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Abstract. We compare two different derivations of the gyrokinetic equation: the
Hamiltonian approach in [Dubin D H E et al 1983 Phys. Fluids 26 3524] and the
recursive methodology in [Parra F 1 et al 2008 Plasma Phys. Control. Fusion 50
065014]. We prove that both approaches yield the same result at least to second order
in a Larmor radius over macroscopic length expansion. There are subtle differences in
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1. Introduction

In this article we prove that the gyrokinetic results of reference [1] are completely
consistent with the pioneering results by Dubin et al [2]. In reference [1], the recursive
approach developed in [3] was generalized for nonlinear electrostatic gyrokinetics in a
general magnetic field. In reference [2], the nonlinear electrostatic gyrokinetic equation
was derived for a constant magnetic field and a collisionless plasma using Hamiltonian
methods. The asymptotic expansion was carried out to higher order in [2] because the
calculation is easier in a constant magnetic field. When the method proposed in [1] is
extended to next order, the results are different in appearance, but we will prove that
these differences are due to subtle differences in some definitions.
Both methods [1] and [2] are asymptotic expansions in the small parameter
= p/L < 1. Here L is a characteristic macroscopic length in the problem and
p = v/ is the gyroradius, with Q = ZeB/Mec the gyrofrequency, vy, = /T /M the
thermal velocity, T' the temperature, Ze and M the charge and mass of the particle,
B and B = |B| the magnetic field and its magnitude, and ¢ the speed of light. In
both methods, the phase space {r,v}, with r and v the position and velocity of
the particles, is expressed in gyrokinetic variables, defined order by order in §. In
reference [2], the gyrokinetic variables are obtained by Hamiltonian methods and the
gyrokinetic equation is found to second order in §. In reference [1], the gyrokinetic
variables are found by imposing that their time derivative is gyrophase independent.
Here d/dt = 0/0t +v -V + (—ZeV /M + Qv x b) - V,, is the Vlasov operator, with
b = B/B the unit vector parallel to the magnetic field. In reference [1], the gyrokinetic
equation was only found to first order. In this article, we will calculate the gyrokinetic
equation and the gyrokinetic variables to higher order for a constant magnetic field,
and we will compare the results with those in [2]. The orderings and assumptions are
the same as those in [1], in particular, the pieces of the distribution function and the
potential with short wavelengths scale as

Ji/fs ~epn)T ~ (kL L)™' 246, (1)
with k£; L>1. Here f, is the lowest order distribution function with a slow variation in
both r and v. The wavenumber is characterized by its components k) and £, parallel
and perpendicular to the magnetic field, respectively. The parallel wavelengths are
assumed to be always comparable to the macroscopic scale, k)L ~ 1.

2. Constant magnetic field results

The general gyrokinetic variables obtained in [1] are R = r+R;+Ro, E = Eg+ E; + Es,
W= fo + p1 + po and p = goo + 1 + o, with T the position of the particle, Fy = v*/2
the kinetic energy, py = v? /2B the magnetic moment, and ¢, the gyrophase defined
via v = v (€1 cos g+ €;sin ). Here, v = v - b and V=V -— va are the velocities
parallel and perpendicular to the magnetic field, and €; and €&, are two unit vectors
defined so that e;, €, and b form an orthonormal system with €; x €5 = b. Since
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the unit vector b is assumed constant in space and time, we can define €; and é
so that they are also constant, and we do so to ease the comparison with [2]. The
corrections found in [1] specialized to constant magnetic field are, for the gyrocenter
position R, Ry = Q7'v x b and Ry = —(¢/BQ)Vr® x b; for the kinetic energy
E, By, = Ze¢/M and E, = (¢/B)(0®/0t); and for the magnetic moment y and the
gyrophase ¢, 1 = Ze¢/MB and ¢, = —(Ze/MB)(0®/0p). The corrections i
and @9 were not calculated because they were not needed to obtain the gyrokinetic
equation to first order in ¢ under the assumptions in [1]. Here, o= ¢— (¢), where
(@) is the gyroaverage holding the gyrokinetic variables R, E, p and ¢ fixed, and
o = [7dy’ (R, E, 1, ¢, 1), with (®) = 0. We will see that the definitions of ¢ and
d differ slightly from the definitions of similar functions in [2].

