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Abstract

Expressions for the ion perpendicular viscosity as well as for the electron and ion
parallel viscosities, gyroviscosities, and heat fluxes are derived for arbitrary mean-
free path plasmas, in which the lowest order distribution function is a Maxwellian, by
assuming the gyroradius is small compared to the shortest perpendicular scale length.
The results are given in terms of a few velocity space integrals of the gyrophase
independent correction to the Maxwellian, and correctly reproduce known results in

the collisional limit.



I. INTRODUCTION

Expressions for the heat fluxes and viscosities are normally obtained by evaluat-
ing appropriate moments of species distribution functions to the required order in
the gyroradius expansion.! ™ To date, this has been done analytically only for short
mean-free path plasmas. The better known closures were obtained by Braginskii® and
Robinson and Bernstein® for plasmas with sonic or MHD flows and by Mikhailovskii
and Tsypin’ for plasmas with subsonic or diamagnetic drift flows. By assuming sonic

6 missed the important

plasma flows for all components, the early investigations®
physical effect of the dependence of viscosity on heat fluxes (or temperature gradi-
ents). The later series of studies” took these effects into account (for ions, but not for
electrons), but made unjustifiable assumptions in the derivation and thereby obtained
incorrect expressions for the ion parallel and perpendicular viscosities,® and missed
collisional contributions to gyroviscosity. Our recent work®? corrects the ion treat-
ment of Mikhailovskii and Tsypin and also derives the expressions for the electrons, to
obtain the first self-consistent collisional two-fluid description for magnetized plasmas
in the diamagnetic drift ordering.

In the work presented here we use the drift kinetic formalism of Hazeltine!'® as
recently extended and generalized by Simakov and Catto,!! to obtain expressions for
the ion perpendicular viscosity as well as for the ion and electron parallel viscosities,
gyroviscosities, and heat fluxes for arbitrary mean-free path plasmas. The ion gyro-
viscosity is evaluated to the same order as the (smaller) ion perpendicular viscosity.
Electron perpendicular viscosity is small and usually of no interest. All the results are

obtained in terms of few velocity moments of the gyrophase independent correction to

the lowest order distribution function, which is assumed to be a Maxwellian. Higher



order moments of the Fokker-Planck equation are employed to obtain the viscosities
and heat fluxes in forms that require the minimum information about the distribution
function.

Somewhat more general lowest significant order expressions for gyroviscosities
have been obtained by us in Ref. 11 using a different approach. In this earlier treat-
ment, we did the calculation for an arbitrary distribution function that is isotropic in
the velocity space (i.e., independent of magnetic moment and gyrophase) to lowest
order. Such lowest significant order expressions for gyroviscosities were obtained even
more generally by Ramos for a collisionless plasma using a fluid approach.'? Ramos’
results do not assume velocity space isotropy of lowest order distribution functions.
To the best of our knowledge, the full ion perpendicular viscosity with heat flow
effects retained, as well as the gyroviscosity with higher order collisional heat flux
corrections retained, have only been correctly evaluated in the short mean-free path
limit,®Y and are unavailable for other regimes of plasma collisionality.

The ion perpendicular viscosity (as well as the higher order corrections to the ion
gyroviscosity) is required to evaluate, among other things, the neoclassical and clas-
sical radial electric field in plasma confinement devices, in general, and in tokamaks,
in particular.®!® To obtain this perpendicular viscosity in terms of species densities,
flow velocities, and pressures or temperatures from the expressions derived herein,
only the leading (first) order gyrophase independent correction to the Maxwellian is
required. To evaluate the ion perpendicular viscosity by a direct integration of the
distribution function we would need to solve for the ion distribution function to an
order much higher than the first order. Indeed, we would require the ion collision

frequency over ion gyrofrequency correction to the second order in gyroradius correc-

tion to the Maxwellian. Therefore, our formalism for the ion perpendicular viscosity



presents a clear advantage over a purely kinetic evaluation. To obtain the lowest order
gyroviscosity only the leading gyrophase independent correction to the Maxwellian
is required. However, to obtain the ion gyroviscosity through the same order as the
ion perpendicular viscosity, the gyrophase independent portion of the distribution
function that is formally second order in the gyroradius expansion is needed.

This paper is organized as follows. In Sec. II we summarize our orderings and
discuss our basic kinetic model. The various contribution to the viscosity are reviewed
briefly in Sec. III. The gyroviscosity and perpendicular viscosity are evaluated in
Secs. IV and V, respectively. We evaluate electron and ion heat fluxes in Sec. VI.

The collisional results are recovered in Sec. VII, and a brief discussion follows in

Sec. VIII.

II. ORDERINGS, ASSUMPTIONS, AND NOTATION

We consider a magnetized quasineutral electron-ion plasma and assume that the
ion gyroradius p is small compared to both the characteristic perpendicular (to the

magnetic field) equilibrium length scale L, and perturbation wavelength; that is,

0=—n~kip<l, (1)

P
L,
where k, is the perpendicular wave vector. The k, p < 1 assumption allows us to use
a drift kinetic formalism instead of gyrokinetics. We allow the plasma mean-free path
to be arbitrary except in Sec. VII, where we use the general formalism to recover the
collisional ion results.

To obtain expressions for the ion gyroviscosity and perpendicular viscosity, we

need an expression for the gyrophase dependent piece of the ion distribution function,

f, which is exact through order §2. Such an f was derived in Ref. 11 and is given by
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the sum
F=F+ N+ fe. (2)
Here, f¥ is given by

FH — o g — 10f] _ i R
ff=v-|g (UE+UM)Bé9p (vaxb—i—vxbvl).meBaM, (3)

where

of

6xV|6,Mf—vE8€. (4)

2|

g =

This expression contains the first and some second order contributions and was ob-

tained in the seminal work of Hazeltine.'® The term

~ 1 A g (—)T > A A > A A > <—>T ~
NHES—QUUZ[bX(h+h )- (1 +3bb) — (1 +3bb) - (h + h ) x b], (5)
with
- eFE Og
=V|. —_——, 6
h=Vl.g+ 2% ©)

is of order 4% and was evaluated by Simakov and Catto.!! Finally, the order §% term

f¢ is given by
fo= g [AelCin, - cU) = ek g xb) 7

with C' = Cj; + Cj, the ion collision operator and C% the linearized ion-ion collision
operator.

