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In previous publications [A.K. Ram and S.D. Schultz, Phys. Plasmas 7, 4084 (2000); A. Bers, A.K.
Ram, and S.D. Schultz, in Proceedings of the Second Europhysics Topical Conference on RF Heating
and Current Drive of Fusion Devices, edited by J. Jacquinot, G. Van Oost, and R. R. Weynants
(European Physical Society, Petit-Lancy, 1998), Vol. 22A, pp. 237-240] it has been shown that, in
overdense plasmas of the type encountered in spherical tori, electron Bernstein waves can be excited
in a plasma by mode conversion of either an externally launched X mode or an O mode. The
electron Bernstein waves are strongly absorbed by electrons in the region where the wave frequency
matches the Doppler broadened electron cyclotron resonance frequency or its harmonics. The strong
absorption also implies that electron Bernstein waves are emitted by a thermal plasma. These waves
can then mode convert to the X mode and to the O mode and be observed external to the plasma. In
this paper an approximate kinetic model describing the coupling between the X mode, the O mode,
and the electron Bernstein waves is derived. This model is used to study the mode conversion
properties of electron Bernstein wave emission from the plasma interior. It is shown, analytically
and numerically, that the energy flow conversion efficiencies of the electron Bernstein wave to the
X mode and to the O mode are the same as the energy flow conversion efficiency of the X mode
to electron Bernstein waves and of the O mode to the electron Bernstein waves, respectively. This
has important experimental consequences when designing experiments to heat overdense plasmas

by electron Bernstein waves.

PACS numbers: 52.50.Gj, 52.35.Hr, 52.55.Hc, 52.40.Db

I. INTRODUCTION

We have previously shown that high-3 spherical toka-
mak plasmas can be heated by waves in the electron cy-
clotron range of frequencies by mode converting the X
mode or the O mode to electron Bernstein waves (EBW)
at the upper hybrid resonance (UHR).>? Since the slow
branch of the X mode couples directly to EBWs, the
mode conversion of the X mode to EBWs is a direct pro-
cess. However, the conversion of the O mode to EBWs
requires that the O mode first couple to the slow branch
of the X mode. This occurs when the O mode is launched
at an oblique angle relative to the total magnetic field.?
From ray tracing analysis we have also shown that EBWs
are locally and strongly absorbed at the Doppler shifted
electron cyclotron resonance or its harmonics. The strong
and localized absorption implies that thermal emission of
EBWs can occur for frequencies corresponding to the lo-
cal Doppler-shifted electron cyclotron frequency. This
emission then converts, at the UHR, to the X and O
modes which are then observed in the vacuum region.

The excitation and emission of EBWs has been stud-
ied experimentally on the Wendelstein 7-AS.* More
recently, experiments on Current Drive Experiment-
Upgrade (CDX-U) and National Spherical Torus Ex-
periment (NSTX),> Mega Amp Spherical Tokamak
(MAST),5 and Madison Symmetric Torus (MST)? have

observed emission of EBWs via the mode conversion pro-
cess, and studied its dependence on the edge properties
of the plasma.

In this paper we formulate an approximate kinetic de-
scription of the mode conversion process which includes
the propagating EBWs. The model includes an approxi-
mate formulation of the EBW that describes its propaga-
tion, and coupling to the X and O modes, in the vicinity
of the mode conversion region near the UHR. It describes
the X-B conversion of the X mode to EBW and the O-B
conversion of the O mode to EBWs. It is different from
the traditional cold plasma models where the energy flow
conversion coefficient to the EBW is given by the power
resonantly absorbed at the UHR. We have shown that
the fraction of the incoming energy flow, from either the
X mode or the O mode, that is converted to EBWs is
approximately the same as the power that is resonantly
absorbed at the UHR in the cold plasma model. How-
ever, the cold plasma model cannot be used to study the
mode conversion of emitted EBWs to the X mode and
the O mode. For such studies a kinetic description of the
EBW is required.

In Section II we give details of the kinetic full-wave
model that we use to study the coupling between the
X mode, the O mode, and the EBW. Using the princi-
ples of energy flow conservation and time-reversal invari-
ance we derive, in Section III, the general symmetry re-



lations between the emission and excitation coefficients.
We show that the fraction of the EBW energy flow that
is mode converted to the X mode (emission coefficient) is
the same as the fraction of the X mode energy flow that is
converted to the EBWs (excitation coefficient) when the
X mode is launched into the plasma. A fraction of the
emitted EBW energy flow also converts to the O mode.
This fraction is the same as the fraction of the O mode
energy flow that is converted to the EBWs if the O mode
were to be launched from the outside. Thus, the X and
O mode emission coefficients are the same as the X and
O mode excitation coefficients. This symmetry between
the emission coefficients and the excitation coeflicients
is useful for designing experiments to heat and to drive
plasma currents in spherical tokamaks by waves in the
electron cyclotron range of frequencies. Since the sum of
the X mode and O mode emission coefficients has to be
less than unity, the parameter space for which the exci-
tation coefficient from one of these modes is optimized is
complementary to the parameter space for the optimum
excitation coefficient for the other mode.! These results
have important consequences for experimentally achiev-
ing optimum plasma edge parameters for the excitation
of EBWs; such optimized parameters can be ascertained
by monitoring the emission from EBWs. In Section IV
we show that the numerical solutions of the model equa-
tions for the fields, discussed in Section II, give the same
global results discussed in Section III.

