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Abstract

Face-to-face and edge-to-edge free energy interactions of Wyoming Na-montmorillonite

platelets were studied by calculating potential of mean force along their center to cen-

ter reaction coordinate using explicit solvent (i.e., water) molecular dynamics and free

energy perturbation methods. Using a series of configurations, the Gay-Berne poten-

tial was parametrized and used to examine the meso-scale aggregation and proper-

ties of platelets that are initially random oriented under isothermal-isobaric condition.

Aggregates of clay was defined by geometrical analysis of face-to-face proximity of

platelets with size distribution described by a log-normal function. The isotropy of

the microstructure was assessed by computing a scalar order parameter. The number

of platelets per aggregate and anisotropy of the microstructure both increases with

platelet plan area. System becomes more ordered and aggregate size increases with

increasing pressure until maximum ordered state. Further increase of pressure slides

platelets relative to each other leading to smaller aggregate size. The geometrical

arrangement of aggregates affects mechanical properties of the system. The elastic

properties of the meso-scale aggregate assembly are reported. It is found that the

elastic properties at this scale are close to the cubic systems. The elastic stiffness and
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anisotropy of the assembly increases with the size of the platelets and the level of ex-

ternal pressure.

* Author to whom correspondence should be addressed. E-mail: pellenq@mit.edu.



Introduction

Clay is the most abundant mineral on the earth1 and one of the most important industrial

materials with a wide range of applications in construction, environmental, pharmaceutical

and process industries.2 Aggregation of clay mineral plays an important role in calculat-

ing the physical properties of soils such as elastic stiffness properties that control elastic

wave propagation and the transport of ionic substances required for applications in waste

management and environmental protection. Aggregation or dispersion of clay particles also

affects the viscosity of drilling fluids. For these reasons, the coagulation of clay particles has

received prominent attention in the literature.3–13

Clay minerals have a layered structure at the nanoscale. Each layer consists of some com-

binations of two sheet types with silicon tetrahedra and aluminum octahedra as basic units.

For instance, the structure of natural Wyoming Na-montmorillonite has the following exper-

imental formula14: Na0.75 nH2O[Si7.75Al0.25][Al3.5Mg0.5]O20(OH)4. This structure comprises

two tetrahedral sheets sandwiching an octahedral sheet. Due to isomorphous substitutions of

metal ions, the clay has a net negative surface charge. For the Wyoming Na-montmorillonite,

3.125% of the silicon ions, Si4`, in the tetrahedral sheet are substituted by aluminum, Al3`,

while 12.5% of the aluminum ions, Al3`, in the octahedral sheet are substituted by magne-

sium, Mg2`. In the current research the negative charge is balanced by sodium ions, Na`1

between the clay layers. In a recent study15, we characterized structural and mechanical

properties of montmorillonite at the atomic scale. This paper presents a methodology to

describe clay aggregates at the meso-scale from a simulation point of view.

The fundamental multi-scale approach toward the understanding clay behavior at the macro-

scopic scale (to address practical applications in geotechnical and petroleum engineering)

aims at modeling the material at scales ranging from the atomistic level to the macroscopic

system. Molecular dynamics simulation (MD) is a versatile technique to study interaction

between colloidal nanoplatelets at the atomistic scale. In order to represent clay aggregates

with mesopores and grain boundaries, the model must be scaled up from the atomistic level
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to the submicron length scale. This exceeds the computational possibilities of full atomistic

models and motivates a multiscale and consistent approach. Previous attempts to study

clay aggregates were based on using quadrupoles16,17 or pseudo charge sites to represent

clay platelets.18–25 The multipole representation of platelets might not be effective because

of difficulties in modeling the charge distributions and existence of local defects associated

with isomorphous substitutions. To overcome these limitations, we have used an upscal-

ing strategy to run MD at meso-scale through calculation of free energy for face-to-face

and edge-to-edge configurations of clay nanoplatelets using full atomistic representation of

platelets, water molecules and ions. We then use the thermodynamic perturbation method

to calculate the potential of mean force (PMF) (e.g. free energy) as a function of the distance

between the centers of two platelets, an approach previously used for interaction between two

graphene sheets.26 The free energy is then used to calibrate the Gay-Berne (GB) potential27

for different platelet sizes to study meso-scale interactions of multiple platelets with differ-

ent orientations. The resulting arrangements of particles determine the microstructure of

clay aggregates that control mechanical properties such as elastic stiffness. We characterize

microstructure of the stabilized systems and report their full elastic properties.

Nano-scale PMF calculation

The proposed methodology begins with the calculation of the free energy along a reaction

coordinate which corresponds to the separation distance (Figure 1) for face-to-face and edge-

to-edge interactions of two Wyoming Na-montmorillonite platelets in liquid water. In order

to calculate the change in free energy of the system from state A, when clay platelets are far

from each other, to state B, when they are in close proximity, we define several intermediate

states covering the change from state A to state B in small increments to enhance sampling

of the phase space. Using stratification strategy, successive states are separated by low en-

ergy barriers such that the phase space is fully explored enabling statistical averaging of the
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states.28 We construct series of MD trajectories, each one representing one value of center

to center distance. The trajectory of the MD simulation at one state is perturbed along the

reaction coordinate to the target state while all other degrees of freedom are frozen. Free

energy differences between two successive reference and target thermodynamic states will be

calculated and added along the transformation path from state A to state B.

The analyses are carried out using the CLAYFF29 force field that has been used successfully

for simulation of clay minerals.30,31 CLAYFF is a versatile force field built around the flexible

version of the Simple Point Charge (SPC) water model.32

Full atomistic MD simulations were carried out by using the GROMACS33 simulation pack-

age. The atomic structures were visualized using VMD34 molecular graphic software.

The crystallography for 2:1 clay mineral was taken from Refson et al.35 Isomorphous sub-

stitution was carried out randomly. We obeyed Lowenstein’s rule for distribution of defects.

Depending on the statistical ensemble, the Nosé–Hoover thermostat36,37 is used to con-

trol temperature and the Parrinello–Rahman38 barostat to control pressure in the system.

An integration time step of 1 fs (femto second) was used in all full atomistic simulations.

Three-dimensional, periodic boundary conditions were applied along with the minimum im-

age convention (a cutoff radius of 8.5 Å was used for short range interactions). The long

range electrostatic coulombic interactions were calculated using Particle Mesh Ewald summa-

tion.39,40 Bond lengths and angles of the water molecules were constrained using the SHAKE

algorithm41 and clay platelets were kept frozen and rigid at each specific separation distance.

The following sections summarizes the simulation details for edge-to-edge and face-to-face

interactions.

