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Recent measurements revealed an anomalous Coulomb drag in graphene, hinting at new physics
at charge neutrality. The anomalous drag is explained by a new mechanism based on energy trans-
port, which involves interlayer energy transfer, coupled to charge flow via lateral heat currents and
thermopower. The old and new drag mechanisms are governed by distinct physical effects, resulting
in starkly different behavior, in particular for drag magnitude and sign near charge neutrality. The
new mechanism explains the giant enhancement of drag near charge neutrality, as well as its sign
and anomalous sensitivity to magnetic field. Under realistic conditions, energy transport dominates
in a wide temperature range, giving rise to a universal value of drag which is essentially independent
of the electron-electron interaction strength.

I. INTRODUCTION

Long-range Coulomb interactions have long been
known to result in a kind of spooky action between ad-
jacent electrically isolated electron systems arising when
current applied in one (active) layer induces voltage in
the second (passive) layer (Fig. 1a). Such phenomena,
known as Coulomb drag, occur despite the lack of par-
ticle exchange between layers and provides one of the
most sensitive probes of interactions in low-dimensional
systems. Coulomb drag was extensively studied in
GaAs quantum wells,1,2 where the observations were suc-
cessfully interpreted in terms of the momentum drag
mechanism3–6 (hereafter referred to as “P-mechanism”),
in which interlayer electron-electron scattering mediated
by long-range Coulomb interaction transfers momentum
from the active layer to the passive layer.

Recent measurements of Coulomb drag in double
layer graphene heterostructures3,7 revealed strong drag
with unusual density dependence near charge neutral-
ity. This behavior was attributed to the close prox-
imity of graphene layers, with typical layer separation
reaching values as small as 1-2 nm.3 Importantly, this
is much smaller than characteristic lengthscales such as
the electron Fermi wavelength and the screening length,
and also much smaller than layer separations in GaAs-
based structures. This defines a new strong-coupling
regime wherein the interlayer and intralayer interactions

are nearly equally strong. Fast momentum transfer be-
tween electron subsystems in the two layers and strong
Coulomb drag have been predicted in this regime.9–14

Beyond sheer enhancement of drag, measurements in
G/hBN/G heterostructures3 unveiled puzzling new fea-
tures close to the double neutrality point (DNP). Ref. 3
found that, in contrast to predictions from P-mechanism,
drag did not vanish at DNP. Instead, drag resistivity
peaked at DNP where it exhibited anomalous sensitiv-
ity to magnetic field, becoming colossal (increasing by
more than a factor of 10) and reversing sign from pos-
itive to negative when a classically weak field as low as
B = 0.2 T was applied3.

This behavior has been explained by a new drag mech-
anism, which arises from interlayer energy transfer due
to interlayer electron-electron scattering4,15. Interlayer
energy transfer can couple to charge currents, via lat-
eral heat currents and thermopower, generating drag.
Hereafter we will refer to this effect as “E-mechanism.”
This mechanism plays a key role near DNP since ther-
mopower coupling peaks close to the Dirac point (Fig.
1b). As a result, E-mechanism is maximized close to
DNP. When both E- and P-mechanisms are summed to-
gether (Fig. 1c,d), we find that E-mechanism dominates
over P-mechanism at DNP. The resulting dependence
resembles the recent measurements of colossal negative
drag at DNP reported in Ref. 3.

II. COMPARISON OF THE E AND P
MECHANISMS

While on a microscopic level the P and E mechanisms
both arise from the same electron-electron interactions,
the two contributions to drag are associated with very
different physical effects: interlayer momentum transfer
vs. interlayer energy transfer and long-range lateral en-

ergy transport coupled to charge flow. Accordingly, these
effects develop on very different lengthscales. For the
P-mechanism the characteristic lengthscales are on the
order of the Fermi wavelength, which makes this mech-
anism essentially local. In contrast, the E-mechanism
originates from lateral energy transport in the electronic
system which is highly nonlocal. As a result, the two
mechanisms have been described by very different ap-
proaches, microscopic for P-mechanism9–14 and hydro-
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FIG. 1: Two adjacent layers of graphene can exhibit a drag resistivity, ρd, that features giant enhancement near the double
neutrality point (DNP). (a) Schematic of double-layer graphene heterostructure and drag measurement. (b) Thermoelectric
coupling Qxx = Re(Q), Qxy = −Im(Q), Eq.(17), peaks close to the Dirac point. (b) Magnetodrag, ρd,‖, obtained by summing
E-mechanism and P-mechanism contributions with weighting factor β = 0.3, see Eqs.(13),(20),(19) [here B = 0.4 T]. P-
mechanism dominates far from DNP, whereas E-mechanism dominates close to DNP creating a unique configuration of nodal
lines. The large negative peak of magnetodrag at DNP is a hallmark of the energy-transport mechanism. Parameters used
are same as in Fig. 2. (d) Line trace (n1 = −n2) along dashed line in panel (c) for various values of B. (e) Experimental
measurement of ρd,‖ from Ref. 3 displaying the behavior at DNP similar to (d).

dynamical for E-mechanism,4,15 which reflects the differ-
ence in the characteristic lengthscales.