By “emission”, we mean mode conversion from an
EBW excited in the high-density and high-temperature
region, interior to the plasma, to either an X or O mode
in the low-density and low-temperature side, toward the
outside of the plasma. This emission process is also di-
rectly related to noise emission in a band of frequencies
from EBWs inside the plasma.

In Appendix A the differences in the approximate and
exact WKB dispersion relations are elucidated for two
cases: (a) wyy < 2w, where wyy is upper hybrid an-
gular frequency and w, is the electron cyclotron angular
frequency; and (b) wyyg > 2w.. Appendix B gives de-
tails of the boundary conditions associated with the nu-
merical integration of the wave equations for mode con-
version excitation of EBWs, and mode conversion emis-
sion of EBWs. The appendixes complement the previ-
ous studies!? on mode conversion excitation of EBWs in
which these details were not elucidated.

II. APPROXIMATE KINETIC MODE
CONVERSION FORMULATION

An approximate model of mode conversion from ex-
ternal (to the plasma) excitations of X and/or O modes
to EBWs can be formulated using a cold plasma model
wherein mode conversion appears as resonance absorp-
tion at the UHR inside the plasma. However, such a
cold plasma model cannot be used to study the emis-
sion of X and/or O modes that are generated, via mode

conversion at the UHR, by EBWs emitted from inside
the plasma. (The X and O modes then become electro-
magnetic free-space modes outside the plasma and can
be observed in experiments.) The EBWs require a ki-
netic description since they are not normal modes of a
cold plasma. In general, a fully kinetic description of
wave propagation and mode conversion entails the solu-
tion of a system of integro-differential equations. This
is a daunting task for a plasma in a magnetic field. For
the present, by focussing on the kinetic mode of inter-
est, the EBW, we formulate an approximate full-wave
kinetic description for the propagation and mode conver-
sion analysis of EBWs, X modes, and O modes. This
kinetic description is formulated for a plasma with inho-
mogeneous density that is confined by an inhomogeneous
and sheared magnetic field. Furthermore, since the mode
conversion process, particularly in high-3 spherical tori,
occurs near the plasma edge, we can limit ourselves to
an analysis in a slab geometry with an inhomogeneous
and sheared magnetic field whose effective poloidal com-
ponent is produced by currents that flow in the plasma
away from the mode conversion region. Thus, the plasma
in the mode conversion region is taken to be radially in-
homogeneous and having no drifts.

The mode conversion description is formulated in a
slab geometry in which the x-direction represents the ra-
dial direction along which the plasma is inhomogeneous,
the y-direction represents the poloidal direction, and the
z-direction is the toroidal direction. The magnetic field in
which the plasma is immersed is assumed to be sheared
with the form

Bo(z) = Byjj + B.2
= Bo(x)sin ¥(z)§ + Bo(z) cos ¥(z)2 (1)

where U is the angle between B% and the z-axis.

From the linearized continuity and (nonrelativistic)
momentum equations for a cold plasma, and neglecting
ion dynamics, the propagation of the X and O modes
is given by Maxwell’s equations for the first order fields
(E, B)12

— L= — W =
VxE =iwB, VxB=-i-K-FE (2)

c
where the time variation is assumed to be of the form

e~ w is the angular frequency of the wave, the per-
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and | is the second-rank identity tensor, wy(z) is the
electron plasma angular frequency, we, (z) = eBy(z)/me,



wez(x) = eB,(x)/m. are the electron cyclotron angular
frequencies for the poloidal and toroidal fields, respec-

tively, w. = /w2, +w?,, mc is the electron mass, e is
the electron charge, and c is the speed of light.

If we assume uniformity in the y and z directions so
that the fields have a dependence of the form e**v¥y+ik=2
where k, and k. are the poloidal and toroidal compo-
nents of the wave vector, then (2) are reduced to a
set of ordinary differential equations in x. These equa-
tions then describe the propagation of the cold plasma
modes in a sheared magnetic field. These differential
equations for the fields have a regular singularity at

K. = 0 corresponding to the upper hybrid resonance

wrm = 4/ (w2 +w?). This singularity leads to resonance
absorption, which, as shown in Ref. 1, is equivalent to the
energy flow mode converted to electron Bernstein waves.

