {1,2,...,¢}, Pe(i) > 0: For a variable length block code with message A¢tof the form
M = M; x My x ... x My on a discrete memoryless channel such thatcx ycy Wi(y) = A the posterior
probability of any element of\{; at time 7 is lower bounded as

i i\ A\ i i
Then conditioned on the evedil = 7} the probability of decoding the!" sub-message erroneously is lower
bounded as

Ché i Mi|-1 T
P[M £ M T:T}z‘w‘i' (ﬁ) . (173)
SinceP[T < oo] = 1, Pe(i) satisfies
pe:ZP[Mi7A|\7|i T:T}P[T:T]. (174)
=1

Using equation[(173) and (1l74) we get
i|_ T .
Po(i) > '%‘HE[(&) } Vi{l,2,...,0}. (175)

Equation [(I7b) implies that for any variable length codehwiitfinite expected decoding time on a DMC without
any zero probability transition, not only the rates but als® error exponents of the sub-messages are zero.

I. Proof of Theoreni]1

Proof: In Sectio IV=C it is shown that for any raf € [0, C|, error exponenE € [0, (1 — £)D] there exists
a reliable sequenc® such thatRg = R, Eg = E, Enag = E+ (1 — %)J(%). Thus as a result of the
definition of E,4(R, E) given in equation[(113) we have

End(R,E) 2B+ (1- §) J(R5). (176)
In Sectio’V-C we have shown that any reliable sequence c#s@dwith rateRg and error exponerig satisfies
Emag < Bo+ (1 - $)7 (=535 ) -

Thus, using the fact thaf(-) is a decreasing concave function we can conclude that

E R
i, B < B+ 1~ 5 ()
QE,SE
Consequently as a result of the definitionfq(R, E) given in equation[(I3) we have

End(R.E) <E+ (1-5)J(£5). (177)
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Thus using equations (1I76) ard (177) we can conclude that

End(R,E) =B+ (1- §) J(E5) (178)
In order to prove the concavity &mq(R,E) in (R,E) pair, let(R,, E,) and(R;, E;) be two pairs such that
R, € [0, C] E,<(1-%)D (179a)
R, € [0, O] E, < (1-%)D. (179b)
Then for anya € [0,1] let R, andE, be
Ra = aR, + (1 — )Ry (180a)
Eq = aBE, + (1 — a)Ep. (180b)
From equationg (179) an@ (180) we have
R, € [0, C] E, < (1-2¢). (181)

Furthermore using the concavity df(-) we get,
aEmd(Ra.Ea) + (1 — @)Ema(Rp, Es)
—a (Bt (1-5%) I (Ryp) ) + (- a) (Bt (1= %) J(=Bp))
=Bata(l-5)J () +(1-a) (1- %) J ()
SEaJr _ % J(aR1+]E]1 /%Rb>
= Emg(Ra, Eq). (182)

ThusEmg(R, E) is jointly concave in rate exponent pairs. [ |

J. Proof of Theorerh]2

Proof: In SectiorIV=D it is shown that for any positive integea rates-exponents vectdi, E) is achievable
if there exists a time sharing vectgrsuch that,

Z .
B<(-) +Z] o (3) Vie {1,2,....0) (183a)
R; < Cn; Vie{l,2,...,0} (183b)
>0 Vie{1,2,...,0 (183c)
J4
ijl nj <1 (183d)

Thus the existence of a time sharing veciosatisfying [I8B) is a sufficient condition for the achievghbf a
rates-exponents vectofR, E).

For any reliable code sequen@whose message sets are of the fattl®) = Mg“) X Mg”) X .. X Mé”),
LemmalY withd = —5- |mpI|es that there exists a sequengesuch that

V4 _¢ . .
(1—&x)Eix—&x < (1- ijl i) D + Zj:m nmJ(%) i=1,2,...,0 (184a)

(1 —éx)Rin — Eanlyizy < Cnig i=1,2,...,0 (184b)
ik > 0 i=1,2,...,¢ (184c)
V4
> ne<1 (184d)
J=17

In M| _ —InP.(i)® ~  p®i1_p.®Inp.™ ~  hé,.) ~ _ Bé,)—In\é
whereR; ,; = = EW[T®] Eix = w0007 T » €3k = T P 1 €4k = EWT™] Sk T TEW[T®]
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Note that as a result of equatidn (184) all members of theesszpij,, are from a compact metric spﬁThus
there exists a convergent subsequence, convergingjtdJaing equation[(184), definitions ®y ; andEg ; given
in Definition[11 we can conclude thatsatisfies

14
< (1 — Q.j ] .
Bos< (- _ m)D +Z] o ( 2 ) Vie {1,2,...,0) (185a)
RQJ' < Cwn; Vi € {1, 2,... ,E} (185Db)
ni >0 Vie{l1,2,...,0} (185c)
4
DSt (185d)

According to DefinitionIll describing thieit-wise UEPprobIem a rates-exponents vectcéﬁ, E) is achievable

only if there exists a reliable code seque@esuch that(RQ,EQ) (R,E). Consequently the existence of a time

sharing vector satisfying (183) is also a necessary camdfbr the achievablity of a rates-exponents vec(Br E)
Thus we can conclude that a rates-exponents ve(mqlE) is achievable if and only if there existsjesatisfying

(183).
In order to prove the convexity of region of achievable raegonents vectors, I1€R,, E,) and (R, E;) be two
achievable rates-exponents vectors. Then there exi®diiBR,, E,, 7j,) and (R, E, 77,) satisfying [18B).
For anya € [0,1] let R,, E, andij, be

As J(-) is concave and the tripleR,,, Eq, 77,) and (Ry, Ey, 7j,) satisfy the constraints given in_(183), the trlple
(Ra,Ea,77,) also satisfies the constraints given [N {183). Consequéhéyrates-exponents vectofR,, E,) is
achievable and the region of achievable rates-exponentsrge is convex. ]
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