Here we adopt a different strategy and develop a uni-
fied framework capable of describing these mechanisms
on an equal footing. To tackle the different lengthscales
relevant for the E and P mechanisms, a suitable multi-
scale framework is needed. This framework should also
account for the peculiar features of particle and hole dy-
namics near the Dirac point: Electric currents carried
by electrons and holes in the same direction generate
momentum flow in opposite directions.17,18 The same is
true for energy flow due to particle and hole currents.
In the presence of a magnetic field, the opposite sign of
the Lorentz force on electrons and holes makes charge
currents strongly coupled to neutral (energy) currents,
resulting in a giant Nernst/Ettingshausen effect.19–22

As we will show, this rich behavior is conveniently cap-
tured by a simple two-fluid model. In this model, carri-
ers in the conduction and valence bands are described
as separate subsystems coupled by mutual drag, origi-
nating from carrier-carrier scattering. As we will see, P-
mechanism and E-mechanism drag, for both B = 0 and
B 6= 0, can be obtained from the same two-fluid model,
allowing us to analyze these contributions to drag even-

handedly. A model of this type was developed a while
ago by Gantmakher and Levinson23 to describe magne-
totransport in charge-compensated conductors, and in
particular the anomalies in magnetoresistance and Hall
resistance arising at nearly equal electron and hole densi-
ties. A similar model was used to describe magnetotrans-
port near CN in graphene in Ref.24. As we will see, this
model can successfully account for the strong influence
of magnetic field on drag near DNP observed in Ref.3.

The two-fluid model predicts density and magnetic
field dependence which is distinct for the P and E contri-
butions (see Fig. 2). The E contribution features a large
peak at DNP, whereas the P contribution is small near
DNP and large away from DNP. The peak in the E con-
tribution is sharply enhanced by magnetic field, whereas
the P contribution does not show strong field dependence
(see Fig. 2). Overall, the density plots for P and E con-
tributions look similar up to an overall sign reversal. This
behavior makes it easy to distinguish these contributions
in experiment.

We find that the magnitude of the E contribution can
exceed the P contribution as is evident near DNP. Indeed,
adding the two contributions up in Fig. 1c,d produces a
distinct density dependence of ρd,‖ (Fig. 1c). While the
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FIG. 2: Coulomb drag originating from P and E mechanisms
for different values of applied magnetic field. (a) Magnetodrag
density dependence for P-mechanism, obtained from Eq.(13)
for B = 0.4 T, η = 0.23h̄. Note that drag resistance ρd,‖ is
weaker at DNP than away from DNP, and has positive sign at
DNP. (b) Line traces along dashed line in (a) for various values
of B. (c) Magnetodrag density dependence for E-mechanism,
obtained from Eq.(20) at B = 0.4 T, η = 0 and β = 1. Note
a large negative peak at DNP which is strongly enhanced
by B field, a behavior distinct from that for P-mechanism.
(d) Line traces along dashed line in (c) for various values
of B. Disorder broadening of DP of width ∆ ≈ 200 K and
T = 200 K were used here as well as in Figs. 1, 4 (see text).

exact arrangement of nodal lines can somewhat depend
on the parameters chosen, the qualitative features - E-
mechanism dominates near DNP (negative ρd,‖), and P-
mechanism dominates far away from DNP - are robust.

The general reason for the relative smallness of the P
contribution can be understood as follows. The two-fluid
model describes coupling between carriers of different
types via the mutual drag coefficient η, see Eq.(5). The
dependence of η on the interaction strength α0 = e2/h̄v
can be obtained24 by matching the dependence of con-
ductivity vs. α0 found in Refs.17,18. This gives a general
relation of the form

η = F (α)h̄, α =
α0

κ0 + π
8Nα0

, (1)

where α is the RPA-screened interaction, N is spin/valley
degeneracy and κ0 is the dielectric constant for the
substrate. Since N = 8 for the double layer system,
the factor in the denominator is ∼ 10 (κ0 ≈ 4 for a
BN substrate). A ten-fold reduction of the bare value
α0 ≈ 2.4 yields a small value of RPA-screened interac-
tion, α ≈ 0.25. The function F admits a power series
expansion in α, arising from the solution of the quan-
tum Boltzmann equation,17,18 with the leading term be-

ing α2 ∼ 0.06 (which corresponds to the two-particle
Born scattering cross-section). This leads to a weak mu-
tual drag, η � h̄.

