PSFC/RR-06-9

Neoclassical Polarization

Yong Xiao

Plasma Science and Fusion Center
Massachusetts Institute of Technology
Cambridge MA 02139 USA

This work was supported by the U.S. Department of Energy, Grant No. DE-FG02-91ER-
54109. Reproduction, translation, publication, use and disposal, in whole or in part, by or
for the United States government is permitted.



Neoclassical Polarization
by
Yong Xiao
B.S., Peking University (1999)

Submitted to the Department of Nuclear Science and Engineering
in partial fulfillment of the requirements for the degree of

Doctor of Philosophy in Applied Plasma Physics
at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
June 2006
(© Massachusetts Institute of Technology, All rights reserved.

The author hereby grants to Massachusetts Institute of Technology
permission to reproduce and
to distribute copies of this thesis document in whole or in part.

Signature of Author ...... ... . .
Department of Nuclear Science and Engineering
15 May 2006

Certified Dy . . ..o
Peter J. Catto

Head of Fusion Theory and Computational Group, PSFC

Thesis Supervisor

Certified Dy . . ..o
Kim Molvig

Associate Professor of Nuclear Science and Engineering

Thesis Supervisor

Accepted Dy ..o
Jeffrey A. Coderre

Chairperson, Department Committee on Graduate Students



Neoclassical Polarization
by
Yong Xiao

Submitted to the Department of Nuclear Science and Engineering
on 15 May 2006, in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy in Applied Plasma Physics

Abstract

Sheared zonal flow is known to be the predominant saturation mechanism of plasma
turbulence. Rosenbluth and Hinton(R-H) have shown that the zonal flow level is in-
versely proportional to the plasma radial polarizability due to magnetic drift departure
from a flux surface. In another calculation, Hinton and Rosenbluth (H-R) considered
the weakly collisional case in the banana regime and calculated the neoclassical polariza-
tion and associated zonal flow damping in the high frequency and low frequency limits.
The work presented here extends R-H’s calculation in several aspects. We calculate the
neoclassical polarization for arbitrary radial wavelength zonal flows so that finite ion
banana width and ion gyroradius are retained. We also add plasma shape effects into
the R-H collisionless calculation and find the influence of elongation and triangularity
on neoclassical polarization and zonal flow damping. In addition, we extend the H-R
collisional calculation using an exact eigenfunction expansion of the collision operator to
calculate neoclassical polarization for the entire range of frequencies. A semi-analytical
fit of the exact results is obtained that gives the polarization to within 15% and allows
the collisional zonal flow damping rate to be evaluated for arbitrary collisionality.
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Chapter 1

Introduction

It has been observed in tokamak experiments [45] that radial particle and heat transport
are much larger than neoclassical theory predicts [26][41]. Neoclassical theory based on a
collisional diffusion model only sets up a minimal transport level for fusion plasmas. The
majority of the radial transport is believed to be from small spatial scale (compared to
the tokamak size), low frequency (compared to the ion gyrofrequency) microinstabilities
[29][35][6][39]. These drift wave type instabilities include the ion temperature gradient
(ITG) [4][33][11] mode, the electron temperature gradient (ETG) [31] mode, the trapped
ion mode [42][43] and the trapped electron mode (TEM) [19][8][37][32]. The ITG mode
and TEM mode have recently been observed in experiments [40][20] and identified as the
main instabilities that lead to anomalous transport [31].

A focus of the last several decades of fusion research has been identifying new mi-
croinstabilities, investigating the physics behind these microinstabilities, and searching
for possible approaches to avoid or suppress the microturbulence associated with these
microinstabilities. These microinstabilities can lead to an axisymmetric flow called zonal
flows that can impact the fluctuation levels. The zonal flow produced by the sheared
radial electric field is found to be an effective way to reduce tokamak turbulent transport
[13][47] once it is excited by the microturbulence. Gyrokinetic simulations find that the
threshold of ITG turbulence is shifted upwards by the excitation of the zonal flow[14].
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The discovery of this Dimits Shift has been important evidence of the regulation effect of
the zonal flow. Therefore the damping of the zonal flow and the asymptotic residual zonal
flow level becomes an important issue in setting the turbulence saturation amplitude.

Different simulation models have provided different predictions on the zonal flow
damping. Gyrokinetic simulations [36][15][34] found a much larger residual zonal flow
level than the gyrofluid models [35][2][17]. In an analytical gyrokinetic calculation|44],
Rosenbluth and Hinton (R-H) showed that an axisymmetric zonal flow can’t be damped
by linear collisionless kinetic effects. Therefore, the severe damping term embedded in
gyrofluid codes is not appropriate for describing the zonal flow evolution and gyrofluid
modeling has been largely replaced by gyrokinetic models in the last few years. The R-H
calculation also showed that the residual zonal flow level is inversely proportional to the
radial plasma polarization. This radial polarization is associated with departure of charge
from a flux surface due to the magnetic drifts or even gyromotion. In the collisionless
regime, the plasma polarization is dominated by the ion neoclassical polarization, which
originates from the trapped and passing ion departure from flux surfaces in a tokamak.

In a later calculation[27], Hinton and Rosenbluth (H-R) calculated the neoclassical
polarization and associated zonal flow damping in the presence of collisions for the fol-
lowing two asymptotic limits: the high frequency limit where the driving frequency is
much larger than the ion-ion collision frequency, and the low frequency limit, where the
driving frequency is much smaller than the ion-ion collision frequency. They did not give
explicit results for the intermediate driving frequencies, but found the zonal flow to be
strongly damped at high collisionality.

In this thesis, several advances have been made to understanding neoclassical polar-
ization and the associated residual zonal flow following H-R’s approach [27][44]. These

advances include the following calculations:

e the neoclassical polarization and residual zonal flow level for arbitrary perpendicular

wavelengths;

e the neoclassical polarization and residual zonal flow level for shaped plasma with
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finite elongation and triangularity;

e the collisional neoclassical polarization for the entire range of driving frequencies

or arbitrary collisional frequencies below the transit frequency.

To set the stage for these calculations, we review the basic R-H zonal flow physics,
and show that the residual zonal flow is closely related to the polarization of the plasma in
Chapter 2. Then in Chapter 3, we first develop the formalism to calculate the neoclassical
polarization following H-R [27]. We review the calculation of the neoclassical polarization
in the collisionless limit and show the importance of the distribution function’s structure
in pitch angle space. We also calculate the classical polarization for a screw pinch model.
In addition, we calculate the poloidal and toroidal rotation with the collisionless R-H
distribution and find that zonal flow not only has a poloidal component, but also has a
comparable toroidal component.

In Chapter 4, we calculate the neoclassical polarization and the associated zonal
flow analytically for short wavelengths (wavelengths of the order of the ion poloidal
gyroradius) in the collisionless limit, since short wavelength zonal flow plays a different
role in regulating turbulence [9]. We find that for a given initial density perturbation
the residual zonal flow level is much smaller for short wavelengths in the core. The short
wavelength zonal flow is expected to be of interest in the pedestal edge plasma region as
well. We then calculate the neoclassical polarization and the residual zonal flow level for
arbitrary wavelengths numerically so that both finite ion banana width and ion gyroradius
effects are retained. We find the zonal flow can become totally undamped in this case.
Since magnetic geometry is pertinent to the residual zonal flow level [22], we then calculate
the neoclassical polarization for shaped plasma cross sections with nontrivial elongation
and triangularity, and find that the residual zonal flow level increases with elongation,
while decreasing with triangularity.

The next chapter, Chapter 5, reviews the H-R collisional calculation in two asymptotic
limits: the high driving frequency limit and the low driving frequency limit. We then

proceed to develop a semi-analytical method, based on an eigenfunction expansion of
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the collision operator [30][12], to calculate the collisional neoclassical polarization for the
entire driving frequency range or arbitrary collisionalities in Chapter 6. For collision
frequencies comparable to the driving wave frequency the damping of the zonal flow
increases slightly as the inverse aspect ratio increases, and of course, the zonal flow is
strongly damped at high collisionality.

The last chapter summarizes and discusses what we have discovered in the previous

chapters.
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Chapter 2

Background

Heat and particle transport in experiments is observed to be much larger than neoclassi-
cal theory[26][3] or collisional diffusion predicts. It is widely believed that this anomalous
transport is caused by small spatial scale, low frequency fluctuations. These fluctuations,
namely turbulence, stem from microinstabilities, such as the ion temperature gradient
(ITG) mode[4][14][16][11] and trapped electron mode (TEM)[19][8][37][10][43][32]. A fo-
cus of fusion plasma research has been the physical mechanism of these micro instabilities
and how to reduce the associated turbulence level [44][9][13].

An important tool to study turbulence is the gyrokinetic equation[5][1][7][21]. The
gyrokinetic equation is the gyro phase averaged kinetic equation holding the guiding
center fixed. For a strongly magnetized plasma, the gyromotion is the fastest motion
of interest. Based on this fact, the gyrokinetic approach eliminates the gyro phase de-
pendence of the distribution function when it is written as a function of guiding center.
This gyrokinetic approach is believed to contain all the relevant physics of turbulence.
Although it is greatly simplified, the gyrokinetic equation is still quite difficult to solve,
even numerically. Additional simplifications are normally required. For example, in the
case of drift wave turbulence, some of the neoclassical drives are usually ignored.

Another useful approach to deal with turbulence is through reduced fluid models,

which essentially take the moments of the kinetic equation and then close the moment
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hierarchy by approximate kinetic models. One of these fluid models is the gyrofluid model
[35], which includes magnetic drift and finite Larmor radius(FLR) effects in the moment
equations.

Numerical simulations show that the low frequency poloidal (and toroidal) rotation,
or zonal flow, plays an important role in regulating turbulence. Specifically, in the pres-
ence of sheared zonal flows, the turbulence can be strongly reduced. Hence, the damping
of these poloidal flows became an important issue. Both gyrokinetic and gyrofluid simu-
lation can predict zonal flow damping, but gyrofluid codes [35][2] observed a much larger
damping than gyrokinetic codes [36].

Rosenbluth and Hinton (R-H) performed an analytic check[44][27]. Their kinetic cal-
culation demonstrated that the axisymmetric fluctuations can’t be damped by linear
collisionless kinetic effects; consistent with gyrokinetic simulations. R-H found that the
linear damping term implemented in gyrofluid models is not appropriate for axisymmetric
poloidal flows. Their calculation also shows that the residual zonal flow level is inversely
proportional to the polarization constant of the plasma. Therefore the plasma polariza-
tion plays a crucial role in regulating zonal flow damping. In tokamaks, the majority of
the polarization comes from the bounce motion of the particle trajectories, rather than
the gyromotion of the particle trajectories. In fact, neoclassical polarization is bigger
than classical polarization by a factor of B2/ Bﬁ, where By and B, are the toroidal and
poloidal components of the magnetic field. As a result, neoclassical polarization will be
the main focus of our investigations. The classical polarization is usually easy to identify.

To set the stage for our work, we briefly review the R-H model[44][27] in the remainder
of this section. To determine the neoclassical part of the polarization, they start with the

gyrokinetic equation and ignore the FLR effect to obtain the drift kinetic equation[23][26].

% +(wb+vp) -Vfi—Cu{fi} = _%FO (vb+va) - Vo + 5y, (2.1)

where e is the charge of the particles, including sign. For simplicity, here we assume only

hydrogenic ions in the plasma. Note that f; is the first order or linearized distribution
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function, Fy is the lowest order distribution function, assumed to be a Mazxwellian, and
¢ is the perturbed electrostatic potential. In addition, V is the spatial gradient holding
the kinetic energy £ = v?/2 and magnetic moment y = v% /2B fixed; b = B/B, is the
unit vector along magnetic field; 2 = eB/mc is the gyro frequency; vq = vp — £b x V¢,

is the total drift velocity with

x (uVB + vﬁb -Vb) (2.2)

Vp =

2T

the magnetic drift; and Cj; is the linearized ion-ion collision operator. The source term

Sy in Eq.(2.1) is the gyro average of the nonlinear term in the drift kinetic equation,
S, = %v(p xb-Vf (2.3)

The R-H’s approach is to divide the electrostatic fluctuations into two groups: non-
axisymmetric fluctuations and axisymmetric fluctuations. The non-axisymmetric fluctu-
ations include unstable modes that are coupled together in the source term. On the other
hand, the axisymmetric fluctuations are driven by this first group through mode coupling
and then act to regulate the first group. Although solving the whole nonlinear problem
consistently is desirable, it is generally too complicated and more convenient to use the
R-H’s approach to gain some physical insight. In R-H’s approach, the axisymmetric fluc-
tuations are treated in detail, while the effect of the non-axisymmetric fluctuations are
modelled as an axisymmetric noise source with known properties.

From Eq.(2.1), the first order distribution f; is composed of two parts,

fi= R+ R (2.4)

where the linear part fl is driven by the axisymmetric source 7Fo (vb +vq) - Vo, and

the nonlinear part fN% is driven by the axisymmetric noise source S,,. It is convenient
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to introduce the notation

NL — /dtSn,

then
fi=fie [ s, 25)
and fl satisfies the following equation,
off L Ly _ ¢
T +(wb+vp) VI —Cy{fi'} = _TFO (v,b+vy) - Vo. (2.6)

A Fourier representation in the direction perpendicular to the magnetic field can be

applied to the preceding equation by defining,

¢ (I‘, t) = Z o (t) eiS, (27)
ey = SR 28)

with k; = V.S. Then in Fourier space, Eq.(2.6) becomes

% + (Uub -V+vp- ZkL) fr — Ci {fk} - _%FO (Uub V+vg- ZkL) ¢k (29)

We can solve the preceding equation for f; in terms of ¢, by Laplace transforming to

frequency domain, by utilizing the transform pair

6 0) = [ o). (2.10)
G) = 5 [ dpeo, (), (211)

where p = iw, is the frequency-like variable in the Laplace transform.
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We may define a polarization 5ZOZ (p) in Fourier and frequency domain by

e (p) (K1) ¢ (p) = —4r <p§01 (p)> , (2.12)

where ( ) is the flux surface average and pﬁoz (p) is polarization charge density. This

definition for polarization retains only the linear portion of f; and may be rewritten as

2 () (K2 6 (p) = —dre < [ o -5 <p>>> . (2.13)

In the case of interest to be considered here, the ion and electron response will cancel the
adiabatic response and leaving only the polarization effect. The ion polarization is larger
than the electron polarization by the mass ratio, m;/m., so the electron polarization is

generally ignored in calculation, and we only need to consider

e (p) (k7) ¢ (p) = —4me < / & f (p)> . (2.14)

This expression will be used to calculate the polarization constant, sﬁ(’l (p).
The axisymmetric potential ¢, is determined by quasineutrality within a flux surface

with both the linear and nonlinear portion of f; retained,

(Jes)=( o)

In addition, we may define a noise source combining both electron and ion contributions

sz</d3v/dt(Se—Si)>.

Inserting Eq.(2.5) in Eq.(2.15) and introducing s (p), the frequency and Fourier spectrum
of the noise source s, and then combining with Egs.(2.13,2.15), we find

e (p) (k) ¢y, (p) = —4mesi (p) . (2.16)
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For a known noise source s (one whose spectrum in Fourier and frequency domain is
known), we see from Eq.(2.16) that the axisymmetric electrostatic potential ¢, (p), which
drives the zonal flow, is inversely proportional to the polarizability of the plasma, 5201 (p).
Moreover, we assume an initial charge edny (t = 0) is established by the nonlinear noise
source, during a time larger than the gyroperiod, but much smaller than a bounce time.

The nonlinear source is assumed to be of the form

/dSU (Sek — Szk) = —57”Lk (O) ) (t) .