Edge-to-edge

Two identical clay platelets were placed at center-to-center separations ranging from ri=39.75-

61.25 Å with an increment of 0.25 Å. Figure 1(a) shows the typical structure of the simulated

system at one of the separation distances. From now on, each separation distance is called
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one state, unless otherwise stated. We performed 87 separate simulations at 300 K in the

canonical (NVT) ensemble. Each platelet consists of 4ˆ4 unit cells with the longest di-

mension along y axis. Four edge sites on each side (along y) corresponding to [0 1 0] edges

obtained by cutting the unit cell. Broken bonds were saturated with H or OH groups. Figure

1(b) shows the geometry of the edge sites taken from ab initio simulations of Churakov.42,43

Edge corrections introduce H32O16 extra atoms on each platelet. The average length of the

platelet in the y direction is „40 Å. We assigned a partial charge equal to 0.45e for a hydrogen

atom on the edge (H) to keep the system neutral. Platelets are continuous in the x direction.

The two platelets were solvated in the center of a rectangular box. The solvation process was

performed by stacking equilibrated boxes of SPC water molecules32 to form a rectangular

box of 20.87 Å(x)ˆ140 Å(y)ˆ46.56 Å(z) containing 3882 water molecules which is constant

for all states. Water molecules have been removed from the box if the distance between an

atom in the water molecule and an atom in the clay structure is less than sum of their van

der Waals radii. It has been shown that structure and dynamics of water molecules on the

clay surface are only affected over two to three molecular layers from the surface.44 In our

simulations, the thickness of water phase on each side of the clay platelet or on each edge at

the largest separation distance is about 20 Å corresponding to more than six molecular water

layers (diameter of a water molecule „ 3 Å). As a result, the interaction of two clay platelets

(edge-to-edge or face-to-face) separated by water layers with 40 Å thickness is efficiently

shielded to have no interaction between a platelet and its image. Moreover, the simulation

box is large enough so that properties of water molecules near to the boundaries of the box

approximate closely to those of bulk water. After solvation, each system was equilibrated

for 0.5 ns (nano second). Free energy differences between successive states are calculated

over a 2.5 ns production period. Each state, ri, was perturbed in two directions: forward

and reverse, ri˘1=ri˘dri where dri=0.25 Å (except for the end states which perturbed in

one direction only). Following Zwanzig45, the free energy difference between the reference
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state, ri, and target state, ri˘1, can be calculated using free energy perturbation theory:

∆Gpri Ñ ri˘1q “ Gpri˘1q ´ Gpriq “ ´
1

β
ln ⟨exp p´β∆Uq⟩i (1)

∆U “ Upri˘1q ´ Upriq and β “ pkB T q
´1 where T is the temperature, kB is Boltzmann’s

constant and U denotes the potential energy of the system. The brackets denote canonical

ensemble average over the trajectory and subscript i indicates that the average is taken in

the reference state. We calculated 172 free energy differences between successive states. In

order to eliminate systematic sampling bias due to exponential averaging we used simple

overlap sampling (SOS) of the forward and reverse perturbation as an estimate of ∆G28,46:

∆Gpri Ñ ri˘1q “ ´
1

β
ln

„

⟨exp p´β∆U{2q⟩i
⟨exp pβ∆U{2q⟩i˘1

ȷ

(2)

The total potential of mean force at each separation distance (r=ri) was calculated by se-

quentially summing up all the free energy changes from the largest separation (r=61.25 Å)

to that state (r=ri) assuming zero value for the free energy of the system at the largest

separation (r=61.25 Å). Figure 2(a) shows the potential of the mean force for edge-to-edge

interactions calculated over the range of states for selected analysis production periods. The

results converge after averaging over 2.5 ns (i.e., 3 ns simulation and perturbation for each

MD state). The PMF shows an oscillatory behavior with distance between energy minimums

(or plateau) reflecting size of a water molecule („3 Å). In other words, rearrangement of the

water molecules determines favorable positions of the clay platelets. As platelets come closer

to each other, system crosses energy barriers to reach to the lowest free energy at r=45.5 Å.

For ră45.5 Å, repulsion dominates the interaction of platelets indicating work needed to

remove water molecules and bring platelets close together. Figure 2(b) shows PMF per unit

length of the platelet which will subsequently be scaled for different platelet sizes (assuming

’D’ as diameter of the platelet, values of the ’x’ axis are modified to ’new ri = old ri -40 Å

+ D’ and values of the ’y’ axis are multiplied by the diameter of the platelet).
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Figure 1: (a) Part of the typical simulation setup for studying edge-to-edge interaction (red,
O; white, H; yellow, Si; grey, Al; cyan, Mg; blue, Na). (b) Detail of the edge [0 1 0] structure.
Si tetrahedra end with an SiOH bond (top and bottom). Al octahedra end with AlOH inside
the clay platelet and AlOH2 on the broken edge. (c) Part of the typical simulation setup for
studying face-to-face interaction

.

Face-to-face

Two identical clay platelets were placed at center to center separations of ri=9.23-18.47 Å

with an increment of 0.25 Å. Figure 1(c) shows the typical structure of the simulated sys-

tem in one of the separation distances. Platelets are continuous in x and y directions. We

performed 38 separate simulations at T=300 K in the canonical (NVT) ensemble. Table 1

summarizes the distribution of water molecules between the platelets (I) and outside (O). In

order to create structures with different amount of water between clay platelets, we displaced

them to put different number of water molecules in between and the rest outside. Then for

each state, we ran a 2 ns (NPT) simulation. Initial states of each (NVT) simulation was

taken from trajectories of (NPT) simulations. Each platelet consists of 4ˆ4 unit cells with

the longest dimension along y axis. In order to be consistent with edge-to-edge simulations,

we put 3882+2ˆ16 (taking into account extra H and OH due to edge corrections)=3914
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Figure 2: Potential of mean force for edge-to-edge interaction of clay platelets. (a) total
PMF, a,b = 3.25, 3 Å , respectively. (b) PMF per length.

water molecules in each system. The initial dimension of the rectangular box in each (NPT)

simulation was 20.87 Å(x)ˆ36.31 Å(y)ˆ179.62 Å(z). The average final dimensions of the

system were 20.72 Å(x)ˆ36.05 Å(y)ˆ179.07 Å(z). From this point, each (NVT) simulation

was equilibrated for 0.5 ns. Free energy difference between successive states was calculated

from a 3 ns production period. Each state was perturbed in two directions to create 74

perturbed states. The energy differences between successive states are then reported using

the SOS method (Equation(2)). Total potential of mean force at each separation distance

(r=ri) was calculated by sequentially summing up all the free energy changes from the largest

separation (r=18.47 Å) to the state of interest (r=ri) assuming zero value for the free energy

of the system at largest separation (r=18.47 Å).

Free energy for face-to-face interaction of clay platelets for different lengths of MD trajec-

tory are shown in Figure 3(a). The calculated free energy converges after averaging over 3 ns

(3.5 ns MD simulation). Similar to edge-to-edge interaction, local minima of the free energy

curve are separated by distances comparable to the diameter of a water molecule. This is in

agreement with previous studies reporting oscillatory changes in the interaction between two
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Table 1: Center to center distances (ri) and number of water molecules (Nw) inbetween (I)
and outside (O) of the clay platelets for each state.