Crucially, the E contribution to drag remains unaf-
fected by the small values of η so long as the interlayer
thermalization occurs faster than the electron-lattice re-
laxation. This is the case in graphene, since the electron-
lattice cooling in this material is dominated by acoustic
phonons, giving a slow electron-lattice cooling rate in
a wide range of temperatures.25–27 As a result, as dis-
cussed in more detail in Sec.V, the drag originating from
E-mechanism takes on a “universal value” which shows
little dependence on the interlayer scattering rate. The
relative strength of the P and E contributions to mag-
netodrag at DNP, estimated below, can be characterized
by

ρ
(P)
d,‖ ≈ −

(
0.6

β

ση

e2

)
ρ

(E)
d,‖ (2)

where σ is the conductivity at charge neutrality and
β ∼ 1 is a factor describing temperature gradient buildup
in response to energy flow in the system. Since σ ∼ 4e2/h
whereas η is much smaller than h̄, the factor in paren-
thesis is much smaller than unity. The smallness of the
P contribution, while being quite general, is not entirely
universal. In particular, it does not hold far from DNP,
where E-mechanism is small (see Fig.2). It also does
not hold at elevated temperatures when electron-lattice
cooling length becomes small compared to system size,
ξ <∼ W , leading to small values β � 1 which suppress
the E contribution, see Eq.(25). However, near DNP
and at not too fast electron-lattice cooling, we expect
E-mechanism to overwhelm P-mechanism.

III. THE TWO-FLUID MODEL

To describe transport near the Dirac point, it is cru-
cial to account for the contributions of both electrons
and holes. This can be done by employing the quan-
tum kinetic equation approach of Refs.17,18,23,24. For
a spatially uniform system, we have

qe(h)

(
E +

v

c
×B

) ∂fe(h)(p)

∂p
= I[fe(p), fh(p)], (3)

where fe(h)(p) is the distribution function for electrons
and holes, and qe = −qh = e. The collision integral I
describes momentum relaxation due to two-particle col-
lisions and scattering by disorder. The approach based
on Eq.(3) is valid in the quasiclassical regime, when par-
ticle mean free paths are long compared to wavelength.
This is true for weak disorder and carrier-carrier scatter-
ing. Both scattering rates must be smaller than kBT/h̄,
which is the case at weak effective fine structure constant
α = e2/h̄v0κ� 1 (κ is the dielectric constant).

The kinetic equation (3) can be solved analytically
in the limit of small α.17,18 Rather than pursuing this
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route, we will adopt a two-fluid approximation used in
Refs.23,24 which is particularly well suited for analyzing
magnetotransport. In the two-fluid approach, transport
coefficients can be obtained from the balance of the net
momentum for different groups of carriers, electrons and
holes, taken to be moving independently. We use a sim-
ple ansatz for particle distribution function,

fe(h)(p) =
1

e(εp−pae(h)−µe(h))/kBT + 1
, εp = v0|p|, (4)

where µe = −µh are the chemical potentials of electrons
and holes. The quantities ae and ah, which have the di-
mension of velocity, are introduced to describe a current-
carrying state. This ansatz corresponds to a uniform
motion of the electron and hole subsystems, such that
the collision integral for the e-e and h-h processes van-
ishes (as follows from the explicit form of the collision
integral given in Ref.18). Thus only the e-h collisions
contribute to momentum relaxation, resulting in mutual
drag between the e and h subsystems.

In the following analysis we do not account for pos-
sible temperature imbalance between electron and hole
subsystems since fast e-e and e-h collisions quickly es-
tablish thermal equilibrium locally in space. As we will
see below, spatial temperature variation across the sys-
tem becomes essential in the regime dominated by energy
transport. We will treat this regime in Sec.V.

Eq.(3) yields coupled equations for ensemble-averaged
velocities and momenta of different groups of carriers,
described by the distribution (4):29

− qi (Ei + Vi ×B) = −Pi
τi
− η

∑
i′

ni′(Vi −Vi′), (5)

where i, i′ = 1, 2, 3, 4 label the e and h subsystems in
the two layers. The ensemble-averaged scattering times
τi, the carrier densities ni, and the electron-hole drag
coefficient η, describing collisions between electrons and
holes, are specified below. The electric field Ei is the
same for electrons and holes in one layer, but is in general
different in different layers.

