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By following the moment approach of neoclassical transport theory, flux-friction rela-
tions in arbitrary closed-end plasmas are derived. As a simple application, the Pfirsch-
Schliiter fluxes are obtained for arbitrary closed-end plasmas. In particular, the Pfirsch-
Schliiter fluxes for a nonaxisymmetric toroidal plasma are calculated. The resonance effect
for a model toroidal magnetic field is reproduced straightforwardly. The ambipolar poten-
tial and the parallel flows in the Pfirsch-Schliiter regime are also determined for arbitrary
closed-end plasmas, showing that the fluxes associated with them are generally negligible

in this regime.



I. INTRODUCTION

The moment approach of neoclassical transport theory has originally been developed
by Hirshman and Sigmar for axisymmetric tokamaks." This approach was then general-
ized to nonaxisymmetric toroidal systems.?® Based on these works, neoclassical transport
coeflicients for nonaxisymmetric toroidal systems in various collisionality regimes were
calculated.*® The advantage of the moment approach, i.e., the parallel momentum conser-
vation and the ambipolarity condition being considered at the fluid moment level, was also
discussed.® In all these studies, flux coordinates were employed to express the magnetic
field in a contravariant fashion. Subsequent formulas were then closely tied to the flux
coordinates. However, these coordinates may not be convenient, since the magnetic field
may either be expressed in a covariant fashion (as the gradient of a scalar field) or by
its magnitude and field lines. Besides, for general closed-end systems with complicated
magnetic axes, such as helical solenoids’ and DRAKON,2® they are not applicable. There-
fore, it is desirable to formulate the moment approach by keeping the vector form of the
magnetic field and merely assuming the existence of flux surfaces. The formulas derived
in this way are applicable to arbitrary closed-end plasmas and another advantage of the
moment approach—separation of the geometric effects from the kinetic ones—is manifest

from the derivation.

In Sec. II, the first-order flows are solved from four lowest-order moment equations,
leaving some flux functions undetermined. Then in Sec. III, by introducing a vector field
D, the higher-order fluxes are related to the friction forces, viscosities, inductive electric
field, and external sources. After solving for the vector field D in Sec. IV, we follow the
conventional way to split the fluxes into different pieces to obtain the flux-friction relations
in Sec. V. Corresponding relations for toroidal plasmas are derived in Sec. VI. In Sec. VII,
Pﬁrsch—Séhlﬁter fluxes are calculated for arbitrary closed-end plasmas. In particular, the
effective safety factor for a model torojdal field is obtained, reproducing the resonance

effect. The ambipolar potential and the parallel flows in the Pfirsch-Schliiter regime are
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determined in Sec. VIII. Finally, conclusions are given in Sec. IX.

II. LOWEST-ORDER SOLUTIONS

Expanding the four moment equations' to lowest order in §(= p/L, where p is the
% g q

Larmor radius and L the scale length). we have for each species'® (the species index a is

omitted),
Snou; XB = VP + ngeVdy, (1a)
C

5
ECh XB = - R VT, (1b)

¢ 2
' V‘noul = 0, (2&)

5

V.q = —noul-(§VT + eV<I>0> , (2b)

where u; and q; are the first-order velocity and heat flows. Assuming the existence of flux
surfaces labeled by ¥ and charge neutrality 3", nqe, = 0, we readily obtain from Egs. (1)

the temperature, pressure, density, and electric potential as functions of the flux variable

only,
T = T(¥),
Py, = Py(9),
no = no(¥),
By = $o(0).

