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LOWER CENTRAL SERIES OF A FREE ASSOCIATIVE ALGEBRA OVER
THE INTEGERS AND FINITE FIELDS

SURYA BHUPATIRAJU, PAVEL ETINGOF, DAVID JORDAN, WILLIAM KUSZMAUL, JASON LI

ABSTRACT. Consider the free algebra A, generated over Q by n generators x1,...,Z,. Interesting
objects attached to A = A,, are members of its lower central series, L; = L;(A), defined inductively
by L1 = A, Liy1 = [A,L;], and their associated graded components B; = B;(A) defined as
B; = Li/L;+1. These quotients B; for ¢ > 2, as well as the reduced quotient By = A/(Ls +
AL3), exhibit a rich geometric structure, as shown by Feigin and Shoikhet [FS|] and later authors,

(IDKM], [DE] [AJ), [B)).

We study the same problem over the integers Z and finite fields F,. New phenomena arise,
namely, torsion in B; over Z, and jumps in dimension over F,. We describe the torsion in the
reduced quotient B; and Bs geometrically in terms of the De Rham cohomology of Z™. As a corollary
we obtain a complete description of Bi(A4,(Z)) and By (A, (F,)), as well as of Ba(A,(Z[1/2])) and
Bs(An(Fp)), p > 2. We also give theoretical and experimental results for B; with ¢ > 2, formulating
a number of conjectures and questions on their basis. Finally, we discuss the supercase, when some
of the generators are odd and some are even, and provide some theoretical results and experimental
data in this case.

1. INTRODUCTION

The lower central series {L;(A),7 > 1}, of a noncommutative algebra A is defined inductively
by L1(A) = A, and L;+1(A) = [A4, L;(A)]. In other words, L;(A) is spanned by ”i-commutators”
[a1, [ag, ...[ai—1,a;]...]], where aq,...,a; € A. Tt is interesting to consider the successive quotients
B;(A) = L;(A)/Li+1(A), i.e., i-commutators modulo i + 1-commutators. The role of the B;(A) is,
roughly, that they characterize, step by step, the deviation of A from being commutative; this is
somewhat similar to the quasiclassical perturbation expansion in quantum mechanics.

The quotients B;(A) can be put together in a direct sum B(A) = &;>1B;(A). This is a graded
Lie algebra: we have [B;(A), Bj(A)] C Bi;;(A). It turns out that this Lie algebra has a big central
part (i.e., a part commuting with everything) in degree 1, namely the image I of AL3(A) in Bj.
Denote Bi(A)/I by Bi(A). Then we have a graded Lie algebra B(A) = Bi(A) @ ®i>2Bi(A),
generated by degree 1 (i.e., Bi(A)).

The lower central series of the free algebra A,, = A,,(Q) over the field of rational numbers Q was
studied in a number of papers [DE], [DKM], [AJ], [BJ], following the pioneering paper [ES]. In this
paper, Feigin and Shoikhet observed a surprising fact: the graded spaces B1(A,) and B;(A,), i > 2,
have polynomial, rather than exponential growth, even though the dimensions of the homogeneous
components of A, itself grow exponentially. This stems from the fact that, even though A,, is "the
most noncommutative” of all algebras, the spaces Bi(A,) and B;(A,), i > 2, can be described in
terms of usual, “commutative” geometry, namely in terms of tensor fields on the n-dimensional
space. This allows one to completely describe Bi(A,) and By(A,) in terms of differential forms
[ES] and Bs(A,) as well as B;(A,) for some n and ¢ > 3 in terms of more complicated tensor
fields [DE], [DKM], [AJ], [BJ]. However, the problem of describing of B;(A,(Q)) for all i,n, and
in particular of computation of the Hilbert series of these spaces still remains open.

This paper is dedicated to the study of B;(A,) and B;(A,,) over the integers Z and over a finite
field F,. In this case, rich new structures emerge. Namely, in the case of Z, the groups Bi(4,),
B;(A,,) develop torsion, and it is interesting to study the pattern of this torsion. In the case of I,
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the dimensions of certain homogeneous subspaces of B1(A,), Bi(A,) differ from those over Q, and
the patterns of these discrepancies are of interest.

Our main results are as follows. First of all, we give a complete description of Bj(4,(Z)) in
terms of differential forms, and of the torsion in By (A, (Z)) in terms of the De Rham cohomology
of the n-dimensional space over Z. Since Bi(A,(F,)) = B1(An(Z)) @ Fp, this completely describes
B1(A,(F,)) in terms of differential forms. Since the Lie algebra B is generated by By, this de-
scription implies a uniform bound for dimensions of the homogeneous subspaces, which depends
only on ¢ and n (“polynomial growth” for B;(A,(F,))). Also, we give a description of the torsion
in By(A,(Z)), in terms of the De Rham cohomology over the integers (conjectural for 2"-torsion).
Since Ba(Ap(Fp)) = Ba(A,(Z)) ® Fp, this describes Ba(Ay, (Fp)) in terms of differential forms. Fur-
ther, we give an explicit formula for some torsion elements in By(A3(Z)), and show that they are
a basis of torsion.

We also present some theoretical and computer results (using the MAGMA package, [BCP]) for
torsion in B;(A,(Z)) for i > 2, and propose a number of conjectures based on them. In particular,
we conjecture that the degree of any torsion element with respect to each variable is divisible by
the order of the torsion. Finally, we provide some computer data and theoretical results for torsion
in B; in the supercase, i.e. for free algebras A, in n + k generators, where the first n generators
are even and the last k generators are odd, and formulate a number of open questions based on
this data. However, the pattern of torsion in higher B; remains mysterious even at the conjectural
level, and will be the subject of further investigation.