It is convenient to relate edny (¢t = 0) to the initial electrostatic potential ¢, (¢ = 0) by

employing the following relation,
dmedny (0) = eby (k) o, (t (2.17)
with the classical polarization defined as

0 w 7
el = L, (2.18)

where w,,; defines the ion plasma frequency, and w.; = eBy/m;c, is the ion gyrofrequency

at the magnetic axis. The preceding source gives the following noise spectrum,

akien (t=0)
4dmep

s (p) = (2.19)

As a result, the axisymmetric electrostatic potential ¢, (p) calculated from Eq.(2.16) is

given by
pol

¢ (p)  Eha
¢p (t=0)  pel (p) (2:20)

The polarization, 5£Ol (p), usually contains two parts:

2 (p) = R + €hme () - (2.21)

k,nc
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The classical part 5%1 is due to the gyromotion of particles, while the neoclassical part
comes from the particle’s drift departure from flux surface. They are decoupled in a

tokamak for large wavelength perturbations. Inverting the transform, we find that

O, (t) = oy, (t = O) Ky (t) ) (2-22)

where the response kernel for an initial charge perturbation, Ky (), is defined as

ol
K, (1) = e / dper” (2.23)
2mi ) peb” (p)’

with the path of the p integration from —ooi to +007, and to the right of all the singular-
ities of the integrand. From the preceding equation, the long time asymptotic behavior

of zonal flows depends on the zero frequency polarization response, i.e.,

¢k (t = OO) — gi?cll (2 24)
On(t=0) % + e (0)

R-H found that in the collisionless case, the polarization doesn’t depend on frequency
p [44]. Therefore this collisionless polarization determines the residual zonal flow level.
In R-H’s paper, the dielectric susceptibility X, (p) is used instead of the polarization

constant é‘iOl (p). They differ from each other by a constant,

%) = et () (2.25)
g W;Qn‘/ Wgz’ g ' .
where p; = \/T;/m;/we, is the gyroradius at the magnetic axis.
From the preceding expression, we conclude that for a fixed source, the smaller the
polarization 52‘” (p), the larger the axisymmetric electrostatic potential ¢, (p), and there-

fore, the larger the zonal flow which acts to reduce the turbulence level.

The polarization can also be derived by introducing a polarization current. According
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to Maxwell’s equation
10E

2.2
TR (2.26)

4r 4
VxB=—J4 g4
C C

where the current J refers to all the other currents except the linear polarization current
JP°l and the vacuum displacement current OE/dt. We can define the polarization through

the linear polarization current JP°,

OE

Pl—— = 4 JP! 2.2
S TJP (2.27)
or in the Fourier space
0
—iklsz"l% — 47 I (1) (2.28)

The polarization current Ji(’l itself should satisfy the continuity equation on a flux surface,
a pol . pol .
o \Pk (1)) + (iky - I (t)) = 0. (2.29)
Combining the preceding two equations, we find
(k) 6, = am (), (2.30)

consistent with the previous definition for £/ in Eq.(2.12).
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Chapter 3

Neoclassical Polarization

The previous chapter has demonstrated that the magnitude of zonal flow is inversely
proportional to the neoclassical polarization for a given source. This chapter will demon-
strate the calculation of neoclassical polarization and evaluate it for a circular tokamak
in the collisionless limit[27]. We also calculate the classical polarization and compare it

to the neoclassical polarization. Finally, we will discuss some features of the zonal flow.

3.1 Neoclassical Polarization

For a known axisymmetric potential source, the linear portion of the density fluctuations
can be calculated by solving the linearized drift kinetic equation for ions ( Z; = 1) in
E =v%/2 and p = v? /2B variables:

ort

T (vb+vp) VI —Cu{fl} = —%FO (v,b+vg) - Vo. (3.1)

The linearized or perturbed distribution f{ is driven by the perturbed axisymmetric
potential ¢. The parallel drift v,b and magnetic drift v, defined in Eq.(2.2), must be

retained for this analysis. The lowest order distribution F{, is assumed to be a local
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Mazxwellian,

m; m;v>

In a tokamak, the potential fluctuations vary rapidly across the magnetic field, but
vary smoothly along the magnetic field. This existence of disparate length scales facilitate

the use of eikonal analysis. For neoclassical polarization calculations we may assume
$(r,t) =Y e’
k

where ¢, is taken to be independent of the position along a field line. The eikonal S is

assumed to be a function of flux surface, S = S (1). The perpendicular wave vector k|
is then defined by
k, =VS=5()Vi. (3.3)

The perturbed distribution f{ takes a similar form
fet) =Y fue®,
k

but f; is allowed to vary along a field line. Therefore, in Fourier space, the drift kinetic

equation in Eq.(3.1) becomes

% + (b -V +iwg) fr — Ci{fr} = —%Fo (vib -V +iwp) ¢, (3.4)

where the magnetic drift frequency wy is defined as,
Wq = k 1 *VpB.

The magnetic drift from Eq.(2.2) gives vg -V =v,b-V <%> Inserting the perpendic-

ular wave vector k; of Eq.(3.3) in the preceding equation, the magnetic drift frequency
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wy can be conveniently written as
wqg =uv,b-VQ, (3.5)

with @) defined as
T S'v,

Q=5

(3.6)

and Q ~ kip, ~ p,/L., where p, = p;q/e is the poloidal gyroradius, and L, is the
perpendicular scale length. For zonal flows, the perpendicular scale length is generally
much larger than the poloidal gyroradius. So () < 1 is a reasonable assumption for the
ions. For electrons, () — 0 is assumed.

Based on the preceding discussion, Eq.(3.4) can be further simplified to

ofi

G+ bV +inb-VQ) fi — Cii {fi} = —E%Foiv.,b VQ. (3.7)

To solve this equation, we may define
€ —i
Je = —fcbkFo + Hype '@, (3.8)

Then, the new distribution to be determined, Hy, satisfies the following equation,

aHk i —q i e 8¢k
W‘FUHb'VHk—GQC“’ {er Q} :6QEFOE. (39)

We may solve the preceding equation by a perturbation method for small (). For

Q < 1, we may expand Hj,

Hy=H"+H" +H? + ..
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where H ,Ej IR ,gj 0 (Q). The leading order kinetic equation in this expansion becomes

OH," (0) (0) 0oy,
b - VH —CZ-Z-{H }— F : 3.10
By inspection, we find that the leading order solution is simply,
o _ ¢
H," = = Fooy, (3.11)

T;

since b - VH,gO) = Cy {H,go)} = 0. The next order kinetic equation in the preceding

expansion gives

oHM A,

o _ o [
S+ ub- Vi C”{H } ZQ Fog) (3.12)

since Cj; {H ,EO)Q} = 0 as well. In addition, the second order kinetic equation in the

preceding expansion becomes

(2)

S tub-VHE —C {H;”}—@Q@ {H,ﬁl)}JrCM {iQH;”} _ ——Q2 ¢ R

¢y,
ot

. (3.13)

In terms of the H ,gj ), the perturbed density function f; to the requisite accuracy can

be written as,

—i iQ ¢
r = e Q(Hk—leFoﬁbk)

. e .
e (fwk (1-€¢?) +H + Hé”)

1%

e . . e 1
- (_fFoWQ + H,g”) (1—iQ) + = Fodyz @ + Hy” (3.14)

Fortunately, it is not necessary to solve Eq.(3.12) and (3.13) for H ,gl) and H ,gQ). Instead, to
calculate the polarization constant, it is convenient to make a detour and first calculate

the time change of flux-surface averaged polarization den81ty,< P Ol> = < [ d*v fk>, to
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obtain

%<n§ol> _ gt </d3vfk> </d3v—fk> (3.15)

B s | ieQFy 0, OHI\ eQ?F, 04, OH>
- </dvl< AT T R R o T ¥

H®

(1)
Inserting Egs.(3.12) and (3.13) for L and 22 in the preceding equation and
at ot

utilizing the properties of linear ion-ion collisional operator C;;, we find
0/ , 8¢k aH,g” ,
ot <”k >_ v _TFO Qo+ ) 7))

Thus, we obtain
0 . €
<ni l> = — </d3v (thk -+ f¢kF0Q2> > , (3.16)

where we let hy, = H;, M) This expression for the polarization density is accurate to second

order in %, yet we need only solve the first order equation, Eq.(3.12), for the first order
distribution H{" = hy:
Ohy,

W —+ UHb th — C“ {hk} = ’LQ FO

Oy

e (3.17)

At this stage, a further simplification can be made to the polarization density in
Eq.(3.16) for a large aspect ratio circular tokamak model. Define the pitch angle variable
A = v} By/v?’B, with B, the on axis value of magnetic field and By/B = R/Ry =

1 + ecosf, then the velocity volume element d3v can be written as

ArBEdEdA

v =
BO ‘UH’

(3.18)

Inserting the definition of @) in Eq.(3.6), and carrying out the energy F integration, we
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find a form convenient for our purposes:

i\ ey 2B_3§/dA Q0T j[dehh _]{dehz 1
<nk> nOTZ- LszgQ iclSvep, Fy | 2w b 5 2775 o (319)

where £ = |v,| /v, is the dimensionless parallel speed, h = % = 1+ ecosf for a large

aspect ratio circular tokamak, and the energy average is defined as

[ dEE32emmEIT A

<A>E o fooo dEE3/2e—mE/T

(3.20)

The preceding equation can be used in Eq.(2.14) to obtain the neoclassical polarization

constant in the form,

2 2 2
N LN P j{d@h , %d@h 1ol
e (P) w?, 622/ iolSved,Fy | 2w " E+ 2 § (3:21)

where € = r/Ry is the inverse aspect ratio for a tokamak. This form of the expression

for &if’fw (p) is convenient to display the A space structure of total perturbed distribution
and determine the contributions from trapped particles and passing particles separately,

even though the second term in the preceding equation can easily be integrated by using

T;
/d%vao = o

my;

to obtain the neoclassical polarization constant in the form,

2 2
pol W 3007, ]4 doh , ”
8k,nc (p) - wzi 62 ( /d)\ <2’iUIS/U€¢)kFO o hk . + . (3 )

The remaining task is to solve the kinetic equation, Eq.(3.17), for the distribution hy.

Compared to the original drift kinetic equation Eq.(3.1), Eq.(3.17) is greatly simpli-
fied, but it is still difficult to solve directly. However, we can solve it in some interesting
limits. In particular, when the drive frequency of zonal flows is much smaller than the ion

bounce frequency, w < wy, we may perform transit average to annihilate the streaming
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term in Eq.(3.17).

3.2 Transit Average Kinetic Equation

Following H-R’s approach [27], we solve Eq.(3.17) perturbatively by expanding in w/w;, <

1, by writing
hi = b + b

Then, the leading order equation reads
vb-VhY =0,
which gives that h,(:) is independent of poloidal angle 0, i.e.,
hY = h (¥, A\, B)

The next order equation becomes,

ot ot

A transit average of the preceding equation gives

on)
ot

99y,
ot’

N {h( >} ZQ Fogt

where the transit average is defined as,

Z:§dTA

de

1
M . O —Ca{n} =io— Foad)’“.

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

with dr = df/ (v,b - V). For trapped particles, this average is over a full bounce; while

for passing particles, it is over one complete poloidal circuit. Specifically, for a large aspect

29



ratio circular cross section tokamak, a convenient approximation is dr = qRydf/v,, where

q is the safety factor. In this case the transit average is thus written as

foa

e (3.28)

U

Z:

The preceding transit averaged equation (3.26) is what Hinton and Rosenbluth(H-R)

solve to obtain their collisional polarization [27].

3.3 Collisionless Polarization

It is difficult to find a general analytic solution to the transit average kinetic equation
Eq.(3.26) in the presence of collisions. However, following R-H we can solve it in the

collisionless limit, where it becomes

O’ _ ¢ g% (3:29)

hY) = 0%, (3.30)
T;
giving the perturbed distribution
= e
fi=i(Q-Q) T.’f Fo+0(Q). (3.31)

Note that h,(:) vanishes for trapped particles, since Q = 0 for trapped particles. Inserting

this solution in Eq.(3.21), we obtain the expression for the collisionless polarization,

2 2
Whi q 3 / 2T 1 %
S— | d\|———5+— P do<|. 3.32
w? 22 4 %9 "o ¢ (3:32)

ol
Epme (D) =
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where o = 1 for passing particles and o = 0 for trapped particles. We may rewrite the

preceding equation as

ol an’ CI2
gz,nc (p) = w2‘ g (52 - Pl) ) (333)
where

3 9

Po= 5 / T, (V) , with Ty (A) = —, (3.34)
J g€

3 F 1
S = 3 / ATy (V) with Ty (A) = - ]{ doe. (3.35)

Y[

0

The detailed calculations that follow are performed for a circular tokamak in the large
aspect ratio limit, ¢ < 1, since in this limit, analytic solutions are possible. In the
preceding equations, ). is the pitch angle of the trapped-passing boundary. For a circular
tokamak, A\, = 1 — . We denote the maximum value of pitch angle by \,,; for a circular
tokamak, \,, =1+ ¢.

The function 73 (A) and T3 (A) can be evaluated explicitly using elliptic integrals in

the large aspect ratio limit. For passing particles, A < A., we find

TmvV1—=\N+¢

TN = §m, (3.36)
TP (\) = %\/1 “X+¢cE (%) . (3.37)

For trapped particles, A. < A < \,,, we find

Tg()\):%\/%(E(lJr;_)\)+(1+§€_)\—1)K(1+2€—6_)\)>. (3.38)

With these expressions, the integrals of P; and Sy in Egs.(3.34) and (3.35) can be eval-
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the Collisionless Distribution il Space

1
0.5¢ T,(0)
0
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Figure 3-1: The collisionless distribution in A space for ¢ = 0.2.

uated to O (53/ 2) accuracy to find:

P = 1-—1.635¢%2 (3.39)
4
Sr = 1—37(25)3/2, (3.40)
4
Sto= 5(25)3/2, (3.41)

and Sy = S+ S5, From these calculations, we see that the passing particle’s polariza-
tion cancels the trapped particle’s polarization to the leading order, O (1), and a small
residue, of order O (53/ 2), remains. Hence, the final value for the collisionless neoclassical
polarization is
¢ Wy
e (p) =1.6—=—2. (3.42)

Veuwy

Adding in the classical polarization discussed next, the total polarization in the collision-
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less limit for &2 p? < 1, is

Pl (p) = i 1+ 162 (3.43)
g w Ve

This result is the well known Rosenbluth-Hinton collisionless polarization.

3.4 Classical Polarization

The classical polarization can be obtained by considering a screw pinch model, where no
neoclassical effects like drift departures from flux surfaces are involved. To calculate the
classical polarization, we need to consider the gyrokinetic equation [7][21], instead of the

drift kinetic equation employed earlier. As a result, we consider

0
—gr+ (vb-V+iwp)gr = —Fodo— - (3.44)

ot

where g;. is the Fourier transform of the nonadiabatic part of the perturbed distribution

and the total distribution is given by

f=1F— 6T—¢ + 9. (3.45)

The function Jy = Jy (kg’ L) , is the zeroth order Bessel function, and comes from gyroav-

eraging the potential ¢ holding the guiding center fixed instead of the particle location.
For simplicity, we also assume no collisions in this calculation.

For a screw pinch model, the magnetic field is helical and given by

B = ByZ+ By (r)0. (3.46)
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Therefore, the magnetic drift is

1 B'B Bz v}
v = b x A( e 0 l) (3.47)

/B2 + B2 Bg—i—Bgr

where the factor By = const. Since this drift has no component in the radial direction,

the drift frequency w,; = 0. If we assume no 6 dependence for the potential ¢,, as we did
in the neoclassical case, the distribution g; will be independent of 6 due to axisymmetry,

giving v,b - Vgi, = 0. Then, the gyrokinetic equation becomes simply

0 Jon
— F J, 3.48
ot T 00 gy (3.48)
and has the solution
ey,
= FyJy. A
2 Ry (3.49)

Using this result along with Eqgs.(3.45) and (2.14), we find

o Amrnge? 1
e (p) = W;Tz <1 T </d3UFoJ§>) : (3.50)

The integral can be carried out to obtain

el (p) = b1 1—(Ty(k2p 2By (3.51)
el w; (k1) pf "B ’

where the function I'y (b) = I, (b) e7°, with Iy a modified Bessel function of the first kind.

(S

[\

When kp;, < 1, Tg (K2 p2) =1— kip?g—‘z +0 (klpl B4>, giving

(JJ2-

ol ~ ol 7
e (p) = el = 2 (352)

ci

This classical polarization is purely due to the gyromotion of the particles. When the
gyromotion and bounce motion are on disparate time scales, such as in a tokamak, the

classical polarization and neoclassical polarization are decoupled from each other and

34



become additive in the long wavelength limit. Usually neoclassical polarization is much

larger than classical polarization, as we have shown, due to neoclassical enhancement

q? /2.

3.5 Poloidal and Toroidal Rotation

It is widely accepted that the zonal flow only includes poloidal rotation of plasmas. In
truth the zonal flow also includes a toroidal rotation as demonstrated by the following
calculation.