Nw Nw Nw

state ri[Å] I O state ri[Å] I O state ri[Å] I O

1 9.23 0 3914 14 12.49 79 3835 27 15.74 159 3755

2 9.48 4 3910 15 12.74 80 3834 28 15.99 174 3740

3 9.74 7 3907 16 12.99 87 3827 29 16.24 177 3737

4 9.99 7 3907 17 13.24 93 3821 30 16.49 178 3736

5 10.24 7 3907 18 13.49 101 3813 31 16.72 178 3736

6 10.49 8 3906 19 13.74 108 3806 32 16.97 179 3735

7 10.74 8 3906 20 13.99 112 3802 33 17.22 179 3735

8 10.99 14 3900 21 14.24 113 3801 34 17.47 179 3735

9 11.24 18 3896 22 14.49 116 3798 35 17.72 197 3717

10 11.49 24 3890 23 14.74 118 3796 36 17.97 210 3704

11 11.74 32 3882 24 14.99 119 3795 37 18.22 228 3686

12 11.99 42 3872 25 15.24 130 3784 38 18.47 232 3682

13 12.24 54 3860 26 15.49 148 3766

surfaces with periodicity corresponding to the diameter of a water molecule.47–49 To have

particles approach each other and reach the minimum free energy around 11 Å, they should

overcome energy barriers at larger distances. Due to large repulsive interactions at smaller

distances (ră11 Å), removing more water molecules is not favorable for the system. This is

an indication of the existence of some bonded water molecules which cannot be removed eas-

ily. This is consistent with the experimental measurements using infrared spectroscopy.50–54

Figure 3(b) shows PMF for face-to-face interactions per surface area which will be scaled

for different platelet sizes (values of the ’y’ axis are multiplied by the surface area of the

platelet).

Meso-scale: Gay-Berne Potential

The meso-scale simulations are based on the Gay-Berne (GB)27 potential as implemented55

in LAMMPS code.56 The GB potential is a single site potential used for interaction of two
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Figure 3: Potential of mean force for face-to-face interaction of clay platelets. (a) total PMF,
a,b = 3, 3.22 Å , respectively. (b) PMF per surface area. Width of the second energy well
is wider than the first one (i.e., dąc).

rigid, aspherical, ellipsoidal particles. As we know from electron microscopy, platelets of clay

are approximately equidimentional in plan.57 Moreover, analysis by atomic force microscopy

shows that an ellipsoidal (oblate) geometry is a reasonable approximation for describing the

clay platelets.58 Here, we treat each platelet of clay as an effective ellipsoidal GB particle. GB

was originally developed for similar ellipsoidal particles and then generalized for dissimilar

biaxial particles.59 Using the notations of Everaers and Ejtehadi,60 the GB potential can be

written as:

U “ 4ϵ

«

ˆ

σ

h12 ` σ

˙12

´

ˆ

σ

h12 ` σ

˙6
ff

. η12. χ12 (3)

In the first term which is similar to Lennard-Jones potential, ϵ determines the energy scale,

σ is the atomic interaction radius and function h12 approximates anisotropic interparticle

distance:

h12 “ r ´ σ12 (4)

And:

σ12 “

ˆ

1

2
r̂T12G

´1
12 r̂12

˙´1{2

(5)
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Where r12 “ r2 ´ r1 = r r̂12 is the center to center separation vector, r is center to center

distance, r̂12 is the unit vector and:

G12 “ AT
1 S

2
1A1 ` AT

2 S
2
2A2 (6)

Where Si “ diagpai, bi, ciq is shape matrix which is defined by three radii ai, bi, ci. Ai

represents rotation matrix which defines transformation of each particle from local frame to

global frame. The second term characterizes anisotropic interaction of particles due to their

shapes:

η12 “

„

2s1s2
detpG12q

ȷ1{2

(7)

And:

si “ raibi ` cicis raibis
1{2 (8)

The third term characterizes anisotropic interaction of particles based on relative free energy

well depths of edge-to-edge and face-to-face interactions:

χ12 “
`

2r̂T12B
´1
12 r̂12

˘2
(9)

With:

B12 “ AT
1E1A1 ` AT

2E2A2 (10)

Where Ei “ diagpϵia, ϵib, ϵicq is the energy matrix which is defined by relative well depths of

edge-to-edge and face-to-face interactions. In summary, in order to define interactions be-

tween two disc-like platelets (same x and y dimensions) we need to specify five parameters:

x “ tapbq, c, σ, ϵapϵbq, ϵcu, two shape parameters ap“ bq, c (with length dimension), one inter-

action distance parameter σ (with length dimension) and two energy parameters per particle,

ϵap“ ϵbq, ϵc which are dimensionless. These parameters are adjusted by fitting Equation(3)

to edge-to-edge and face-to-face interactions of two platelets. Following Berardi et al.61, we
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defined a cost function and optimized characteristic features (Figure 4) of edge-to-edge and

face-to-face energy profiles to find parameters of GB potential:

(1) The well depth, PGB
1 “ ´ϵ . η12 . χ12

(2) The separation distance corresponding to the well minimum, PGB
2 “ σ12 ` σp21{6 ´ 1q

(3) The soft contact distance, PGB
3 “ σ12

(4) Characteristic width of the potential energy well (at half depth),

PGB
4 “ σ

”

`

4 ` 2
?
2
˘1{6

´
`

4 ´ 2
?
2
˘1{6

ı

P
GB
1

P
GB
4

P
GB
3

P
GB
2

ri

∆G

Figure 4: Fitting parameters of the GB potential.

The following cost function was used in fitting procedure:

Ωpxq “
1

4Nc

ÿ

Nc

4
ÿ

i“1

˜

PGB
i ´ PCLAY FF

i

N f
i

¸2

(11)

Superscript CLAY FF denotes corresponding value from full atomistic simulation. Nc is

the number of arrangements (here Nc=2 as we are fitting to face-to-face and edge-to-edge

interactions) and N f
i is normalizing factor.

For i “ 1, N f
i “ PCLAY FF

1 , well depth for face-to-face interaction. For i “ 2, 3, 4, N f
i “
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PCLAY FF
2 , distance of well minimum for edge-to-edge interaction.

We parametrized the GB potential for three different platelet sizes : 100 Å, 500 Å and

1000 Å. In all those the GB potential was fitted to the main (first) free energy minimum

(X1, Figures 2(b) and 3(b)) denoted by ’Ź’ (P=1 atm), ’İ’ (P=10 atm), ’İ1’ (P=50 atm),

’İ2’ (P=300 atm) and ’İ3’ (P=800 atm). A second set of GB parameters was chosen for the

1000 Å platelet by fitting to the second free energy minimum of the face-to-face interaction

(X2, Figure 3(b)) denoted by ’ŹŹ’ and the main (first) minimum of edge-to-edge interaction

(X1, Figure 2(b)). Figures 5(a), (b), (c) and (d) show fitted GB to full atomistic simu-

lations for D=
Ź

100,
Ź

500,
Ź

1000(
İ

1000,
İ1

1000,
İ2

1000,
İ3

1000), and
ŹŹ

1000 Å. The GB parameters for

different cases are listed in Table 2. By increasing diameter of the platelet, potential wells

become deeper due to larger edge and surface. Moreover, difference between face-to-face and

edge-to-edge interaction increases since face-to-face free energy scales with (length)2 while

edge-to-edge interaction scales with (length). This is reflected in the change of energy pa-

rameters (ϵapϵbq and ϵc Table 2).

