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ABSTRACT 

The envelope oscillations of a cold-fluid corkscrewing elliptic beam in a uniform-

focusing magnetic field are studied. In particular, by linearizing the generalized beam 

envelope equations, the eigenmodes of small-amplitude envelope oscillations are 

calculated for a cold-fluid corkscrewing elliptic beam oscillating about its equilibrium. 

All of the eigenmodes are shown to be stable.      
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I. INTRODUCTION 

High- intensity charged-particle beams are widely used in basic scientific research and 

industries [1,2]. One important aspect in the research and development of high- intensity 

beams is the determination of the equilibrium and stability properties of such systems. 

For the simplest focusing configuration with an applied uniform-focusing magnetic field, 

it is well known [3] that there exist a wide variety of azimuthally symmetric beam 

equilibria in which beams propagate axially along the applied magnetic field and rotate 

azimuthally with certain internal flow velocity profiles. Some of these equilibria are 

stable in the context of collisionless non-neutral plasmas [3,4]. Recently, it has been 

shown [5,6] that in this focusing configuration, there also exists a new class of cold-fluid 

corkscrewing elliptic beam equilibria. In the cold-fluid corkscrewing elliptic beam 

equilibrium, the transverse beam cross-section is elliptic, and it rotates as the beam 

propagates along the applied magnetic field. The internal flow velocity profile is a 

combination of both the elliptical- like rotating flow and quadrupole- like flow.  

Applications of corkscrewing elliptic beams include beam manipulations [7,8] such as 

orienting beam ellipses at the interaction point in a high-energy collider [9] or at a heavy 

ion fusion target [10].  

In this paper, we analyze the envelope oscillations of a cold-fluid corkscrewing 

elliptic beam about its equilibrium in a uniform-focusing magnetic field. In particular, by 

linearizing the generalized beam envelope equations, we determine the eigenmodes of 

small-amplitude envelope oscillations of a cold-fluid corkscrewing elliptic beam about its 

equilibrium, and show that all of the eigenmodes are stable.      

The organization of this paper is as follows. In Sec. II, we present an alternative 

representation for the generalized beam envelope equations governing a cold-fluid 

corkscrewing elliptic beam equilibrium for an intense charged-particle beam propagating 

in a linear focusing channel consisting of solenoidal and quadrupole magnets. In Sec. III, 

we specialize to the case where only a uniform-focusing magnetic field is present, obtain 

two branches of equilibrium solutions to the beam envelope equations, and study the 

equilibrium flow characteristics in both branches. In Sec. IV, we carry out a linear 

analysis of the perturbations about the equilibrium solutions, determine the eigenmodes 

of small-amplitude envelope oscillations of a cold-fluid corkscrewing elliptic beam about 



 2

its equilibrium, and compare with results of the numerical integration of the generalized 

envelope equations. Conclusions are drawn in Sec. V.   

 

II. GENERALIZED BEAM ENVELOPE EQUATIONS 

In this section, we review cold-fluid corkscrewing elliptical beam equilibria 

discovered recently [5,6] and present an alternative representation of the generalized 

beam envelope equation. For present purposes, we consider a thin, continuous, ultrahigh-

brightness, space-charge-dominated beam propagating with constant axial velocity βb zc$e  

through a linear focusing channel with multiple periodic solenoidal and alternating-

gradient quadrupole focusing sections. Here, c  is the speed of light in vacuum. The 

focusing fields can be tapered, and the quadrupoles are allowed to be at various angles in 

the transverse direction. The focusing magnetic field is approximated by  

                  ( ) ( ) ( ) ( ) ( ) ( )yx
q
xyxzzz xyyByxsBsB eeeeexB ˆˆ/ˆˆ

2
1ˆ

00 +∂∂++′−= , (1) 

where ( ) ( )′ =B s B sz z∂ ∂/
0
, s z=  is the axial coordinate, x , y , xê , and yê  are 

coordinates and unit vectors of a frame of reference that is rotated by an angle of qϕ  with 

respect to the x -axis in the laboratory frame, ( ) ( )
00 // xByB q

y
q
x ∂∂∂∂ = , and the subscript 

‘zero’ denotes ( ) ( )yxyx ,0, == . 