The complete solution to the linearized kinetic equation includes both gyrophase in-
dependent f and gyrophase dependent f contributions: f = f + f The gyrophase
independent part f produces a parallel flow, which can be calculated to accuracy of
O (Q?) in the collisionless limit using f = Fy + f{. Here f is the linearized distribution,
satisfying Eq.(3.1), so includes neoclassical and polarization effects. For the demonstra-
tion here, only the polarization part is of interest. It has been calculated and is given by

Eq.(3.14) in Fourier space to O (Q?) accuracy. Therefore, the parallel flow is

1 — 1
up=— [ v, f=— /d?’vv,flL. (3.53)

no no

The Q? terms in Eq.(3.14) contribute nothing to the preceding integral due to the odd
parity of the integrand. Recalling Eqs.(3.30) and (3.8), and Hj, = h,(:), to O (Q?) accuracy,
we only need to insert ff =" 6%2 (@ — Q) Fy to obtain

k K3

. el 3¢ 'U—” Uy
UH = noﬂ% dBUFQ’UH (<§> — 5) . (354)

Carrying out the integration for the second term in the preceding equation, we find

0¢ cl

u = BF (¢) — 0B (3.55)
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with the flux function F (1)) defined as

el 0¢ v, /U,

FW)= e dhvFys (5) (3.56)

The perpendicular flow is given by the gyrophase dependent part f, which is simply
the diamagnetic term

~ 1
f=gqvxb- V[, (3.57)

with gradient taken holding the total energy ¢ = v?/2 + m%gb fixed. Therefore, taking the
gradient holding F fixed gives

—
I

vxb- (vyEFO + %FOVd)) . (3.58)

ol

The first term in the preceding equation gives the diamagnetic flow, which combines with
the parallel neoclassical flow to give a divergence free flow. This piece is ignored as small
when evaluating the zonal flow. The second term in the preceding equation gives the

poloidal zonal flow that is of interest, namely

u, = — [dov,f
o
e

= gPxVe: / BPov v, F, (3.59)

which not surprisingly simply turns out to be
c
u, = beVqﬁ. (3.60)

Combining the parallel flow in Eq.(3.55) and perpendicular flow from the preceding equa-

tion, we find the divergence free flow

u= —C%RZ +BF (¢), (3.61)

dp

36



with Z = RV, the unit vector in the toroidal direction. From the preceding equation,
we see that the zonal flow not only contains poloidal rotation, but also toroidal rotation.
In the collisionless limit, the function F'(¢)) can be evaluated for a circular tokamak in
the same way we calculate the collisionless polarization in the previous section to find

oo

_ Zr i 3/2
8¢B3(1 1.66%/2), (3.62)

F(¢)

where By = I/Ry. Therefore, the total flow becomes

= —cR—C+ ——(1-1.6*B 3.63
u c awc + BO aw( € ) ? ( )

which gives the toroidal velocity

¢ 3/2
ue = —Rocw (26 cos 6 + 1.66%/?) (3.64)
and
0

Upot = Rgc£§(1 16632, (3.65)

Hence, toroidal rotation and poloidal rotation both exist for zonal flows and are of similar
magnitude, O <€CR0 g—f;), with the toroidal flow larger on the outboard side than on the

inboard side.

37



Chapter 4

Several Collisionless Issues

In the preceding chapter, we have discussed the collisionless neoclassical polarization to
some detail. But there are still several interesting issues worth exploring in the colli-
sionless limit, e.g., when @ in Eq.(3.6) is large enough that the ) < 1 expansion is no
longer accurate; and when the shape of plasma is not circular so that the elongation
and triangularity effects need to be considered. In this chapter we will explore these
interesting issues to see how the neoclassical polarization and residual zonal flow level

are influenced.

4.1 Large () Case

When we calculate the collisionless neoclassical polarization, we assume that the () factor
in Eq.(3.6) is much smaller than one and expand the distribution f; for @) < 1. Actually,
in the collisionless limit, there exists a general solution to the distribution f;[44], valid
for all orders of ().

To start the calculation we return to Eq.(3.9). The transit average is performed to

annihilate the streaming term to obtain
ep

)

Fyei@, (4.1)
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With this expression, the perturbed distribution f; in Eq.(3.8) becomes

fr =

eTk Fy (—1 + e—iQei—Q) . (4.2)

Inserting this expression in Eq.(2.14) we obtain the neoclassical polarization

w2 Jw?, 1 o
5%020 = Z;/ - <1 - — </d3vFOe_ZQe’Q>) , (4.3)
’ 1P; No

where Q ~ kyip, ~ kip,q/e. In the preceding chapter, we assume Q < 1 and calculate

the polarization accurate to O (Q?). The assumption @) < 1 is usually adequate for the
core plasma. However, in the edge plasma or for large &, the factor ) becomes of order
unity or even larger so the small () assumption is no longer valid. Therefore, polarization

in the range of k, p, ~ 1, but k, p; < 1 is of practical interest.

4.1.1 Analytical Calculation

It is not possible to integrate Eq.(4.3) analytically for arbitrary ). Therefore, we first
study the case where Q? < 1 by extending the expansion to order Q*. In this case, we
may expand Eq.(4.3) to obtain an approximate analytical result for a large aspect ratio

circular tokamak:

— </ d3vFoe_ZQelQ> = — </d3vFoelQ e’Q>
o o

—+o00

1 _ de——
= W/dy@ yﬂ/dAj(?e_zQ GZQ (44)

0

- Flw +/Oodye_y\/§/d)\j{%9(1 +Q-Q?

0

PO O - G0, (45)

39



where y = m; E/T; and Q = I[S'¢€h/Q, with h = 1 4 £cosf. Inserting the preceding
equation in Eq.(4.3), we obtain

2/ 9 T
pol _ _Wpi/Wei 1 / —y / j{d_e A7, Ltoar, a2 1554
=Bt [y [ f (@ - T+ 50 @ - 50 @).

0

(4.6)
We can evaluate the preceding expression term by term for ¢ < 1, accurate to O (g%).

The full details of the calculation are given in Appendix B.

Recalling that Q = 0 for the trapped particles, there are two terms that only contains

contributions from the passing particles, @2 and —%@ (3. They are computed first to
obtain
1—¢
df — 8tm; K
/ A\ ?Qz - Wg (1 - 1.6e%2 4 22 — .36/
0
1
—0.037% + Ea‘*)kﬁp;, (4.7)
1—¢ 2
df— — 16 B 1
/ d/\j{ F0@ = Tﬂ (mT ) (1 2e® — 0237
0
772 99 4,4 4
+3.9¢/% — ¢ k1P, (4.8)

where the details are left to Appendix B and k| p, is defined as

1s" T,

The remaining three terms contain contributions from both trapped and passing particles.

However, two of them can be computed exactly,

/d3vv2FU = ng—, (4.10)

T\ ?
/d3vv4FU = 3np (—1> : (4.11)
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Using these results, we find

d— 2m;E 3

/dAy{?QQ _ ng (1 +5e >kLpp, (4.12)
df— 16 BN’ 15 ,

/d)\f?Q‘l = Tﬂ (mT ) (1 + be? + — 3¢ ) kL ps. (4.13)

The last term involves the most effort to compute accurately. The full details are

provided in Appendix B and lead to the result

2 _ 16w (m,E 2 1 7
/dA]f ( 0 ) (1 - 552 +1.46¢%% — 0.47% 4 Z€4> kipy.  (4.14)

Combining with the preceding results, the polarization in Eq.(4.6) is found to be

S w—giq—z[(l 672 4 Le2 4 0.3655/2 4 0.03¢7/2 - i€4)
k,nc wzi e2 ' 2 ) ’ 10
5 611
kLpp(362 +1.365/2 — 4,272 4 %s“)]. (4.15)

This analytical expression allows k p, to be closer to one, but still requires k4 lpp to be
much smaller than one. It also provides a benchmark to check the () ~ 1 numerical

. 1 .
calculation of }” considered next.

4.1.2 Numerical Calculation

A numerical calculation is necessary when k% Lpp is no longer small. First, we notice

o (1) (e ()]

However, this form is not very convenient for numerical integration because the function
cos () contains a unity factor that cancels in Eq.(4.3), after which we expect to observe

very small variations, of O (83/ 2). Hence, it is useful to transform the preceding equation
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to the following form,
o _,
_e_ZQ
§
with the function K (@) defined as

- o (§2)
{V%e(coscg—l)r+(jf%esm@)?}. (4.18)

As a result, the polarization becomes

ei_Q:jI{—JrK(Q), (4.17)

+o00
2 2
pol . wpi/wci 1

R T

0

Notice that for () < 1 we may expand to obtain

cosQ) —1 = —%@ + 2—14@ +0 (QG) , (4.20)
cos ) — 0 = 3@2 +0O (QG) , (4.21)
snQ. = Q — %W +0(Q%). (4.22)

Inserting these expressions in Eq.(4.18), we find

K(Q) = j{%(2005Q—I+COSQ—12+81HQ2>
A0 (— — 1 — 1—2 1——
- f?(Q - QP Q07 - 30 Q3>, (4.23)

which recovers the result in Eq.(4.5). Therefore, the analytical solution from these small
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() expansions can be utilized to benchmark the numerical calculation, specifically

de _— 87T 3 2 mlE
/d)\% ?QCOSQ -1 = ?(1 + 552) (klpp> TZ

dn 15 , s (mE\?
1 — k — 4.24
47

1
/d)\]{—cosQ—l = 5(1+35 + 1.46%/2

2
042 1 Loty (e, o (THE 1.25
4 +45)<Lpp) T ) ( )

8 1
/dA%—st - ;T( 162 — 2<? — 036"/ — 0037/

1

E 16
ot (Tl e? 4 44465

9
6117T 4 m;E

)(lﬁpp) ( T )2. (4.26)

—14.077% +

Next we carry out the integration in Eq.(4.19), noting that the sin () integration in
Eq.(4.18) vanishes for trapped particles due to the odd parity of the integrand. The

transit average of an arbitrary function F' (6, \,y) can be evaluated using

20 2 [ d, /—ﬁjj(f;’;%F 0, \y),for A\ <1—¢

—F(0,\y) = { , } (4.27)
$ 2 [0 df /sl R (9, N, y), for 1 —e <A< 1+e

with 0, = arccos ((A — 1) /e) the turning point angle. The function F' (6, \) is either 1,
sin @ or cos@ — 1, for the different integrals in Eq.(4.18). The # and X integrals are
carried out by adaptive Lobatto quadrature in Matlab, accurate to 10~8. For the energy
integral, a Gaussian quadrature is applied with 20 Gauss points in the integration range
of [0,12]. The energy integral is accurate until perpendicular wave number k| p, is up to
ten. When the number k| p, gets even larger, an oscillating feature appears in the low

energy part and more Gauss points are required for accurate numerical integration.
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Figure 4-1: Comparison of the integrations: (a)[dX § %2008 Q—1,

(b)[dX ¢ %COS Q-1 and (c) Jdxé %sin Q" evaluated numerically and analyti-
cally. The comparison shows good agreement between these two methods for small
perpendicular wave vector kp,,.
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inverse aspect ratio ¢ for various perpendicular wavenumbers % 1P, The solid curves
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Figure 4-3: A contour plot of the residual factor ~y, for ¢ = 1.4. For small inverse aspect
ratio e, the factor v changes slowly with the wavelength.
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Figure 4-4: A contour plot of the logarithm of the effective residual factor ~,;, which
include the source’s strength. The factor v, ;, decreases with k, p, rapidly.

Recall that the zonal flow residual factor was given by Eq.(2.24) to be

pol

P (00)  Eka
1= " o (4.28)

For the case considered here, k1 p, ~ 1 and k7 p? < 1, the residual factor becomes

1
y= ~ , (4.29)
1 + 6z,nc (0) wgi/w?)i
where 5207116 (0) is defined by Eq.(4.3). We may plot the residual factor v as a function of

k1p, and inverse aspect ratio ¢ for a given safety factor ¢ = 1.4, as show in Fig.(4-3).
When ¢ < 1, the residual factor v doesn’t change much with the perpendicular wavenum-
ber k, p,. Even when ¢ ~ 0.3, v only changes by a factor of three between k p, ~ 0.1 and
kip, ~ 2. However, according to Eq.(2.17), ¢ (0) ~ dny (0) /k7. Therefore, if the initial

density fluctuation dny (0) remains fixed, the initial zonal flow is much larger at long
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wavelengths than short wavelengths [31]. Hence, it is convenient to define an effective

residual factor 7., to include this source strength effect by introducing

_ e¢y,(00) o
’yeff = m (430)
Using Eqs.(2.24) and (4.29), the effective residual factor then can be rewritten as

1
B2 (1+ e, () w2 fu )

Terf (4.31)

The Fig.(4-4) shows a contour plot of ~,,, for various ¢ and ki p,. When the source
strength is included, the residual zonal flow increases rapidly with the wavelength. Hence,
in the edge plasma where k p, ~ 1, the residual zonal flow level is much smaller than
that in the core plasma where £, p, < 1. This observation indicates that the turbulence
is much more virulent in the edge due to lack of zonal flow regulation for a fixed source.

We may extend our discussion to the limit where the wavelength is the same size
as ion gyroradius. In this limit, the total polarization can no longer be decoupled to
neoclassical part and classical part and only numerical solution is available.

In the collisionless case, the gyrokinetic equation gives the following total polarization

[44]
2 /052 1 N
giol (p) _ sz/wcz (1 . </d3UFOJO€lQJOezQ>> . (432)

(k) p? ng

Comparing this result to the collisionless neoclassical polarization in Eq.(4.3), we see

that the preceding equation includes finite gyroradius effects through Jy. Therefore, the

arbitrary k, residual factor is given by

ey 1— L ([dvFJ3)
S0 1= L (f PuFydgei@0e?)

Y= (4.33)
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Use of a Schwarz inequality gives

Joe=1Q Jyei@ < J2. (4.34)

< / d3vF0Joe—iQJOeiQ> < < / d3vF0J02>. (4.35)

We also have J3 < 1. Hence, the residual factor

Therefore,

v <1 (4.36)

When the polarization @) is large, the residual zonal flow level is low and ~ is small.
When the residual factor v reaches unity, there is no effect due to polarization. Notice
that -L ([ d*vFyJg) = (Ty), which decreases rapidly when k,p; > 1. Therefore, we
expect to see 7 approaching unity smoothly without the oscillations seen in Fig. 7. of
Ref. [31]. In Ref.[31], the extra oscillations are due to the electron polarization effect
which is ignored here.

It is straight forward to implement the numerical calculation for 2 (p) using Eq.(4.32),

or v from Eq.(4.33). We need only change the factor K (@) in Eq.(4.18) to the following:

- ef faemasn (f7)
{{ Y mg-n] « (fLama) ) o

We may then plot the residual factor v as a function of the perpendicular wave number
k.1 p;, as shown in Fig.(4-5). When k| p, < 0.1, the small residual flow is determined by
the R-H polarization, which has no dependence on k), p;. When 0.1 < k; p, < 1, there
is transitional region where the residual zonal flow increases with k, p,. When k,p, > 1

the damping effect is effectively zero for the zonal flow.
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Figure 4-5: The residual zonal flow potential for a unit initial potential varies with the
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Figure 4-6: The residual zonal flow potential for a unit initial potential varies with the
perpendicular wavelength k, p; for € = 0.2 and 0.3, which is sensitive to ¢/e.
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The transitional region for the residual is sensitive to ¢/e, as shown in Fig.(4-6).
When k£, p; < 1 the residual zonal flow level remains at the R-H value, that is inversely
proportional to the neoclassical polarization. Recall that the neoclassical polarization
52?}16 x 1/2/¢? in the collisionless long wavelength limit. Therefore, the plateau residual
zonal flow level as k,p, — 0 is proportional to ¢*/v/¢ and becomes larger at smaller
inverse aspect ratio €, as shown in Fig.(4-6), or at larger ¢. When k£, p, increases, the
residual zonal flow enters the transitional region and increases with &, p;. This increase
is due to the finite Q effect, e.g., the Q* terms in Eq.(4.6) can no longer be ignored.
Note that @ ~ k, p;q/e so that for a constant k| p;, the smaller the /¢, the larger the
@ factor becomes. As a result, we expect a smaller £/¢ residual zonal flow will enter
the transitional region earlier than a larger /g one. This is confirmed by Fig.(4-6).
As @ increases, eventually k, p, = 1 effects enter to create a second plateau as shown
in Fig.(4-5) for k,p, > 1. The width of this transitional region A {k,p,} between the
two plateaus can be estimated by letting A {k p,;}q/e ~ const. Therefore, the width
A {k,p;} is proportional to /¢, which indicates that smaller £ /¢ residual zonal flow has a
narrower transitional region. This behavior is why in the transitional regime the ¢ = 0.2
residual zonal flow increases faster than the ¢ = 0.3 residual zonal flow, as shown in

Fig.(4-6).

