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ABSTRACT
The envelope oscillations of a cold-fluid corkscrewing elliptic beam in a uniform:
focusing magnetic field are studied. In particular, by linearizing the generalized beam
envelope equations, the eigenmodes of small-amplitude envelope oscillations are
calculated for a cold-fluid corkscrewing elliptic beam oscillating about its equilibrium.

All of the eigenmodes are shown to be stable.
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|.INTRODUCTION

High-intensity charged-particle beams are widely used in basic scientific research and
industries [1,2]. One important aspect in the research and development of high-intensity
beams is the determination of the equilibrium and stability properties of such systems.
For the ssmplest focusing configuration with an applied uniform-focusing magnetic field,
it is well known [3] that there exist a wide variety of azimuthaly symmetric beam
equilibria in which beams propagate axialy along the applied magnetic field and rotate
azimuthally with certain interna flow velocity profiles. Some of these equilibria are
stable in the context of collisionless non-neutral plasmas [3,4]. Recently, it has been
shown [5,6] that in this focusing configuration, there also exists a new class of cold-fluid
corkscrewing elliptic beam equilibria. In the cold-fluid corkscrewing elliptic beam
equilibrium, the transverse beam cross-section is eliptic, and it rotates as the beam
propagates along the applied magnetic field. The internal flow velocity profile is a
combination of both the elliptica-like rotating flow and quadrupole-like flow.
Applications of corkscrewing elliptic beams include beam manipulations [7,8] such as
orienting beam ellipses at the interaction point in a high-energy collider [9] or at a heavy
ion fusion target [10].

In this paper, we anayze te envelope oscillations of a cold-fluid corkscrewing
elliptic beam about its equilibrium in a uniform-focusing magnetic field. In particular, by
linearizing the generalized beam envelope equations, we determine the eigenmodes of
small-amplitude envelope oscillations of a cold-fluid corkscrewing elliptic beam about its
equilibrium, and show that all of the eigenmodes are stable.

The organization of this paper is as follows. In Sec. Il, we present an aternative
representation for the generalized beam envelope equations governing a cold-fluid
corkscrewing elliptic beam equilibrium for an intense charged- particle beam propagating
in alinear focusing channel consisting of solenoidal and quadrupole magnets. In Sec. |11,
we specialize to the case where only a uniformfocusing magnetic field is present, obtain
two branches of equilibrium solutions to the beam envelope equations, and study the
equilibrium flow characteristics in both branches. In Sec. IV, we carry out a linear
analysis of the perturbations about the equilibrium solutions, determine the eigenmodes

of small-amplitude envelope oscillations of a cold-fluid corkscrewing elliptic beam about



its equilibrium, and compare with results of the numerical integration of the generalized

envel ope equations. Conclusions are drawn in Sec. V.

1. GENERALIZED BEAM ENVELOPE EQUATIONS

In this section, we review cold-fluid corkscrewing elliptical beam equilibria
discovered recently [5,6] and present an aternative representation of the generalized
beam envel ope equation. For present purposes, we consider a thin, continuous, ultrahigh
brightness, space-charge-dominated beam propagating with constant axial velocity b,cg,
through a linear focusing channel with multiple periodic solenoidal and aterreting-
gradient quadrupole focusing sections. Here, ¢ is the speed of light in vacuum. The
focusing fields can be tapered, and the quadrupoles are allowed to be at various anglesin

the transverse direction. The focusing magnetic field is approximated by
Bo(x)= B,(s)e, - 2B8(S) 0, +yo, )+ (187 /15) (78, +%&.). @

where Bzc(s):('ﬂBz/ﬂs)o, s=z is the axia coordinate, X, Y,

ST

, and & ae
coordinates and unit vectors of aframe of reference that is rotated by an angle of j , with
respect to the x-axis in the laboratory frame, (‘HBQ/‘H y)o = (ﬂB;‘ Al X)O, and the subscript
‘zero' denotes (x,y)=0=(x,y).

It has been shown in the paraxial approximation that there exists a class of solutions
to steady-state cold-fluid equations [5,6], which, in general, describes corkscrewing
eliptic beam equilibria for ultrahigh-brightness, space-charge-dominated beam
propagating through the applied focusing magnetic field defined in Eq. (1). The

generalized beam envelope equations are [5,6]
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In Egs. (2)-(6), m = qB / 2g,b,mc? is the focusing parameter for the uniform:
focusing magnetic field, K =2g°N, / gib’mc® is the normalized self-field perveance, and
the variables a(s), b(s), a (s), b,(s) and (s) specify the density and flow velocity of
the cold-fluid corkscrewing elliptic beam equilibrium as defined in Refs. 5 and 6. Here,

m and g are the rest mass and charge of the particle, N, is the number of particles per

unit axial length, and g, = (1 b )1/2 is the relativistic mass factor.

