MIT
Libraries | D>pace@MIT

MIT Open Access Articles

Renormalization of Critical Gaussian
Multiplicative Chaos and KPZ Relation

The MIT Faculty has made this article openly available. Please share
how this access benefits you. Your story matters.

Citation: Duplantier, Bertrand, Rémi Rhodes, Scott Sheffield, and Vincent Vargas.
“Renormalization of Critical Gaussian Multiplicative Chaos and KPZ Relation.” Commun. Math.
Phys. 330, no. 1 (April 4, 2014): 283-330.

As Published: http://dx.doi.org/10.1007/s00220-014-2000-6

Publisher: Springer-Verlag

Persistent URL: http://hdl.handle.net/1721.1/93185

Version: Original manuscript: author's manuscript prior to formal peer review

Terms of use: Creative Commons Attribution-Noncommercial-Share Alike

I I I .
I I Massachusetts Institute of Technology


https://libraries.mit.edu/forms/dspace-oa-articles.html
http://hdl.handle.net/1721.1/93185
http://creativecommons.org/licenses/by-nc-sa/4.0/

arXiv:1212.0529v3 [math.PR] 24 Sep 2013

Renormalization of Critical Gaussian Multiplicative
Chaos and KPZ Relation

BERTRAND DUPLANTIER' REMI RHODES! SCcOTT SHEFFIELD?
and VINCENT VARGAS?

September 26, 2013

Abstract

Gaussian Multiplicative Chaos is a way to produce a measure on R? (or subdomain
of R?%) of the form e?X @) dx, where X is a log-correlated Gaussian field and v € [0, \/ﬁ)
is a fixed constant. A renormalization procedure is needed to make this precise, since X
oscillates between —oo and oo and is not a function in the usual sense. This procedure
yields the zero measure when v = v/2d.

Two methods have been proposed to produce a non-trivial measure when v = v/2d.
The first involves taking a derivative at v = v/2d (and was studied in an earlier paper by
the current authors), while the second involves a modified renormalization scheme. We
show here that the two constructions are equivalent and use this fact to deduce several
quantitative properties of the random measure. In particular, we complete the study of
the moments of the derivative multiplicative chaos, which allows us to establish the KPZ
formula at criticality. The case of two-dimensional (massless or massive) Gaussian free
fields is also covered.

1. Introduction

In the eighties, Kahane [35] developed a continuous parameter theory of multifractal random
measures, called Gaussian multiplicative chaos. His efforts were followed by several authors
2,5, 7, 18, 21, 25, 53, 54, 57] coming up with various generalizations at different scales. This
family of random fields has found many applications in various fields of science ranging from
turbulence and mathematical finance to 2d-Liouville quantum gravity.
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Roughly speaking, a Gaussian multiplicative chaos on R? or on a bounded domain of R?
(with respect to the Lebesgue measure) is a random measure that can formally be written as:

M(dz) = X@=SEXEP] g (1)

where X is a centered Gaussian distribution and + a nonnegative real parameter. The situation
of interest is when the field X is log-correlated, that is when

K(zr,y) € EX(2)X(y)] = In + g(x,y) 2)

|z =y
for some bounded continuous function g. In this case, X is a Gaussian random generalized
function (ak.a. distribution) on R? that cannot be defined as an actual function pointwise.
Kahane showed that one can nonetheless give a rigorous definition to (1). Briefly, the idea is
to cut-off the singularity of the kernel (2) occurring at x = y, this procedure being sometimes
referred to as ultraviolet cut-off. There are several possible cut-off procedures. The cut-off
strategy we will use here is based on a white noise decomposition of the Gaussian distribution
X. In short, we will assume that have at our disposal a family (X;); of centered smooth enough
Gaussian fields with respective covariance kernels (K;); such that for s,¢ > 0

E[Xt(z)Xs(y)] = KtAs(za y) (3)

where the kernels (K;); are assumed to be increasing towards K and K(x,z) ~ t as t —
oo. This family (X;); of Gaussian fields approximates X in the sense that we recover the
distribution X when letting ¢ go to co. Having applied this cut-off, it is now possible to define
the approximate measure

M (dz) = @@= FEX@?] gy, (4)

The white noise covariance structure (3) ensures that the family (M), is a positive martingale,
so it converges almost surely. The measure M7 is then understood as the almost sure limit
of this martingale. The limiting measure M is non trivial if and only if 4* < 2d (see [35]).
Important enough, this construction is rather universal in the sense that the law of the limiting
measure M7 is insensitive to the choice of the cut-off family (X;); made to approximate X (see
[35, 57]). One may for instance smooth up the field X with a mollifying sequence (p;): to get
a cut-off family X; = X % p; by convolution and consider once again the associated measures
(4). Then one will get the same law for the limiting measure.

For 42 > 2d, the measure M V2 a5 defined by (1) thus vanishes, giving rise to the issue
of constructing non trivial objects for 42 > 2d in any other possible way. In this paper, we
pursue the effort initiated in [18] to understand the critical case when v? = 2d. It is shown in
[18] that the natural object at criticality is the derivative Gaussian multiplicative chaos, which
can be formally written as

M'(dz) = (V2dE[X (2)%] — X (z))eY2X@)~EX@?] gy (5)

It is a positive atomless random measure. It can be rigorously defined via cut-off approx-
imations in the same spirit as in (4). More precisely, the approximations are obtained by



differentiating (4) with respect to v at the value v* = 2d, hence the term “derivative”. Never-
theless, it is expected that derivative Gaussian multiplicative chaos at criticality, that is M’,
can be recovered via a properly renormalized version of (4). In this paper, inspired by analog
results in the case of Galton-Watson processes [32, 59] or branching random walks [1, 33], we
prove that

2
\/Eth(d:z) — \/;M'(d:z), in probability as t — co. (6)

This renormalization procedure is sometimes called Seneta-Heyde renormalization [1, 32, 59].
More precisely, we will first prove (6) for covariance kernels (2) that can be rewritten as

K(z,y) = /1+OO k(u(z —y)) du (7)

u

for some continuous covariance kernel k. Though not covering the whole family of kernels of
type (2), this family of kernels is quite natural since it possesses nice scaling relations (see
[2]) and are called star-scale invariant kernels. In this case, the covariance kernel K, of the
approximating field X; matches

t

Kio) = | Thule vy, ®)

u

Our main standing assumption is the compactness of the kernel k, which implies a decorre-
lation property for the fields (X;);, namely that the two process (X;is(x) — X4(x)); >0 and
(Xigs(w) — Xs(w))e > o are independent as soon as |z —w| = e~®. So this first step does not
allow us to treat the case of long range correlated Gaussian distributions, such as the impor-
tant class of two-dimensional free fields. Anyway, property (6) establishes the important fact
that the derivative multiplicative chaos appears as the limit of the natural renormalization of
the vanishing martingale (4) for 42 = 2d. Beyond this unifying perspective, this renormaliza-
tion approach to criticality is convenient to complete the description of the main properties
of the derivative Gaussian multiplicative chaos initiated in [18]. In particular, the Seneta-
Heyde renormalization turns out to be crucial for applying Kahane’s convexity inequalities at
criticality. Equipped with this tool, we complete the study of the moments of the derivative
multiplicative chaos and compute its power-law spectrum.

We then treat two-dimensional free fields in a second step. Our main argument is based
on a decomposition of free fields: they can be written as a sum of two parts, one smooth part
that encodes the long range correlations and another part (not necessarily independent) that
is logarithmically correlated at short scales, with a decorrelation property weaker than in our
first case. More precisely, this second part possesses a covariance kernel of the type

K(z,y) = /1 o), 9)

u

for some family (k(u,-)), of continuous covariance kernels. Hence the structure k(u,-) of
correlations at scale u now varies along scales. The corresponding cut-off family (X;); now
possesses the following decorrelation property: the two process (X;is(z) — X(x)); >0 and

3



(Xips(w) — Xg(w)); > o are independent as soon as |z —w| > e *s for some o > 0. This extra
polynomial term gives us a sufficient leeway to separate short from long range correlations. We
will prove the Seneta-Heyde renormalization (6) for the approximating measure th involving
a cut-off family for the kernel (9) as well, hence treating the free field case. We stress here that
this decomposition argument is not specific to free fields nor to dimension two, and thus may
be generalized if need be.

Studying the case of free fields is motivated by applications in 2d-Liouville quantum gravity.
Recall that the authors in [21] constructed a probabilistic and geometrical framework for
two dimensional Liouville quantum gravity and the KPZ equation [41], based on the two-
dimensional Gaussian free field (GFF) (see [15, 16, 17, 21, 27, 41, 50] and references therein
for physics considerations). It consists in taking X equal to the GFF in (1) and multiplying
the measure by a suitable power of the conformal radius, in the case of Dirichlet boundary
conditions in a bounded domain. The resulting measure, called the Liouville measure, is
conformally invariant (see [21, section 2]). In this context, the KPZ relation has been proved
rigorously [21, 56] (see also [9] in the case of Mandelbrot’s multiplicative cascades). This was
done in the standard case of Liouville quantum gravity, namely strictly below the critical value
of the GFF coupling constant v in the Liouville conformal factor, i.e, for v < 2 (the phase
transition occurs at 4% = 2d in dimension d, thus at v = 2 in two dimensions). Recall that the
parameter v is related to the so-called central charge ¢ of the conformal field theory coupled
to gravity, via the famous KPZ result [41]:

y=(/25—c—V1-¢)/V6, c<1.

The critical case v = 2 thus corresponds to the value ¢ = 1.
Our results extends this picture to the critical case v = 2, ¢ = 1 by constructing the Liouville
measure at criticality on a bounded domain D C R?

M'(dz) = (2E[X (2)?] — X (2))e*X@2BXEPI0 (2, D) du, (10)

where X is a GFF on D (say with Dirichlet boundary conditions) and C(x, D) the conformal
radius of D viewed from x. This construction is based on a white noise decomposition of the
GFF, and is also conformally invariant in spite of its atypical structure. Also, we complete the
description of the moments of the measure M’ and compute its power-law spectrum. These
properties lead us to achieve the proof of the KPZ relation at criticality, which strongly relies
on the Seneta-Heyde renormalization approach. Let us stress that by construction, this proof
is valid in any dimension and for any log-correlated Gaussian field for which one can prove a
critical Seneta-Heyde renormalization of the type (6).

Further remarks about atomic measures at criticality.

In dimension two, the Liouville quantum gravity measure on a domain D is sometimes
interpreted as the image of the intrinsic measure of a random surface M under a conformal
map that sends M to D. This type of “surface” is highly singular (not a manifold in the usual
sense). In certain limiting cases where the surface develops singular “bottlenecks”, one expects
the image measure on D to become an atomic measure. In a certain sense (that we will not
explain here), constructing these atomic measures requires one to replace v < 2 by a “dual
value” 4/ > 2 satisfying v+ = 4.



It is interesting to consider the analogous atomic measure in the critical case v = v = 2
and to think about what its physical significance might be. We believe that both the v = 2
measures (treated in this paper) and their v/ = 2 “atomic measure” variants (see below) have
been studied in the physics literature before. However, when reading this literature about
~v = v = 2 Liouville quantum gravity, it is sometimes difficult to sort out which physical
constructions correspond to which mathematical objects. The remainder of this subsection
will give a brief history of these constructions and their relationship to the current work. This
discussion may be safely skipped by the reader without specific background or interest in this
area.

The issue of mathematically constructing singular Liouville measures beyond the phase
transition, namely for v > 2, and deriving the corresponding (non-standard dual) KPZ relation
has been investigated in [6, 19, 22|, giving the first mathematical understanding of the so-called
duality in Liouville quantum gravity (see [3, 4, 14, 20, 23, 34, 38, 39, 40, 44] for an account of
physics motivations). It thus remains to complete the mathematical Liouville quantum gravity
picture at criticality, i.e. for v = 2. From the physics perspective, Liouville quantum gravity at
criticality has been investigated in [12, 28, 29, 30, 31, 36, 39, 42, 43, 45, 51, 52, 61]. The reader
is also referred to [18] for a brief summary about the physics literature on Liouville quantum
gravity at criticality. The Liouville measure at criticality presents an unusual dependence on the
Liouville field ¢ (equivalent to X here) of the so-called “tachyon field” T'(¢) o ¢ €2# [36, 39, 52].
Its integral over a “background” Borelian set A generates the quantum area A = [ AT (p)dz,
that we can recognize as the formal heuristic expression for the derivative measure (5). The
possibility at criticality of another tachyon field of the atypical form T'(¢) o €** nevertheless
appears in [31, 36, 40]. This form seems to heuristically correspond to a measure of type (1)
(which actually vanishes for v = 2). At first sight, our result (6) here then seems to suggest
that, up to the requested renormalization (6) of (1), the atypical tachyon field would actually
coincide with the usual ¢ e?# tachyon field.