In Egs. (2) through (7) and elsewhere, v is the velocity variable of the ion distri-
bution function, E and B are the electric and magnetic fields, B = |B|, b = B/B,
and = eB/Mec is the ion gyrofrequency, with e the unit electric charge (we consider
singly charged ions for simplicity), M the ion mass, and ¢ the speed of light. The
independent variables ¢ = v?/2 and p = v? /2B are the kinetic energy and the mag-

netic moment variables of the ion distribution function, V|, , is the gradient with
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respect to the spatial variables taken at fixed € and p, while vg = cE X I;/ B and
vy =0 bx (,uVB+vﬁn+v||ai)/8t) are the E' x B and the magnetic drift velocities,
with & = b- Vb the magnetic field line curvature. The bar above the ion distribution

function f indicates that it is gyrophase averaged: i.e., f = (f)_. The gyrophase

o
average is defined as (---) = (1/27) § dp(- - - ), with the gyrophase ¢ being the third
independent velocity variable, and of course f = f— f. As usual, “parallel” and “per-
pendicular” refer to the direction of B. We use the symbol “T” as a superscript on
a dyad to denote its transpose. In addition, the double dot scalar product is defined

Rd

for arbitrary vectors a, ¢ and a dyad B as ac :BE c D -a.

Expression (3) for f7 was obtained in Ref. 10 by assuming

0 e
5~V VB Ve Ol (8)

Expression (5) for fN7 was derived in Ref. 11 by using the more restrictive orderings,

which we adopt herein:

0 9 €
5~ vV~ BV~ O 80, (9)

and by also assuming that the lowest order ion distribution function fy is isotropic in
the velocity space, i.e., it does not depend on the gyrophase and magnetic moment.
Expression (7) for f“c was also obtained for an fj isotropic in velocity space. An
expression for the gyrophase dependent portion of the electron distribution function,
which is similar to that given by Eq. (2), can be derived if assumptions similar to
those given by Egs. (8) and (9) are made for electrons.

Evaluation of fN i fc, species viscosities, and heat fluxes can be carried out
without using the isotropy assumption for f,. However, such a calculation is beyond

the scope of the present treatment. Moreover, the evaluation of species viscosities and



classical collisional perpendicular heat fluxes is greatly simplified for f, a Maxwellian,

3/2 02
foIszn(%> exp <—A2/[T ) ) (10)

where n is the plasma density and T is the ion temperature (a similar expression

should be used for the lowest order electron distribution function). For example, n
and T can be viewed as being advanced by the number and energy moments of the
kinetic equation being solved.

In this work we use assumption (10) since, as argued in Ref. 4, it usually holds
for plasmas of interest to magnetic fusion that are confined by magnetic fields with
closed flux surfaces in the absence of strong external driving forces, such as neutral
beams or radio-frequency waves. Use of Eq. (10) implicitly assumes that pressure
anisotropy is weak and parallel flows are subsonic. Orderings (8) and (9) result in

perpendicular flow velocities being subsonic as well.

III. PARALLEL VISCOSITY AND FORMS FOR GYRO-

VISCOSITY AND PERPENDICULAR VISCOSITY

We begin our evaluation of the ion viscosity by considering the full ion kinetic

equation,

g—{+V~(vf)+Vv-{

e

‘ (E+ L x B) f} — )+ Culf). (1)

We use the full Landau form for the ion-ion Fokker-Planck collision operator Cj;(f),
Culf) = Ci'(f,. /) =1V, - [/ &V Vg (Vo f = [V )], (12)

where v = (3/7/2)(v/n)(T/M)*? with v = (4/7/3)(Ae*n/MY?T?3/2) the charac-

teristic ion collision frequency® (A is the Coulomb logarithm); f’ is obtained from f
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by substituting v’ for v, and g = |v — v’|. We also employ the following approximate
form for the ion-electron Fokker-Planck collision operator Cj.(f):

1 mu,
Cie(f):M_nF'va_ M Vvvf_l'

mu,

M

T,
v, - (MVUervf) . (13)

Expression (13) is obtained by performing a mass ratio expansion of the full Landau
form for C;.. Here, V is the ion flow velocity, m and T, are the electron mass and
temperature, respectively, and v, = (4v/27/3)(Ae*n/mY2T/?) is the characteristic
electron-ion collision frequency.® The electron-ion friction force is defined as F =

[ &3vmvCy;, with C,; the electron-ion collision operator.

Forming the Mwvv moment of Eq. (11) and defining the ion viscous stress tensor,
=M [ dv(vv — v? T /3)f =M [Povvf—p T, with p the ion pressure and T
the unit dyad, we obtain the exact equation

%(p I+ T+ V- (M/d%vvvf) —(enE — F)V —V(enE — F) (14)

2my, , <

M (p l —Pe T+<7—T’ —MTLVV) :M/dsv'v'vC’ii(f),

_Q(F xb—bx 7) +

where p, = nT, is the electron pressure. Observing that (m/M)v, ~ (m/M)?v, and
anticipating that the integral on the right-hand side of Eq. (14) will contain terms of

order MnvV'V | we can safely neglect the 2mnyr. V'V term on the left-hand side.

The general solution of Eq. (14) for 7 is given by the sum (see, for example,
Ref. 4)

T=T) T+ T (15)

where the parallel viscosity ﬂ is a diagonal traceless tensor proportional to (3513— T)
that cannot be determined from Eq. (14). To leading order, it follows from the

definition of 7 and from the orderings employed requiring f ~ 6 f < f that
= M/d%(w ~ 2T 3 = (o) — po)(Bb— T /3), (16)
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where py = M [ d3v vﬁ fandp, = M [ d®v uBf are the ion parallel and perpendicular
pressures, respectively. Recall, that for an isotropic fy, pj —pL < p. We assume that
%’H is at most an order d correction to the lowest order isotropic pressure tensor p T
As will be seen shortly, the gyroviscosity and perpendicular viscosity are at most the
order 6% corrections to p T, so that the parallel viscosity can be the leading order
piece of the viscous stress tensor. When rewritten in terms of electron quantities,

Eq. (16) also describes the electron parallel viscosity.