It has been shown in the paraxial approximation that there exists a class of solutions 

to steady-state cold-fluid equations [5,6], which, in general, describes corkscrewing 

elliptic beam equilibria for ultrahigh-brightness, space-charge-dominated beam 

propagating through the applied focusing magnetic field defined in Eq. (1).   The 

generalized beam envelope equations are [5,6] 
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In Eqs. (2)-(6), ( ) ( ) 22 mc/sqBs bbzz βγ=κ  is the focusing parameter for the uniform-

focusing magnetic field, 22322 mc/NqK bbb βγ=  is the normalized self- field perveance, and 

the variables ( )sa , ( )sb , ( )sxα , ( )sxβ  and ( )sθ  specify the density and flow velocity of 

the cold-fluid corkscrewing elliptic beam equilibrium as defined in Refs. 5 and 6. Here, 

m  and q  are the rest mass and charge of the particle, bN  is the number of particles per 

unit axial length, and ( ) 2121
/

bb
−

β−=γ  is the relativistic mass factor.  

It proves to be convenient to transform Eqs. (2)-(6) to a more symmetric form by 

introducing new variables  

                                                         bax +=1 , (7) 

                                                      xy bax αα +=2 , (8) 

                                                                                       
ds
dx

x 1
3 =  (9) 
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                                                      xy bax αα −=5 , (11) 

                                                           ds
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x 4
6 = . (12) 

Adding Eqs. (2) and (3) and subtracting Eq. (3) from Eq. (2) yields  
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respectively. Similarly, adding Eqs. (4) and (5) and subtracting Eq. (5) from Eq. (4) 

yields 
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Finally, Eq. (6) can be expressed in terms of the new variables as 
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Furthermore, it is convenient to express Eqs. (13)–(16) in terms of the following first-

order differential equations: 
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In general, Eqs. (17)-(23) must be solved simultaneously. In circumstances where only 

solenoidal magnetic fields are present, i.e., for ( ) 0=κ sq  and ( ) 0≠κ sz , the system 

defined in Eqs. (18)-(23) decouples into two independent systems with ( )321 x,x,x  and 

( )654 x,x,x , respectively, and the angle θ  becomes a slaved variable and can be 

integrated from Eq. (17).   

 

III. SOLUTION TO THE BEAM ENVELOPE EQUATIONS 

For a uniform-focusing magnetic field with ( ) 0=κ sq  and ( ) =κ=κ 0zz s const., Eqs. 

(18)-(23) split into two sets of uncoupled equations, and the variable θ  becomes a slaved 

variable that can be integrated from Eq. (17). Equations (18)-(20) for ( )321 x,x,x  describe 

symmetric modes with the envelopes a  and b  oscillating in phase, whereas Eqs. (21)-
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(23) for ( )654 x,x,x  describe anti-symmetric modes with the envelopes a  and b  

oscillating with opposite phase.  

The steady-state solutions to Eqs. (18)-(23) can be obtained analytically. Two 

branches of physically acceptable special solutions are: 
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for branch B.  

It is interesting to point out that these solutions represent two different types of 

equilibrium flow. Indeed, according to Refs. 5 and 6, the equilibrium beam density and 

flow velocity are given by 
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where ( ) 1=Θ x  if 0>x  and ( ) 0=Θ x  if 0<x ,  

                                                 ( ) ( )ssinyscosxx~ θ+θ= , (28)  

