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ESSENTIAL VARIATIONAL POISSON COHOMOLOGY

ALBERTO DE SOLE, VICTOR G. KAC

ABSTRACT. In our recent paper [DSKI11] we computed the dimension
of the variational Poisson cohomology H3 (V) for any quasiconstant co-
efficient ¢ x ¢ matrix differential operator K of order N with invertible
leading coefficient, provided that V is a normal algebra of differential
functions over a linearly closed differential field. In the present paper
we show that, for K skewadjoint, the Z-graded Lie superalgebra H% (V)
is isomorphic to the finite dimensional Lie superalgebra fI(N& S). We
also prove that the subalgebra of “essential” variational Poisson coho-
mology, consisting of classes vanishing on the Casimirs of K, is zero.
This vanishing result has applications to the theory of bi-Hamiltonian
structures and their deformations. At the end of the paper we consider
also the translation invariant case.

1. INTRODUCTION

The Z-graded Lie superalgebra WY*'(IIV) = @,__, Wy*" of variational
polyvector fields is a very convenient framework for the theory of integrable
Hamiltonian PDE’s. This Lie superalgebra is associated to an algebra of
differential functions V, which is an extension of the algebra of differential
polynomials Ry = F [ul(n) |i =1,...,¢;n € Z,] over a differential field F
with the derivation 0 extended to Ry by au§"> = ul(-nﬂ).

The first three pieces, W for k = —1,0,1, are identified with the
most important objects in the theory of integrable systems: First, W§" =
II(V/0V), where V/OV is the space of Hamiltonian functions (or local func-
tionals), and where II is just to remind that it should be considered as an
odd subspace of WY (IIV). Second, Wy is the Lie algebra of evolutionary
vector fields

{ oo

n 9 4

XP—ZZ(a R)m7 PevV,
i=1 n=0 i

which we identify with V¢. Third, W™ is identified with the space of

skewadjoint ¢ x ¢ matrix differential operators over V endowed with odd

parity.
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For [f, [¢g € WY, X, Y € W™, and H = H(J) € Wy, the com-
mutators are defined as follows (as usual, f denotes the canonical map
YV — V/oV):
1y [[f.[g] = 0,

(X, Jf1 = JX(f),

(1.2)

(1.3) [X,Y] = XY -YX,

14 A = HE)Y

(15)  [Xp.H] = Xp(H()) ~ Dp(d) o H(D) ~ H(2) o Dp(d).

Here % is the variational derivative (see ([B.4])), Dp is the Frechet derivative
(see B1)), and D*(9) denotes the matrix differential operator adjoint to
D(0).

The formula for the commutator of two elements K, H of W} (the so
called Schouten bracket) is more complicated (see ([BI7), but one needs only
to know that conditions [K, K| = 0, [H, H] = 0 means that these matrix
differential operators are Hamiltonian, and the condition [K, H] = 0 means
that they are compatible.

There have been various various versions of the notion of variational
polyvector fields, but is probably the earliest reference.

The basic notions of the theory of integrable Hamiltonian equations can
be easily described in terms of the Lie superalgebra WY*'(IIV). Given a
Hamiltonian operator H and a Hamiltonian function f h € V/0V, the cor-
responding Hamiltonian equation is

du
(1.6) E:[H,fh],u:(ul,...,ug).
One says that two Hamiltonian functions f h1 and f hg are in involution if
(1.7) ([H, [ha], [he] = 0.

(Note that the LHS of (7)) is skewasymmetric in [hq and [hg, since both
are odd elements of the Lie superalgebra WY*(IIV)). Any [h; which is
in involution with [h is called an integral of motion of the Hamiltonian
equation (LL6), and this equation is called integrable if there exists an infinite
dimensional subspace 2 of V/9V containing [h such that all elements of (2
are in involution. In this case we obtain a hierarchy of compatible integrable
Hamiltonian equations, labeled by elements w € Q:

M.
dt,,
The basic device for proving integrability of a Hamiltonian equation is
the so called Lenard-Magri scheme, proposed by Lenard in early 1970’s
(unpublished), with an important imput by Magri [Mag78]. A survey of
related results up to early 1990’s can be found in [Dor93], and a discussion
in terms of Poisson vertex algebras can be found in [BDSKOQ9].



ESSENTIAL VARIATIONAL POISSON COHOMOLOGY 3

The Lenard-Magri scheme requires two compatible Hamiltonian operators
H and K and a sequence of Hamiltonian functions [h,, n € Z4, such that

(1.8) [H, [hy) = [K, [hnt1], n € Zy .

Then it is a trivial exercise in Lie superalgebra to show that all Hamiltonian
functions [h,, are in involution (hint: use the parenthetical remark after
(L). Note to solve exercise one only uses the fact that K, H lie in W™, but
in order to construct the sequence [hy,, n € Zy, one needs the Hamiltonian
property of H and K and their compatibility.

The appropriate language here is the cohomological one. Since [K, K| = 0
and K is an (odd) element of W}, it follows that we have a cohomology
complex

(anr HV @ Var adK
k>—1
called the variational Poisson cohomology complex. As usual, let Z3-(V) =
@D,~_1 Z5 be the subalgebra of closed elements (= Ker(ad K)), and let

By (V) = @,.~_; By be its ideal of exact elements (= Im(ad K')). Then the
variational Poisson cohomology

Hi (V) = Z2x(V) /B (V) = D HE
k>—1

is a Z-graded Lie superalgebra. (For usual polyvector fields the correspond-

ing Poisson cohomology was introduced in [Lic77]; cf. [DSKTI]).
Now we can try to find a solution to (L)) by induction on n as follows

(see [Kra88] and [OIv8&7]). Since [K, H] = 0, we have, by the Jacobi identity:
(1.9) (K, [H, [hn]] = —[H, [K, [ D]

hence, by the inductive assumption, the RHS of ([3) is —[H, [H, [hy41]],
which is zero since [H, H] = 0 and H is odd. Thus, [H, [h,] € Z%. To

complete the n-th step of induction we need that this element is exact, i.e.
it equals [H, [hy41] for some [hyy1. But in general we have

(1'10) [H7 fhn] = [K7 fhn—i-l] + Zn41

where 2,41 € Z?( only depends on the cohomology class in H(}(.

The best place to start the Lenard-Magri scheme is to take [ho = C’OZ;(l,
a central element for K. Then the first step of the Lenard-Magri scheme
requires the existence of f h1 such that

(1.11) [H,Co| = [K, [h].
Taking bracket of both sides of (LII) with arbitrary C; € Z5', we obtain
(1.12) [[H,Col,Ch] =0.

Thus, if we wish the Lenard-Magri scheme to work starting with an arbitrary
central element Cy for K, the Hamiltonian operator H (which lies in Z}<),
must satisfy (LI2)) for any Cp,C; € Zgl. In other words, H must be
“essentially closed”.
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It was remarked in that condition (II2]) is an obstruction to
triviality of deformations of the Hamiltonian operator K, which is, of course,
another important reason to be interested in “essential” variational Poisson
cohomology.

We define the subalgebra 23 (V) = @, EZX C Z5.(V) of essentially
closed elements, by induction on k > —1, as follows:

EZt =0, €2 ={z€ 2} |z, 25 | cE2F '} ke, .

It is immediate to see that exact elements are essentially closed, and we
define the essential variational Poisson cohomology as

EN} (V) = EZ3(V) /B (V).

The first main result of the present paper is Theorem 3] which asserts
that EHY (V) = 0, provided that K is an ¢ x ¢ matrix differential operator
of order N with coefficients in Matyy¢(F) and invertible leading coefficient,
that the differential field F is linearly closed, and that the algebra of differen-
tial functions V is normal. Recall that a differential field F is called linearly
closed if any linear inhomogenous (respectively homogenous) dif-
ferential equation of order greater than or equal to 1 with coefficients in F
has a solution (resp. nonzero solution) in F.

The proof of Theorem relies on our previous paper [DSKII], where,
under the same assumptions on K, F and )V, we prove that dimc(H]}() =

(k]ig)’ where C C F is the subfield of constants, and we constructed explicit
representatives of cohomology classes.

In turn, Theorem 3] allows us to compute the Lie superalgebra structure
of H3(V), which is our second main result. Namely, Theorem asserts

that the Z-graded Lie superalgebra #H (V) is isomorphic to the finite di-

mensional Z-graded Lie superalgebra H (N¢,S), of Hamiltonian vector fields
over the Grassman superalgebra in N/ indeterminates {&;}1¥4, with Poisson
bracket {;,&;} = si;, divided by the central ideal C1, where S = (s;;) is a
nondegenerate symmetric N/ x N{ matrix over C.

We hope that Theorem [£3] will allow further progress in the study of
the Lenard-Magri scheme (work in progress). First, it leads to classification
of Hamiltonian operators H compatible to K, using techniques and results
from [DSKW10]. Second, it shows that if the elements z,,; in (LI0) are
essentially closed, then they can be removed.