The quantities Vi, Pi are proportional to each other,
Pi = miVi. Here the “effective mass” is obtained by av-
eraging over the distribution of carriers, as described in
Supplementary Information. The integrals over p, evalu-
ated numerically, give the effective mass as a function of
T and µ. At charge neutrality, setting µe(h) = 0, we find

m =
9ζ(3)

2ζ(2)

kBT

v2
0

≈ 3.288
kBT

v2
0

. (6)

At high doping, µ� kBT , the effective mass is given by
the familiar expression, m = µ/v2

0 . In Sec.IV, we will
use the approach outlined above to describe momentum
drag.

The two-fluid model can also be used to describe en-
ergy transport. Indeed, particle flow is accompanied by
heat flow, described by

jq = TSeneVe + TShnhVh (7)

where Se and Sh is the entropy per carrier for electrons
and holes. Here the entropy and particle density can be
related to the distribution function via

Si = −4kB

ni

∫
d2p

(2π)2
[(1− fi(p)) ln(1− fi(p)) (8)

+fi(p) ln fi(p)] , ni = 4

∫
d2p

(2π)2
fi(p).

In our analysis, we will need the value at charge neu-
trality. Direct numerical integration in Eq.(8) gives
S ≈ 3.288kB. In Sec.V, we will connect jq to electric
current, which will lead to a simple model for drag orig-
inating from E-mechanism.

IV. MOMENTUM DRAG MECHANISM

Here we will use the two-fluid model introduced in
Sec.III to derive momentum drag. To facilitate the analy-
sis of transport equations, it is convenient to switch from
vector notation to a more concise complex-variable nota-
tion. We will describe velocity, momentum and electric
field by complex variables,

Ṽ = Vx + iVy, P̃ = Px + iPy, Ẽ = Ex + iEy. (9)

The solution of Eq. (5) can be written in a compact
form by introducing the complex-valued quantities

λi =
ni

mi

τi
− iqiB + ηN

, N =
∑

i′=1...4

ni′ . (10)

Solving the transport equations and summing electron
and hole contributions to the electric current in each layer
we obtain the current-field relation for the two layers us-
ing a 2 × 2 matrix that couples variables in layer 1 and
layer 2: (

j̃1
j̃2

)
=

(
σ11 σ12

σ21 σ22

)(
Ẽ1

Ẽ2

)
. (11)

Here σ11 = e2 [(λ1e − λ1h)f1 + λ1e + λ1h], σ12 = σ21 =
e2(λ1e − λ1h)f2, σ22 = e2 [(λ2e − λ2h)f2 + λ2e + λ2h],

f1 =
η(λ1e − λ1h)

1− ηΛ
, f2 =

η(λ2e − λ2h)

1− ηΛ
. (12)

Here the quantities σ11 and σ22 describe the conductiv-
ity of layers 1 and 2, whereas the quantities σ12 and σ21

describe mutual drag between the layers (we note that
σ12 = σ21). The real and imaginary parts of σ12 describe
the longitudinal and Hall drag.

The longitudinal and transverse drag resistivity can be
obtained by inverting the matrix, Eq.(11), giving

ρd = ρd,‖ + iρd,Hall = − σ12

σ11σ22 − σ12σ21
. (13)

The quantities ρd,‖ and ρd,Hall give the magnetodrag and
Hall drag shown in Figs.2,4. This quantity features an
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FIG. 3: Hall drag originating from P and E mechanisms for
the same parameters as in Fig.2. (a) Hall drag density de-
pendence for P-mechanism, obtained from Eq.(13). (b) Line
traces along black dashed line in (a) for various values of B.
(c) Hall drag density dependence for E-mechanism , obtained
from Eq.(20). (d) Line traces along black dashed line in (c) for
various values of B. The difference in sign for the two contri-
butions makes them easy to identify experimentally. Param-
eters used identical to Fig. 2.

interesting dependence on carrier density and magnetic
field. We will analyze the limit of small η (weak interac-
tions). In this case, we have λi ≈ ni/(

mi

τi
− iqiB). This

gives the drag resistance

ρd ≈ −η
(λ1e − λ1h)(λ2e − λ2h)

e2(λ1e + λ1h)(λ2e + λ2h)
. (14)

For B = 0, this quantity vanishes at DNP, n1e = n1h,
n2e = n2h. Drag is negative for equal-polarity doping and
positive for opposite-polarity doping, reproducing behav-
ior well-known for momentum drag.