                                          ( ) ( )scosyssinxy~ θ+θ−= , (29) 

and ( )sθ  is a solution to Eq. (17). Making use of the definitions in Eqs. (8) and (11), we 

can express the equilibrium velocity as  
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In Eq. (30), the first term represents elliptical- like rotation, whereas the second term 

describes quadrupole- like flow. Therefore 2x  and 5x  can be considered as measures of 

elliptical- like rotation and quadrupole-like flow, respectively. For branch A, 05 =x , and 

the corresponding flow is pure elliptical- like rotation. Branch B is a mixture of both 

elliptical- like rotation and quadrupole- like flow because both 2x  and 5x  are nonzero. 
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Making use of the definitions in Eqs. (7)-(12), it is possible to solve the envelope 

functions a  and b  in terms of the parameters xα  and yα  from Eqs. (24) and (25). This 

gives 
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for branch B. In both cases, xα  and yα  are constant. The conditions for the confinement 

of corkscrewing elliptic beam equilibria are  

          20 −>κα zx , 20 −>κα zy  and ( )( ) 111 00 <κα+κα+ zyzx . (35) 

In the special case with yx α=α , the beam becomes round, recovering the well-known 

rigid-rotor equilibrium [3,4]. 

 
 IV. STABILITY ANALYSIS 

To determine the stability properties of the steady-state solutions in Eqs. (24) and (25) 

or Eqs. (31)-(33), we linearize equations (18)-(23) to obtain 

                                                            dxA
dx

⋅=
ds

d
, (36)  

where T
62 ),...,,( xxx1 δδδ=dx  and A  is a 66×  matrix with the following non-zero 

elements: 
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For the steady-state solutions in Eqs. (24) and (25) or Eqs. (31)-(34) to be stable, all of 

the eigenvalues of A , { }iλ , must satisfy the condition ( ) 0=λiRe , where 6,,2,1 L=i .  

 

A. Eigenvalues for Branch A 

For branch A, the eigenvalue equation ( ) 0det =− IA λ  can be expressed as 

 ( ) ( ) ( ) ( )[ ]{ } 0844 000
2222

0
2 =κα+α+κ+αααα+κα+α+λα+ακ+λλ2

zyxzyxyxzyxyxz .

 (38)  

Therefore, the eigenvalues are: 
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α+α
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κ±=λ

=λ1,2

0

043

2

2
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where ( ) 222
yxyxyxA

ˆˆˆˆˆˆF αα+αα+α+α= , 0zxx /ˆ κα=α  and 0zyy /ˆ κα=α . It is readily 

shown that the function AF  has only one real root and therefore is always greater or equal 

to zero, i.e., 0≥AF . Consequently, all of the eigenvalues in Eq. (39) satisfy the condition 

( ) 0Re =λ , which means that branch A is always stable.  

A closer examination of the eigenvectors show that the eigenmodes associated with 

the eigenvalues 3λ  and 4λ  correspond to the envelopes a  and b  oscillating exactly out 

of phase, which we refer to as the out-of-phase eigenmode oscillations. On the other 

hand, the eigenmodes associated with the eigenvalues 5λ  and 6λ  correspond to the 

envelopes a  and b  oscillating exactly in phase, which we refer to as the in-phase 

eigenmode oscillations.   

 Figure 1 shows the in-phase eigenmode oscillations about an equilibrium solution in 

branch A, as obtained by integrating Eqs. (2)-(6) numerically.  The choice of system 

parameters and initial conditions in Fig. 1 corresponds to: 31005 −×= .K , 
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( ) 700 0 ./ zx −=κα , ( ) 610 0 ./ zy −=κα , ( ) 043100 0 .a z =κ , ( ) 098400 0 .b z =κ , and 

( ) ( ) 02000 .ba =′=′ . Here, the equilibrium solution corresponds to: ( ) 700 ./s zx −=κα , 

( ) 610 ./s zy −=κα , ( ) 043100 .sa z =κ , ( ) 098400 .sb z =κ , and ( ) ( ) 0=′=′ sbsa . In 

this case, the envelopes a  and b  oscillate exactly in phase, but the variables xα  and yα  

oscillate out of phase. The normalized frequency of the eigenmode oscillations is 

42105 ./ z =κλ , which is in agreement with the expression for the eigenvalue 5λ  (or 

6λ ) given in Eq. (39).  