4.2 Plasma Shape Effect

Elongation and triangularity are used to help improve tokamak performance. In this
section, we explore the effect of the plasma shape in regulating zonal flow. It is not pos-
sible to find an analytically tractable MHD equilibrium which contains all the important
shape ingredients, such as elongation and triangularity. However, for constant dp/dy
and IdI/diy, there exists an MHD equilibrium that satisfies the Grad-Shafranov equa-

tion. Following Helander and Sigmar [25], the flux surfaces in this case may be written
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Figure 4-7: Flux surface of the solution (4.38) to the Grad-Shafranov equation for ¢, = 1

in the form

—TR2 <R2 In L (R? — R2) — M) ], (4.38)

where R,, E/, and 7 are free parameters which determine the plasma shape, such as the X
point location of the separatrix, elongation, and triangularity. The constant 1, controls
the magnitude of the magnetic flux v, the constant R, represent the radial location of
magnetic axis where 1 = 0, and R, is the radial X point location. A typical flux surface
is shown in Fig.(4-7).

Near the magnetic axis the magnetic flux becomes an approximate ellipse satisfying

le2) :4(x+5)2+;—22(1—%2§>7 (4.39)
0
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where the Shafranov shift A is defined as

2 2

T X z
A:(l —)— o 4.4
t3) 9 T (4.40)

and we have corrected the sign of 7 and a factor of 2 in Ref. [25]. We introduce the new

dimensionless variables  and z defined as

= Ry(1+2), (4.41)
= Ry (4.42)

We may change variables from (z, z) to (¢,0) using

r = —A+ecosh, (4.43)

z = kesind, (4.44)

where ¢ is the inverse aspect ratio, 6 is the poloidal angle, and the constant k is the

elongation of this ellipse,

2F
k= ——. (4.45)
V11— R}/RS
Then in the new (e, ) coordinates the magnetic flux i) becomes
b = dehoe?, (4.46)

making the inverse aspect ratio a flux label. Ignoring higher order terms of O (£3) and

noting § ~ O (£2), we find the Shafranov shift to be

2 2
A= (1+ g) = cos? 0+ e sin? 0. (4.47)
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Figure 4-8: The triangularity ¢ of the plasma describes the deviation between the plasma
center and the radial location of the maximum Z point.

This form suggests

2

2
xr = ecosf — <1 + %) % cos? 0 — %52 sin? 0, (4.48)

z = Kesinb. (4.49)

The flux shape defined by the preceding equations contains both elongation and trian-
gularity effects. We may define the triangularity J in the conventional manner [38], as

noted in Fig.(4-8), to find
k21 T

Therefore, the triangularity is related to x, 7 and E. Notice, however, that for a given
elongation x and triangularity J, the position of the separatrix R, is determined by FE.

To simplify the notation, it is convenient to use the following two variables instead of
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7 and F,

sy
Il
|

Then the magnetic flux can be written in the following way:

= Ry (1 +ecosf — Ae? cos® O — Be?sin® «9) ,

Z = Rokesinb,

where ¢ is a flux function, as shown by Eq.(4.46).

The poloidal magnetic field is computed using the following relationship,
RB, = VY.

Combining with Eq.(4.46) we obtain

Bp:&ﬂ%j%\_

The gradient |Ve| can be calculated from Eq.(4.53),

n
KRy (1 — 2/A¢ cos 9) 7

Vel =

where the numerator 7 is defined as

~\ 2

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

n= \//{2 cos? 0 + sin? 0 + 4e sin® 0 cos 0 (E — Z) + 42 sin”  cos? 0 (E - A) (4.57)
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With this expression for |Ve|, we find

8
B, = 2ot — A _ . (4.58)
KL (1 — 2Ae cos 9) (1 +ecos — Ae? cos? § — Be? sin? 9)
The safety factor ¢ is defined by
L(y) [ dl
q () = ]4 , (4.59)
27 R2B,
where the poloidal field line length is
dl, = VdR? + dZ2. (4.60)
Using Eq.(4.53) we find
dl, = nRyedb. (4.61)

Inserting dl, into the preceding equation, and B, from Eq.(4.58) into Eq.(4.59), we obtain

KkRol 7{ do (1 — 2;{50080)

_ _ _ (4.62)
8¢y J 2m (1 + ecos ) — Ag? cos? ) — Be? sin® 9)

q:

In the large aspect ratio limit we may first expand ¢ and then integrate to obtain

kRyl
q=
8¢

[1 + % (1+34+B)e*+0 (54)} . (4.63)

Then we can write the poloidal field B, in terms of this safety factor instead of constant

1, to obtain

1
B, = ﬁg\/ﬁcos?@—i—st@(l—l—O(s)), (4.64)
0
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and
— = %R(Q)de (1 — 2Ae cos 9) (1 +ecosf — Ac? cos® § — Be? sin? 0)

{1 - % (1 +34+ E) e2+0 (54)} : (4.65)
Fortunately, in the polarization calculation we need only evaluate flux surface averages,

dl,
Uy
w=184
¢ 5

(4.66)

where the factor dl,/B, appears in both the numerator and denominator so we may

simply use the replacement

dl ~ ~ ~
Ep — df (1 — 2Ae cos 9) (1 +ecosf) — Ae? cos® ) — Be?sin® 9) . (4.67)

p

To evaluate the polarization and other flux surface averages, we will need an expression

for B, the magnitude of magnetic field,

J2
B%+Bg=\/ﬁ+35.

Therefore, accurate to the order of O (£2), we find the magnetic field to be

~ 2 ~ 1
B=DBy{1—ecosf+ ¢ A+1+ 2 )eos?0+ ( B+ — ) sin?0 , (4.68)
22 242

and its inverse to be

1 - 1 2 ~ K’ 2 R 1 in2
E_Eo{l—l—scose—s [(A+2—(12) cos 9+(B+2_q?> sin“f| ¢, (4.69)

where By is defined by

(4.70)



Notice that in £ = /1 — AB/B, the magnetic well is altered by an amount (ﬁ + %):
becoming deeper due to the elongation x, and shallower due to the triangularity A, as
can be seen from Eq.(4.51). In addition, the trapped passing boundary is given by

2
Ae=1—¢—¢? <A+%) (4.71)

Therefore, we expect that shaping effects will enter at one order higher in the € expansion
than trapping effects. Recalling that the trapped particle contribution to polarization is
of order O (£%/?), we expect the shaping effects to be of order O (£°/2).

The residual zonal flow is determined by both the neoclassical and classical polariza-
tion, as can be seen from Eq.(2.24). In a shaped plasma the classical polarization needs
to be evaluated with more care, but the leading order classical polarization still turns
out to be wf)i Jw?. To see that this is the case, recall that the classical polarization of

Eq.(3.51), in the large wavelengths limit simplifies to

(K1) eho = <k gz> (4.72)

where By is defined in Eq.(4.70), and w.; = eBy/m;c. The perpendicular wave vector is

now given by

ki = 8 [V| = S'8ye [ Ve, (4.73)

when we use Eq.(4.46). Inserting |Ve| from Eq.(4.56) in the preceding equation, we

obtain

]' !
k=< el
q (1 — 2Ae cos 0)

[ 1
14 -

S (1+34+ B) 2+ 0 (54)} . (4.74)

Therefore, the flux surface averages in Eq.(4.72) become

2 § 5

1 2Aa cos 9)

55 dlp )

(4.75)

(k) = (IS' >2 {14—%(14—32(—1—@)5}
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and

2§dlp B3

32 IS 2 1 ~ ~ 1 2Ascos0) B?
2 -0 — 1< -
</<;L B2> (IS q) [1 +5(1+34+B)e } Fo . (476)

with dl,/ B, given by Eq.(4.67). The integrals in the preceding equation can be evaluated

by first expanding the integrand in powers of ¢ to accuracy O (£2), and then integrating

over poloidal angle . The results of these integrations are

di 7’ N L e E L R
f{ﬁ - s = 7r{(1+/<o)+z{—3A+B+4B
p (1 — 2Ae cos 9)
+[34(1+4B) - B| )}, (4.77)
and
€2/~ =~
% on [1 -5 (3A + B)] , (4.78)

where the use of an arrow indicates that Eq.(4.67) is employed. Similarly, using By/B
in Eq.(4.69), we obtain

dl n? B e it B B
%gp i oy = 7r{(1—|—f<c2)—|—4—q2[—3—3/<;4—|—(3—9A—|—B(3—|—4B))q2
P (1 — 2Ae cos 9)
+12{=2+3¢*[3+ A(3 +44) — B]}]}. (4.79)

With the preceding integrals, we find the classical polarization in Eq.(4.72) to be

2.
=B [1+0 ()] (4.80)

ci

The geometrical effects A, B, and &, only enter in the O (£2) terms. We also find

(K2) = (zs'g) ﬂ;—ﬂ 140()], (4.81)

By
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which is needed to calculate the neoclassical polarization.
Next we consider shaping effects on the neoclassical polarization. In the large perpen-
dicular wavelength limit, inserting Eq.(4.2) in Eq.(2.12), we have the following expression

for neoclassical polarization,

() e = 5 [ aor (@-T)). (152

i > , (4.83)

Using the expression for @) in Eq.(3.6), we obtain

2 / 2 2
o\ pol Wi (I8'By)"m; Y Gl
W) et =i\ ©B | )~ (B)

ct

where the first term can be evaluated as

_ ol VBB (4.84)

Just as we have done for the classical polarization, the integral in the preceding equation

can be evaluated in the small € limit using Eq.(4.67) for dl,/B,,

dl, B 3, ~ =~ 1+ k2] ,
P20 L ord1— |2BA+B-1 . 4.
j'{Bsz—’ ”{ [2( + ) + 27| © (4.85)

Therefore, the integral in Eq.(4.84) can be written as

vl noT; 2r 3 ~ o~ 1+ K2
</d3vFo(§>> = m?BQW{l— {5(3A+B— 1) + 27 }52}, (4.86)
(3 0 B_p

where § dl, /B, is given by Eq.(4.78).
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The evaluation of the second term in Eq.(4.83) is much more involved. Fortunately

we only need to consider the passing particles’ contribution. Then

</dng <1lj%|’|> > - 237:;?;2 dl / § 2 5 (4.87)

Bo€

where the trapped-passing boundary A. is defined in Eq.(4.71), |v||| /v, and ¢ dl,/B,
is given by Eq.(4.78). The integral f B_:B_Og can be written as

%%i _ j{%ﬂ, (4.88)

Bp Bof Bp B()/B _

where we already have expressions for By/B and B/By in Eqs.(4.69) and (4.68). Using

these expressions, we find

1
———— . (4.89)
v 0/ \/ — A+ecosf — [(A "‘—2> Cos29+(§+#)sin29} g2
and recalling Eq.(4.67) we have
di, 1 ~ 1 3~
B, B/By — do{l+e¢ (5 — ZA) cosf + [(_§ + §A
K 2 n Ly oo

+-—)cos” 0+ (—=B + — ) sin” fle"}. (4.90)

4q2 2 4q?

We may let © = 1 — A, then ¢ < x < 1 for the passing particles. Then 1//By/B — A

may be expanded in powers of € to obtain

1 1 lecosf 1&2 K2
—_ = —(1-= + = A+—)00829+
VBy/B — A\ \/5( 2 Qx(( 2¢?

B+ L sin? 0) + §icos 204 ...+ 0 (M) (4.91)
2q> 8 12 ’ '

where the expansion order M depends on the desired accuracy of the final integral in
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Eq.(4.87). We first assume M = 2 to get an initial result for Eq.(4.87). Then we increase
M to see how the result changes with M, and thereby determine the value of M required
for the requisite accuracy. Inserting Eqs.(4.90) and (4.91) in Eq.(4.88), we find

dl, B 1 1\
f e me=wre () 2

where a,, (%) is a nth degree polynomial for 1/z. We find ag (%) = 2m,

1y _ 3m 4 2 T 4R) 2
as (E) = o e [2 (1+K2) + (—2+12A+4B) g }
_8% 21+ 4% + (14124 +4B) ¢, (4.93)

and for m =0,1,2,3..., aomi1 (1) = 0. Therefore,

T

! v (4.94)

We may then expand the preceding expression to O (EM ) to find
1 2/
Fh =T by (E) e, (4.95)
By Bot n=0

where b, (%) is a nth degree polynomial in %, with b (%) =1/2m, boyms1 (1) =0, and

T

(1) 5 1+n2+(62{+2§—1)q2
\z) = 32ma? 167¢%x
292 4 (12E+ AB + 1) 7
: 4.96
* 327 q? (4.96)
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Hence, we have

1

]ZMW;B S () o

IR

By Boé

This integral can be carried out easily, and we may then expand the result in € to O (&2),

as shown in Appendix C, to find

/d)\dl— - - =82 2
fB_pBL;g 3m 487 6mq?
0 P
1 11 ~ 1 ~ 8—5K2
4+ — A+ B 5/2, 4.98
+( 87 3277 dn +647Tq2>8 (4.98)

As we increase the expansion order M in Eq.(4.91), only the coefficient of £3/2 and °/2
in the preceding equation changes slightly, but they converge very rapidly to the exact

values given by

Tod 1 g iR
d\ 0173632 e + (—0.0383
d, 2
) ¢ B_pBA;g 3m 6mq
- ~0.0383  0.0367x2
+0.07974 + 0.07655 + - ~ e, (4.99)

q? q?

Inserting the preceding equation and Eq.(4.78) in Eq.(4.87), we find

o 2 nol; 2w 1+ K2
&R, (-“) = Mot STy 1635632 - [
</ o\ B § e e

~  ~ 1 ~
+(§(3A + B) —1))e* - 5(—0.722 +1.502A

2
0.722 — 0.692x>
2

+1.443B + )e?/2}, (4.100)

where ¢ dl,/B, is given by Eq.(4.78). Therefore, combining the preceding equation and
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Eq.(4.86) we obtain

< / d3vF0@2> - < / d3vF0@>

nOE 2m 3/2 1 9 1
= ol ST 635 “e? o (—0.722
m,BE § %ﬁ[ = gE sl
- ~0.722 — 0.692+
41.5024 + 1.4438 + )R, (4.101)

q

where §dl,/B, is given by Eq.(4.78). We keep § dl,/B, in the preceding equation be-
cause it will cancel the corresponding term in Eq.(4.81) when calculating neoclassical
polarization. Using the preceding expression and Eq.(4.81), we can write the neoclassical

polarization in Eq.(4.83) as

2 2
6pol o wpi q_
k,nc ng 52

T 3.27¢%/2 4 2 — (—0.722
K

0.722 — 0.692x2
2

+1.5024 + 1.443B + )e?/?)

w2 o1
_ g% 0 3.276%% + % — (—0.722
wci K

0.736k%  1.5025 0.722 — 0.692x%, .,
PO - R MRS )
Wherewehaveusedg:%—gw1,§:%~1. If we take k = 1, A = B = 0,

then the plasma shape becomes circular and the neoclassical polarization returns to the
previous tokamak result, 1.6e%? +0.5e% + O (£*/2). From Eq.(4.102), we can see that the
neoclassical polarization depends on the shaping effects, such as the elongation x and
triangularity 0. However, to leading order O (£%/2), only the elongation « is important.
The larger the elongation, the smaller the neoclassical polarization, which for a fixed
source, increases the residual zonal flow and reduces the turbulence. Triangularity only
plays a role in next order, O (65/ 2), where it tries to cancel some of the beneficial effect
of the elongation, but this negative effect is € smaller than the leading elongation effect.

Using Eq.(4.80) and (4.102) we find with the shaping retained the residual zonal flow of
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Figure 4-9: The residual zonal flow level for ¢ = 1.4, e = 0.2, £ = 1.0, and § = ¢/4. The
dashed curve only uses the first two terms, namely 3.27 4+ /¢, in Eq.(4.104), while the

solid curve uses the whole expression. There is a significant increase of the zonal flow for
large elongation.

Eq.(4.29) becomes

1
- 4.103
=TI (4.103)
where the function N, is defined as
2
q 1 1.5026
N, = — 3.27

Vel+ 52{ Vet
1 0.692 0.736

+0.722 (1 — —2> + ( = F) K%Je}. (4.104)
q q

Plots of the residual factor  versus elongation and triangularity are given in Figs.(4-9)
and (4-10), showing that the zonal flow increases with elongation and decreases with

triangularity.
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Figure 4-10: The residual zonal flow level for ¢ = 1.4, ¢ = 0.2, and F = 1.0. The residual
zonal flow decreases with triangularity o.
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Chapter 5

Collisional Neoclassical Polarization:

Hinton & Rosenbluth Limits

In the preceding chapters, we have discussed neoclassical polarization and the associ-
ated zonal flow damping for a collisionless plasma. However, collisions always exist in a
plasma. Even in a high temperature plasma where the collisions are weak, they can still
make a significant change to the neoclassical polarization in the long time limit. For this
collisional study, we only consider long wavelength zonal flows, since long wavelengths
dominate the zonal flow spectrum for the core plasma. In this and the following chapter,
we investigate how collisions can affect the neoclassical polarization. In this chapter, we
will review Hinton-Rosenbluth’s approach [27] to treating collisional neoclassical polar-
ization and then review the weak and strong collisionality limits.