However, this atypical tachyon field e** in Liouville quantum gravity has been associated
to another, non-standard, form of the critical ¢ = 1,y = 2 random surface models. Indeed, the
introduction of higher trace terms in the action of the ¢ = 1 matrix model of two-dimensional
quantum gravity is known to generate a new critical behavior of the random surface [31, 36,
39, 61], with an enhanced critical proliferation of spherical bubbles connected one to another
by microscopic “wormholes”.

In order to model this non-standard critical theory, it might be necessary to modify the
measures introduced here by explicitly introducing “atoms” on top of them, using the approach
of [6, 19, 22| for adding atoms to v < 2 random measures M” in the description of the dual
phase of Liouville quantum gravity. The “dual Liouville measure” corresponding to v < 2
involves choosing a Poisson point process from 1~ *"tdnM"(dx), where a = 7?/4 € (0,1),
and letting each point (7, x) in this process indicate an atom of size n at location z. When
v =2 and o = 1, we can replace M7 with the derivative measure M’ (5) (i.e., the limit (6)),
and use the same construction; in this case (since a = 1) the measure a.s. assigns infinite
mass to each positive-Lebesgue-measure set A € B(R?). It is nonetheless still well-defined
as a measure, and all of its (infinite) mass resides on a countable collection of atoms, each
with finite mass. Alternatively, one may use standard Lévy compensation (intuitively, this



amounts to replacing an “infinite measure” with an “infinite measure minus its expectation”,
interpreted in such a way that the result is finite) to produce a random distribution whose
integral against any smooth test function is a.s. a finite (signed) value. One may expect
that this construction yields the continuum random measure associated with the non-standard
¢ = 1,7 = 2 Liouville random surface with enhanced bottlenecks, as described in [31, 36, 61],
thus giving a mathematical interpretation to the (formal) tachyon field € that differs from
the renormalized measure (6).

Organization of the paper. In Section 2, we introduce the so-called star-scale invariant
kernels. We recall the main theorems concerning the construction of the derivative multiplica-
tive chaos in Section 3 as stated in [18]. In Section 4, we state the Seneta-Heyde renormalization
for star-scale invariant kernels and its consequences as moment estimates or power law spec-
trum of the derivative multiplicative chaos. In Section 5, we explain how to derive the KPZ
formula at criticality from these moment estimates. Finally we extend these results to Gaussian
free fields in Section 6. The appendix is devoted to the proofs.

Acknowledgements: The authors wish to thank the referees for their careful reading of
the manuscript, which helped to improve significantly the final version of this paper.

2. Setup

2.1 Notations

For a Borelian set A C R B(A) stands for the Borelian sigma-algebra on A. All the con-
sidered fields are constructed on the same probability space (2, F,P). We denote by E the
corresponding expectation. Given a Borelian set A C R? we denote by A¢ its complement
in R?.  The relation f < ¢ means that there exists a positive constant ¢ > 0 such that
c L f(z) < g(x) < cf(x) for all z.

2.2 «-scale invariant kernels

Here we introduce the Gaussian fields that we will use in the main part of the paper. We
consider a family of centered stationary Gaussian processes ((X¢(x)),cra): >0 Where, for each
t > 0, the process (X;(z)),cre has covariance given by:

t

Ki(z) = E[X,(0) X (x)] = /1 “ k(uz)

u

du (11)

for some covariance kernel k satisfying k(0) = 1, Lipschitz at 0 and vanishing outside a compact
set. Actually, this condition of compact support is the main input of our assumptions. It may
be skipped in some cases: this will be discussed in section 6 together with the section of
associated proofs D.

We also assume that the process (X;(x) — X(7))zere is independent of the processes
((Xu(:c))xeRd)u<S for all s < t. In other words, the mapping t +— X,(-) has independent

increments. As a byproduct, for each x € R%, the process t — X;(z) is a Brownian motion.
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Such a construction of Gaussian processes is carried out in [2]. For v > 0, we consider the
approximate Gaussian multiplicative chaos M; (dx) on R%:

M; (d) = %@~ T EX @] gy (12)

It is well known [2, 35] that, almost surely, the family of random measures (M)~ weakly
converges as t — oo towards a random measure M7, which is non-trivial for 42 < 2d. The
purpose of this paper is to investigate the phase transition, that is v* = 2d. Recall that we
have [18, 35]:

Proposition 1. For ? = 2d (and also for 4* > 2d), the standard construction (12) yields a
vanishing limiting measure:

tlim M, (dx) =0 almost surely. (13)
—00

One of the main purposes of this article is to give a non trivial renormalization of the family

(th)t. We stress that a suitable renormalization should yield a non trivial solution to the
lognormal star-equation:

Definition 2. Log-normal %-scale invariance. A random Radon measure M is said to be
lognormal *-scale invariant if for all 0 < e < 1, M obeys the cascading rule

(M(A)) seman 2 ( /A O M (dr))) 4oz (14)

where w. is a stationary stochastically continuous Gaussian process and MF® is a random mea-
sure independent from w. satisfying the scaling relation

A

law
AEB[RY) (M(_>)A€B(Rd)' (15)

(v (4) :

The set of relations (14)+(15) will be referred to as *-equation. O

Let us mention that the authors in [2] have proved that, for ¥* < 2d, the measure M is
lognormal *-scale invariant with

we(r) = ’}/Xln%(r) + (7; +d)Ine, (16)

where X1 is the Gaussian process introduced in (11). Furthermore this scaling relation still
makes perfect sense when the scaling factor w; is given by (16) for the value 4* = 2d. Therefore,
to define a natural Gaussian multiplicative chaos with respect to a %x-scale invariant kernel at
the value 72 = 2d, one has to look for a solution to this equation when the scaling factor
is given by (16) with 42 = 2d and conversely, each random measure candidate for being a
Gaussian multiplicative chaos with respect to a x-scale invariant kernel at the value 2 = 2d
must satisfy these relations. In [18], a non trivial solution has been constructed, namely the

derivative multiplicative chaos. Since it is conjectured that all the non trivial ergodic solutions
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to this equation (actually we also need to impose a sufficient decay of the covariance kernel of
the process we, see [2] for further details) are equal up to a multiplicative factor, it is expected
that a non trivial renormalization of the family (th)t converges towards the derivative
multiplicative chaos. Proving this is the first purpose of this paper. The second purpose is to

prove that the derivative multiplicative chaos satisfies the KPZ formula.

Remark 3. As observed in [18], we stress that the main motivation for considering x-scale
mvariant kernels is the connection between the associated random measures and the x-equation.
Newvertheless, we stress here that our proofs straightforwardly adapt to the important exact scale
invariant kernel K (z) = In |71| constructed in [5, 54] in dimension 1 and 2. Why onlyd =1 or
d = 27 First because this kernel is positive definite only for d < 3. Second, because a suitable
white noise approximation is known only for d < 2. Variants are constructed in any dimension
in [54] but they do not possess any decorrelation property for d > 3.

3. Derivative multiplicative chaos

A way of constructing a solution to the x-equation at the critical value v? = 2d is to introduce
the derivative multiplicative chaos M/(dx) defined by:

M!(dz) = (V2dt — X,(z))e"2Xe@)~dEX @) g

It is plain to see that, for each open bounded set A C RY, the family (M](A)); is a martingale.
Nevertheless, it is neither nonnegative nor regular. It is therefore not obvious that such a family
converges towards a (non trivial) positive limiting random variable. The following theorem has
been proved in [18]:

Theorem 4. For each bounded open set A C R, the martingale (M](A)); >0 converges al-
most surely towards a positive random variable denoted by M'(A), such that M'(A) > 0 almost
surely. Consequently, almost surely, the (locally signed) random measures (M;(dx)): >0 con-
verge weakly as t — oo towards a positive random measure M'(dx). This limiting measure has
full support and is atomless. Furthermore, the measure M' is a solution to the x-equation (14)

with v = v/2d.

4. Renormalization

The main purpose of this paper is to establish that the derivative multiplicative chaos can be

seen as the limit of a suitable renormalization of the family (th)t-

Theorem 5. The family (\/fth)t converges in probability as t — oo towards a non trivial
limit, which turns out to be the same, up to a multiplicative constant, as the limit of the
derivative multiplicative chaos. More precisely, we have for all bounded open set A:

2
VIMY?(A) — \/;M'(A), in probability as t — oo.



The main advantage of this renormalization approach is to make the derivative multiplica-
tive chaos appear as a limit of integrals over exponentials of the field: this is useful to use
Kahane’s convexity inequality (see (16)). We can then prove:

Corollary 6. The positive random measure M'(dx) possesses moments of order q for all g < 1.
Furthermore, for all ¢ > 0 and every non-empty bounded open set A, we have

thIiE [(my} < +00.

Actually, only the first part of the above corollary directly results from Kahane’s convexity
inequalities via comparison to multiplicative cascades where similar results are proved [33, 8].
The second point concerning the supremum is highly non trivial: though we know that the

limit of the family (\/fth(A))t, namely M’ possesses negative moments of all order, it is
not obvious to transfer this statement to the family (vVEM,??(A)), with a help of a simple

conditioning argument, mainly because (vZM,'??(A)), is not a martingale.
We can then determine the power law spectrum of the random measure M':

Corollary 7. The power law spectrum of the random measure M’ is given for 0 < g <1 by

&(q) = 2dq — dg®. (17)
More precisely, for all ¢ < 1, we may find a constant Cy such that for any bounded open subset
A of R4:
E[M'(AA)Y] < C @ as X — 0.

5. KPZ formula

In this section, we investigate the KPZ formula for the derivative multiplicative chaos. The
KPZ formula is a relation between the Hausdorff dimensions of a given set A as measured
by the Lebesgue measure or M’. So we first recall how to define these dimensions. Given an
atomless Radon measure p on R? and s € [0, 1], we define

H2(A) = inf { 3 u(By)*)

where the infimum runs over all the coverings (By), of A with closed Euclidean balls (non
necessarily centered at A) with radius r, < 6. Clearly, the mapping § > 0 Hi’5(A) is
decreasing. Hence we can define the s-dimensional p-Hausdorff measure:

s : 8,0
H;(A) =lim H}°(A).

§—0

The limit exists but may be infinite. H? is a metric outer measure on R? (see [24] for defi-
nitions). Thus H}, is a measure on the o-field of H;-measurable sets, which contains all the
Borelian sets. The py-Hausdorff dimension of the set A is then defined as the value

dim,(A) = inf{s > 0; H,;(A) = 0}. (18)

9



Notice that dim,(A) € [0,1]. Since p is atomless, the Hausdorff dimension is also characterized
by:
dim,(A) = sup{s > 0; H;(A) = +oo}. (19)

This allows to characterize the Hausdorff dimension as the threshold value at which the map-
ping s+ H;(A) jumps from +oo to 0.

In what follows, given a compact set K of R, we define its Hausdorff dimensions dim e, (K)
and dim,; (K') computed as indicated above with p respectively equal to the Lebesgue measure
or M’ which is possible as they both do not possess atoms. So, a priori, the value of dim; (K)
is random. Nevertheless, a straightforward 0—1 law argument shows that dim . (K) is actually
deterministic. We reinforce this intuition by stating:

Theorem 8. (KPZ at criticality 72 = 2d). Let K be a compact set of RY. Almost surely,
we have the relation

§(dimpy (K))
d

Remark 9. Let us stress that our proof also allows us to choose K random but independent
of the measure M’.

dimLeb(K) = = QddlmM/(K) — ddlIIlM/(K)2

5.1 Heuristics and open questions on the KPZ formula

Here, we give a direct heuristic derivation of Theorem 8 in order to give a quick intuitive idea
of why Theorem 8 is valid, to enlighten the idea behind the proof of Theorem 8, which involves
introducing very particular Frostman measures, and to develop open questions which can be
seen as generalizations or complements to Theorem 8.

In fact, we will work in the subcritical case v* < 2d (a similar heuristic can be derived
for the case 7> = 2d). Recall that lognormal x-scale invariance for M7, defined by (1) with
7% < 2d, amounts to the following equivalent:

72

MY (B(x,1)) ~ rle im0

3=

where ~ denotes that both quantities are equal up to multiplication by a random factor of
order 1 which does not depend on r (note that the random factor depends on z). If we set

&(s) = (d+ g)s — §52, it is thus tempting to write the following equivalents for a set K:

Hyp, (K) = lim inf { > MY (B(xg, i)', K C UiB(g, i), |ril < 6}
k

2
d FYXIHL(Z‘IC)_L In

~liminf { Y (rfe " TR K C UpB(ag, ), el <6}

6—0
k
sYX), 1 (mk)_# n £4(s)
. . n — T S
:(lsl_r%mf{;e "k P K C U B(ag, ), |l < 5}

32 2 s
N/ est(r)—%E[X(w)z}Hizg )/d(dx),
K
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where the last term is a Gaussian multiplicative chaos applied to the Radon measure A E”eés)/ d(K N
dx) (at least if H?egf)/ 4(K) < 00). These heuristics show that the quantum Hausdorff measure

s2~2 s k
H3,, should not be too far from [ e X@= EX@)* 594 (42) (though up to possible loga-
rithmic corrections). In particular, Hj,,(K) is of order 1 if and only if Hizgs)/ Y(K) is of order
5242 s . . .
1. Note that the e X@)—% E[X(:”WHi”eg )/ d(da:) measure appears in the physics literature on
KPZ in the so-called “gravitational dressing” (see, e.g., [27]). Naturally, one can ask to what

extent the above heuristics can be made rigorous.