Figure 2 shows the out-of-phase eigenmode oscillations about the same equilibrium 

solution in branch A as shown in Fig. 1, as obtained by integrating Eqs. (2)-(6) 

numerically. The choice of system parameters and initial conditions in Fig. 2 corresponds 

to: 31005 −×= .K , ( ) 700 0 ./ zx −=κα , ( ) 610 0 ./ zy −=κα , ( ) 043100 0 .a z =κ , 

( ) 098400 0 .b z =κ , and ( ) ( ) 02000 .ba =′−=′ . For the case shown in Fig. 2, the envelopes 

a  and b  oscillate exactly out of phase, and so do the variables xα  and yα . The 

normalized frequency of the eigenmode oscillations in Fig. 3 is 0203 ./ z =κλ , which is 

in agreement with the expression for the eigenvalue 3λ  (or 4λ ) given in Eq. (39).  

 

B. Eigenvalues for Branch B 

For branch B, the eigenvalue equation is of the form 
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                                       (41)  

where 1616516186562 222222 +α+α+α+αα+αα+α+αα+αα= yyxyxxyxyxyxB
ˆˆˆˆˆˆˆˆˆˆˆˆF . The 

function BF  has no real roots, and therefore is always greater then zero, i.e., 0>BF . 
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Consequently, all of the eigenvalues in Eq. (41) satisfy the condition ( ) 0Re =λ , which 

means that branch B is also stable. Associated with the eigenvalues 3λ  and 4λ  in Eq. 

(41) are the in-phase eigenmode oscillations in which the envelopes a  and b  oscillate 

exactly in phase, whereas the eigenmodes associated with the eigenvalues 5λ  and 6λ  

correspond to the out-of-phase oscillations. 

Figure 3 shows the in-phase eigenmode oscillations about an equilibrium solution in 

branch B, as obtained by integrating Eqs. (2)-(6) numerically. The choice of system 

parameters and initial conditions in Fig. 3 corresponds to: 31005 −×= .K , 

( ) 700 0 ./ zx −=κα , ( ) 610 0 ./ zy −=κα , ( ) 11700 0 .a z =κ , ( ) 036100 0 .b z =κ , and 

( ) ( ) 02000 .ba =′=′ . Here, the equilibrium solution corresponds to: ( ) 700 ./s zx −=κα , 

( ) 610 ./s zy −=κα , ( ) 11700 .sa z =κ , ( ) 036100 .sb z =κ , and ( ) ( ) 0=′=′ sbsa . For 

this eigenmode, the envelopes a  and b  oscillate exactly in phase, and so do the variables 

xα  and yα . The frequency of the oscillations in Fig. 3 is 52103 ./ z =κλ , which is in 

agreement with the expression for the eigenvalue 3λ  (or 4λ ) given in Eq. (41).  

Figure 4 shows the out-of-phase eigenmode oscillations about the same equilibrium 

solution shown in Fig. 3, as obtained by integrating Eqs. (2)-(6) numerically. The choice 

of system parameters and initial conditions in Fig. 4 corresponds to: 31005 −×= .K , 

( ) 700 0 ./ zx −=κα , ( ) 610 0 ./ zy −=κα , ( ) 11700 0 .a z =κ , ( ) 036100 0 .b z =κ , and 

( ) ( ) 02000 .ba =′−=′ .  The frequency of the oscillations in Fig. 4 is 0205 ./ z =κλ , 

which in agreement with the expression for the eigenvalue 5λ  (or 6λ ) given in Eq. (41).  

 

V. CONCLUSION 

We have analyzed the envelope oscillations of a cold-fluid corkscrewing elliptic 

beam in an applied uniform-focusing magnetic field. In particular, an alternative 

representation was presented for the generalized beam envelope equations governing a 

cold-fluid corkscrewing elliptic beam equilibrium for an intense charged-particle beam 

propagating in a linear focusing channel consisting of solenoidal and quadrupole 

magnets. For the case of a uniform-focusing magnetic field, two branches of equilibrium 
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solutions to the beam envelope equations were obtained, and the equilibrium flow 

characteristics in both branches were studied. A linear analysis of the perturbations about 

the equilibrium solutions was performed to determine the eigenmodes of small-amplitude 

envelope oscillations of a cold-fluid corkscrewing elliptic beam about its equilibrium. 