It proves to be convenient to transform Egs. (2)-(6) to a more symmetric form by
introducing new variables

X, =a+bh, @)

x, =aa, +ba,, (8
_ o

%= ds ©)

X, =a- b, (10)

Xs =aa, - ba,, (11)
— dx,

X = ds (12)

Adding Egs. (2) and (3) and subtracting Eq. (3) from Eq. (2) yields

(:;Xl + XK, cos[z(q ] )] 2x24/k (s)- % X—Xj—O (13
ddzsx4 + x1k cos[z(q j )] 2x54/kzisi - Xﬁzzo, (14)
v

respectively. Similarly, adding Egs. (4) and (5) and subtracting Eqg. (5) from Eq. (4)
yields

d d d
dXS2+X1dS/ s)+2,k,(s d);l Zd);i Kq xsm[Z(q j )] , (15)



dx; d dx4 Xs dX, , )=
TR Jk ) +2.[k, (s +X e k,(s)x sin[2(a-j )]=0. (16)

Finally, EQ. (6) can be expressed in terms of the new variables as

g XXt XX g (17)
ds 2% X,

Furthermore, it is convenient to express Egs. (13)—(16) in terms of the following first-

order differential equations:

dx, _
et (18)
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In general, Egs. (17)-(23) must be solved simultaneoudly. In circumstances where only
solenoidal magnetic fields are present, i.e, for k.(s)=0 and k,(s)* 0, the system
defined in Egs. (18)-(23) decouples into two independent systems with (x,,x,,x;) and
(x,,%,Xs), respectively, and the angle q becomes a slaved variable and can be

integrated from Eq. (17).

[11. SOLUTION TO THE BEAM ENVELOPE EQUATIONS
For a uniform-focusing magnetic field with k,(s)=0 and k,(s) = k,, =const., Egs.

(18)-(23) split into two sets of uncoupled equations, and the variable q becomes a slaved
variable that can be integrated from Eq. (17). Equations (18)-(20) for (x,,x,,x,) describe

symmetric modes with the envelopes a and b oscillating in phase, whereas Egs. (21)-



(23) for (x,,%,X,) describe anti-symmetric modes with the envelopes a and b
oscillating with opposite phase.

The steady-state solutions to Egs. (18)-(23) can be obtained analytically. Two
branches of physically acceptable special solutions are:

2
X, = - K+ =const., X, =const., and X, =X, =X; =0 (24)
2X2 kzO
for branch A, and
2
K+ _ const., X, =- % =congt., and X, =%, =0 (25)

T ke 20k

for branch B.

It is interesting to point out that these solutions represent two different types of
equilibrium flow. Indeed, according to Refs. 5 and 6, the equilibrium beam density and
flow velocity are given by

e 9 o e
V.(x.,8)=-a,(s)yb,ce; +a (s)Xb,ce;, (27)

where Q(x)=1if x>0 and Q(x)=0 if x<O0,
X = xcosq(s)+ ysing(s), (28)
y =- xsing(s)+ ycosq(s), (29)

and q(s) is a solution to Eq. (17). Making use of the definitions in Eqgs. (8) and (11), we
can express the equilibrium velocity as

M SNy Y QXWX 0 (30)

b,c 2¢éa’ b g 2&b " a’g
In Eqg. (30), the first term represents elliptica-like rotation, whereas the second term
describes quadrupole-like flow. Therefore x, and X, can be considered as measures of
elliptical- like rotation and quadrupole-like flow, respectively. For branch A, x, =0, and
the corresponding flow is pure elliptical-like rotation. Branch B is a mixture of both

elliptical- like rotation and quadrupole- like flow because both x, and x; are nonzero.



Making use of the definitions in Egs. (7)-(12), it is possible to solve the envelope

functions a and b in terms of the parameters a, and a, from Egs. (24) and (25). This

gives
~ \1/2
a= axg (31)
a, gk, - @, +J_)(a TR
/2
a, gk, - (8t B, + 4k Jg
for branch A, and
2 k é u1/2
- ax + 20 § K .|:| (33)

/a +2‘/ e ' K” ‘9.1/2 (34)
a +2\/:€kzo - (ax+ kzO)(ay+ kzo)a

for branch B. In both cases, a, and a, are constant. The conditions for the confinement

of corkscrewing elliptic beam equilibria are

aX/M>-2, ay/Jk_N>-2 and (1+ax/Jk_NX1+ay/M)<l. (35)
In the special case with a, =a , the beam becomes round, recovering the well-known

rigid-rotor equilibrium [3,4].