6. Case of two dimensional Free Fields

We will show in this section that analogous results can be proved in the case where X is the
GFF on a bounded domain D C R? or the Massive Free Field (MFF) on R?. Proofs are
gathered in section D.

6.1 Gaussian Free Field and Liouville measure at criticality

Consider a bounded open domain D of R2. Formally, a GFF on D is a Gaussian distribution
with covariance kernel given by the Green function of the Laplacian on D with prescribed
boundary conditions (see [60] for further details). We describe here the case of Dirichlet
boundary conditions. The Green function is then given by the formula:

Gp(z,y) = W/OOOpD(t,x,y)dt (20)

where pp is the (sub-Markovian) semi-group of a Brownian motion B killed upon touching the
boundary of D, namely
pD(t,l',y) = Px(Bt € dya TD > t)/dy

with Tp = inf{t > 0, B, € D}. The presence of the factor 7w in (20) corresponds to the
normalization (2) for Gp(xz,y). The most direct way to construct a cut-off family of the GFF
on D is then to consider a white noise W distributed on D x R, and to define:

X)) =v7r [ poE

5T y)W (dy,ds).
DxR4

One can check that E[X ()X (/)] = 7 [ pp(s,x,2') ds = Gp(x,2). The corresponding cut-
off approximations are given by:

Xt(z) = \/% pD(f>$ay)W(dy>d8)'

Dx[e=2t 00| 2
We define the approximating measures

ME(dZE’) — 62Xt(x)—2Var[Xt(x)2} dr

11



and
M!(dz) = (2Var[X,(z)?] — X, (z))e>Xe@=2VarlXe@)?] g (21)

where Var(X) stands for the variance of the random variable X. We claim:
Theorem 10. The family of random measures (M{(dx)); almost surely weakly converges as

t — oo towards a non trivial positive and atomless random measure M', which can also be
obtained as

2
Vit M2(dz) — \/;M’(dx), in probability as t — co.

Let us now introduce the conformal radius C'(x, D) at point x of a planar bounded domain

D, defined by
1

o' ()]

where ¢ is any conformal mapping of D to the unit disc such that ¢(x) = 0.

C(z,D) :=

(22)

Definition 11. (Liouville measure at criticality). The Liouville measure at criticality is
defined as (we add the superscript X, D to explicitly indicate the dependence on the free field
X and the domain D)

M*P(dz) = O(x, D)*M'(dx), (23)

where C(x, D) stands for the conformal radius at point x of the planar bounded domain D.

Remark 12. The presence of the conformal radius is more easily understood if one wishes
to renormalize the family of measures (e*¥*®) dx), with a deterministic renormalizing family.
Then we can write

\/ge—2t€2Xt(x) dr — \/Ze2Var[Xt(:c)2]—2t 2%t () —2Var[X:(z ]dx

By observing that the family (Var[X,(x)?] —t); converges uniformly on the compact subsets of D
towards the conformal radius In C(z, D) (see [21, section 2] for circle average approzimations
and [46, section 6] in this context) and that the remaining part is nothing but /tM2(dx), it is
then plain to see that the family (v/te=2'e***®) dx), weakly converges towards M*P , up to the

deterministic factor \/2/7.

One of the most important properties of Liouville quantum gravity is its so-called conformal
covariance, stated as Theorem 13 below. Given another planar domain D and a conformal
map ¢ : D — D, we will denote by X’ the (non necessarily centered) GFF on D defined by

X(2) = X op(x) + 2In [/ ().

Observe that the family (X;(¥(z))): is a cut-off approximation of X o 1) admitting a white

noise decomposition. The measure M*P(dz) on D is then understood as the limit as t — oo
of the martingale:

M () = (2Var[ X, ab(a) ]~ X, () ~2 I [ (1) ) 204 -2l X O g, B2

We claim:

12



Theorem 13. (Conformal 1nvar1ance) Let v be a conformal map from a domain D toD
and consider the GFF X defined by X = X o ¢ + 21n |[¢'| on D. Then MXP is almost surely
the image under 1 of the measure M~? on D. That is, M~ D(A) MXP(p(A)) for each
Borel measurable A C D.

The reader is referred to [21, section 2] for further references and explanations concerning
invariance under conformal reparameterization in 2d-Liouville quantum gravity.
From Kahane’s convexity inequalities and Corollaries 6+7, we deduce:

Corollary 14. 1) For all set A C D such that dist(A, D¢) > 0 and for all ¢ < 1, the random
variable M*P(A) admits a finite moment of order q.
2) The power law spectrum of the random measure MXP is given for 0 < q <1 by

&(g) = 49 — 2¢°. (24)
More precisely, for all ¢ <1 and all x € D, we may find a constant C, such that:
E(M*P(B(z,r))Y < Cr¥@  asr — 0.

We further stress that Kahane’s convexity inequalities allows us to show that for all set
A C D such that dist(A, D¢) > 0 and for all ¢ < 1, the random variable M*"(A) admits a
moment of order q.

Finally we claim:

Theorem 15. (KPZ at criticality v = 2). Let K be a compact set of D. Almost surely, we
have the relation
dimLeb(K) =4 dimMX,D(K) -2 dimMX,D(K)2.

6.2 Massive Free Field

We give here a few explanations in the case of the whole-plane MFF on R? with mass m?.

The whole-plane MFF is a centered Gaussian distribution with covariance kernel given by the
Green function of the operator 2m(—/A + m?)~! on R?, i.e. by:

\»"0 y\2 du

o0 m2
Vo, y € R%, Gp(z,y) = / e 2" : (25)
0 2u
The real m > 0 is called the mass. This kernel can be rewritten as
+oo k _
Gl y) = / ki (u(z —y)) du. (26)
1 U
for some continuous covariance kernel k,, =1 f 25 2°=5 du. G, 1s therefore a x-scale

invariant kernel as described in subsection 2 2 so we stick to the notations of this section. The
point is that k,, is not compactly supported. Yet all the results of this paper apply to the
MFF with cut-off approximations given by (11). Proofs are given in Section D.

13



6.3 Further remarks on the maximum of the discrete GFF

By analogy with the star-scale invariant case, we conjectured in a first version of this paper
that the (properly shifted and normalized) law of the maximum of the discrete GFF (in a
domain D) on a lattice with mesh ¢ going to 0 converges in law to the sum of In M’(D) and
an independent Gumbel variable (up to some constant c: see also our conjecture 12 in [18]).
A few months after this first version, a series of breakthroughs occured on the aforementioned
problem. The work [11] establishes convergence of the maximum of the discrete GFF in a
bounded domain (the framework adopted in this work is that of a discrete GFF with Dirichlet
boundary conditions in a domain D on a grid of size € going to 0). Building on this work, the
work [10] obtained the joint convergence in law of the local maxima and the height of these
maxima to a Poisson Point Process of the form Z(dx) x e~2"dh where Z is a random measure.
(Here we adopt the convention, different from theirs, that the discrete field at scale € has a
variance of order In1.) Looking at the expression of Z obtained in [10] (which is written as a
limit of the product of C'(z, D)? by an expression of the form (21), where X; is a regularized
GFF obtained by a cut-off procedure different from the one considered in this manuscript),
leads to the conclusion that the random measure Z should coincide with the Liouville measure
at criticality defined by (23) (up to some multiplicative constant). In order to show that
that is indeed the case, one must show a universality result similar to [57] in the derivative
multiplicative chaos setting, which then implies universality of the law of the maximum of the
GFF on isoradial graphs (see for instance [13] for a definition and useful estimates). The fact
that the conformal radius appears in the limit is due to the fact that the field is non stationary
and feels the boundary: more precisely, the GFF has smaller fluctuations as one approaches
the boundary. One way to get rid of this effect is to consider the following shifted maximum:

sup X (z) — 21n1 —InC(z,D) + §lnln1
z€A € 4 €
where A is some subset of the domain D and X, a discrete GFF at scale €. In this case, one
should recover exactly M’(dz).
Let us finally mention another important work [47], where the case of *-scale invariant
kernels is entirely treated, by both establishing convergence and identifying the limit.

A. Auxiliary results

We first state the classical “Kahane’s convexity inequalities” (originally written in [35] , see
also [2, 57] for a proof in English):

Lemma 16. Let F : R, — R be some conver function such that, for some positive constants
M, B, |F(x)| < M(1+4|z|?) for allx € R,. Let o be a Radon measure on the Borelian subsets of
R?. Given a bounded Borelian set A, let (X, )rea, (Y;)rea be two continuous centered Gaussian
processes with continuous covariance kernels kx and ky such that kx(u,v) < ky(u,v) for all

u,v € A. Then
E[F</6XT—QE[XE}U(OZT))] <E[F</en—;u«:[yrz}g(dr))].
A A
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If we further assume kx(u,u) = ky(u,u) for all u € A, then for any increasing function
G . R+ — R
E[G(supY,)] < E[G(sup X,)].

z€EA €A

B. Proofs of Section 4

We denote by F; the sigma algebra generated by {X,(z);s < t,# € R?} and by F the sigma
algebra generated by |J, ;. Given a fixed open bounded set A C R? and parameters ¢, 8 > 0,
we introduce the random variables

ZJ(A) = /A (V2dt = Xi(x) + B)1, 5.y " de, RJ(A) = AH{TE>t}QMXt(I)_dt dz

where, for each z € A, 77 is the (F;)s-stopping time defined by
72 = inf{u > 0, X,(z) — V2du > (}.
For z € R?, we also define
(@) = (V2dt — Xy(z) + B)I 5. ">,

It is plain to check that for each 8 > 0 and each bounded open set A, (Z°(A)), is a
nonnegative martingale with respect to (F); such that E[Z’(A)] = |A|. It is proved in [18]
that it is uniformly integrable and therefore almost surely converges towards a non trivial limit.

Recall that, for each z fixed, the process t — X;(x) is standard Brownian motion. We will
repeatedly use this fact throughout the proof without mentioning it again.

B.1 Rooted (or Peyriére) measure

Since for each z, (f(z)), is a martingale, we can define the probability measure ©F on B(A)®F,
by

8 ftﬁ(x)
0, = 514 dx dP. (27)

We denote by Egs the corresponding expectation. In fact, since the above definition defines a
pre-measure on the ring | J, 7, one can define the rooted measure ©° on B(A) @ F by using
Caratheodory’s extension theorem. We recover @ﬁg( NoF = 0} . We observe that ©)(Z](A) >
0) =1 for any ¢.

Similarly, we construct the probability measure Q” on F by setting:

Z{(4) o

8 _
UUr = T
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which is nothing but the marginal law of (w,z) — w with respect to ©7. Since (Z7(A));s o
is a uniformly integrable martingale which converges to a limit Z#(A), we can also define Q°
directly on F by:
= Z4%) dPp.

BlA|
We state a few elementary results below. In the sequel, when the context is clear, we sometimes
identify {(), A} ® F; with F;. The conditional law of x given F; is given by:

3 _ f(x)
Oy (dx|F;) = ZF ) dzx.

QB

IfY is a B(A)®F;-measurable random variable then it has the following conditional expectation
given Fy:

III parlicular, fOl" alny event E c ‘; ty WE ha,\/e

4 a
Eqs [IpEqs Y| 7)) = Eqs[lp /A Y (x, w)% dr] = Egp|

t

IpY].

Under @f , the law of the random process (5 + V2ds — Xs)s <+ is that of a 3-dimensional
Bessel process started at §. This follows first from the Girsanov transform to get rid of the
drift term and then from the fact that one is then conditioning the process to stay positive. In
what follows, we will use the notation:

YP(x) = B+ V2ds — X,(x). (29)

Of course, Y(z) simply stands for v2ds — X,(z).

The proof is inspired from [1]. Nevertheless, we make two remarks. First, most of the
auxiliary estimates obtained in [1] about the minimum of the underlying random walk are
much easier to obtain in our context because of the Gaussian nature of our framework (in
particular, the random walk conditioned to stay positive is here a Bessel process). Second, the
continuous structure makes correlations much more intricate to get rid of: we have no spinal
decomposition at our disposal, no underlying tree structure, etc. We adapt some arguments
developed in [18] at this level.

