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1 Introduction

It has long been known that maximally supersymmetric gravity in d dimensions pos-
sesses G = Fy1_q(11-q) global symmetry [1]-[5]. Based on previous works [6]-[24], a
new paradigm called “exceptional field theory” (EFT) was developed in [25]-[32], to make
this hidden symmetry manifest. In this formulation, the space is divided into d “exterior”
dimensions, and a number of “interior” dimensions. The interior part is similar to the ex-
tended space in double field theory [33]-[38], with the dimension higher than the physical
dimension. On the extended space, there is a new version of differential geometry. The
usual Lie derivative is modified by a term related to certain group invariant tensors. This
new Lie derivative is called “generalized Lie derivative”, denoted by L. Also, the usual
Lie bracket is replaced by a corrected “E-bracket” [-,-|g.

Another crucial feature of this extended space is the need for a section condition (or
strong constraint). After one solves the section condition, the fields no longer depend on
some of the interior dimensions. In double field theory there is a similar story: a 2D-
dimensional extended space is introduced in order to formulate a manifestly T-duality
invariant theory. However one half of these dimensions are projected out upon solving the
“strong constraint”. In the exceptional field theory, after solving the section condition, the



remaining dimensions along with the exterior dimensions exactly give a 11-dimensional M-
theory solution or a 10-dimensional IIB supergravity solution. Hence EFT can be viewed
as a unification of M-theory and IIB theory.

In EFT there is Kaluza-Klein 1-form gauge field similar to the 1-form gauge field in the
d dimensional maximally supersymmetric gravity. A direct consequence of the modification
of differential geometry is that the 2-form field strength associated to this 1-form gauge
field is no longer gauge covariant. In order to fix this problem, a 2-form gauge field needs
to be introduced and included in the field strength of the 1-form gauge field. Similarly, the
3-form field strength associated with the 2-form gauge field is not gauge covariant, and a
3-form gauge field is required to resolve this. This structure is called “tensor hierarchy”,
first developed in the context of gauged supergravity [20-22]. The representation of these
gauge fields under a group G in EFT is always the same as the corresponding one in the
usual maximally supersymmetric gravity.

The derivation of such tensor hierarchy in EFT involves subtle algebraic techniques,
especially for cases of large exterior dimension. In [29], a natural mathematical structure
called “generalized Cartan calculus” was developed to simplify these derivations. Analo-
gous to the usual Cartan calculus in differential geometry, the different representations of
the gauge fields in EFT are considered as vector spaces of forms. Then a series of projected
differential operators 5, analogous to the exterior derivative d, were defined to map one
representation into another. Also, a series of binary operators e were constructed to com-
bine two tensor fields in some representation into a tensor field in another representation.
These operators enjoy many useful properties. A particularly important formula is called
the “magic formula”:

LaX =AedX +9(AeX), (1.1)

acting on some particular tensors X. This resembles the Cartan’s magic formula in the
usual Cartan calculus:

Lpa=ipod+doiy. (1.2)

Also, the d operators are always nil-potent: 9% = 0. Hence we can define a cohomology
structure, called “exceptional chain complex”. This is analogous to the de Rham cohomol-
ogy in differential geometry.

The power and magic of the generalized Cartan calculus is that, although it does not
contain any information about the exterior dimensions in EFT, one can derive the weight
of different tensors in a natural way. When constructing an invariant action of EFT, the
number of exterior dimensions is fixed by these weights. Also, with the tools of generalized
Cartan calculus, one can derive the tensor hierarchy of gauge fields in an index-free way.
This has been done in [29] and we summarize the related formulas of tensor hierarchy
in section 3. The advantage of the index-free derivation is that it is applicable for EFT
with different groups. Once the tensor hierarchy is constructed, and the crucial identities
discussed in section 2 hold up to some level, the tensor hierarchy automatically holds to
that level. As an example, in this paper the generalized Cartan calculus for d = 9 theory
is explicitly written down. Then the tensor hierarchy of d = 9 EFT automatically works



up to the level of 5-form field strength (one can write down the covariant 2,3,4,5-form field
strength, exactly in the same form as the d = 8 case, see (3.22) in section 3).

In this paper, we discuss the relevant generalized Cartan calculus used in d =9,8,7,6
EFT. The case d = 9 is the maximal dimension where an EFT may be constructed, and
it has not been discussed in the previous literatures, not even at the level of generalized
Lie derivative and section condition. We give all the necessary formulas explicitly. We also
analyze the validity of a Poincaré lemma (or local exactness) associated to the exceptional
chain complex. Generally a local exactness statement only holds in one particular solution
to the section condition, but not in the other solution. This is also an unusual feature of
this new differential geometry.

The rest of this paper is organized in the following way: in section 2 we discuss the
general structure of generalized Cartan Calculus that can be used in an arbitrary EFT. In
section 3 we review the basics of tensor hierarchy in EFT and how to use the generalized
Cartan Calculus in deriving it. In section 4, 5, 6, 7, the explicit formula for SL(2,R) x R,
SL(2,R)xSL(3,R), SL(5,R) and SO(5,5) generalized Cartan calculus are presented. They
correspond to d =9, d = 8, d = 7 and d = 6 EFTs, respectively(both of these equivalent
notations are used in different contexts). In section 8, we discuss the generalized Cartan
Calculus for other groups. For the Eg) theory which corresponds to d = 5 EFT and
O(D, D) theory which corresponds to double field theory, the generalized Cartan calculus
is quite trivial. We also examine the extension to other groups and representations. We
conclude with an outlook in section 9.

2 General structure of generalized Cartan Calculus

2.1 Generalized Lie derivative and vectors

To construct a generalized Cartan Calculus, one first picks a symmetry group G, and a
representation R of G in which the vector field VM lives. The dimension of the interior
space is equal to the dimension of representation dim(R). To make the theory fully co-
variant under the symmetry group G, all the tensors appearing in the theory should be
G-covariant tensors.

The usual notion of d-dimensional EFT corresponds to a EFT with d exterior coordi-
nates and symmetry group G = Eyj_q11-a) (Fa2) =SL(2,R) x Ry, Fy3) = SL(2,R) x
SL(3,R), Eyuy = SL(5,R), E5x) = SO(5,5)). The representations R of the vector fields
and interior coordinates are given in table 1. Throughout the paper we use u,v,... to
denote the exterior directions.

The ordinary (interior) Lie derivative of a vector,
LaVM = ANy VM — N AM, (2.1)
is modified to a new form:

LAVM = ANONVM 4 aPM B o ALV 4 XN AN VM, (2.2)



d Lie group G rep R D
9  SL(2,R) x R, 2+1 3
8 SL(3,R)xSL(2,R) (3,2) 6
7 SL(5,R) 10(antisymmetric rank-2 tensor) 10
6 SO(5,5) 16(Majorana-Weyl spinor) 16
5 Eo(6) 27 27
4 Eqn) 56 56
3 Ea(s) - -

Table 1. The symmetry group G, representation of 1-form field R and its dimension D of the d-
dimensional EFT. The representation R corresponds to the representation of 1-form gauge field in
d-dimensional EFT, and D is equal to the dimension of interior space M;. They are exactly the same
as the global symmetry group and the representation of vector fields of maximally supersymmetric
gravity in d-dimensions.