For nonzero B, the Hall drag and magnetodrag can
be obtained by expanding Imλi(B) = λi(0)(qiτi/mi)B+
O(B3) in Eq.(14). This gives Hall drag that vanishes
exactly at DNP but is nonzero near DNP. For electron
and hole densities near DNP, such that λe ≈ λh, we find

ρd,Hall = − ητ
em

B

(
(λ1e − λ1h)

(λ1e + λ1h)
+

(λ2e − λ2h)

(λ2e + λ2h)

)
+O(B3).

(15)
This expression vanishes on the line n1 = −n2 corre-
sponding to doping of opposite polarity in the two layers.

In contrast to Hall drag, magnetodrag is nonzero at
DNP. From Eq.(14) we obtain a finite magnetodrag of a
positive sign:

ρd,‖ = η
τ2B2

m2
+O(B4). (16)

Here the quantities τ and m are evaluated at charge neu-
trality, ne = nh, in each layer. Interestingly, the mag-
netodrag sign comes out opposite to the sign predicted
by the energy transport model (see below). The mag-
netodrag sign therefore provides a clear signature which
discriminates between the E and P mechanisms in exper-
iments.

The density dependence of magnetodrag and Hall drag
predicted from P-mechanism is shown in Figs.2,4. In
agreement with the above analysis, ρd,‖ in Fig. 2a,b is
positive at DNP, increasing quadratically with B field.
Also, ρd,Hall in Fig. 4a,b increases linearly with B field
vanishing along n1 = −n2 as expected.

The plots were obtained by numerically evaluating the
expression in Eq.(13), using parameter values described
in Fig. 2 caption. In all our plots, we found it con-
venient to account for thermal and disorder broaden-
ing of the Dirac point in the same way by setting an
effective temperature Teff = T + ∆ in the evaluation
of mass and entropy per carrier. We chose a disor-
der broadening ∆ = 200 K that corresponds to a Dirac
point width ∆n ≈ 5 × 1010cm−2 seen in the ultra-clean
G/hBN/G devices used for drag measurements3. For
simplicity, we also set the scattering rate at neutrality
τ−1(µ = 0, T = 0) = ∆/h̄ [see Supplementary Informa-
tion for further discussion].

We parenthetically note that, while this model repro-
duces the qualitative features of P-mechanism, it is only
valid not too far from DNP. In particular, we have ig-
nored screening which becomes important far away from
the Dirac point. As a result, P-drag seen in Figs. 2,4
does not diminish with doping. Accounting for screening
of the interlayer interaction would generate suppression
with doping, in agreement with previous studies of P-
drag.9–14

V. ENERGY-DRIVEN DRAG MECHANISM

Here we analyze the contribution to drag resulting
from energy transport (E-drag). We will start with eval-
uating the heat current jq [Eq.(7)] transported by electric
current. In doing so, it will be instructive to first ignore
the mutual drag effect discussed above, setting η = 0,
and restore finite η later. Continuing to use complex vari-
ables for velocities and fields, we find Ṽe = (λeqe/ne)Ẽ,

Ṽh = (λhqh/nh)Ẽ. Combining with Eq.(7), we find a
relation

j̃q = Qj̃, Q =
T (Seλeqe + Shλhqh)

λeq2
e + λhq2

h

, (17)

where Se(h) can be evaluated using the expression in Eq.
8. This relation is particularly useful since the effect
of the Lorentz force is fully accounted for via λi. The
imaginary part ofQ describes the angle between the angle
between the heat current and electric current, j̃q and j̃,
which corresponds to the Nernst/Ettingshausen effect.
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Energy transport, described by Eqs.(7),(17), creates
temperature gradient across the system. For two layers
in close proximity, fast heat transfer between layers due
to interlayer electron scattering leads to a temperature
profile which is essentially identical in both layers.15 The
temperature gradients can drive a local thermopower via

E =
Q

T
∇T, (18)

where the quantity Q is given by the ratio of the heat
current and electric current for the layer in question. As
discussed in detail in Ref.4 this relation follows from On-
sager reciprocity combined with Eq.(17).

The temperature gradient can be found from balancing
the heat flux due to thermal conductivity against the net
heat flux due to electric current in the two layers, jq =
j1,q + j2,q. While the details of the analysis somewhat
depend on sample geometry (see Ref.4 and discussion
below), here we adopt a simplistic viewpoint and write
the balance condition in a general algebraic form as

(κ1 + κ2)∇T = βjq, (19)

where ∇T is the average temperature gradient across the
system, κ1 and κ2 are thermal conductivities of the lay-
ers. The quantity 0 < β ≤ 1 is introduced to account for
the “active part” of the heat that is not lost to contacts
and/or the crystal lattice.