Among these flux functions, $¢ are to be determined by the higher-order equations while
the others are assumed to be given. Now Egs. (1) imply that the first-order velocity and
heat flows are vector fields lying within flux surfaces and their purpendicular components

are azimuthal, i.e.,

cbXVPo cbXV‘I"o

tiL = engB + B
v /
_ bX ‘I’f(5+e¢g), (32)
B  el\ng



q L= “P()T/, (3b)

where b = B/B is the unit vector along field lines. Also, Eqgs. (2) indicate that the first
order flows are divergence-free, i.e., V-u; = V.q; = 0. Therefore, if we write
u = uy + (U + U)(9))B, (4a)

d =qi + (2 + Qy(¥))B, (4b)

we get two magnetic differential equations for ¢/ and Q,

bxVW¥\ ¢/ P!
-NU = -V. =8 el ). =
A S ] s
bxV¥\ 5¢
B-VQ = —V-( 5 ) £POT. (5b)

Noting that J satisfies J = ¢V xB/4m L VU, we can solve Egs. (5) to obtain

/
U= _(/de.vwva-Z) E(% + e<1>3> , (6a)
Q= —( [ae-ve xVB‘Z) -;EPOT'. (6b)

The constants from the line integrals in Eqgs. (6) will be included in the flux functions
(3'”(11') and Q”(\II), which remain indefinite in this order and can be determined by the

parallel balance equations of higher order.

III. HIGHER-ORDER SOLUTIONS

The exact momentum equation can be written as?

0
SnuxB = ne(V® —E4) + VP +V.r - F, - K, + [nm(-{;tl:l + u-Vu)] , (7a)
c

where 7 = P — Pl is the viscosity tensor and E = —~V® + E4 the electric field (static and

inductive). F; is the friction and K, is an external force. The heat flux equation is

%XB =VO+V-O-F,— K, +
C



B

8 [ nmu’
Ot 2

€
u-u-7r> - TE-(weuum.n,) ; (7b)
where @l + @ = mr/T — 5P /2 is the heat viscosity tensor, and Fy = mG/T — 5F, /2 the
heat friction. (r,P,G are the energy-weighted stress tensor, pressure tensor, collisional
rate of heat flux. as defined in Ref. 1) The external heat power flux P* is combined with
K, to form Ko = mP* /T — 5K, /2. Next we observe that the terms in the square brackets

of Egs. (7) are of higher order than the other terms, thus to first order in §, we have

Enoug XB =ngeVd - VP - V.7r — F; — ngeE4 — K, (8a)
c
€q>
TXB:V@—{-V-O—Fz——Kg, (8b)
c

where & = & — @0,13 = P — P, are the quantities that describe variations within flux
surfaces. Also note that we have treated the external sources as first-order quantities.
Now we are in a position to solve for u, and q,. In order to do this, we must know the
various moments on the right hand sides of Eqs. (8). However, some of these moments
(like ®) are not easy to obtain unless we go to even higher order equations. Thus we seek a
way to eliminate these scalar functions at the cost of losing some unnecessary information.
Recall that we have assumed the existence of flux surfaces, thus for closed-end systems,

the only dangerous fluxes are the flux surface averages of the cross-surface fluxes, i.e.,

I'y = (nou,-VV¥), (9a)

gv = (q2-VV¥). (9b)

The flux surface average () is defined in Appendix B. Now if we construct a vector field

D that satisfies

V.D =0, (10a)

BxD = VG(¥), (10b)



then we immediately have (using Eq. (B3)) <D-V<i)> = (D.-VP) = (D-VO) = 0, and the
dot products of Egs. (14) with D yield

C
F\P = oG <(V-7r—-F1—en0EA—K1)-D>, (118.)
qy c
L V.0 — F, - K,)-D).
T =0 {( F. - K,)-D) (11b)

Note that G is an arbitrary flux function. Since D is always divided by G, the cross-surface

fluxes are actually independent of this free function.
Taking the dot products of Egs. (8) and B, we get the parallel balance equations,

((V-m —F1 —enoB* - K,)-B) =0, (12a)
(V-®—-F,—K,)-B)=0. (12b)

Summing up Eq. (12a) over all N species and applying momentum conservation 3 F;, =
0 and charge neutrality ., n.e. = 0, we obtain the parallel momentum conservation
equation

> (B-V-m,) —(K;-B) =0. (13)

@

Furthermore, the ambipolar condition 3°,T'§ = 0 leads to

3> (D-V.m,) —(K;-D) = 0. | | (14)

These 2N +1 independent equations are just enough to determine the ambipolar potential
and the undetermined parts of the first-order flows (ﬁ" and Q”). In some special cases,

Egs, (13,14) together can determine the ambiploar potential, as will be shown in Sec. VIII.