The approximate full wave kinetic field equations then
follow from supplementing the cold plasma description
as follows.!»2 A fully kinetic description involves, in gen-
eral, an infinite number of modes. In order to single out
the coupling of specific modes, it is expeditious to use
a reduced order approximation that accounts for only
the modes of interest. For our case we seek an approxi-
mate, reduced full-wave description that involves the cou-
pling of the cold plasma X and O modes, and the kinetic
EBWs. In the WKB limit, the EBW dispersion char-
acteristics are related to the kinetic permittivity tensor
element KX . In this limit, we retain all the cold plasma
permittivity tensor elements except for the K, tensor
element which is replaced by the corresponding kinetic
tensor element obtained for a homogeneous, Maxwellian
plasma®
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where y,, = (w—nwe) / (V2|k)|vr), p = vr/w. is the
electron thermal Larmor radius, vy = y/KT./m. is the
electron thermal velocity corresponding to temperature
Te, ky = (kyBoy + k.Bo.) /By is the component of k
along the magnetic field, I,, is the modified Bessel func-
tion of the first kind, and Z is the plasma dispersion func-
tion. We assume that, in the mode conversion region,
kyp <1 and y, > 1. The former approximation is valid
since the wavelength of the EBW is comparable to that
of the X mode in the mode conversion region. The latter
approximation simply implies that there is no damping
of waves in the mode conversion region; such a situation
would be experimentally desirable. Consequently, on ex-
panding the Bessel functions in (4) to second order in
k.p, and on keeping the leading term in the asymptotic
form of the plasma dispersion function, we get

2 2 2
KK ~1— wl) + k_2p2 wp _ wp
e w?2—w2 F w2 —w?  Ww?—4w?

where K, is given in (3). An inherent assumption in
this expanded form of KX is that wyg < 2w.. When
this is not the case, the character of the mode conversion
region changes as the slow X mode propagates through
the UHR towards the low density and low magnetic field
part of the plasma. The conversion to EBW then oc-
curs in a less dense plasma than in the case when the
upper hybrid resonance frequency is less than 2w.. This
is in contrast to the cold plasma result where the slow
X mode asymptotes to zero perpendicular wavelength at
the UHR. However, as discussed in Appendix A and Ap-
pendix B, the mode conversion formalism we develop here
can be used in either case.

In order to appropriately convert the WKB result (5)
to a unique operator form for a full wave description,
proper attention must be given to total time-averaged
energy flow conservation. The total time-averaged en-
ergy flow includes kinetic energy flow in addition to the
electromagnetic (Poynting) energy flow. For a weakly
damped kinetic wave, the time-averaged kinetic energy
flow density is given by®

1 OKSs Lo
—— €W W EQE,B (6)
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where we sum over repeated indices. « and  denote
either the z, y, or z directions, £ is the complex conju-

(—).H
gate of Eg, and K is the Hermitian part of the kinetic
permittivity tensor. With K, in (3) replaced by KX in
(5), the kinetic energy flow density in the x-direction is

1 9KK

(SK)e = ~1 €ow Ok

| (7)

For KX varying slowly with x, the conservation of the
kinetic energy flow density

d [(OKK
& (Geer) o 0

requires that the inhomogeneous representation of the
kinetic EBW mode be related to its homogeneous plasma
representation Kng by?

5 d dE,

K, E, — K., E, . (X1 ir ) (9)
So the approximate full-wave kinetic description of the
EBW, coupled to the X and O modes, is included in
Maxwell’s equations (2, 3) by replacing K, F, in the
right hand side of (2) by the right hand side of (9). With
this replacement, Eqgs. (2, 3) can be combined to give the
following six coupled first order differential equations for
the spatial evolution of the fields':?

dF _
e~

—

A
iA-F (10)

where £ = wz/c is the normalized spatial variable,



FT =|E, E, E. (iX,E.) ¢B. (=cB,)] (11)

is the transpose of the field vector F, E, = (dE,/d¢),
and

[0 0 0 X' 0 0]
Ty 0 0 0 1 0
TN n, 0 0 0 0 1
A=
K., Xay Xgs 0 Ny N
~Xgy Kyy — nﬁ Xyz +nyn, 0 0 O
| —Xaz Xyz +nyn, K., — nf/ 0 0 0 |

where X; = (w/c)?Xy, n, = ck,/w, and n, = ck,/w. The
only component of the electromagnetic wave field whose
evolution is not given by (10) is B,. From (2)

cBy, =nyE. —n.E, (13)

Thus, the kinetic full-wave dynamics given by Egs. (10)-
(13) describe the coupling between the X mode, the O
mode, and the EBW, i.e., the mode conversion process.

