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We consider the Kondo-lattice model on the kagome lattice and study its weak-coupling instabilities at band
filling fractions for which the Fermi surface has singularities. These singularities include Dirac points, quadratic
Fermi points in contact with a flat band, and van Hove saddle points. By combining a controlled analytical
approach with large-scale numerical simulations, we demonstrate that the weak-coupling instabilities of the
Kondo-lattice model lead to exotic magnetic orderings. In particular, some of these magnetic orderings produce
a spontaneous quantum anomalous Hall state.
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I. INTRODUCTION

In a seminal work, Haldane demonstrated that a magnetic
field is not required to induce integer quantum Hall states [1].
Adding a complex hopping to the tight-binding Hamiltonian
on the honeycomb lattice opens a gap at the Dirac points of
the electron band structure. This gap leads to a topologically
nontrivial electronic state for a half-filled band, i.e., a Chern
insulator or quantum anomalous Hall (QAH) state. The key
characteristic of this state is the appearance of chiral edge
channels at the sample boundaries, in which current can
flow along one direction only, implying dissipationless charge
transport due to the absence of backscattering. This property
makes QAH states attractive for ultra-low-power consumption
applications. One of the current challenges in condensed
matter physics is to find ways of stabilizing a QAH state at
ambient temperature.

Many paths toward realization of the QAH effect have been
suggested, most of which are limited to graphenelike Dirac
systems. Proposals include spin-orbit coupled magnetic semi-
conductors [2], spin-orbit coupled adatoms on graphene [3],
and spin-polarized QAH states [4]. Experimental signatures of
QAH have been detected [5–7] and advanced nanostructures
such as “molecular graphene” [8] open the possibility of
controlled manipulation of Dirac fermions. A proposal based
on doped magnetic topological insulator materials [9] has
led to the first robust observation of the QAH state very
recently [10]. Another proposed scenario involves spontaneous
chiral symmetry breaking due to electron-electron interactions
at Dirac points [11–13]. However, relatively large electron-
electron Coulomb interactions are required to induce chiral
states due to the vanishing density of electron states [14,15].

An alternative mechanism for robust, high temperature
QAH states has generated much interest [16–20]. In certain
correlated multiorbital compounds, conduction electrons are
coupled to localized magnetic moments (spins) at each lattice
site. The spin may arise, for example, from t2g electrons in
transition-metal oxide materials [21,22] or f electrons in
Lanthanide based materials [23]. QAH states are possible if
the spin ordering is noncoplanar, in which case the local Berry
curvature (scalar spin chirality) acts as an effective magnetic
field on the orbital motion of the conduction electrons. This
mechanism does not require band structures with Dirac points.

QAH states may also arise from weak-coupling instabilities
at quadratic band crossings [24–28] and nested Fermi sur-
faces [16]. Nonzero chirality implies broken time-reversal
and spatial parity symmetries, a necessary ingredient for
QAH states. Note that these discrete symmetries can be
spontaneously broken at finite temperature in two-dimensions,
even though the continuous SU(2) spin rotational symmetry
has to remain intact.

In this paper, we investigate the Kondo-lattice model
(KLM) on the kagome lattice. The KLM is the simplest model
that captures the interplay between conduction electrons and
localized magnetic moments; see Fig. 1 for an illustration.
Because we are interested in cases where the spins of
localized electrons develop a net magnetic moment below
a certain temperature (〈Si〉 �= 0 for T < Tc), the model can
be further simplified by assuming that the localized moments
are classical variables, i.e., that there is no Kondo effect. In
the KLM, conduction electrons interact with the localized
spins through an on-site exchange coupling J . This exchange
corresponds to Hund’s coupling for the case of transition metal
oxides and Kondo coupling for the case of intermetallics.
The magnetic ordering induced by this exchange coupling
thus depends on the dispersion of the itinerant electrons
at the relevant filling fractions. The kagome lattice has a
rich band structure containing Dirac points, quadratic Fermi
points, and perfectly nested Fermi surfaces with van Hove
singularities. It is remarkable that a single model contains all
of the above features, which have been studied individually
in triangular [16,18,19], honeycomb [29], checkerboard [30],
cubic [31], and pyrochlore lattices [32–34]. Thus the kagome
KLM is a good candidate to search for robust topologically
nontrivial states.

To investigate the complex magnetic orderings of the
kagome lattice, our approach includes group-theoretical sym-
metry analysis at the ordering wave vectors, variational
Fourier-space calculations, and large-scale unconstrained nu-
merical simulations. All approaches agree in the small J

limit. Our large-scale simulations are based on a recently
developed method to simulate classical degrees of freedom
interacting with fermions [35], which enables the unbiased
study of magnetic ordering at any J . We have uncovered some
surprising spin textures that would be very difficult to stabilize
in local moment Mott insulating systems. Among them, there
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FIG. 1. (Color online) Kondo-lattice model (KLM) on the
kagome lattice. The model can be viewed as consisting of two subsys-
tems represented here by two fictitious kagome layers. Conduction
electrons hop on the top layer according to a nearest-neighbor transfer
integral t . The bottom layer consists of localized spins (magenta
arrows) at every kagome site. The electron spins (green arrows)
are coupled to the localized moments through an on-site exchange
constant J . The numbers 1, 2, 3 denote the three inequivalent
sublattices of kagome.

are several spin orderings appearing at different filling factors
that lead to a spontaneous QAH effect. This variety of magnetic
phases opens a path towards the realization of the QAH effect
at ambient temperature.

Our results are also relevant for interacting electron systems
without preformed local moments, such as Hubbard-type
models [36–39]. The kagome tight-binding model is expected
to exhibit weak-coupling instabilities when the electron filling
reaches the QBCP or the van Hove singularities. Consequently,
an infinitesimal J will immediately produce magnetic or-
dering. On the other hand, since the Dirac points are stable
against weak perturbations, robust magnetic ordering can
only be expected at intermediate electron-electron interactions.
Moreover, the magnetic or spin-density-wave ordering in the
interacting systems has to compete with other instabilities,
particularly, the superconductivity order [36–40]. The situation
is more complicated for the second van Hove singularity due
to sublattice interference phenomenon [38,39]; we will discuss
its consequences in Sec. III C.

The paper is organized as follows. In Sec. II, we present
the KLM on the kagome lattice, discuss the spectral features,
and explain our numerical techniques. Next, we present our
magnetic ordering results for electron filling fractions f of
special interest. In Sec. III, we discuss the case of van Hove
fillings (f = 3/12 and 5/12) in which the Fermi surfaces are
nested by three commensurate ordering vectors. In Sec. IV, we
discuss the band touching points, including Dirac points (f =
4/12) and quadratic band crossing (f = 8/12). Section V
summarizes our findings.

II. MODEL AND METHODS

A. Kondo-lattice model

In this work, we consider the KLM, which is illustrated in
Fig. 1. Its Hamiltonian is given by

H = −t
∑
〈ij〉

c
†
iαcjα − J

∑
i

Si · c
†
iασ αβciβ . (1)

The first term describes electron hopping between nearest-
neighbor (NN) sites; t > 0 is the transfer integral, c

†
iα creates

an electron with spin α on site i, and 〈ij 〉 denotes a NN pair.
The itinerant electrons interact with the localized spins through
an on-site exchange coupling J as described by the second
term, where σ αβ is a vector of the Pauli matrices. Note that
summation over repeated indices is assumed. We consider
the classical limit |Si | = S � 1 for the localized spins. In this
limit, the electron spectrum is independent of the sign of J and
the eigenstates corresponding to opposite signs are connected
by a global gauge transformation [16].