Also, of course, Theorem (3] shows that, if ([LI2]) holds for a Hamil-
tonian operator obtained by a formal deformation of K, then this formal
deformation is trivial.

In conclusion of the paper we discuss the other “extreme” — the translation
invariant case — when F = C. In this case, we give an upper bound for the
dimension of H’;{, for an arbitrary Hamiltonian operator K with coefficients
in Matyx¢(C) and invertible leading coefficient, and we show that this bound
is sharp if and only if K = K70, where K; is a symmetric nondegenerate
matrix over C. Since any Hamiltonian operator of hydrodymanic type can
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be brought, by a change of variables, to this form, our result generalizes the
results of on K of hydrodynamic type. Furthermore, for such
operators K we also prove that the essential variational Poisson cohomology
is trivial, and we find a nice description of the Z-graded Lie superalgebra
We are grateful to Tsinghua University and the Mathematical Sciences
Center (MSC), Beijing, where this paper was written, for their hospitality,
and especially Youjin Zhang and Si-Qi Liu for enlightening lectures and
discussions. We also thank the Center of Mathematics and Theoretical
Physics (CMTP), Rome, for continuing encouragement and support.

2. TRANSITIVE Z-GRADED LIE SUPERALGEBRAS AND PROLONGATIONS

Recall [Kac77] that a Z-graded Lie superalgebra g = @~ g is
called transitive if any a € gg, k > 0, such that [a,g_1] = 0, is zero. Two
equivalent definitions are as follows:

(i) There are no nonzero ideals of g contained in P~ gx-
(ii) If a € gy is such that [...[[a,Co],C1],...,Ck] = 0 for all Cy,...,Cy €
g—1, then a = 0.

If a Z-graded Lie superalgebra g = @~ _, gx is transitive, the Lie subalge-
bra go acts faithfully on g_1, hence we have an embedding go — gl(g_1).

Given a Lie algebra g acting faithfully on a purely odd vector superspace
U, one calls a prolongation of the pair (U,g) any transitive Z-graded Lie
superalgebra g = @, _; g such that g_; = U, go = g, and the Lie bracket
between gy and g_1 is given by the action of g on U. The full prolongation of
the pair (U, g) is a prolongation containing any other prolongation of (U, g).
It always exists and is unique.

2.1. The Z-graded Lie superalgebra W (n). Let A(n) be the Grass-
man superalgebra over the field C on odd generators &,...,&,. Let W(n)
be the Lie superalgebra of all derivations of the superalgebra A(n), with
the following Z-grading: for k > —1, Wy(n) is spanned by derivations of
the form &, {ZHI% In particular, W_q1(n) = (%)Z‘:l = IIC", and
Wo(n) = <§i{%>3j=1 ~ gl(n). It is easy to see that W(n) is the full prolon-
gation of (IIC", gl(n)) [Kac77]. Consequently, any transitive Z-graded Lie
superalgebra g = @~ _; gk, with dim¢ g1 = n, embeds in W (n).

2.2. The Z-graded Lie superalgebra H(n,S). Let S = (sij)fj=1 be a
symmetric n X n matrix over C. Consider the following subalgebra of the
Lie algebra gl(n):

(2.1) so(n, S) = {A € Mat xn(C) | ATS + SA =0, Tr(4) =0} .

We endow the Grassman superalgebra A(n) with a structure of a Poisson
superalgebra by letting {&;,§;}s = si;. A closed formula for the Poisson



6 ALBERTO DE SOLE, VICTOR G. KAC

bracket on A(n) is

(Fughs = oy 37 s 5120
i UG

ij=1
We introduce a Z-grading of the superspace A(n) by letting deg(&;, ... &) =
s — 2. Note that this is a Lie superalgebra Z grading A(n) = @}—2, Ax(n)
(but it is not an associative superalgebra grading). Note also that A_a(n) =
C1 C A(n) is a central ideal of this Lie superalgebra. Hence A(n)/C1 inherits
the structure of a Z-graded Lie superalgebra of dimension 2" — 1, which we
denote by H(n,S) = @}, Hy(n, S).
The —1-st degree subspace is H_1(n,S) = (&)~ ~ IIC", and the 0-th
degree subspace Ho(n,S) = (§i&;)};=; is a Lie subalgebra of dimension (5)-
Identifying H_,(n,S) with IIC" (using the basis &, i = 1,...,n) and
Hy(n, S) with the space of skewsymmetric n x n matrices over C (via &&; —
(Eij—Eji)/2), the action of Hy(n, S) on H_1(n, S) becomes: {A,v}g = ASv.
Note that, if A is skewsymmetric, then AS lies in so(n, S). Hence, we have
a homomorphism of Lie superalgebras:
(2.2)  H_1(n,S)® Hy(n,S) —» IC" ® so(n,S) , (v,A) — (v,AS).
Lemma 2.1. The map [22) is bijective if and only if S has rankn or n—1.
Proof. Clearly, if S is nondegenerate, the map (2.2)) is bijective. Moreover,

if S has rank less than n — 1, the map (22]) is clearly not injective. In the
remaining case when S has rank n — 1, we can assume it has the form

(2.3) sz<8;>,

where T is a nondegenerate symmetric (n —1) x (n— 1) matrix. In this case,
one immediately checks that the map (2.2)) is injective. Moreover,

0 A
Hence, dime so(n, ) =n — 1+ (") = (3) = dime Hy(n, S). O
Proposition 2.2. If S has rank n orn—1, then ﬁ(n, S) is the full prolon-
gation of the pair (C", so(n, S)).

Proof. For S nondegenerate, the proof is can be found in [Kac77]. We
reduce below the case rk(S) = n — 1 to the case of nondegenerate S. If
rk(S) = £ =n—1, we can choose a basis (1,1, .., &), such that the matrix
S is of the form (Z3). Define the map ¢g : H(n,S) — W (n), given by

) ﬁ:fﬁﬁ_
— o — (—1\P(N)+1 .
(24) @S(f(fla cee 765)) {f7 }S ( 1) et tz] 8& ag] ’

os(f(&1,--,80m) = f(fl,...,fg)%.

so(n,S)z{(O BT> ‘BECZ, AEso(n—l,T)}.
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It is easy to check that g is an injective homomorphism of Z-graded Lie
superalgebras. Hence, we can identify H(n,S) with its image in W (n).

Since gps(ﬁ_l(n, S)) = IC™ = W_1(n), the Z-graded Lie superalgebra
¢s(H(n,S)) (hence H(n,S)) is transitive. It remains to prove that it is the
full prolongation of the pair (ﬁ_l(n, 9), ﬁo(n, S)). For this, we will prove
that, if

0 <~ 0
Xzfoa—n-i-;fia—& € Wi(n),

with f; € A(n), homogenous polynomials of degree k + 1 > 2, is such that

0 0 ~
2. —, X —., X Hj_ =1,...
( 5) [6777 ] ’ [8627 ] 6905( k 1(”75)) Vi ’ év
then X € gps(ﬁk(n, S)). Conditions (2.X]) imply that all fo, ..., f; are poly-
nomials in &1, ..., & only, and there exist g1, ..., g¢, polynomials in &y, ..., &,
such that
l

of; : Jg;
2.6 J — (_1)plgi)+1 b
(2. e~ U g

for every i,j € {1,...4}. On the other hand, the condition that X €

vs(Hg(n,S)) means that there exists h, a polynomial in &i,...,&, such
that

2.7 1PN ",

(27) fi= Z agk

To conclude, we observe that conditions (2.6]) imply the existence of h solving
equation (27), since H(¢,T) is a full prolongation. O

Remark 2.3. The notation H (n, ) comes from the fact that, if S is nonde-
generate, then the derived Lie superalgebra H(n, S) = {H(n,S),H(n,S)} =
@ Hk(n S) has codimension 1 in H(n, S), and it is simple for n > 4.

3. VARIATIONAL POISSON COHOMOLOGY

In this section we recall our results from [DSK11] on the variational Pois-
son cohomology, in the notation of the present paper.

3.1. Algebras of differential functions. An algebra of differential func-
tions V in one independent variable z and ¢ dependent variables u;, indexed
by the set I = {1,...,¢}, is, by definition, a differential algebra (i.e. a
unital commutative associative algebra with a derivation 0), endowed with
commuting derivations ﬁ : V=V, foralliel and n € Z,, such that,
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given f €V, (n) f =0 for all but finitely many ¢ € I and n € Z,, and the

following commutatlon rules with 0 hold:

(3.1) [%gn),a} - ﬁ,

where the RHS is considered to be zero if n = 0. An equivalent way to write
the identities (B.I]) is in terms of generating series:

(3.2) Z z"in =(z+0)o Z 2" ©

(n)
ne’y u; ne’y

As usual we shall denote by f — [ f the canonical quotient map ¥V — V/9V.
We call C = Ker(d) C V the subalgebra of constant functions, and we
denote by F C V the subalgebra of quasiconstant functions, defined by

(3.3) ]-"z{fGV!ai—g;):0W€I,n€Z+}.

It is not hard to show [DSK11|] that C C F, 0F C F, and F NIV = OF.