For each case, ten different samples were prepared with initial random orientation of par-

ticles by putting 1000 platelets in a simple cubic lattice with interatomic spacing of (ra)

larger than diameter of a platelet. For each sample, an NPT simulation was performed

at constant temperature, T=300 K to find the final ’jamming state’ configuration which is

characterized by no further change in potential energy of the system. Figure 6 shows step

function of applied pressure in those simulations. Table 3 lists details of the simulations

for each size of platelets. The Nosé–Hoover thermostat36,37 is used to control temperature

and the Parrinello–Rahman38 barostat to control pressure in the system. The pressure and

temperature damping parameters were 1 ns and 0.001 ns, respectively. For each column, ten

simulations were performed to sample phase space and report average properties of the final

state. Initial state of each sample with P >1 was taken from the end of
Ź

1000 simulations

(with P=1 atm).
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Table 2: Parameter values of the GB potential.

GB calibration case

Ź

100
Ź

500
Ź

1000,
İ

1000,
İ1

1000,
İ2

1000,
İ3

1000
ŹŹ

1000

2a,2b(Å) 104.12 504.12 1004.12 1004.05

2c(Å) 9.62 9.62 9.62 12.25

σ(Å) 11.00 11.00 11.00 14.00

ϵa, ϵb 12.37 12.88 12.94 16.47

ϵc 105.99 551.81 1108.46 1252.60

Ź: P=1 atm, İ: P=10 atm , İ1: P=50 atm , İ2: P=300 atm , İ3: P=800 atm , ŹŹ: P=1 atm
and GB fitted to the second minimum of face-to-face interaction

Table 3: Details of simulations performed in NPT (T=300 K) ensemble for different
systems at meso-scale. dt: time step, ra: initial interatomic spacing, rc: cutoff radius.
Symbols as in Table 2.

GB calibration case

Ź

100
Ź

500
Ź

1000
ŹŹ

1000
İ

1000
İ1

1000
İ2

1000
İ3

1000

dt(fs) 40 40 40 40 40 40 40 40

ra, rc(Å) 120 520 1020 1020 1020 1020 1020 1020

p0(atm) 0 0 0 0 1 1 1 1

p1(atm) 1 1 1 1 10 50 300 800

t1(ns) 40 40 40 40 120 120 120 120

tf (ns) 5000 1200 1200 1200 360 320 240 200
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Figure 5: Fitting GB potential to face-to-face and edge-to-edge interactions for different

platelet diameters, D (a) D=
Ź

100 Å (b) D=
Ź

500 Å (c) D=
Ź

1000,
İ

1000,
İ1

1000,
İ2

1000,
İ3

1000 Å, fitted

to the first well of face-to-face interaction. (d) D=
ŹŹ

1000 Å, fitted to the second well of
face-to-face interaction (”¨ ¨ ¨ ” denotes contraction of the x scale).

Meso-scale Aggregation

The meso-scale aggregation of clay platelets can be examined by considering snapshots of

the simulation at selected timesteps using QMGA62 molecular graphics software. Each
14



Figure 6: Step function of applied pressure, p(t), in NPT simulations.

simulation, uses a total number of 1000 equal-sized clay platelets with random orientations

in a unit cell with different GB calibrations for different particle sizes and confining pressures

(Table 3). Geometrical and mechanical properties are averaged over ten samples for each

type of simulation. A qualitative picture of the evolution of the system of particles during

MD simulations for a typical sample can be seen in Figure 7. This example shows snapshots

of a sample
Ź

1000 GB case (i.e., platelets of diameter 1000 Å at P=1 atm and T=300 K).

Platelets are color coded based on the orientation of their normal vector with respect to

the Z axis (ϕ angle). When platelets become clustered into aggregates, their normal vectors

point in the same direction and the spectrum of colors decreases with time as the sample

compresses to the fully jammed configuration (t=1200 ns, Figure 7(c)). In this case, Figure

8(a) shows that there are no further changes in the total energy of the system for tě1000 ns

(
Ź

1000 case). Figure 9 shows that systems with smaller platelets have larger kinetic energy

compared to the total energy scale. For instance, the percentage of kinetic energy to total

energy decreases from 0.25% to 0.0026% as size of the platelet increases from 100 Å to 1000 Å.

In other words, temperature becomes irrelevant which is characteristic of the jamming state.

Smaller particles need longer simulation times to reach to their final jammed state as seen

in Figure 8(b) for a
Ź

100 Å simulation case. In this example the final state is attained at

t„5000 ns.
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Figure 7: Snapshots showing aggregation of
Ź

1000 Å simulation at: (a) t=40 ns (b) t=200 ns
(c) t=1200 ns. The particles orientations are color coded according to the ϕ angle, orientation
of their normal vector with respect to the Z axis (colorbar A).
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Figure 8: Total energy of the system of platelets for typical samples from simulations (see

Table 3) (a)
Ź

1000 Å (b)
Ź

100 Å .

Geometrical analysis

Following Chen et al.63, we used two criteria to determine whether two platelets are stacked

on top of each other. Figure 10 shows the two criteria used for the analysis of platelets
16
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Figure 9: Percentage of kinetic energy to total energy in the last 200 ns of simulation for
typical samples (see Table 3).

stacking. Two platelets are assumed to belong to the same clay aggregate (stack) if :

(a) their interlayer distance, r, is less than an upper limit, ru. The current analysis assumes

that ru is 25% larger than the equilibrium distance for face-to-face interactions to allow for

offsetting of platelets. For seven of the GB calibration cases (
Ź

100,
Ź

500,
Ź

1000,
İ

1000,
İ1

1000,
İ2

1000

and
İ3

1000 Å), ru=13.75 Å; while ru=17.5 Å for
ŹŹ

1000 Å.

(b) the absolute value of scalar product of the two normal vectors of the platelets is greater

than 0.95 (n1. n2 ą 0.95).

Figures 11 and 12 illustrate probability distribution of aggregate stack sizes averaged

over ten simulations and fitted to log-normal distribution functions for GB cases with P=1

atm and P >1 atm, respectively. Log-normal distribution of stack sizes was reported in

X-ray diffraction (XRD) and transmission electron microscopy (TEM) of Na-smectite.64

In each case the goodness of fit is assesed using the chi-squared χ2 test (see Table 4), at

χ2
0.05 “ 0.05 significance level. The histograms of stack sizes were grouped into nbins=10-14

centered on integer number of stacks. The last bins in the right tail of the distribution were

merged together until the count in the extreme bin is at least 5. Degrees of freedom of

the test, dof=nbins-3 to take into account the two estimated parameters of the test, (µ,σ).
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Figure 10: Criteria used for analysis of aggregation. (a) distance criterion (b) orientation
criterion.