The energy dispersion for the kagome lattice tight-binding
model, i.e., the first term in Eq. (1), can be obtained
analytically. We first label the kagome sites as i = (ri) =
(r,m), where ri denotes the position of site i, which is
decomposed into the triangular Bravais lattice point r and the
sublattice index m = 1,2,3; see Fig. 1. After Fourier transfor-
mation ci,α = (1/

√
N )

∑
k cm,α(k) exp(ik · ri), we have Ht =∑3

m,n=1 hmn(k) c
†
mα(k) cnα(k). The hopping matrix is

ĥ(k) = −2t

⎛
⎝ 0 cos k·a2

2 cos k·a1
2

cos k·a2
2 0 cos k·a3

2
cos k·a1

2 cos k·a3
2 0

⎞
⎠, (2)

where a1 = (1,0), a2 = (1/2,
√

3/2) are primitive lattice vec-
tors of the triangular Bravais lattice, and a3 = a2 − a1. After
diagonalizing this matrix, we obtain two dispersive bands

ε1,2 = −t ∓ t

√
3 + 2

∑3
ν=1 cos k · aν,

and a flat band ε3 = 2 t at the top of the dispersion.
As mentioned in the introduction, the kagome lattice

electronic band structure [Fig. 2(a)] exhibits several special
points, which we now present and discuss in more detail. First,
there are two inequivalent Dirac cones at the corners K1,2 of
the Brillouin zone (BZ) schematically represented in Fig. 2(b).
As these Dirac points are the isolated crossing points of the
two dispersive bands, the Fermi surface shrinks to the two
K points at filling fraction f = 1/3. In accordance with the
standard theory of electronic Berry phases, these Dirac Fermi
points are characterized by nonzero Berry flux ±π [41]. In the
case of the kagome lattice, it has been shown that gapping out
a pair of Dirac points can lead to topological phases such as
spontaneous QAH and quantum spin Hall insulators [17,42],
in agreement with the general theory of gapped Dirac fermions
in two dimensions [1,43]. However, the vanishing density of
states (DOS) renders the Dirac Fermi points robust against
weakly repulsive electron-electron interactions. In general, a
finite interaction strength is required to open a gap at f = 1/3
and stabilize a topologically nontrivial phase [44,45].

Another topologically nontrivial band-touching occurs at
the � point between the upper dispersive and flat bands.
At filling fraction f = 2/3, the Fermi surface consists of
a single point at k = 0 with a quadratic dispersion in its
vicinity: ε ∼ k2. This so-called quadratic band-crossing point
(QBCP) is characterized by a ±2π Berry phase. In momentum
space, the topological QBCP resembles a vortex with a ±2
winding number [24,25]. Contrary to Dirac points, quadratic
Fermi points are unstable against arbitrarily weak short-range
interactions due to their finite DOS [24,44]. The perturbed

245119-2



EXOTIC MAGNETIC ORDERINGS IN THE KAGOME . . . PHYSICAL REVIEW B 90, 245119 (2014)

-4

-2

0

2

FIG. 2. (Color online) (a) Band structure of the tight-binding
model on the kagome lattice. Here and in the following figures, the
band energy εk is measured in units of NN hopping t . (b) Brillouin
zone (BZ) of the kagome lattice. At filling fraction f = 1/3, the
Fermi surface shrinks to two inequivalent Dirac points K1,2 at the
corners of the BZ. These two Dirac points are connected by wave
vectors K± = (±4π/3,0). (c) The dispersion has three saddle points
M1,2,3 at the edge of the BZ, giving rise to a logarithmically divergent
DOS at filling fractions f = 1/4 and 5/12. The corresponding Fermi
surface is a regular hexagon inscribed within the BZ. Pairs of parallel
edges of this Fermi surface are perfectly nested by wave vectors
Q1 = (2π,0) and Q2,3 = (−π, ± √

3π ).

quadratic Fermi point either splits into two fundamental
Dirac points or it is completely gapped out, giving rise to
a topological insulator [24]. However, because the whole flat
band ε3 is degenerate with the � Fermi point, finding the
magnetic structure stabilized by H in Eq. (1) for f = 2/3 is
still a rather complicated problem.

A third distinct spectral feature is related to the two disper-
sive bands, ε1 and ε2. The DOS of ε1 and ε2 contains a van Hove
singularity at fillings f = 1/4 and 5/12, respectively. A loga-
rithmically divergent DOS at these filling fractions results from
the three saddle points M at the edges of the BZ [Fig. 2(c)]. For
just NN hopping, the Fermi surface at these filling fractions is a
regular hexagon inscribed within the BZ, as shown in Fig. 2(c).
Remarkably, pairs of parallel edges of this Fermi surface are
perfectly nested by wave vectors Q1 = (2π,0) and Q2,3 =
(−π, ± √

3π ). The perfect Fermi surface nesting combined
with a divergent DOS leads to a magnetic susceptibility of the
conduction electrons that diverges as ln2 |k − Qη| (η = 1,2,3).
Consequently, the system is unstable toward developing a
triple-Q magnetic order even for small J/t .

Our goal is to find the magnetic ground state of the KLM for
each of these special filling fractions and to establish the nature
of the corresponding electronic states. In the process of uncov-
ering the magnetic ordering at the special fillings mentioned
above, we will also discuss specific fillings different from
these three. A quadrupling of the unit cell as a consequence
of finite Qη ordering allows for commensurate fillings other

than the van Hove fillings f = 1/4 and f = 5/12, which are
f = 1/12 and f = 7/12. We have investigated the magnetic
ordering and the corresponding electronic state at these fillings
as well.

B. Numerical methods

In a naı̈ve approach to Monte Carlo sampling of the classical
spins, every trial update of the spin configuration requires
diagonalization of a new single-particle electron matrix to
determine the change in energy. Direct diagonalization costs
order N3 numerical operations, so this simulation approach
is limited to systems with N ≈ 162 spins (e.g., Ref. [18]).
We require much larger scale systems to study weak-coupling
instabilities. Small systems obscure susceptibility divergences
because of their larger momentum space discretization cutoff.
For example, Fermi surface nesting yields a divergent sus-
ceptibility that scales as (ln N )2, and stabilizing the desired
triple-Q magnetic orders may require N ≈ 1002 spins [35].
Evidently, direct diagonalization at every Monte Carlo step is
impractical.

To simulate the KLM at large scales, we employ two
complementary numerical methods. First, we perform un-
constrained, finite-temperature simulations with a recently
developed Langevin method, which we review below. Second,
we use a Fourier-space variational method to verify and
analyze the candidate orderings at zero temperature. In our
variational approach, we assume a known magnetic unit cell
size and search for the lowest energy ordering among spin con-
figurations within the extended unit cell [34]. For example, the
most general triple-Q orderings have a quadrupled magnetic
unit cell of 12 spins. The electronic part can then be solved by
applying a Fourier transformation. The total energy obtained
by summing over states within the reduced BZ is a function
of the magnetic configuration in the extended unit cell. We
use standard simulated annealing to find the minimum-energy
configurations with constrained periodicity [34]. More details
can be found in Appendix A.

Our Langevin method enables high accuracy, uncon-
strained simulation of very large systems, and is orders of
magnitude faster than previous Monte Carlo methods [35].
We approximate Langevin forces using an extension of the
kernel polynomial method (KPM) [46–48]. KPM provides
fast estimates of the density of electron states (DOS), ρ(ε) =∑

m δ(ε − εm[Si]), where εm are the electron energy levels, i.e.,
the eigenvalues of the single-particle electron matrix H . KPM
approximates the DOS using a truncated series in Chebyshev
polynomials Tm(ε),

ρ(ε) ≈ 1

π
√

1 − ε2

M−1∑
m=0

(2 − δ0,m)gmμmTm(ε).