IV. THE VECTOR FIELD D

The vector field D defined by Eqgs. (10) has exactly the same geometric structures as
the first-order flows: it is divergence-free and lies within the flux surfaces. Thus we can

proceed in exactly the same way. The azimuthal component is

bxVV¥

D, = -G
+ B

. (15)



If we write

D =D, +(D+ Dy(¥))B, (16)

we get a magnetic differential equation for D,

B.UD — G’V-(bxw’>

=G'B-VU VB (17)
Where again, J LV has been used in the last step. The solution for D is
D= G'/d(i-V@xVB-?, (18)

which is completely determined by the magnitude of B and its field lines. Note that in
general §d€-VU¥ XV B~ £ 0, hence this integral determines D up to an arbitrary flux
function D“. However, because of the parallel balance equations (Egs. (12)), it does not

contribute to the net cross-surface fluxes. Therefore we can absorb it into D and write

D bxV¥ DB

¢~ "B Tao

(19)

This equation is purely geometric and will be called “general geometric relation”. It will
be shown later that it reduces to the corresponding relations in toroidal systems. Taking

the curl of Eq. (10b), we obtain another geometric relation,
B-VD =D-VB. (20)

An alternative way of finding D is to construct it from different components of B while

keeping Egs. (10) satisfied. This method will be illustrated in Sec. VI.

Finally, we can relate &/ and Q in Eqs. (6) to their counterpart D by

Dc(P,
= _—-| -2 ! 21
u G:e(no'{‘e@o) i ( a’)
Q= ,BﬁfpoT/_ (21b)

G’ 2e
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And the first-order flows are related to D by

c( P, ,N\ND o -

u = -—g(-7i -+ e@0> a -+ U||B’ (228.)
5¢ D

q = °5—P0T Vel +@B (22b)

V. FLUX-FRICTION RELATIONS

Asin Ref. 1 and 2, the fluxes I'y and gg¢ can be separated into different pieces according
to their different physical origins. Except for those due to external sources and inductive
electric field, all other fluxes are directly related to the friction forces and viscosity tensors.

These relations are the flux-friction relations.

The particle flux is divided into

P‘I’ = Fcl + I--‘ex + Fna + FPS + Fbp + 1-‘in7

i.e., classical, external, nonaxisymmetric, Pfirsch-Schliiter, banana-plateau, and inductive

fluxes respectively. Using the general geometric relation (Eq. (19)), we can express them

as r - §<bev\p_Fu>, (23)
Fo =~ (D-Ky), (24)

Toa = —(D-V ), (25)

e 222200,

Thp = ¢g@%§?<3(a” +noeEf)), (27)

T = e—cé;<ner,f,‘ (%ﬂ -~ DB>> + -z-<ner11 , bev\I/> | (28)



Note that due to momentum conservation and charge neutrality the classical, Pfirsch-
Schliiter, banana-plateau, and inductive fluxes are intrinsically ambipolar. The ambipolar

potential $ is therefore determined by balancing the other fluxes of different species.

Likewise, the heat flux is divided into

Qv = 4qd + Qex + Gna + 9ps + Qbp>

and the various fluxes are,

u_e(mT ) o
q? - —e;,<D-K2), (30)

q—;j‘ - -gé—,m-v-o% (31)
p-seEm) e
T= —e;’<?BB;;><BF2“>' (33)

Since Q7! is much smaller than any other characteristic time, we can use the CGL
forms'! for the viscosity tensors, i.e., # = §P(bb —1/3), and ® = §@(bb — 1/3) with
6P = (P~ P.), and 6@ = (0 — O.). Applying Eq. (B4) with A replaced by § Pbb and
f by D, we obtain

(D-V-§Pbb) = —<§§bB:VD>.