Throughout the paper we will assume that F is a field of characteristic zero,

hence so is C C F. Unless otherwise specified, all vector spaces, as well as

tensor products, direct sums, and Hom’s, will be considered over the ﬁeld C.
One says that f € V has differential order n in the variable u; 1f (n) 0

and (m) =0 for all m > n.

The Zmaln example of an algebra of differential functions is the ring of dif-
ferential polynomials over a differential field F, Ry = F [ugn) liel,neZyl,
where 8(u§")) = ul(-nH). Other examples can be constructed starting from
Ry by taking a localization by some multiplicative subset S, or an alge-
braic extension obtained by adding solutions of some polynomial equations,
or a differential extension obtained by adding solutions of some differential
equations.

The wvariational derivative 5— .V — Vs defined by

(3.4) Sf 3 (o2

ou; ez, ou'™

It follows immediately from (3.2]) that 0V C Ker %.
A wector field is, by definition, a derivation of V of the form

(3.5) X= > Pap—r n, PneV.
i€l neZq uz

We denote by Vect(V) the Lie algebra of all vector fields. A vector field X
is called evolutionary if [0, X] = 0, and we denote by Vect?(V) C Vect(V)
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the Lie subalgebra of all evolutionary vector fields. By (B.1]), a vector field
X is evolutionary if and only if it has the form

n 0
(3.6) Xp = | E (0 PL)W?
i€l neZy i

where P = (P))es € VYt is called the characteristic of Xp.
Given P € V*, we denote by Dp = ((Dp);;(9)), o1 its Frechet derivative,

27]

given by

op;
neZly i
Recall from that an algebra of differential functions V is called
normal if we have ﬁ (VmJ) =V, for all i € I,m € Z,, where we let

(3.8)
Vi = {f € V‘ % =0 if (n,j) > (m,4) in lexicographic order }
ou"

o".

We also denote Vy, 0 = V,—14, and Voo = F.

The algebra Ry is obviously normal. Moreover, any its extension ) can be
further extended to a normal algebra. Conversely, it is proved in
that any normal algebra of differential functions V is automatically a differ-
ential algebra extension of Ry,. Throughout the paper we shall assume that
V is an extension of Ry.

Recall also from that a differential field F is called linearly closed
if any linear differential equation,

anu'™ + -+ agu Fagu =",

withn >0, ag,...,a, € F, a, # 0, has a solution in F for every b € F, and
it has a nonzero solution for b = 0, provided that n > 1.

3.2. The universal Lie superalgebra W' (IIV) of variational poly—
vector fields. Recall the definition of the universal Lie superalgebra of
variational polyvector fields WY (ITV), associated to the algebra of differ-
ential funtions V [DSKI1]. We let
[ee]
anr(HV) _ @ W];far,
k=—1

where W is the superspace of parity k& mod 2 consisting of all skewsym-
metric arrays, i.e. arrays of polynomials

(3.9) P = (Py,..ir(Ao,- . ’)\k))h,...,ikel’
where Py, i, (Aos. .., Ak) € V[Ao, ..., Ag]/(0+Ao+- - -+ i) are skewsymmet-
ric with respect to simultaneous permutations of the variables Ao, ..., A\x and

the indices ig, . .., ik By V[Ao, ..., Ak]/(O+ Ao+ -+ Ax) we mean the quo-
tient of the space V[\g, ..., A\¢] by the image of the operator O+ \g+- - -+ Ag.
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Clearly, for k = —1 this space is V/9V and, for k > 0, we can identify it
with the algebra of polynomials V[\, ..., Ax_1] by letting

Mg ==X — = A1 =0,
with O acting from the left. We then define the following Z-graded Lie
superalgebra bracket on WY (IIV). For P € W* and Q € W™, , with
—1 < h <k+1, welet [P,Q] := POQ—(—1)"*=MQOP, where POQ € W™

is zero if h = k — h = —1, and otherwise it is given by
(3.10)
(POQ),, . ;Ao hi) = Y sign(o) >
O'ESh’k jelneZy
Bty Aoo) T F A@o(k—h) 0, Aak—n+1)r -+ 5 Aa(k) )=
(_)‘0(0) -t )‘o(k—h) - a)nWQia(o),...,ia(k,h) ()‘0'(0)7 SR )‘cr(k—h)) ’
Ou;

where Sy, ; denotes the set of h-shuffles in the group Sy+1 = Perm{0, ..., k},
i.e. the permutations o satisfying
o0)<---<oak—h), ok—h+1)<---<o(k).

The arrow in (BI0) means that O should be moved to the right. Note
that, by the skewsymmetry conditions on P and (), we can replace the sum
over shuffles by the sum over the whole permutation group Sy1, provided
that we divide by hl(k — h + 1)!. Tt follows from Proposition 9.1 and the
identification (9.22) in [DSKII], that the box product (BI0) is well defined
and the corresponding commutator makes WY (IIV) into a Z-graded Lie
superalgebra.

Remark 3.1. In we identified W' (I1V) with the quotient space
Q° (V) = Q*(V)/0Q°(V), where Q*(V) is the commutative associative unital
superalgebra freely generated over V by odd generators ngm) = (5u§m), 1€
I,m € Z,, and where 0 : Q*(V) — Q°(V) extends 0 : V — V to an even

derivation such that aef’“ = 9§m+1)
the array

. This identification is given by mapping

P= (X TN, ew
mo,...,;mp €L Ot
to the element
ey (M0) (m) k+1
> SO fremegime)l gl e FL(y).
10,..,4, €L mo,...,m €L

(It is easy to see that this map is well defined and bijective.) Here [ denotes,
as usual, the quotient map Q°*(V) — Q°*(V)/90Q°(V) = Q°*(V). We extend
the variational derivative to a map

D= Y oot ot m) s e,
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by letting —2— acts on coefficients (€ V). Furthermore, we introduce the

au(.")
odd variational derivatives

) 0
— = (=9)" o CQF(Y) — QFL (V).
50; gz% 59

Then the box product (B.10) takes, under the identification W (IIV) ~
Q°(V), the following simple form [Get02]:

5P 5Q

We describe explicitly the spaces W for k = —1,0,1. Clearly, W' =
V/OV. Also W)™ = V* thanks to the obvious identification of V[\]/(0 + A)
with V. Finally, the space VA, u]/(0 + X + p) is identified with V[A] ~
V[0], by letting 1 = —0 moved to the left and A\ = 9 moved to the right.
Hence elements in W}" correspond to ¢ x ¢ matrix differential operators
over V, and the skewsymmetry condition for an element of W} translates
into the skewadjointness of the corresponding matrix differential operator
(ie. to the condition H};(0) = —H;;(0), where, as usual, for a differential
operator L(9) = ), 1,0", its adjoint is L*(9) = >, (—0)" oly,). In order to
keep the same identification as in [DSK11], we associate to the array P =
(Pij()\, u))i’j cr € W™, the following skewadjoint £ x ¢ matrix differential

operator H = (Hi'(ﬁ))ijel, where
(3.11) Hij(X\) = Pji(A, =\ —0),
and 0 acts from the left.

Next, we write some explicit formulas for the Lie brackets in Wa'(IIV).
Since S_1 = 0 and Sgr1, = {1}, we have, for [h € V/OV = W and
Qe wy

Ry Qligis Moy -5 k) = (—1)k[Q,f5};1io,...,ik()\Oa s M)
(3.12) = (=" Qjigin (0. X0, . )
jel J
In particular, [[h, [f] =0 for [f € V/OV. For Q € V* = W)™ we have
oh
G139 QN =-h@ =3 [ = Yo,
jerI 7

where X is the evolutionary vector field with characteristics @), defined in
B8). Furthermore, for H = (H;;(0)) € Wy (via the identification

(3I1)), we have
oh

(3.14) [H, [h] = H(9)5 € Ve,

1,5€l
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Since Sp = {1} and Sii = {(a,O,.?.,k‘)}’g:O, we have, for P € V! =
W™ and Q € Wy,

[P, Qlig,....ix(N0s - s M) = Xp(Qig,..in (N0s -+ -5 Ak))
k

0P,
_Z Z Q o (Ao Aat 0 M) (—Aa = 0)
a=0jelneZ 205+09] 5005k auj

In particular, for Q € V¢ = Wy, we get the usual commutator of evolu-
tionary vector fields:

[P, Qi = Xp(Qi) — Xq(Pi),

while, for a skewadjoint ¢ x ¢ matrix differential operator H(9) € W, we
get

(315)  [P.H(0) = Xp(H(D)) — Dp(0) o H(0) ~ H(D) 0 D}(?).

where, in the first term of the RHS, Xp(H(0)) denotes the ¢ x ¢ matrix
differential operator whose (i,7) entry is obtained by applying Xp to the
coefficients of the differential operator H;;(0). In the last two terms of the
RHS of (315)), Dp denotes the Frechet derivative of P, defined in (8.7), and
D7 is its adjoint matrix differential operator.