The numerical factors gm associated with the Jackson ker-
nel [49] optimally damp Gibbs oscillations [48]. The Cheby-
shev moments are given by μm = Tr Tm(H ). For efficiency,
we use the KPM stochastic approximation μm ≈ r† · Tm(H )r ,
where r is a random vector with elements that satisfy the
ensemble average 〈r∗

i rj 〉 = δi,j . We use the Chebyshev recur-
sion relation in the form αm = 2Hαm−1 − αm−2 to iteratively
build the vectors αm = Tm(H )r . Thus the moment estimates

245119-3



BARROS, VENDERBOS, CHERN, AND BATISTA PHYSICAL REVIEW B 90, 245119 (2014)

μm ≈ r† · αm may be evaluated at linear cost in the number
of spins N by using only sparse matrix-vector multiplications.
KPM accuracy is controlled by the series truncation order M

and the number of random vectors R over which we average.
The KPM DOS allows estimation of the (free) energy F of

a spin configuration {Si}. After integrating out the electrons
at fixed chemical potential μ and inverse temperature β =
1/kBT , we obtain

F[Si] = −β−1 ln Trc e−β(H−μ
∑

i c
†
i ci ) =

∫
ρ(ε)f (ε)dε,

where f (ε) = −β−1 ln{1 + exp[−β(ε − μ)]} is an antideriva-
tive of the Fermi function. Chebyshev-Gauss quadrature allows
fast and accurate numerical integration over the KPM DOS
estimate [48].

To efficiently sample spin configurations {Si} we extend
KPM to also estimate forces −∂F/∂Si . One path is the
numerically exact technique of automatic differentiation with
reverse accumulation [50]. Indeed, all forces −∂F/∂Si may
be simultaneously estimated by a “reverse” recursion relation
with a cost linear in N that is equivalent to the cost of estimating
F [35].

We apply our KPM based force estimates to sample spins
according to overdamped Langevin dynamics,

Si(τ + 
τ ) − Si(τ ) = −
τ
∂F
∂Si

+
√

2 β−1
τ ηi(τ ), (3)

where ηi(τ ) are uncorrelated Gaussian random variables with
unit variance, τ is the Langevin time, and we use an implicit La-
grange multiplier to constrain ∂|S|/∂τ = 0. Accuracy is again
controlled by two tunable parameters: the series truncation
order M and the fraction z = 
τ/R of Langevin integration
time per random vector. The cost to integrate one unit of
Langevin time scales as NM/z. KPM inaccuracies may be
viewed as introducing an effective temperature. Series trunca-
tion effectively smooths the Fermi function on the scale 
T1 ∼
1/M , whereas stochastic errors in the force effectively increase
the thermal noise an amount 
T2 ∼ (J/t)2z. To search for
ground states, we randomize an initial configuration of 3 × 322

spins and then integrate the Langevin dynamics with β−1 = 0.
We perform most simulations with M = 500 and z = 0.02.
The effective accuracy improves with decreasing exchange
coupling. At J/t = 0.1 we can often distinguish between spin
textures with energies that differ at the fifth significant digit.

Because the Langevin dynamics Eq. (3) can be viewed as
the overdamped limit of the Landau-Lifshitz-Gilbert equation,
our simulations also capture the physical emergence of
mesoscale topological defects and their dynamics. Indeed,
we find different domain structures in the same magnetic
ordering for different filling fractions at finite temperatures.
This subtle difference can be attributed to the different types
of effective long-range spin-spin interactions that are mediated
by the conduction electrons.

III. VAN HOVE SINGULARITIES

We start by considering the magnetic orderings for electron
filling fractions right at the van Hove singularities of the DOS,
i.e., the filling fractions f = 3/12 = 1/4 and f = 5/12. As
mentioned above, the Fermi surface of the ideal NN kagome

lattice tight-binding model is a regular hexagon inscribed
within the hexagonal BZ. The corners of the Fermi surface
hexagon are the three inequivalent M points of the BZ.
These special points are the dominant source of the divergent
susceptibility as they are the saddle points of the electron
dispersion. The M points are nested by three commensurate
wave vectors Q1 = (2π,0), and Q2,3 = (−π, ± √

3π ), which
generically give rise to a quadrupled unit cell since these
nesting wave vectors are half of the reciprocal lattice vectors.
Before we present the results of our numerical simulations, we
will provide a symmetry-based perspective of general triple-Q
magnetic orderings, with the purpose of gaining insight into
the magnetic and electronic properties of such orderings.

In addition, we will demonstrate how the magnetic ground
states found in the numerical simulations may be understood
analytically on the basis of symmetry constraints [51]. We then
move on to discuss in detail the magnetic order parameters
describing the spin textures obtained from our numerical
minimizations for f = 3/12 and f = 5/12, respectively.

A. Symmetry properties of triple-Q orderings

Triple-Q magnetic ordering on the kagome lattice can be
discussed from the perspective of lattice symmetries. This
will shed light on the electronic properties of the conduction
electrons in the presence of such ordering. Furthermore, we
will illustrate how triple-Q magnetic ground states can be
derived systematically by imposing symmetry requirements
on the most general form of the spin order parameter [52]. The
numerical simulations then confirm that these are the correct
requirements to impose.

As a consequence of the commensurability of the M-point
wave vectors, we have 2Qη ≡ 0 (modulo reciprocal lattice vec-
tors) and hence cos(Qη · r) = eiQη ·r = ±1. The most general
spin state modulated by these Qη vectors can be written as

Si = Sm(r) =
3∑

η=1

�m
η cos(Qη · r) , (4)

where every site on the kagome lattice is labeled by i = (m,r),
m denoting the sublattice and r = la1 + na2 denoting the
Bravais lattice unit cell. The set {�m

η } describes nine vector
order parameters, one for each sublattice and Q-vector.

In the context of the KLM with classical spin states,
we should constrain the vector order parameters {�m

η } to
configurations that satisfy: |Si | = S, i.e., equal spin length on
every site. For the moment, we will ignore this constraint and
work with the most general set of order parameter components,
which is captured by {�m

η }. The constraint will be reinstated in
a natural way later. We may write the vector order parameters
as a product of a scalar and a vector with unit length, i.e.,
ζm
η n̂m

η . Focusing first exclusively on the scalar part, we can
organize them in terms of distinct representations of the lattice
symmetry group. For simplicity, we group the scalar order
parameters into three vectors {�ζη}, which together form a
nine-dimensional representation of the lattice symmetry group.
Its irreducible representations describe possible site orderings
or density-wave states on the kagome lattice.

The point group of the kagome lattice is C6v . However,
each ordering vector Qη is left invariant by the subgroup
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GQη
= C2v , called the small group of the ordering vectors.

The latter admits only one-dimensional (1D) irreducible
representations. Taking one of the Qη, for instance Q3, we
can evaluate the constraints of the symmetry elements in C2v

on �ζ3. Doing so yields three solutions for �ζ3, which is consistent
with the three sublattices of the kagome lattice. The solutions
correspond to the irreducible representations A1, B1, and B2

of C2v . Having found the solutions for one Qη, we obtain
the solutions for the others by (rotational) symmetry. In total,
we have nine scalars ζm

η and for each of the three solutions
for a single Qη we can form a symmetric combination and
the two d-wave combinations, yielding nine states in total.
The symmetric combinations will transform as a 1D irre-
ducible representation of C6v , which are A1, B1, and B2. These
three states are the relevant building blocks for the spin ordered
states.