Excellent agreement was found between the eigenmode calculations and the numerical 

integration of the generalized envelope equations. All of the eigenmodes were shown to 

be stable. 
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FIGURE CAPTIONS 

Fig. 1 Plots of the in-phase eigenmode oscillations about an equilibrium solution in 

           branch A: (a) normalized beam envelopes 0za κ  and 0zb κ versus the 

           normalized propagating distance 0zs κ , and (b) normalized variables 0zx / κα  

           and 0zx / κα  versus the normalized propagating distance 0zs κ . Here, the 

           choice of system parameters and initial conditions corresponds to: 31005 −×= .K , 

           ( ) 700 0 ./ zx −=κα , ( ) 610 0 ./ zy −=κα , ( ) 043100 0 .a z =κ , ( ) =κ 00 zb  

           09840. , and ( ) ( ) 02000 .ba =′=′ . The equilibrium solution corresponds to: 

           ( ) 700 ./s zx −=κα , ( ) 610 ./s zy −=κα , ( ) 043100 .sa z =κ , ( ) =κ 0zsb     

           09840. , and ( ) ( ) 0=′=′ sbsa .  

Fig. 2 Plots of the out-of-phase eigenmode oscillations about the same equilibrium 

          solution in branch A as shown in Fig. 1: (a) normalized beam envelopes 0za κ  

          and 0zb κ versus the normalized propagating distance 0zs κ , and (b) normalized 

          variables 0zx / κα  and 0zx / κα  versus the normalized propagating distance 

          0zs κ . Here, the choice of system parameters and initial conditions corresponds 

          to: 31005 −×= .K , ( ) 700 0 ./ zx −=κα , ( ) 610 0 ./ zy −=κα , ( ) 043100 0 .a z =κ , 

         ( ) 098400 0 .b z =κ ,  and ( ) ( ) 02000 .ba =′−=′ .  

Fig. 3 Plots of the in-phase eigenmode oscillations about an equilibrium solution in 

          branch B: (a) normalized beam envelopes 0za κ  and 0zb κ versus the 

          normalized propagating distance 0zs κ , and (b) normalized variables 0zx / κα  

          and 0zx / κα  versus the normalized propagating distance 0zs κ . Here, the 

          choice of system parameters and initial conditions corresponds to: 31005 −×= .K , 

         ( ) 700 0 ./ zx −=κα , ( ) 610 0 ./ zy −=κα , ( ) 11700 0 .a z =κ , ( ) 036100 0 .b z =κ , 

         and ( ) ( ) 02000 .ba =′=′ . The equilibrium solution corresponds to:  

         ( ) 700 ./s zx −=κα , ( ) 610 ./s zy −=κα , ( ) 11700 .sa z =κ , ( ) 036100 .sb z =κ ,  
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          and ( ) ( ) 0=′=′ sbsa .  

Fig. 4 Plots of the out-of-phase eigenmode oscillations about the same equilibrium 

          solution in branch B as shown in Fig. 3: (a) normalized beam envelopes 0za κ  

          and 0zb κ versus the normalized propagating distance 0zs κ , and (b) normalized 

          variables 0zx / κα  and 0zx / κα  versus the normalized propagating distance 

         0zs κ . Here, the choice of system parameters and initial conditions corresponds 

         to: 31005 −×= .K , ( ) 700 0 ./ zx −=κα , ( ) 610 0 ./ zy −=κα , ( ) 11700 0 .a z =κ , 

         ( ) 036100 0 .b z =κ ,  and ( ) ( ) 02000 .ba =′−=′ . 
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Fig. 1(b) 
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Fig. 2(a) 
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Fig. 2(b)  
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Fig. 3(a)  
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Fig. 3(b) 
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Fig. 4(a)  
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Fig. 4(b) 
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