Remark 17. It is important here to make the distinction between random variable and random
function. For instance, for each fized z € RY, the random variable (z,w) € A x Q s X;(2) is
Fi-measurable. On the other hand, the random variable (xz,w) — Xy (x) is not Fy-measurable
because of the x-dependence.

16



B.2 Proofs under the Peyriere measure

The first step is to prove the convergence under Q?. This subsection is thus entirely devoted
to the proof of the following result:

Proposition 18. Given 5 > 0, we have

&)
EQB[%&;} - %(1 +ei(t)) (30)
g [@}Ej;ﬂ — %(1 +es(t)) (31)

for some functions €1,e2 going to 0 ast — 0. As a consequence, under Q°, we have

5A 2
lim \/ER;( ) = \/j in probability. (32)
t—00 Zt (A) T

8
Proof. 1t is clear that (30)4(31) imply that the variance of the ratio \/;};’ES)
t

to 0 a t goes to co. Therefore, under Q°, this ratio converges in quadratic mean towards \/g ,

under Q” goes

and hence in probability, thus proving (32).
It is plain to establish the relation (30). First observe that:

RI(A)Y 1 g 1 VEIX (1)t
Zon) = AT ] = GEM e }

Let us denote by B a standard one-dimensional Brownian motion. By using the Girsanov
transform, we have:

EQB

RY(A 1 . .
EQB [ZtBEAi} = B]P)(O zlipgtBu < 5) = BPOBA < B) ~ \/% as t — 00.

Relation (30) is established.
The proof of (31) is much more involved and will be carried out in several steps. To begin
with, it may be worth sketching the strategy of the proof:

1. Observe that (see (28))

8
i =l .
2. Deduce that RE(A) 2 Rf(A) 1
EQBKZf(A ) } _EGE[Z[}(A g Ytﬁ(:c)} !
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3. The third step consists of subtracting a ball centered at z with radius e from the set A,
R} (A\Ba.1)
27 (A\Bx.1)
will be “almost” independent. Roughly speaking, the reason why we

call it B, ;. This is convenient because if the radius is well chosen the ratio and

the weight W

can subtract a ball is that the measure does not possess atoms. So, at least if the radius
of the ball is small enough, it is always possible to subtract a ball centered at x without
radically affecting the behaviour of the quantity (34). In the forthcoming rigorous proof,
we won’t base our argument on the fact that the measure is atomless. Instead, we will
use estimates on the process Y’ (z) under the rooted measure, which amounts to the
same (as proved in [18]).

4. The last step consists of factorizing (34) by making use of (almost) independence:

8 2 - pB ¢
s [(Gea) 1 =2t Gy * 7]
"R/ (A\ B,;) 1
=S5 %ot 770
_pB
~ Egs J;}Ejﬂl@@ﬂ[ j ]

This last quantity is equivalent to % for large t. Actually, most of the forthcoming
computations are made to justify that the factorization can be made rigorously. This
point is rather technical and the related computations may appear tedious to the reader.

Now we begin with the rigorous proof of (31). Recall that we use the shorthand (29). Let
us first claim:

Lemma 19. We have

B 2
EQﬁ[(IZ%%Ej;) ] :O<%) as t — oo.

Proof. By Jensen’s inequality, we have:

B 2 2
Egs [(Z%Ej;) } = Egs [(Eef [Y;%(:L’ﬂft]) ] < Egs [E@f [mLFt]] = E@f [%]

Since, under O, the law of the process (Y/(x)), <, is that of a 3-dimensional Bessel process

starting at # > 0, the lemma follows. O

Now we will decompose the probability space in two parts: a part, call it £}, where we have
strong estimates on the process (Y/(z)), <; and an other part that we want to be “small”.
More precisely, let E; be a B(A) ® Fi-measurable event such that IE@?(]I E,) — 1 as t goes to
oo. Let

& = Bgp | Iy —5— | Fe -
Y/ ( )
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Notice that

We deduce: Rf(A) - Rtﬁ(A) Rf(A) )
o[z | =2 e+ ol =i o

We will treat separately the two terms in the above right-hand side. The Cauchy-Schwarz
inequality and Lemma 19 yield

o [B0e] <o [(ZAY) ey [a] " < Srole]”. e

_ ; RIA) ]
If we can prove that Egs [7] = o(1) then (37) will tell us that Egs [ZE(A) &} = 0(1). Therefore,

Proposition 18, in particular (31), is a consequence of the following twolemmas:

Lemma 20. Let 8 > 0 and E; be an event such that E@f(]IEt) — 1 ast goes to co. We have

s =o(1)

Lemma 21. Let § > 0. There exists a family of events E; such that E@f(ﬂEt) — 1 ast goes

to co and 5
RE(A) T 2 1
E : — | < —+ol-
Gf[zf(A) Yf(g:)] it (t)

Proof of Lemma 20. Fix € > 0. By Jensen’s inequality, we have

r 1
Egs [&2} < EQ? HEE*YB@)?}
- ¢

1

I
el LY/ (2)2 Levic Yf(x)}} T E(af [Y;ﬁ(xy I[{a\/i>);/3(x)}]

1 I[{Tf >t} \/ﬁxt(m)_dt]

1l
o -Ytﬁ(as)Q]I{e*ﬂ< Ytﬁ(”ﬁ)}} * ﬁE[ Y2 (x) Lo visvp e

E@f []IEf] 1 |:]I{Sup[0,t] Xu(z) < B}

ST TR (B — X, (x)) {Xt(w)>ﬁ—e\ﬂ}}

The third line follows from the translation invariance of the process X; and the fourth line from
the Girsanov transform. Using the joint law of a Brownian motion together with its maximum,
one can check that, for some constant C' independent of ¢, e, we have:

1 ]I{sup[oyt] Xu(z) < B}
BE[ (B — X)) ]I{Xt(w)>/3—5\/z}] < eC/t.
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Since E@f []IEg} — 0 as t — oo, we deduce:

lim sup tEqs [Eﬂ < el
t—o0
O

Since € can be chosen arbitrarily small, the proof of the lemma follows.

Proof of Lemma 21. We consider a function h such that:

h h
lim — = +o00 and lim — =0. (38)
t—oo ¢3 t—o0 3
We define
Ry Z(37) - / ]I{rf>t}e\/ﬁXt(Z)_dt dz Ry C(z) = R?(A) - R 2(1')
B(z,e~M)NA
7 (@) = Z)(A) = 2] ().

20 (z) = / £2(2) dz
B(z,e~h)nA

Now we choose the set E; and define
El ={Z"(x) <t7%}
E} = {R" () < Z]"(2)}
B = {h* <Y/ ()},

In what follows, C' will denote a constant that may change from line to line and that does
not depend on relevant quantities. On Ey, we have R} (z) < Z/"(z) < t~2. Therefore
1 1
By | ————1n|.
Lz @) "

t

E} = {R“(x) < Z*(x)}
E} = {n" <Y() < i}
E,=E'NE:NENE'NE}.

-2

R} (z) 1

ot [z v ) <

On E,, in particular on E?, we have Y;*(z) > h;*. Hence

R} (z) 1 L 11 1 1 1
0| | <R | | < Egs | | < .
Lz A) Y () " OLzP () T enP T ZP () pny A
Here we have used Eqs [%} = ﬁ Thus we have
RV(z) 1 1
uh AL o(—). 39
i v .
Let us treat the quantity:
B[M 1 5] B[M - E4;]
t] X c FNEY .
ot Z0(A) Y (x) Oz () VY (x)
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We know that the covariance kernel k appearing in (11) vanishes outside a compact set. With-
out loss of generality, we may assume that k vanishes outside the ball B(0,1). Let us denote
by:
- Gy, the sigma-algebra B(A) ® Fp,,
- ggt“t’a the sigma-algebra generated by the random variables F'(x,w) such that for all x € A,
w +— F(x,w) belongs to the sigma-algebra o{X,(z) — Xp,(2);|2 — z| > a,u > h;} (for some
a>0),
- Gi" the sigma-algebra generated by the random variables F'(x,w) such that for all z € A,
w — F(z,w) belongs to the sigma-algebra o{X,(z) — Xp,(x);u > hi}.

Observe that Q,‘ift’“ and Gj" are independent as long as a > e": this comes from the fact
that k& has compacts support included in the ball B(0,1). We deduce that, conditionally on

R)“(x) t “(2)
Z‘“( ) YB( ) Z) ()

is g“‘te ‘_measurable and Y;’(z) is Gi"-measurable. Thus we have:

Gn,, the random variables ) and are independent since, conditionally on Gy, ,

tB’c(x) 1 tB’c(x>
— 1] < Egp |Eop | —a— L p2npsl O, ,
ef[Zf(A) Y/ () 2 @f[ @f[zf’c(x) E””Et'gh] @ﬁ[yﬁ( )|th

To complete the proof of Lemma 21, we admit for a while the three following lemmas, the
proof of which are gathered in the next subsubsection.

1 2
Eos | ——|Gn,| < 4/ ———.
Gf[ytﬁ(a;)| h] \/ 7t — hy)
RP(x [2
EGB[ZBC EﬂE4 7T— 1“‘5

for some function e such that lim;_, E(t)

Lemma 22. We have

Lemma 23. We have

\“F

Lemma 24. We have
lim ©7(E,) = 1.
t—o0
We conclude the proof of Lemma 21. With the help Lemma of 22 and 23, we obtain:

RP(x) 1 2 R“(x) 2
ot a7 ™) < |7y e[y o] < 50+ <)

for some function e such that lim; ., () = 0. O

B.2.1 Proofs of auxiliary lemmas

Proof of Lemma 22. By using standard tricks of changes of probability measures, we have:

1 ftﬁ(x)
E
fo (@) [Ytﬁ(l")
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Let us compute the latter conditional expectation:

[}JEB(( ))|ghti| - {T >he}

V24X, (2)—dhig [ V2d(X¢() = Xn, () —d(t—he) |ght]

]I{sup[oyt] X (w)_ds < ﬁ}e

1 VX, (@)=dtu (v (1))

{T:’f >he}
where F(y) = E [H{Sup[o,t—ht] Xy (2)—ds < y}em(Xt*ht (m))_d(t_ht)} . By using the Girsanov transform,

we get F(y) = E|:]I{Sup[o,t7ht] X () gy}]. This quantity is plain to compute since the process

s +— X,(x) is a Brownian motion:

m —u2/2 2 Y
Fly) =P(| X (2)] < 9) m/ /d\\fm.

Therefore
ft (z) B 2
g t] < fr (@ =
B[, 10 < floy
The lemma follows. O
Proof of Lemma 23. Let us set Ef = {h1/7 < infyep, g VP (2)}. We have:
R/*(x) R/*(x)
Eop [Z}C(ZL') ]I{E?OE?WE?}] =Egp _EG*B [ZB () ]I{E2mE4}1I{E6}|ghtH
=Egs |E [ () H{E20E4}|ght:|E@B[H{Eﬁ}‘ght]]
: Zﬁ C(SL’) 1y : t
> Egp R )1 {E20E4}} inf O/( inf YZ(z)>h'|Y(z)=u).
Y ) o) T epF g et t

We have used above the independence of (Y?(z)), <, and (RY“(2), Z (x)), and thus of ES

C))
Z‘“()

and conditionally on Gj,. Now we claim (see the proof below)

Lemma 25. The following convergence holds:

lim inf O/ inf Y/(2) > /Y (@) =u) =1, (40)
t—00 3 s€[h,t] t
u€lhy hil
Thus we get:
RB’C(x) RB’C(x)
E [tiﬂ }g 1+ p(t)E [ti }’
of | 7o () i (1+p(t))Egp 7% (2) LFOmim)

for some function p such that lim;_,, p(t) = 0. It thus only remains to estimate the expectation
in the right-hand side. Observe that

E2NE'NES C (Ef NESN (Etl)c) U (Ef N{Z(A) > 1/} n E}) U (Ef n{Z%(A) < 1/t}>,
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in such a way that we get:

RY“(@)
[Brle)
Lz @)

R/*(x)

E ]IEszﬁmEs)cFE@B[ .
LZ0 ()

EZNEMNES } < a[iﬁc( )
<
{E{NE{NEY} (Ch ZE’C(SL’)

R“(x)
+ Egp { 75 (x) Dpanizpa) < 1/t}]

Efm{Zf(A)>1/t}mEg]

WAL + A2 + A3, (41)
By using Markov’s inequality, we have:

1 1 1
Ay < Boa Mz < 1y] < EQB[ZB( )] = Al

(42)

Let us now focus on A%. On the set {Z,"(z) < ¢~ 2} N{Z’(A) > 1/t} e have the estimate
ZPx) < %ZE(A) Therefore, on this set, we have Z7“(z) > (1 —t1)Z/ (A). We deduce

1 R%°(x) 1 R/(4)
1o’ | B {RP°(z) < 28 (@) { 28 (A)>1/84n{Z2" (z) < t~2} < 1E®ﬁ[ B }
L el Z7 () T Szt cesalE ez

A7 < \/%(1 +e()) (43)

for some function ¢ such that (¢) — 0 as t — 0.
It remains to treat A}. We have

By using (30), we deduce

1
A < Boy [I[{Zf'%w»ﬂ}nE?} '

Let us split Z7(x) in two parts

25 (z) = / (2 de, and  ZP%() = / 72(2) dz
B(z,et)NA C(z,ete ht)NA

where C'(z,e~t, e™") stands for the annulus B(z,e ")\ B(z,e~!). By using Markov’s inequal-

ity, we get:

N

B8 c
E@f |:]I{Zf’i(x)>t*2}ﬂEf] = E@f []I{2t2Zf'i’1(x)>1}ﬂBJ +6;((By)) + E@f []I{2t2ZtB'i’1(x)>1}ﬁEf]
< 2B [ 2, ()| Bi] + O ((B1)°) + 2° B [ 20 () U ]

where
B, = {tl/2—p < Y;B(x) < t1/2+p}
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for some p €]0, 5[ chosen so as to make O©7((B,)°) = o(t~'/2). This is possible because, under
©F the process Y?(z) is a 3-dimensional Bessel process. To evaluate Egs (ZP5 ()| By, it is
enough to compute

Bt 2 @)Y/ (0). 0 B) = [

B(z,et)

Eop | £/(w)|Y/ (@), By, x| du. (44)

From the orthogonal projection theorem, observe that
Xi(w) = Xe(z) N + B,

where Ay = M and P;"" is a centered Gaussian random variable independent of X;(x)
with variance

Ki(x — w)z.