The total, electromagnetic and kinetic, time-averaged
energy flow density in the z-direction is2

D pFtLR.F (14)
0

>~ =
=

where F'T is the transpose of the complex conjugate of F
and

i |10 07
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o | 0 0 1
BR=|------- . (15)
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Then, from (10) we find that
d =. & =
—(F""R-F)=0 16
LR (16)

This equation is needed to ensure that the numerical
scheme solving the mode conversion equations is conserv-
ing the total, electromagnetic and kinetic, time-averaged
energy flow density. The conservation condition is con-
sistent with the assumption that there is no damping
in the mode conversion region; i.e., we assume that the
EBW damping at the Doppler shifted electron cyclotron
harmonic occurs inside the plasma away from the mode
conversion region. For cases of interest this is verified by
ray tracing of the EBW beyond mode conversion into the
plasma.!

The approximate kinetic dispersion relation, obtained
by assuming WKB solutions of the form e™=¢ in (10), is
found to be

det (nT T Z) ~0 (17)

where det denotes the determinant.

III. GENERAL RELATIONSHIPS BETWEEN
EMISSION AND EXCITATION COEFFICIENTS

In order to determine the scattering coefficients for
mode conversion excitation of EBWs or for mode con-
version emission from EBWs, Egs. (10) are numerically
solved (see Section IV) subject to boundary conditions
discussed in Appendix B. While an analytical solution
of these equations is essentially impossible for reasonable
plasma parameters, relationships between the scattering
coefficients for mode conversion excitation and the scat-
tering coefficients for mode conversion emission can be
established based on global properties of the model de-
scription. These relationships have to be satisfied by the
results of any numerical procedure used to solve Egs. (10)
with the appropriate boundary conditions.

The global properties of our full-wave model equa-
tions for the mode conversion region are linearity, energy
flow conservation, and (Onsager-like!?) time reversibil-
ity. From these properties we derive relationships be-
tween various mode conversion scattering coeflicients.
The derivation and the relationships apply to any full-
wave description that has these global properties, and not
just to the mode convesion process described by (10).!

As explained in Appendix A, the wave fields are as-
sumed to have a WKB form outside the mode conversion
region. Referring to Fig. 1, towards the outside, low den-
sity region of the plasma (designated as “right”) the X
and O modes are propagating with energy flow into or
out of the mode conversion region, while the EBWs are
evanescent with no associated energy flow. Towards the
inside, high density region of the plasma (designated as
“left”) the EBWs are propagating with energy flow into
and out of the mode conversion region, while the X and
O modes are evanescent with no energy flow. Let the
complex amplitudes of the propagating modes be such
that |ai|2 is the energy flow density into the mode con-
version region and |b;|? is the energy flow density out of
the mode conversion region. (i = X, O, B designating
the X mode, the O mode, or the EBW, respectively.)
Then, since the mode conversion equations are linear,
the complex field amplitudes a; and b; are related by a
scattering matrix

bp Sg Sex Spo ap
bX = SXB SX SXO ax (18)
bo So Sox So ao

or, simply, in matrix notation
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FIG. 1. The left side is the high density region inside the
plasma and the right side is the low density region towards
the outer part of the plasma. The indices X, O, and B label
the X mode, O mode, and the EBW, respectively. a and b are
complex amplitudes chosen such that |a;|*> — |b;|? is the net
wave energy flow density into the loss-free mode conversion
region along the i-th wave.

—

>
b=S -d (19)

The matrix <§ is unique since the solution of the linear
mode conversion equations with the appropriate bound-
ary conditions (see Appendix B) is unique.

The requirement that the mode conversion region be
free of dissipation implies that

> (laf* = ) = 0 (20)

Using (19), this conservation condition can be written as
o ot e “— VRS BPEN N
ata—at. g ~S-a:aT~(I—S -S>~a—0 (21)

where the dagger superscript denotes the complex con-
jugate of the transposed matrix. This condition must
hold for any boundary conditions, i.e., for arbitrary a.
Consequently

VES DAY

-
S -S=1I (22)
or
o -1
S =S (23)

which is the constraint imposed on the elements of § by
the loss-free mode conversion process.

We next consider wave energy flow under time re-
versibility of the model dynamics. For the time reversed
system the direction of time-averaged energy flow den-
sity changes sign. In other words, the reversal of time

changes time-averaged energy flow into the mode conver-
sion region to time-averaged energy flow out of the mode
conversion region. This property for the electromagnetic
part of the energy flow density requires that, under time
reversal, the electric and magnetic fields change as follows

E—E* B— —B (24)

and, for the kinetic part of the energy flow density, the
wave vector changes according to

—

k— —k (25)

(The complex conjugate variables are indicated by the
superscript *.) In our description, a; represents flow into
the mode conversion while b; represents flow out of the
mode conversion region. Thus, if a; ~ exp(ik,x — iwt)
then b; ~ exp(—ik,x — iwt). Consequently, under time
reversal

a; — b} and b; — a} (26)