The gyroviscosity ?rg is given by

- 1 N — — A A — an b I
Fo= 15 [bx K, (1 +3bb) — (1 +3bb)- K, xb|, (17)
where
- o
Kim S+ 9 (M [ @ovwns ) ~ (B~ F)V ~VienB—F). (1)

Finally, the perpendicular viscosity T, is given by

g

1 R PN PN N s N — ~
Ti= 15 [bx K. (I +3bb) — (| +3bb)- K. xb] ; (19)

where

EJ_: —M/ds?J ’U’UC”(f) (20)

Notice that the [Op/ot + 2muv.(p — p.)/M] / and (2mv, /M) ?H terms have been
omitted in the expressions for f? 4 and % | since they are diagonal and consequently
do not contribute to ;g and 7 | . The terms 8(7@ + 7,)/0t and (QmUE/M)(?g + 1)

are small compared to K 1 and so can be dropped as well.

IV. GYROVISCOSITY

To evaluate the ion gyroviscosity we have to evaluate K,. When the “maximal”

ordering A ~ L, ~ L is assumed, we must require v/§) ~ ¢, where X is a particle
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mean-free path and L is a characteristic parallel (to the magnetic field) length scale.
The leading order perpendicular viscosity is v/ times smaller than the leading order
gyroviscosity (i.e., of order 6%), so to be consistent we have to evaluate the gyroviscos-
ity to order 6. Doing so requires knowing K o and therefore V- (M [ d*vvvvf) =
V. (Mfd?’v (vov), f) + V- [Mfd?’v'v'v'v (fH + fNH 4 fc)] through order 6.

Observing that
= bbby (0 — Supe? ) + (Bbi + 0ub; + opbsupnt, (21
(vivjvi), = bibsby v — FuvL | + (93bx + b + 0jbi) Suvl, (21)
where d;; is the Kronecker delta denoting the unit dyad T, and introducing
1 3 2 7 1 3, .37
G = §M vyl f, @ = §M vy f (22)
we obtain

(M / d’v (vov),, f) = i)ii)ji)k(2Q2 —3q1) + (5iji)k + 6iki)j + 5jkl;i)Q1-

ijk

Consequently,

A\ (M / d*v (vov), f) = (2¢2 — 3q1)(bk + kb) + V - [(2¢2 — 3q1)b] bb  (23)

~

+V(010) + [V(@b)]" + V - (a:b) T -
The contribution from f is evaluated in Appendix A:
AV {M/d?’v'v'vv (fH + fNH —i—fC)] =Va+ (Va)'+ Iv- a+bb(V ¢

+[(V -b)b+ Klc+ c[(V -b)b+ K]+ blb- Ve +c- Vb (24)

>

+[b-Ve+c Vbb+ V-

Y
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where

+ i 2 0 + + 2

a= - — v —

20) Q q3 2614 P1VE 5qca
X

1, 5 bxk 35
c= ﬁb x V <2q3 — —q4) - g (2Oq3 L 4Q5> + (p) — pL)vE, (25)

> 1 5 PR PR PRI
Aijk= — (2(13 - —614> <bi Dji +bj Dii +by, Dz‘j) ‘

40 2
Here,
1 3,2 97F 1 3, 4 F 1 3, 4F
q3:ZM d*vov vl f, Q4:ZM d*vvl f, %ZZM dv o f, (26)
2pv
qCE—MQQVJ_T, (27>
and

~

D=b x [Vb+ (V)] - (1 +3bb) — (1 +3bb) - [Vb + (V)T x b.  (28)
Using results (16), (23), and (24) to evaluate /?g from Eq. (18), neglecting F'
as small by (v./Q.) as compared with enE,, where ), = eB/mc is the electron

gyrofrequency, and employing Eq. (17), we finally arrive at the following expression

for the ion gyroviscous stress tensor, which is exact through §2:

o 1 N N 1 N

T y= Mn [V||UE+Z(VLUE -V xbuvg x b):| —I—ﬁ(enE” —FH)V x b (29)
L AU I PR e :
+Tbbxn+5[(V.b)bxcb—(b-be)ch/—bb)~(ch)b}

1 (. . . o o “ A
+t10 {bx [nc+cn+V(a+q1b)—I—V(a—l—qlb)T—I—V- A] (1 +3bb)}

—pi;, b
—f—]%bb X En + Transpose.

All quantities in this expression should be evaluated to an accuracy which ensures an
overall accuracy of §3.
Expression (29) can be simplified considerably if only §? accuracy is required. In

this case quantities q;, g2, @, ¢, A can be evaluated to accuracy 9, i.e. quantities gs,
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44, g5, P, and p; can be evaluated for fo = fu, and the last term in the expression

for @ can be neglected. Then, a = Q71b x V(pT/M)+ pvg, ¢ =0, and A= 0, giving

- 1 . . 25 — 301 ~
Ty Mn |Viop + 7 (VLVL — VI x bV xb)| + %bb <k (30)
1 PN > (—)T > A A
—|—mb X (N+ N )- (I +3bb) + Transpose,
with
o 2 .
N=pVV, + gV‘h + V(a1b). (31)
In these expressions, to the requisite order V',
Exb bxVp 5p .
= =——b T 2
Vo= " ma s UtV (32)

are the lowest order parallel and perpendicular ion flow velocities, and heat flow,
respectively. To obtain expression (30) we also used the fact that to the order required
b-(enE—Vp—F)~0.

The ion gyroviscous stress tensor given by Egs. (30) and (31) is exactly the same
(for the case fy = fu) as the expression for ;g obtained in Ref. 11 by directly
evaluating M [ d*v(vv — v? 7 /3)f =~ M [ Pvvv(f + fN) since f¢ does not
contribute. In addition, it does not contain any terms proportional to (bb— T /3).
As a result, to second order in the & expansion f does not contribute to the parallel
viscosity. Therefore, we conclude that expression (16) for ﬂ is exact through at least
order 6%

Reference 11 gives a somewhat more general expression for ?g (exact through
order ¢%), which is obtained for an arbitrary velocity space isotropic fy (as opposed to

a Maxwellian). Moreover, it shows that Egs. (30) and (31) also describe the electron

gyroviscous stress tensor if the ion quantities are replaced with the corresponding

12



electron quantities. Indeed, our gyroviscosities are also consistent with the general

collisionless results obtained in Ref. 12 for an arbitrary fj.