The task here is to solve the transit averaged kinetic equation Eq.(3.26) for the pass-
ing particle distribution h,(cl), which is required to calculate neoclassical polarization in
Eq.(3.22). Since the distribution hg) is the leading order approximation to h; and it
is not necessary to evaluate higher order terms, we need not make distinction between
hg) and hi. The trapped contribution remains h,(cl) = 0, since it also satisfies Eq.(3.26)
but the drive () vanishes. Laplace transforming Eq.(3.26), the transit averaged kinetic
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equation can be written as

i (p) — —cm{m 7y = Tf )7, (5.1)

where the distribution Ay, (p) is independent of the poloidal angle . Since all the analysis
that follows is done in the frequency domain, hy (p) is abbreviated to hj without causing
any confusion. It is known that pitch angle scattering is the dominant collisional process
in a large aspect ratio tokamak plasma [26][28]. We therefore approximate the ion-ion

collisional operator by a model Lorentz operator by using the simplifying replacement

T \¥? 8hk
Cufiuh =2 () v N, 52
with
dmein; In A
Vii = /232 (5.3)

7 %

For a large aspect ratio circular tokamak, the preceding equation can be written as

v; 7, \*? 1 o 0 2noep, 1S'v
hy, — 228 (2 DO Ly =i LAl 4
T (mE> L Ny =izroy o o (5.4)

where the functions L (\) and D (\) are defined by

L = j[\/l-l—scosﬁ—/\ (5:5)
_ oy 2’1[( (k). (5.6)
D(\) = j[dé’x\\/l-}—e(:osﬁ—/\ (5.7)
— 4)\\/%E (k). (5.8)
with k& defined as
k= 1_2—;+€ (5.9)
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Note that L ()) is essentially the bounce time. If we define a new distribution Gy, through

Q0T

= 7o 5.10
F ioep 1SV o (5.10)
then (G, satisfies
v (T \? 19 ) o
G —2— | — —D(\) =G = . 5.11
) (mE) L (\) O (N ga G L(\) (5.11)
Therefore, the neoclassical polarization in Eq.(3.22) can be written as
2 92 1—¢
ol Wi ¢ 3
Ehme (P) = w’;; (—5/0 dA (G + 1) , (5.12)

when the energy average defined by Eq.(3.20) is employed. Hinton-Rosenbluth(H-R)
solved Eq.(5.11) analytically for two asymptotic limits: the high frequency, early time
(low collisionality) limit where p7; > 1, and the low frequency, long time (collisional)

limit where pr; < 1.

5.1 High Frequency Limit

Rather than repeating H-R’s variational approach to solving Eq.(5.11) for the normalized
particle distribution Gy, we employ a direct approach [42]. In the high frequency limit,
we expect only a small modification to the collisionless polarization, since the driving
frequency is so fast that collisions don’t have enough time to change the distribution
significantly during a driving period. In fact, in this limit collisions can only make a
significant modification to distribution function shape close to the trapping boundary.
Therefore, the functions L () in Egs.(5.6) and D (\) in Eq.(5.8) can both be further

simplified by approximating them by their values close to trapping boundary, namely

J2VE. 16
= —ln

(5.13)
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which still keeps the singular behavior of L (\) near the trapping boundary (k = 1), and
D (\) 2 4v/2¢. (5.14)

Notice that D (\) varies smoothly near the trapping boundary so we take it approximately

as a constant. Then the kinetic equation, Eq.(5.11), can be rewritten as

1 8 O? T [2¢ 1
Gr— — e 723Gk = 5/ = 5.15
Copraln 2 N2 T 2V kK (k) (5.15)

where 7;; = 1/v;; is the ion collisional time. To further simplify the discussion, we have
ignored the energy dependence of the collision operator in the preceding equation by
letting £ = T;/m,;. Essentially, we treat all particles as if they are thermal particles. H-R
used the same approximation. However, their treatment is variational so we anticipate an
order unity error in our treatment. Moreover, recall that since their pitch angle scattering
collision operator, like ours, does not retain the full £ dependence, this replacement is
similar in spirit to the replacement of Cj; by a model Lorentz operator.

When p7;; — 00, the collisional term in the preceding equation can be ignored and
the leading order solution to this equation will be the collisionless distribution, which
we have calculated to evaluate the collisionless polarization. As shown in Fig.(3-1), the
collisionless distribution 77 (A) is smooth for most of the passing space, particularly, the
region away from the trapping boundary. Indeed in this freely passing region, the colli-
sional term can be ignored and the collisionless distribution is a good approximation for
this high frequency case pr;; > 1. However, close to the trapping boundary, the colli-
sionless distribution becomes singular and the collisional term in Eq.(5.15), 9?°G},/ ON?,
becomes so large that we have to take ion-ion collisions into account. From another
perspective, there exists a boundary layer close to trapping boundary, within which the
weak collisions can no longer be ignored. Assume the width of this boundary is A\, then
the collision frequency is magnified to an effective collision frequency, vesr ~ v;;/ AN

When the effective frequency becomes as large as the driving frequency p, the collisional
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term in Eq.(5.15) becomes about the same size as Gj.
Next we will estimate the size of this boundary layer. We change our variable from A
to = by using
A=1—¢c—xA) (5.16)

with © ~ O (1) for the boundary layer particles. The boundary layer A\ is assumed
small here, A\ < 1. Then Eq.(5.15) becomes

1 8 1 0?2 ™ [2¢ 1
G — G = = ————. 5.17
F a2 ANZ02 F T 2\ R K () (5:17)

Making the two terms on the left hand side of the equation comparable by defining,

1 8 1
=1, 5.18
pTi In % AN? ( )
we obtain the size of the boundary layer as
1 &
p 2 1—k

where k is evaluated at a point within the boundary layer. Noticing that

2e
k= —-—-— 5.20
2e + zAN’ (5:20)
and setting x = 1,
2e
pe
2 + AN
gives,
Are [ L (5.21)
PTii In AN

where we assume the boundary layer width is small compared to the inverse aspect ratio,

AN < . We apply an iterative method to solve the preceding equation. Taking the first
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iteration as

AND — )5
PTii’

then the second iteration becomes

AN = AN® = 8_5%
pTii In 5
2
= = (5.22)
gl

where the constant 7 is defined by

EPTii EPTis
= In{1 . 2
¥ \/ 5o ( 6 5 ) (5.23)

In the high frequency limit, pr; > 1, and A\ < ¢ then gives v > 1.

Using the preceding boundary layer width from Eq.(5.19), Eq.(5.17) becomes

0? T (2 1

We follow H-R by guessing a trial function for the preceding equation to be

G = g\/%ﬁu — ey, (5.25)

where k is defined in Eq.(5.9), and z is defined in Eq.(5.16) and related to k by

T = W (5.26)

This trial function satisfies the boundary condition Gy, (z = 0) = 0, thereby making the
distribution continuous at the trapping boundary where the trapping particle distribution

vanishes. Recall from Eq.(3.30) that hj, &< @ o v|/B and that at the trapping boundary,
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¢ dr — oo in Eq.(3.27) giving Q@ — 0. Away from the trapping boundary,

T [2¢ 1
= 4/ —— 2
Gy, N E R ) (5.27)

which is the collisionless distribution given by 77 ()\) in Eq.(3.36).

Next, we demonstrate that this trial function is a good approximation to the exact
distribution that satisfies Eq.(5.24). We already know that the trial function is very good
in the freely passing region. Therefore, we need only consider whether the trial function
is a good approximation near the trapping boundary. Inserting the trial distribution

from Eq.(5.25) into the left hand side of Eq.(5.24), we find

0? 7. /2 1 0 2 1
_ 2 _ InlsE_ 192 N P
G = SWarm ™t 8.75( k (k)) ¢

02 26 1 _x
+53 ( EW) (1—e ™). (5.28)

The function TE® is singular near the trapping boundary. Therefore, derivatives of

this function are very localized to the vicinity of the trapping boundary, or k = 1. As a

result we can make the approximation

0 2 1 2 ok
a_< T k)g L (5.29)
Inserting Eq.(5.22) in Eq.(5.20), we find
1 x
k=——+=1——. 5.30
1+x/y ol (550
We also learned from Eq.(5.19) that in the boundary layer,
1 2 1
In 0 c (5.31)

1—k  pruAAZ
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Inserting the boundary layer width from Eq.(5.22) in the preceding equation, we obtain

~ A, (5.32)

A=In (16\/@) . (5.33)

o) 2¢ 1\ . Ve
ox < EK(/@)) T 29A% (5:34)

with A defined as

Therefore, we can estimate

Similarly, we can find

0? 2 1 V2
(/= > VZ° (5.35)
0x? k K (k) v2A3
Hence, after inserting the trial function, the left hand side of Eq.(5.24) becomes
0? T [2e 1 2 1
L Gr=ay o 14+ e 1—e ). .
2 TN TR W { o e () (5.36)

Therefore, as long as yA > 1, the trial function is an adequate approximation to the full
(), that contains the weakly collisional effects.

Inserting the preceding trial function in Eq.(5.25) into Eq.(5.12), and noticing that
d\ = —2edk/k?* and that G}, doesn’t depend on E, we obtain the neoclassical polarization

S

pol (p) o 1271 q2 [1 . 3 (28)3/2 /1 dk

Ehime T w2 4 2= k2K (k)

3m(2)¥? [V dke -k
L / BPK (k)

1—e

(5.37)

Had we retained the energy factors in the Lorentz operator then v — « (E), but the last
integral would have become an analytically intractable energy integral. The first two

terms in the preceding equation come from purely collisionless effects, giving the 1.6¢%/2
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R-H polarization we already calculated in Chapter 3. The third term is new and comes

from the collisional effects. Note that

/1 dke—"(1=k)/k /1 dke—7(1—k) (5.38)
2 k2K (k) s ln\/ﬁ ’ '

since the integrand is very localized at k ~ 1. Letting t = v (1 — k), then the preceding

integral becomes

1 Jke—(—k)/k ) 00 Int
B = — dte ' (1 — 5.39
/ k52K () fyln(16’y)/0 ‘ ( ln(167)+ ) (5.28)

e (0 (e (540)

Recall A = In (16) and since In (167) > 1, we need only keep the leading term in the

I

preceding equation. Therefore, the neoclassical polarization can be written as

S

w? g2

2 9
i 3Vv2
giffw (p) = gq_ <1.653/2+ \7//;7%3/2)

ci

2' 2 2
_ Y & (1.6+3\/_7T . (5.41)

w2 /e yA

cl

Since we assumed YA > 1, this collisional correction is formally only a small modification
to the collisionless result. However, the modification can be significant since 3v/27 ~ 10.
This result is consistent with H-R’s collisional result if we replace our collision frequency
vy with v;; /4, or increase our collisional time 7;; to 47;. Accordingly, the numerical

factors v and A need to be changed to,

v = \/ZEpTiiln <16 2€p7'ii>, (5.42)

A=l (16\/%). (5.43)

This need to enhance collisional time occurs because we ignored the energy dependence
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of the collision operator by simply setting £ = T;/m;. In this pr; > 1 calculation we are
essentially calculating the energy average of the collisional time, or (1/7) <1 /\/PTii > =
where the energy weighting in the energy average is £%2¢~"+%/T: In the high frequency
limit, the polarization due to collisions decreases after considering the energy dependence
of 7;; because the energy integral changes from (1/7) ; to <1/ (\/]T”y3/4) >E ~ 0.66//PT;-
Since this polarization is inversely proportional to ,/p7;;, the reduction of the polarization
actually corresponds to an increase in the collision time. In the low frequency limit, we
will see that the polarization due to collisions increases after considering the energy
dependence of 7;;. However, the polarization in this limit is proportional to p7;;, so the
enhancement of the polarization again corresponds to an increase in the collision time.

We will confirm this point further in the low driving frequency case considered next.

5.2 Low Frequency Limit

In the low frequency limit p7,;; < 1 there is no singular layer to worry about. The problem
becomes a regular perturbation problem. In Eq.(5.11), the collision term dominates the

left hand side to give

d 0 m.E\*?
“ I LG, =mpra (2 : 44
TD) 2y W(TJ (5.44)
where we have used 7; = 1/v; with v;; defined in Eq.(5.3). This equation can be

integrated to get GGy without difficulty by noting that the particle flux should vanish at
A =0, giving D () %GM y—0 = 0. The distribution G, must vanish to be continuous
with the trapped distribution. With these boundary conditions we find

mE\*? [ AN
Gy = mpTi; ¢ / , 5.45
g b ( T; ) A 4\/1+€—)\/E(1+z€_>\/) ( )
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with the diffusion coefficient D (\) inserted from Eq.(5.8). With this equation and

Eq.(5.12), the neoclassical polarization is found to be

pol an’ 2 3mpTii m; 3/2
) = Sl - S (T
ct 7 E

e N
/0 dA/A Wil+e-NE(E )>‘ (5.46)

1+e—N

Q

Exchanging the integration order, we find

1—e l1—e ! 1—e by
/ dA/ d) B / d/\’/ )
0 v A1+ - NE (%) 0 0o Wl+e-NE (%)

14—\ 14—\

1-e NdN
- /o Wite— NE(=2)

1+e-N

= 33 —0.31y/e + O (£°7). (5.47)
™

Noting <(sz /1) 2> = 8/4/, we see that in this case the higher energy ions are more
E

important than the lower energy ones, and we then find

2 2
ol Wi q 8pTii
enoe (p) = wg = (1 ~ (1-1.461y/e4+ 0O (53/2))) . (5.48)

ci

This result tells that strong collisions can increase the neoclassical polarization from
order %2 to order unity. This increase comes from the decrease of the distribution Gy.
When the driving frequency is low pr; < 1, the distribution G has enough time to
diffuse to form a constant shape in A\ space independent of any boundary layer physics.
Then, the magnitude of Gy is determined by the strength of the driving source, which is
proportional to the driving frequency p.

In this case, due to its simplicity, we included the energy dependence of the collision
operator. Had we ignored the energy dependence of the collision operator in the begin-
ning, we would have needed to increase the collision time 7 to (8/v/7) 7y = 4.574, to

make the final result consistent with Eq.(5.48). This observation is interesting . Recall
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that in the high frequency case we found a factor of 4 for the energy average magnification
of 7;;,. Therefore, the average energy magnification for these two limits is close to the
same. Consequently, we expect in the intermediate frequency case, the average energy
magnification is between 4 and 4.5 over the E = T;/m; value. As a result, in the next
chapter, we will attempt one fit by ignoring the energy dependence of the collision op-
erator at the beginning to simplify the calculation and then increasing the final collision
time by 4 times once the calculation is finished. This approximation is justified by the
preceding discussion showing that the thermal particles are a sufficient representation of

the total particle population if we let v; — v;;/4 in Eq.(5.4).
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Chapter 6

Collisional Neoclassical Polarization:
Arbitrary Collisionality

Eigenfunction Expansion

In the last chapter, we solved the transit averaged kinetic equation analytically for two
asymptotic driving frequency limits: high frequency and low frequency [27]. A singular
perturbation method is required for the high frequency limit, while regular perturbation
theory is sufficient for the low. However, we still lack knowledge of the intermediate
frequency range. It would be advantageous to find a general approach which leads to
an solution suited for the entire frequency range. In this chapter we will explore such a

general approach which is based on an eigenfunction expansion of the collision operator.

6.1 Eigenfunction Expansion and Shooting Method

The idea behind this general approach is straight forward. If the eigenfunctions and
eigenvalues of the transit averaged collisional operator can be found, then the transit
average kinetic equation of Eq.(5.1) essentially becomes an algebraic equation. To make

the problem tractable, we continue to utilize a Lorentz operator as the ion-ion collisional
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operator. A completely analytical method is desirable, but impractical even for this
simple Lorentz operator. However, we can find the eigenfunctions and eigenvalues for
this Lorentz operator [30] numerically and develop a semi-analytic approach. This semi-
analytical method turns out to be useful to calculate the neoclassical polarization for the
entire range of driving frequencies.

We continue to consider a large aspect ratio circular tokamak model, where the trap-
ping boundary is A = 1 — e. To facilitate numerical implementation, we normalize the
passing pitch angle space to [0, 1] by setting A = (1 — ¢) z. Then the simplified transit

average kinetic equation in Eq.(5.11) can be written in terms of the new x variable,

0 = 0 I .

where the collision time 7;; includes the energy dependence implicitly,

1 /m;E 3/2 m; E 3/2
Tit = — . = Tii - ) 2
! Vz‘z‘( T; ) . ( T; > (6:2)

and the functions D () and L (z) are defined as

2D
D) = o (63)
- e (), (6.4)

Lx) = LV i K( 2 ) (6.5)

T VI-ztetae l—x+e+ae

At the trapping boundary z = 1, the distribution function G, must vanish to be
continuous with the trapped particle distribution. At the other end x = 0, the velocity
particle flux must vanish, D () 2 Gklo—o = 0, to avoid a flux into a forbidden region. The
boundary condition at this end is automatically satisfied since D (x = 0) = 0. In addition,
the distribution function Gy is not allowed to diverge to infinity at either boundary.