E[(F)] =t - =2

Therefore
o [I7 (W)Y (x), By, ]
_E@f[ B — Xy(w) + V2 s, ey (0) B, o
Eqp [w Xo(2) AT — PP 4 \/2dt) eV 2K N + VP ’”—dtmﬁ(x),Bt,x]
Now we use the Girsanov transform to get:
Egslfy (w)|Y/ (), By, a]
Egp [} B— Xy (@)™ — PPV + V2dt(N; 7)) eV RN X @ NT v (0 B, :g]
—E, [ B(1 = A™™) + YA (@)AT™™ — PE — V2dtAT™(1 — A7) | x
oV2AN TP (B+V2dt Y (2)—dt ()2 v/ (z), B, x] .

To evaluate the above quantity, we first make several observations. By considering w €
B(xz,e™"), we have |t — Ki(x — w)| < ¢ for some constant ¢ that is independent of ¢, z, w.
This results from the fact that % is Lipschitz at 0. We deduce that 1 — A} ™" < ¢/t and that
P/" has a variance bounded independently of ¢, z,w such that w € B(x,e™"). Finally, by
using the independence of P, and X;(z), we deduce that for some constant C' independent
of t and |z — w| < e

VadYP(a
Egplff (w)|Y] (x), B, 2] < CEgp [(1 LY (2)) eV @y () B, x}
Therefore:

o2 (0¥} (@), Bua] < C [

Egs [(1 + Yf(z)ﬂe‘myﬁ(m)wt|Y;ﬁ(:z), B, :)3} dw
B(z,et) ¢

<C (1 + t1+2p) 6—@151/2*P+dt dw

B(z,et)
:C(l + t1+2p) e—\/ﬂtl/zfp‘
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It is then clear that
PEgs 207 ()| B = oft™12)

To evaluate Egs [ZP"2(x) W], the strategy is similar. First observe that
" t

Beg 2@ het) =gy [ ([ Bl ) dv) da

1
< = </ E[T,. s P (w) P (z) dw) dz.
ﬁ|A| €A C(z,e~t,e~h)NA [ {Yln%(x)>ht i ! ]

—w]
We then apply the stopping time theorem. For this, recall that £ is assumed to have support
included in the ball B(0,1) so that, setting sy = In ——, the processes ((X:(z) — Xs(2))t > s

Je—w] w\’

and ((X;(w) — X, (w)); > 5, are independent. Hence:

Eop[20"*(@) 1y

1
S BIA| meA(/C(“teht)mAE Ly o iy fa (W) 4 (@ )} )da:.

Then we can reproduce the previous computations we made for Z%%!(z) to get, for some
constant C' independent of ¢:

Eg [Z/“2 () T o]

B2\ . —V2dYE (x)+dso £8
5|A| / / C(z,e~t,e=ht) {Y%(x)>hi/7}(1 +Yso(x) )e () Ofso(x)} dwdz

< C’eﬁ\|/;|h //“ - |w_x|d [( o ‘(z)2>f1i o (x)] dwdzx.

Thanks to the usual 3d-Bessel argument, the last expectation is easily seen to be less than
D(1+ ln ) for some constant D which does not depend on w,z. Therefore, we have (for

some 1rrelevant constant C’; which may change along lines):
. e V2T 1 1
E_s[Z0%(2) <7// SR S L F 9
@f[ t (x) E?]\ |A| C(wetefht |'Uj—l'|d( _I_ n|’u]—l’|) waxr

| 1
< Cle V2 / —(1+In—)dr
e—t T r

C/ \/7}11/7.[:2
Because of (38), we deduce t2E®f [Zﬁ’i’2($)]IE?] < Ctre V2™ iy such a way that

t°E, [zﬁ Y (2) ] = o(t™'/?).

Finally, we conclude that
Al = o(t™V). (45)
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By gathering (41)+(42)4(43)+(45), the proof is complete. O

Proof of Lemma 25. Recall that, under Pggs, the process (Ytﬁ (7)) has the law of a 3-dimensional

process. Via coupling arguments, it is plain to check that the infimum is achieved at u = hi /3,

By scaling, we have

O° inf YP(x) = /Y (x) = h/*] =0°[ it YP(x) =Y (x) = k%
s€[h,t] s€[0,t—h¢]

:@ﬁ[ inf  YP(z) = bV Y (2) = 1]
86[0,;;75]

> 07| it ¥2@) > h/TPY @) = 1],

By taking the limit as ¢t — oo, we deduce

lim inf O inf YP(x) = h/ |V (x) = 4] 2@5[ inf (e )>0\y0ﬁ(x):1] — 1
t—00 uE[hg ] s€[he,t] s€[0,400[

Indeed, this last quantity is the same as the probability that a 3d-Brownian motion started at
0 never hits the point (1,0,0) € R3, which is 1. O

Proof of Lemma 2/. Observe first that we have shown in the proof of Lemma 23 that
lim ©F(E!) = 1. (46)
t—o00

Under O/, the process (Y/(z))s <¢ is a 3-dimensional Bessel process. It is plain to deduce
that

lim ©J(EH =1 and  lim ©7(E?) = 1. (47)
t—o0 t—o0
Let us prove that
lim ©F (E%) = 1. (48)
t—o0
We define the random variables
1
S, = sup X;(z) — V2dt + In(t+1), S =sup S,
+ =5 o) INCTRRR e
and the event
B = {S < —I—oo}
It is proved in [18] that P(B) = 1. It is plain to deduce that ©#(B) = 1. Then we have
ZB c / )H{T£>t}6\/ﬂX,§(z)—dt dz
A\B(z,e—ht)
_ V2dX(z)—dt
ﬁ+v dt — sup X;(z ))I[ R dz
A\B(z,e~ x€A

=(8+ g e+ 1) - St>Rf’c(:)s)

/\/\

B g+ 1) - S)Rt “(z).
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Therefore

{5+ In(t +1) = § > 1} € {Z“(x) > R“(2)},

1
4v/2d
from which we deduce lim;_,, O (Zf “(z) > R? “(z)) = 1. With the same argument, we prove
lim ©F (E?) = 1. (49)
t—o0

From (46)4(47)4(48)+(49), we obtain lim,_,o, 7 (E;) = 1, thus thus completing the proof of
the lemma. 0

B.3 Proof of Theorem 5

In the previous subsection, we have proved the convergence of \/f in probability towards

)
\/; under the measure Q? for any 3 > 0. This is the content of Proposition 18. Our

objective is now to use this convergence under Q° to establish the convergence under the
original probability measure P. Proposition 18 ensures that, for any ¢ > 0,

QB ‘\f j \/7’ as t — oo.

E(Zﬂ (AT

Equivalently
as t — oo.

(4) )
(Vg -v/z]>)
From [18], we know that sup, max,ca X;(x) — vV2dt < oo almost surely. By setting

Er = {sup meaj(Xt(at) —V2dt < R},
t xT

we obtain an increasing family such that IP’( Ur=o ER> — 1. From the convergence (Z(A) is
nonnegative)

E(Zﬁ( }]IER) — 0, ast— oo,

8
Ry (4) 2
{lviZs 204 ~VZ|>e

we deduce the convergence of

ZP (AT . =0 (50)

{lvze-vz)- 3

in probability as t — co. Fix > R. On Eg we have R}(A) = th(A). Concerning Z7(A),
we observe that, for § > R, we have

Vt >0, BMY*(A)+ M(A) = Z}(A).
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Therefore limy o Z(A) = M'(A) > 0 on Ej for 8 > R (recall that MY?*(A) — 0 as t — ).
From (50), we deduce that, necessarily on Eg:

ast — oo

1 0,
(i zle}

that is
VA () — 0, ast— o0
{‘\/_IWM (A;4 - %}>E}
The proof of Theorem 5 is over. O

B.4 Other proofs of Section 4

We use the comparison with multiplicative cascades set out in the appendix of [18]. The idea
is to compare moments of discrete lognormal multiplicative cascades to moments of the family
(M,;); thanks to Lemma 16. More precisely and sticking to the notations in [18], we have

E[(e”vn25((0,1]%)] f/ K= 3B O (1)) ], (51)

where:

e 7 is a Gaussian random variable with fixed mean and variance (thus independent of n), and

independent of the family (M),

e the parameter a belongs to |0, 1[, making the mapping x — z® concave,

° fT eXn (= 3EXn(t)’] o(dt) stands for a lognormal multiplicative cascade at generation n, the

parameters of which are adjusted to be in the critical situation (see [18] for a precise definition).
It is now well established that the right-hand side of (51) is bounded uniformly with respect

to n. The reader may consult [1, 8, 33] for instance about this topic. By Fatou’s lemma and

Theorem 5, we have

E[(2'(0,11)°] < liminf E[(vM25(0,1]9)°]
This shows that the measure M’ possesses moments of order ¢ for 0 < ¢ < 1. We already know
that it possesses moments of negative order [18].
It remains to prove that

thIiE Kmy} < +00.

We write the proof in dimension d = 1 (generalization to higher dimensions is straightforward)
and we assume that the kernel k£ of (11) vanishes outside the interval [—1,1]. Our proof is
based on an argument in [48], which we adapt here to get bounds that are uniform in ¢. We
work with the ball A = [0,1]. The first step consists in writing an appropriate decomposition
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for the measure \/ZM;/?([O, 1]). We have:

2k+1

Mt\—/i-zns([ov 1]) :/0 V2Xipins (@)= (t+108) dz > Z/ \/§Xt+1ns($)—(t+1n8) dr

3 2k+1
> Z inf e\/inns(I)—lng s \/_(Xt+ln8 Xing)(@)=t ],
= — w€[§72k8+1} k
= 4
We set
1 \/§X —~In8 n f X X
Y. =— inf Ing(z)—In N: =8 2(Xipims=Xms) (@)=t 7.
v 8 [z 21+1] ’ ¢ i
fori =0,...,3. A straightforward computation of covariances shows that ((X;yims—Xms)(Z))zer

has same distribution as (X;(8x)).er. It is plain to deduce that:
e the random variables (Y;); are independent of (1V;);,
e the random variables (Y;); are identically distributed,
e the random variables (IV;); are identically distributed with common law M,?([0, 1]).
Let us define
0i(s) = E[e—sﬂMﬁ([o,u)]‘

Since the mapping x — e *V* is convex, we can apply Lemma 16 and obtain ¢;(s) < E[e s‘[MtHns([O’l])].

Therefore:
¢i(s) < Ele —sVIMY3, (0, D] < E[e—S\ﬂZ?:oYiNi] _ E[H(p (sY3))] < Efge(sY7)".