V. ION PERPENDICULAR VISCOSITY

The ion perpendicular viscosity is given by the combination of Egs. (19) and
(20). To evaluate it we need to know the leading order non-vanishing result for

M [ d3vvvCy(f). Noticing that
(vv;),, = vibib; + (v} /2)(8; — biby), (33)

and also that any terms in ? 1, which are proportional to T or BB, do not contribute

to 7 1, we conclude that to obtain the leading order non-trivial result we only need
M [ EooolCl+ F) + O ) = CF AL (31)

Here, C%(f) is the linearized (about a Maxwellian) form of the ion-ion collision oper-

ator,
CL(f) =1V, {fM [ 9,900 (9205 1) - va(f’/fj’w)]} S

where f' and f}, are obtained from f and fj, respectively, by substituting v’ for v,
and C(f, f) = Cy(f) is the full bilinear form of the ion-ion collision operator given
by Eq. (12). The symbols f; and f; are used to denote the first and the second order

in 0 portions of the ion distribution function.

A. LINEARIZED CONTRIBUTION Cf;
First, we evaluate the contribution from the linearized collision operator
ol -
K= —M / o ovC(fi + fo). (36)

13



Using the self-adjointness of C%(f) we rewrite Eq. (36) as

Kim =M [ &0(fit Pl Chlvos) (37)
where®
Ch(vvfy) = vF(z) fur (vv - %vz T) , (38)
with
Fa) = —%@ {(1 - 2%2) E() + %E’(x)] , (39)

r = \/Mv?/2T, E(x) = (2/y/7) [y dtexp(—t®) the error function, and E'(z) =

dE(x)/dz. Substituting f from Eq. (2) for f; + fo, taking into account
. . . . 1 -
('vaxb+'v><b'vL):Vb:—4vH'u-b><f-c+§'v-D-v, (40)

where D is defined in Eq. (28), and using Egs. (21), (A2), and (A8) we obtain
10f v
Q2

+ 53 (ViInT)Q(x) fu
—LM/dgv F(z) {v"i M +of (v|2 - U—l) b(b- I\(_/I))} + Transpose. (41)

_3Von 5 5
Q) == (12 2 ) By + 4 B (12
<« A <« (—)T > A A <« A A <« (—)T A
M=bx (h+ By ) - (1 +3bb) — (7 +36b) - (h1 + 1) x b, (43)
with
H:H_ﬂg_f N
hi=h B alqu, (44)

and we neglected the small term (v”/Q)l; x 9b/Ot in vy
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To simplify Eq. (41) we notice that

2
6
M/d% %F(x)wwf =2 (Vo — a6V In B>+ ¢V InT),

3 U||UL of la_f _ 6M
M/d F()<85+Ba,u ~ T ®

M/d?’v—LF(a:)(beVl B) OF _ 004 g1y p2.

8,u 5Q

o 1af 12
M [ d3v [ LF _
/ Ba 5(16,

v 10f 12
M/d vl (v i) F(m)E@ = @

where we define the following integrals:

5 _
g = 3 M | d3v v”viF(:v)f,

g7 = —M/d vavaF (z)f,

T _
g8 = gM/dgv v {fF'(fﬂ) + MF(DC)} /5

) 3 _
Qo = 6 M/d3’0 UH (U2| — 51}3_) F(x)f

Also, we evaluate terms involving Z for f = fy = fu to find
2

M [ doo? <vﬁ - %) F(z) h=0,

2
3y UL () e 22| i
M/dv4F(:c)h—5{ V<pVJ_+10qL>

3 9 eFE 3
+V1DT( pVJ_‘i‘EqJ_) + = (le_EqL>1>

with V| and g, given by Eq. (32). As a result, we obtain

—l 3v

Ki= 109 [bx W (1 +3bb) — (T +3bb)- W xb],

where

o 1 . 3
w=V (pVL+_qJ__Q6b) —VlnT(ZpVﬁr

10 40

eE 3 .
- (pVL—l—Oql—ng) — g9 K b + Transpose.

15
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9
q, +qr b) (47)



i,
Substituting K, from Eq. (46) into Eq. (19) we finally obtain (see Ref. 8 for the

detailed procedure)

=0 | W 3b(b- W)+ 3(b- W)b (48)
1 R A~ ~ = A 1 R A~ Amdi
5(/ 15bb)(b- W -b) —5(/ bb) W: |

Notice, that the right-hand side of Eq. (48) does not contain any terms proportional

o (bb— I /3) and has zero trace. The diagonal contributions represented by the last
two terms on the right-hand side of Eq. (48) of this work were retained in Ref. 9, but
ignored as small in Eqgs. (62) and (63) of the collisional treatment of Ref. 8 [although
they were retained in the equation between Egs. (61) and (62) of Ref. 8]. This was
done there because the two terms represent small corrections to the scalar pressure
and pressure anisotropy. Moreover, in a tokamak the perpendicular viscosity is likely
to only be important in evaluating conservation of toroidal angular momentum, where
it can be needed to determine an axisymmetric portion of the radial electric field. In

this case these diagonal terms play no role as found in Ref. 13.

B. BILINEAR CONTRIBUTION C%

To evaluate the contribution from the nonlinear piece of the ion-ion collision op-

erator,

T

Z— —M/d3vvv [C(fr, f1) — CRA(fu, )], (49)

—nl

we use expression (12) for CZ4(f, f) to rewrite K| as

—nl

K. = —6yM / Bo (2f, + F1)VL VG + Ay M / & {(2 At ) < / & T /g)] n
(50)
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where G = [ d*' f{g, and f{ is obtained from f; by substituting v’ for v. Since the
> A A <—>’l7,€ PN

| and bb terms in the expression for K, do not contribute to m; we will neglect
the last term in Eq. (50) as well as all other T and bb terms arising in the process of

evaluating the first term in Eq. (50).