Finally, we write equation (3.10) in the case when h = 1. Since S;; =

a B

{(0,.?.,1&‘,@) k_, and Si—1k = {(a,B,O,....T.,k‘)}]gga<ﬁgk, we have, for a
skewadjoint matrix differential operator H = (H;;(0)) W2 (via the

identificatino (B.I1])) and for P € W2:
(3.16)

k
[H7 P]io,---Jk ()‘07 s 7)‘/€) = (_1)k+1 Z Z(_l)a

jelneZy a=0

1,5€l €

OP o (Mo, M) k
B——Cy (Ao +0)"Hji,(Ma) + > (—1)F
ou n _
j B=a+1
a B 8Hz i )\Oc
XP' Cab ()\a + )\B + a,)\o, .T..f.,)\k)_>(—)\a — /\B — 8)"%) .
J5205er. s ik auj

In particular, if K = (K;;(9)) e W™, we have [K,H| = [H, K| =

ijel
KUOH + HUOK, where
(3.17)
(KOH)igi0.i,(Mo, A, A2) = > <%(A2 +0)"Kjiy(A2)
jelnely 8%’

OH;. () N OH,, o (A n
+81’7(2n()2)(/\0 + 0)"Kjiy(Ao) + 32’7&()0)(/\1 +0) Kjﬂ'l(/\l)> :
Uy u

J J
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Remark 3.2. Given a skewadjoint matrix differential operator H = (H;;(9)),
we can define the corresponding “variational” A-brackets {- -}y : VXV —
V[)], given by the following formula (cf. [DSKO0G]):

0 n m 0
618 {(fgd= Y (40 Hur+0)(-A— )"

ug-n) ou,

i,J€l, mn€Z4
One can write the above formulas in this language (cf. [DSKTI]).

Proposition 3.3. The Z-graded Lie superalgebra WY (IIV) is transitive,
hence it is a prolongation of the pair (IIV/OV, Vect? (V).

Proof. First note that, if H(0) is an ¢ x ¢ matrix differential operator such
that H(G)g—i =0 for every f € V, then H(J) =0 (cf. [BDSKQ9]). Indeed, if
H(0) has order N and H;;(0) = Egzo hij:nO" with hij.ny # 0, then letting

_1\M
f= 07 12) (ugM))Q, we have % = 5k,ju§-2M)

g (H(@)%)Z. = hij;n # 0 (here we are using the assumption that

au§2NI+N)

and, for M sufficiently large,

V contains Ry). The claim follows immediately by this observation and
equation (312)). O

3.3. The cohomology complex (WY¥(IIV), dx ). Let K = (Kij(a))me] €
WY be a Hamiltonian operator, i.e. K is skewadjoint and [K, K| = 0. Then
(ad K)? = 0, and we can consider the associated variational Poisson coho-
mology complex (WY (I1V),ad K). Let Z5 (V) = @72, ZF, where Z¥ =
Ker(adK‘WZM), and By(V) = @i _; Bf., where B, = (ad K)(Wy™).
Then Z} (V) is a Z-graded subalgebra of the Lie superalgebra WY*(IIV),
and By (V) is a Z-graded ideal of Z3-(V). Hence, the corresponding varia-
tional Poisson cohomology

M (V) = D Hi , Hi = Zk/Bk,
k=-—1
is a Z-graded Lie superalgebra.

In the special case when K = (KZ (8))2 jer has coefficients in F, which, as
in [DSK11], we shall call a quasiconstant £ x ¢ matrix differential operator,
formula (BI6]) for the differential x = ad K becomes for P € W/, k > 0,
(3.19)

(OxPig,..ix (N5 - -+ s Ak)

. k OP o (Mo,-7-Ak)
o + 1\« 20550k
SEIED I Y
jelneZy a=0 5

In fact, as shown in [DSK11l, Prop.9.9], if K = (Kij(a))i,jel
quasiconstant ¢ x ¢ matrix differential operator (not necessarily skewad-
joint), then the same formula (B.I9) still gives a well defined linear map
O + Wi, — Wi, k > 0, such that 5%{ = 0. Hence, we get a cohomology

()‘a + a)nKjJa ()‘a) :

is an arbitrary
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complex (WY¥(IIV), §x ). As before, we denote Zf{ = Ker (5K‘anr) ,B’;{ =
k
5x (W) and Hf = Z /BE..
For example, H' = Zi' = {[f € V/OV ‘ K*(@)g—i = O}, which is called

the set of central elements (or Casimir elements) of K*. Next, we have (see
DSK11]):
of
0 *

— K921
B { () ou
Furthermore, given P € V! = Wy, the element 6 P € W)™, under the
identification (BII]) of W with the space of ¢ x ¢ skewadjoint matrix
differential operators, coincides with
(3.20) dxP = Dp(0) o K(0) — K*(0) o Dp(0).
Hence, By, = {Dp(0) o K(9) — K*(9) o D}B(@)}Pew. Finally, Z}. consists,
under the same identification, of the ¢ x £ skewadjoint matrix differential
operators H () for which the RHS of (B.I7]) is zero.

Remark 3.4. If [f, [g € V/OV, we have [[f, [g] = 0 and

09 rxyOF _ Of s 09
brcf.Sol = [ ool = [ (= 5o K" @5, — 5K @5 ).
Hence, the differential dx in (3.19) is not an odd derivation unless K (0) is
skewadjoint. In particular, the corresponding cohomology (V) does not
have a natural structure of a Lie superalgebra unless K (0) is a skewadjoint

operator.

breve 2k ={P V| Dr@) o K0) = K@) 2 Dy(0)}.

3.4. The variational Poisson cohomology H(W"*(IIV), i) for a qua-
siconstant matrix differential operator K(0). Let V be an algebra of
differential functions extension of Ry, the algebra of differential polynomi-
als in the differential variables wq,...,us over a differential field F. Let
K = (K; (8))” ¢; be a quasiconstant £ x £ matrix differential operator of or-

der N (not necessarily skewadjoint). For k > —1, we denote by A% C W
the subset consisting of arrays of the form

(3.21) (Z [Pj,io,---Jk ()\0, . ,)\k)uj])
Jjel

where [z] denotes the coset of x € V[Ag,..., A\g] modulo (Ao + -+ + A\ +

d)V[No, ..., A\g), satisfying the following properties. For j, ig,...,ix € I,

. . ?
10yl €1

Pjio....ix (Ao, .., A) are polynomials in Ao, ..., Ay with coefficients in F of
degree at most N — 1 in each variable );, skewsymmetric with respect
to simultaneous permutations of the indices ig,...,7;, and the variables
Ao, - - -5 Ak, and satisfying the following condition:
k+1 o
(0% v —
(3.22) ;)(_1) ; Pj7i07~?~7ik+1 (/\0’ U )\k—H)Kﬂa (/\a) =0

mod (Ao + -+ + A1 + 9)F Aoy - -+, Apa] -
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For example, Al_{l consists of elements of the form ) jer [Pjuj € V/OV,

where P € F* solves the equation
K*(0)P =0.

In fact it is not hard to show that Al_(l coincides with the set Z[_(l of central
elements of K* (see Lemma 4] below).

Next, A% consists of elements of the form (Zjel P;}(@)uj)iel eV =
Wi, where P = (P4(0)),,o;
operator of order at most N — 1, solving the following equation:

(3.23) K*(9) o P(0) = P*(0) o K(0).
The description of the set A}{ is more complicated. Given a polynomial in
two variables P(\, 1) = 2N o A" € FIX, pi], we denote P*1(, ) =

m,n=0

S o (=A = 0) e, and P2\, ) = o8 o (—pp— 9)" e A™. Then,
under the identification of W™ with the space of skewadjoint ¢ x ¢ ma-
trix differential operators given by (BII), AL consists of operators H =

(Hij(a))i’jel of the form

Hij(A\) = = > Plij(A+ 0, My,
kel

is a quasiconstant ¢ x ¢ matrix differential

where, for i, j,k € I, Pyij(\, u) € F[A, p] are polynomials of degree at most
N — 1 in each variable, such that Py;;(\, u) = —Prji(p, A), and such that

> ( i 14+ 0) Phje (A 1)+ Pigi(pas A+ o+ 0) Kni (V)
hel

P+ 0, ) i) ) = 0.
Theorem 11.9 from |[DSK11] can be stated as follows:

Theorem 3.5. Let V be a normal algebra of differential functions in ¢ dif-
ferential variables over a linearly closed differential field F, and let C C F be
the subfield of constants. Let K(0) be a quasiconstant ¢ x £ matrix differen-
tial operator of order N with invertible leading coefficient K € Matpyo(F).
Then we have the following decomposition of Z}“{ i a direct sum of vector
spaces over C:
zr = Ak o Bk
Hence, we have a canonical isomorphism HE ~ Al}(. Moreover, .A]}( (hence
4
).