In all cases χ2 ă χ2
0.05 which confirms that the log-normal distribution is able to represent

the distribution of stack sizes at α “ 0.05 significance level. The average stack size (n)

increases from 3.05 to 5.01 for platelets with size increasing from
Ź

100 Å to
Ź

1000 Å (Table

4). This is in agreement with small angle X-ray scattering (SAXS) experiments of Segad

et al.65 who reported an increase in size of aggregates with increase in the platelet size

for Ca-montmorillonite. As the surface area of a platelet increases the number of platelets

subtended in its solid angle also increases. This means that each platelet would interact

with many more other platelets. Moreover, since the interaction energy scales with the

surface area, the attraction force between platelets increases which results in larger stack

sizes. Increasing pressure from 1 atm to 10 atm (
Ź

1000 vs
İ

1000, see Table 4) has similar

effect with the average size of the aggregates increasing from 5.01 to 7.07. Figures 13 and

14 show typical equilibrated systems of platelets for samples with P=1 atm and P >1 atm,

respectively. The effect of increase in pressure can be seen by comparing Figures 13(c) and

14(a) (
Ź

1000 vs
İ

1000). However, fitting GB to the first or second potential energy well for

face-to-face interaction, has no effect on the size of the aggregates (
Ź

1000 vs
ŹŹ

1000, see Table

4). By increasing pressure to 50 atm, average stack size increases to 8.33. More increase

in pressure results in decrease of the stack size (from 8.33 to 6.68 and 4.46 as pressure

increases from 50 atm to 300 atm and 800 atm, respectively). This is due to the sliding of

the platelets (more than ru). We can see sliding of platelets from Figure 14(a) to Figure
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Table 4: Results of geometrical analysis of aggregates. Symbols as in Table 2.

GB calibration case

Ź

100
Ź

500
Ź

1000
ŹŹ

1000
İ

1000
İ1

1000
İ2

1000
İ3

1000

nbins 10 10 13 13 13 14 14 13

dof 7 7 10 10 10 11 11 10

χ2 4.16 4.16 8.33 8.13 2.86 7.90 17.07 11.90

χ2
0.05 14.06 14.06 18.30 18.30 18.30 19.67 19.67 18.30

(µ,σ) (0.94,0.59) (1.01,0.62) (1.38,0.68) (1.38,0.68) (1.69,0.73) (1.80,0.80) (1.26,1.13) (0.89,1.10)

n 3.05 3.33 5.01 5.01 7.07 8.33 6.68 4.46

S 0.11˘0.03 0.10˘0.04 0.23˘0.08 0.21˘0.05 0.46˘0.12 0.65˘0.10 0.65˘0.13 0.67˘0.17

14(d). The same effect is reflected in the stack size distributions in Figure 12. By increasing

pressure, distribution is skewed more to the left and number of isolated platelets increases.

As a result, average number of platelets per stack decreases. Using transmission electron

microscopy, scanning electron microscopy, SAXS and X-ray diffraction experiments64,66–69

on different types of Na-smectites have found that particles typically comprise three to ten

layers of platelets, consistent with our numerical simulations.

In order to study the degree of orientation of particles, we use a scalar measure of the

orientation as an order parameter:

S “

⟨
3 cos2θ ´ 1

2

⟩
(12)

Where θ is the angle of normal vector of a platelet (u) with director of the system (n). The

brackets denote average over all the particles. The director vector of a system of particles,

(n), is a measure of the average orientation of the particles in the system. Director is the

eigenvector corresponding to biggest absolute eigenvalue of the order tensor, qij :

qij “
1

N

N
ÿ

m“1

ˆ

uiuj ´
1

3
δij

˙

(13)
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Figure 11: Probability distributions and fitted log-normal distributions to the stack size

analysis for different types of simulations (P=1 atm, see Table 3): (a)
Ź

100 Å (b)
Ź

500 Å (c)
Ź

1000 Å (d)
ŹŹ

1000 Å

Where N is the number of particles and δij is the Kronecker delta function. For completely

isotropic and randomly oriented system S=0, while perfectly aligned systems have S=1. Re-

sults of the calculated order parameter are listed in the Table 4. As the size of the platelets

increases from 100 Å to 500 Å there is little change in the order parameter of the particles

(from 0.11 to 0.10 for
Ź

100 and
Ź

500, respectively). Similarly, fitting to the first or second

potential energy well of the face-to-face interaction has little effect on S (from 0.23 to 0.21
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Figure 12: Probability distributions and fitted log-normal distributions to the stack size

analysis for different types of simulations (P >1atm, see Table 3): (a)
İ

1000 Å (b)
İ1

1000 Å

(c)
İ2

1000 Å (d)
İ3

1000 Å

for
Ź

1000 and
ŹŹ

1000, respectively). However, there is a more pronounced change in S for
Ź

1000/
ŹŹ

1000 simulations vs
Ź

100/
Ź

500 cases (0.23/0.21 vs 0.10/0.11). In other words, as size of

the platelets decreases the system becomes more isotropic since smaller particles have more

freedom to move around due to their sizes. This is in agreement with experiments done

by Hetzel et al.69 who showed that lateral extension of particles decreases disorder in the

geometrical arrangements of particles and the system becomes more anisotropic. Increasing
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Figure 13: Equilibrated system from different types of simulations (P=1 atm, see Table 3):

(a)
Ź

100 Å (b)
Ź

500 Å (c)
Ź

1000 Å (d)
ŹŹ

1000 Å. The particles orientations are color coded
according to the ϕ angle, orientation of their normal vector with respect to the Z axis
(colorbar A).

the confining pressure has a significant effect on ordering of particles reflected in an increase

in the order parameter from S=0.23 to 0.46 for P=1 to 10 atm (
Ź

1000 vs
İ

1000 Table 4)

then to 0.65 for P=50 atm (case
İ1

1000). More increase in pressure has small effect on the

order parameter. The effect of pressure can be seen by comparing Figures 13(c) and 14. In

summary, as pressure increases system becomes more ordered and the number of platelets

per stack increases until reaching to the maximum ordered state (here at P=50 atm, case
İ1

1000, where we have S=0.65). More increase of the pressure decreases the average stack size
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Figure 14: Equilibrated system from different types of simulations (P >1 atm, see Table

3): (a)
İ

1000 Å (b)
İ1

1000 Å (c)
İ2

1000 Å (d)
İ3

1000 Å. The particles orientations are color
coded according to the ϕ angle, orientation of their normal vector with respect to the Z axis
(colorbar A).

due to sliding of platelets at fixed orientation (constant S). This result shows much smaller

deviations in particle orientations at high confining pressure such that platelets can cross

energy barriers, and as a result, become more aligned. Increasing pressure results in increas-

ing concentration of particles due to decrease in volume. This result is in agreement with

isotropic (orientationally disordered) to nematic (orientationally ordered) phase transition

for nonspherical charged objects known as the Onsager transition.70 According to Onsager

theory at low concentration the system of particles is isotropic and orientational entropy of

23



particles are maximum. As the density of particles increases, nonspherical objects start to

align to maximize the free volume in which they can move leading to the nematic phase.