Evaluating f; from Eq. (3) by substituting fo = fa for f,

~ M 2
fl =v- ? |:VJ_ — %Li’ﬂ(ﬂfz)] fM, (51)

where L:f/ *(22) is a generalized Laguerre polynomial and V| and ¢, are given by

Eq. (32), and employing the result in the definition of GG, we obtain

2T
G——VU' (VJ_GM—l-Sp—MqJ_HM), (52)
where
Gy = /dgv'f' =nv |1+ = E(x) + iE'(a:) (53)
M= M9 = 212 2x
and
Hy = /d?’v’& = 2E(JE) (54)
g v
—nl

are the Rosenbluth potentials for a Maxwellian.'* Then, the relevant piece of K| can
be rewritten as

2T
SpM

—nl

K, =6yM | d®v(2f; + f1) (VL -V,V,V.,Gy + q, - VvVvVvHM) , (55)

where for an arbitrary function L(v) and vector d

- 1d /1dL d-vd|[l1d /1dL
V.V.V.IL = w—+dv—+ (== — = (=)
d-VoVoVy (1 d-vtdv Ud)vdv (v dv) oY v dv L}dv (’U dv)] (56)

Substituting expression (51) for f; into Eq. (55), averaging over angles in velocity

space by using Eq. (A2), noting that for an arbitrary function L(v)

/d3v L(v)vv = % T/d?’v v’ L(v), (57)

17



and continuing to drop terms proportional to T and 1313, we obtain

. 2T
67M/d3vf1 (Vl V.V VG + — 519t -V, V.,V Hy

)
27M2/dgvvfM{ d <1dGM>+U_2£ Fd <1dGM) }

T dv \v dv 5dv [vdv \v dv

x{vL [VL—25q—;L§’/2(x2)} + [VL 25p L3 2} } (58)
Y g (4 (120074 1 ()
a2 + Ve - a0}

Evaluating the integrals (by using, for example, MATHEMATICA) we arrive at

_ 2T
67M/d3vf1 (Vl -V, V, V.G + s VUVUVUHM) = (59)
—QM’I%V V.V —i(V +q, V,)+ i
5 1V 10p 19, Tq, V.1 20})2(1LQL :

Observing that (v), = UHI; and using Eq. (21), we obtain in a similar way (again
dropping T and bb terms)

2T

].27M/d31)f1 (VL : V’UV”L)V”L)GM + 5—MqL : V’UVUV'UHM) = <60>

2 oA
qu(VLb+bVl)+§—;( q, b+bqg)),
where
v d /1dG v d [1d /1d4dG
= 129M 3 || - M LA e M 1
o =247 /d {dv (v dv + 2 dv |vdv \v dv fi: (61)
v d /1dH v2 d [1d 1dH
=12 M 3 H - M Yl M
m 7 / {dv (v dv ) 2 dv |vdv \v dv hi

Consequently, continuing to use the definitions for V| and q, given by Eq. (32)

results in

—nl 6 3 3
K, = —gMny [VLVL ~10p (Vig,+q.Vi)+ 20p2 quL] (62)

9
Fqo(Vib+bV )+ %(qlb +bq))

18



and we obtain

—nl 3Mnv . 9Mv
T, == 100 (bXVlVL+VLbXVL> 200p TQ(b ‘h‘h‘i“hbX‘h)
OMv . . R R
+1OOTQ(bXVLqL—FquXVL—i-quLVl—f—VLquL) (63)
L4 2q
éo(beLberbxVL)+§g(bqub+bbqu)

0 —nl

The general expression for the ion perpendicular viscosity T, =7 | + ™, is there-
fore given by the sum of Eqs. (48) and (63) with W given by Eq. (47) and quantities

g6 through ¢i; defined by Egs. (45) and (61).

VI. HEAT FLUXES

In this section, we give expressions for plasma heat fluxes. We define the ion heat

q= /d% (;MU — §T) vf, (64)

and the electron heat flux in a similar way. We consider ions first and treat electrons

flux as

next.

Recalling the definitions of ¢; and g given by Eq. (22) we see that the parallel

heat flux is

. 5
Q||EQ'bZQ1+C]2—§PV||- (65)

To evaluate the perpendicular component of the ion heat flux it is convenient
to employ the Mv?v/2 moment of the full kinetic equation. When the “maximal”
ordering A ~ L ~ L is assumed, v/{) ~ § must again be used. Consequently, we
have to evaluate all the terms in this moment equation to the same order as that of

the (small) terms leading to the perpendicular classical collisional heat flux. Keeping
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this in mind we arrive at the following equation for the ion perpendicular heat flux,
1 5 — —
A\ (/d3U§MU2’U’Uf) — %E- (Ep | + 7r)
5 7 3 1 2
— §pV+q xb= [d véMv v(C,
where we ignored time derivative terms as being of higher order and used the ap-

proximation ;%;“, which is exact to the order required. Employing the momentum

conservation equation to the same order to remove the V' x b term yields

- 1 5 5VT = o
_ 3. ( L2 2
Obxq+V Udv<2MU 2T)'v'vf]+ o, (p/+7r,|) (66)
o 1 5
——E- 7= /d v (QMU - 5T) vC,
where upon using expression (51) for fi we can write through order &

1 5 5T [ = o
/di’m <§MU2 _ 5T) vuf =qs | +(2g5 — 3¢3)bb — o <p 4 7TH) . (67)

To evaluate the term on the right-hand side of Eq. (66) we first notice that only
the linearized contribution from the ion-ion collision operator is required to the order

we require, giving

1 ) 1
/dsv <§M112 — §T> vC =~ /d3v éMvvaf;(fl).