In order to solve Eq.(6.1), we first find the eigenfunctions and eigenvalues of the colli-
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(6.6)

sion operator a%[) (x) % by considering the following eigenvalue problem and boundary
(6.7)

condition [30][12]:

ox
0) = 1,G(xz=1)=0,

where g is the eigenvalue and G the eigenfunction. We take G (x =0) = 1 as a way
to normalize the eigenfunctions. To facilitate numerical implementation, we write the

preceding equation as follows:
0? ~ 0 ~
3G = =M () -G — N (2)G, (6.8)

where the coefficients M (x) and N (z) are defined as

i) - D00
1 1—¢ K(ﬁ)
T 1 2 -atetae) E (=)’ (6.9)
- 4
l-e¢ K (lfac?:s+:vs)
2r(l—z+e+me) B (=) (6.10)

and the boundary conditions remain as in Eq.(6.7).
We apply a shooting method to solve Eq.(6.6). With the prescribed initial parameter
G’ (0) in the (x, G (z)) plane, we integrate Eq.(6.8) to shoot at the end point (1,0) from
the beginning point (0,1). However, the point 2 = 0 is a singular point for both M ()
and N (z). We can avoid this difficulty by determining the behavior of the function G
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near x = 0. Notice that as x — 0,

> —>8me( 2 ) (6.11)

D
() 1—¢ 1+4+¢

and

B (2) - —— K( 2 ) (6.12)

1+e¢

Then the function G satisfies the following equation as x — 0,

o 0, p(l-eoK(&)

The solution to this equation turns out to be a Bessel function,

B 2ur(l—¢e) K (12—;)
o o T o

1—e)K (£
1_,u( °) <1+E)x+0(x2),asx—>0. (6.15)

2(1+e)E (&)

This solution automatically satisfies the normalization condition G (x = 0) = 1. From

Eq.(6.15) we also know that to leading order,

oy m( o) K (£)
G(x)——2(1+€)E(12_+€€>,asz—>0. (6.16)

Therefore, we don’t have to start shooting exactly at point (1,0). Instead, we can shoot

<x0,  MLmAR (%) x0> : (6.17)

2(1+5)E(1%)

a curve by starting at

where zy < 1. The initial slope of curve is given by

G (o) = — (6.18)
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Figure 6-1: Eigenfunction G,, and eigenvalue y,, in Eq.(6.19) for n =1 — 6, and € = 0.1.

where the error of G () is of order O (x3), while the error of G’ () is of order O (z).
When we shoot for some value of p, only those curves which end at (1,0) are eigen-
functions of Eq.(6.6). So only special values of i are of interest. Increasing the value of
w gradually, we find a series of eigenfunctions g, () and corresponding eigenvalues p,,,
n =1,2,..., as shown in Fig.(6-1).

The eigenfunctions g, () and the associated eigenvalues 1, satisfy the following equa-
tion:

D) g (0) =~ (1) g ) (6.19)

where g, (z) and pu,, depend on e implicitly. The eigenfunctions are orthogonal to each

other,

/0 dxgm () gn (x) L () = My0nm, (6.20)
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where 0, is the Kronecker delta, and the constant M, is defined as

M, = /0 drg? (z) L (z). (6.21)

The differential equation (6.19) is of the Sturm-Liouville form so that eigenfunctions are

complete. We can therefore expand the solution of Eq.(6.1) as

Z g ( (6.22)

Inserting this series into Eq.(6.1), we obtain
i 2 3 —aq (x) — f: aptuL (z) g (z) = —2mpFi; . (6.23)
— 'ox 8:B —

Multiplying the preceding equation by g, (z) and integrating it from 0 to 1, we obtain

an algebraic equation

an (:U’n + &0) Mn = 271"5/05”, (624)

where the constants v, and 3, are defined as

1
dxg, . 06.26
8, / 2g () (6.26)

Note that 7, depends on energy implicitly and (3, depends on e implicitly. From Eq.(6.24)

we know that the eigenfunction expansion coefficient a,, is

217
= oFn 6.27
(H + o) My, (6:27)
and the distribution function GG} becomes
- 217
Gp=Y — 100 g (). 6.28
; (ki + o) My, ( (6:28)
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Knowing the eigenfunctions g,,, we can then calculate 3, and M,. These quantities,
together with the eigenvalues p,, and driving frequency 7,, can be used to determine the

distribution G}, and then the neoclassical polarization.

6.2 Properties of Eigenfunctions and Eigenvalues

Before going any further, we want to discuss some useful properties of the eigenfunctions
{9} and eigenvalues {y,,}. As shown in Fig.(6-1), the eigenfunctions show the usual
Sturm-Liowville feature that the eigenfunction g, has n — 1 nodes in the interval (0,1).

This eigenvalue problem is a Sturm-Liouuville problem since the bounce average Lorentz

0

55> 18 self-ajoint. Therefore the eigenfunctions form an orthogonal

operator, a%D (x)

function space.
We are particularly interested in the properties of the quantities (3,,, M, and p,,

because these quantities are closely related to the passing particle distribution Gy, as we

have shown in the preceding section. It is found that these quantities can expanded in

the power series of inverse aspect ratio ¢, [30]

o0

o (€)= ) u(nk)e’?, (6.29)
B,(e) = > B(nk)e? (6.30)
M, (e) = iM(n,k)ak/Q. (6.31)

In order to obtain the leading order coefficients in the preceding expansions, we can let
e — 0. Then the eigenequation, Eq.(6.6), becomes a Legendre equation with the variable
é. =V 11— &€,

0 0
8_5 (1 _ 52) a_SG — _QHG' (6.32)
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Therefore, we can easily determine the eigenvalues and eigenfunctions,
t, (0) = 2n* —n, (6.33)

and

9 (x) = Pyuy (VI—12). (6.34)

With these eigenfunctions, we can evaluate /3, (0) and M,, (0) to find

1

8, (0) = / Py (x/l—x)zgénl, (6.35)
0
! 2 4

M, (0) = /depgnl( 1—2) _17133:4”:. (6.36)

Therefore, we may write the leading term explicitly to obtain

o (£) = 202 —n+> u(nk)e"?, (6.37)
k=1
2 oo
Bale) = Zom+) Bk (6.38)
k=1
4 > /2
M, (e) = e M (n, k)e®~. (6.39)
k=1

We can compute the numerical values of u,, (¢), ,, (¢) and M, (¢) for various inverse
aspect ratios ¢ and mode numbers n, as shown in Figs.(6-2). Then, for each mode number
n, we can fit the numerical data for the first few power coefficients: u (n, k), B (n, k) and
M (n, k). More details about this fitting can be found in Appendix D.

In the next section, we will show that the coefficients /3, (¢) and M, (¢) are related to

the neoclassical polarization through a particular combination of the coefficients f3,, (¢)

and M,, (¢), namely 2 (¢) /M, (¢). If we define

I N

Bu () iW(n,k)ek/z, (6.40)

O =

=
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Figure 6-2: The quantities p, (¢), |53, (¢) |,

M, (¢) and |3, (¢)|*/M, (g) versus mode

number n in a log-log plot, for ¢ = 0.01, 0.1, 0.2. For large n, ju, o n?, |3, ()| oc n=%3
and M, o n~!. Hence, |3, (g)|?/M, () oc n~7/3,
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K\n|1 |2 3 4 5 6
1 1.46 | 7.67 | 18.83 | 34.95 | 56.03 | 82.08
2 1487 7.67 [18.06 |32.02 | 49.33 | 70.22
3 0.13 | —0.36 | —0.06 | 2.99 | 10.14 | 20.90

Table 6.1: The numerical power coefficients u(n,k)

k\n |1 2 3 1 5 6

1 —0.41 | —029]0.13 | —0.08 |0.056 | —0.042
2 036 |0.37 |—0.15]010 | —0.076 | 0.060
3 —0.24 | =029 | 0.11 | —0.086 | 0.072 | —0.063

Table 6.2: The numerical power coefficients B(n,k)

then the leading order term can be obtained from Egs.(6.38) and (6.39). This leads to

the result
B2(e)  4n—1

n

M, (¢) 97

Ot + > W (n, k). (6.41)

k=1
The numerical coefficients W (n, k) can be calculated from B (n, k) and M (n, k), which
themselves are obtained from fitting the numerical data. These fitting results are tabu-

lated in Tables (6.1), (6.2), (6.3) and (6.4).

6.3 Benchmark of Distribution Function

We can utilize the first few terms in Eq.(6.28) to approximate the exact distribution
function. It is useful to check how many terms suffice to reproduce the exact distribution

for various collisionalities and aspect ratios. Here we study several limiting cases in which

K\n| 1 2 3 4 5 6
1 | =521 | —224| —141| —1.04 | —0.81 | —0.67
2 | 548 | 264 | 171 | 1.27 | 098 | 0.79
3 [ —201| —222 | —155 | —1.21 | —0.92 | —0.74

Table 6.3: The numerical power coefficients M(n,k)
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N\ 1 2 3 4 5 6
1 0 0 0 0 0 0
2 [0.017 | 0.048 | 0.015 | 0.0077 | 0.0047 | 0.0032
3 [0.052 | —0.060 | —0.017 | —0.010 | —0.0072 | —0.0054

Table 6.4: The numerical power coefficients W(n,k)

we have already found the analytical distributions in previous chapters.
First we study the collisionless limit. If no collisions exist, 7, — 00, then the numerical

distribution Gy, in Eq.(6.28) can be written as

al 2m 3
G, = ; T (@) (6.42)
where N is the number of terms retained. The collisionless analytical distribution is

known from Eq.(6.1) to be

Gr=—. (6.43)

The comparison between the analytical distribution and the numerical distribution is
shown in Fig.(6-3). We find that we need many eigenmodes to approach the exact ana-
lytical distribution. Even if we sum up to 20 terms there are still some small oscillations
on the curve. To obtain a fairly smooth curve we would need many more terms because
the coefficient of this eigenfunction expansion (3, /M, decays rather slowly. We know
from Fig.(6-2), 3, oc n~°/3 and M,, oc n~!. Therefore, the coefficient 3, /M, oc n=2/3
doesn’t converge. Fortunately, the integration of the nth term in Eq.(6.42) goes like n~"/3
and converges. This feature occurs because the small oscillations seen in Fig.(6-3) tend
to cancel.

If we add weak collisions the numerical distribution approaches to the analytical
distribution much faster than the collisionless case. In the high frequency limit pr;; > 1,
only about ten terms are needed to make a smooth and consistent distribution, as shown
in Fig.(6-4). This behavior indicates that the high eigenmode coefficients decay rather

rapidly due to collisions. In this case, the numerical distribution is given by
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Figure 6-3: Comparison of collisionless distributions for ¢ = 0.1. The red solid line is the
exact colisionless analytical distribution of Eq.(6.43). The other three curves are from
the eigenfunction expansion in Eq.(6.42), keeping different numbers of terms N.
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Figure 6-4: Comparison of the collisional distribution in the high frequency limit for
e = 0.1 and pr;; = 100. Summing 12 terms in Eq.(6.44) suffices to approximate the
exact distribution. The solid red curve is the H-R high frequency collisional response
from Eq.(6.45).
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R S (6.44)
* (1t + o) Mo ™" '

n=1

We now set m;E/T; = 1 to facilitate the numerical computation and comparison with
the results from Chapter 5. For pr; > 1 and m; E/T; = 1, the analytical distribution is

given by the trial function of Eq.(5.25),

G = ~27T 1— e Vo)
()

(6.45)

~

where 7 is defined in Eq.(5.42), but in this equation we use x = A/(1 —¢). From
Eq.(6.44) we see that for a finite collision frequency 7,, the eigenvalue p,, will catch up
with 7, very quickly since ju, oc n?. When p, > 7,, the total coefficient in Eq.(6.44)

decays as n=8/3

. Therefore, the high eigenmodes will decay rapidly as u,, > 7,, to make
the distribution smooth.

In the low frequency limit, pr; < 1, the numerical distribution is still given by
Eq.(6.44). From Fig.(6-5), we see that only two or three terms are required to obtain a

good approximation. The analytical distribution in Fig.(6-5) is given by

Gy = /1 dx ™ (1 ) (6.46)

4\/1—$+5+$5E(ﬁ),

which comes from Eq.(5.45). Recall that this expression is from the first order expansion
of p7;;. To be consistent with this distribution, we need to take the numerical distribution

as follows
N

-
Gu= Y Ty, a). (647

n=1
The numerical series converges much faster than the high frequency case, so only two
terms are needed to approach the analytical distribution.

The consistency between the numerical series and analytical distribution confirms the
usefulness of the eigenfunction expansion method for solving the collisional neoclassical

polarization problem.
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Figure 6-5: Comparison of the collisional distribution in the low frequency limit. The
green dashed line and the black dashed line, calculated from Eq.(6.44), almost overlap.
Hence, for pr;; < 1, two terms suffice to approximate the exact distribution. The red
solid line is from the H-R low frequency response in Eq.(6.46). The blue dashed line is
from Eq.(6.47).
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6.4 Collisional Neoclassical Polarization

We proceed to construct the neoclassical polarization from these eigenfunctions. Accord-
ing to Eq.(5.12), the neoclassical polarization can be written in terms of the distribution

function Gj. To be consistent with the notation of Eq.(3.33) in Chapter 3, we let

3 1—e¢
P=3 / A\ (Gy) g - (6.48)
0

For the polarization we will use the form from Eq.(3.22) rather than the equivalent form

from Eq.(3.21). Using the preceding, we have

23—2 (1-P). (6.49)

1)

[
Ehome (P) = —

Once we know the term P;, we effectively know the whole neoclassical polarization.
Therefore, we focus on studying the term P;. We insert the expression for Gy in Eq.(6.28)

into the preceding equation to obtain

- 52 < Yo >
P=3r(l—¢)) 2 (6.50)

where the energy average is defined in Eq.(3.20). Letting y = m;E/T;, the preceding

equation can be explicitly written as

~y

P =4y7(1—¢) M / M%Z j it (6.51)

where the frequency -y, = p7;; doesn’t contain the energy dependence since 7, = pr;%/2.
Employing the preceding equation and Eq.(6.49) we can calculate the neoclassical
polarization for various driving frequencies or collisionalities p7;;, and inverse aspect ratios
e, as shown in Fig.(6-6). Recall that the residual zonal flow is inversely proportional to
the neoclassical polarization so that the zonal flow is strongly damped for pr; — 0.

The damping of the zonal flow increases slightly as the inverse aspect ratio € increases
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Figure 6-6: The neoclassical polarization in unit of :—%g—z, calculated by Eq.(6.49) by

computing the coefficients p,,, 3,,, and M, numericallyczand then adding total 20 terms
to approach the exact value.
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when the collision frequency is comparable to the driving wave frequency. Of course,
the zonal flow is strongly damped at the high collisionalities and weakly damped at low
collisionalities, as found by H-R, but their low collisionality or high driving frequency
limit is only valid for \/epT; > 1. From Fig.(6-6) we also see that, for high driving
frequencies or low collisionalities, the neoclassical polarization is small, so it is sensitive
to inverse aspect ratio e. However, for low driving frequencies or high collisionalities, the
neoclassical polarization becomes large and ignoring the ¢ dependence is not as critical
to the final answer.

Since we need to calculate each point numerically in Fig.(6-6), it is sometimes more
convenient to apply a more analytical, but approximate method. We can employ the
fitting procedure described in Appendix D to obtain a € power series for the coefficients p,,
and (2 /M, in Eq.(6.51), as shown in Eq.(6.37) and (6.41). The coefficients m (n, k) and
W (n, k) are listed in Table I (6.1) and IV. Since we have obtained analytical expressions
for the coefficients y,, and 5%/M,, we only need to compute the integral in Eq.(6.51)
numerically to obtain the neoclassical polarization in Eq.(6.49). This method can be

regarded as a semi-analytical approach.

6.4.1 Approximate Methods for Neoclassical Polarization

The preceding exact eigenfunction expansion method is very accurate, but sometimes a
simpler result may be convenient. We proceed to seek more concise but approximate
method to calculate the neoclassical polarization.