We will first discuss the general behavior that can be
understood directly from Eq.(19) without specifying β
value. Combining Eq.(19) and Eq.(18) to evaluate drag
voltage, we can write drag resistivity as

ρ12 = β
Q1Q2

T (κ1 + κ2)
. (20)

This quantity is symmetric under interchanging layers,
1 ↔ 2. The real and imaginary parts of ρ12 describe
magnetodrag and Hall drag. These quantities feature in-
teresting dependence on carrier density shown in Fig.2c,d
and Fig.4 c,d [see Fig. 2 caption for parameter values].
Notably, the signs of magnetodrag and Hall drag ob-
tained from E-mechanism are opposite to those obtained
from P-mechanism. The relation between the signs of
the E and P contributions provides a convenient way to
differentiate between the two mechanisms in experiment.

In our numerical simulations of E-mechanism we used
η = 0 to reflect the “universal values” of drag that E-
mechanism takes on in the weak coupling regime. For
finite but small η, E-mechanism remains unaffected. We
note, however, that at strong coupling, large values of η
can affect the magnitude of E-mechanism drag.

The behavior of drag, described by Eq.(20), is par-
ticularly simple at charge neutrality. In this case, since
ne = nh, Se = Sh, the particle and hole contributions to
the heat current jq are of equal magnitude. Also, since
λe = λh at B = 0, drag resistivity vanishes at zero mag-
netic field B. Furthermore, at finite B the quantities
λe and λh acquire a relative phase difference, such that

λe = λ∗h. As a result, the quantities Q1 and Q2 that enter
Eq.(20) are purely imaginary, producing drag resistivity
that has a negative sign for nonzero B. We can obtain
magnetodrag by expanding in small B, which gives

ρd,‖ = −β TS
2

2κ

( τ
m
B
)2

, (21)

where τ , m and κ are evaluated at charge neutrality. For
an estimate, we will relate thermal conductivity to elec-
trical conductivity using the Wiedemann-Franz relation,

κ =
π2k2BT

3e2 σ. This relation is valid for degenerate Fermi
systems, however we expect it to be also approximately
valid near charge neutrality. This gives

ρd,‖ ≈ −β
3S2e2

2π2σk2
B

( τ
m
B
)2

. (22)

Comparing to the answer for P-mechanism, we find the
ratio of the contributions due to momentum and energy
mechanisms

ρ
(P)
d,‖

ρ
(E)
d,‖

= −2π2k2
B

3βS2

ση

e2
. (23)

We can estimate entropy per carrier at DP by evaluating
the integral over energy in Eq.(8). Using the value S ≈
3.288kB quoted above, we arrive at Eq.(2). Given the
conductivity value at charge neutrality, σ ≈ 4e2/h, and
taking into account that the mutual drag coefficient η
is small when the fine structure constant α = e2/h̄vκ is
small,17,18 η ∼ α2, we conclude that the ratio in Eq.(2)
is smaller than unity. This indicates that under very
general conditions the E contribution overwhelms the P
contribution in the DNP region.

The value of β in Eq.(19) depends on the rate of heat
loss from electrons to the lattice and contacts. As an
illustration, we consider the case when heat loss is domi-
nated by cooling to the lattice. In this case, β depends on
the relation between electron-lattice cooling length and
system dimensions. We can model heat transport across
the system as

κ(−∇2 + ξ−2)T = −∇jq, 0 < x < W, (24)

where W is system width and ξ is the electron-lattice
cooling length. Spatially uniform heat current jq trans-
lates into a pair of delta-function sources, localized at
x = 0 and x = W . Solving for the temperature profile,
we obtain the temperature imbalance sustained between
the sample edges, ∆T = Tx=W − Tx=0 = βWjq/κ, with
the β value given by

β =
1

c
tanhc, c =

W

2ξ
. (25)

This gives β → 1 when ξ �W (slow cooling) and β → 0
when ξ � W (fast cooling). The cooling length, ξ, in
graphene can be as large as several microns for a wide
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range of temperatures up to room temperature.25–27 For
such temperatures, since in typical devices W is a few mi-
crons or smaller, the factor β can be close to unity, β ∼ 1.
However, the electron-lattice cooling rate grows at tem-
peratures exceeding a few hundred kelvin owing to cool-
ing pathway mediated by optical phonons. At such high
temperatures, since the cooling length ξ shortens rapidly,
Eq.(25) predicts vanishingly small β. In this case, tem-
perature gradients in the electron system do not build
up, rendering the E-mechanism ineffective. The latter
regime (fast cooling) is not relevant, however, for prac-
tically interesting temperatures T <∼ 300 K, where we
expect β ∼ 1 for few-micron-size devices.