Using self-adjointness of the linearized ion-ion collision operator and the result!®
ct ( Mv*v fM) = vTQ(z) fav, (68)
with Q(z) defined by Eq. (42), we next write
/d?’v %MUZUCfi(fl) = VT/d3U vf1Q(z).
Employing f; from Eq. (51) and evaluating the integrals we finally obtain
/d% SMVOk(f) = /d%@( 2o fi - —b VT (69)
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Taking results (67) and (69) into account, we arrive at the following equation for

q,:

5T 5T
Qbxq+Vg— — [Vp - —V(pu — m)} + K {(2(15 3q3) — (0| — pL)

2M 2M
() - pL>+6v-[6<2q5—3q3>1—25—Mbv by —p) (70)
€E||

_W(pH ) bVT/d3U Q( )’UHfl + —b x VT = 0.

Crossing by b, we finally obtain

bx Vg 5T . 1 1
9= "o "ol * [VP — 3V —m)] —zvslp—p1)  (T1)
bxk 5T 2pv
+ 0 [(2% 3q3) — m(pu —pL)} U V.T.

Following the same procedure for electrons we find that expression (65) for the
parallel ion heat flux also holds for the parallel electron heat flux if ion quantities are
replaced with the corresponding electron quantities. The perpendicular electron heat
flux can be found from the equation that is equivalent to the ion Eq. (66), but with

the right-hand side given by

[an (gmvug@) (€L (fie) + CL(fi)]. (72)

Here, C*, and CY are linearized electron-electron and electron-ion collision oper-
ators, respectively. The former is given by the electron analog of Eq. (35) with

= (3v271/4)(ve/n)(T./m)>?. The latter is given to the required order by the

expression

Clifie) = Le(fre) + %’U -V faes (73)
where

Le(fie) = 7enVy - (Vo Vv - V, fie) (74)
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is the Lorentz operator and fj. is the electron analog of the ion Maxwellian distri-
bution function (10).

By analogy with the ion Eq. (71), electron-electron collisions result in a
—(V2pere/mQ2)V | T, contribution to the classical perpendicular electron heat flux;
the /2 difference arising purely from the difference in definitions of v and v,. The
contribution from the Lorentz collision operator can be easily evaluated by taking

into account its self-adjointness, noticing that

1 5 5 3/2 mu?\ v
L. {<§mv — §Te) ’UfMe:| = 276]96[/1 (2Te ﬁfM(i’ (75>

employing fi. (since fi. does not contribute to gq,, ), which is given by Eq. (51) with
ion quantities replaced by electron ones, and performing the velocity-space integra-

tion. As a result, we obtain

1. 3 I 45 5 13p.ve. 3PeVe 2
Q_eb X /d v (émv - éTe) ULe(fle) - 4ng V.T, + 20. bxV,, (76>

where V. is the electron flow velocity. Finally, the (2y.mn/T,v3)v - V fis. piece of
the electron-ion collision operator results in the —(3pev./ QQe)I; x V' contribution to

q. . Putting everything together, we obtain

bx V. 51 & 1
q3 4 b x [Vpe — §V(pHe — pLe)}

der = =70 2m).
1 bx kK 5T,
_Z — — 20 — — —
3’0E(p||e Die) 0. [( T5e — 3q3¢) 5 (e ple)] (77)
13 DPelVe 3peye 2
— | — 2 T, — b — .
(4 +f) ngvL T x(V-V,)

VII. RECOVERING COLLISIONAL LIMIT

. . «— «— . . . .
The general ion expressions for 7,4, 7, and g obtained in the previous sections

describe plasma of arbitrary collisionality, provided that the leading order distribution
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function is a Maxwellian. Consequently, they should recover the known collisional
expressions® for the ion gyroviscosity, perpendicular viscosity, and heat flux. Of
course, the same should be true for the electron quantities as well.

To see that this is indeed the case we evaluate ;g, T 1, and g by employing the

q16:17

standar short mean-free path result for £ as is given in the Appendix B. Then,

we obtain through second order in §

2 2
=Zg,=pVy + = 78
G = 5% =PVt ), (78)
with g = —(125p/32Mv)b - VT and V] the second order accurate parallel ion flow

velocity. Moreover, through first order in ¢

_ opT _2pT _ 15pT o (79)
q3_2M7 qs = M7 s = 4M7 pH_pL_p
Then, through second order in § we obtain
2 -
a=pV,+-(q, +q.), ¢c=0, A=0, (80)

5

where V| and g are given by Eq. (32). Using Eq. (29) we then find that

<7?g_)}?g |coll + A<7—T>g7 (81)
where
— . ]. ~ 2 > A
Ty |con = mb X [pV(V+V 1)+ SV (qH +q, + qc) + Transpose| - (| +3bb)
+Transpose (82)

is the standard Mikhailovskii-Tsypin” and Catto-Simakov® short mean-free path ion
gyroviscosity (as generalized in Ref. 9 by adding g, to the heat flux) and the terms

left over are simply
— AA 1 Ad AA
ATy=Mn(V+V 1 )(V+ Vi) — Mn |Vibb+ §Vf(/ —bb)| . (83)

23



It can be shown using ¢ from Appendix B that n represents the plasma density
through second order in § and p (or T') represents ion pressure (or temperature)
through first order in 6. It follows from the fact that p; = p, through first order
in 6 and from ion momentum conservation that V| represents ion perpendicular
flow velocity accurately through the second order in §. Eqgs. (65) and (78) give g
accurately through second order in 6. Finally, Eqgs. (71) and (79) predict that the
sum q, + q, gives the ion perpendicular heat flux through second order in ¢ as well,
so that our expressions (65) and (71) recover the standard Braginskii’s result for the
ion heat flux,®> which is accurate through second order in §. Consequently, Eqs. (82)
and (83) can be rewritten in more compact forms, accurate through third order in 6,

as

R 1 -
—bx [pVV +p(VV)T + Vq +

Tg |eon = 10 : 5(Vq) } - (I +3bb) + Transpose

and
o | o
AT,=MnVV — Mn [V”be + éVf(/ —bb)} :
where n, p, V', and q are the total plasma density, ion pressure, flow velocity, and
heat flux.
Similarly, to the requisite order we find

7 3 77
96 (pV| + 100q) =y <pV * 300q”)

1
g = — <pV - an) ;g9 =0,

3 8 2 69 24 2
G0 = ——Mnv (5‘4 Q> q1 = —-Mnv (—VH Q||) ;

4 5p 80 231 5p
so that
7ri ﬂ_L |coll+ T |Coll + Aﬂ_L +A7rLa (84)
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where

|con + 36(6' W |conn) + 3(3' w lcon)b (85)

3!