The latter one is called “generalized Lie derivative”, PM x % is the projector to the adjoint
representation of G, which is a G-invariant tensor.! The parameter \ defines the density
weight of the vector.

The usual Lie bracket of two vectors is also modified to the following E-bracket:

1
U.VIE = UNonvM 4+ 22N pooxUTVE — (U V). (2.3)

ZMN pq is also a G-invariant tensor. In this paper all the Z-tensors are symmetric in M N
and PQ:

ZMN po = ZNM b = ZMN op = ZNVM 1. (2.4)

With this Z-tensor, the generalized Lie derivative can be rewritten in the following
form:

LAVM = ANV — VNONAM + ZMN poan APV O 4 (A — w)an ANV, (2.5)

For each EFT, there is a distinguished weight w, such that the last term above vanishes.
From the definition we have the following identity for vectors U,V of weight w:

U, V] = %(LUV _LyU). (2.6)

In the following discussions all the gauge parameters A in generalized Lie derivative Ly are
assumed to have weight w.

A consistency requirement is the algebraic closure condition:

Lo, Ly ]W ™ = Ly, W (2.7)

!For the cases in which G is not semi-simple, this projector term is a linear combination of the projectors
to the adjoint of each group factor. For example in the case d = 8, it is 72(IP’(8,1))MNPQGPAQVN -
3([@(173))MNPQ8PAQVN.



d Lie group G 1-form/2A  2-form/B 3-form/C 4-form/® b-form/& 6-form/F
9  SL(2,R) x R, 241 2 1 1 2 2+1
8 SL(3,R) x SL(2,R) (3,2) (3,1) (1,2) (3,1) (3,2) -

7 SL(5,R) 10 5 5 10 - -

6 SO(5,5) 16 10 16 - - -

5 Eg () 27 27 - - - -

Table 2. Representation of tensor objects and the corresponding n-form gauge fields in EFT for
5 <d <9. For the group SL(2,R), the contragredient (dual) of a representation is itself.

To guarantee the closure constraint (2.7), we impose the following “section condition”:
ZMN pody @ Oy = 0. (2.8)

Apart from that, the following condition needs to be satisfied for (2.7) to hold:
ZM U o zPN) pg = ZM Wl g5, (2.9)

Then the value of a in (2.2) can be fixed. For 5 < d < 8, a and the expression of ZM¥ pg
can be found in [18].

2.2 Higher tensor representations and generalized Cartan calculus

As comprehensively discussed for the d = 8 case in [29], there are other types of tensors,
in addition to vectors VM| carrying different weights.

We denote the set of vectors with weight A by A(A). Then there are sets of tensors
B(A), €(N), D(A), E(N), F(A), etc. We use the notation X,,(\) for a general tensor with
weight A, for instance, X2(A) = B(A). In EFT the n-form gauge fields are elements of
X, (nw), where w is the distinguished weight mentioned before. Its representation should
coincide with the representation of n-form gauge field in the maximally supersymmetric
gravity in the corresponding dimension. For the dual of n-form gauge field in d dimensions,
that is, a (d — n — 2)-form gauge field, it is in the contragredient representation of n-form
gauge field. We write them down explicitly in table 2, for 5 < d < 9.

There is also a set of projected differential operators denoted by 5, acting differently
on different tensor spaces.? This operator is nil-potent: P = 0, guaranteed by the section
condition. We have the following chain complex:

A(w) <2 B(2w) < €(3w) <= D(Aw) <= E(5w)... - X, (Iw). (2.10)

We denote the set of highest tensor objects in the theory by X;(lw). And we define the
length of exceptional chain complex to be [. For the generalized Cartan Calculus of d
dimensional EFT, [ =d — 3.

2This differential operator was first introduced in [39]. The author thanks Martin Cederwall for pointing
out that.



One can now define the cohomology analogous to the de Rham cohomology. But as
discussed later in specific cases, the Poincaré lemma does not always hold, thus its geometric
meaning is not clear.

The quantity 0B (B € B(2w)) should always be a “trivial gauge parameter”, that is,

L~

5p always gives 0. A way of realizing this condition is to write

(OB)M o ZMN pooNyBT?, (2.11)

then L5, = 0 is a consequence of the identity (2.9). In general there will be an isomorphism
that transform BP9 to B(2w), and vice versa:

Ig: (R X R)sym — B(2w) : Ig(BP9) =B (2.12)
Izt B(2w) = (R X R)sym :  I5'(B) = BY9.
Then (gB)M acting on the tensor B can be defined as:
(OBYM o« ZMN poon(I5'B)79. (2.13)
In addition to 5, there is a set of binary operators
o (Xo(wa), Xp(wp)) = Xgwp(we + wp)- (2.14)

They can be viewed as projectors to some particular representation among the represen-
tations given by tensor product. For example, for d =8, a = 1, b = 1, the tensor product
rule is:

(3,2) x (3,2) =(3,1) +(3,3) + (6,1) + (6,3), (2.15)

and the e projector only gives the representation in (3,1).

Although we use this single universal notation e, the rule of e acting on different type
of tensors are actually different. If a # b, that is, X € X, and Y € X, are different types
of tensors, we always define that

XeY =YeX. (2.16)

For the case a = b =1, we can explicitly write out the rule of e using the isomorphism /g
defined in (2.12): for A;, Ay € A(w),

(A1 e As) o Ip(A{A3). (2.17)
From this, we can see that the operator e acting on Ay, Ao € A is commutative:
A e Ay = Az e Aj. (2.18)
Then from (2.5) and (2.11), there is the following identity: for A;, A2 € A(w),

]LAlAQ + LAgAl = 8(141 ° AQ) (219)

Also there is the following Jacobi identity:

1
[[Al, AQ]E, Ag]E + CyCl. = 6([141, AQ]E ° Ag) + CyCl., (2.20)



or equivalently

Lot Lty Agy = 5 (A, Aol o Ay). (2.21)

For the case a+b =141 = d—2, the two tensors involved are mutually contragredient,
and the e operator results in a singlet. Usually it is also a scalar with weight 1, which means
w = 1/(d — 2), as confirmed in specific dimensions (this also corresponds to the quantity
Bi1—ay in [18]). Indeed a scalar can act as Lagrangian density only if it has weight 1,

because the generalized Lie derivative acting on the action would be:
L / L= / (AMoy L+ Oy AM L) = / o (AML) =0, (2.22)

when the boundary term is ignored.
One can define the way how L acts on different tensors. The general requirement is,
for any two tensors X, Y listed above, the distribution law holds:

LA(XeY)=XeL Y +LpXeY. (2.23)
2.3 Magic formulas and other identities

There is a set of additional identities which make the gauge hierarchy of EFT work to the
level of 5-form field strength.
The first class of identities is called “magic formulas”:

for A € A(w), X € X, (nw), I >n>1
LaX =AedX +d(AeX). (2.24)

With these identities, one can easily prove that the generalized Lie derivative always
commutes with projected differential operator 0, for X € X, (nw),2 <n < I:

LA(0X) = O(LaX). (2.25)
For example, let us prove this for any B € B(2w),
Lp0B = d(LxB). (2.26)

We use the formula (2.19) with A; = OB, Ay = A, and recall that 0B is a trivial gauge
parameter, then the 1.h.s. above gives:

LAOB = 9(A e 9B) — L, A = O(A  IB). (2.27)
For the r.h.s., we use the magic formula (2.24) with X = B,
O(LAB) = (A e 9B + O(A e B)) = (A  OB). (2.28)

Similarly for C' € €(3w), use the magic formula with X = dC and X = C on Lh.s. and
r.h.s. respectively,

LAOC = A 0 *°C + (A « C) = (A 0 IC), (2.29)
I(LAC) =O(AeDC +D(AeC))=0(AedC). (2.30)

Hence L,0C = 5(LAC’).