The double dot product is defined by AB:CD £ 3. ;AiB;C;D;. Then Eq. (20) readily

gives us

Toa = —-f—<5PP;Y§> : | (34)

qna:_ c/<(5@DVB> (35)



VI. FORMULAS FOR TOROIDAL PLASMAS

We now show that with appropriate choices of D, the general flux-friction relations
reduce to the conventional expressions for toroidal plasmas. For nonaxisymmetric toroidal
plasmas, the coordinates (¥.8, () are emploved with 8 and ( as the poloidal and toroidal

angles. The magnetic field can be expressed in a contravariant fashion (see Appendix A),

B = (T)V{XVY + ¢/ (T)VIXVE
=B, + B,

= Bzez + B363. (36)

where B = x'/,/g, B®> = ¢’/ /g are the contravariant components of B and the Jacobian
is

Vi = (VE-VIXV(), (37)

Now if we choose

D = o, B, + B, (38)

where a; and a, are arbitrary flux functions, then D is evidently divergence-free and

through Eq. (10b) we find that
a2’

\/5 3

where a;; = a; —a,. Since G is required to be a flux function, we must choose a coordinate

G = (39)

system such that g is a flux function too. A convenient one is the Hamada coordinates!?
(V,0,¢), whose g = 1. (V is the volume enclosed by each flux surface) Using these coordi-

nates and defining I by

D= = — (40)

we have the following form of the general geometric relation (Eq. (19)),

D bxVy¥ Ib

oy21'x! B B + ay29'x'B

(41)
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The neoclassical particle fluxes then take the forms,

[

Pex = —€a121/ﬁ’x’<D.K1> : (42)
Foe = _ealzcv'x'< PD.BVB> ’ 43)
S
Ty = — ealgcw'x' <gz> (B(Fy + noeE)), (45)
The neoclassical heat fluxes are, |
q_; = = eawc v K,), (47)
(05 <48>
q_;’i B ea1:¢'x’<F2“ (fgi‘;) - é)>’ : o

Fp _ c <I>< 2“>_

T —6012¢'X'® BE %)

Writing D = o1,B; + 0B = ;B — 01;,B,, and recalling the parallel balance equations, we
can easily see that the net total fluxes are independent of the free functions a; and a,.
Different forms of the fluxes given in Ref. 2 can also be reproduced easily from the forms

* given above.

For axisymmetric toroidal plasmas, we use the coordinates (¥, 8,() and express B as!
B = x(¥)V¢(XVVT + I(¥,0)V(
= B, + B,. (51)
Where 27y is the poloidal flux and ¥ the toroidal flux. Choosing
D = R*V(, (52)
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with R being the major radius and noting that V¥-V{ = V6.V({ = 0 and [V{| = 1/R, we

have from Eq. (10b},

G =\’ = 1/2nq(¥), (53)

where g is the safety factor. Then since

V.6
D= I(B;‘z ) (54)
the general geometric relation reads as follows,
R*Y¢ bxV¥ Jb (55)
= ~— - . 9
X B x'B
The fluxes are then reduced to the familiar forms,’
I = ——(RV( K, ), (56)
€X
R2V(.VB
Toe = ——°—,<5P———C———> =0, (57)
ex B
c B{I) I
- = i 58
= {m(5 - 5)): )
c {I) A
e 59
Lep ex'<Bz><B(Flll +noeEft)) (59)
c A B I c 4 bXVV¥
Fin = ;;;<ner“ (<B2> - E -+ ; ner . B 3 (60)
Gex c
Gna c R?V(.VB
— =—-——(60————— ) =0, 62
T ex’< B (62)
%s _ € B{I) I
—= =—(F - = 63
o _ ¢ (D) 64
i~ (BFy). (64)



Note that for this particular choice of D, the nonaxisymmetric fluxes are identically zero

because B has no { dependence for axisymmetric plasmas. In general, we can have

D = o, R*V({ + o, R°B,/I(¢,6)

with G’ = a;»X’, then the nonaxisymmetric fluxes will no longer be zero.