We also note that β may be altered in a nontrivial way
by boundary conditions, for example by contacts that act
as heat sinks. In particular, in anisotropic systems or in
systems with anisotropic contact placement, the relation
between heat flow and ∇T can become anisotropic. In
this case, β can be described as a 2×2 tensor (see Supple-
mentary Information for further discussion). While the
qualitative behavior discussed above (drag order of mag-
nitude and sign at DNP) is not expected to be altered
by anisotropy in heat loss, the tensor character of β can
affect the layer symmetry of the resultant drag [e.g. see
Ref.4 where the lack of symmetry n1 ↔ n2 stems from
anisotropic device geometry]. In contrast, in the isotropic
case, where heat flow is not influenced by device geome-
try or contact placement, β is a c-number. In this case,
Eq.(20) predicts drag obeying layer symmetry, n1 ↔ n2.

Finally, we comment on the anomalously large values
of ρd,‖ at the highest B fields seen in Fig. 2(d). These
values far exceed P-mechanism, however they also exceed
the in-plane sheet resistivity. This signals that our treat-
ment, while successfully capturing E-mechanism drag for
low B, ceases to be valid for higher B. We note in this
regard that for B = 0.8 T the energy of the first Landau
level, E1 ≈ 380 K, exceeds our disorder broadening value
∆ = 200 K. This hints at the importance of Quantum
Hall physics at such fields.

VI. SUMMARY

In summary, we argue that drag in graphene near
charge neutrality is dominated by energy transport ef-

fects (E-mechanism) arising due to fast interlayer en-
ergy relaxation that couples to lateral energy flow and,
via thermopower, drives electric current. We devel-
oped a two-fluid framework which accounts both for the
E-mechanism as well as for the standard momentum-
transfer drag (P-mechanism), capturing the essential fea-
tures of the two mechanisms. This unified approach
is particularly instructive, not only because it produces
both P-mechanism and E-mechanism, but also because it
allows an unbiased way of comparing the magnitudes of
the two mechanisms. Strikingly, the P and E mechanisms
yield opposite sign for both magnetodrag and Hall drag
resistivities. Along with a strong peak in magnetodrag
at DNP originating from E-mechanism, this sign differ-
ence provides a clear way to experimentally distinguish
the two mechanisms.

We show that the magnitude of drag originating from
the two mechanisms is dominated by very different ef-
fects. The P mechanism is mostly controlled by the inter-
layer electron-electron interaction, becoming weak when
this interaction decreases due to large layer separation or
screening. In contrast, the E mechanism is controlled by
long-range energy transport, yielding a “universal value”
for drag: the E contribution is essentially independent of
the interlayer carrier scattering rate so long as it is faster
than electron-lattice cooling. low electron-lattice cooling
in graphene ensures that drag near DNP can remain large
even when interlayer electron interactions are weak. This
makes graphene an ideal system to observe E-drag and
thereby probe energy transport on the nanoscale.

We acknowledge useful discussions with A. K. Geim,
P. Jarillo-Herrero, L. A. Ponomarenko, and financial sup-
port from the NSS program, Singapore (JS).
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VII. SUPPLEMENTARY INFORMATION:
MODELLING PROCEDURE

Here we comment on the quantities that enter the two-
fluid description, and discuss the sensitivity of the results
to the simplifying assumptions made in the model.

In the two-fluid model we describe the momentum-
velocity relation for each component as P = miV, where
mi is an “effective mass.” An explicit expression for mi

as a function of T , µ can be found by expanding the
distribution functions [Eq.(4) of the main text] to lowest
non-vanishing order in ae(h):

mi =
1

v0

∫
d2p px∇ax

fi(p)∫
d2p px

p ∇ax
fi(p)

=
1

v0

∫
d2p p2

xgi(p)∫
d2p

p2x
p gi(p)

, (26)

where gi(p) = fi(p)(1− fi(p)).
The times τi for disorder scattering and carrier densi-

ties ni in Eq.(5) of the main text are expressed through
the distribution function [Eq. (4) of the main text] with
ai = 0:

1

τi
=

4

ni

∫
d2p

(2π)2

fi(p)