One can see that they are direct consequences of the nil-potent property of projected
differential operator 0.

For n = [, one may also check that generalized Lie derivative commutes with 5, SO
that the following diagram commutes:

(@) <X xo2w) ¢ o (1= 1) < ()
l]LA lLA lLA lLA (2.31)

X1 (w) < 2o20) & s (= 1) < 3 (w)

Using these identities, it is also possible to prove the gauge closure identity for higher
tensors in an index-free way. We want to prove that for X € X, (nw), [ >n > 1,

LyLyv X — LyLy X =Ly, X. (2.32)
We write the term LyLy X in two different ways:

LyLy X = Ly(V ¢ 9X) + Lyd(V  X)

~ ~ ~ ~ 2.33
:LUV08X+VOLU8X+8(LUVOX)+6(VOLUX), ( )

where we rewrite Ly X using the magic formula (2.24), the distribution property (2.23),
and the fact that Ly commutes with 0.

LyLyX = U e d(Ly X) + 0(U e Ly X)

PO (2.34)
=UeLyoX + 6(U ° LvX),
where we insert Ly X as X in the magic formula (2.24).
Adding these two parts, we arrived at
yLyX — (U V) =LyV 00X + O(LyV e X) — (U < V). (2.35)
Then we write
Ly X =Liyv-L,vX (2.36)

=LyVedX +d(LyV eX)— (U V),

where we used the antisymmetrization property (2.6) and the magic formula as well.
Comparing with (2.35) we conclude that

LyLly X — LyLy X =Ly, X. (2.37)
The second class of identities involves both & and e but no La:
(1) For any Bi, By € B(2w),

OBy e By — OBy @ By = O(B; ® By). (2.38)



(2) For any B € B(2w),C € €(3w),

OBeC +BedC =0(BeC). (2.39)

The third class of identities only involves e:

(1) When e acts on By, By € B, it is anti-commutative:

BieBy=—ByeB,. (2.40)
(2) For any Aj, Ag, As € 2,
Aje(As e As)+ Az e (Ase Ay) + Az e (A1 e Ay) = 0. (2.41)
(3) For any Ay, As € 2, B € B,
Are (Ao B)+ Aye(AjeB)+ Be (A eAy)=0. (2.42)

For a specific group G, these additional algebraic identities may not all hold. For the
group (G that corresponds to d dimensional EFT, an identity holds if and only if all the e
operators involved result in a tensor with weight less than (I + 1)w = 1.

These set of rules in generalized Cartan calculus exactly imply that the tensor hierarchy
of EFT holds up to (d — 3)-form field strength. One can derive the whole gauge structure
in an index-free and universal way. For example, in d = 8 EFT [29], one can explicitly
construct a series of n-form gauge fields which are tensors in X, (n/6), respectively, and a
series of n + 1-form gauge covariant field strengths, up to n = 4.

We classify the necessary identities used at each level of the tensor hierarchy. The exis-
tence of n-form gauge covariant field strengths requires the existence of the lower form gauge
covariant field strengths. The notations A, B, C, D are defined in the same way as before.

e The existence of 2-form gauge covariant field strength F,, requires:

~

]LAlAQ -+ ]LA2A1 = 8(A1 ° Ag). (2.43)

e The existence of 3-form gauge covariant field strength H,,, requires:

LsB=AedB+d(AeB). (2.44)

e The existence of 4-form gauge covariant field strength 7,,,, requires:

LsC =AedC +0(AeC).
OBy ® By — OB, @ B = O(B; ® By). (2.45)
Al.(AQ.Ag)+A2.(A3.A1)+A3.(A1.A2):O.



e The existence of 5-form gauge covariant field strength K, 07 requires:
LsD=AedD+d(AeD).
5BOC+BO(§C=5(BOC).
Aje(AyeB)+ Aye (A eB)+Be (A eAy)=0.
BieBy=—-Bye By

(2.46)

Finally we comment briefly on the necessity of the strong form of section condi-
tion (2.8). Analogous to the situation in double field theory, the strong form of section

ZMN

condition means that all the products PQOMAON B vanish. This is equivalent to the

condition that ZMN PQOnOn A vanishes for all the products of fields and gauge parameters

A. The weak form of the section condition only requires that ZM~

PQOMONA vanishes,
where A is a single field or gauge parameter. The nil-potent property of B) only requires
the weak version. All the identities listed before that only involve a single derivative also
holds (for example the magic formulas), as there is no need for section condition at all.
However, if only the weak section condition holds, Ly generally does not commutes with
5, because in the derivation (2.30) we used 52(/& e () = 0, which is a consequence of strong
section condition. Consequently, the closure constraint only holds subject to the strong

constraint.

3 Tensor hierarchy in EFT

In this section we briefly summarize the tensor hierarchy in EFT up to the gauge covariant
5-form field strength developed in [29].

First we have the Kaluza Klein 1-form field A, € 2(w), and the covariant derivative
is defined as:

'Duzau—LAu. (3.1)
The gauge transformation of A, is defined as
SpAAY = DyA. (3.2)

Gauge covariance of a tensor X means that 04 X = Ly X. One can check that for a gauge
covariant X, D, X is also gauge covariant. Another straightforward property is that D,
commutes with 5, because L4, does.

Now we want to construct a gauge covariant 2-form field strength, that will appear in
the action. The naive field strength is an analogue of field strength in Yang-Mills theory,
which replaces the Lie algebra bracket by the E-bracket:

Foy = 20,4, — [Au, Als. (3.3)
Now the general variation of F},, is
Fpu = 200,04, — 2[A, 6A,] B
= 20,04y = Ly, 04y + Loag, Ay
= 20),04,) — 2L A, 04,) + O(A}, # 6A,))
= 2D}, 04, + 9(A}, # 04,)).