VII. PFIRSCH-SCHLUTER FLUXES

As a simple application of the flux-friction relations presented in Sec. V, we consider

here the Pfirsch-Schliiter fluxes. For a simple electron-ion plasma with T, ~ T; and m, <

m;, the friction-flow relations derived in Ref. 1 are simplified to?

3,
F.. =‘—Fu=l;[(ui—ue)+ ! ]

5P,

e [3 de
er = l11 [i(ue d ui) — 1.86‘P::| ’
2, a
ng = —glzz—rz.

where I, = n.mve;, l;z = \/in,-miuﬁ and the collision frequency

4 47rei eénﬁ InA
Vo =
b 3y m2ud,

(66)

Since we are calculating the second-order fluxes, we can use the first-order flows in Eqs. (4)

for u and q in these equations. From the definitions of the Pfirsch-Schliiter fluxes Eqs. (26)

and (32), we find that 0'” and QH do not contribute to these fluxes, thus we can obtain

the Pfirsch-Schliiter fluxes without resorting to the parallel balance equations. Plugging

Egs. (21) with ng = n§ = n} and e = ¢; = —e, into Egs. (65) and then using the definitions

of the Pfirsch-Schliiter fluxes, we obtain

e 1 ¢ 2 (DBz)z Y / 3 /
PSs = FPS = —(—ea) (<D2B2> _ <B2> Mele; (POC + PO‘i - Enon) )

T eG’ (B?)

13
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(L) ((szz> _(DBY) )m,vei(—;;(Péc+P&)+1.86;)-n0T¢’),

(67a)

(67b)



\ 2

1 L2/ / 2
qPS — _(\é) (<DZBQ> — \DB / ) x/‘znomiui,'T;. (67(1)

T (B?)
Notice that the geometric effects are completely separate from the kinetic ones. Letting

¥ = 7r? By, we can define an effective safety factor that contains all the geometric infor-

mation,

2 ____1_ [<D3B2> _ <DBé>’2} . (68)

e Y P ND IR
2{2/\7’(7 \B/

Now if we set T, = T; = T, the Pfirsch-Schliiter fluxes become

0 1nodT
o -lo ), (69a)

s = —2QS5D§1<—(97 T 1 Ton
(q;s> _ _2qzﬁ(0.§25x§1 —3k5 /2) ( oT/or ) . (69b)
g, SWAVE 0 T8lnny/Or
There D) = v,;(2T/m.Z) is the classical diffusion coefficient and k& = ngve(27/m.02?),
kY = nol/ﬁ(2EI’ /m;?) are the classical thermal conductivities.

These results of the Pfirsch-Schliiter fluxes have diﬁ‘ereﬁt numerical factors compared
with those obtained in Ref. 10 for toroidal systems. This is because we have used a
simpliﬁed form of friction-flow relations (Egs. (65)), where only the first two velocity mo-
ments (u,q) are included. If we take one more velocity moment and then find the linear
relation between it and the previous two, as was done in Ref. 1, we will find that in
the low-collisionality regimes, Egs. (65) is still correct, while in the collisional regimes
(Pfirsch-Schliiter and classical), the coefficients of their parallel parts are different. How-
ever, observing that the geometric effect is completely separated from the kinetic one, we

can simply take the results from Ref. 10 and replace the geometric factor by the effective

safety factor to obtain (with ion charge number Z; = Z g = 1)

e e on 10T
Tes = —2¢%:D5 (0.656—870 +0.385 1‘3 o ) , (70a)
(qy‘.s) _ _og. (0-431&?1 —0.543nd> ( oT/or ) . (_(;Ob)
4 0.566k 0 Tdlnng/0r