—

|con - i?) - 5(/ —i)i)) VT/ |coll IT

—~
-1
|
—_
Ot
S
S
S~—
—~
S
St

with

3[pVq — (Vp)q]
10p

3pVaq, +5(Vp)gq, VT(90q - 13q)
B 100p B 4007

— 2
w ’coll = pVV + qu - (86>

+ Transpose

and

7?715 leoll = —2(?5?;9 {B xq (q + ?—;q”) + (q + %Q) b x ‘I} : (87)
When the diagonal terms in Eq. (85) are ignored as small corrections to the scalar
pressure and parallel viscosity, the first two terms in Eq. (84) are the same as the
Catto-Simakov® short mean-free path result for the ion perpendicular viscosity. Re-
taining the diagonal terms recovers Eq. (16) of Ref. 9.

The remaining terms in Eq. (84) are

PN 3 — ~ — ~ PN
T = _10(”22 [AW +3b(b- AW) +3(b-AwW)b (88)
1 - I B
+§(l —15bb)(b- AW -b) — 5(/ —bb)AW: | }
with
AW= (Vp—enE)(V — 3q + ) §nVTV + Transpose (89)
- 10p  20p 4
and
ont  3Mnv |, 3q + 7qH 3b x q.
T, = — 100 [bXVl(V-i-?)V— 10p )— 10p (V+3V||) (90)

+Transpose.
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These extra terms in ?g and 7 | are attributable to the differences in the definitions
of the viscosity used in Ref. 8 and herein. In Ref. 8 ?g and 7, were defined in terms
of the random velocity variable w = v — V', while here we employ the full velocity
variable v. To demonstrate that A?g, A?i, and A?T are indeed due to the use

of the different variables we notice that for any operator L(v) and functions f,(v),

fu(w)

[ @i - [Euiw)iiw) = [ @ Lo - fuo)
_ / &*o Lw)A f(v).

Noticing that A7,= M [ d*vvvAf(v), using expression (B5) for A f!(v), employ-
ing Eqgs. (21), (33), and (A2), and evaluating velocity space integrals we easily obtain
result (83) through second order in 4.

-
Next, we consider A 7. Substituting result (B5) into the expression for the

—l

difference between K, written in v and w variables,
i, .
AK, = —M/d?’v f AfCL(vufay), (91)
using Egs. (21), (33), (38), and (A2), and evaluating velocity space integrals we find

<t 6 3 1
AK, = gMnV {VV ~10p (Vg+qV) + 20p (Vq” + qHV) . (92)

This result should coincide to the order required with the result for A K i obtained
by substituting A W from Eq. (89) for W in Eq. (46). To see that this is indeed the
case we first recall that bb terms in AW do not contribute to AK i and can therefore
be omitted. We then rewrite Eq. (89) by recalling that the parallel, as well as the

perpendicular, friction is small in the collisional case so that the leading order ion

momentum equation is simply Vp — enE ~ MnQV | X b. We use this in the first
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term of Eq. (89) and simplify the second term by noticing that

2MQ (- 16v 2MQ
VI'=——/— <b Xq + %—Q(III) ~ ?b Xqy,

where the g contribution may be neglected since it results in the g pieces of the
second term that are small by (v/€2) ~ ¢ <1 as compared to the q; piece of the first
term. Substituting the expression for A VT/ thus simplified into Eq. (46) we recover
result (92) as expected.

Finally, we will demonstrate that A ;T as given by Eq. (90) is also due to the
difference between v and w variables. Indeed, employing the formalism developed in

Sec. VB we can write

—nl _ - _ ~
AK = —6yM / B0 (2 + fra) VoV (AG) + (2Af + AJ)VLVLG], (93)
where f1,, is given by Eq. (B3), Af; is given by the first term on the right-hand side
of Eq. (B5), and AG = [d*'Afig = —V | - V,Gy. Evaluating the integrals and
—nl
substituting the result obtained for AK, into Eq. (19) recovers Eq. (90), completing

the demonstration.

VIII. DISCUSSION

In the preceding sections, expressions for the ion and electron parallel viscosities
and gyroviscosities, the ion perpendicular viscosity, and electron and ion parallel and
perpendicular heat fluxes are derived for arbitrary mean-free path plasmas. The
results for the ion perpendicular viscosity and species heat fluxes are obtained in
forms requiring f; only. If the ion gyroviscosity is required through the same order as
the ion perpendicular viscosity then both f; and f, are needed. For the lowest order

expression for the gyroviscosity it is sufficient to know f;.
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The gyroviscosities are given by Egs. (29) and (25) with quantities ¢; through gs
defined by Egs. (22) and (26), whereas the ion perpendicular viscosity is the sum of
Egs. (48) and (63) with VT/ given by Eq. (47) and quantities gg through ¢;; defined by
Eqgs. (45) and (61). Parallel viscosities as given by Eq. (16) require knowledge of f to
first or second order, depending on the accuracy desired. It is shown in Sec. VII that
the general expressions for the ion gyroviscosity and perpendicular viscosity recover
the correct short mean-free path limits as expected.

Ion and electron parallel heat fluxes are given in terms of ¢; and ¢ by Eq. (65),
whereas ion and electron perpendicular heat fluxes are given by Egs. (71) and (77),
respectively. The lowest order perpendicular heat fluxes are given by the standard
diamagnetic expressions, as expected.