IV.STABILITY ANALYSIS
To determine the stability properties of the steady-state solutions in Egs. (24) and (25)
or Egs. (31)-(33), we linearize equations (18)-(23) to obtain

dax _ = A xdx (36)
ds

where dx = (dx,,dX,,..,dx;)" and A is a 6" 6 matrix with the following non-zero

elements:
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For the steady-state solutions in Egs. (24) and (25) or Egs. (31)-(34) to be stable, all of
theeigenvaluesof A, {I }, must satisfy the condition Re(l;)=0, where i =1,2,--- 6.

A. Eigenvaluesfor Branch A

For branch A, the eigenvalue equation det(A - 11 ) =0 can be expressed as

I2(|2+4kzo (ax+ay)2|2+4(a§+a§)kzo+8a a [a aytkyot 2. +a )\EJ}:O'

(38)
Therefore, the eigenvalues are:
Iy, =
| 5, =22k, i (39)
N
=+ —_—
l 56 —2 kZO é-x+éyl

where FA:(éx+éy+é a )2+a a,=a,/k, and a, =a,/k, .Itisreadily

Ay
shown that the function F, hasonly one rea root and therefore is aways greater or equal
to zero, i.e, F, 3 0. Consequently, al of the eigenvalues in Eq. (39) satisfy the condition
Re(l )= 0, which means that branch A is always stable.

A closer examination of the eigenvectors show that the eigenmodes associated with
the eigenvalues | , and | , correspond to the envelopes a and b oscillating exactly out
of phase, which we refer to as the out-of-phase eigenmode oscillations. On the other
hand, the eigenmodes associated with the eigenvalues | ; and | ; correspond to the

envelopes a and b oscillating exactly in phase, which we refer to as the in-phase
eigenmode oscillations.

Figure 1 shows the in-phase eigenmode oscillations about an equilibrium solution in
branch A, as obtained by integrating Egs. (2)-(6) numerically. The choice of system
parameters and initial conditions in Fig. 1 corresponds to: K =5.0"107,



a,(0)/Jk, =-07, a,(0)//k,, =- 1.6, a(0Wk,, =0.0431, b(O}/k,, =0.0984, and
a((0) =b((0) =0.02. Here, the equilibrium solution corresponds to: a (s)/+/k,, =- 0.7,
a,(s)/Jko =-16, a(shfk,, =0.0431, b(sh/k, =0.0984, and a(s)=b(s)=0. In
this case, the envelopes a and b oscillate exactly in phase, but the variables a, and a,
oscillate out of phase. The normalized frequency of the eigenmode oscillations is
I |/ [k, =1.42, which is in agreement with the expression for the eigenvalue |, (or
| ¢) givenin Eq. (39).

Figure 2 shows the out-of-phase eigenmode oscillations about the same equilibrium

solution in branch A as shown in Fig. 1, as obtained by integrating Egs. (2)-(6)
numerically. The choice of system parameters and initial conditions in Fig. 2 corresponds

too K=50"10", a,(0)/k, =-07, a,(0)/+/k,, =-16, a(0Nk,, =0.0431,
b(0)\/k ,, =0.0984, and a((0)=-b{0)=0.02. For the case shown in Fig. 2, the envelopes

a and b oscillate exactly out of phase, and so do the variables a, and a,. The

normalized frequency of the eigenmode oscillationsin Fig. 3is |I 3|/1/kZO =2.0, whichis

in agreement with the expression for the eigenvalue | , (or | ,) givenin Eq. (39).

B. Eigenvaluesfor Branch B

For branch B, the eigenvalue equation is of the form
1202 +ak o Na, +a, + 4k, J12 +5@2 +a2 )k, +16(a, +a, +.fk Nk w0
+2a.a laa,+9%,,+3@a, +a, Kk, |[=0

which yields the following eigenvalues

|1,2 :0
| o =22k, i (41)
| =tofky— e |

a,+a,+4
where F,=2a;a)+6aja, +5a; +6a’a,+18a,a, +16a, +5a; +16a,+16. The

function F; has no real roots, and therefore is always greater then zero, i.e, F; >0.



Consequently, al of the eigenvalues in Eq. (41) satisfy the condition Re(l ): 0, which
means that branch B is also stable. Associated with the eigenvalues | ; and | , in Eq.
(41) are the in-phase eigenmode oscillations in which the envelopes a and b oscillate
exactly in phase, whereas the eigenmodes associated with the eigenvalues | ; and |

correspond to the out-of-phase oscillations.
Figure 3 shows the in-phase eigenmode oscillations about an equilibrium solution in

branch B, as obtained by integrating Egs. (2)-(6) numerically. The choice of system

parameters and initial conditions in Fig. 3 corresponds to: K =5.0"107,
a,(0)/Jk, =-07, a,(0)//k,, =-16, a(0Nk,, =0.117, b(0)\/k,, =0.0361, and

a(0) =b(0)=0.02. Here, the equilibrium solution corresponds to: a, (s)/+/k,, =- 0.7,

a,(s)/ ko =-16, a(shfk, =0.117, b(s)/k, =0.0361, and a((s)=b(s)=0. For
this eigenmode, the envelopes a and b oscillate exactly in phase, and so do the variables
a, and a,. The frequency of the oscillations in Fig. 3 is || 3|/\/a:1.52, which isin
agreement with the expression for the eigenvalue | , (or | ,) givenin Eq. (41).