We require the gyroaverage of dR/dt and dE/dt to higher order than in [1], and
we need the second order corrections p5 and 9. For constant magnetic fields, (dR/dt),
(dE/dt) and the correction s can be easily calculated by employing the methodology
in reference [1]. We will define ps so that the gyroaverage of du/dt is zero to order
62v3 /BL. The correction ¢, will not be necessary for our purposes. Once we have R,
E; 1 and their derivatives to higher order, we will compare these results to both the
gyrokinetic Vlasov equation and the gyrokinetic Poisson’s equation in [2].

3. Time derivative of R

Employing the definitions of Ry and R, we find
dR,/dt = vb — (¢/B)V¢ x b + dRy/dt. (2)

The gyroaverage of this expression is performed holding the gyrokinetic variables R, F,
w1 and t fixed to obtain

(dR/dt) = ub — (¢/B)(V¢) X b, (3)

where u = (v)). We have employed that our gyrokinetic variables are defined so

that when the Vlasov operator is applied to a function with a zero gyroaverage, like

R, = Re(R, E, 11, p, 1), the result also has a zero gyroaverage; namely (dRy/dt) = 0.
The gradient V¢ is written in the gyrokinetic variables by using

0 0 0 0
V¢ =VR: -Vgo+ —(ﬁVu + —¢Vw ~ VrR¢ + VRy - VRo + —¢V,u1 + —(ngol. (4)
ou Oy o Op
Here, we neglect 0¢/OF because the function R; depends weakly on E. To obtain the
second equality, we use that VR; = 0 = Vg = Vy. The gyroaverage of equation (4),

obtained employing the definitions of Rs, 11 and ¢y, gives

This equation can be simplified by integrating by parts in ¢ to obtain

8¢ 0, oD 8¢ 9o\ 1 8 ~
<8MVR¢— g (%)> <a Vro + VR <3M>> =5 VR <@<¢ >) : (6)
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We next demonstrate that

(VRVR® - (b x Vro)) = (1/2)Vr(VR® - (b x Vrd)) (7)
by first noticing that
(VRVR® - (b x Vro)) = VR(VR® - (b x Vro)) + (VRVR - (b x Vr)). (8)

Integrating by parts in ¢ in the second term we find (VRVgo - (b x Vg®)) =
—<VRVR<T> . (l; X VRq§)>, giving the result in (7).

Finally, substituting equations (6) and (7) into equation (5), and using the result
in (3), we find

(dR/dt) = ub — (¢/B)VRU X b, (9)
with

U = (¢) + (Ze/2M B)(0(¢*)/0p) + (¢c/2BQ)(Vré - (b x Vr®)).  (10)
To find u, we need v)| as a function of the gyrokinetic variables. To do so, we use

vij/2 = Ey— pioB = E — uB — (Ey — j12B), (11)

where we employ £y — B = 0. According to this result, the difference between u = (v)))
and v)| is necessarily of order 0?vy,. Once we calculate po, we will be able to find u.

4. Time derivative of F

Employing the definitions of E; and Fs, and gyroaveraging, we find
(dE/dty = —(Ze/M)({v - Vo). (12)

Here, we have used that (dF;/dt) = 0= (dFEy/dt).
The term v - V¢ can be conveniently rewritten by employing

dp  0¢ 0¢ dR dp 0p  dp 0¢
o _ 99 Vo= 22 ot et Nt et 1
i~ ol VIV T VRO G o Tt o (13)
Here, we neglect 0¢/0F again. Solving for v - V¢ and gyroaveraging, we find
dR dp O¢ dp 0¢ 0¢ 0¢
. =(—- — — )= =] - = . 14
(v-Vo) < dt VR¢> * < dt 8u> * < dt 9 ot |, 0t|gp,, (14)

To simplify the calculation, let us assume that we knew the corrections Rg, usz — (u3),
o and 3 (obtaining these corrections is straight forward following the procedure in
[1] but will be unnecessary). With these corrections, we find that to the order needed,
dR/dt = (dR/dt), given in (9), du/dt = (du/dt) ~ 0 and dp/dt = (dp/dt). Then,
equation (14) simplifies to

(v- V) = [ub — (¢/B)VRY x b] - Vr($) — (96/0t]; — 0 /0| R 511.0)+ (15)

with W given in equation (10) and (0¢/0dy) = 0. Notice that assuming that we already
have Ras, ps — (u3), w2 and 3 is only a shortcut to find the result in (15). To obtain
(¢) to the order required, these higher order corrections are not needed, neither are
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they necessary for the difference between time derivatives, as we will prove next. The