From Fig.(6-2), we see that 35 /M, dominates the other eigenfunction expansion co-
efficients. Therefore, it is sometimes convenient to retain only the leading order term in
the preceding equation, namely

Pr=4ym(1—¢)

2 [e'e) 3 —y
Ly o
0

M, /o + Y32
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where the coefficients y; and 37/M, can be read from Tables I and IV, to find

fy = 141461/ + 1.48¢ + 0.13¢%/2 (6.53)
2
1
% = 3 +0.017e - 0.052¢%/2. (6.54)

For a given ¢, there are two different approaches to deal with the energy integral in the
Eq.(6.52).

(1). One term numerical approaches.

For each driving frequency 7, we integrate this integral numerically. This approach
provides a benchmark to check the other approximate approaches. We denote this method
as “1 Term Ezact”.

We may even be less accurate, e.g., ignoring the £ dependence in p;.Then Eq.(6.52)

becomes

B [T dyyPe

This approximate method is denoted as as “1 Term Approz”.

(2). One term approximate analytical approaches.

There are two approximate methods we have considered. The first method is to apply
the observation we found in the preceding chapter by setting v, — 4v,, where v, = p7y;.

Thus we obtain
N

P, =3r(1-— _
! ( My iy + 4,

(6.56)

which we denote as “Approx 17.

The second method is to use a Pade’s approximation. Notice

* dyyie™ Yo
A
3/

= T7 for ILLTL/,YO < 17
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and the Pade’s approximation gives

/°° dyy’e ¥ \%’Yo 3T (6.57)
0 Hn/Yo+YE g+ Teve 4 '
Then the one term approximation becomes
2 8
=
P =3r(l—g) L7202 (6.58)
My py + V7 o

which is essentially the same as “Approz 1”7 since we take the energy average magni-
fication to be 8/4/m; the low frequency energy average magnification. We denote this
approximation method as “Approx 2”.

A comparison of the preceding different methods is shown in Fig.(6-7). For very small
g, e = 0.01, we can see from Fig.(6-2) that the coefficient 57/M is 100 times larger than
the other term. Therefore, we can ignore the higher order terms in the eigenfunction
expansion. If the energy integral is computed exactly, the “1 Term FExact” curve will be
very close to the exact value, as shown by the first plot of Fig.(6-7). We also see, the “I1
Term Approx” curve is also a quite good approximation for small e. The small deviation
of “1 Term Approx” from the exact line is due to the neglect of the higher ¢ terms in ;.
For small ¢, the curves “Approx 1”7 and “Approx 2” are also very accurate in the high
frequency and low frequency limits. However, there is almost a 20% error in the middle
that comes from the inaccuracy of the energy integral in the middle. This error is a typical
feature of a Pade’s approximation. The method “Approz 1” is only slightly better than
“Approz 2”. The H-R low frequency approximation breaks down quickly upon entering
the intermediate frequency regime. The R-H high frequency approximation is not good
for e = 0.01 because the condition v > 1 or /ep7;; > 1 is easily violated as € — 0.

When ¢ becomes larger the “1 Term Fzxact” curve is still good for most of the fre-
quencies, but becomes less good at very high frequencies, as shown in the second plot

of Fig.(6-7). This is because the higher order coefficients 32 /M, become large to within

97



1 L
087 o= 001 r
- 067 4 Exact I
- N7 - — —HR-High
04l . ;/=/ HR-Low ]
R4 - Approx 1
ol . 52 - Approx 2 |
' i 1 Term Exact
WM-%“V -1 Term Approx
0 . | . | . | . L
107 107 10° 10" 10°
Pt
1
0.8r
06l €=01
4 :
- s/ .
e/ — — —HR-High
0.4r S HR-Low ]
. /
. 4 - Approx 1
0.2h S 4 - Approx 2 |
. I,:/'/ 1 Term Exact
s 3ot - 1 Term Approx
0 L L L
107 107 10° 10" 10°
P,

Figure 6-7: A comparison of the frequency dependence of the polarization P; from dif-
ferent methods, for ¢ = 0.01 and 0.1. The “Fzact” line is calculated by Eq.(6.51) by
computing the cofficient p,,, 3,, and M, numerically and then adding total 20 terms.
“HR-High” is the H-R high frequency polagization derived from Eq.(5.41), while “HR-
Low” is the H-R high frequency polarization derived from Eq.(5.48).



10% of the B7/Mj, as seen from Fig.(6-2). The higher order contributions will cause the
“1 Term Ezact” curve to have a 10% deviation from the exact line for the high frequency

(1 — Py). Therefore, in the high

2 2
wpiq

case, as shown in Fig.(6-7). Recall that giffw = =

pol

frequency limit, e.g. pr;; ~ 100, a 10% error in P, can cause an order unity error in Ek ne-

Fortunately, in this limit(relatively large € and high frequency), the H-R high frequency
approximation remains valid, even though this is the worst case for the approximate
methods discussed so far.

However, we can improve our approximate method to have better performance in
the high frequency range. We know from Eq.(3.39) that in the collisionless limit P; =
1 —1.635¢%/2. This limit suggests that a reasonable approximation that satisfies the high
frequency asymptotic limit and also has the form of Eq.(6.52) is

4 * dyyde Y
P =——(1-1.635¢%2 / B L A— 6.59
1 3ﬁ( ) o /v +y? (659

where the quantity « is to be determined by the low frequency asymptotic limit. In the

low frequency limit we know from Eq.(5.48) that

P, = %% (1—1.4615), (6.60)

where v, = p7;. In this low frequency limit, Eq.(6.59) becomes

8
P =0 (1-1.6356%2) . (6.61)

— o

Setting this equation equal to Eq.(6.60) we find « to be

a =1+ 1461z, (6.62)

to the accuracy of O (1/¢). Therefore the neoclassical polarization can be calculated from
Eq.(6.49), (6.59) and (6.62). We denote this approximate method as “Approz 3”. It is

equivalent to what we obtain by setting 5, and M; to their leading values: 5, = 2/3 and
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Figure 6-8: A comparison of the frequency dependence of the polarization P; from dif-
ferent methods, for ¢ = 0.1. The exact line is calculated by Eq.(6.51). “HR-High” is
the H-R high frequency polarization derived from Eq.(5.41), while “HR-Low” is the H-R
high frequency polarization derived from Eq.(5.48). The dotted curve “Approxr 3” is
calculated by Egs.(6.59) and (6.62).

M, = 4x /3, and keeping p, to first order accuracy, p; = 1 +1.4614/c in Eq.(6.52). The
comparison between the approximate methods “1 Term Approx” and “I1 Term FEzxact”
in Fig.(6-7) shows that using p, to first order accuracy is good enough for the energy
integrals. Therefore, the error in the approximation “Approx 8” comes from ignoring the
higher order terms of 32 /M,, in the eigenfunction expansion. From Fig.(6-2) we expect
this error to be about 15%. This estimate is verified by Figs.(6-8) and (6-9) that shows
the approximate method “Approx 3” is good for almost all collision frequencies and small

inverse aspect ratios €.
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Figure 6-9: The relative error in the calculation of the neoclassical polarization from
method “Approx 8”7 of Egs.(6.59) and (6.62) compared to the exact value, for various
p7y and € = 0.01, 0.1, and 0.2.

Finally, we estimate the upper limit the driving wave frequency can reach in a real
tokamak. Taking ITER as an example, then n; ~ 1.1 x 10"em =3, T; ~ 10kev Ry ~ 6m,
and By ~ 5T. Then, a typical ion-ion collision frequency is v;; ~ 100sec™! and the transit

frequency is w; ~ 10°sec™!.

For the transit average to be valid, we require p/w; < 1.
So pr;i ~ 100 is about the upper limit that a driving frequency can reach. In Alcator
C-Mod, n; ~ 2.0 x 10¥em =3, T; ~ 2kev Ry ~ 0.64m, and By ~ 5T. Then, a typical

1

ion-ion collision frequency for C-Mod is v;; ~ 1600sec™ and the transit frequency is

w; ~ 4.0 x 10° sec™!. Therefore, for C-Mod, pr;; ~ 200 is the rough upper limit that the

driving frequency can reach.

6.5 Collisional Zonal Flow Damping

Having a complete understanding of the role of collisions on neoclassical polarization, we

can proceed to investigate the zonal flow damping associated with it. Using Eq.(2.22)
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and (2.23), the evolution of the zonal flow potential can be written as

pol

1 dpe?* €kl
o, (t) = t=0 —/ — , 6.63
k(t) = (t=0) o b T () (6.63)
pol __ Wi

where the classical polarization is g, = —¥ g—z in the long wavelength limit, and the neo-
classical polarization can be calculated by Eq.(6.49) and the approximate P; of Eq.(6.59).
To make the results even simpler, we can apply a Pade approximation for the energy

integral in Eq.(6.59). Therefore Eq.(6.59) becomes

Yo

P = (1 — 1.663/2) _
Yo + \/Tq?lh

(6.64)
where v, = p7;; and p; = 1+ 1.464/c. Inserting this equation into Eq.(6.49), we find the
neoclassical polarization to be

wgi q_2 1.653/2’)/0 + \/TE,Ul

2 -2 ™
Wei € Yo T %/h

ol
Ene (D) = (6.65)
In the large aspect ratio limit, the neoclassical polarization is much larger than the

classical polarization. Therefore, we may ignore the classical polarization in Eq.(6.63).

Inserting the neoclassical polarization in Eq.(6.65) into Eq.(6.63), we obtain

21 dpePt i+ vr
0 (0) =y (= 0) o [BE TS (6.66)
q- <7t P 1.6e / DT + ?Nl
Inverting the Laplace transform we find
e’ 1 74 ‘;‘51/152

From this equation we can see, with collisions the zonal flow damps to a level much smaller
than the R-H collisionless residual within a decay time of order %2r;. Although the

decay time is of order %/%7;;, it is enhanced by the numerical factor 7.4 to roughly the
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magnitude of ion-ion collision time.
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Chapter 7

Summary

In the preceding chapters we have extended the original R-H / H-R work in many respects.
We summarize these extensions as follows.

At the end of Chapter 3 we employed the R-H collisionless distribution to calculate
the zonal flow. This calculation revealed that the zonal flow contains not only poloidal
rotation, but also a similar size toroidal rotation.

In the first part of Chapter 4, we calculated the neoclassical polarization and R-H
residual zonal flow level for arbitrary perpendicular wavelengths. First, we extended
the R-H neoclassical polarization calculation analytically from k,p, <1 to k1 p, <1 by
expanding the calculation to include Q* terms. Then we calculated the neoclassical polar-
ization and residual zonal flow level numerically for arbitrary perpendicular wavelengths
from k1p, < 1 to kip;, > 1. We find that the effective zonal flow or effective resid-
ual caused by a given density perturbation is much weaker for short wavelengths. The
weakness of zonal flow is not due to the damping of the zonal flow, but rather due to the
weakness of the source potential produced by the initial density perturbation [18]. Notice
that this small wavelength result is expected to be valid at the edge of an internal trans-
port barrier (ITB) [46], where the assumption of large parallel mean free path remains
valid. Radial wavelengths in the pedestal region of a tokamak are typically comparable

to the poloidal ion gyroradius, so small zonal flows are expected there where they are
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also reduced by collisions. This result may have some implications for the higher levels of
turbulence observed in the pedestal. A complete kinetic treatment of the pedestal must
allow arbitrary parallel mean free paths and sharp density and temperature gradients,
making the problem still more involved and challenging.

In the second part of Chapter 4, we developed a small inverse aspect ratio expansion
method to calculate shaping effects on the R-H collisionless residual zonal flow. We find
that the elongation is strongly beneficial to the residual zonal flow, while the triangularity
is harmful but much weaker. The small ¢ expansion method employed here is quite
general so that it can be applied to more complicated MHD equilibrium that include
not only the safety factor, elongation and triangularity effects, but also their shears. In
addition, a careful comparison to numerical simulations is desirable and feasible. Another
straightforward extension of the present work would be to treat both plasma shape and
collisional effects simultaneously.

In Chapter 6 we developed a semi-analytical method, based on an eigenfunction ex-
pansion of a Lorentz collision operator [30][12], to calculate the collisional neoclassical
polarization for the entire driving frequency range and arbitrary collision frequencies
below the transit frequency. For high driving frequencies or low collisionalities, the neo-
classical polarization is small, so it is sensitive to inverse aspect ratio €. However, for low
driving frequencies or high collisionalities, the neoclassical polarization becomes large
and insensitive to €. In addition to the exact result, we find a fairly good analytical
approximation for the neoclassical polarization which is concise and suitable for a large
range of driving wave frequencies or collisionalities. We also calculate the collisional zonal
flow damping and find that, with collisions the zonal flow damps to a level much smaller
than the R-H collisionless residual within a decay time of order €%/?7;;. The eigenfunc-
tion method employed here is more general than the variational treatment of H-R that
only considered the weak and strong collisionality limits. This expansion method can be

employed to solve even more complicated collisional zonal flow problems.
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Appendix A

A Derivation of Nonlinear Drift

Kinetic Equation

The electrostatic drift kinetic equation, in F = v?/2 and y = v? /2B variables, accurate
to the first order in gyroradius expansion when the lowest order distribution function is
isotropic in velocity space, was shown by Hazeltine[24][23], to be given by,

af

5+ (wb+vp+ve) - Vf—Cu{f}= % (v,b+vp) Vo of (A1)

OF’
where vp is the magnetic drift, defined in Eq.(2.2); v is the E x B drift; f is the

gyroaveraged distribution function, M and e are species mass and charge. Letting

T:Fo—i_fla

with Fjy a local Maxwellian with b- VFy = 0, then f; = d f, an assumed small correction

to Fy, satisfies the nonlinear equation

oh +(wb+vp) - Vi-Ci{fi} = —%Fo (ub+vp) Vo —(vp+vg): - VE

ot
df
—Vpg - Vfl + e (UHb + VB) . V¢8—E y (AQ)
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where we assume 0Fy/0t < 0f/0t.
To further simplify this equation, we estimate the size of the drive terms. We estimate

the sizes of term by using vg ~ klp%vt, Vg ~ -}%vt. We allow

ev,b-Vodf/OE 1 -1
Mvg-Vf kipkiqRy =

so that the nonlinear term v,b - Voo f;/OF is not ignored comparing to the E x B
nonlinearity vg - V f;. However, another nonlinear term v - V@pdf;/OF may be safely

ignored since
evp - Voofi/OE 1
ve-Vfi k1 Ro

< 1.

For polarization and neoclassical calculations, the distribution F{ and electrostatic po-
tential ¢ are lowest order flux functions, so there is no contribution from vg - VFy. The
drive v - VFy must be retained to evaluate the neoclassical particle and heat flux. As a

result, the drift kinetic equation of interest may be written as

% + (UHb + Vd) . Vfl — C“ {fl} = —%Fg (UHb + Vd) . V(b — Vp- VFO
v Vi + —ub-Vedfi/OE. (A.3)

M

However, when evaluating the polarization, we might neglect the neoclassical drive v -

V Fy, because it does not enter the evaluation of the polarization.
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Appendix B

Details about Large () calculation

This appendix presents algebraic details used to evaluate the collisionless neoclassical

polarization to O (Q*). In particular, we need to evaluate the following integrals:

/d)\% —Q?, /d/\jg Q4/ d)\f

df— — —2
/ d\ ¢ —Q @3, /d)\ —Q2 . (B.1)
0 § §
The first two integrals can be carried out by using the following identities:

/d?’vaFg = noﬂ, (B.2)

7 T )
/dSU’UFU = 3ng (—l> . (B.3)
m;
We first note that we can use the preceding identities to obtain
_ 15"\*
Jeena) = (&) (2 [ #in)
0
- (15"? 3
s 14 =¢? B.4
o (o) (1+32). (B4
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with A =1+ ecosf, and

(o) = () (i f i)
= 3ng (:;) Gi) (1 + 5% + %554) : (B.5)

Alternatively, we can write

</d3vF0@> = % (IS,> /dAjf (B.6)
</d3vF0@> - 12:“ (m> (ISI> /dA]f hyt. (B.7)

Comparing the preceding four equations, we obtain

/dAj{ h)* = (1 + ‘;5 > (B.8)

and

and
do 15

/d)\f (¢n)* (1 + 5% + g€ ) (B.9)

Therefore,
d@ 87T 3 m;E 2

d\ ¢ — 1 k B.1

and )
/d)\ Q4 — (1—|—55 + g€ ) ( T ) (kipy) (B.11)
IS _

with k1 p, = & ,and E = v?/2.