Calculation of Elastic Properties of Meso-Scale Aggregate Assem-

blies

We have used quasi-static algorithm to construct stress-strain behaviors and interpret elastic

stiffness properties of the particle assemblies with 500 Å and 1000 Å platelets. This algorithm

consists of two steps: (1) application of a small homogeneous strain to the system (2)

minimization of the potential energy of the system. The procedure was used previously

to build stress-strain curves for gold crystal structure.71 We applied six different strains on

the system and computed stress components. The elastic constants are determined from

Hooke’s law:

σij “
ÿ

k,l

Cijklϵkl (14)

Where Cijkl represents fourth order elasticity tensor and ϵkl is the kl element of the second

order strain tensor. We use the Voigt notation in representing components of the Cijkl

with indices: 11Ñ1, 22Ñ2, 33Ñ3, 23Ñ4, 13Ñ5 and 12Ñ6. In this notation, fourth order

elasticity tensor can be represented by a symmetrical matrix with components Cij. In the

Cartesian coordinate indices 1,2 and 3 map to x, y and z, respectively. The internal stress

tensor of the system are given by72 :

σij “
1

V

ÿ

α

˜

mαvαi v
α
j `

ÿ

β

fαβ
i rαβj

¸

(15)

Where V is the volume of the system, mα and vα are mass and velocity of platelet α, re-

spectively. fαβ
i is the force acting on platelet α by platelet β in the i direction and rαβj is

the Cartesian component of the vector from platelet β to platelet α in the j direction. Com-

pressive and shear strain steps applied using an (NVT) ensemble (T=0.01 K). Each strain
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Table 5: Details of simulations to calculate elastic properties. dt: time step, dϵ: strain
step, ns: number of steps, tr and ts: relaxation time and sampling period for each strain
step. Symbols as in Table 2.

GB calibration case

Ź

500
Ź

1000 &
ŹŹ

1000 &
İ

1000 &
İ1

1000 &
İ2

1000&
İ3

1000

dt(fs) 5 5

dϵ 2.5ˆ10´5 5ˆ10´5

ns 25 50

tr(ps) 800 100

ts(ps) 80 10

step was relaxed over a relaxation time period. The stress values were averaged over the last

ten percent of the relaxation time. Simulation details for calculation of elastic properties

are summarized in Table 5. Elastic constants were obtained from a linear fit over the initial

part of the stress strain curve representing values from ϵ “0 to 0.01% for 500 Å platelets

and ϵ “0 to 0.03% for 1000 Å platelets. Figure 15 shows typical stress-strain curves used

to calculate elasticity for a sample comprised of 500 Å platelets. Values of elastic properties
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Figure 15: Stress-strain curves for a typical sample of 500 Å platelets. By applying strain in
the z direction, ϵ33, associated column in the stiffness matrix can be determined. (a) σii-ϵ33
curves. m=1,2,3 (b) σij-ϵ33 curves. m=4,5,6

are averaged over ten samples for each type of simulation (i.e., each GB calibration case).
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Table 6 summarizes the mean and standard deviation of the elastic constants.

It can be seen that diagonal terms can be approximated with two parameters: C11 “

1{3 pC11 ` C22 ` C33q and C44 “ 1{3 pC44 ` C55 ` C66q. For instance, in the case of 500 Å

the normal stiffness values are 0.51, 0.50 and 0.52 GPa („ 0.51 GPa) and shear stiffness val-

ues are 0.1, 0.1 and 0.09 GPa („ 0.1 GPa). In the off diagonal terms, C12, C13 and C23 are

close together and one order of magnitude larger than the rest of the off diagonal terms. For

example, in the case of 500 Å the values of these terms are 0.12, 0.14 and 0.12 GPa („ 0.13

GPa) , respectively, and the absolute values of the remaining off-diagonal terms are between

0.00-0.03 GPa. This suggests that the particle assemblies approximate cubic symmetry of

the full elasticity tensor with three independent elastic constants: C11, C12 and C44. Table 7

summarizes the cubic average of the elastic properties calculated via simple averaging over

the three directions, [100], [010] and [001]: C11, C44 and C12 “ 1{3 pC12 ` C13 ` C23q. By

increasing the size of the platelets, C11 increases from 0.51 GPa to 0.98 GPa. The increase

in compressive stiffness is expected for larger platelets as the cohesion between the platelets

increases due to the larger surface area. The value of C12 is related to the lateral Poisson’s

ratio connecting deformation between orthogonal axes. There is a negligible change in this

elastic constant (from 0.13 to 0.14 GPa). Similarly the shear stiffness, C44, has a small

change with changing size of the platelet (from 0.10 to 0.08 GPa). For a system equilibrated

at larger pressures (cases
İ

1000,
İ1

1000,
İ2

1000 and
İ3

1000), all elastic constants increase as ex-

pected. Comparing
Ź

1000 and
ŹŹ

1000 cases shows decrease in all stiffness values for the case we

have larger face-to-face distance at equilibrium condition. Shear stiffness decreases by 38%

(from 0.08 to 0.05 GPa), normal stiffness decreases by 23% (from 0.98 to 0.75 GPa) and the

stiffness related to Poisson’s effect, C12, decreases by 21% (from 0.14 to 0.11 GPa). This

change can be explained by difference in the width of the second energy well compared to

the first (Figure 3(b)). As căd the second derivative of the energy with respect to strain

(i.e., elastic properties) are larger for GB calibrated to the first potential well.

The accuracy of the cubic-averaged elastic constants (C ij) in representing the full elastic
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stiffness matrix was evaluated using Euclidean distance metric. This metric has been used

previously to asses similarity between full elastic constant matrix and averaged symmetric

one.73 The Euclidean distance between two square matrices, A1 and A2, is calculated as

follows:

dEpA1,A2q “ }A1 ´ A2}E (16)

and the associated norm is defined by:

}A}E “
a

tr pATAq (17)

where tr(¨) stands for the trace and the superscript T denotes the transpose. Smaller values

of the metric mean more similarity between matrices. Smaller values of this metric indicate

better approximation of the full elastic matrix using cubic-averaged values. In other words,

when there is no preferred direction in the microstructure, elastic constant values over three

directions become close together and can be cubic-averaged to represent full elastic matrix.

For each sample, the dimensionless Euclidean distance metric (divided by norm of the cubic

averaged elastic matrix) was calculated. By averaging over ten samples, the mean and stan-

dard deviation of the metrics are reported in Table 7. By increasing platelet size, distance

metric increases from 0.18 to 0.22. By applying confining pressure up to 10 atm we see a

more pronounced increase to 0.43. Increasing pressure to 50 atm shows decrease in distance

metric to 0.38 (case
İ1

1000) and metric starts to increase again as pressure increases (to 0.42

and 0.47 for P=300 atm and 800 atm, respectively). In general distance metric increases

with pressure with an exception at P=50 atm. The exception occurs at the onset of the max-

imum ordering (S=0.65, case
İ1

1000). More increase of the pressure slides platelets against

each other leading to more anisotropic system (compare Figures 14(a) and 14(b) with 14(c)

and 14(d)). This is consistent with the change of microstructure. Figure 14 shows that there

is less variation in particle orientation at higher pressure and hence, greater discrepancy from

cubic symmetry approximation. Moreover a decrease in the order parameter S with decreas-
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Table 6: Elastic constant properties (in GPa) calculated for 500 Å and 1000 Å platelets.
Symbols as in Table 2.