Referring to Fig. 1, the effect of time reversal is to change
a’s to b*’s and b’s to a*’s with arrows pointing in the
same direction as indicated in the figure. Then, from the
definition of the scattering matrix defined in (19)

> -
@ =5 b (27)

The complex conjugate of the above equation gives

o o

i=5 b (28)

Then, from (19) and (28), energy flow under time re-
versibility imposes the constraint that

ox o1

S =5 (29)

The relationship (29) along with (23) lead to the fol-
lowing property of the scattering matrix

T o

S =5 (30)

where the superscript T indicates the transpose of the
matrix. Thus, the conservation of wave energy flow den-
sity, which follows from our assumption that the mode
conversion region is free of any energy dissipation, and
the requirement on energy flow under time reversib(ility

lead to the conclusion that the scattering matrix § is
symmetric, i.e.,
Sxo = Sox (31)

Sex = SxB, Spo = Sos,

We can now evaluate the relationships between the
emission and excitation coefficients. For this it is con-
venient to refer to Fig. 1. Let us first consider the ex-
citation coefficients. If an X mode is launched from the
right-hand, low density region, then ap = 0 and ag = 0.
From (18), it then follows that



B = 2
ax Sex (32)

The energy flow mode conversion coefficient for the ex-
citation of EBW from an externally launched X mode is
given by

bg |?
Cxp=|—| =|S8x|’ (33)

Now let us consider the mode conversion of EBWs emit-
ted from inside the plasma to the X mode towards the
outside of the plasma. Here EBWs are incident on the
mode conversion region from the high density, left-hand
side, of the plasma. In this case ax = 0 and ap = 0.
Then, from (18), we find that

b
X — Sxp = Spx (34)
ap

where we have used the condition (31) that § is sym-
metric. The energy flow mode conversion coefficient for
the emission of X mode from a thermally emitted EBW
is then

2

b
=1 = |Sxs” = |SBx/’ (35)

Ex = |~
ap

From (33) and (35) we note that Cxp = Ex, i.e., the
fraction of the X mode energy flow that is mode con-
verted to EBWs when an X mode is launched from the
low density side is the same as the emitted EBW energy
flow that is mode converted to an X mode that propa-
gates out into the low density region. We can similarly
show that Cop = Ep, i.e., the fraction of the O mode
energy flow that is mode converted to EBWs when an O
mode is launched from the low density side is the same as
the emitted EBW energy flow that is mode converted to
an O mode that propagates out into the low density re-
gion. The emitted X and O modes propagate out into the
vaccum region where they are observed in experiments.

In addition, from the symmetry of ?, it follows that
Rx = |Sox|” = |Sxol”* = Ro (36)

i.e., for an X mode launched from the outside, the frac-
tion of the X mode energy flow that is reflected back out
on the O mode is the same as the fraction of the O mode
energy flow that is reflected back out on the X mode for
an O mode launched from the outside,

So, in summary, the symmetry of the scattering matrix

x4

S leads to the following relationships that have impor-
tant experimental consequences
Eo = Cosg,

Ex ZCXB, Rx = Ro (37)

IV. EXCITATION AND EMISSION OF
ELECTRON BERNSTEIN WAVES

The kinetic field equations in (10) are solved nu-
merically with the boundary conditions discussed in
Appendix B. The NSTX-type high-3 equilibrium that
we have used in our calculations is as follows.! The
Shafranov-shifted major radius is R = 1.05 m, the
minor radius is a = 0.44 m, the peak electron den-
sity is ng = 3 x 10" m™3, the peak electron tem-
perature is Ty = 3 keV, the density profile is n, =
ng+(ng—ng)(1—22/a%)'/?, and the temperature profile
is T, = Tg + (To — Tr)(1 — 2%/a*)?, where ng and Tk
are the edge density and temperature, respectively, with
ng/no = 0.02 and To/Tr = 0.02. The magnetic field
profile is taken to be that shown in Fig. 2

0.3
B
-------- B
T~z el
0.2 Tl
7 B
0.1} Sy
N , , . .
0 0.1 0.2 0.3 0.4
X (meter)

FIG. 2. The magnitudes of the poloidal component B,
(dot-dashed), the toroidal component B, (dashed), and the
total magnetic field B (solid line) in Tesla as a function of the
minor radius. x = 0 is the center of the plasma and = = 0.44
m is the outside edge of the plasma.

For a wave frequency of 14 GHz, Fig. 3 shows the en-
ergy flow mode conversion efficiency Cxp for the exci-
tation of EBWs when an X mode is launched from out-
side the plasma. In this case the upper hybrid frequency
is below 2w.. Figure 4 shows the mode conversion effi-
ciency Cop when, for the same parameters, an O mode
is launched from the outside.