The explicit form of the ζm
η corresponding to the three

1D representations can be determined by explicitly evaluating
the symmetry operations of the C2v group. For instance, the
twofold rotation requires C2 �ζA1 = +�ζA1 , and C2 �ζB = −�ζB .
The two B representations may be distinguished by their trans-
formation properties under reflection. Explicit calculations
show that

�ζA1
3 =

⎛
⎝1

0
0

⎞
⎠, �ζB1,B2

3 = 1√
2

⎛
⎝ 0

1
±1

⎞
⎠, (5)

where the + or − signs correspond to the B1 or B2 modes,
respectively. Once �ζ3 is determined, the other two vectors can
be obtained by applying the threefold rotations. The pattern
of the site-ordered state corresponding to the above three irre-
ducible representations is shown in Figs. 3(a)–3(c). These also
correspond to the spin configurations in collinear SDW states.

We take these three symmetric combinations and focus on
the different ways of embedding the obtained {�ζη} = {ζm

η } in
a vector order parameter, i.e., the different ways of combining
them with nm

η . A fully collinear spin state would be given by

FIG. 3. (Color online) (a)–(c) Schematic diagram showing the
triple-Q scalar order (or collinear spin order) corresponding to the
three irreducible representations A1, B2, and B1. The blue (red)
circles denote on-site scalar variable ζi = +1 (−1), while empty
site corresponds to ζi = 0. (d) shows the collinear and orthogonal
configurations of the triple-Q vector order parameters.

nm
η = n for all sublattices m, and nesting wave vectors Qη.

This fully collinear arrangement of spins does not change the
symmetry of the electronic state, which is still A1, B1, and B2,
respectively. Due to the fact that the collinear A1 state uses only
a single Qη per kagome sublattice, it fulfills the requirement of
uniform spin length, whereas the (collinear) B1,2 states do not.
We note that the A1 state would be the kagome lattice version
of the uniaxial spin density wave state reported in [26,53,54].
These collinear spin states all manifestly break translational
invariance as a consequence of ordering at finite Qη momentum
vectors.

One can restore an effective translational invariance by
choosing nm

η = nη, i.e., a single unit vector for each Qη, while
at the same time demanding nη ⊥ nν for η �= ν [see Fig. 3(d)].
Translational invariance is effectively preserved for these spin
configurations, as the translations that appear to be broken by
finite Qη ordering can be combined with global O(3) rotations
of the spins to leave the state invariant (see also Ref. [55]). For
each of the three scalar states there is such a corresponding
translationally invariant spin state. Because these spin states
are translationally invariant, they clearly satisfy the constraint
of uniform spin length. A key result of our numerical work,
which we discuss below, is that these three triple-Q spin states
are indeed the ground states (modulo a global spin rotation) at
the different commensurate filling fractions.

We summarize the symmetry constraints giving the three
noncoplanar spin configurations as follows: the electronic state
(i) transforms as a 1D irreducible representation of C6v and
(ii) is translationally invariant up to global spin rotation.

Knowing the symmetry properties of the triple-Q spin
configurations puts us in a position to immediately deduce
the symmetries of the electronic state. First, the effective
translational invariance mandates a full double degeneracy of
the spectrum. Translating the spin configuration by one lattice
vector and performing a global spin rotation by π about the
appropriate axis does not change the Hamiltonian, but it does
transform the wave function into an orthogonal one. Hence
the electronic spectrum is manifestly doubly degenerate for all
three states.

By associating a distinct orthogonal spin component nη

to each of the three Qη momenta [Fig. 3(d)], the resulting
triple-Q states have noncoplanar spin configurations. Up to a
global O(3) spin rotation, these magnetic states are invariant
under the reflection operations of the C6v group. Specifically,
one can show that such a rotation is improper, i.e., it gives
a minus sign when translated into an SU(2) rotation on the
electron spin. This changes the symmetry of the electronic
state to A2, B2, and B1, respectively, after multiplication by
A2. Therefore the electronic states corresponding to the three
triple-Q spin ordered states transform as the representations
A2, B2, and B1 of the hexagonal symmetry group C6v .

The noncoplanarity of the spins admits a discrete scalar
order parameter characterizing the chirality of the structure.
Explicitly, a scalar chiral order parameter can be defined for
each sublattice:

κ = �1 · �2 × �3, (6)

where 
η refers to ordering vector Qη. In general, the Z2

chiral order parameters of different sublattices are related
to each other. More importantly, although the continuous
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spin SU(2) symmetry cannot be spontaneously broken in 2D,
true long-range ordering of the discrete chirality is possible.
Consequently, one expects a finite temperature phase transition
that breaks the Z2 symmetry. Indeed, a similar transition is
observed in the tetrahedral ordering transition in the triangular
KLM [18,35].

In the rest of this section, we will discuss the ground
states observed in numerical simulations, which we find to be
consistent with the predictions based upon symmetry analysis.
We stress that our large-scale KPM-Langevin numerical simu-
lations make no a priori assumptions concerning the magnetic
ordering. Our KPM-Langevin results are also confirmed by
the variational Monte Carlo method in Fourier space; see
Appendix A for more details.

B. Van Hove filling f = 1/4

The first filling fraction we discuss is the van Hove filling
f = 3/12 = 1/4. The spin structure obtained from KPM-
Langevin simulations with 0 � J � 2.2t is the A1-symmetry
state shown in Fig. 4(a). Our variational Fourier-space mini-
mization also confirms this spin order is the minimum-energy
state at f = 1/4. The nonzero order parameter components at
the three nesting wave vectors are

�3
1 = S n̂1, �2

2 = S n̂2, �1
3 = S n̂3. (7)
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FIG. 4. (Color online) (a) The triple-Q noncoplanar (orthogonal)
spin order on kagome lattice that transforms according to the A2

irreducible representation of the symmetry group. Spins at the three
inequivalent sublattices are indicated by different colors. This A2

symmetry state is the ground state at filling fraction f = 1/4 (for
J � 2.2t) and f = 7/12 (for J � 1.3t). The corresponding band
structure is shown in panel (b). The exchange coupling J = 0.22t is
used in the calculation. The dashed lines indicate the Fermi levels at
filling fractions f = 1/4 and 7/12.

Here, {n̂1, n̂2, n̂3} are three arbitrary orthogonal unit vectors.
In this magnetic order, spins of the same sublattice are collinear
with respect to each other, S1(r) = ±S n̂3, S2(r) = ±S n̂2,
and S3(r) = ±S n̂1, while spins at different sublattices are
orthogonal to each other. This spin configuration was called
the “octahedral state” in Ref. [55]. The electronic bands for this
magnetic ordering are shown in Fig. 4(b). The band structure
shows twelve bands, consistent with the requirement of (at
least) double degeneracy due to a combined translational and
rotational symmetry. We observe the opening of a spectral gap
at f = 1/4 filling for this noncoplanar order. We may view
the three sublattices as utilizing three different nesting wave
vectors Qη to gap out the full Fermi surface.

A noncoplanar magnetic structure implies nonzero chiral
order κ = �1 · �2 × �3 ∼ n̂1 · n̂2 × n̂3. The chiral structure
of the noncoplanar order shown in Fig. 4(a) becomes apparent
by considering the effective magnetic moment of each individ-
ual triangle. By defining the total spin for individual triangles
as M� = S1 + S2 + S3, we observe that this vector sum at the
four inequivalent triangles points to the corners of a regular
tetrahedron (Fig. 5). More specifically, the scalar chirality
κ� = S1 · S2 × S3 is nonzero in each triangle, deriving from
a nontrivial solid angle subtended by the three spins. This
implies that the electrons hopping on a triangle acquire a
nonzero Berry phase in the presence of such noncoplanar order.
We therefore examine the electronic state in more detail.