GB calibration case

Ź

500
Ź

1000
ŹŹ

1000
İ

1000
İ1

1000
İ2

1000
İ3

1000

ă . ą ˘ ă . ą ˘ ă . ą ˘ ă . ą ˘ ă . ą ˘ ă . ą ˘ ă . ą ˘

C11 0.51 0.05 0.96 0.19 0.76 0.22 3.58 0.95 5.69 1.58 12.89 5.51 26.00 13.30

C22 0.50 0.06 1.07 0.39 0.74 0.17 4.02 1.15 7.42 3.33 15.37 6.06 33.47 15.57

C33 0.52 0.08 0.92 0.13 0.75 0.18 4.59 2.37 6.15 1.93 14.24 5.19 28.02 11.90

C44 0.10 0.05 0.09 0.06 0.05 0.03 0.42 0.29 0.75 0.42 2.06 1.26 5.22 2.85

C55 0.10 0.03 0.07 0.03 0.06 0.03 0.46 0.28 0.54 0.31 1.53 0.94 4.20 2.72

C66 0.09 0.02 0.09 0.05 0.05 0.03 0.43 0.12 0.70 0.58 2.13 1.48 4.62 2.14

C12 0.12 0.02 0.14 0.07 0.11 0.07 0.49 0.45 1.36 0.72 4.24 1.45 8.60 2.54

C13 0.14 0.03 0.13 0.06 0.11 0.04 0.57 0.61 0.97 0.56 3.75 1.02 8.46 2.81

C14 ´0.01 0.02 0.01 0.03 0.00 0.02 ´0.02 0.18 ´0.03 0.25 0.20 0.47 ´0.49 1.32

C15 0.00 0.02 0.04 0.09 0.00 0.02 0.18 0.62 0.43 0.57 ´0.01 1.73 ´0.18 4.21

C16 0.00 0.02 0.03 0.06 0.01 0.03 ´0.15 0.61 0.19 0.32 0.99 1.07 1.30 1.99

C23 0.12 0.03 0.16 0.09 0.11 0.04 0.54 0.42 1.41 0.60 4.37 1.49 9.33 2.97

C24 ´0.03 0.03 0.02 0.05 0.02 0.03 0.33 0.31 0.20 0.23 0.00 0.82 0.18 3.71

C25 ´0.02 0.02 0.01 0.05 0.00 0.02 ´0.03 0.10 0.05 0.42 ´0.13 1.08 0.09 2.78

C26 ´0.01 0.02 0.01 0.05 0.03 0.03 0.14 0.64 0.26 0.46 0.81 1.31 1.53 2.23

C34 ´0.02 0.03 0.02 0.07 0.02 0.02 ´0.15 0.77 0.02 0.57 0.29 0.92 ´0.33 4.45

C35 ´0.02 0.03 0.01 0.11 0.01 0.03 0.11 0.72 0.05 1.19 ´0.12 1.83 0.89 5.18

C36 ´0.01 0.01 0.02 0.02 0.01 0.02 0.00 0.10 0.26 0.29 0.39 0.31 0.54 0.94

C45 0.01 0.03 0.00 0.03 0.01 0.03 0.00 0.23 0.11 0.24 0.26 0.42 0.30 1.06

C46 0.00 0.02 ´0.01 0.08 0.01 0.03 ´0.01 0.30 0.26 0.78 ´0.05 0.43 0.25 0.78

C56 ´0.01 0.02 ´0.01 0.03 ´0.01 0.02 ´0.04 0.12 ´0.12 0.21 0.00 0.47 ´0.62 1.51

ing platelet size (Table 4) indicates more randomness in orientation distribution for smaller

platelets. This leads to better approximation of the elasticity matrix with cubic symmetry.

Mechanical properties at the meso-scale should be validated against experimental data.

Nanoindentation is a submicrometer experiment used to measure material stiffness param-

eters. So far, we scaled up our simulations to submicron length scale, the scale accessible

by indentation tests. We compared our meso-scale mechanical properties with the nanoin-

dentation experiments performed by Bobko and Ulm74 on different shale (highly compacted

clay) samples. To compare our results, we calculated values of indentation modulus from

28



Table 7: Cubic averaged elastic properties (in GPa) and Euclidean distance between
averaged and full elasticity tensors. Symbols as in Table 2.

GB calibration case

Ź

500
Ź

1000
ŹŹ

1000
İ

1000
İ1

1000
İ2

1000
İ3

1000

C11 0.51 0.98 0.75 4.07 6.42 14.17 29.16

C12 0.13 0.14 0.11 0.53 1.24 4.12 8.80

C44 0.10 0.08 0.05 0.44 0.66 1.91 4.68
dEpCij ,Cijq

∥Cij∥
0.18˘0.05 0.22˘0.08 0.17˘0.07 0.43˘0.11 0.38˘0.12 0.42˘0.12 0.47˘0.10

elasticity components (Cij) using the derivation by Delafargue and Ulm75 for an orthotropic

solid (see Appendix 1). Each value of packing density (one minus porosity) at the final state

is calculated using 11 Å as the thickness of a platelet which corresponds to the minimum

favorable face-to-face distance (Figure 3). Table 8 summarizes average packing density and

indentation modulus for different types of simulations. In our upscaled model, values of in-

dentation modulus show no preferrential direction (almost identical) which is consistent with

cubic symmetry assumption for the elasticity tensor. The mean indentation modulus is used

to compare with experiment. Figure 16 shows indentation modulus versus packing density

from experiment and simulations. Three simulation points (associated with P=1 atm) lie on

the left side of the graph (around packing density of 0.2) which correspond to colloidal clay

system. The other indentation values from simulations of confined clay (P >1 atm) show a

good agreement with simulation and the change follows the trend of the experiment.

Conclusions

Meso-scale aggregates of clay were studied using Gay-Berne potential calibrated from full

atomistic simulations. The free energy of face-to-face and edge-to-edge interactions of clay

platelets were calculated as the elementary configurations for calibration. Minima of the

free energy are separated with „ 3 Å distance which corresponds to the diameter of a water
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Table 8: Average packing density and indentation modulus (in GPa). Symbols as in Table
2.