Figure 4 shows the out-of-phase eigenmode oscillations about the same equilibrium
solution shown in Fig. 3, as obtained by integrating Egs. (2)-(6) numericaly. The choice
of system parameters and initial conditions in Fig. 4 corresponds to: K =5.0" 1072,

a,(0)/Jk, =-07, a,(0)//k,, =- 16, a(0Nk,, =0.117, bO}/k, =0.0361, and
a(0)=-b(0)=0.02. The frequency of the oscillations in Fig. 4 is |l 4|/+/k,, =20,

which in agreement with the expression for the eigenvalue | . (or | ) givenin Eq. (41).

V.CONCLUSION
We have analyzed the envelope oscillations of a cold-fluid corkscrewing élliptic
beam in an applied uniformfocusing magnetic field. In particular, an alternative
representation was presented for the generalized beam envelope equations governing a
cold-fluid corkscrewing elliptic beam equilibrium for an intense charged-particle beam
propagating in a linear focusing channel consisting of solenoidal and quadrupole

magnets. For the case of a uniform-focusing magnetic field, two branches of equilibrium



solutions to the beam envelope equations were obtained, and the equilibrium flow
characteristics in both branches were studied. A linear analysis of the perturbations about
the equilibrium solutions was performed to determine the eigenmodes of small-amplitude
envelope oscillations of a cold-fluid corkscrewing elliptic beam about its equilibrium.
Excellent agreement was found between the eigenmode calculations and the numerical
integration of the generalized envelope equations. All of the eigenmodes were shown to
be stable.
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FIGURE CAPTIONS

Fig. 1 Plots of the in-phase eigenmode oscillations about an equilibrium solution in

branch A: (a) normalized beam envelopes aﬂ and by k,, versusthe
normalized propagating distance s\/k_ZO , and (b) normalized variables aX/\/E
and ax/\/g versus the normalized propagating distance s\/K,, . Here, the
choice of system parameters and initial conditions correspondsto: K =5.0" 1072,
a,(0)//k,, =-07, a,(0)/ ko =- 1.6, a(O}/k,, = 0.0431, b(O}[k , =
0.0984, and a(0) =b(0) =0.02. The equilibrium solution corresponds to:
a,(8)/ [k, =-07,a,(s)/Jk,, =-16, a(shfk,, =0.0431, b(s)/k,, =
0.0984, and a(s)=b(s)=0.

Fig. 2 Plots of the out-of-phase elgenmode oscillations about the same equilibrium

solution in branch A as shown in Fig. 1: (a) normalized beam envelopes am
and b\/k_Z0 versus the normalized propagating distance s,\/k_Zo , and (b) normalized
variables aX/\/k_ZO and ax/\/a versus the normalized propagating distance
s\/k_ZO . Here, the choice of system parameters and initial conditions corresponds
to: K=50"10"2, a,(0)/yk, =-07, a,(0)/ 4/k,, =- 1.6, a(0}/k,, = 0.0431,
b(0L/k ,, =0.0984, and a(0)=-b{0)=0.02.

Fig. 3 Plots of the in-phase elgenmode oscillations about an equilibrium solution in
branch B: (a) normalized beam envelopes aﬂ and by/k,, versus the
normalized propagating distance s\/k_ZO , and (b) normalized variables axl\/g
and axl\/g versus the normalized propagating distance s,/K,, . Here, the

choice of system parameters and initial conditions correspondsto: K =5.0" 1072,

a,(0)/k, =-0.7,a,(0)/ k,, =-16, a(0\k,, =0.117, b(0)}/k,, = 0.0361,

and a((O) = b<(0) =0.02. The equilibrium solution corresponds to:

a,(8)/ [k, =-0.7,a,(s)/ Jk, =-16, a(sh/k,, =0.117, b(s)/k, =0.0361,

13



and a(s)=b(s)=0.
Fig. 4 Plots of the out-of-phase e genmode oscillations about the same equilibrium

solution in branch B as shown in Fig. 3: (a) normalized beam envel opes aﬂ
and ka_m versus the normalized propagating distance s\/k_ZO , and (b) normalized
variables aX/\/k_ZO and a,/ M versus the normalized propagating distance
s\/k_ZO . Here, the choice of system parameters and initial conditions corresponds
to: K=50"10", a,(0)/k, =-07, a,(0)/ /k,, =- 1.6, a0}k, =0.117,

b(0)/k,, = 0.0361, and a(0)=-b{0)=0.02.
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