These results are valid in the collisional regimes for arbitrary closed-end plasmas.
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As an example, let us consider a toroidal plasma with the model magnetic field

B = B, (1 + Z/blm cos(lf —m({ + sz)) , (71)

I,m

where the prime means [, cannot be zero at the same time. |b;,,| < 1 are functions of r
only, they describe the inhomogeneity of the field. The phase factors ¢, are also functions

of r only. Besides the magnitude of the field, we use an approximate field line equation,

where g is the safety factor and (, a constant. Using Eq. (18) with G = ¥ = nr?B;, we
obtain to O(b,,)

l + mrz/qR‘

= —27rr———z 2byy — - —— ma)

cos(10 — m¢ + cim), (73)

where Ry is the average major radius. Keeping terms to O(bZ,) in Eq. (68) and applying
Eq. (B6), we get

o= 7 (Bl (L) (74

r l—mgq

This result exhibits resonances at rational surfaces [ = mq. From its derivation, we know
that the origin of these resonances is the following: when we travel along the field lines on
these rational surfaces, we see a constant rather than an alternating field gradient. This
spatial secularity adds up to a resonance of infinity. However, remember that our field
line equation (Eq. (72)) is approximate, the spatial secularity should not be there had we
use the exact field line equation. Therefore, we expect that in practice resonances of finite
values rather than infinity will occur. Finally, without the term mr?/qR32, which is usually
small except for large m, equation (74) is the same as the geometric factor obtained by

Boozer in Ref. 13.
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VIII. AMBIPOLAR POTENTIAL AND PARALLEL FLOWS

If there are no external sources, the ambipolar condition Eq. (14) and the parallel

momentum conservation Eq. (13) are

D-VB
Z<DV7{Q> = <5P “""B—‘—> = O. (75)
> (B-Voma = =3 (6P.b-VB) =0, (76)

where the same arguments for obtaining Eq. (34) have been used. Now suppose in a certain
collisionality regime 6P and 80O take the following forms for species o, (we will omit the

subscript zero in Py, ng and P, n are understood to be flux functions)

o Aa-q o
§P, = _3(u1 o + 5 5 )-H(x), (77a)
' Aa2q1a lva
00, = =3 asuy, + (5 —— 5P, -H(x), (77b)

where (i are flux functions that contain kinetic effects and H(x) is a species-independent
vector field determined by the magnetic field geometry. Note that both equations have
the same [if is a consequence of the self-adjointness of the Coulomb collision operator.!

Plugging Eq. (77a) into Eq. (75) and using Eqgs. (22), we get

wph(E ) o7 (pr22)

20, D-VB
=0 78
#3310 + sl 5PL<BH VBN =0, (78)

where [], means that relevant terms inside the bracket are those of species a. For Eq. (76)
we get an equation of the same form except that D-VB/B is changed to B-VB/B. So we
arrive at two mutually exclusive equations and since D # B, the only solutions are

. (P T’
Z{ul (EZ + %) + fz— ] =0, (79)

a

Z[ﬂlﬁnmgzq“] =0. (80)

a



Therefore an ambipolar potential that is independent of geometry is obtained as follows

s . P T ~a
QOZ-Z[M;;‘:”MZ‘;] /2#1- (81)

o

This is a direct consequence of the particular form of Eq. (77a).