8¢> | (16)

difference between time derivatives is

29| _ 9 [
ot rREpo/ \ O

T
The procedure for rewriting (16) is analogous to that used on (4). Using the definitions
of Ry, R, p1 and ¢y, we find that OR/0t|, ~ ORs/0t|r~, Op/0t|s =~ Opy /Ot and
0@/ 0t|y~y =~ Op1/0t|; v, giving

(09/0t], — a¢/at|R,E,u,w> =0V — () /0t, (17)

where we use the equivalent to equations (6) and (7) with 9/0t replacing Vg. The final

op
-Vro + n

o¢ 9
ey O Ot

r,v %

r,v

result, obtained by combining equations (12), (15) and (17), is
(dE/dt) = (Ze/M){0(V = (¢))/0t — [ub — (¢/B)Vr ¥ x b] - Vr(¢)}. (18)

5. Second order correction s

The correction po, according to [1], is given by

hy = 01 / " ! (Ao + )t — (o + ua) )] + (a), (19)

where (p15) is found requiring that (du/dt) = 0 to order §*v3 /BL.
The time derivative of pg + p; is given by
d(po + 1) /dt = (Ze/MB)(—v 1 -V + do/dt). (20)

To rewrite v, - V¢ as a function of the gyrokinetic variables, we employ v, - V¢ =
v - V¢ —v b - V¢ and equation (13) to find

vy Vo +ddjdt = —d(g)/dt + D/0t]x + vb - V. (21)
To the order we are interested in, dR/dt ~ ub — (¢/B)Vgr(¢) x b, giving
v, Vo +dp/dt = —0(¢)/Ot|r gy — ub - Vr(®) + O)/Ot|s + vb - Vo (22)

According to equation (11), the difference between u = (v;) and v is higher order,
and according to equation (17), the difference between 0¢/0t|, and 0¢/0t|r ke is
negligible. Therefore, equations (20) and (22) give

Alpto + ) dt = (Ze/MB)(03/0t + ub - Vi), (23)
which in turn, using equation (19), yields
fy = (¢/B?)(0 /0t + ub - VR®) + (13). (24)

To find (us) we require that (du/dt) = 0 to order 6*v} /BL. The gyroaverage of
du/dt is given by

(du/dt) = (d(po + po + p2)/dt) = —(Ze/MB)(vL - V) + d(ug) /dt, (25)
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where the gyroaverages of duy/dt and d(pus — (p9))/dt vanish. The term (v, - V¢) can
be conveniently rewritten to higher order than in (23) by employing equation (15) to
find

(vi- V) = [ub — (¢/B)VRY x b] - Vr(9) — A(¥ — (6))/0t — (b~ V), (26)

where we used equation (17). Employing equation (4) and the fact that the difference
between u = (v)|) and v is order §*vy, (11), we find

(yb- V) = (yb - Vre) +ub - VR(¥ — (¢)) =~ ub - VR . (27)

To obtain the second equality, we employ b- Vr(p) > b- VR& which means that
(b - Vo) =~ (yyb - Vr(¢)) = ub - Vr(¢) to order §?Twy,/eL. Then, equation
(26) becomes (v - V) = —d(¥ — (¢))/dt, where to this order d/dt = 3/t + [ub —
(¢/B)Vn(0) x b - [Vi — (Ze/M)Vr(6)(9/0F)] and (¥ — (¢))/0F = 0. Finally,
imposing (du/dt) = 0 on equation (25), we find

(h2) = —(Ze/M B) (¥ — (¢)) . (28)

6. Comparisons with Dubin et al

To compare with reference [2], we first need to write the gyrokinetic equation in the
same variables that are used in that reference, i.e., we need to employ u instead of F.
The change is easy to carry out. We substitute £y and (24) into (11) to write

o) = V2[E = (1~ (u2))B] + (¢/B)b - Vg, (29)
where we Taylor expand Ey — (s — (112))B = —(¢/B)ub - Vg ®. Then, gyroaveraging

this equation we find

u/2=E — (n— (u2))B. (30)
Applying the Vlasov operator to this expression and gyroaveraging, we find
(du/dt)y = —(Ze/M)b - VRV, (31)

where we used equations (18), (28) and (du/dt) = 0. With this equation, equation
(9) and the fact that (du/dt) = 0, we find the same gyrokinetic Vlasov equation as in
reference [2], namely