,10,



From the first line to second line we used (2.6), and from the second line to third line we
used (2.19). Now insert (3.2), and use the following identity

[Du, DulE = —LE,,, (3.5)
We find that the failure of gauge covariance is
OAFy — LaFy, = 0(Ap, e DyA — Ao F,). (3.6)

To resolve this problem, we introduce the 2-form gauge field B, € B(2w), and modify
F,, to a corrected field strength:

f/u/ = F'[,Ll/ + é\Buy- (37)

The general variation of F,, can be rewritten as:

~

6 F = 2D}, 6A,) + 0(6Buy + Ay 0 04,)) (3.8)
— 2D, 04,) + O(AB,,), '

where we defined
AB/W = 53“1, + A[M ° 5AV] (3.9)

Then if AyB,, = A e F,,,, we have
INFuy = LaF,. (3.10)

The next step is to introduce the field strength for the 2-form gauge field B,,,, so that
the kinetic term for B,,, can be added into the action. We define that 3-form field strength
H,,, by the following Bianchi identity:

3D F,p = OH ). (3.11)
We expand

3D, F

vp] = 3’])[#(2&,14#,} — LAVA,O] + 83,4)})

= —6La, 0y A, — 30),(La, Ay) +3La, La, A, + 30D, B,
= —3La, 0, A, — Lo, 4,4, + (A, ¢ [Ay, Aylp) + 30D, B
= 5(3D[uBup] — 3A[M ° 8,,Ap] + A[# ° [AV, Ap]]E)

(3.12)
vp)

In the first line we rewrote the E-bracket as generalized Lie derivative using (2.6). From
the first line to second line we used the fact that O commutes with D,,. From the second
line to third line we used the Jacobi identity (2.21). Finally from the third line to the
fourth line we used (2.19). From this we can write out the form of “naive” 3-form field
strength:

H,pr = 3D[MB — 314[“ ° &,Ap] + A[N ° [Al,, Ap]]E . (3.13)

vp)

— 11 —



This field strength H,,, is also not gauge covariant. The way to fix it is to add a
3-form gauge field C,,, € €(3w), and introduce the modified H,,,:

Huwp = Hywp + 5CMVP' (3.14)
Since 9% = 0, this H ., still satisfies the Bianchi identity
3D, F oy = M- (3.15)
The general variation of H,,, can be collected in the following suggestive form:

OH pwp = 31)[”53,,[)] — 3L5A[NBVP] — 3514[# ° &,Ap] — 3A[# ° 8,,514/)]
+ 514[“ ° [Al,, Ap]]E + 2A[M ° [514,,, Ap]}E + 86(7#,,,)
= 3D[NABVP} - 3(514[“ ° vp) + 650#1,,) - 38((514[” L] Bl/p])
+ 514[# ° ]LAVAp} + A[,u ° L(gAyAp] — 2A[,u ° ]LAyéAp}.

(3.16)

In the above derivation we made use of the identities mentioned before. Now we rewrite
the terms in the last line above in a d-exact form, using the following lemma: for any

Ay Ay, CeAw):
IL’A[‘,LAIJ] o ( + A[H ° ]LCAI,] — 2A[# ° LA,/]C = }LA[# (Al,] o(C)— A[M ° LCAV] — A[N ° ILAU]C
=L, (A, C)— Aj, e0(A, eC)
— (A, e (A, 00)). (3.17)

In the last step we made use of the magic formula (2.24), with A = A,, X = A, ¢C. Then
we insert C' = 6A,, and get the final answer for 0H ,,:

0Hyup = 3D, AB,, — 304, ¢ F, ) + IAC)p, (3.18)

where we have defined
ACW,p = 60}“’!’ — 3514[“ ° B,/p] + A[M ° (Al, ° 5Ap]) (3.19)

Specify to the gauge variation 5, with the rules 6z A, = D, A, AyB,, = A o F,, the
failure of gauge covariance is
SAHyuvp — LaHywp = 3D, (A @ Fppyp) — 3D, A 0 Fypy + IACu0p — LaHyup
= 3A e D, F, ) + IACup — LaHyu,p
= Ao My — LaHyuwp + OAC,,
= 5(AC/WP —ANeoHup).

(3.20)

In the last step we used the magic formula (2.24) again, with X = #,,,. Now if we assign
ACup = N o H,p, (3.21)

then the field strength H,,, is gauge covariant and can be directly implemented in the
action. Note that indeed the identities grouped as (2.43) and (2.44) are repetitively used.
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The tensor hierarchy will continue, and more identities, (2.45)(2.46), will naturally
play a role in the derivation. We will not present the full detail, but we collect all the
essential formulas here.

The gauge fields A,,, By, Cuvps Dyvpos Euvpor are elements of A(w), B(2w), €(3w),
D (4w), €(5w). Their corresponding covariant field strengths are in the same representation
of G, and we list their form below (up to 5-form field strength):

'FMV = 28[‘“_41,} — [AIM AV]E + 5Blw,

Hywp = 3DuByy) — 30, A, @ Ay + Ay o [Ay, A + 9Cu)p,
Tvpo = AD(Copa) + 30B, © Byo) — 6F(, @ Byg) + 4A), @ (Ay @ 0y As)
- A[u hd (Au . [Apv Aa}]E) + aD,uupm (3.22)
Kyvpor = 5D)yDypor) + 15 By, @ DpByry — 10 Fpyy @ Cpprp
1
+ 30 B[MV ° (—Ap ° aJAT] + gAp ° [AJ, AT]]E)
—5A) e (A 0 (A, 8UAT])) +Ap o (A, e (A, e [A,, AT]]E)) + O0E, 1 por-

They satisfy the following Bianchi identities:

3D, Fyp) = Oy, (3.23)
AP My po) + 3F(uv @ Fpo) = 0T uwpos (3.24)
5Dy por] + 10F @ Hpor) = O pupor- (3.25)

The variation of the field strengths can be simplified by introducing the following
“covariant variations”:
AB, =06Bu, + Al e Ay,
ACyyp = 0C, — 36A;, 0 B, + Al e (A, 004,),
ADuyps = 6Dpypo—46A), @ Cppe) +3B(,, @ (08,5 +2A, 0 0 A,))+ A, @ (A, 0 (A, 0 04,)),
AEuvpor = 0B por —56A), 0 Dyporp —100By,, @ Cppr
—15By,, e (6A, 0 B,;) —10(Aj, e 5A,) e Cpppy
+10 B, e (A, (A, 06A,)) + A, e (A, e (Aye (A, 004,))). (3.26)
The general variation of covariant field strengths, written in terms of the covariant varia-
tions are:
§Fu = 2Dy, 0A,) + OAB,,,
§Hup = 3D AB,, — 30A;, 0 F,p + IACp,
0Twps = ADACS 1 — A5 A, @ Hypg) — 6F | ® AByg) + OAD o, (3.27)
O pwpor = 3D AD,ypor) — 50AL © Typor) — 10 Fluy @ AC 01,
—10H ) ® AByr) + I AE o).

There are a set of gauge transformations associated to different gauge fields. We denote
them by 04, 0=,00,0q. The gauge parameters are A € A(w), E € B(2w), O € €(3w),
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Q€ D(4w), T € €(5w). The transformation rules on the gauge fields, in terms of covariant

variations are:
§A, =DyA—9E,
ABpy, = 2DyE, + A e Fu — 00,
ACuup = 3DO,5 + A e Hypp + 3 Fpuy 0 S5 — 0y
ADypo = 4Dy po) + A Type —4H iy ® Eg) + 6 Fp @ O
AEupor = 5Dy Y yper) + A @ Kpvpor =5 Tjpvpo @ Er
—10H 1y @ Opr) + 10 F ) @ Qpor) + -0+

(3.28)

po] = Y yvpo

4 SL(2,R) x R,

Now we study the specific groups. The highest dimension where an EFT may exist is
9, with symmetry group G =SL(2,R) x R;. The representation of 1-form gauge field
corresponds to the interior directions of the EFT, given in table 2, which suggests that the
interior dimension of d = 9 EFT is 3. We decompose the 3 interior dimensions M = 1,2,3
into «, 3,--+ = 1,2, which label the SL(2) doublet, and z = 3, which labels the SL(2)
singlet. The interior coordinates are denoted by Y M.