τi(εp)
, ni = 4

∫
d2p

(2π)2
fi(p), (27)

where the factor of four accounts for spin-valley degen-
eracy in each layer. We pick a model for the transport
scattering time τ(ε) to account for the experimentally
observed linear dependence of conductivity vs. doping,
σ = µ∗|n|, where µ∗ is the mobility away from the DP.
This is the case for Coulomb impurities or strong point-
like defects, such as adatoms or vacancies1. In both cases
the scattering time has an approximately linear depen-
dence on particle energy,

τ(ε)|ε|>∼γ
= h̄|ε|/γ2, γ = v0

√
eh̄/µ∗ (28)

where the disorder strength parameter γ is expressed
through mobility. The value µ∗ = 6 · 104 cm2/V · s mea-
sured in graphene on BN2 yields γ ≈ 120 K. Similar val-
ues for γ are obtained from the DP width extracted from
the resistivity density dependence,3 ∆n ≈ 1010 cm−2.

In doing simulations, we found it convenient to use a
different, simplified model for transport scattering which
does not involve integration over particle distribution,
yet yields results similar to those obtained from a more
microscopic model, Eq.(27). We model the scattering
time in the full range of doping densities as

τi = (miv
2
0 + ∆)

h̄

∆2
(29)

where mi depends on temperature and density via
Eq.(26), and the parameter ∆ describes the smearing of
DP due to disorder. This model accounts for the ex-
perimentally observed linear dependence of conductiv-
ity vs. doping. In the simulation we used the value
∆ = 200 K which translates into DP width of about
∆n ≈ 5×1010 cm−2, consistent with the above estimates.

http://arxiv.org/abs/1303.3529
http://arxiv.org/abs/1303.6264
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Additionally, we found it convenient to account for dis-
order broadening of DP by using an effective temperature
Teff = T + ∆ in the evaluation of the effective mass in
Eq.(26) and the entropy per particle in Eq.(8) of the main
text. This simple procedure captures the essential char-
acteristics of DP broadening since smearing of the density
of states by temperature and disorder occur in a similar
fashion.

Using the parameters β = 1, ∆ = 200 K, T = 200 K
and the model for scattering time τi in Eq.(29), we plot
ρd,‖ and ρd,Hall for P-mechanism [Eq.(13) of the main
text and using η = 0.23h̄] and E-mechanism [Eq.(20) of
the main text and using η = 0] in Figs.2,3 respectively.
As discussed above, this gives density dependence of drag
that differs in sign for the two mechanisms. Additionally,
we find that the E-mechanism magnitude exceeds that
of P-mechanism for the region near DNP. This agrees
with the small ratio for P-mechanism vs. E-mechanism
derived for small η.

VIII. SUPPLEMENTARY INFORMATION:
TENSOR β

Since E-mechanism depends on long-range energy
transport, it is particularly sensitive to sample geometry
and the arrangement of contacts. As discussed in Ref.
4, the source and drain contacts can act as ideal heat
sinks that suppress temperature gradients along current
flow. In contrast, for a Hall bar with “non-invasive” volt-
age probes, temperature gradient in the direction trans-
verse to current flow will remain essentially unaffected
by the voltage probes. This anisotropy can be easily im-
plemented by making β in Eq. (19) of the main text a
tensor,

β =

(
βxx βxy
βyx βyy

)
(30)

so that heat current in one direction generates higher
temperature gradient than heat current in another di-
rection. For example, the Hall bar geometry analyzed
in Ref. 4 is described by a tensor with eigenvalues ap-

proximately equal 0 and 1 for the directions along and
transverse to the Hall bar, respectively. Choosing the x
axis along the bar, we obtain

β =

(
0 0
0 1

)
(31)

Plugging this matrix in Eq. (19) of the main text and
proceeding as in the main text, we arrive at an expression
for drag resistivity

ρ12 =
iQ2Im(Q1)

T (κ1 + κ2)
, (32)

The dependence on density can be obtained by plugging
Q from Eq. (17) of the main text into Eq.(32) of the Sup-
plement. This gives ρd,‖ and ρd,Hall maps shown in Fig.

FIG. 4: Long-range energy flow which governs E-mechanism
leads to anisotropy in the quantity β which relates heat flow
and temperature gradient, Eq.(30). The effect of system
anisotropy on drag originating from E-mechanism is illus-
trated for β given in Eq.(31). Density dependence of ρd,‖
and ρd,Hall, obtained from Eq.(32), is shown for B = 0.4 T
using parameter values identical to those in Figs. 2,3 of the
main text.

4a,b. Note the absence of layer symmetry 1 ↔ 2 which
was present in the expression (20) of the main text and
manifest in drag maps in Figs.1,2 in the main text. The
density dependence shown in Fig.4 is essentially identical
to that found in Ref.4.
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