H.) is a vector space over C of dimension (k+2

Recall that, if K is a skewadjoint operator, then Hy (V) = D> 4 HE s
a Lie superalgebra with consistent Z-grading. In Section [5l we will prove the
following

Theorem 3.6. Let V be a normal algebra of differential functions, over a
linearly closed differential field F. Let K(0) be a quasiconstant skewadjoint
£x ¢ matriz differential operator of order N with invertible leading coefficient
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Kn € Matyx¢(F). Then the Z-graded Lie superalgebra H3 (V) is isomorphic
to the Z-graded Lie superalgebra H(NV,S) constructed in Section[2.2, where

S is the matriz, in some basis, of the nondegenerate symmetric bilinear form
(|9 constructed in Section [5 1

Remark 3.7. The subspace A% (V) = @, A is NOT, in general, a sub-
algebra of tlie Lie superalgebra Z*(V). We can enlarge it to be a subalgebra
by letting A% C Z% be the subset consisting of arrays of the form (B.21))

where Pj ;o i, (Xo,..., ) are polynomials in Ao, ..., Ay with coefficients in
F of arbitrary degree, skewsymmetric with respect to simultaneous permu-
tations of the indices ig, ..., 7, and the variables ), ..., \r, and satisfying

condition (322)). Then, clearly, A% (V) ~ .Z}((V)/(.Z}((V) N By (V)). For

example, it is not hard to show that
A% N BY = {S(9)K(9) |S*(9) = S(9)},

so that, A% is a Lie algebra, {S(9)K(9) !S*(@) = 5(9)} is its ideal, and,
by Theorem B.0] the quotient is isomorphic to the Lie algebra so(IN?).

Remark 3.8. If N < 1, then A} (V) is a subalgebra of the Lie superalge-
bra Z3.(V), i.e. in this case the complex (W (IIV),ad K) is formal (cf.
[Get02]). However, this is not the case for N > 1.

4. ESSENTIAL VARIATIONAL POISSON COHOMOLOGY

In this section we introduce the subalgebra of essential variational Poisson
cohomology and we prove a vanishing theorem for this cohomology.

4.1. The Casimir subalgebra Z;;' C V/9V and the essential sub-
complex EWY¥(ITV). Throughout this section we let V be an algebra of
differential functions in the variables u;, ¢ € I, and we denote, as usual, by F
the subalgebra of quasiconstant, and by C C F the subalgebra of constants.
Let K = (Ki-(8))ijel be a Hamiltonian ¢ x ¢ matrix differential operator
with coefficients in V. In other words, we can view K as an element of wyar
such that [K, K] = 0, hence, we can consider the corresponding cohomology
complex (WY (ITV) = @~ _; Wi, ad K). Recall from Section B3 that we
have the Z-graded subalgebra Z3.(V) = @,~ ; 2 of closed elements in
WYar(11V), and, inside it, the ideal of exact elements B*(V) = @, _, B%.

The space Zl_{l of central elements is, in this case,

oC
-1 o . _ —
(4.1) zit ={cevjov \ K.C] (= K(©) &u) 0}
We call an element P € W essential if the following condition holds:
(4.2) [...[[P.Co),Ci],...,C] =0, VCy,...,Cy € Z5".

We denote by EWa C Wi the subspace of essential elements. For exam-
ple, EWYa = 0 and EW™ consists of elements P € V* such that | P% =0

for all central elements C € ZI_(l. Furthermore, EW" consists, under the
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identification (BI1]), of skewadjoint ¢ x ¢ matrix differential operators H (9),

such that
/501 502 =0, VCl,CQEZ 1

Let EWY = @~ ;| EWR™. ThlS is a Z-graded subspace of WY*'(I1V),
depending on the operator K (0). Finally, denote by EZ3-(V) = D> 1 €2

the Z-graded subspace of essentially closed elements, i.e. 52}“{ = Zf{ N
EWar,

Proposition 4.1. (a) EWY is a Z-graded subalgebra of the Lie superalge-
bra WY (IIV). Consequently EZ3(V) is a Z-graded subalgebra of EW Y.

(b) Exact elements are essentially closed, i.e. B} (V) C EZ3%(V), hence they
form a Z-graded ideal of the Lie superalgebra EZ3-(V).

Proof. Let P € EW)™ and Q € EW™, , with0 < h < k, and let Cp,...,C, €
ZI}I. Using iteratively the Jacobi identity, we can express

[‘ . [[[P7 Q]700]701]7' e 7Ok]

as a linear combination of the commutators of the pairs of elements of the
form

[' e [[P’ Oio]v Ci1]7 s 702'371] and [ [[Q Cls] 25+1] Olk] 5

where s is either h or h + 1. In the latter case the first element is zero
since P is essential, while in the former case the second element is zero
since () is essential. Hence, [P, Q)] is essential. The second claim of part
(a) follows since £Z7, (V) is the intersection of EWY* and Z}.(V), which are
both Z-graded subalgebra of WY (IIV).

For part (b), given the exact element [K, P|, where P € EW;™,, and given

Co,--,Cr € ZI}I, we have, using again the Jacobi identity,
[ [[[K,P],Cg],Cﬂ,...,Ck] = [K7 [ [[P,C()],Cl],...,CkH =0.

So, we define the essential variational Poisson cohomology as

EHL (V) = @ EMf , where EMf = E25 /B .
k>—1

Clearly, this is a Z-graded subalgebra of the Lie superalgebra Hj- (V) =
H(WYar(11V), ad K).

Remark 4.2. Let H(Q) be a Hamiltonian operator compatible with K (9),
ie. [K,H] = 0. Suppose that the first step of the Lenard-Magri scheme
always works, namely for every central element C' € ZI_{l there exists [h €
V/0V such that [H,C] = [K, [h]. Then H is essentially closed. Indeed,
[[H,C],C1] = [[K, [h],C1] = [[h,[K,C4]] = 0 for every C,Cy € Z5*. This
is one of the reasons for the name ”essential”, since only for the essentially
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closed operators H the Lenard-Magri scheme may work. Conversely, sup-
pose H(9) is an essentially closed Hamiltonian operator, i.e. H(9) € £Z3.
Then, for every central element C' € ZI}I, it is immediate to see that there
exists [h € V/OV and A € EZY, such that [H,C] = [K, [h] + A. If the
first essential variational Poisson cohomology is zero, we can choose A to be
zero, which means that the first step in the Lenard-Magri scheme works.

4.2. Vanishing of the essential variational Poisson cohomology. In
this section we prove the following

Theorem 4.3. If V be a normal algebra of differential functions in £ dif-
ferential variables over a linearly closed differential field F, and if K(0) is
a quasiconstant £ x £ matriz differential operator of order N with invertible
leading coefficient Kn € Matyyo(F), then EH (V) = 0.

In order to prove Theorem we will need some preliminary lemmas.

Lemma 4.4. Let V be an arbitrary algebra of differential functions. Let
K(9) : V' = V! be a quasiconstant £ x ¢ matriz differential operator with
invertible leading coefficient K € Matyyo(F) Then:

(a) Ker(K(0)) = Ker (K(8)|ﬂ).

(b) The map % 2 V/OV — V! restricts to a surjective map % A
Ker (K(8)|ﬂ).

(c¢) If, moreover, V is a normal algebra of differential functions and 0 : F —
F is surjective, then we have a bijection % : ZI}I 5 Ker (K(@)‘]_.e).

Proof. For part (a), we need to show that, if F' € V* solves K (9)F = 0, then
F € F*. Suppose, by contradiction, that F ¢ F*. We may assume, without
loss of generality, that Ky = I, and that the first coordinate F has maximal
differential order, i.e. Fy,...,Fy € V,; and Fy ¢ V,, i1, for some i € I, n €

Zy. Then %(K (0)F )1 = % # 0, a contradiction. Next, we prove
ui u

part (b). The inclusion %(Zgl) CZ Ker (K (9)| Jﬂ) immediately follows from
part (a). Furthermore, if P € Ker (K(8)|ﬂ), then C' = [, Pu; € Z;" is
such that % = P. Hence, %(Zl}l) = Ker (K (8)‘ ﬂ), as desired. Finally,
for part (c), if V is normal, we have by [BDSKQ09, Prop.1.5] that Ker (% :
V/OV — V') = F/OF, hence, if OF = F, we conclude that 2 : V/9V — V*
is injective. (]

To simplify notation, let Z := Ker (K (8)) Under the assumptions of

Theorem @3], by part (a) in Lemma B4, we have Z C F*, and by part (c)
we have a bijection