The only primary invariant tensor of G =SL(2,R) x R is the Kronecker delta tensor
03, 07. Hence in the construction we do not use tensors other than this.

Now we want to impose a section condition. As usual, the solution to the section
condition should contain the 9+ 2 dimensional M-theory solution and the 9+ 1 dimensional
1IB solution. With this observation we propose the following section condition:

00 0. =0 (a=1,2). (4.1)

It is easy to observe that the solution 0, = 0, d, # 0 corresponds to the M-theory solution,
and the solution 9, # 0, 9, = 0 corresponds to the IIB solution. This construction actually
resembles the early postulation of M/II-B duality [42, 43].

The only non-vanishing components of Z-tensor are:

2%, = 2,5 = 275, = 7,5 = 03. (4.2)

With this choice of Z-tensor and formula (2.5), the generalized Lie derivative acting

on the vector with specific weight w is?

LAV = APgVe + A20, VY — VP9A® + 9, A7V

LaV? = APOgVZ + A*0,V* — VZO,N* + 0, A°V>. (4.3)

The E-bracket is given by:
U, V]g = UMy Ve + %BZUQVZ + %c‘wzva — (U V), »
(U, Ve =UMoy v + %(%UZVO‘ + %(%U“V‘z — (U & V). -

3w will be determined below, after (4.25).
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One can check that with these definitions, along with the section condition (4.1), the
gauge closure condition indeed holds. For the higher tensor object, a hint is to look at the
corresponding representation in 9D maximal supergravity, e.g. table 2.4 of [41]. The next
tensor object in B(2w) is a doublet, it is formally written as:

BY* € B(2w). (4.5)

The generalized Lie derivative on this object can be directly constructed by applying (4.3)
to a tensor with two indices. We write it down explicitly:

LoB** = AM0y B*¥* — BP#95A* — B**0,A* + 9y AM B**

= AM9y BY* — BP95A* + B**05A". (46)
The e operator on A1, Ay € A is defined to be:
(A @ Ay)* = ATAS + AS AT (4.7)
The 8 operator on B € B(2w) is defined to be
(0B)* = 8.B“*, (OB)* = 0,B**. (4.8)

Since B is already written in two-index form it is unnecessary to introduce the isomor-
phism Ip. We can directly verify that 0B is a trivial gauge parameter, using the section
condition (4.1):
LspA® = 0.B??05A% + 03B°*0,A* — AP030.B** + 9.03B”* A
=0
LA = 0.B7?05A% + 0,B*?0.A* — A70.03B"* + 0,0.B* A
=0.

(4.9)

The tensors in €(3w) are singlets. We denote them by C1*?1*. This notation is a bit
redundant, but it helps to simplify the pool of generalized Lie derivative rules. We do not
need to define any new rules apart from (4.3), which can be naturally extended to tensors
with multiple indices. The e operator on A € 2, B € B is defined as:

(Ao B)Flz — (B e A)leblz = 2plophl=, (4.10)
The 9 operator on C € ¢(3w) is defined to be
(DC)™* = gCliel, (4.11)

The next tensor set D(4w) also represents singlets. The elements are denoted by
DleBlzz  The bullet operators on A € 2, By, By € B, C € € are:

(Ao )Pz — (C @ A)leflzz = Azl (4.12)
(By o By)lofl== = 9 plelz plfl=. (4.13)
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The  operator on D € D (4w) is
(0D)lP)z = g, plesl=z, (4.14)

Note that although €(3w) and ©(4w) are singlets, they do not transform as scalars
under Ly. Applying the generalized Lie derivative (4.3) to tensors with multiple indices,
we obtain:

LayCleflz = AMyycleflz g, A= Cleslz, (4.15)

LaDlofls — AMg, plofl 4 g pvplaflss (4.16)

which are not the rules for scalars. But if one solves the section condition explicitly, then

for the M-theory solution where 8, = 0, Cl®#1# is a scalar. For the IIB solution where

da = 0, DIPl2% ig g scalar.

The next tensor E € €(5w) is a doublet. It is denoted by EV*A1#2, The bullet operators
onAe, BeB, Ce€ De® are:

(A e D)V1Blzz — (D o A)eBlzz — g7 pleBlez) (4.17)

(B e O)VeBlzz — (C o BYflzz = Br2Claflz, (4.18)

The  operator on E € ¢(5w) is
(OE)lePl== — g pleflzz (4.19)

Finally, F' € §(6w) is in the same representation as 2(w), one can write its compo-
nents as

F* = plovlledlzz gy = poylofl:, (4.20)

The relevant rules of e operators and 9 can be defined as:

(Ao E)* = (E e A)? = AV pnllaflzz

(Ao E)Y = (E o A)Y = A*E)efl2=

(BeD)' = (DeB)' =B ZDW]ZZ

(BeD)* = (D e B)” = (4.21)
(C1 o Cy)* = Cl [fB]z 0[75]
(Cre(Cy)" =0,

(gp)v[aﬂ}zz = 9, FeBlz — g p,

We can explicitly check that A*F? and Al*FP are scalars with weight 1. To do this,
we first simplify the form of generalized Lie derivative acting on FM:
LpoF? = AMoy F?— o, A0 prillaBlzz _ g Al polrleflez _ g plel plovlriBlzz _ g AlBl plorllelrzz
+40,N°F* +2(0,A"F* — 0,A\°F*)
=AMy F? 4 20,A°F>. (4.22)
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Hence

LaA(A*F?) = A*LpAF? + F?LpAA® = AMOy (A*F?) + oy AM AZF>. (4.23)

Similarly
LoF® = AMOy F™ 4+ FO9,A* 4+ 2F“95A° — FPozA%, (4.24)

and then
La (Al FAY = AleLy A 4 Ly Al FPL = AM gy (Al PP 4 9y AM Al0 AL (4.25)

Similarly, it is not hard to check that C1@82 Dl¥dl2z and Blelz lAlvdlez are also scalars with
weight 1.
From this observation, we obtain that w = 1/7 = 1/(d—2), which is consistent with the
general observation in section 2. The length of exceptional exact sequence is | =6 = d — 3.
One can explicitly check that all the identities in section 2 hold. For example, we want
to prove the magic formula (2.24) for X = C € €(3w). We write out

LACl*F2 — (A 0 )P = A9, CleBl — obBlzg no — clealzg AP 4 9, A= CloB)
+ 9,A7C1oPl 9Nl oAz (4.26)
= 9, (A*ClF2) = H(A o O)F)z,
Another simple example is the identity (2.41), which is equivalent to
Al Al a2 4 Al AP AD Al AP aY) = alealla?) o, (4.27)

Finally we make some comments on the Poincaré lemma in d = 9 EFT. If for B* =
B** € 9B(2w), 0B = 0, that is,

0o B® = 8.B* = 0, (4.28)

can we conclude locally B* = 93C [Belz where C1P)? € ¢(3w)?

In the M-theory solution we already know 0, = 0, then one simply applies the usual
Poincaré lemma in two-dimensional space {Y!, Y2}. However, in the IIB solution d, = 0,
the logic breaks down, since apparently B can be a non-vanishing constant value, however,
C = 05C [Belz always vanishes, so the Poincaré lemma does not follow.