These viscosity and heat flux expressions make it possible to obtain a practical hy-
brid fluid-kinetic closure consisting of the usual Hazeltine’s drift kinetic equation®!1%-!!

and the conservation of number, momentum, and energy equations for each species.
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Appendix A. EVALUATION OF V - (M [ d*vvvvf)

To evaluate M [ d*vwvvvf with f = f7 + fN 4 fC it is convenient to rewrite

FH+ Y=ot (A1)
where
ff=v-d, o= 8%’1)’0 :/\7,
with A
d= g—(vE+beVB+U||b 875);2;{

and M given by Eq. (43).
Noticing that
L 3 1,
(v,-vjvkvﬁ(p = blb]bkb UH 3U||UL + 8’UL + (5ij5kl + 5ik5jl + 5il(5jk)§UL (AQ)

P PN PN P PN P 1 1
—|—(5wbkbl + 5ikbjbl + 6ilbjbk: + 6jkbibl + 6jlbibk + 5klb b; ) <21)1)i gUﬁ)

we obtain
- 1
M/d% VvV [ = (6500 + 0indji + dudji) (M/dg’vgv‘idl) + (A3)

A U A 5 vﬁvi Ui
((lejbk+(5ﬂbzbk+(5klbzb]) M/d (% T — g dl >

where it is easy to show using integration by parts that

. 0b
M/dg’U ULd_ QbXVQ4—|—pJ_’UE—|—QbX at’ (A4)
v v . 5 2 — 3q1» Ob
M/d31)(TL_?>d:5bXV<ZQ3—§Q4>+<p||—pL)vE+%bxa_

Since ¢; and ¢y are at most of order § and 9/t ~ 62 we can safely neglect the last

terms in both of Eqs. (A4).
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Observing that

AAAAA

(5,5bbiby, -+ sbsbuby, -+ Ousbs b + Gionbsbpby + 81 bibibot

8;1bibiby, + 0;mbibrby + 01bibiby, + Skmbibiby + 61,mbib;by) (évﬁ’vi - gv,v‘j)
[B:(8400m + 8t6km + SjmOk1) + b3 (GGt + GitSpom + Gimi) (A5)

b5 (05 01m + 010 + Gim0;1) + by(6:j0km + OikOim + Oimdjr)

R 1
by (05508 + dirdj + 5115%)]5””“1

we find for an arbitrary velocity space isotropic fy (so that the portion of I\<_ﬂ> due to

h does not contribute):

M/d?’vvivjka”” = (A6)

1 35 PN PR JN
_6 <20(J3 — 7(]4 — 4(]5) [blb](b X I{)k —+ bzbk<b X K,)j —+ b]bk(b X K,)Z]

1 5 . . . 1/ o oo oo
+§ (2% - 594) |:5ij(b X K)p+0i(bX K); + k(b X K); + 1 <bi Dji +b; Dii +by, Dij>:| ;

where B is defined by Eq. (28). To obtain Eq. (A6) for an arbitrary f we employ the

definitions of Egs. (26) and

1 3 1of 35
/d3v M (Evzllvi - gvﬁvi) Ea—i = 20g;3 — o5l 4¢s, (A7)
1 10f 5
3 2.4 _
/d UMéU”UJ_E&M = —2(]3 + §Q4.

To evaluate M [ d*vvvv f€ we first notice that for fo = fas, Eqs. (7) and (68)

give

7O~ é@(z) fyv -V, InT. (A8)

We then employ Eq. (A2) and [," dzaQ(z) exp(—2?) = —3,/7/4 to obtain
~ 2
M / dP*vvvv f€ & 5(5ij5kz + didji + 0udjr) (g, (A9)
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where q, is the classical collisional ion heat flux for short mean-free path plasma
defined in Eq. (27).
Employing Eqgs. (A1), (A3), (A4), (A6), and (A9) we arrive at the final expression

given by Egs. (24) and (25).

Appendix B. COLLISIONAL ION DISTRIBUTION FUNC-

TION

The ion distribution function for short mean-free path plasmas was evaluated in
Ref. 8 through order §? using the random velocity variable w = v—V . The gyrophase

averaged portion of this distribution function is given by

fcoll wa + fcoll fcoll (Bl)

P 302 Muw?
Mw =T\ ) P\ T )0

. 2M 4
frol = 5T {L?/Q(ﬂﬂfu) — 15L§/ (z )} Q)| farw, (B2)

,5;,};1 _ {ang/Q( 2V +a Ll/z( i}) + Pz(wu/w):ri [bOLgﬂ(fo) + blLi/z(Ii)] } Frtws

with

where ¢ = —(125p/32M1/)l; - VT, and as, as, by, and by are known coefficients,
Py(wy/w) is a Legendre polynomial, 22 = (Mw?/2T), and LI™/*(22), i = 0,1,2,3,
7 = 0,1,2, are generalized Laguerre polynomials. In addition, the lowest order gy-

rophase dependent portion of the ion distribution function is given by

~ 2M
= =g Wil @) farw,
so that
2M 4
coll __ coll feoll 3/2/. 2 3/2
w — + flw 5p_Tw' qL; (xw)—15q||L (@2)| farws (B3)
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where ¢ = q; +¢q,, with ¢, = (5p/2MQ)I; x VT to the required order.

In this work, the gyrophase averaged portion of the ion distribution function
written in terms of the full velocity variable v is required through order §%2. To obtain
an expression for this distribution function we first notice that if f,(v) and f, (w) are
used to denote exactly the same distribution function but written in terms of v and
w variables, respectively, then f,(v — V) = f,(v). If |V|/v < 1 can be assumed,

then Taylor expanding this equality gives

1
Af(w) = folv) = fulv) = =V - Vufu(w)lw-v + 5VV: Vo Vi fo(w)lw—v + .
(B4)
Since for a short mean-free path plasma f,,(w) is given through first order in § by the

sum of fur, and fEU from Eq. (B3) we obtain from Eq. (B4) through second order

1w
in 0
M MV?
A coll — . el o
frw) =v-Vorfu = —fu
2M 3/2, 2 4 3/2, 2
+V- 2 - a6 fu (B5)

M vy - Ay g A 5
tov: o0 "5 (I1($)—Q||EQ($) I,

where V in the first term on the right-hand side must be evaluated through second
order in ¢, while elsewhere the lowest order expression for V' with V| given by
Eq. (32) can be employed, and z? = (Mv?/2T).

It follows from f,(v) = f,(v) + Af(v) that the gyrophase averaged portion of
the ion distribution function in v variables through second order in J is given by
Egs. (B1) and (B2) with w — v and the gyrophase averaged Eq. (B5): f,(v) =

fu(v) + Afet(v).
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