Let us denote by F' the distribution function of Y;. We have:

/000 ei(sz)! F(dx) = /051/2 pi(s2)* F(dx) + /:O ou(sz)* F(dx)

—1/2
< F(S_1/2) +80t(51/2)4-

/N

©i(s)

It is plain to check that E[(Y})™ 9] < +oo for all ¢ > 0: use for instance [5, Lemma 5, section
B] to prove the result for the cone based process w; (with the notations of [5]) and then extend
the result for X; thanks to Lemma 16. Fix ¢y > 0. By Markov’s inequality, we deduce:

pils) < sTTE[(V1) ] + @u(sM2)

Therefore ,
puls) < (s TE[(Y1) ] + @i(s12)?) (572 + u(s17%)?). (52)

Let us admit for a while the following lemma

Lemma 26. The family of functions (¢i(+)): converges uniformly on Ry ast — oo towards

QO(S) _ E[e—s 2/7rM’([0,1])].
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Since P(M'([0,1]) = 0) = 0, we deduce lim, o ¢(s) = 0. Therefore, for ¢ < gy/4, there
exist sg > 0 and ¢5 > 0 such that

Vs > 50,V >ty (s2FE[(Y1) ] 4 ¢y(s/%)?) <

sl-

Plugging this estimate into (52) yields:

1
Vs > so,Vt >t s) < —= (572 + ©,(s'/%)?).
0 o wi(s) \/§( ©i( ))

Then, by induction and by using (a + b)? < 2a* + 2b%, we check that for s > sq:
n ]. _on n
Prl(s™) < o (ans™ T 4 (1) (53)

where a; = 1 and a,,1 = a2 + 1. Let us choose Q > % so as to have Q> —Q —1 > 0. It is
then plain to check by induction that Q%" > Q + a,,, and thus Q>" > a,. Then for all z > s,
there exists n € N such that s*" < z < s¥""". In other words,

on < ln_x < gntl
Ins

Thus we obtain from (53)

1

n n+l _ on+1 n+1 1
pu(@) <p(s™) < —= (@7 s 4+ o] (517) <

— (274277

V2

> 0. Let us choose s = sy + QY9. Since
1/2

_In gpt(sl/z)
Ins

Wherea:q—% > 0 and g =
_Ingp(s

limy o0 y(s) = E[e™*M' (0] we can choose 3 arbitrarily close to fy = ) > 0. To sum
up, we have proved that, for all 8 < §,, there exists z¢y = so + Q7 and t, > 0 such that
1, .
YV > xo,Vt >ty @i(r) < ﬁ(z + 277). (54)

It is straightforward to deduce

=l () <=

for all 0 < ¢ < min(«, fy). Put in other words, we have proved the result “only for small ¢”.
But, remembering that

pi(r) < Elpy(211)]

and E[Y] 7] < 400 for all ¢ > 0, we can deduce from (54) the result for arbitrary ¢ by induction
and by using Markov’s inequality. O

Proof of Lemma 26. Define the family of functions

T
foiyelo, 1 gpt(tan%/).
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Since IP’(\/EM;/?([O, 1)) = 0) = 0, it is plain to deduce that f; can be continuously extended to
[0, 1] by setting f;(1) = 0 for all ¢. In the same way we define a continuous function on [0, 1]
by

f:y€[0,1]— ¢(tan %)

and f(1) = 0 (possible because P(M’([0,1]) = 0) = 0). The family (f;); pointwise converges
as t — oo towards f. Furthermore, the functions f; are non increasing for all ¢. It is then
standard to deduce the uniform convergence. The lemma follows. O

Proof of Corollary 7. Consider a solution M of the x-equation (14) with w. given by (16) and
7v? = 2d. Consider an exponent 0 < ¢ < 1, an open bounded set A and A < 1. From equation
(14) (with e = X\) and Jensen’s inequality we have:

E[(M(M\A)9] :EK/ ele"%(T)_%E[Xl“%(T)Q]XiMA(dr))q}

AA

2
> A“E |:€qu1“%(0)_¥E[X111%(0)2]M(A>q:|

where M is a copy of M independent of X. Conversely, we use Lemma 16 and equation (14):

vX

E[M(AA)Q]:EK/Me i} M*(dr))q]

cof( i)

(=5 BIX,, 1 (1)?]

where Z is a standard Gaussian random variable independent of M* and ay = inf, yeas K, 1 (y—
x). Therefore:

fI’YZ

E[M(AA)T] < MR [e1VRZ- 50 [M(A)q} .

We complete the proof by noticing that ay > C + In %, which follows from the fact that k is

Lipschitz at 0. U

Remark 27. Actually, using the x-equation to compute the power-law spectrum is not neces-
sary: it can be computed with similar arguments for any derivative multiplicative chaos asso-
ciated to a log-correlated Gaussian field.

C. Proof of Section 5

Proof of Theorem 8. Without loss of generality, we assume that k vanishes outside the ball
B(0,1). Let K be a compact set included in the ball B(0, 1) with Lebesgue Hausdorff dimension
dim Leb(K ) .
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We first want to prove ddimpe,(K) > £(dimpy (K)). If dimpe(K) = 1, the inequality is
trivial because £(q) < d for all g. So we may assume dimp.,(K) < 1. Let ¢ € [0, 1] be such
that £(q) > ddimpe(K) with £(¢) < d. For € > 0, there is a covering of K by a countable
family of balls (B(x,, 7)), such that

Z rg(q) <e¢
n
By using in turn the stationarity and the power law spectrum of the measure, we have

E[ZM’( (L) } ZE[M’ Orn))q]échrfL(q)<C€

Using Markov’s inequality, we deduce

(ZM' (T ) Cq\/§> >1— /e

Thus, with probability 1 — /e, there is a covering of balls of K such that

ZM/ (Tn, 7)) Cq\/g.

So ¢ > dimyy (K') almost surely. Therefore d dimp,(K) > &(dimy (K)).

Conversely, consider ¢ € [0, 1] such that £(q) < ddimpe,(K). Observe that necessarily g < 1
because (1) = d and dimg.,(K) < 1. So we may assume ¢ < 1. By Frostman’s Lemma, there
is a probability measure v supported by K such that

1

—————(dz)y(dy) < +oc. (55)
/B(O 1)2 |z — y|5@

For ¢ € [0,1], let us define the random measure 7 as the almost sure limit of the following

family of positive random measures:

F(dz) = lim V2O -CEE 5 (d), (56)

The limit is non trivial: Kahane [35] (see also a more general proof in [53]) proved that, for
a Radon measure y(dz) satisfying (55) with a power exponent x (instead of £(¢) in (55)) the
associated chaos
F(dz) = lim esXt@~% E[(X())* ly(dz)
t—o00

is non degenerate (i.e. the martingale is regular) provided that x — % > (. In our context,
this condition reads ¢?d < £(q), that is ¢ < 1.

From Frostman’s lemma again (this form is non standard as it involves measures instead
of distances, see [6, Lemma 17] for a proof), we just have to prove that the quantity

/B(O 12 M'(B(x 1Iy _ g;|))ﬂ(dzﬁ(dy) (57)
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is finite almost surely. Actually [6, Lemma 17] requires to consider each of the 2¢ portions of the
ball: B(z,|y —z|) N {z € R% (21 —x1)er 2 0,...,(2a — ) Z €4 >0} forey,...,eq € {—1,1}.
Yet, this is exactly the same proof but considering these portions of balls would heavily decrease
the readability of the proof because of notational issues. So we keep on considering a ball in
(57). Finiteness of (57) follows from

1
E[/Bm,l)z M(B(z, ly — a]))

Actually, by using Fatou’s lemma in (58), it is even sufficient to prove that:

Aldw)i(dy)| < +oo. (58)

lim inf
t—o0

/ 00V24X1(2)+9v2d X, (y) ~2¢* dE[(X1 (2))?]
|
B(0,1)2

dzpmd o0 59
(VEMY*!(B(x, |y — 1))’ }7( )y(dy) <+ (59)

From now on, we will focus on computing the above integral (59). There is a way of making the
computations with minimal effort: we exchange the process X; with the perfect scaling process
introduced in [54]. We just have to justify that this change of processes is mathematically
rigorous. So let us admit for a while the following lemma:

Lemma 28. If (59) is finite for the process (X(x));, > 0.uera with correlations given by

E[X(z), Xs(y)] = /Sgemin(sw(\(x =y, 8)|)o(ds) (60)

where S stands for the sphere of R, o the uniform measure on the sphere and the function g,
(for 0 < u < 1) is given by

then (59) is finite for the process (X¢(x));, s 0.zerd With correlations given by (11).

So, from now on, we assume that the correlations of (X¢(z)); > ¢,cre are the new correla-
tions specified in Lemma 28 (see [54] for further details). Notice also that the measure M7 also
involves this new process. Such a family of kernels possesses useful scaling properties, namely
that for |z| < 1 and h,t > 0, K;yu(e™"z) = Ki(x) + h. In particular, we have the following
scaling relation for all h,t > O:

(Xern(e™2))weno.n) (M2 (€™ A)) ac o))
faw (Xe(2) + Q)weBo,1), (emQh_zthtm(A))AcB(o,l))- (61)

where (), is a centered Gaussian random variable with variance h and independent of the
couple

((Xt(x))xEB(O,l)a (th(A))ACB(O,l))-

We will use the above relation throughout the proof.

33



By stationarity of the process X;, we can translate the integrand in the quantity (59) to
get

/ [eq\/ﬁXt(:v)Jrq\/ﬁXt(y)—2q2dE[(Xt(x))2]
B(0,1)2

}v(dz)v(dy)
(VIMY*(B(z, |y — z])))"

/ [eq\/ﬁxt<o>+qth(y—x)—q%th(o»?]
h B(0,1)2

(VEM*(B(0, |y — 1))

Now we split the latter integral according to scales larger or smaller than e~! and obtain

} v(dx)y(dy).

/ |:eqth(0)+qth(y—l‘)—QZQdE[(Xt(O))Z}:| ( ) ( )
y(dx)y(dy

B(0,1)? (VIMY?(B(0, |y — =)’
/ 9V2AX(0)+qV/2AX (y—) —g22dE] (X (0))?]
E[ ]v(dx)v(dy)

a—glet (VEMY*(B(0, |y — x])))°
020X (0)+q/2d X (y—)—g*2dE[(X+ (0))?]

+ / [
|z—y| < e~?

(VEMY*(B(0, |y - 2])))"

b(dfc)v(dy)

de
I (t) + L(t)
We first estimate I,(t). For |z —y| > e™!, by using (61) with e™" = |y — x|, we deduce

[eq\/ﬁXt(O)Jrqth(y—r)—qz2d1E[(Xt(0))2} }

(VEMY?(B(0, |y — x])))*
eq2\/ﬁﬂh—2q2dh6q\/ﬁ)@—h(0)+qut—h(

U=t )22 dE((X; -1 (0))?]

ly
. g
(6mﬂh_2dh\/%Mt\£2;d(B(O’ 1)))
9V24X 1 (0)+qV2dX - n(1=57) ~24°dEI(X; -4 (0))’]

_ E[eq\/ﬁah—ﬂf—q)dh}E[ (ﬂMf,L_d(B (©, 1))>q }
= g )
S = 2f@ (\/thgd(B(@ 1/2))>q

In the last line, we have used a Girsanov transform to get rid of the numerator. Therefore, if

1 q] , then
Mﬁ(B(o,l/zn)

we setc:supuglE[(

1 c C
I(t) < C(sup E q — T @)
v [<\/5Mﬁ(3(0,1/2)>> ]+ﬁ) foyiet [y = 0

y(dz)y(dy).  (62)

From Corollary 6, the quantity

1
fg%E{(ﬁMﬂB(o, 1/2>>)q]
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is finite.

Remark 29. Corollary 6 only deals with Gaussian fields with correlations given by (11). From
Kahane’s convexity inequality, this quantity is also finite for Gaussian fields with correlations
given by

1
K(l’,y) =In, —— —l—g(llf,y)
Ty —
for some bounded function g. In particular, it is finite for the field considered in Lemma 28.

To treat the term I5(t), we use quite a similar argument except that we use the scaling
relation on h = ¢ instead of —In |y — x|, and the Girsanov transform again:

Ly(t)

2qmﬂt—q2zdt6qmXo<O)+qmXo(ef(y—w))—q22dm<xo (0))2]
= / 7 ]v(dx)v(dy)
ly—z| < et (eq\/ﬁﬂt_Qth\/EMO(B((],etky_x‘))>

qV2dX0(0)+qv2d Xo (e (y—x))—g?2dE[(X0(0))?]
/ mf’t*(f—q)dt} E [e 7 } y(dz)y(dy)
el < e (VEMo (B0, etly - 2))))

(0?2150 (¢t ()

_ )(1} v(dz)y(dy).

ly—z|<e—t 192 ( Sty —apy € 2AX00 =L Xo O L4 20K (et (y=0) ) +a2do ) g

By using the fact that Kj is positive and bounded by In 2, we have (for some positive constant
C' independent of t)

eté(@)

! v(dx)y(dy).

L(t) < C E[ } (
o ta/? w)— /
el <f3<o,et|y—m|) VX0 ()~ R (O du)

Since E[Xo(u)Xo(0)] < E[(X((0))?], we can use Kahane’s convexity inequalities to the convex
mapping = +— xi We deduce (for some positive constant C' independent of ¢, which may

q
change from line to line)

1
L(t) < C’/ et&(q)t—q/2E[ ]V(dx)v(dy)
ly—z| < et fB(O,et\y—x\)e\/ﬁXO() dE[(X1(0)) ]du)
1
<C’t‘q/2/ €o__ Lo ]
s Gy N )

1
—q/2
< Ct /y IO x|§(q)7(d:c)7(dy).