The A2 symmetry spin order itself is found to preserve all
rotations and reflections of the hexagonal group. The electronic
state however, owing to the finite chirality (κ �= 0), transforms
as A2, breaking the reflection symmetries. In addition, time-
reversal symmetry inverts all spins, an effect which cannot be
compensated by a rotation in case of a chiral spin configuration.
We conclude that the electronic state admits a topological
characterization in terms of the Chern number [56]. We
explicitly calculated the Chern number to be ±1 using the
method of Ref. [57] for the fully gapped electronic state at
f = 1/4. Consequently, the electronic state corresponds to
a QAH state (a Chern insulator). The noncoplanar nature
of this spin configuration implies that it breaks the discrete
chiral part of the full O(3) symmetry [O(3) = Z2 × SO(3)].
We note again that while the continuous SU(2) ∼= SO(3) spin
symmetry cannot be broken at finite temperatures in 2D, a

FIG. 5. (Color online) The chiral structure of spin orders at van
Hove fillings in the kagome lattice. There is a vector associated with
each triangle. The four different orientations of the vectors (indicated
by four different colors) point to the corners of a regular tetrahedron.
The vectors associated with each triangle correspond to the total spins
M� = S1 + S2 + S3 in the A2 symmetry order at f = 1/4 filling
[Fig. 4(a)], and to the vector chirality χ� = S1 × S2 + S2 × S3 +
S3 × S1 in the B2 symmetry order at the second van Hove filling
f = 5/12 [Fig. 7(a)].
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FIG. 6. (Color online) Snapshots of the scalar chirality field obtained from KPM-Langevin simulations of N = 3 × 322 spins at filling
fractions (a) f = 1/4 and (b) f = 7/12. The magnetic ground state at these two filling fractions is the A2 symmetry state shown in Fig. 4(a).
At the intermediate times shown, nonequilibrium features such as chiral domain walls and Z2 vortices are apparent, although they will
eventually annihilate under the (nearly) zero-temperature KPM-Langevin dynamics. We use a moderate coupling constant of J = 0.5 t for
these simulations.

discrete Z2 order parameter can develop long-range order at
finite temperatures. One therefore expects a finite temperature
phase transition associated with the chiral symmetry breaking.

The magnetic order at f = 1/4 filling can also be un-
derstood by a simple analysis of electron eigenstates at the
three saddle points. We express the electron operators in terms
of quasi-particle ones ci,α = (1/

√
N )

∑
k wm

k fk,α exp(ik · r),
where again the lattice site is labeled by i = (m,r), m = 1,2,3
denotes the different sublattices and r indicates the Bravais
lattice point. f

†
k,α is the quasi-particle creation operator with

momentum k and �wk = {wm
k } is the eigenvector of the hopping

matrix, i.e., hmn(k) wn
k = εkw

m
k ; it contains the sublattice

weights of the quasiparticle. Denoting the amplitude of the
order parameters as 
, the exchange coupling term can then
be written as

J


3∑
η=1

∑
m, k

∑
α,β

(n̂η · σ αβ)ζm
η wm ∗

k wm
k+Qη

f
†
k,αfk+Qη,β

. (8)

The dominant contributions come from states at the three
saddle points, i.e. for electrons with k ≈ Qη. At the three
saddle points for filling fraction f = 1/4, we have �wQ1 =
(0,1,1), �wQ2 = (1,0,1), and �wQ3 = (1,1,0). Consequently, the
product wm

Qμ
wm

Qν
= |εm,μ,ν | (no summation over m), where ε

is the antisymmetric tensor of rank 3. This result immediately
implies that the coupling will be maximized when ζm

η = δm,η,
i.e., it has the A1 irreducible representation of C6v discussed
above. The corresponding magnetic order thus transforms
according to the A2 irreducible representation, consistent with
our numerical result.

Interestingly, we find numerically that the same chiral
magnetic order is also the ground state at filling fraction
f = 7/12 and the Chern number is again ±1. This finding
is consistent with the observation that a gap is opened at
this filling fraction for strong enough coupling [Fig. 4(b)].
Snapshots of the spin configuration obtained from our large-
scale KPM-Langevin simulations are shown in Fig. 6 for
the two filling fractions. The coloring of triangles indicates
the amplitude of the scalar chirality κ� = S1 · S2 × S3. Both
snapshots clearly show large domains of uniform chirality but,
curiously, with different defect structures, indicating subtle
differences in the effective spin-spin interactions.

C. Van Hove filling f = 5/12

The numerically observed magnetic ordering at the second
van Hove singularity is shown in Fig. 7 along with the
corresponding dispersions. This B2 symmetry spin state is also
confirmed by the variational Fourier-space calculation. Again,
we find a vanishing uniform component �0 = 0. The nonzero
order parameters at the nesting wave vectors are

�1
1 = +(S/

√
2) n̂1, �3

1 = −(S/
√

2) n̂1,

�1
2 = +(S/

√
2) n̂2, �2

2 = −(S/
√

2) n̂2, (9)

�2
3 = +(S/

√
2) n̂3, �3

3 = −(S/
√

2) n̂3.
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FIG. 7. (Color online) (a) The B2 symmetry triple-Q noncopla-
nar spin order on kagome lattice. Spins at the three inequivalent
sublattices are indicated by different colors. This state is the ground
state at filling fraction f = 5/12. (b) shows the corresponding band
structure calculated with exchange coupling J = 0.2 t . The dashed
line indicates the Fermi level at f = 5/12 filling.
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FIG. 8. (Color online) Snapshots of two metastable spin configurations obtained from large-scale KPM-Langevin simulations of N =
3 × 322 spins for filling fraction f = 5/12. The color indicates the z component of the vector chirality χ� = S1 × S2 + S2 × S3 + S3 × S1.
The two panels show (a) ferromagnetic and (b) antiferromagnetic alignments of χ�. These two 120◦ coplanar orderings have nearly identical
energy densities, so entropy and nonequilibrium effects determine the ordering found in our KPM-Langevin simulations.

Here, {n̂1, n̂2, n̂3} are again three orthogonal unit vectors. Each
sublattice participates in two of the nesting order parameters,
while spins in each sublattice are coplanar. The normal of the
coplanar spins from different sublattices are orthogonal to each
other. This spin configuration was called the “cuboc1 state” in
Ref. [55]. Similar to the previous case, the electronic bands are
doubly degenerate. The B2 symmetry state at f = 5/12 filling
is rather robust for J up to order t .

Interestingly, there remains a quadratic Fermi point at k = 0
for f = 5/12 filling; see Fig. 7(b). The lack of the spectral gap
at this van Hove filling as compared to the state at f = 1/4
can also be understood from the couplings between the saddle
points. As discussed in Sec. III B, the effective coupling
between electrons at the three inequivalent saddle points
is proportional to ζm

η wm
Qμ

wm
Qν

[Eq. (8)]. For filling fraction
f = 5/12, the sublattice weights obtained by diagonalizing
the hopping matrix in Eq. (2) are wm

Qμ
= δm,μ. Since the

nesting wave vectors always connect different saddle points,
the product wm

Qμ
wm

Qν
= 0 for μ �= ν (no summation over m),

hence the coupling coefficient vanishes at the M points. Conse-
quently, the three saddle points remain degenerate, giving rise
to a Fermi point at k = 0 in the reduced BZ. The vanishing
couplings between the saddle points are related to the nontrivial
sublattice interference discussed in Refs. [38,39]. Although
the susceptibility at the three Qη still has a logarithmic
divergence (instead of ln2) due to the divergent DOS at the
saddle points, the triple-Q spin order now has to compete with
simple ferromagnetism instability which also results from a
divergent DOS. Indeed, the Q = 0 ferromagnetic order is the
dominant SDW instability in Hubbard-like model on kagome
lattice [37,39]. For Kondo-lattice model, our results show that
the triple-Q spin order is still favorable energetically, and the
selection of the B2 symmetry state shown in Fig. 7(a) is due to
higher-order couplings on the nested Fermi surface.