Then we analyze if for C1*P* € ¢(3w), dC = 0, can we conclude that locally C' = 9D.
For the M-theory solution 9, = 0, oD always vanishes, hence the Poincaré lemma cannot
hold. But this works for the IIB solution, since Fle; always vanish and one can always
locally write C' = 9, D.

We summarize the validity of Poincaré lemma in table 3.

It is notable that only half of the Poincaré lemmas work, in an alternating pattern.

The notion of Poincaré lemma here is not directly related to the statement in usual
differential geometry, that the contractible manifold has trivial cohomology. To relate
these two version of Poincaré lemma, one needs a Stokes’ theorem in this new differential
geometry. However, the naive replacement of the exterior derivative by d does not work.
For this group SL(2,R) x R, the length of exceptional chain complex is even greater than
the dimension of interior manifold. The notion of higher form cannot be interpreted in any
conventional way.
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M-theory solution | 1IB solution
OB =0— B =0C? Yes No
dC =0 — C =9D? No Yes
dD =0— D = 9E? Yes No
OE =0— E = 0F? No Yes

Table 3. Validity of Poincaré lemma in d = 9 EFT, here B € B(2w), C € €(3w), D € D(4w),
E € ¢(5w), F € §(6w), as usual.

Tensor space | rep. | notation with index | weight
2 (3,2) At 1/6
B (3,1) B; 1/3
¢ (1,2) ce 1/2
D (3,1) D! 2/3
¢ (3,2) E; 5/6

Table 4. The list of tensor objects in SL(3, R)xSL(2,R) EFT.

5 SL(3,R) x SL(2,R)

We review the generalized Cartan calculus in 8 dimensions [29] for completeness.
The group G =SL(3,R)xSL(2,R), and the vector and interior directions are in (3,2)
representation, denoted by ic, where i = 1,2,3 and a = 1,2 labels SL(3) and SL(2)

fundamental indices respectively. The length of exceptional chain complex is 5, and the
specific weight w = 1/6.
The Z-tensor is
Zm’jﬁk%w = Eijmeklmeaﬁen/(g. (5.1)

The section condition is then
€Ime 9, ® 9;5 = 0. (5.2)

The 8+3D M-theory solution is given by the choice 011,021,031 # 0, 012 = oo = J32 = 0,
and the 8+2D IIB solution is given by 011, 012 # 0, others= 0.

We list the tensor objects in table 4, with their representation in SL(3)xSL(2) and
weights.

We list the generalized Lie derivatives on these tensors:

LAA™ = AP A1 — AP N" + €9 ey e*P e 50,577 A (5.3)
LaB; = N%0joB; + 0, \* Bj, (5.4)
LACY = AP9;50% — e*Pe 5 8;,5A7 C°, (5.5)
LaD" = A9, D" — D19;, A + 0;, A7 D", (5.6)
LpFBio = M20,5Eiq + Eja0is NP + Ei50;0A°. (5.7)
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M-theory solution | 1IB solution
9B =0— B =007 Yes No
dC =0— C =0D? No Yes
dD=0— D = JE? Yes No

Table 5. Validity of Poincaré lemma in d = 8 EFT, here B € B(2w), C € €(3w), D € D(4w),
E € ¢(5w).

Then the operators e and 9 are defined as:

(A; @ Ag) = €ijmeapAit AL (5.8)
(AeB)* = B, A™, (5.9)
(Ao C)™ = e, 3C*A™P, (5.10)

(A D)o = emnicasA™ D", (5.11)

(Ao E) = AEja, (5.12)
(By ® By)™ = €™ By; By, (5.13)
(B @ C)ma = €apBmC?, (5.14)
(Be D)= B,,D™, (5.15)
(C1 0 Cy) = q3C2CY, (5.16)
(DE)™ = €™k e3,, By, (5.17)
(D)™ = *P,,3D™, (5.18)
(5C)m = 8maca7 (5.19)
(OB)™ = €759, 5By, (5.20)

As usual, the tensor objects labelled by A, B,C, D, E are defined in tensor spaces 2(w),
B(2w), €(3w), D(4w), E(5w) respectively.
The isomorphism I that transforms B*®# to B,, is

IB (Bza,]ﬁ)m — €ijm€aﬂBia7jIB7

1

5.21
—imeefp ( )

I§1 (Bm)m’jﬁ =

These projectors explicitly lead to (5.8) and (5.20).
Finally we list the validity of Poincaré lemma (local exactness) in table 5, in the same
manner as the d =9 case.

6 SL(5,R)

Maximally supersymmetric gravity in 7 dimensions has G =SL(5,R) global symmetry.
The 1-form gauge field is in rank-2 antisymmetric tensor representation of SL(5), hence
the interior dimension of d = 7 EFT is 10 [13]. We label them by mn, m,n = 1,...,5
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(m # n). For any vector V™" V™ = —V"™" always holds. The form of generalized

derivative which respects the gauge closure condition is given in [18, 45, 49]:

1 .. 1
Lav™™ = §AU 8ijvmn - *Vz]azj/\mn 8 mmjvﬁpqrsvaz]quvrs (6 1)
= 5 (Aljaijvmn n 28ijAszn] + QaijAn]Vzm + aijAZ]an) '

Notice that there is an overall % factor, because there are only 10 interior dimensions, and
each of them is counted twice in the summation.
The E-bracket easily follows:

1 .. 1 y
U, V]E" = §U”8iij" + Eemnljvepqrsv(?ijquVm — (U« V). (6.2)
The Z-tensor for d =7 EFT is:
y 1
Zmn,z]pq’TS _ Zemnwvepqrsva (63)

and the section condition is given by
€U0 @ Opg = 0. (6.4)
The two inequivalent maximal solutions to this section condition are:
012,013, O14, 015 # 0, others =0 (6.5)

and
812, 813, (923 75 0, others = 0. (6.6)

They corresponds to 7+4D M-theory solution and 743D IIB solution respectively [44].
The next tensor object is in (dual) vector representation of SL(5): B, € B(2w). The
isomorphism from B""™P? to B, is

1
(IBan,pq)v — 16mnpqumn,Pq

1 (6.7)
(Ingv)m"’pq = éem"pq”By.
The e operator results in such a tensor and the d acting on it are then defined as:
(A1 e Ay), = iemnquAT"qu, (6.8)
@By — %em"pqvaquv. (6.9)

With these definitions, we can derive the rule of generalized Lie derivative acting on B, €
B(2w), using
La(A; @A), = (A1 eLpaAr), + (1 < 2)
;emnpqvAm” (AU@ZJAP‘I — 9;APIAY + iepqijwe,,mwaijA”AQU> +(12)
= AT (Ar o Aoy + 0T AT AT €y + (1 65.2). (6.10)

— 20 —



M-theory solution | IIB solution
9B =0— B=0C? Yes No
dC =0— C =0D? No Yes

Table 6. Validity of Poincaré lemma in d = 7 EFT, here B € B(2w), C' € €(3w), D € D(4w).