(4.3) —: 2 5 2,
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the inverse map being

i
Zs F=| : HfoiuiEZI_{I.
fe ‘
Lemma 4.5. If ..., Fy; are elements of F¢, linearly independent over
C, and satisfying a differential equation
(4.4) FN) = AgF + Ay F' + - + Ay FND
for some Aq, ..., An_1 € Matyyx,(F), then the vectors
Fl/ Fjlve
(4.5) Gi:= fl oo, Gy = FM FNt
FY- P

are linearly independent over F.
Proof. Suppose by contradiction that
(4.6) a1Gy + asGo + -+ aneGne = 0,

is a nontrivial relation of linear dependence over F. We can assume, without
loss of generality, that such relation has minimal number of nonzero coeffi-
cients aj,...,aye € F, and that a; = 1. Note that equation (4.6]) can be
equivalently rewritten as the following system of equations in F*:

arFy +asFo+ -+ aneFne =0

(4.7) a1 a2 o+ anelye = 0

(llFl(N_l)+(12F2(N_1)+"'+QN€F](V]Z_1) =0

Applying 0 to both sides of equation (&Gl), we get

(4.8) a1G| + asGy + -+ + aneGlyy + a1 G1 + a5Go + -+ - + dlyGne = 0.
The vector a1GY + asGh + - - + an¢G'y, is an element of FV* whose first ¢
coordinates are a1 F| + asF3 + - -- + an¢F}y,, which are zero by the second
equation in (7)), the second ¢ coordinates are a1F1(2) +a2F2(2)+' . '—i-aNgF](VzZ),
which are zero by the third equation in (A1), and so on, up to the last set
of ¢ coordinates, which are, by the equation (4.4,

CLlFl(N) + CLQFQ(N) +--+ aNgF](V]X)

= Ao(a1F1 +agky+ -+ CLNgFNg) + Ay (alF{ + a2F2’ +--+ aNZF]/VZ)+

ot Ay (@ POV 4 B0 Y

which is zero again by the equations (7). Hence, equation (E.8) reduces to
a1G1 + a5Ga + - + dyyGne =0,
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which, by the assumption that a; = 1 and the minimality assumption on the

coefficients of linear dependence (Z.0)), implies that all coefficients aq, . .., any
are constant. This, by the first equation in ([£7]), contradicts the assumption
that Fy,..., Fyy are linearly independent over C. U

Lemma 4.6. If P(0) is a quasiconstant m x £ (m > 1) matriz differential
operator of order at most N — 1 such that P(O)F = 0 for every F € Z =
Ker (K(0)), then P(9) = 0.

Proof. Recall from Cor.A.3.7] that, if K(0) = Ko+ K10+ --- +
KnOVN, with K; € Matyy,(F), i =0,...,N and Ky invertible, then the set
of solutions in F* of the homogeneous system K (J)F = 0 is a vector space
over C of dimension N/. Let Fi, ..., Fy; € F¢ be a basis of this space. Note
that the equation K (0)F = 0 has the form (@) with 4; = —K'K;, i =
0,...,N —1. Hence, by Lemma L5 all the vectors Gy,...,Gyg in ([LI) are
linearly independent over F, i.e. the Wronskian matrix

Fy F e Fny
F| F ... F]
W= 1 2 N
N-1 N-1 N-1
PO Ry g
is nondegenerate. By assumption P(0)F; = --- = P(0)Fyy, = 0. Hence,

letting P(0) = Py + P10+ -+ Py_10V 7!, where P; € Mat,,x¢(F), we get
(PoPry o Pyoa )W =0,
which, by the nondegeneracy of W, implies that Py =,--- = Py_1 =0. U

Proof of Theorem[1.3, Let Q € A% . Recalling Theorem 35 and Proposition
[LIkb), it suffices to show that, if @ is essential, then it is zero. By the
definition of A%, we have, in particular, that @ is an array with entries

Qignis (M0s - M) =D PNy M)

Jel
€ V[A077)\k]/(6+)‘0++Ak)v[)\077Ak]7
for some polynomials Pj, i, (Ao, ..., Ax) € F[Xo,. .., Ag] of degree at most

N — 1 in each variable )\;. Recalling formula ([BI12)), we have, for arbitrary
Coy... Cr € V/OV,

(4.9)

[ [[Q,CQ],Cl],... ,Ck] = Z /Uij7i07___7ik(ao,...,ak)

3580,k €T

0Cy  6Cy

dug,  Oug,

where J; means 0 acting on gu%. Hence, if @ is essential, (A.9) is zero for
all Cy,...,Cy € Zf}l. By Lemma 4] we thus have

Z /Uij,io,...,ik(ao,---,ak)Fo---Fk =0,

3510, ik €1
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for all Fy,...,F, € Ker (K(8)|ﬂ). Since all coefficients of the Pj;, . ;s
and all entries of the F;’s are quasiconstant, the above equation is equivalent
to

Z PjJO,,,,Jk(ao, R ,ak)F() B = O, Vj el.

10,.., 0 €L

Applying Lemma iteratively to each factor, we conclude that the poly-
nomials Pj;; 4, (Xo,..., ) are zero. O

Remark 4.7. By Remark [£32] from the point of view of applicability of the
Lenard-Magri scheme for a bi-Hamiltonian pair (H, K), we should consider
only essentially closed Hamiltonian operators H(d). Moreover, by Theorem
43 if K(0) is a quasiconstant matrix differential operator with invertible
leading coefficient, an essentially closed H(0) must be exact, namely, recall-
ing equation ([B:20]), it must have the form

H(9) = Dp(d) o K(8) + K(8) o D(d),

for some P € V¢, and two such P’s differ by an element of the form K (8)%
for some [f € V/oV.

Corollary 4.8. Under the assumptions of Theorem [{.3, the Z-graded Lie
superalgebra Hi, (V) is transitive.

Proof. By Theorem I3} if P € HE is such that [...[[P, Col,C1],...,Ck] =0
for every Cy,...,Ci € 22! = 7-[[_(1, then P = 0. This, by definition, means
that 1% (V) is transitive. O

5. ISOMORPHISM OF Z-GRADED LIE SUPERALGEBRAS HY (V) ~ H(N,S)

In this section we introduce an inner product (-|-)g : F¢ x F¢ — F
associated to an ¢ x ¢ matrix differential operator K = (K; (8))” > Which
is used to prove Theorem

5.1. The inner product associated to K. Let F be a differential algebra
with derivation 0, and denote by C the subalgebra of constants. As usual,
we denote by - the standard inner product on F¢, i.e. F-G = Yicr FiGi €V
for F,G € V!, where, as before, I = {1,...,(}.

Consider the algebra of polynomials in two variables F[\, u]. Clearly, the
map A+ p+ 0 @ F[\ p] — F[A p] is injective. Hence, given P(A\, u) €
(A + p+ 9)F[A, p], there is a unique preimage of this map in F[A, u], that
we denote by (A + u+ 9)"1P(\, u) € FIA, ).

Let now K(0) = (Ki-((‘)))z.jej be an arbitrary ¢ x ¢ matrix differential
operator over F. We expand ifs matrix entries as

N
(5.1) KZ]()\) = ZKU;”)\” , Kijn € F.
n=0
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The adjoint operator is K*(9), with entries

N
(5.2) K5\ =Kji(-XA=0) =Y (A= 0)"Kjim

n=0

It follows from the expansions (B.]) and (5.2)) that, for every i,j € I, the
polynomial Kj(p) — K7;(A) lies in the image of A + p + 0, so that we can
consider the polynomial

(5.3) A+ 1+ 0) M (Kij(p) — K3(N) € FIAp].

Next, for a polynomial P(\, u) = Z%,nzo Prmn AN € F A, p], we use the
following notation

N
(5'4) P(Av /L)(|)\=8f) (|u:89) = Z pmn(amf)(ang) '()\|=8f)

m,n=0

Based on the observation (5.3)), and using the notation in (B.4]), we define
the following inner product (-|-)g : F¢ x F¢ — F, associated to K =
(KZ’ -(8))M6] S Matgxg(f[a]):

(55) (FIG)k = > (A+p+0)" (Ki(n) — K5:(N) (Ir=oF) (|u=aG5) -
ijel

It is not hard to write an explicit formula for (F'|G) i, using the expansion

(IB]]) for KZ]()\)
N n-—1

5 (FGk = X 3 3 (1) oy (K06,

i,jel n=0m=0
Lemma 5.1. For every F,G € V¢, we have
IF|G)k =F-K(0)G—-G-K*(0)F .
Proof. It immediately follows from the definition (5.5 of (F|G) k. O
Lemma 5.2. For every K(0) € Matyy,(F[0]) and F,G € F*, we have
(GIF) K+ = —(F|G)k -
In particular, the inner product (-|- )k is symmetric (respectively skewsym-
metric) if K is skewadjoint (resp. selfadjoint).
Proof. By equation (B.5]) we have
(GIF) == (A p+0) (K55 (1) — Kji(N) (1a=0Gi) (lu=o F))
1,5€1
== > O+ u+ ) (Kiy(1) = K5;N) (Ix=0F) (lu=oaGy) = —(FIG)k -
i,5€l
U
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Following the notation of the previous sections, we let Z = Ker (K (8)) C
Ft. Clearly, Z is a submodule of the C-module F*.

Lemma 5.3. If K(0) € Maty.,(F[J]) is skewadjoint, then (F|G)k € C for
every F,G € Z

Proof. Tt is an immediate consequence of Lemma [5.11 O

According to Lemmas[B2land 53] if K(0) € Matyy,(F[0]) is skewadjoint,
the restriction of (-|-)x to Z C F¢ defines a symmetric bilinear form on Z
with values in C, which we denote by

()9 = (|)k|z: ZxZ—=C.