df /ot + [ub — (¢/B)VRY x b] - Vi f — (Ze/M)b - VR ¥ (df /0u) = 0, (32)

with f(R, u, p1,t). The subtle differences between our function ¥ of (10) and the function
¥ in reference [2], given in their equation (19b), come from their introduction of the
potential function ¢(R + p,t) # ¢(r,t), leading to subtle differences in the definitions
of (¢), ¢ and . Here, the vector p(u, ) is

p=(\/2uB/Q)(é; cost — é;ysinh), (33)
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with 6 the gyrokinetic gyrophase as defined in [2]. The relation between the gyrophase
0 and our gyrophase is 6 = —7/2 — ¢. From now on, we will denote the functions (¢),
¢ and ® as they are defined in [2] with the subindex D. The definitions in [2] are then

¢D_¢D< y s )— Qlﬂ_fde(b(R—i_pvt)? (34>

ép = op(R, p1,0,t) = ¢(R+ p,t) — dp (35)

and
9 ~
(I)D = q)D(RJ K, 97 t) = / d@l ¢D(R7 My 6/7 t) (36>

such that ((I>> = 0. Note that these definitions coincide with ours to order 67'/e, except
for @ p, for which dp ~ —d. The sign is due to the definition of the gyrophase #. To
second order, however, Taylor expanding ¢(r,t) = ¢(R+ p — p — Ry — Ry, ) gives

¢~ R+ p,t) = (p+Ri+Ry) Vro, (37)
where
p+Ri~—(Mcp /Zev v x b — (¢1/Q) v, = O(6p). (38)

To obtain equation (38), we Taylor expand p >~ po+ 1 and ¢ >~ @o+ ¢ around gy and
©o in equation (33). Employing the lowest order results 0¢/0p ~ —Q~'v, - V¢ and
dp/0p ~ —(Mc/Zev? ) (v x b) - V¢, we write equation (37) as

O~ 6(R+p,t) — <¢>— - ——) 55 (Vr® xB)- Vro, (39)

where we used the definitions of Ry, py and ¢;. Then, gyroaveraging, we find
(6) ~ Bp — (Ze/MB)O(G) 0p + (c/ BO(Vrd x B) - Vrd).  (40)

Subst1tut1ng this equation into the definition (10) of ¥ and employing that to lowest
order qﬁ ¢D and @ ~ —<I>D, we find

U = 6 — (Z¢/2M B)3(6) /O — (¢/2BQ)((VrPp x b) - Vrop), (41)

exactly as in equation (19b) of reference [2].

Finally, we will compare the quasineutrality equations in both methods. Taylor
expanding the ion distribution function around R, =r+ Q7 'v x b, |, o and g, we
find

fi<R7u7:u7t) gfig—i_RQ'ngfig Bb VRCD

U Oy | 13 0fy
du, oo 2 o2’

where fi; = fi(Rg,v), pto,t). Here we have used equations (29) and (30) to obtain that
u~ v — (¢/B)b-Vg®. The ion density is given by

+ (p1 + p12) (42)

Ofiy 12 0%f;
_ 30 £ o~ 3 ) ) ) 9 ~1 9
nl_/d vfz_/dv [fzg—i—RQ VRngg+(u1+<,u2>)aluo + 2 o2

(43)
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Here, the integrals of (c/B)(lA)-VR&;)((?fig/avH) and (po—(p2))(0fig/Op0) vanish because
$ dgpoé = 0 and the only gyrophase dependence is in d since fig is assumed to be a
smooth function of r and v to lowest order, giving fi; = fi(Rg, vy, pto, ) > fi(x, vy, fro, t).
The integral ¢ dgoOCD is performed holding r, v|, po and ¢ fixed, and it vanishes to lowest
order as proven in the Appendix. On the other hand, the integral of Ry - Vg, fi; does
not vanish. Here the gyrophase dependence of f;; due to the short wavelength pieces
becomes important due to the steep gradient [recall the ordering in (1)].