Then using the antisymmetrization property:

av[mATSAiuAgnn6rstun} =0, (611)
one can rewrite (6.10) into
1 ij 1 mn Ars pq
LA(Al ° Ag)v = 5/\ 8ij(A1 ° Az)v + ZemnrspAl A2 aqu . (6.12)
Hence we arrive at:
1
(LpB)y = iquaquv + B0y AP (6.13)

The next tensor object is vector CV € €(3w). The relevant rules are:

(AeB)’ = (Be A)’ = A™B,, (6.14)
(DC)y = 0uuC", (6.15)
(LaC)" = %Am"amncv O ATCT %amnAm"cv. (6.16)

Finally, for D,,,, € ©(4w), the relevant rules are:

1

(A ® C)mn = (C d A)mn = ZemnpqvquCv, (617)
(B1 ® B2)mn = Bajy By (6.18)
o 1
(aD)v = ievmnpqamnme (6.19)
1 1
LoDy = 5 (quapqpmn+ppqaqumn — g€ Oy A Dy + aquPqun> . (6.20)

From the rules of generalized Lie derivative, it is clear that the scalars defined by index
contraction: A"™"D,,, and B,C" are scalars with weight 1.

The length of exceptional chain complex is [ = 4, and the weight w = 1/5. The
additional identities listed at the end of section 2 hold only when the e operations give
tensor with weight smaller than 1.

The validity of Poincaré lemmas is listed in table 6.
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7 SO(5,5)

For d = 6 EFT, the symmetry group G =SO(5,5), and the interior dimensions are labelled
by the 16 components of SO(5,5) Majorana-Weyl spinor: o, 3,--- = 1,...,16.* The form
of generalized Lie derivative (on vector of weight w) is also given in [18, 45, 49]:

1
LAV = AP9gV* — VP95A* + i%aﬁfwwaﬁmvﬁ : (7.1)
Here 35 are 16 x 16 chirally projected Gamma-matrices (off-diagonal components of 10D
32 x 32 Gamma-matrices), a = 1,...,10. They are symmetric and obey relations:
YyPHPT = by, (7.2)
Vzlaﬁ’ya,w)é =0. (73)

n® is the metric with (5,5) signature.
The Z-tensor in this case is:

1
Zaﬂvd = 5%057%57 (74)

and the section condition is:
%0, © 05 = 0. (7.5)

The E-brackets are in the usual form:
1
(U, V]% = UP9sV™ + ﬂa“%%gaﬁmvé — (U V). (7.6)

The next tensor object is B* € B(2w), which is in the vector representation of SO(5,5).
The isomorphism from B*? to B, is

1
(IBBQB)CL = §7a,aﬁBaﬁ
1 ? (7.7)
(Il; Ba)aﬁ = g'ya’aBBa-

The relevant formulas are:
a I o 4a B
(A; @A) = 5%5141 Ay, (7.8)
(0B)* = 7,*% 3B (7.9)

Utilizing the Fierz identity (7.3), we can derive the form of generalized Lie derivative acting
on B%:

1
LpyB® = A9, B* + 5~yacwfyb7/3BbaﬁAa. (7.10)

4Upon completion of this paper, the SO(5,5) EFT was constructed in [30], which has some overlap with
the discussions in this section.
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The next one C, € €(3w) lives in 16 representation. The relevant rules are:

(AeB)s =7"p3B.A”, (7.11)
(0C)"* = %’y“’aﬁ 9aCp, (7.12)

1
LACy = AP95C,, + Cpda A’ — 57“%3%“/567A505 + CodsAP. (7.13)

The length of exceptional chain complex is [ = 3, and the specific weight w = 1/4.
The magic formula (2.24) in d = 6 EFT only holds for X = B € B(2w):

~ ~ 1
(LAB)* — 9(A @ B)* — (A @ DB)* = A9, B + =70, "P B* 95 A"
. 2 . (7.14)
- §7a7aﬁaa(7bﬁ'beA’y) - §7aaﬁAa7bﬂvawBb-
Using the definition (7.2) and relabeling the indices, the above quantity vanishes explicitly.

Another valid identity is the (2.41), which actually means
Y agVans AL AJAG) = 0, (7.15)

and directly follows from the Fierz identity (7.3).

Now we discuss how to solve the section condition. Actually the mathematics used in
the current construction resembles the “pure spinor formalism”, which is a way to quantize
superstring in 10 dimensions [46]-[48]. In that context, if a spinor A satisfies the condition:

AN =0, (7.16)

then it is called “pure spinor”. One way to solve the equation is to decompose |\) = A
into GL(5) components:

) = ATI0) + Xt T710) + A € joarim T FT'|0). (7.17)

Hered,j" ---=1,...,5labels GL(5) fundamental index. I and I'; are linear combinations
of the original I'* matrices, so that the following relations hold:

Ty, Ty = 67 {Ty, T} =0, {TV, 79} = 0. (7.18)

Hence the Majorana-Weyl representation 16 of SO(5,5) is decomposed into 16 = 1+5+10.
Then the 5 component A’ can be written in terms of At and Airjr, and the number of
independent components of spinor A% is 11.

In [18], it was shown that one can pick a pure spinor A%, and impose the following
linear condition:

A ("), Po5 = 0. (7.19)
Then the section condition (7.5) can be solved, which finally gives the 64+5D M-theory

solution.

Here we use a different argument to generate the M-theory and IIB solutions, which
resembles the logic in [26, 27]. First we consider the embedding of GL(5) in SO(5,5). The
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branching rules of vector representation 10 and Majorana-Weyl representation 16 follows,
where the subscripts denote the GL(1) weight:

10 - 5,2 +5_9

_ (7.20)
16 — 1,5 —+ 5+3 +10_;.
Accordingly, we can then decompose the index a = 1,...,10 and o = 1,...,16 into:
a— {i},{i i=1,...,5
1. ) ( ) o

a—{+},{i}, {ij}  (G,j=1...,5).

Under this decomposition, the tensor vg f is an GL(5) invariant tensor. This means that

B 8

the component of 75" could be non-vanishing only if v5" carry zero GL(1) weight. Hence

the non-vanishing components under the GL(5) decomposition are:

() ()ikam s (V) k- (7.22)

Then all the ('ya)w components vanish, which implies that choosing the 7 directions solves
the section constraint (7.5).

For type IIB solution, we consider the embedding of SL(2)xGL(4) in SO(5,5). The
relevant branching rules are:

10 = (2,1) 41+ (2,1)_1 + (1,6)

_ (7.23)
16 — (1,4) 1 + (1,4)_1 + (2,4),.
Accordingly, we can decompose the index ¢ =1,...,10 and o = 1, ..., 16 into:
a— {o'}, {a'}, {ij o =1,25i,5=1,...,4
{o'} {a'} {igy ( j ) (7.24)

a — {i}, {i'}, {id} (o =1,2:4,ii=1...,4).

By the same arguments above, the non-vanishing components of the Gamma matrices are:

(’ya/)i ";B/, (’707)7;735/’ (fyzj)kyl , (’YZJ)I_@a’,[B’ (725)

This indicates that all the (7,)% and (’ya)i/’j/ components vanish. Hence one can either
choose i or i’ to be the 4 interior directions giving the 6+4D IIB solution. These two
choices are equivalent.

8 Other groups and representations

First we recollect the other existing symmetry groups in the literature.