Lemma 5.4. Assuming that K(0) € Matyxe(F[0]) is a skewadjoint operator
and P(0) € Matyy¢(F|[0]) is such that K(9)P(9)+ P*(0)K(9) =0, we have
(PO)F|G)k + (F|IP(0)G)k =0

for every F,G € F*.
Proof. By equation (B.5]), we have
(PO)F|G) Kk
= Z A+ 1+ 0) (K (1) + Kji(N) (azo Prei (0) ) (|u=0G)

i kel
= Z A+ 14 0) " (K (1) + Kji(A + 0)) Pii(N) (Ia=oF5) (|u=0G5)
igkel
= Z()\ + 1+ 0) 7 (Pri (V) K (1) = Pl (X + 1) Kii(V) ([a=0 F3) (lu=aG) -
igkel

In the last identity we used the assumption that K (9)P(0) = —P*(9)K(9).
Similarly,

(FIPO)G)k = > A+p+0)"
i, kel
x (= P (4 0) Ky (1) + Prj (1) Kii(N)) (=0 F3) (|u=0G) -
Combining these two equations, we get
(PO)F|G)k + (FIP(0)G)k

=Y Atpt+o)! ((Pm(A) — Pj(u+0)) Kij ()
i,j,kel

+(Prj(p) — Pj(A + M))Kki()\)) (Ir=0F3) (|lu=0G}) -

We next observe that the differential operator Py;(A) — Pj.(pu + 0) lies in
A+~ 0) o (F[A, u))[9), i.e. it is of the form

Pri(A) = P+ 0) = (A + p+ 0) 0 Qri(A, n + 0)
for some polynomial Q;. Hence,

A+ 14+ 0) " (Pui(N) = Ph(pe+ 0)) K (1) (1i=0G5) = Qin(X, 0) Ky (9)Gj

(5.7)
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which, after summing with respect to j € I, becomes zero since, by assump-
tion, G € Ker(K(0)). Similarly,

A+ i+ 0) " (Pej(p) — PO+ 1)) K (V) (Ia=0F3) = Quj(p, 0) Ki(9) F;

which is zero after summing with respect to i € I, since F' € Ker(K(9)).
Therefore the RHS of (5.7) is zero, proving the claim. O

Proposition 5.5. Assuming that F is a linearly closed differential field, and
that K(0) € Matyx¢(F|[0]) is a skewadjoint £ x £ matriz differential operator
with invertible leading coefficient, the C-bilieanr form (-|)% : Zx Z — C
18 nondegenerate.

Proof. Given F € F!, consider the map Pp : F¢ — F given by G
Pr(G) = (F|G)%. Equation (58] can be rewritten by saying that Pp is a
1 x ¢ matrix differential operator, of order less than or equal to N — 1, with
entries
N n-1

=Y 5 (1)cor o non.

i€l n=0m=0
Suppose now that Pp(G) = (P|G)% =0 for all G € Z C F'. By Lemma
A6 we get that Pr(d) = 0. On the other hand, the (left) coefficient of 9V ~*
in (Pp);(0) is

N-1
N 1
0=>> <m>(—1)N RN = ) (KN )i
i€l m=0 el
Since, by assumption, Ky € Maty.¢(F) is invertible, we conclude that F' =
0. O
5.2. Proof of Theorem [3.6l Recall from Lemma 4] that H ' [_(1 is

isomorphic, as a C-vector space, to Z = Ker (K (6)), and, from TheoremBﬂ
that dim¢ Z = N{. By Corollary .3 the Z-graded Lie superalgebra Hj (V)
is transitive, i.e. if P € 7-[';(, k > 0, is such that [P, 7—[;{1] =0, then P = 0.
Hence, due to transitivity, the representation of H° on ’HI_(I = Zgl is faithful.
Identifying Zgl ~ Z, we can therefore view 1}, as a subalgebra of the Lie
algebra gl(Z) = glyg. Recall, from Theorem 3.5 that H9 ~ A% consists of
elements of the form @ = (Z] P (0)u )ZGI € V¢, where P(9) = (Pij(a))z‘el
is an £ x £ matrix differential operator of order at most N —1 solving equation
B23). Moreover, by ([BI3)), the bracket of an element Q € HY as above
and an element C' € Z! = 7—[[}1 C V/OV, is given by

oC oC

Hence, by the identification (4.3)), the correspondlng action of @ € HY% on

ZC ]:é is simply given by the standard action of the ¢ x ¢ matrix differential
operator P(9) on F*. By Lemmas[5.2land [F.3]and by Proposition[535, (|- )%
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is a nondegenerate symmetric bilinear form on Z, and by Lemma [5.4] it is
invariant with respect to this action of ) € ’H?{ on Z. Hence, the image of
HY- via the above embedding HY — gl(Z), is a subalgebra of so(Z, (-]-)%).
Due to transitivity of the Z-graded Lie superalgebra H{ (), it embeds in the
full prolongation of the pair (Z, so(Z, (- >(}()), which, by Proposition 2.2] is
isomorphic to H (N?,S), where S is the N/ x N{ matrix of the bilinear form
(-|)%, in some basis. By Theorem 3.5, dime Hk = (,ﬁé), which is equal
to dime H (N0, S). We thus conclude that the Z-graded Lie superalgebras
H3 (V) and H(NY,S) are isomorphic.

Remark 5.6. The same arguments as above show that, without any as-
sumption on the algebra of differential functions ¥V and on the differen-
tial field F (with subfield of constants C), and for every Hamiltonian op-
erator K (not necessarily quasiconstant nor with invertible leading coeffi-
cient), we have an injective homomorphism of Z-graded Lie superalgebras
He-(V)/EHS (V) — W (n), where n = dime(H ).

6. TRANSLATION INVARIANT VARIATIONAL POISSON COHOMOLOGY

_In the previous sections we studied the variational Poisson cohomology
H? (V) in the simplest case when the differential field of quasiconstants
F C V is linearly closed. In this section we consider the other extreme case,
often studied in literature — the translation invariant case, when F = C.

6.1. Upper bound of the dimension of the translation invariant
variational Poisson cohomology. Let V be a normal algebra of differen-
tial functions, and assume that it is translation invariant, i.e. the differential
field F of quasiconstants coincides with the field C of constants. Let K (0)
be an ¢ x ¢ matrix differential operator of order N, with coefficients in
Matyy(C), and with invertible leading coefficient K.

For k > —1, denote by HF the space of arrays (PZO,k (Noy-es )‘k))io,...,z’kel
with entries P, i, (Ao,...,Ax) € C[Xo, ..., Ag], of degree at most N — 1 in
each variable, which are skewsymmetric with respect to simultaneous permu-
tations of the indices iy, ..., i, and the variables Ao, ..., A (in the notation
of [DSK1T], H* = ﬁlg’_ol). In particular, H~! = C. Note that, for k > —1,

we have

. s NE
(6.1) dime H _<k:+1 .

The long exact sequence [DSK11l eq.(11.4)] becomes (in the notation of
the present paper):
B-1 ,,—1 7-1 750 ao_ .50 Bo
0=+C—Hgy —H —H — ...

(6'2) Ye-1 5k k. 7k Bk ko Ve ATkl Y%+l ka1 Brta
co S HE S HE S Hy S W S 1R S
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For every k > —1, we have dim¢(H%.) = dime (Ker ;) + dime (Im 7). By
exactness of the sequence (6.2)), we have that dime (Im 7)) = dime (Ker ag11),
and dime(Kerv,) = dime(Im 8;). Moreover, dime(Imf5_1) = 1 and, for
k > 0, we have, again by exactness of (6.2]), that dim¢(Im i) = dime HE —
dime (Ker ) = dime H* — dime (Im o) = dime (Ker a,). Hence, using (@1
we conclude that

(6.3) dime(Hy') =1+ dime(Kerag) < NC+ 1,
and, for k > 0 (by the Tartaglia-Pascal triangle),

(6.4) dime (HY ) = dime (Ker ay,) + dime (Ker 1) < @E :21) :

<

|

Recalling equation @), we have H ' = 2! = {[f € V/OV | K(9)2
0}. By LemmaEZ(b) we have a surjective map % : "yt — Ker (K(0)
Recall that, if V is a normal algebra of differential functions, we
Ker (% : V = V) = C+ 0V [BDSK09]. It follows that Ker (%‘H;{l

0)-
a

Ea &
S
a

S—
I

Ker (%|V/3V) ~ C. Therefore,
Hl = [Co {JuA| A € Ker(Ky) cC'},
where, u = (u1,...,us), and Ko = K(0) is the constant coefficient of the

differential operator K (9). Hence,
(6.5) dime(H") = 1+ dime(Ker Ko) = 1+ £ — tk(Kp) .

In conclusion, the inequality in (6.3) is a strict inequality unless K (9) has or-
der 1 with Ko = 0, i.e. K(9) = S0, where S € Matyy¢(C) is a nondegenerate

matrix.