When EBWs are emitted, they propagate out to the
edge where they can couple to the X and O modes near
the UHR. Some of the EBW energy flow reaching the
UHR will be reflected back into the plasma. For the same
parameters as discussed above, Fig. 5 shows the fraction
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FIG. 3. The fraction of the incoming X mode energy flow,
as a function of n, for k, = 0, that is reflected out on the
X mode Rx, on the O mode Ro, and mode converted to
Bernstein waves Cx g.
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FIG. 4. The fraction of the incoming O mode energy flow,
as a function of n, for k, = 0, that is reflected out on the
X mode Rx, on the O mode Rop, and mode converted to
Bernstein waves Cop.

of the emitted EBW energy flow, as a function of k,, that
is converted to the X mode Ex, to the O mode Eo, and
reflected back into the plasma Rp.

fractional energy flow

0.8

FIG. 5. The fraction of the outgoing EBW energy flow, as
a function of n. for ky, = 0, that is converted to the X mode
Ex and to the O mode Eo. Rp is the fraction of the emitted
EBW energy flow that is reflected back into the plasma.

Upon comparing the results from Figs. 3 and 4 with
those given in Fig. 5 we note the following relationships
EX = CXB, and EO = OOB (38)
These are exactly the same conditions as derived in Sec-
tion III. Thus, the fraction of the EBW emitted energy
flow that is mode converted to the X mode and the O
mode is the same as the energy flow that is mode con-
verted from the X mode to the EBW when the X mode
is launched from the outside, and, separately, from the
O mode to EBW when the O mode is launched from the
outside.

Since Ex + Fp < 1, it follows that if the plasma con-
ditions are such that the X-B conversion process is op-
timized then the O-B conversion process is not effective,
and vice-versa. We have noted this effect before when
studying the mode conversion excitation of EBWs.! It
was found that the X-B and the O-B conversion pro-
cesses were optimized in, essentially, mutually exclusive
regions of the parameter space spanned by (w, k:”) (where

k| is the component of k parallel to EO). Consequently,
from the relationships in (38) we can conclude that the
experimental design for the excitation of EBWs can be
completely based on the EBW emission characteristics
of the plasma. For example, plasma edge conditions that
give a maximum of EBW emission received externally in
the X mode will also be optimum for obtaining maximum
mode conversion to EBW propagating into the plasma
from an externally excited X mode.
From Figs. 4 and 3, respectively, we also note that



Rx =Ro (39)

exactly as predicted in Section III.

V. CONCLUSIONS

We have developed an approximate kinetic model for
studying the energy flow transfer between the X mode,
the O mode, and the EBW in the mode conversion region
in the vicinity of the cold plasma upper hybrid resonance.
This model explicitly includes the propagation of EBWs
so that we can correctly account for the kinetic energy
flow on the EBWs. This is in contrast to the cold plasma
models where the resonance absorption at the UHR is
treated to be equivalent to the energy flow mode con-
verted to EBWs.!

We assume that there is no dissipation of energy within
the mode conversion region. This assumption is not a
matter of convenience. If heating and current drive by
EBWs is to be achieved in the high density region of
spherical tokamak plasmas, the damping region has to be
spatially separated from the, relatively low density, mode
conversion region. Then, from general considerations of
energy flow conservation and energy flow under time re-
versal, we have shown that the emission coefficients are
the same as the excitation coefficients. For the same
plasma parameters and wave parameters, the excited en-
ergy flow that would be mode converted to EBWs when
an X mode is launched from the outside is the same as
the energy flow emitted on the X mode from EBW emis-
sion inside the plasma. Similarly, the excited energy flow
that would be mode converted to EBW when an O mode
is launched from the outside is the same as the energy
flow that is emitted on the O mode from EBW emis-
sion inside the plasma. The solutions for the wave fields
obtained from numerical integration of the approximate
kinetic model verify the global symmetry results obtained
analytically.

The relationship between emission and excitation coef-
ficients has an interesting implication. By itself, the cold
plasma resonance absorption model cannot be used to
evaluate, directly, the energy flow that is mode converted
to the X mode and the O mode from EBW emission.
That is because the cold plasma model does not include
EBWs. However, general analytical results and numeri-
cal results from the approximate kinetic model show that
the resonance absorption model can be used to determine
the emission coefficients. All we need to do is to evaluate
Cxp and Cpp, the X-B and the O-B excitation coeffi-
cients, respectively, for the same wave and plasma pa-
rameters. Then the emission coefficients Fx and Fg, for
emission of the X and O modes, respectively, are equal to
the corresponding excitation coefficients. Since the sum
of the two emission coefficents Ex + Eo has to be less
than, or equal to, unity, the sum of the two excitation
coefficients C'x g + Cop has also got to be less than, or
equal to, unity. The difference from unity of the sum

Ex + FEo = Cxp + Cop is the fraction of the emitted
EBW energy flow that is reflected back into the plasma
from the mode conversion region.