In equation (43), we can employ ¢ ~ ¢p and ® ~ —®p in the higher order terms.
However, for 111 we need the difference between ¢ and ¢p. Subtracting (40) from (39),

we find
~ Ze (-0 093¢ Ze O ~
¢~ oép— ( @_0_#%>+E(VR(DX]D) VRGZH‘MB@(GZ%
5 {(Vr x B) - V). (14)

In this equation, ng = QED(R,,U,, @,t), but for equation (43), it is better to use
®pg = dp(Ry, 10, o, t). By Taylor expanding, we find that

-~ ~ 0ép, | 0ép

¢p =~ ¢pg + Ra - VR, ¢py + 111 3,uog + @1 89009' (45)
This equation, combined with equation (44) and the definitions of Ry, p; and ¢4, leads
to
~ o~ Zepp, Obp — Ze ~
¢~ ¢pg — MBg B g — BQ(Vqu)Dg x b) - VR, ®p, + MB oy <¢Dg>

+ 75 {(VR, @y X B) - Vi, 01,). (46)

where we have used that, to lowest order, $D ~ 5,39, Op g_ng = aD(Rg,,uo,t) and
Dp ~ CTDDQ = E)D(Rg, Lo, Po,t). Substituting equation (46) into (43) yields

Zepy Of; Z%¢2 0%, 0% f;
~ d3 ; g g @ b . — ~ 7"Dhg%¥ Jug
/ U{fﬁ MB g BQ(VR‘J Dy X ) VR, fio + Gy Opf

Ze [_ Z@;Z;Dg 3¢Dg

_ q) Py
TMB| T MB om BQ<VR" Dy X b) - Vr,p,
Ze 7 8fzg
b i P + 515 (Vi By  B) - gl 522 (47)

where we have used the definitions of Ry and (us). This result is exactly the same as
in equation (20) in reference [2]. For comparison, we give n; to order §°n; with the
definitions of (¢), ¢ and ® in [1],

Zed, Of; 22292 92 f,
n _/dv{ﬁgJr B o BQ(ngcb X B) - Vi, fiy + 5ot 5
Ze [Zegg (’9¢g Ze<5g 8(59

MB 9y MB 9y, BQ(VRQCI) xb) - Vi, 0,

Ze 0
2M B @/Lo

MB B B

2 fig
@+ o (T, By x B)- ng¢g>} auo}' (48)
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We have found this equation substituting py, Re and (u9) into (43). From the
functions 5(R,u,g07t) and c5(R,/¢, @, t), we have defined ngQ = gzﬁ(Rg,,uo,go(),t) and
:I;g = EIVJ(Rg, Lo, Po,t). The relationships between qzﬁ and ¢, and between ® and (T)g
are similar to the one given in (45).

7. Summary

The methodology and results of reference [1] are completely consistent with the results
of [2] since they give the same gyrokinetic equation (32), generalized potential ¥ (41)
and quasineutrality condition (47).
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Appendix

To prove that § dipo® = 0 vanishes, we Fourier analyze ¢ = (27)~3 [ &k ¢y exp(ik - ),
giving to lowest order

o(r,t) ~ d(R— Q7 'v x b, t) =

(2;)3 /dsk,‘ ¢xexplik - R — iz sin(po — ¢x)], (A.1)

where z = kv, /Q. Here we employ r ~ R — Qv x b and we define Yk such that
k| = k(€1 cospk + ésingy) to write k- r ~ k- R — zsin(pg — ¢k). Then, we use

exp(iz sin ) Z I (2) exp(imy), (A.2)

m=—00

with J,,(z) the Bessel function of the first kind, to find
1
(27)?

Employing this expression, we obtain gz~5 by subtracting the average in ¢y (component

¢ =~

/d3kz oxexp(ik - R) Z I (2) exp[—im(vo — pK)]- (A.3)

=0), and we find o by integrating ¢ over ¢, giving

P ~ (271r)3 /d3kz ¢ exp(ik - R) 7%:0 %Jm(z) exp[—im(po — ¢x)], (A4)
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where the summation includes every positive and negative m different from 0. To rewrite
¢ as a function of r, v po and ¢y, we need the expression

exp(ik - R) ~ exp(ik - r) Z Jp(2) explip(go — ¢x)], (A.5)
p=—00
deduced from R ~r + Qv x b and (A.2). Then, we find
~ 1 , { .
O ~ ok /d3k oxexp(ik - r) Z EJm(z)Jp(z) expli(p — m)(vo — k)] (A.6)
m=#0,p

Finally, integrating in ¢q, we obtain

o dend = o [ hocentic 0 UL =0 (A7)

3
27 (2m) =z m

since J_,(2) = (—=1)"Jn(2).
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