Remark 6.1. The map ay, : H* — HF can be constructed as follows [DSKT1].
Let P = (Pio,n-,ik (/\0, . ’Ak))io,...,ikel be in Hk, i.e. Pio7...,ik ()\0, e ,/\k) are
polynomials of degree at most N — 1 in each variable \; with coefficients
in C, skewsymmetric with respect to simultaneous permutations in the in-
dices 1ig,...,i; and the variables Ag,..., ;. Then, there exist a unique
R _ 7k .
element ay(P) := R = (Riov"'vik()‘o”"’)\k))io,...,ikel € H" and a (unique)
array Q = (ijilv~~~vik()‘1””’)‘k))j,il,...,ikel’ where Qi i (A1,...,\) are
polynomials of degree at most N — 1 in each variable, with coefficients in
C, skewsymmetric with respect of simultaneous permutations of the indices

i1,...,1 and the variables A1, ..., Ag, such that the following identity holds
in C[)\o, e ,)\k]:

()\0 _|_ PRPa + Ak)'PZO77Zk ()\07 - ,Ak) — Ri07___7’ik ()\07 e 7Ak)
k

(6.6) FY TR e (o S oK (M)

a=0 jel
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Hence, Ker(ay) is in bijection with the space X of arrays @ as above,
satisfying the condition:

Z(—l)O‘ZQj .2 Q0 M) K (M) € (Mo -+ + A)C[A - A
a=0 jer U

For example, g = {Q e ¢t ‘ K{;F Q = 0}, hence its dimension equals
dime (Ker ag) = dim(Ker Ky) = ¢ — rk(Kp) (in accordance with (6.5))). Fur-
thermore, 1 consists of polynomials Q(\) with coefficients in Matyy,(C), of
degree at most N — 1, such that

KT(=0)Q(M\) = QT(-NK(N).

Remark 6.2. It is clear from Remark that, while in the linearly closed
case, the Lie superalgebra #HJ,()) depends only on ¢ and the order N of
K(0), in the translation invariant case F = C the dimension of H% (V)
depends essentially on the operator K (0). Hence, in this sense, the choice
of an algebra V over a linearly closed differential field F seems to be a more
natural one. This is the key message of the paper.

In the next section we study in more detail the variational Poisson co-
homology ’HI;{, and its Z-graded Lie superalgebra structure, for a “hydr-
dynamic type” Hamiltonian operator, i.e. for K(9) = S0, where S €
Matyw¢(C) is nondegenerate and symmetric.

6.2. Translation invariant variational Poisson cohomology for K =
S0. As in the previous section, let V be a translation invariant normal
algebra of differential functions, with field of constants C (which coincides
with the field of quasiconstants). Let S € Matyy,(C) be nondegenerate and
symmetric, and consider the Hamiltonian operator K(9) = S0.

For k > —1, we denote by A**! the space of skewsymmetric (k 4 1)-
linear forms on CY, ie. the space of arrays B = (bio,---vik)io g€l to-
tally skewsymmetric with respect to permutations of the indices zjo, e g
For k > 0, we also denote by Agﬂ the space of arrays of the form A =

(anl7...7ik)j,i1,m,ik€p which are skewsymmetric with respect to permutations

of the indices i1, ...,17, and which satisfy the equation
E Si0,j Ajyi ig..yipy = E :aj,io,imm,iksj,h .
JeI Jjel

Clearly, dimc(AgH) = dime (AFH) = (kil) for every k > —1. For example,
A0 =, AL = AT =’ A2 is the space of skewsymmetric ¢ x ¢ matrices over
C, and

A% = {A € Mat 1(C) | ATS + 54 =0} =s0(¢,5).

Given A = (aj,io,m,ik) € A]§+2, we denote

3510, ik €1

e . .. . Uar
uA = (ZuJaJﬂO,---ﬂk)io,...,ikel € W™ .
jel
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Let A* =@, A¥ where
AF = A @ lud| A e AEPY cWper | k> -1

Theorem 6.3. Let V be trnslation invariant normal algebra of differential

functions, and let K(0) = S0, where S is a symmetric nondegenerate { x £

matriz over C. Then:

(a) A® is a subalgebra of the Z-graded Lie superalgebra Z3.(V), complemen-
tary to the ideal B} (V). In particular, we have the following decompo-
sition of Zf{ i a direct sum of vector spaces over C:

zr = A @ B
(b) We have an isomorphism of Z-graded Lie superalgebras (cf. Secction
22):
HS(V) = A~ H({+1,5),
where S is the (£+1) x (£+ 1) matriz obtained from S by adding a zero
row and column. In particular, dime(H%) = (,l;lz)

Proof. For B € A*! we obviously have dx B = 0. Moreover, it is immediate
to check, using the formula ([BI9) for 0k, that, if A € A]§+2, then dx (uA) =
0. Hence, A* C Zf( for every k > —1. Next, we compute the box product
(BI0) between two elements of A®. Let B @ uA € AP @uAit? = AP and
D @ uC € A=+t @y T2 = gk=h We have BOD = 0, uAOD = 0,
moreover, BOuC € A*1 ¢ A% and uACuC € uAIgJr2 C A are given by
(6.7)

(B‘:LLLC’)ZO,,Z]C = Z Slgn(o-) Z bj7io'(k7h+1)7"'7io'(k)ijio'(())w"vio'(kfh) )

O'EShyk jel
(UADUO)Z(),,Zk = Z Slgn(o-) Z uiaiujvio'(kfh«%l)7"'7io'(k)cj7io'(0)7~"7io'(k7h) :
O'EShyk i€l

We thus conclude that A® = @, A¥ is a subalgebra of the Z-graded Lie
superalgebra Z*(V) C WY (11V).

Since S_1 k41 = 0, we have that A~10.A° = 0. Moreover, S_1 x4+1 = {1}.
Hence, for d® uC € CHuCl = A~! and B@ud € AFH1 ¢ uA]gJr2 = A*, we
have

(B ®uA,d®uC] = BO(uC) @ (uAluC) € AF @ uAlbt! = A1

with entries

[B7 UC]Zly '7i (BDUO Z17 Sl T Z b.y 7‘17 ’ch‘y )
(6.8) Jel
[UAqu]i1,~~~,ik (UADUC Sl T Z Wi @i j,iq,...,1Cj -
i,jel

It is clear, from formula (€.8), that [B @ uA,uC] = 0 for every C € C*
if and only if A = 0 and B = 0. Hence A°® is a transitive Z-graded Lie
superalgebra.
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Since [Blf{, Zl_{l] =0, it follows, in particular, that A* N B’f{ = 0 for every
k > —1. Hence A* coincides with its image in H¥.(V), and A® can be viewed
as a subalgebra of the Z-graded Lie superalgebra 3. (V). Therefore (by the
Tartaglia-Pascal triangle) dime ’Hlf{ > dime AF = (ﬁié) Since, by (6.4,
dim¢e ’H]}( < (iié), we conclude that all these inequalities are equalities, and
that H®*(V) ~ A® are isomorphic Z-graded Lie superalgebras.

To conclude, in view of Proposition 2.2] we need to prove that A°® is the
full prolongation of the pair (C“*!, so(¢+1, 5), where S is the (¢41) x (£+1)
matrix obtained adding a zero row and column to S. We have C‘*! = CaCt,
and

~ T
m@+L$:{<8Zi)‘Beﬂ,Aew@&}zﬂ@aMﬁ%

with the Lie bracket of B @ A € C* @ so(¢,S) and d ® C € C & C* given by
(6.9) [B+A,d+C)=B-CaACeCaC.

By definition, we have A% = A' ® uA% = C* @ u - so(¢, S), and the action
of BouA € Ct@®u-so(l,S) ondduC € CduCt = AL, given by (63,
is [B®uA,d®uCl; = B-C ®uAC. Namely, in view of (6.9)), it is induced
by the natural action of so(f + 1,5) ~ C! & so(f,S) on C & C’. Hence,
AT A~ (CacH) @ (Ct @so(n,S)). Since A® is a transitive Z-graded Lie
superalgebra, it is a subalgebra of the full prolongation of (C**1, so(£+1, S ).

On the other hand, by Proposition 22 the full prolongation of (C*+, so(¢+
1,5) is isomorphic to H(¢ + 1,5), and dime H(¢ + 1,5) = 20t1 — 1 =
S s dime A*. Hence, A® must be isomorphic to H (0+1, S ), as we wanted.

U

Corollary 6.4. Under the assumptions of Theorem[6.3, the essential vari-
ational cohomology EHY (V) is zero.

Proof. It immediately follows from the transitivity of the Z-graded Lie su-
peralgebra H$ (V). O

Remark 6.5. If S is a nondegenerate, but not necessarily symmetric, ¢ x ¢
matrix, we still have an isomorphism of vector spaces H¥. ~ A¥ but H3 (V)
is not, in general, a Lie superalgebra.

Remark 6.6. The description of H%(V), as a vector space, for K = S0 with
S symmetric nondegenerate matrix over C, agrees with the results of S.-Q.

Liu and Y. Zhang [LZ11], [LZ11p1].
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