It is worth noting that spins in each individual triangle
(both up and down) form a 120◦ coplanar structure in the B2

symmetry spin order. This triple-Q state is thus one of the many
classical ground states of the well-studied nearest-neighbor
exchange interaction Hamiltonian HNN = JAF

∑
〈ij〉 Si · Sj

with antiferromagnetic coupling constant JAF > 0 [58,59].
Since the NN interactions can be recast into the form HNN =
(JAF/2)

∑
� |M�|2 up to an irrelevant constant. A triangle with

three spins pointing 120◦ to each other has a zero total spin
M� = 0. Consequently, any spin configuration consisting of

120◦ triangles is a ground state of HNN and the B2 symmetry
state is one of them. In fact, it is known that all such
classical ground states with local M� = 0 form an extensively
degenerate manifold [58,59]. Our large-scale KPM-Langevin
simulations of the KLM at f = 5/12 filling show that spins
tend to form 120◦ local order as temperature is lowered,
indicating that the dominant effective spin interactions can
be well described by a NN exchange Hamiltonian.

To characterize the general ground states of HNN with local
M� = 0, it is useful to consider the configuration of the vector
chirality χ� = S1 × S2 + S2 × S3 + S3 × S1 for individual
triangles. The noncoplanar B2 symmetry spin state shown
in Fig. 7(a) corresponds to a specific tetrahedral ordering
of the vector chirality χ�. As shown in Fig. 5, the vector
chirality at the four inequivalent triangles points to the four
corners of a regular tetrahedron. The tetrahedral ordering of
the vector chiralites thus results from the long-range (beyond
NN) electron-mediated interactions in the KLM, selecting
this particular spin configuration out of the degenerate set
of ground states of HNN. Although this triple-Q state is the
ground state of the KLM, and hence is energetically favorable
as temperature tends to zero, our large-scale KPM-Langevin
dynamics simulations find other coplanar 120◦ states that are
very close in energy. As shown in Fig. 8, the vector chiralities
tend to colinearly align (parallel or antiparallel) at finite
temperatures. These results are consistent with the fact that
thermal fluctuations favor coplanar spins (order-by-disorder)
in the NN exchange model [58,59].

The electronic subsystem must have zero Chern number
because the scalar chirality is zero for coplanar spins in each
triangle. Alternatively, the presence of reflection symmetries in
the representation B2, discussed in Sec. III A, forces the Chern
number to be zero [60]. However, the magnetic structure itself
is chiral (κ �= 0), as already discussed in Sec. III A. This is
also manifested by the tetrahedral order of the vector chirality.

IV. SPECIAL FERMI POINTS

We now come to the fillings corresponding to the isolated
band touching points of kagome tight-binding Hamiltonian.
In this section, we investigate the magnetic ordering when
the Fermi surface shrinks to these special points at filling
fractions f = 1/3 and 2/3. In the first case, the elementary
excitations are dominated by electrons in the vicinity of two
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Dirac points. The Dirac points are connected by momentum
vectors K± = (±4π/3,0) and coupling between the Dirac
points would therefore require magnetic ordering at these wave
vectors. In contrast, at filling fraction f = 2/3, the Fermi
surface shrinks to a single point at the zone center (k = 0),
where the dispersive ε2 band touches the flat band. It is thus
difficult to anticipate what the order parameter components
will be other than the q = 0 component. Surprisingly, our
large-scale simulations uncover another triple-Q magnetic
ordering, which has different symmetry from those induced
at the van Hove fillings. We first discuss the Dirac points and
then come to the quadratic band crossing.

A. Dirac points at f = 1/3

The Fermi “surface” at filling fraction f = 1/3 consists
of two Dirac points located at the coners of the Brillouin
zone. Elementary excitations are then dominated by electrons
in the vicinity of these two points. Although the two Fermi
points are connected by wave vectors K± = (±4π/3,0) (see
Fig. 2), the corresponding susceptibility is not divergent and
it only shows a finite maximum, instead of a divergence,
due to the vanishing DOS at the Dirac points. Indeed, the
magnetic ordering obtained with our KPM-Langevin dynamics
has the nesting wave vectors K±, as shown in Fig. 9(a).
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FIG. 9. (Color online) (a) The
√

3 × √
3 coplanar spin order

on kagome lattice at filling fraction f = 1/3. Spins at the three
inequivalent sublattices are indicated by different colors. (b) The
corresponding band structure with exchange coupling J = 0.2 t . The
dashed line indicates filling fraction f = 1/3.

Interestingly, this spin configuration coincides with the famous
coplanar

√
3 × √

3 structure, which is also the ground state
of the NN antiferromagnetic Heisenberg Hamiltonian HNN

(spins in each triangle form a 120◦ structure with zero total
moment). This suggests that NN exchange is the dominant
electron-mediated spin-spin interaction, similar to the case
of the second van Hove singularity. The

√
3 × √

3 structure
with staggered vector chiralities χ� on the two inequivalent
triangles is selected by longer-range terms of the effective
interaction. Our KPM-Langevin simulations show that this
coplanar state is stable for J � 3.1t .

A symmetry-based approach analogous to the one described
in Sec. III A for the M point ordering can be applied to
the K point case, i.e., the valleys at which the Dirac points
are located for filling fraction f = 1/3. The little group
of the K± = ±K = ±(4π/3,0) vectors is C3v . In addition,
2K+ = K− modulo a reciprocal lattice vector. Following the
same reasoning, we first find all scalar orders that transform as
1D irreducible representations of the kagome lattice symmetry
group. We identify two distinct ordered states modulated by
the valley momenta K. By embedding them in a spinful setting,
with the requirement of translational invariance modulo global
rotations, we obtain a single spin ordered state: the coplanar√

3 × √
3 state of Fig. 9. This result can be intuitively

understood by considering the two independent functions
cos(K · r) and sin(K · r) defined on a triangular Bravais lattice.
These two functions transform as 1D representations of C6v .
One can then embed them in a spinful setting as Sm(r) =
cos(K · r) êm

1 + sin(K · r) êm
2 , where m = 1,2,3 denotes the

three sublattices of kagome lattice. The three unit vectors êm
1

form a 120◦ structure with zero vector sum, and êm
2 = χ̂ × êm

1 ,
where χ̂ is the normal of the coplanar ê1

1 and ê1
2 vectors.

Interestingly, the electron system remains gapless; the
� point of the reduced Brillouin zone remains doubly
degenerate, in addition to the degeneracy required by the
combined translation-rotation. This additional degeneracy can
be understood by examining the interaction matrix between
the two valley Dirac points. The vector order parameter with
momenta K± has the form �m

± = 
(êm
1 ± iêm

2 ). The exchange
coupling in this case becomes

J

∑
m

∑
α,β

σ αβ ·(êm
1 + iêm

2

)
wm

K1
wm

K2
f

†
K1,α

fK2,β
+ H.c.,

where the eigenvectors at the two Dirac points are �wK1 =
(−1,0,1) and �wK2 = (0,1,1). Substituting these eigenvectors
into the above expression, we find that the interaction matrix
in the valley-spin space has the form �aα,bβ = J
[τ x

ab(σx
αβ +

iσ
y

αβ) + H.c.], where τ is Pauli matrices acting on the valley
space and a,b = 1,2 is the valley index. Straightforward
diagonalization of this 4 × 4 matrix gives a double degenerate
eigenvalue at ε = 0 and two nonzero ε = ±2J
, consistent
with the numerical calculation of the electron band structure
for the

√
3 × √

3 order [Fig. 9(b)].