Next we specialize to the Pfirsch-Schliiter regime, in which Egs. (77) become

3P, 2q;\ VB
p=_-2= i B
s ” (“1“1+“- 5P>a B’ (822)
3P, 2q;\ VB
50 = — ( \ ——) L2 p
- Mol + i3 :P). B (82b)

where v, are self-collision frequencies and p; are constants. For an electron-ion plasma,
p§ = 0.733, 45 = 1.51, u§ = 6.06, and i = 1.363, ub = 2.31, b = 8.78. Equations (82) have
been derived in Ref. 2 for nonaxisymmetric toroidal éystems but they are generally true for
arbitrary systems. Note that now ji; = Pu;/v and H = VB/B. Since v, /v; ~ /m;/m,,
we can ignore the electron term in Eq. (79) and obtain

P T
@3:—(—+“2 ) (83)

en Hie

Thus to zeroth crder in {/m./m;, the ambipolar potential is completely determined by the

kinetics of ions.

Having obtained ®;, we can use Eq. (80) together with the parallel balance equations
(Egs. (12)) to calculate the flux functions ﬁllvéll of the first-order flows. An iterative
" method involving two small parameters will be used.? With El‘l‘1 = K, = K3 = 0, Egs. (12)

now read
(BFy) =(B-V-m) = —(6Pb-VB), (84a)

(BFy) =(B-V-0) = —(66b-VB). (84b)

In the Pfirsch-Schliter regime, v, /v2L?* < 1 (v2 = 2T/m is the thermal velocity and

L the longitudinal scale length such as the connection length qRy), the right-hand sides

17



of Eqgs. (84) are much smaller than the left-hand sides and therefore to zeroth order in
v2, /Vv2L?, we have

(BFy) =(BFy) =0. (85)

Equations (63) then vield (the difference in the numerical factors due to the omission of

the third velocity moment will not matter in this order)
<1L§”B> = <’lL§”B> ; (86a)
<QI€T;B> :<Qi;;B> =0. (86b)

Putting the parallel parts of Egs. (4).into these two equations, we get

~: ~. (DB* ¢ _, -
Uy - Uf = — L _p/ | 87
I il G/<Bg> Iein ite? ( ‘a)
- (DBz) (50 ,) -
B = e — 87b
i G'(B?) 26PT o ( )

where P,,. = P;+ P, and a = e,i. Furthermore, the zeroth-order approximation (ignoring

the electron term) of Eq. (80) gives

_ _(DB) (pacy,

- G/<Bz> (I‘ICT)i’ (88)
ve _ (DB [(pac N | ¢ o,

Ui = ——G’(Bz) I:(#IGT) + lelnPi+e] . (89)

-

Therefore, by expanding the two small parameters {/m./m; and v /v2L? we have com-
pletely determined the first-order flows.

Substituting the above results into 6P, with n = n, = n;, |e| = ¢; = —e, yields the

first-order (D-V-1r,), which are

(D-V-m;) = —(D-V-m.)
_3Pec

Velel

1

Pl 2 erpt
[Ni( ey H—ﬂl) + uzTe] Gps, (90)

n H
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where the geometric factor is

D-VB (DB?)
Gps(W) = D-V - .VBD-V .
ps(¥) <G,B lnB> G5 (b VED - VinB) (91)
Similarly,
3P. P, H
(D-V-@,) = === g == 4 Boqv) L e G, (92)
Ve le| n 3
3Pic itu“i i ! | |
(D-V.0;) = —— <uz—2*us>TiGps- (93)
Vile! H1

The expressions for (B-V.m) and (B-V-©) are the same except that D-VIn B is changed
to b-VB inside Gps. '

With these results, it is straightforward to calculate the nonaxisymmetric fluxes. The

banana-plateau fluxes can be obtained from

If Eq. (18) is used to calculate D, then in general the first term of Gps will dominate, since
D itself contains the gradient of B. Thus we can estimate the relative sizes of different

fluxes as follow;

Ips : Tha : Top ~ 1t (v /e L)? : (vie/veL)*(r/ L).