For d = 5 EFT with group G = Eg) [26], the vector AM is in the fundamental 27
representation. The length of exceptional chain complex is 2, and the other tensor object
is By € B(2w), in the contragredient representation 27. The invariant tensors of Eg )
includes rank-3 symmetric tensor d¥ V% and dy;yx. They are normalized by the following
identity

dMKLdNKL = 5MN. (8.1)
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The Z-tensor is
ZMNKL = 10dKLdeNP, (8.2)

and the section condition is
dMNE9 @ oy = 0. (8.3)

The identities involving AM € A(w) and By € B(2w) are:

LaAM = ANoNAM — ANONAM +10dn 1 pdMEP 9 AN AT,
LaBy = AN8NBM + BNaMAN — IOdMLpdNKpaKALAN,
(A1 @ Ag) s = dun AY AY,

(8.
(8.
(8.
(OB)M = dMNK gy By (8.

N O Ut =
—_ — T —

In this case none of the magic formulas in (2.24) holds, so the generalized Cartan calculus
is not very interesting.

For the case of d < 5, when G = Ey(7) or Eg(), the expected length of exceptional
exact sequence is | = d — 3 < 2. Fewer nice properties hold in these cases, hence we do
not look into these cases. Nevertheless for the cases of G = Egg), Er(7y or Eg(g), because
the exterior dimension is low, the higher-form fields (3-form gauge field or higher) do not
appear in the construction of EFT. The generalized Cartan calculus is not relevant for
these cases.

Another well-known example is the double field theory in Kaluza-Klein formalism [24].
In that case the group is SO(D, D), with AM always in the vector representation (note
this is different from SO(5,5) EFT, where the 1-form gauge field is in Majorana-Weyl
representation). The invariant tensor of SO(D, D) are rank-2 symmetric tensor nM?¥,
nu N, with relation

UMKHKN = (SMN. (8.8)

The Z-tensor for double field theory is
ZMNPQ _ 77MN77PQ7 (8.9)
and the section condition is the usual “strong constraint” in double field theory:
nMNoy @0y =0. (8.10)

One can make a scalar using two vectors: AM Ay; = nynAMAYN | and there are no other
tensor objects in the theory. Hence this case is also trivial.

Apart from these trivial cases, one may wonder if there could be more possibilities.
What happens when one just picks a group G and some representation, and tries to con-
struct a generalized Cartan calculus?

One possibility is to generalize the SL(3)xSL(2) theory to group SL(M)xSL(N), (M >
N). The vector is in (M, N) representation, and we label the SL(M) and SL(V) indices
by 4,j... and i,7,... respectively. The Z-tensor for these theory are all in the same form,
and it is not necessary to check the closure condition:

20, = 48167 5L, (8.11)
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The section condition is:

Apparently the two maximal solutions correspond to 0;1 # 0(1 <4 < M) and 015 # 0(1 <
j < N).

The other tensors can be written as contractions of multi-index tensors X #1%1:4262,nin
with invariant tensors €;,4,..i,, and €3, ;.. When the least common multiple of M and
N divides n, this tensor is a scalar (also a singlet). One can explicitly compute its weight,?
which is

~ n(MN—-M —N)

— . 8.13
nw TN ( )

To get a scalar with weight 1, the only possible triplets (M, N, n) are:

(M,N,n) = (3,2,6), (3,3,3), (4,2,4). (8.14)

Hence we conclude that the only possible EFTs of this particular type carry group
SL(3)xSL(2) or SL(3)xSL(3) or SL(4)xSL(2). From the computation of weight, one can
obtain the dimension of these theories. SL(3)xSL(2) is the usual d = 8 EFT, in 846D, and
the two solutions to the section condtion give 843D and 8+2D theories. The SL(3)xSL(3)
EFT lives in 549D, and the two solutions both result in 543D theories. The SL(4)xSL(2)
EFT lives in 648D, and the two solutions give 6+4D and 642D theories.

Actually SL(3)xSL(3) and SL(4)xSL(2) are the subalgebra of Eg and SO(10) respec-
tively. Hence they may be treated as some truncated version of d =5 and d = 6 EFT.

Another possible extension is to consider group G =SL(M), and the vector fields
are in the rank-2 anti-symmetric tensor representation(similar construction is discussed
in [52, 53]). The interior directions are labelled by mn, and there are in total M (M —1)/2
of them. The form of Z-tensor and section condition are similar to the SL(5) case:

Zl]’klpq,rs _ Zmﬁ”’dml"'mw{74€pq7"sm1--~mM—47 (8.15)
Eijklml"'mM_4aij & 8kl = 0. (816)

The other tensor objects are obtained by contracting multi-index tensors with €;,i,. 4,,-
The singlet in this theory is given by

L o 1171582725, iM I M
ezlzz.A.zMejljgl..jMX ’ T . (817)

Its weight turns out to be always 1, so that any value of M is acceptable. The theory lives
in M + 2 exterior dimensions and M (M — 1)/2 interior dimensions. The distinct solutions
to section condition are

812,813,...781]\4750 (818)

f’There is an alternative way to compute this weight, which is to write the Z-tensor in terms of projectors:
Z e = 61610:07 — (NP(ar2_1y1 + MPy (v2 1)) 15 + ME55—26167,6767, and then read off w =
%. This is consistent with the method which computes the transformation rule of a multiple-index

tensor.
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and

O12, 013,023 # 0. (8.19)

Hence the theory after solving section condition is in 2M + 1 or M + 5 dimensions.

The physical meaning of these new possiblities is not clear. It is also unknown whether
full EFTs with these groups exist. If they do exist, then it is also not clear whether these
theories admit supersymmetric extensions. Also, we do not give a systematic classfication
of all the allowed groups and representations. We leave these questions to future research.

9 Conclusion

In this paper we explicitly constructed the generalized Cartan calculus for d =9, d = 7 and
d = 6 EFT. The nice properties guarantee that in d =7 and d = 6 EF'T, one can construct
a gauge covariant 4-form field strength and a 3-form field strength respectively. In d = 9
EFT, one can at least construct a gauge covariant 5-form field strength, which should is
useful for constructing the EFT action. With the tensor hierarchy, one is able to construct
the action following the logic in [26, 29]. Demanding that the action is invariant under both
interior gauge transformations (d, , d= etc.) and exterior diffeomorphisms will fix the form
of each term and their relative coefficient in the action. In even dimensions (d = 4,6,8),
one should impose some duality conditions on field strengths, which is reminiscent of the
self-duality condition in IIB supergravity, hence the action is a pseudo-action. One should
also be able to write down the supersymmetric extension of these EFTs, following the
procedure in [31, 32].

Also, if one explicitly writes out all the indices for a specific dimension, say d = 6, then
the relevant formulas of the tensor hierarchy in section 3 resemble the corresponding ones in
gauged supergravity [50]. One can use a generalized Scherk-Schwarz ansatz in the duality
manifest theory to reproduce gauged supergravity [54], and the formalism developed here
may help to simplify some computations in gauged supergravity context.

We also found here that the group used in generalized Cartan calculus is not restricted
to the exceptional series. It would be interesting if a full theory with exterior diffeomor-
phism invariance could be constructed. For example, it may be also possible to incorporate
other theories into this framework, for example, half-maximal gauged supergravity.
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