The third and fourth integrals in Eq.(B.1) involve only passing particles. The usual
way to deal with them utilizes elliptic integrals. Here we employ an alternate method

based on an € expansion to carry out the integrations.
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First we look at the integral fol_a d\ ¢ %9@2, where

df —2 o dmm; B 27
TG = (hup,)? = 21 (B.12)
: T, §%

For a large aspect ratio circular tokamak we have

1 1+ ecosf
g . B.13
1S \/1 — A+ ecost ( )
If we let z = 1 — A, then ¢ < z < 1 for passing particles. We may then expand 1/¢ to
order e,
1 1 1 1
S Ay (i 0
¢ \/E[ +5 ( 1:) e cosf +
+ —l—i—l—i ecos® + ..+ O (")) (B.14)
8 4r  8z? h ’ .

where the expansion order M depends on the accuracy desired for the integral folfs d\ ¢ %@2.

Therefore,
1 & 1
—=— 2l =1e" B.15
e () 519
where the coefficient a,, (%) is a nth order polynomial in 1/z, with ag (%) = 2, and
1 3 1 1
-1 =2 - —— B.16
2 (x) " <16x2 8z 16) ’ (B-16)

for M = 2, for example. In fact, only even n terms survive the 6 integration since

A2m 41 (%) =0, for m =0, 1,2.... Using Eq.(B.15) we find

2_; _ \/gi b, (l) en, (B.17)

where by = 1,

+—+ = (B.18)




and bay41 (1) = 0, for m = 0,1,2.... Using Eqs.(B.17) and (B.12) for M = 2 we find

/01_801)\ %9@2 - /dx]{de_2

odmmuE (225 4, 2,
= (kJLpp) T (g — ﬂfi / + gE . (B.lg)

that

We next increase the expansion order M to obtain a more precise result. The coeffi-

cient polynomial b, (2) has the following form

1 n
by (E) => b /ak, (B.20)
k=0

where the numerical coefficients b can be evaluated using the preceding expansion

procedure, e.g.,

3 1 1
b = — 2 iV b = — B.21

in the preceding M = 2 case. Once all the numerical coefficients in Eq.(B.20) determined

from Eq.(B.14) we obtain

M/2

[0 = ey [ (8)

M

/2
- (zﬁpp)””m’ 2mZb / ‘/_. (B.22)

The preceding integrals can be easily carried out to obtain

1=e de 4
/ A\ ¢ ZQ° = (kip,)’ ”m’
0 €

M/2 2m

(k)
Z 2’"2 /Z;_ 32Ky (B.23)
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Now, we look at the term

ZmeZ 3/2m_ i (1 - 63/271.) )

when m = 0, it gives
b(o)

30%(1 — 32, (B.24)
while for m = 1 we find
52b§°)
1 3/2
52b§1)
E9% g 32
EET L
825(2) B
+3/22_2( — 322, (B.25)
If we write
M/2 2m (k)
2. gty (1) Z Yot (13.26)
m=0
then o
b 2
"= 30% -3 (B.27)
and Tl/g = Tl = 0, and
YTy/9 = pim B.2
3/2 Z 2m 3/2_2m ( 8)

Although the preceding expression is an infinite series, we find this series converges very

rapidly. Just keeping the first several terms we obtain the following precise result

Y35 — —1.09. (B.29)
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Following this procedure, we can also easily obtain

b(o bél) b(2)

2
T, = z, B.30
‘T30 321" 32-2 3 (B-30)

Therefore, to order O (¢2) we find

M2 2m b(k)

2 2
2m 2m _ 3/2—k “ 3/2 , 2.2
mE_Oe ,;:0 32k (1-e7) — 5 — L09Y7 4 2%,

In general, the integer power coefficients T,, in Eq.(B.26) only depend on the coeffi-
cients b&’“), k =0,1,2,...,n, or the polynomial b, (%) However, the half integer power
coefficients Y (9,,41)/2 in Eq.(B.26) require an infinite series to approach the exact value.
Fortunately this series usually converges very rapidly. The expansion procedure we de-
scribed here is different from the conventional approach that uses elliptic integrals. We
expand the integrand from the beginning to avoid the elliptic integrals since we know
the final result will be a Taylor series in inverse aspect ratio €. This approach is alge-
braically less involved and makes some complicated integrals easier to handle. Using this

expansion procedure, we obtain

d9—2 2 My E 8 3
= - 1-1. /2
/ d\ ]{ (kip,) T 3 —( 635¢
1
e? —0.36e%/2 — 0.0285¢7/2 + 1—054), (B.31)

which is accurate to O (¢?).

Next we evaluate the integral folf ¢ %@ @3 in Eq.(B.1):

EN? §doh § dOCh3
/ 0\ f - kmp)"‘(%} ) 4 fﬁg , (B.32)
v £
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where

jfdé)g?h?’ — ]{dQ (1 —Ah)A?

3 3
= 2 (1 + 552 —A (1 + 3% + gg‘*)> : (B.33)

Therefore,

2
j{ﬁ@@ = (kp,)" <2sz) 27;9 1+3g
; Fz

- (1 4 3e? + 254) ). (B.34)

We can apply the same technique as we did to evaluate [, ~ d\ $ d(’Q to obtain

1-e ([ 4 (m;E\? 167 1,

—0.23¢%2 +3.9¢7/% — E€4>' (B.36)
The final integral in Eq.(B.1), [d\ § %9@2, contains both passing and trapped par-
ticle contributions. For the passing particle contribution we follow the same procedure

as we did to evaluate f01_€ d\ § %@2 to obtain

1 9> 4 (2mEN? [ (§ docn?)’
02" — - A s T
[onfs® - (557) [ 0%
B s (2mE\® Am  Axm 2
= (ICL,OP) ( T, ) (3 15

T
+0.99¢%2 — 5.4¢7/% 4 354). (B.37)

The trapped particle contribution is more complicated.

/ A jf — (kip,)* <2”;E )2 /11?&(556;9—%12)2, (B.38)
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where we need to evaluate both ¢ df¢h? and ¢ % for the trapped particles. First we have

Op
j[degfﬂ = 2/ dovVT — X+ ecosf (1 +ecosd)?, (B.39)
0
where the turning angle 6, is defined by 6, = arccos (t—A) We may define x = % =

sin? (6,/2), and siny = sin (6/2) /sin (6,/2), then

2sin %b Ccos Yy

V1 —zsin®y

o = dy. (B.40)

Hence, Eq.(B.39) can be evaluated as

0y
j{d%hz > 2\/2_5/ d@\/x—sin2g(1+gscosé’)
0

/2 1 —si 2 3
= 42z dy——210 Y ll + —¢ (1 — 2z sin? y)}
0 V1 —zsin®y 2

= 22 {2+c2-D]E@) +(x—-1)2—-e)K(z)}, (B4l

where K (z) and F (z) are complete Elliptic Integrals of the first and second kind, re-

spectively. Similarly, we obtain the bounce time for the trapped particles

%9 _ \%_6 {(1 - %g) K (2) + <E (x)] . (B.42)

Using the preceding two equations, the integral in Eq.(B.37) can be written as

1= d9—2 4 2sz) 2 3/2 !
d\ ¢ —Q? = (k 2 d
/0 f&Q (”’p)<ﬂ (22) /oaj

{24+e@x—1)]E(z)+ (z—1) (2—5)K(x)}2.

B.43
(1—1e) K (z) +€E (2) (B-43)
This integral can be expanded in € and then evaluated numerically to obtain
1o df— 2m; B\’
/ dA ?Q22 = (lﬁpp)‘*( "; ) [2.685°2 + 4.4+ O (77)] . (B.44)
0 i
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From this expression we see that the trapped particle contribution only contains half

integer powers of €.
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Appendix C

The Neoclassical Polarization

Calculation for Shaped Plasma

Some of the detailed algebra needed to evaluate the shaped plasma polarization is pre-
sented in this appendix.
When we calculate the neoclassical polarization in Eq.(4.87), we use the small ¢

expansion for the second term with z =1 — A to obtain

1 1 ecos &2 [~ K?
VBo/B — X ﬁ{ 2z +2w[( +2q2)cos "
~ 1 . 9 3€2 2 M+1
<B+2_q2) sin 0]—|—gﬁcos (9+....—|—O(€ +)}, (C.1)
and
dl, 1 o5 1. 37
2. /B/By — 1 - —2A —-+54
Bp / 0 de{ ‘|‘5<2 )COSG_I—[( 8+2
+H—2) cos® 6 + (——é + L) sin” §)e? } (C.2)
4q? 2 4¢? ' '

Since %\/B /By is expanded only to O (g?), all the high order terms, O (g3), are

ignored in this calculation and our calculation is only valid to O (85/ 2). Using the pre-
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ceding two equations along with £ = /1 — AB/By, we may integrate over 6 to obtain

dl, B 1 < 1\
Fiime e () 9

where the coefficient a,, (%) is a nth order polynomial in 1/z, with ag (%) = 2w, and

the form

o(2) - B g bes (i)
_8%2 [_2 (14 #2) + (1 +124 4+ 4§> qﬂ . (C.4)

In fact, only even n terms survive the 6 integration so as,, 1 (%) =0, form=0,1,2...,
since the power index of ¢ is the same power as cossin ) in each term of the expansion
of dl” Jear Bog- Lhe coefficient a, (1) is a nth order polynomial in 1/ since the index of e
is the same or greater than that of 1/ in Eq.(C.1). In addition, the coefficient 1/2" in
the polynomial coefficient a,, (%) must be a number independent of the shaping effects,
because it comes from the ¢ cosf/x term of Eq.(C.1). Therefore, the inverse of Eq.(C.3)

can be expanded in € as

§ éi - ﬁﬁ:bn (i) e, (C.5)

where by = 1/2m, and

*\z) = 32ma? 16mq?x
9924 (12E+ AB + 1) e
C.6

and the polynomial coefficients b, (%) vanish for odd n and have the same features as

an (1). Then, Eq.(4.97) can be rewritten as

Ac

/d)\
0

HZ / dz/zb, < ) (C.7)

B
Bog e(l4ae)

_P
B
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where o = A+ k2 /2¢*. We evaluate the preceding expression term by term. For a general

term, n = 2m,

1 1

1 2m NG
don/Thoyy [ = ) 2™ = )2 de Y C.8
[ v, () S b (©8)
e(14ae) k=0 e(14ae)

2m
where we assume by, (1) = bg:i /2*, and bg:,)l are functions of shaping effects and bgﬁ;n)
k=0
is a number. The preceding integration is straight forward,
L 1 2m €2m
/ dx\/Tbyy, (—) g2m = bg:’zbg/Q—k 1—e¥27F (1 + a5)3/2_k] . (C.9)
l’ —
e(14ae) aalt
When m = 0 we get
1
1 1
dx/Tbay, (—) gm 603—/2 [1 — 21+ 046)3/2] : (C.10)
x

e(l4ae)

while for m = 1 we find

1
1\ o g?
/ dx\/Ebgm (E) 82 — béo)% |:]. — 53/2 (1 + 046)3/2}

e(l4ae)

2
1) € 2
‘I‘bg )1/—2 |:1 — 61/2 (]. + 065)1/ i|

+b5) —e V2 (14 046)71/2] . (Cay)

7l
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Finally for m = 2 we obtain

1

LY\ om o) [ 3/2 3/2}
/ dmﬁbgm(x)e — by 3/21 e’? (1 + ag)

e(l4ae)

4
+b(1)€—2 [1 — 2 (1+ 048)1/2]

4 - _
s [1 - (U ae)
p3) et 1 _ 32 (1 —3/2]
+ 4 ?/2 I — & ( + Oéé?) ]
4 - _

+o (Y _Z Sl e (1+ae)?  (C.12)

(k)

2m>

After calculating the value of b, , the integral in Eq.(C.7) can be expressed in terms

of an ¢ expansion

/d/\f = HZTW&/{ (C.13)
BP

Bot i=0

where the coefficients T}/, are

1 1
To=b = 14
07 3/2 7 3n’ (C.14)
and Tl/g = Tl =0, and
T2 = Z b 3 /2 5 (C.15)

Notice that bgiT) is a number, so the coefficient T3/, is independent of shaping effects.
This series converges very rapidly. Within an error of 2%, we only need the first two

terms to obtain T3/ — — but the exact coefficient is

48’

Y35 — —0.173. (C.16)
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The next coefficient in this ¢ expansion series is

2

1
_ ()
T = )b 3/2—k

k=0

1+n2+(—2+32+§)q2

—_  —

6mq?
The last interesting coefficient is
[e.9] o0 1
T _ b(2m) B b(2m—1)
5/2 O‘mzzo 2m mZ:O m3/2—(2m — 1)

0.0383 0.0367r>

—  —0.0383 + 0.0797A + 0.0765B + - 7

(C.17)

(C.18)

(C.19)

. (020

where keeping up to ten terms in the preceding series gives the result to an error of 1%.

121



Appendix D

The Fitting Procedure

This appendix gives the details of the fitting procedure employed in Chapter 6 for calcu-
lating the eigenfunction expansion coefficients w,, (¢), 3, (¢) and M, (¢).

For each mode number n, we can compute pu, (¢), 3, (¢) and M, (¢) for various ¢
values, and then fit the numerical curves for the first few coefficients u (n, k), B (n, k) and
M (n, k), which are defined in Eqgs.(6.29), (6.30), and (6.31). When ¢ — 0, the coefficients
i, (€), B, () and M, (¢) should approach their lowest order values, u,, (0) = 2n* — n,
B, (0) = 2,1/3, and M, (0) = 37/ (4n — 1), which can be found in Egs.(6.37), (6.38)
and (6.39). This is shown in Fig.(D-1) for u,, and M,,. Usually the first order coefficients
u(n,1), B(n,1), and M (n,1) will be the most accurate, the second order coefficients
u(n,1), B(n,1) and M (n,1) less accurate, and so on. To get better fitting results, we
employ additional information about the properties of these coefficients.

First, we know the coefficient u (n, 1) from Ref.([30])

u(n,1) = 1.4614”3_ ! {gz — ;;::] (D.1)

Therefore, to accuracy of O (1/2)

p, (2) = 2n% —n + 1.461\54"3_ ! H;Z — ;m . (D.2)
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1000

< 500t

0 5 10 15 20
n

Figure D-1: The eigenfunction expansion coefficients varies with modenumber n for small
g, € = 0.004. The red circles are the exact numerical value for ¢ = 0.004. In the first
plot of j,,, the dashed green line is lowest order contribution, ju,, = 2n? —n, and the solid
blue line contains the first order correction from Eq.(D.2). In the third plot of M, the
solid blue line contains only the lowest order contribution M, = 37 /(4n —1). We do not
plot f3,, since to lowest order it is simply (3, = 20,1/3.
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This result is verified in the first plot of Fig.(D-1).

When we fit the coefficients u (n, k), B (n,k), and M (n, k), there exist some con-
straints between them which improve the fitting accuracy, since we know the exact neo-
classical polarization in the collisionless high frequency and the collisional low frequency
limits.

In the collisionless high frequency limit, we know from Eq.(3.39) that P, = 1 —
1.635¢%/2. On the other hand, we know from Eq.(6.50) that

(1- - D.
DM (D.3)
Therefore
— B, 1 3/2
o~ (14e-1. /2y D.4
2., o (14— 1.6356"7) (D.4)
Inserting Eqgs.(6.37), (6.38), and (6.39) into ) ]fi,
n=1
=B _ 1 _[B(,1) M(@1)
;Mn B 37T+ s 42 Ve
4n—1 s  B(1,2) 3 )
B(n,1 M (1,1
+[;1 B ) S M (1)
3 1 3/2
— 1z BLD)M(1,1) = 5 M (1,2)]e + 0 (£7) (D.5)
Comparing this equation to Eq.(D.4), gives
M(1,1) =4mB(1,1), (D.6)
and
4 2 4n —1
M(1,2) = — 4 t B(n,1)> +47B(1,2)
3 ! 4
3B (L1)M(1,1) + M (11", (0.7)
T
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We can also proceed to next order by comparing the £32 coefficients in Eq.(D.5) and
(D.4), which will give an expression for M (1,3) in terms of the constant 1.635 and other
coefficients.

In the low frequency collisional limit, from Eq.(5.48) we know

P = 1—1.461/%). (D.8)

8
ﬁpT i (

In this limit we know from Eq.(6.47) and Eq.(6.48) that

P1—24\/_1—€i

n:un

Again, comparing the ¢ expansion coefficients of Eq.(D.9) and Eq.(D.8), we obtain
w(l,1) = 1.461 (D.10)

and u (1,2) and u (1, 3), etc. Interestingly, in Ref.([30]) the coefficient u (1, 1) is calculated
by a variational method, while here we obtain it by a different approach.

The general fitting procedure proceeds as follows:

(1) Fit the coefficients B (n, k), especially B (n,1) and B (n,2) accurately.

(2) Calculate M (1,1) and M (1,2) from B (n, k) by using Egs.(D.6) and (D.7), etc.
(3) Calculate u (n, 1) from Eq.(D.1).
(4)

4) Fix the above known coefficients and numerically fit the remaining coefficients.
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