B. Quadratic Fermi point at f = 2/3

The magnetic ordering of the KLM at filling fraction f =
2/3 represents a difficult degenerate perturbation problem.
The dispersive ε2 band touches the flat band ε3 at the
� point. Consequently, the two |k = 0〉 states (with
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FIG. 10. (Color online) (a) The B1 symmetry triple-Q noncopla-
nar spin order on the kagome lattice. Spins at the three inequivalent
sublattices are indicated by different colors. It is the ground state at
filling fraction f = 2/3 for weak couplings. The same magnetic order
is also the ground state at filling fraction f = 1/12 for intermediate
couplings. (b) The corresponding band structure with exchange
coupling J = 0.4 t . The two dashed lines indicate the Fermi levels at
f = 1/12 and f = 2/3 filling fractions.

εk=0 = +2t) from the dispersive band can couple to the
extensively degenerate states with nonzero momentum in the
flat band. Our KPM-Langevin dynamics simulations show that
the ground state at filling fraction f = 2/3 is another triple-Q
magnetic order, shown in Fig. 10(a), that transforms according
to the B1 irreducible representation discussed above. This state
is characterized by the following nonzero order parameters:

�1
1 = +(S/

√
2) n̂1, �3

1 = +(S/
√

2) n̂1,

�1
2 = +(S/

√
2) n̂2, �2

2 = +(S/
√

2) n̂2, (10)

�2
3 = +(S/

√
2) n̂3, �3

3 = +(S/
√

2) n̂3,

where {n̂1,n̂2,n̂3} are three orthogonal unit vectors. This spin
configuration was called the “cuboc2 state” in Ref. [55]. The
magnetic moments are coplanar within each sublattice, similar
to the state shown in Fig. 7(a). The presence of reflection sym-
metries in this magnetic order again precludes topologically
nontrivial electronic states [60]. This is consistent with the
fact that the system remains gapless [Fig. 10(b)] at the �

point [24,26].
To shed light on the selection of the triple-Q order, we note

that the couplings between electrons are proportional to the
product wm

k wm
k′ [Eq. (8)]. At filling fraction f = 2/3, the basis

of the doubly degenerate k = 0 states are �w� = (1,0, − 1) and
(1, − 1,0). Any k = 0 state with eigenenergy ε = +2t can be
expressed as a linear combination of these two eigenvectors.
The eigenvectors at the three M points with energy εM = 2t are

�wM1 = (1,0, − 1), �wM2 = (0,1, − 1) and �wM3 = (1, − 1,0),
which lie completely within this subspace and thus give rise
to the largest overlap with the k = 0 states.

Another interesting spectral feature of the B1 symmetry
triple-Q state is the appearance of Dirac nodes at only one
of the two inequivalent K points [Fig. 10(b)]. Since the two
K points are related by time-reversal symmetry, which valley
point remains gapless depends on the sign of the magnetic
order parameter. The fact that the Dirac nodes should appear
only at one of the two valleys is again in agreement with
the symmetry-breaking of the B1 irreducible representation.
For large enough couplings, the remaining Dirac point is an
isolated crossing between the lowest two bands, i.e., there
is no overlapping between the two bands. With the aid of
unbiased KPM-Langevin dynamics simulations, we find that
the magnetic order shown in Fig. 10(a) is also the ground
state at filling fraction f = 1/12 for intermediate coupling
constants J � 0.5t . The Fermi “surface” thus shrinks to
the remaining Dirac nodes at one of the K points. Further
symmetry-breaking perturbation can gap out the residual Dirac
point and give rise to a topological insulating state.

The dispersion of the ε2 band in the vicinity of this Fermi
point is quadratic. The finite DOS at such a Fermi point
renders it susceptible to weak perturbations [24]. Moreover,
the 2π Berry flux around this band-crossing point indicates
that gapping out the Fermi point would lead to a topologically
nontrivial insulating state. However, the existence of a flat
band is a rather special limit in real systems. Indeed, inclusion
of, e.g., next-nearest-neighbor hopping t2 lifts the flat-band
degeneracy. It is thus also interesting to investigate the
magnetic ordering of the KLM at the same f = 2/3 filling in
the presence of a small t2. To avoid unnecessary complications,
we consider a small negative t2/t , such that the new ε3 band is
bending upward, i.e., the minimum of ε3 is at the � point. In this
situation, we are left with an isolated quadratic band crossing
point at k = 0. The magnetic ground state is expected to have
a Q = 0 long-range order. By performing unbiased large-scale
KPM-Langevin dynamics simulations at, e.g., t2 = −0.1t

and J = 0.1t , we indeed find a Q = 0 magnetic order, in
which spins form a nearly 120◦ umbrella structure in each
triangle [17]. Although the out-of-plane canting angle is rather
small (<10◦), the quadratic Fermi point is gapped out by the
spin noncoplanarity and the electronic ground state is a QAH
insulator [61]; see Appendix B for more details.

V. CONCLUSIONS

The band structure of the kagome lattice gives rise to a rich
variety of singular Fermi surfaces at certain commensurate
filling fractions. Therefore, in this work, we have addressed
the question: What weak-coupling instabilities of the KLM
are triggered by these singularities? We have presented a
systematic symmetry-based approach that considerably limits
the number of candidate spin ground states. The full variational
space of potential magnetic orderings is determined by
identifying the wave vectors that maximize the magnetic
susceptibility of the conduction electrons. This space is not
necessarily small for lattices, such as kagome, that have more
than one atom per unit cell. The potential magnetic orderings
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TABLE I. Summary of the ground-state magnetic orders and the corresponding electronic states, along with an upper bound on Hund’s
coupling J . For filling fractions f = 3/12,5/12, and 8/12, weak coupling arguments indicate that these phases are stable down to J = 0. For
f = 1/12,4/12, and 7/12, we verified stability down to J = 0.1. Various coplanar phases in the case of f = 5/12 are too closely competing
to determine stability. The case of f = 8/12 with t2 �= 0 has been studied in Ref. [61].

Filling fraction Fermi surface singularity Magnetic order Electronic state Stability

f = 1/12 No singularity Noncoplanar B1 symmetry order Dirac semimetal J � 0.5
f = 3/12 van Hove singularity Noncoplanar A2 symmetry order Quantum Hall insulator J � 2.2
f = 4/12 Dirac Fermi point Coplanar

√
3 × √

3 order Dirac semimetal J � 3.1
f = 5/12 van Hove singularity Noncoplanar B2 symmetry order Quadratic Fermi-point semimetal
f = 7/12 No singularity Noncoplanar A2 symmetry order Quantum Hall insulator J � 1.3
f = 8/12 (t2 = 0) Quadratic Fermi point Noncoplanar B1 symmetry order Finite Fermi surfaces J � 0.2
f = 8/12 (t2 �= 0) Quadratic Fermi point Noncoplanar umbrella order Quantum Hall insulator

are classified according to the irreducible representations of the
small group of the ordering vectors. We have demonstrated that
imposing symmetry constraints reduces the large variational
space to a small number of candidate ground states. Our main
results are summarized in Table I.

To determine the ground state magnetic ordering of the
kagome KLM for specific fillings, we have complemented
our analytical study with two numerical techniques. First, we
have performed a T = 0 variational Fourier-space calculation,
assuming a certain magnetic unit cell. Second, we have
performed large-scale numerical simulations based on the
recently developed KPM-Langevin algorithm. This method
makes it practical to simulate the very large lattice sizes
required to capture logarithmic divergences in the magnetic
susceptibility. Our numerical results coincide with the results
of our analytical treatment when the latter is applicable, and
prove that the high-symmetry spin configurations are good
variational states.