The inequality Cxp + Cop < 1 also implies that the
two mode conversion processes, X-B and O-B, are com-
plementary to each other. If, for a given plasma configu-
ration, the wave parameters are chosen to maximize one
particular mode conversion process then the other con-
version process will be minimized. This has been noticed
in our earlier mode conversion studies pertaining to the
excitation of EBWs from X mode or O mode.! The two
mode conversion processes are optimized in completely
different parts of the parameter space spanned by the
parallel (to the magnetic field) wave numbers and wave
frequency.’

The equality between the emission coefficients and the
excitation coefficients also points to the fact that opti-
mized mode conversion heating and current drive exper-
iments can be designed on the basis of the emission re-
sults. The conditions for which the X mode (or the O
mode) emission is most pronounced will be the condi-
tions for which the X-B (or the O-B) mode conversion is
optimized.
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APPENDIX A: LOCAL DISPERSION
CHARACTERISTICS

As mentioned in the text of the paper, the approxi-
mate WKB dispersion relation obtained in (17) does not
describe the EBW branch of the dispersion relation when
the upper hybrid frequency is greater than 2w,.

For the case when the upper hybrid frequency is less
than 2w,, Fig. 6 shows a comparison of the dispersion
characteristics obtained from (17), marked by crosses,
with those obtained from the exact kinetic (Vlasov-
Maxwell), Maxwellian plasma description.'? Any differ-
ences between the characteristics of the waves between
the two cases are essentially indistinguishable. The pa-
rameters used here are NSTX type! and the wave fre-
quency is 14 GHz. Figure 7 shows the comparison for the
case when the wave frequency is 18 GHz and the upper
hybrid frequency is larger than 2w.. The matching be-
tween the two dispersion relations is good except where



the slow X mode couples to the EBW. In the approxi-
mate model of (17), the slow X mode continues to prop-
agate out to the edge of the plasma while the complete
description gives a coupling between the slow X mode
and the EBW. This shows that a description containing
terms higher than second order in the Larmor radius are
needed. However, for the purposes of our studies on mode
conversion excitation and emission, we note that this is
not necessary. From the exact description, in the region
to the right (low density) of the SX-EBW coupling the
two modes are evanescent. Any energy flow transferred
to the SX mode in the higher density region will propa-
gate outwards towards the low plasma density region and
then fully convert to the EBW. There are no other waves
that are involved in this SX-EBW coupling process and
neither of the two modes are cutoff. So, we postulate
that, in our approximate description of the mode conver-
sion process, any energy flow coupled to the SX mode
for the case when the upper hybrid frequency is larger
than 2w, will be coupled to the EBW. Or, conversely,
any EBW energy flow propagating out towards the low
density side will fully convert to the SX mode at the po-
sition where these two modes couple, i.e., where the SX
and EBW branches coalesce in Re(ky). It is important
to note that, in this case, as the SX mode propagates
towards the high density side it reaches the high-density
cutoff. At this point energy will be reflected back onto the
SX mode propagating towards the low density side. This,
however, is taken into account in our approximate full-
wave kinetic description. With this argument in mind, we
describe in Appendix B the appropriate boundary con-
ditions imposed on the set of equations (10) for mode
conversion and emission studies.

APPENDIX B: BOUNDARY CONDITIONS IN
THE SOLUTION OF EQ. (16)

For numerical studies of EBW emission, or EBW ex-
citation by mode conversion, the system of equations
(10) is solved with the boundary conditions described
below. In the following it is helpful to refer to Figs. 6
and 7. When we mention the left boundary, it implies
the boundary in the plasma in the high density region,
while the right boundary is the low density edge region of
the plasma. In addition, outgoing and incoming refers to
propagating waves with their energy flow density towards
the low density and the high density regions, respectively.
The left boundary (at high densities, “inside”) and the
right boundary (at low densities, “outside”) are taken to
be away from the mode conversion region where the per-
pendicular wave vectors, obtained from the WKB disper-
sion relation, change slowly compared to the density scale
length. Then, at the two boundaries, the six waves are
assumed to be independent and uncoupled, and the so-
lutions to Eq. (10) are obtained using the WKB approx-
imation. For emission of EBWs from inside the plasma,
or for mode conversion excitation of EBWs from outside
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FIG. 6. The dispersion characteristics for the X mode, O
mode, and the EBW for NSTX-type parameters for a wave
frequency of 14 GHz. In this case the upper hybrid frequency
is below the second harmonic of the electron cyclotron fre-
quency. The cold plasma upper hybrid resonance is located
at x =~ 43.97 cm. The solid lines are the characteristics ob-
tained from the fully kinetic (Maxwellian) plasma dispersion
relation. The crosses mark the characteristics obtained from
the approximate kinetic dispersion relation (17).
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FIG. 7. Same as Fig. 6 except that the wave frequency is
18 GHz (corresponding to the upper hybrid frequency being
greater than twice the electron cyclotron frequency). The cold
plasma upper hybrid resonance is located at z =~ 43.8 cm.



the plasma, we consider the two cases when the upper
hybrid frequency is either less than or greater than 2w,.