GB calibration case

Ź

500
Ź

1000
ŹŹ

1000
İ

1000
İ1

1000
İ2

1000
İ3

1000

ă . ą ˘ ă . ą ˘ ă . ą ˘ ă . ą ˘ ă . ą ˘ ă . ą ˘ ă . ą ˘

η 0.23 0.02 0.21 0.02 0.20 0.02 0.43 0.07 0.63 0.04 0.77 0.04 0.87 0.03

M1 0.37 0.03 0.50 0.11 0.36 0.15 2.16 0.61 2.97 0.83 7.66 3.02 16.75 7.32

M2 0.36 0.04 0.55 0.24 0.35 0.09 2.22 0.82 3.82 1.82 8.99 3.26 20.50 7.97

M3 0.38 0.07 0.48 0.13 0.36 0.10 2.40 1.29 3.32 1.15 8.08 2.41 17.57 6.28

M 0.37 0.05 0.51 0.17 0.36 0.11 2.26 0.92 3.37 1.33 8.24 2.87 18.27 7.16
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Figure 16: Indentation modulus versus clay packing density, η. The experimental data in
the normal (x3 direction) and parallel (x1px2q directions) to the bedding plane are taken
from Bobko and Ulm74.

molecule. The meso-scale simulations show that structural and mechanical properties of the

aggregates are related to the clay platelet size and external applied pressure. Simulations

for Wyoming Na-montmorillonite have shown that aggregate size distributions are well de-

scribed by log-normal functions with mean stack size that increases from 3 to 8 platelets

per aggregate. Smaller platelets have less order (more isotropic) structures while confining
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pressure generates more ordered structures (more anisotropic).

The microstructure of the system of particles plays an important role in their mechanical

properties. We found that larger aggregates produce more anisotropic structure with higher

compressive and shear stiffness due to higher attraction between larger platelets. These fea-

tures become more pronounced by increasing external pressure on the system until reaching

to the maximum ordered state. More increase of the pressure, reduces aggregate size due

to sliding of platelets against each other whereas mechanical properties are still increas-

ing. While the size of the aggregates remains constant by their formation in the second

energy minimum of face-to-face interaction, the mechanical properties of the microstructure

decreases due to wider width of the second energy well.
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Appendix 1

The equations relating elastic constants (Cij) to indentation modulus (M1,M2,M3) for an

orthotropic solid are summarized in this appendix75:

M1 «
a

M12M13

M2 «
a

M21M23 (1.1)

M3 «
a

M31M32

where

M21 “ 2

d

C11C22 ´ C2
12

C11

ˆ

1

C66

`
2

C11C22 ` C12

˙´1

M31 “ 2

d

C11C33 ´ C2
13

C11

ˆ

1

C55

`
2

C11C33 ` C13

˙´1

(1.2)

M32 “ 2

d

C22C33 ´ C2
23

C22

ˆ

1

C44

`
2

C22C33 ` C23

˙´1

and

M12 “ M21

c

C11

C22

M13 “ M31

c

C11

C33

(1.3)

M23 “ M32

c

C22

C33
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Figure Captions

Figure 1 : (a) Part of the typical simulation setup for studying edge-to-edge interaction

(red, O; white, H; yellow, Si; grey, Al; cyan, Mg; blue, Na). (b) Detail of the edge [0

1 0] structure. Si tetrahedra end with an SiOH bond (top and bottom). Al octahedra

end with AlOH inside the clay platelet and AlOH2 on the broken edge. (c) Part of the

typical simulation setup for studying face-to-face interaction.

Figure 2 : Potential of mean force for edge-to-edge interaction of clay platelets. (a)

total PMF, a,b = 3.25, 3 Å , respectively. (b) PMF per length.

Figure 3 : Potential of mean force for face-to-face interaction of clay platelets. (a)

total PMF, a,b = 3, 3.22 Å , respectively. (b) PMF per surface area. Width of the

well is wider for the second minimum (dąc).

Figure 4 : Fitting parameters of the GB potential.

Figure 5 : Fitting GB potential to face-to-face and edge-to-edge interactions for dif-

ferent platelet diameters, D (a) D=
Ź

100 Å (b) D=
Ź

500 Å (c) D=
Ź

1000(or
İ

1000) Å, fitted

to the first well of face-to-face interaction. (d) D=
ŹŹ

1000 Å, fitted to the second well of

face-to-face interaction.

Figure 6 : Step function of applied pressure, p(t), in NPT simulations.

Figure 7 : Snapshots showing aggregation of one sample of
Ź

1000 Å platelets at: (a)

t=40 ns (b) t=200 ns (c) t=1200 ns. The particles orientations are color coded ac-

cording to the ϕ angle, orientation of their normal vector with respect to the Z axis

(colorbar A).

Figure 8 : Total energy of the system of platelets for typical samples from simulations

(see Table 3) (a)
Ź

1000 Å (b)
Ź

100 Å .

Figure 9 : Percentage of kinetic energy to total energy in the last 200 ns of simulation

for typical samples (see Table 3).
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Figure 10 : Criteria used for analysis of aggregation. (a) distance criterion (b) orien-

tation criterion.

Figure 11 : Probability distributions and fitted log-normal distributions to the stack

size analysis for different types of simulations (P=1 atm, see Table 3): (a)
Ź

100 Å (b)
Ź

500 Å (c)
Ź

1000 Å (d)
ŹŹ

1000 Å

Figure 12 : Probability distributions and fitted log-normal distributions to the stack

size analysis for different types of simulations (P >1atm, see Table 3): (a)
İ

1000 Å (b)
İ1

1000 Å (c)
İ2

1000 Å (d)
İ3

1000 Å

Figure 13 : Equilibrated system from different types of simulations (P=1 atm, see

Table 3): (a)
Ź

100 Å (b)
Ź

500 Å (c)
Ź

1000 Å (d)
ŹŹ

1000 Å. The particles orientations are

color coded according to the ϕ angle, orientation of their normal vector with respect

to the Z axis (colorbar A).

Figure 14 : Equilibrated system from different types of simulations (P >1 atm, see

Table 3): (a)
İ

1000 Å (b)
İ1

1000 Å (c)
İ2

1000 Å (d)
İ3

1000 Å. The particles orientations are

color coded according to the ϕ angle, orientation of their normal vector with respect

to the Z axis (colorbar A).

Figure 15 : Stress-strain curves for a typical sample of 500 Å platelets. By apply-

ing strain in the z direction, ϵ33, associated column in the stiffness matrix can be

determined. (a) σii-ϵ33 curves. m=1,2,3 (b) σij-ϵ33 curves. m=4,5,6

Figure 16 : Indentation modulus versus clay packing density, η. The experimental

data in the normal (x3 direction) and parallel (x1px2q directions) to the bedding plane

are taken from Bobko and Ulm74.
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Figure 3
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F
re
e
E
n
er
gy
,
∆
G
[k
J/
m
ol
]

 

 

a b

average over 1ns
average over 1.5ns
average over 2ns
average over 2.5ns
average over 3ns

(a)

8 10 12 14 16 18
−0.30 

−0.20 

−0.10 

0.00 

0.10 

0.20 

Center to Center Distance, ri[Å]
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Figure 5
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F
re
e
E
n
er
g
y,

∆
G
[×

1
0
2
kc
a
l/
m
o
l]

 

 

all atom (Face−Face)
all atom (Edge−Edge)
GB

(a)

10 ... 505 510
−15 

−10 

−5 

0 

5 

Center to Center Distance, ri[Å]
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Figure 8
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Figure 9

0.00 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

K
in
et
ic

E
n
er
g
ye
/
T
o
ta
l
E
n
er
g
y
[%

]

Time[ns]

tf − 200 tf − 100 tf
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Figure 10
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Figure 11
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Figure 12
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Figure 13
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Figure 14
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Figure 15
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Figure 16
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