Hence .
lim I5(t) < C'limsup t_q/2/| | FW(dm)y(dy) = 0.
y—z| < et

t—o00 t—00 — x|§(Q)
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The KPZ formula is proved. O

Proof of Lemma 28. Let us denote by K; the %-scale invariant kernel given by (11) associated
to the process (X;(x)):.. We will use the superscript ? to denote the corresponding quantities
associated to the “perfect” kernel of [54]: we denote by K} the kernel described in Lemma 28,

by (X7(z)). (resp. MY ’m) the associated Gaussian field (resp. approximate multiplicative
chaos). It is plain to see there is a constant C' > 0 such that

vt >0,V € RY, K (z) - C < KP(z) < Ki(x) + C. (63)

Now we prove the Lemma. By using the Girsanov transform, we have:

/ [6q\/ﬁXt(w)+qx/ﬁXt(y)—2q2d1E[(Xt(:v))2}
B(0,1)

dx)vy(d
T

1
e12dKt(u—z)+q2dKi(u—y) | tm(du))q

1
420K} (u—x)+q2d K} (u—y) ) [ t@(du))q

[ ex2kete=s (da)y (ay)

/B(O,l) [(\/IB@ ly—zl)

< e(2dq2+4dq)0/ E|:
B0 H(VE [y,

By using Kahane’s convexity inequality (Lemma 16) together with the inequality (63) between
covariance kernels, we get:

[ er2ate=s )y (dy).

ly—z|)

1 }eq
20K} (u—2)+q2d K] (u—y) th(du))q
e / [ 1
X u—1x u— ’m

B0 L(VE fyy gy gy 2T 00 20T o) M7 V3 ) )

Py (dr)y (dy)

/Bw,l) [(f t [a

s|ly—zl)

} T 2K @Y (da)y (dy).

Then, by the Girsanov transform again, we have

]_ ] 22dKP( _
4 ¢ (z y)7 dz)y(dy
/B(o,l) [(\ffB =) eq2dKf(u—w)+q2dKf(u—y)Mtp’m(du))q (dz)y(dy)
/ edV2dX] (2)+qv2dX] (y)—2¢*dE[(X] (2))?]
= E[ ]v(dx)v(dy)-
B0 (VEMPYV* (B(x, |y — a])))”
The lemma follows. U

To sum up, we have proved that establishing the KPZ formula for the perfect kernel is
equivalent to establishing the KPZ formula for all x-scale invariant kernels. Furthermore the
above argument is obviously valid for any log-correlated Gaussian field (as it only involves the
Girsanov transform) and for other values of : for 42 < 2d with the techniques developed in
[56] or for v* > 2d with the techniques developed in [6]. In particular and as advocated in
6, 56], the KPZ formula established in [6, 56] in terms of Hausdorff dimensions are valid
for the GFF and also for all log-correlated Gaussian fields in any dimension. The reader may
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compare with [21] where the KPZ formula is stated in terms of expected box counting
dimensions. At criticality, things are a bit more subtle: the KPZ formula established in
this paper is valid for all the derivative multiplicative chaos for which you can establish the
renormalization theorem 5. This theorem is necessary to be in position to apply Kahane’s

convexity inequalities. In particular, the above proof also establishes Theorem 15 (and for the
MFF as well).

D. Proofs for Free Fields

In this section, we extend our results to the case of free fields.

D.1 Whole-Plane Massive Free Field

We consider a white noise decomposition (X;); with either of the following covariance struc-
tures:

min(s,t)

c km(u(z —y
i @xwl= [ G G- ) (64)
1
> 77L2
E[X:(x)Xs(y)] =n /2 . plu,z,y)e” 2 " du = Gingsp) (T — ), (65)
7‘27‘%,?”2 [e'e) m2 2_v
with p(u, z,y) = “5— and kn(2) = 1 [¥ e % ~% dv. We will explain below how to con-

struct the derivative multiplicative chaos and how to prove the Seneta-Heyde renormalization
for both of them.

Derivative multiplicative chaos. Concerning the construction of the derivative mul-
tiplicative chaos, we can go along the lines of [18]. Yet, some observations help to manage
the long-range correlations. Sticking to the notations of [18], the point is to prove that the
martingale (Z/(A)), is regular (and then to prove that the limiting measure has no atom), i.e.,
to follow the proof of [18, Proposition 14]. Basically, all computations rely on the joint law of
the couple of processes (X, (w), X4(2));s o for # # w: one has two quantities to estimate, II;
and ﬁ2, and one can see that the following computations only rely on the law of this couple
in equations (19) and (29) in [18, proof of Prop.14]. (These conditional expectations are then
integrated with respect to the law of (X;(z));, so that considering their law indeed suffices.)
The key point in [18] is the following: if the kernel k& has compact support included in the ball
B(0,1) then the fields (X (w) — X, (w), Xi(z) — X, (), 4, are independent for so > In ﬁ

In the case of the MFF, this decorrelation property clearly does not hold. The idea is then
to encode the long-range correlations into a nice field that can be easily controlled, and the
logarithmic short-range correlations into another field possessing the decorrelation property.
Let us describe the case where the correlations are given by (64). We introduce 4 independent
Brownian motions B for ¢ = 1, ..., 4, and a smooth function ¢ : R, — R such that 0 < ¢ < 1,
@ =1 over [0,1/2] and ¢ = 0 over [2,4o00]. We denote by G}(z) the derivative at time ¢ of the
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mapping t — Gi(x). (This derivative is positive.) Then we define

t t
- / Vol —w)Cie —w)dB!, PF= / VA= p(ele —w))Cr(r —w) dB,
7F = /\/G’ — Gz —w)dB?, Z;"_/ VG (0) — G (z —w)dBY,

and we have the following relation in law:

(Xi(w), Xo(@))eso Y (P + P+ 20, P + P+ 7 )

t>0

The Gaussian process P'° encodes the long-range correlations and has independent temporal
increments. Furthermore

E[(P1)?] = / (1 — (e — w])) Gl — w) dr = / (1= ole|z — w]) k(e (z — w)) dr
)

oo ko, (u
</ <1—so<u>>% du.

Hence, we deduce that sup,_,cpz o E[(P/€)?] < 400, therefore there exists a constant C' > 0
independent of z,y, such that supt>0(—Pth) is stochastically dominated by supg ;< ¢ B,
where B, is standard Brownian motion. Hence there exists A\, C' > 0 such that

sup E[ A(supy > o(— Plc ] <C
rAwWER?

Therefore, one may easily get rid of this process in the proof of [18, Proposition 14]: just

condition on the process sup, 20(—Ptlc). Then one just has to deal with the couple (Ptsc +

Z0 PP+ Zg”) , whose increments are decorrelated from sy, = lnﬁ on. One can then
t>0

follow the rest of the proof in [18, Proposition 14] up to harmless modifications.

This argument may be adapted to quite a general family of log-correlated fields. For
instance, in the case of correlations given by (65), apply the same strategy, except for replacing
now @(e"|z — w|) by p(r~'/2|z —w|): this different time parameterization just comes from the
fact that the time evolution of the function G; in (65) differs from that in (64). O

Extension of the Seneta-Heyde renormalization. The Seneta-Heyde renormalization
requires another argument. We will use coupling arguments for the MFF and GFF. First we
extend our Theorem 5 to the following set-up:

Theorem 30. Assume that the family (X(2)); > o.ere has covariance kernel of the form

t

k(v,x)

E[X,(2)X,(y)] = Kninoy (@ — ), with  Ki(z) = /1 } dv (66)

for some family (k(v,-)),>1 of stationary covariance kernels such that:
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B.1 k(-,-) is nonnegative, continuous and floo w dv < 400,
B.2 for some constant C, for all x € R? and v > 1: |k(v,0) — k(v, z)| < C|z|v,
B.3 k(v,z) =0 if |z| > ¢(v), where

v) = 2¢/¢(v2) = Dv (1 +2Inv)”

for some a > 0 and some fixed constant D.
B.4 there exists f : [1,+oo[— R, such that k(v,z) < f(v|z|) for allv > 1 and x € R?.
Then the conclusions of Theorem 5 hold.

Let us admit for a while the validity of this theorem and make some comments. The
kernel k(v, x) plays the former role of k(vx): so basically, Theorem 5 corresponds to the case

= 0 and the above theorem slightly enlarges the allowed size of the support of k(v,z).
This dependence of the size of the support does not allow us to deal with a covariance kernel
K(x) = limy_,o K;(x) with long-range correlations. The subtle thing here is that a large class of
kernels with long-range correlations may be decomposed into a part satisfying Theorem 30, plus
a smooth (non logarithmically divergent) Gaussian field encoding the long-range correlations.
So, in a way, the extra leeway corresponding to the additional logarithmic factor in [B.3] is
what is needed to treat long-range correlations. We will apply this argument to the whole-
plane MFF with the two possible types of correlation structures, (64) or (65). Observe that
considering a well-chosen family of Gaussian processes with covariance structure (64) or (65)

\fM A .
W)() 2/7T mn

probability as ¢ — +o0o, then for any other family (X;); we will have the same convergence, at
least in law, and since \/2/7 is a constant, we will also get convergence in probability for this
family. So in what follows, we can construct as we please a family (X;); of Gaussian processes
with covariance (64) or (65). O

is not a restriction. Indeed, if we prove for one family (X;); the limit

Application to the cut-off family with covariance (64).
Let us set G, () = limy_,o, G¢(x). First, observe that

G % Gon() = /G (1) Gy — ) dy = 72 /R/ / 0,0, )p(v, 2, y) dududy

2'u,'u 77LU
/ / (2+) u—i—va)dudv—w/ vp(v,0,2)e” "2 dv
0

Hence G,, is a square root convolution of k,,, up to a multiplicative constant. Let us set
gm () = %Gm(x) in such a way g, * gm(x) = ky(x). Let us set for a > 1

C(142me)e, ) = a2 4

v Va,
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Consider a smooth function ¢ defined on R such that 0 < ¢ <1, ¢ =1 over [0,1] and ¢ =0
on [2, +00[, no matter its values on R_. Then, consider a white noise W on R, x R? and define

i) = [ [ B0y v ey
i = [ [ 200y ol . ),

in such a way that the family (X + X'©);>, has the same law as (X;);>¢. The family
(X?); encodes the short-range logarithmic divergence, whereas the family (X[¢); encodes the
long-range correlations. Let us compute the covariance of X;“:

dv
Kir) = B0 @] = [ [ anlo— ev)gno)ptendy ~ mlistanil)iy Y.

in order to check that it satisfies the assumptions of Theorem 30. Thus we set
0.2) = [ anly = 209 @)play — wol)elanlsl) dy
R

in order to have K;(z) = fft k(v,z) 2. First observe that

k‘(’U, ZL’) < , gm(y - zv)gm(y) dy = k‘m(l"l}),
R
so that we can take f(y) = kn(y) to check [B.4]. Furthermore, it is obvious to see that
k(v,z) = 0 for |z| > 1(v), hence [B.3]. Then:

1= kw0 = [ )0 - Pl < [ 20) dy
R2 R2\B(0,(14-2Inv)®)

Now, we use the fact that for some constant C' we have g,,(y) < Ce ¥l for |y| > 2, to deduce
that [B.1] holds. To prove [B.2], we show a stronger statement: the uniform convergence as
v — oo of k(v,-/v) as well as its gradient towards k,, and Ok,,, with a control of the rate
of convergence. As a byproduct, we will also get a uniform Kolmogorov criterion for (X/¢).
Consider z € R?, we have

o) = K(w,2/0)| = [ gl =) (1 = clalyl)planly — D) dy

If |x| > a; 1/4, a rough estimate (namely 1 — ¢ < 1) shows that the above quantity is less than
km(z) < kp(a;!t/4). Otherwise |z| < a;!/4 and in this case the product o(a,|y|)¢(a.ly — z|)
is worth 1 on the ball B(0,a,!/2), in which case we estimate the difference |k,,(x) — k(v, z/v)|
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() — k(v 2/0)] < / 9 ()l — ) dy
R2\B(0,a5 */2)

<c? / elole=la=1l g
R2\B(0,05 /2)

< 026_““1/4/ e W dy.
R2\B(0,a5'/2)

In the last inequality, we have used that |z —y| > a;'/4 in such a way that |z —y| > 2 for
v large enough so as to make (1 + 2Inv)*/4 > 2 and the use g,,(y) < Ce™ ™ for |y| > 2. In
both cases (|x] < a;'/4 or |z| > a;'/4) and since @ > 1, we can choose 3 > 1 such that
Sup,eg2 |km () — k(v,2/v)| < Cv=* for some (possibly different) constant C. Observe now
that similar bounds hold for the gradients 0k,, and dg,, so that we can reproduce the same
argument and get for some constant C'

sup |0k, (va) — Ok(v,-/v)| < Cv™". (67)

zeR?