Note that this remains true for axisymmetric toroidal plasmas if D is calculated from
Eq. (18). But if we choose D = R?V(, then I';, = 0 and D is no longer proportional
to VB. We have in this case I'ps : Ty, ~ 1 : (vee/teqRo)?. The sum T, + Iy is of
coufse independent of the choice of D. Therefore, in the Pfirsch-Schliiter regime, the
Pfirsch-Schliiter fluxes calculated in Sec. VII always dominate, no matter what shapes the

closed-end plasmas take.
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IX. CONCLUSION

Flux-friction relations have been derived by following the moment approach of neoclas-
sical transport theory. The introduction of the vector field D enables us to extract the
geometric effects from the kinetic ones and the formulas obtained thereby are applicable
to arbitrary closed-end plasmas. This advantage of the moment approach—separation of
geometric effects from the kinetic one—is most evident in the Pfirsch-Schliiter fluxes, for
which we can define an effective safety factor that contains all the geometric information.
For a model toroidal magnetic field (Eq. (71)), this effective safety factor exhibits reso-
nances at certain rational surfaces. These resonances are due to spatial secularities of the

field gradient and will actually be finite in practice.

For regimes in which the geometric and kinetic effects are separable, the ambipolar
condition and the parallel momentum conservaton together determine a general ambipolar
potential that is independent of the magnetic field geometry. First-order parallel flows can
be obtained by solving th‘e parallel balance equations iteratively, as have been illustrated in
Sec. VHI. In the Pfirsch-Schliiter regime, the nonaxisymmetric and banana-plateau fluxes

associated with these flows are in general negligible. -
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Appendix A. Gerneral Coordinate System

1 1

The general coordinates (z',z*, z%) are employed to describe closed-end plasmas. «
labels the flux surfaces, ° measures the poloidal angle, and z° specifies the longitudi-
nal position. Note that any physical quantities should be periodic in z? and z%. The

contravariant bases are e’ = V', from which we generate the covariant bases e;, and

e;, = e,-jkerek\/@ (Ala)
ei = eijkerek/\/g, (Alb)
where the Jacobian is
Ve = (V- Vz?xVvz?)™, (A2)
The volume element is
dx = \/gdz'dz*dz®. (A3)

Suppose we have a divergence-free vector field A that lies within flux surfaces, i.e.,

V-A=0, (Ada)

A-Vz! =0, (A4b)
then we can construct a contravariant representation for A4
A =X (2)V2xVa! +¢/(2!)Vz! x Vz?
= A’e, + A’es. (A5)

where A? = x'/,/g, A*> = ¢'/,/g. A! is manifestly zero due to Eq. (A4b). The flux functions

X and.zlz are related to the poloidal and longitudinal fluxes of A by

¥, [A-dS,

y _ JAdS, (49)

_ ¥, JAdS, -
b= o2 o0r (AT)
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The field line equations are
dt dz’
A AT

Vector fields that have these geometric structures are B, D, u,, q;, and J.
Appendix B. Flux Surface Average

The flux surface average () is defined by!?

() /Mfdx// dx | (B1)

where AV is the volume between two neighboring flux surfaces. Labeling the flux surfaces

by ¥, we can derive from the above definition

(f) = g—% %’ (B2)
If A lies within flux surfaces, i.e., A-V‘I’ =0, the;l Gauss’ law readily yields
(V-A) =0, N (B3)
(fV-A) = —(A-Vf). (B4)
Furthermore, if V-A = 0, it follows that
(A-Vf)=0. (B5)

Based on a divergence-free and on-surface vector field A, another representation of
() can be established. Setting ' = ¥ makes A satisfies Eqs. (A4). Then the use of

Egs. (A3,A5,A8) yields
d\IlL 2m dg? /L de

0

(f) = (B6)

where ¥ = 2w is the longitudinal flux. For ergodic field lines, we can do the poloidal
average by following the field line N circuits around the system. This yields

avp . NLdE

<f> dV N—voo N A
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A special case of this formula is

. 1 NL G¢ dVv
lim —

NowNJo A U

which relates the line integral to the specific volume dV/d¥ .
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