A. EMISSION OF EBW

For the upper hybrid frequency less than 2w., the
WKB solutions at the left boundary correspond to in-
coming and outgoing EBWs, and to X and O modes that
are spatially (exponentially) decaying and growing. The
WKB solutions at the right boundary correspond to in-
coming and outgoing X and O modes, and EBW modes
that are spatially decaying and growing as a function of
distance out of the plasma. At the left boundary, the
field amplitudes of the spatially growing X and O modes
are set to zero, and the energy flow on the outgoing EBW
is normalized to unity. Then the field amplitudes of the
incoming EBW and of the spatially decaying X and O
modes, at the left boundary, are chosen in such a way
that, at the right boundary, the field amplitudes of the
incoming X and O modes, and of the spatially growing
EBW wave are zero. With these boundary conditions we
determine, at the right boundary, the outgoing energy
flow on the X and O waves, and the field amplitude of
the decaying EBW. This is illustrated and summarized
in Fig. 8, caption (a).

For the upper hybrid frequency greater than 2w,, the
WKB solutions (Fig. 7, cross marks) at the left boundary
correspond to X, O, and EBW modes that are spatially
decaying and growing. At the right boundary the WKB
solutions correspond to incoming and outgoing X modes,
O modes, and EBWs. In our approximate kinetic anal-
ysis, as discussed in the text and in Appendix A, the
propagating EBWs are just an extension of the SX mode
as it propagates through the cold plasma UHR. So the
EBW with energy flowing outwards is the one that is
effectively carrying energy into the plasma for the fully
kinetic dispersion relation. And the EBW with energy
flowing inwards (towards the SX cutoff) is the one that
is effectively carrying energy outward from the core in
the fully kinetic dispersion relation. At the left bound-
ary, the amplitudes of the three spatially growing modes
are set identically to zero while the amplitudes of the spa-
tially decaying modes are chosen to be such that, at the
right boundary, there is no energy flow on the incoming
X and O modes, and the energy flowing inward on the
EBW is unity. With these boundary conditions, we find,
at the right boundary, the energy flow on the outgoing
EBW and the outgoing X and O modes for unit energy
flow on the incoming EBW. This is illustrated and sum-
marized in Fig. 9, caption (a). Note that BE, is taken as
effectively the EBW from inside the plasma with energy
flow toward the outside; BE 1 is effectively the EBW en-
ergy flow reflected from the mode conversion region and
flowing into the plasma.

B. MODE CONVERSION EXCITATION OF EBW

When considering mode conversion to EBWs from

10

externally launched X mode or externally launched O
mode, we set up the boundary conditions as follows. Let
us consider the case of an externally launched X mode; for
an externally launched O mode the appropriate bound-
ary conditions can be easily determined by analogy.

For the case when the upper hybrid frequency is less
than 2w,., at the left boundary, the amplitudes of the
spatially growing X and O modes are set to zero, and
the amplitude of the outgoing EBW is set to zero. Then
the amplitudes of the spatially decaying X and O modes,
and the ingoing EBW, at the left boundary, are deter-
mined by the requirement that, at the right boundary,
the incoming X mode energy flow density is unity, and
the field amplitudes of incoming O mode and the spa-
tially growing EBWs are zero. Then, upon solving (10),
we find the outgoing energy flow on the X and O modes,
and the amplitude of the spatially decaying EBW at the
right boundary (see caption (b) in Fig. 8). Thus, this
determines the energy flow mode converted from an X
mode, for no incoming energy flow on the O mode, and
the reflected energy flow coming out on both the X mode
and the O mode.

For the case when the upper hybrid frequency is greater
than 2w,, the amplitudes, at the left boundary, of the
spatially growing X mode, O mode, and EBW are set
to zero. The field amplitudes, at the left boundary, of
the spatially decaying X mode, O mode, and EBW, are
obtained such that, at the right boundary, the energy flow
in the incoming X mode is unity, and the field amplitudes
of the incoming O mode and the incoming EBW are zero.
Then, upon solving (10), we find, at the right boundary,
the energy flow on the outgoing X and O modes and
the energy flow mode converted to the outgoing EBW
(see caption (b) in Fig. 9). Note that B, is taken
as effectively the energy flow mode converted from an
externally excited X mode , and X5, and O, are
the reflected energy flows coming out on the X and O
modes, respectively.
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