[B.2] easily follows from the above uniform convergence; the power decay of the supremum
here is not necessary, but we shall use it later. The Seneta-Heyde renormalization thus holds
for the family (X7°),. Let us denote by M;"** and M, the random measures associated with
the field (X;°);, sticking to these notations for the rest of the paper.

Let us treat now the long-range correlations (X!¢);. The covariance kernel matches:

K@) = B0 = [ [ auly = 20)an)(1 = o)ely = se)( = ) alsl)d
and we can set

h(v,z) = /RQ Iy — 20) g (y) (1 — @) (as|y — zv])(1 — @) (as]y|)dy,

in such a way that K¢(z) = fft @ dv. We can proceed as we did above to show that

sup |Oh(v, z/v)| + |h(v,z/v)| < Cv™°.

z€eR?

Now we use the fact that, for each fixed x, the process t — (X[¢(x) — X!¢(0)); is a martingale
to deduce via the Doob inequality that for ¢ > 2:

Blsup(X ) ~ X0 < Oy (sup [ DA gy

t>0 (Y

00 /2
< C\x|q/2</ vP dv)q :
1
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The Kolmogorov criterion ensures that, almost surely, the family (X[€); is relatively compact
in the space of continuous function equipped with the topology of the uniform convergence over
compact subsets of R?. Furthermore, for each rational points the process (X'(z)); is a martin-
gale uniformly bounded in L? and therefore converges almost surely. Both of these statements
imply that almost surely, the family (X), converges uniformly over compact subsets towards
a limiting process, which is nothing but

Xt = [ [ 0 o aly s e dy).

Now we just have to gather the different pieces of the puzzle to conclude. We have proved
that for each measurable set A, the family (vVEM*°(A)) converges in probability towards
M"*¢(A). Therefore, for each subsequence, we can extract a subsequence, still indexed with ¢,
such that the family of random measures (v#M;**(dz)) almost surely weakly converges towards
M"*(dz). Since the family (X!), converges uniformly over compact subsets towards X’ we
deduce that for each compactly supported continuous ¢ we have the almost sure convergence
as t — 00

\/_ 2Xl°(9c 2]E[X§C(x)2}¢(x)Mt“/,SC(dx> . 62ch() 2E[ X (z ]¢( ) Sc(dx).

R? R2

Observe that this latter quantity is nothing but [, ¢(x)M "(dx), where M’ is the derivative
multiplicative chaos associated with the family (X;);. This comes from the fact that the
measure M?*¢(dx) identically vanishes. Hence the result. O

Remark 31. Observe that we have only use the following properties of ky,:
- there exist some constants C > 0 and o > 1 such, that ky,(x) + |Okn ()] < Ce™ =",
-k, admits a nonnegative convolution square root g, such that g,0g are integrable, and

sup g(x) + |0g(x)| < 400 and / _1/ y) dy dv < o0.
B(0,In% v)

2] > 2
Therefore Theorem 5 holds for star-scale invariant kernels satisfying these assumptions.
Application to the cut-off family with covariance (65). At first sight, the situation

may appear different from the previous case because the structure of p(t,z,y) is seemingly
different from k,,(u(z — y))/u. Let us make the change of variables u = v=2 in (65) to get:

m2
€ 2.2 o7 9,2
_le—y®? e 2
Gt(:)s—y):/ e 2 dv
0

(Y

2|2
¢t k(vx)e 5 dv with k(z) := e~ We can get

This expression takes on the form Gy(z) = |,

m2
rid of the smooth part f i Zx ~ 2% dv (for instance by putting it in the long range correlation

m2
part) so that we only have to deal with flet @6_2? dv. Observe also that the square root
convolution of k is still a Gaussian density. It is now clear that we can repeat the above

42



77L2
arguments up to the fact that we deal with e 2.2 instead of 1 but this is harmless as only the
behaviour for large v matters. O

Proof of Theorem 30. This context is quite close to that we considered in the proof of Theorem
5. The proof remains unchanged, provided that we make the following modifications. First
remark that the variance of X; is no longer ¢, but K;(0): this is not a real problem, as K;(0)
satisfies t — ¢ < K;(0) < t + ¢ for some constant ¢ > 0, thanks to Assumption [B.1]. In
particular, Y? is no longer a Bessel process but rather a time changed Bessel process with a
change of time close to ¢ (within two constants). Then follow the proof without change until
Lemma 21. Then replace the definitions of R%(y), RE<(y) and Z7"(x), Z7°(x) in the proof of
this lemma by

P = [ MO0 ) = B (A) - B )
B(z,p(elt))

20(x) = / (2 dz 70(a) = Z8(A) — Z(a).
B(z,p(et))

The definitions of the sets E}, E?, B} E} E} and F; remain unchanged. A few lines below,
observe that the &gma—algebras Q'mt“ and Gi" are now independent for a > i(e"). But,

° (@) out (et
Zt ") still remains gh

proof until Lemma 23. In this lemma, replace the definition of EY by

conditionally on Gy,, -measurable so that we can then follow the

ES={n""< inf YP(x)} with a=Iny'(e).

uE[ht at}

With this new definition of E?, the only part that needs to be adapted is the treatment of Al
in the proof of Lemma 23 but this is painless. To do this, split once again Ztﬁ "(x) in two parts:

2@ = [ e a2 - | 72z d
B(z,e~t)NA C(ze~tap(eht))NA

where C(x, e~ (e)) still stands for the annulus B(z, ¥ (e™))\ B(x,e~!). Then the treatment
of ZP#! is the same and for Z"*, replace everywhere |z — w|™! by ¥~!(|z — w]|). At the very
end of the proof of this lemma, you get (for some irrelevant constant C’, which may change
along lines):

Eg [Zﬁ’m( )L o]
/ \/— 1/7
<= - //C'(xe L (ehi)) (7 (e = wh) (1 + g™ (o — w])) duwda
< Ce \/_hm/ w L)AL + Ingpt () rd= dr
G

< eV / u(1 4 In ) (u) ' (u) du.
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Now use the fact that —¢/(u) < C'(1 + Inu)*u~2 to get:

du < C/e—\/ﬁhtl/7ta(d+1)+l.

. Y=(e™) 141 a(d+1)
Eopl 20 2(2) ) < Clem20" / (14w

eht u

Since this quantity decays towards 0 faster than any power of ¢, we can conclude the whole
proof similarly. O

D.2 Gaussian Free Field

Recall that the normalized Green function over the domain D with Dirichlet boundary condi-
tions is given by (20). We consider a white noise W distributed on R? x R, and define:

X =va [ [ oW, ds)

The first observation we make is that the fluctuations of the GFF along the boundary of
D are rather tricky to control. Yet this is not a problem: to construct the measure M’ on D
we just need to construct it on every domain D’ C D such that dist(D’, D) > 0 and then
consider an increasing sequence (D,,), of such domains such that | J, D, = D. This is a rather
standard argument, so that we will not discuss it further.

In what follows, we fix a subset D' C D such that dist(D’, D) = ¢ > 0. Concerning the
construction of the derivative multiplicative chaos, the proof is the same as that explained for
the MFF: just use the 4 Brownian motion decomposition to handle the long range correlations.
One may also ask how to prove the second statement of [18, Proposition 19] as the variance
of the family (X;(x)); depends on the point x. This is not that complicated: for each = € D',
define F(t,x) == feofm pp(s,z,x)ds. Observe that, on D', we can find a constant C' such that
forallz € D" and t > 0,t—C < F(t,z) < t+C. Since the mapping t — F(¢,z) is continuous
and strictly increasing, we can consider the inverse mapping F (¢, x), which is also close to ¢
within two constants. Then the Gaussian process Y;(z) = Xp-1(:,)(7) has constant variance
t. We can then use the comparison argument in [18] with a cone constructed log-correlated
Gaussian field (based on [18, Lemma 18]) to prove Proposition 19.

Concerning the Seneta-Heyde renormalization, the strategy is quite similar to the MFF.
We first get rid of the integral between 1 and oo and consider

XHa) = V7 po (5. 2. y)W (dy, ds).

Dx[e—2t,1]

Then we define another Gaussian field

XM (2) = /7 pl5

R2 x[e—2t,1[ 2

, 2, Y)W (dy,ds).

Observe that this is the process we considered in the case of the MFF since we consider here the
2

transition density of the whole-plane planar Brownian motion (up to the irrelevant term e~

term). In order to conclude as above that the Seneta-Heyde norming holds for the GFF, we
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have to show that the difference (X} — XM'F), converges uniformly on D' towards a limiting
continuous Gaussian process. In fact, it is sufficient to show that (X} — XMF), converges
uniformly on D" where we set

X} z) = V7 po(c

)
D’X[eiZt,l[ 2

z,y)W(dy,ds).

and

_ S
X () = o
D'x[e=2t 1]

Recall the standard formula [49, section 3.3]

, 2, )W (dy, ds).

A(vau y) = p(S,LE’, y) - pD(vau y) =FE* [1{7% < s}p(s - Tgv B:IE“%? y)]

where By is a standard Brownian motion starting from = and 77 = inf{t > 0, BY ¢ D}.
Now, take two points z and z’. One can couple two Brownian motions from these two starting
points by a standard procedure. The two Brownian motions By, Bf' run independently until
the first components meet; when these components meet, they follow the same 1d-Brownian
motion. After this, the second components evolve independently until they meet and then
both 2d-Brownian motions Bf and B are the same (see [26, Lemma 2.15] for instance). We
denote P**" the corresponding probability measure and 7% the time where both Brownian
motions are the same. Now, we have by definition

‘A(Sv LU/, y) - A(Sv T, y)|
= |Ea:,x [1{Té[v)’ < s}p(s - Tg) ) B;:%’?y) - 1{Tf, < S}p(s - Tg)u B%Bv y)]‘

= |Em,$ [1{71’1/>T5ATBI}1{TBI < 8}])(8 — T]:_-B) , B;B/, y) — 1{TI’II>TB/\TBI}1{TB < S}p(S — Tg, B%f;’ y)”

’
D

SE™ [ oo re argy g < 920 = T Brars ) + 1wy argy Lirg < yP(s = T35, By, )|

6_62/28 ’ ’ ’
< P2 (%" > THANTE) (68)
S
An easy calculation shows that the law ﬁ is independent of x, 2’ and matches that of a

stable law with index stability 1/2, call it S. Then, by using the Markov inequality, we deduce,
for 5 €]0,2[, a €]0,1/2[ and x > 0,
Pm’m’(rw’xl >TH A Tg) < Pm’m’(rw’xl > |z —2')P) + PY(TE < |z —2')°) + IP):”/(TZ%, < |z —2|%)

< |z — 2/|FDR[SY] 4 2|2 — /| sup B[(T5)7X]. (69)
zeD’

If § > 0 stands for dist(D’, C°) > 0, we have

sup E[(T5) ] < sup E[(T5,.5) ] = E[(T3) ] < +oo. (70)

zeD’ zeD’!

The latter quantity is finite for all x > 0 (standard argument: compute the law of T’ 1(5);(0 5) by
applying the stopping time theorem to the exponential martingale of the Brownian motion). By
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combining (68)+(69)+(70), one concludes as explained above by the Kolmogorov criterion that
(X} — XMFF), converges uniformly on D’ towards a limiting continuous Gaussian process. [

Proof of Theorem 15. Given another planar domain D and a conformal map v : D — D, we
will denote by (X}), > ¢ the random field defined by

X (@) = Xi(¥(x)).

This family is a white noise approximation of the centered GFF X o) defined on D. Then for
any function ¢ continuous and compactly supported on D, we consider:

Mngow-i-Q 1n|¢'(x)\,5(w)
= /~ () R[] (1)) — X[ () — 21n [/ () )X @+ OB @00 (2, D)2 d,
D
When 1 is the identity we simply write MtX P This defines a martingale with respect to the

parameter ¢. By using the standard rule, for = € D, |C(¢(z),D)| = [¢/(2)]|C(z, D)| where
|¢/(z)]? is the Jacobian of the mapping v : D — D, we get the relation

MEHWID () MEP oy ) -2 [ nfrou (o)) pou (o) BNEC 1, D) do
D

By using the fact that the random measure ¢2X+@~2EX:@)’IC(z D)2 dz almost surely weakly
converges towards 0 as t — 0o, we can pass to the limit as ¢ — oo in the above relation and

get the almost sure weak convergence of the family of random measures (pXev 2 ‘w/"D(d:B))t
towards a limiting measure MX°¥+20 V1D (4g) satisfying

NXowt2 mw’\f)(@) = MX’D(<P © w_l)

for every continuous and compactly supported function ¢ on D. O
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