The kagome lattice was shown to have three distinct spectral
features, giving rise to very interesting spin textures for the
corresponding electron fillings. At the two van Hove fillings,
i.e., f = 1/4 and 5/12, we have found spin states modulated
by the three inequivalent nesting vectors, both noncoplanar and
chiral. While the corresponding electron state at f = 1/4 is a
quantum Hall insulator, the other one preserves a Fermi point at
the 5/12 filling. The filling fractions f = 1/3 and 2/3 exhibit
Dirac points and a quadratic band crossing, respectively. At the
Dirac point filling we find the well-known coplanar

√
3 × √

3
magnetic ordering. The triple-Q magnetic ordering obtained
numerically for f = 2/3 (which is different from the triple-Q
ordering observed at the van Hove fillings) is quite unexpected,
if we naively assume that the magnetic ordering is triggered
by the instability of a quadratic Fermi point, which is located
at the zone center. Indeed, by lifting the full degeneracy of
the flat-band with a finite second-nearest-neighbor hopping
t2, we find a Q = 0 magnetic order, as expected from an
isolated quadratic band crossing point. In addition to these
special filling fractions, we have considered two other fillings,
which are commensurate with a quadrupling of the magnetic
unit cell implied by triple-Q ordering. They correspond to
f = 1/12 and 7/12. Intriguingly, at f = 7/12, we find the
same triple-Q state as for f = 1/4. The electronic spectrum is
gapped for large enough J . At f = 1/12, we find a magnetic
ground state which leads to isolated degeneracies, i.e., Dirac
points.

Spontaneous Chern insulators appear for different filling
factors of the kagome lattice, i.e., f = 1/4, 7/12, and
2/3. By considering that similar results have been obtained
for other lattices [16,18,19,29–34], we can safely conclude
that Kondo-lattice systems are rather strong candidates for
realizing spontaneous QAH states at ambient temperature.
While realistic band structures are much more complex than
the simple tight-binding models considered here, and in
previous works, the weak-coupling instabilities that we have
discussed here are only sensitive to singular features of the
Fermi surface. Because these singular features also appear in
more realistic band structures, our main conclusions remain
relevant.

We also note that noncoplanar magnetic ordering is a
prerequisite for inducing the QAH effect. The converse,
however, is not true. Not all noncoplanar spin orderings lead
to a QAH effect, as we have shown based on symmetry
arguments. Importantly, our results confirm that, in contrast
to local moment magnets, noncoplanar orderings are quite
ubiquitous in itinerant magnets.

Finally, the rather large lattice sizes amenable to the
KPM-Langevin dynamics method also allow us to investigate
magnetic ordering at arbitrary filling fractions and coupling
strength. Since spin configurations at these conditions most
likely are characterized by incommensurate wave vectors,
large-scale unbiased numerical minimization (which is insen-
sitive to boundary conditions) is required. Indeed, we have
found unusual incommensurate structures and skyrmion arrays
in the kagome KLM with intermediate coupling constant. A
detailed characterization of these magnetic orders will be left
for future studies.

Note added. Recently, we became aware of overlapping
results of a study on the same model [62].
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APPENDIX A: VARIATIONAL FOURIER-SPACE
MINIMIZATION

In this Appendix, we outline the variational minimization
method for magnetic orderings at the two van Hove filling
fractions. As discussed in the main text, the combination of
divergent DOS at the saddle points and perfect Fermi surface
nesting, Fig. 2(c), gives rise to a logarithmically squared
divergent susceptibility at the three nesting vectors Qη. One
thus expects magnetic textures dominated exclusively by these
three wave vectors. In real space, the most general spin state
modulated by the three nesting vectors consist of a quadrupled
unit cell with 12 spins. The four inequivalent up triangles of the
kagome lattice are located at r + ak , where r = 2la1 + 2na2,
(k = 0,1,2,3, with l,n integers) and we have introduced a0 = 0
for simplicity. In terms of the order parameters, the different
spins are expressed as (m = 1,2,3)

Sm(r + a0) = �m
0 + �m

1 + �m
2 + �m

3 ,

Sm(r + a1) = �m
0 + �m

1 − �m
2 − �m

3 ,
(A1)

Sm(r + a2) = �m
0 − �m

1 + �m
2 − �m

3 ,

Sm(r + a3) = �m
0 − �m

1 − �m
2 + �m

3 .

For completeness, we have included the q = 0 component
�m

0 corresponding to uniform ordering at each individual
sublattice. Instead of working with the order parameters,
we consider the most general spin configurations {Si} (i =
1, . . . ,12) within the extended unit cell. This leaves us with 24
independent variational parameters {θi,φi} characterizing the
orientations of classical spins with fixed length.

With the periodic spin structure specified in Eq. (A1),
the electron Hamiltonian can be diagonalized using Fourier
transformation. It contains two terms:

H =
∑

k

3∑
m,n=1

3∑
η,ξ=0

∑
αβ

c†mα(k + Qη)cnβ(k + Qξ )

×[
hmn(k + Qη) δαβ δηξ + M(m)

ηα; ξβ δmn

]
. (A2)

The k summation is over the reduced BZ. The matrix hmn in
the first hopping term is given in Eq. (2), while the exchange
coupling term is

M(m)
ηα; ξβ(k) = −J�ηξ ; ζ

(
�m

ζ · σ αβ

)
ei(Qη−Qξ )·dm, (A3)

where dm denotes the basis vectors for the three sublattices.
The factor �ηξ ;ζ encodes the momentum conservation; it is
symmetric with respect to the first two indices. �ηξ ;ζ = 1
when the three indices are all different and is zero oth-
erwise. For a given spin state, the total energy at T = 0
is given by E0({θi,φi}) = ∑

r

∑
k εr,kθ (εF − εr,k), where the

eigenenergies εr,k are obtained by diagonalizing the 24 ×
24 matrix: Hmηα; nξβ = hmn(k + Qη)δαβδηξ + M(m)

ηα; ξβδmn. We
then employ the simulated annealing algorithm to minimize
E0 with respect to the angle parameters. Starting from random
initial configurations and using different rates of decreasing
the effective temperatures, we robustly obtain the two triple-Q
states (A2 and B2 irreducible representations) at the respective
van Hove filling fractions.

FIG. 11. (Color online) (a) The total energy (arbitrary units) as a
function of the canting angle θ for the Q = 0 umbrella state. The inset
shows the three spins of the umbrella state in a triangular unit cell.
This curve is obtained using the following parameters: J = 0.2t , t2 =
−0.2t . (b) The corresponding band structure with exchange coupling
J = 0.2 t , t2 = −0.2t and canting angle θ = 10◦. The dashed line
indicates the Fermi level at f = 2/3 filling.

APPENDIX B: UMBRELLA STATE AT f = 2/3 FILLING

Here we consider the kagome Kondo-lattice model with an
additional second-nearest-neighbor hopping t2 < 0 at filling
fraction f = 2/3. As discussed in the main text, the flat
band degeneracy is lifted by the additional t2, and an isolated
quadratic band crossing is left at the � point. Our large-scale
Langevin dynamics simulations find a Q = 0 state with spins
in each triangle pointing almost at 120◦ to one another. It is
possible that the spins develop a uniform out-of-plane canting
since such noncoplanar structure might completely gap out the
quadratic Fermi point at f = 2/3 filling. In order to examine
the ground-state spin order in more detail, we assume a Q = 0
umbrella structure with a uniform canting θ and compute the
T = 0 total energy as a function of the canting angle; the
result is shown in Fig. 11(a) for J = 0.2t and t2 = −0.2t .
Interestingly, the energy minimum is reached at a nonzero
small canting angle θ ≈ 10◦. In general, the canting angle
is rather small; it depends on both the exchange coupling
J and the second-neighbor hopping t2. Figure 11(b) shows
the electronic band structure of the umbrella state. Both the
Dirac and quadratic band crossing points are gapped out in
this spin state. At f = 2/3 filling, the system is an insulator
with spontaneous quantum Hall effect as pointed out in
Ref. [61].
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