The organization of the paper is as follows. In Section 2, we discuss preliminaries. In Section 3,
we describe the structure of B;(A,). In Section 4, we describe the structure of By(A,). In Section
5, we discuss the experimental data and conjectures for the structure of B;(A,(Z)) for i > 2. In
Section 6, we discuss the theoretical results, experimental data and open problems in the supercase.
Finally, in Section 7, we outline some directions of further research.

Acknowledgments. The work of P.E. was partially supported by the NSF grant DMS-1000113.
The work of D.J. was supported by the NSF grant DMS-1103778. S.B., W.K., and J.L. are grateful
to the PRIMES program at the MIT Mathematics Department, where this research was done.

2. PRELIMINARIES

2.1. The lower central series. Let A be an algebra over a commutative ring R. In this paper,
we will consider algebras over R = Q,F, Z.

Definition 2.1. The lower central series filtration of A is defined as L1(A) = A, Lyi1(A) =
[A, Li(A)] for k € N.

In other words, we have
Ly = Spang{[a1, [az, ..., [ak—1,ak]] .. ]la1,...,ax € A}.

Definition 2.2. The associated graded Lie algebra of A is
B(A) := P Bi(4)

k>1
where B(A) := Ly /Lyy1 for all k € N.

Definition 2.3. The two-sided ideals My(A) are defined as My(A) := ALy for k € N.
Lemma 2.4. [A, M3] C Ls.

Proof. Lemma 2.2.1 from [FS] asserts this for algebras over C. However, the formulas in the proof
only involve +1 coefficients, so the proof applies for an arbitrary ring R. O
2



Definition 2.5. The abelian group By is the quotient By := A/(Ly + M3).

Thus, B is the quotient of By by the image I of M3 in B;, which by Lemma [24] is central in
B(A).

Corollary 2.6. The graded module
B(A) =B ® @Bk

18 a graded Lie algebra generated in degree 1.

Definition 2.7. The free algebra A, (R) of rank n over R is the free R-module generated by all
finite words in the letters x1,...,Ty,; the multiplication is given by concatenation of words.

2.2. De Rham cohomology over the integers. We will see that torsion in Bi(A,(Z)) and
By (A, (Z)) is related to the De Rham cohomology of the n-dimensional space over the integers. So
let us discuss how to compute this cohomology.

Denote by Q(R™) the module of differential forms in n variables with coefficients in R. We have
a rank decomposition Q(R") = &I ,Q(R"), and the De Rham differential d : Q'(R") — QIT1(R"),
which defines the De Rham complex of the n-dimensional space over R. We will use the notation
Q. for closed forms, Q. for exact forms, Q¢ for even forms, Q2°% for odd forms, QT for positive
rank forms, Q=F for forms of rank > k, etc.

If R is a Q-algebra then by the Poincaré lemma, the De Rham complex is acyclic in degrees
i > 0, and its zeroth cohomology H" consists of constants (i.e., equals R). However, this fails for
general rings. In this section we compute the cohomology of this complex for R = Z.

Lemma 2.8. We have:
Z, k=0, m=0
H*QZ)m] =< Z/m, k=1,m >0,
0, otherwise
(Here [m] denotes the degree m part).
Proof. Straightforward computation. O

Corollary 2.9. Let H) := H"(QZ")). We have a (noncanonically) split short exact sequence in
cohomology,
0— H' & H ~}®H — H. — Tor(H,_;,H{) — 0.
Moreoever, this is a short exact sequence of graded abelian groups, with respect to the natural
Z"-grading on each term.

Proof. Apply the Kiinneth Theorem and Lemma 2.8] to the decomposition
QZ™) = QZ" Y @ Q7).

Corollary 2.10. (see also [FY]) Suppose that all m; > 0. Then we have an isomorphism:

n—1
H(QZM)mi, .. yma) 2 (Z/ged(mas .. ,ma)) (1),
where [mq, ...,my] denotes the part of multidegree my, ..., My,

Remark 2.11. Note that this describes the cohomology completely, since the case when m; = 0 for
some 7 reduces to a smaller number of variables.
3



Proof. We choose a splitting of the short exact sequence of Corollary 2.9 and apply Lemma 2.8] to
obtain:
Hy=H, o @ (H, -} ®Z/me Tor(H,_,,Z/m)).
m>1
Note that each Z/m in the sum above is in multi-degree (0, ...,0,m). Thus the (m1,...,m,)-graded
part of the above short exact sequence reads:

Hfl[ml, ey My ] =2 ﬁl_l[ml, ey My 1] /My, @ Hfl__ll[ml, ey My 1] /M.
The formula now follows by induction on n and 7, and the identity (Zill) =)+ (z-:l) O

2.3. Universal coefficient formulas for B; and B,. Let p be a prime and Z¥ > A O B be
abelian groups. For an abelian group A, let tor,(A) denote the p-torsion of A.

Lemma 2.12. Let A, and B, be the images of A and B in F;,V. If tor,(ZN JA) = 0 (in particular,
if ZN /A is free) then the natural map

A,/B, — (A/B)®F
18 an isomorphism.

7N /B
Proof. We have Z" /A = A//B

of p-local parts (Z"/B) ® Z(p (A/B®Z"N |A) ® L), where Z,) is the ring of rational numbers

whose denominator is coprime to p. When we tensor the equality with F,, we see that (A/B) ®F,
is the kernel of the projection map (Z"/B) @ F, — (Z" /A) @ F,, which is A,/B,, as desired. [

Corollary 2.13. We have
1) B1(An(Fy)) = B1(An(2)) @ Fp;
2) Ba(An(Fp)) = B2(An(Z)) ® Fp.
Proof.
1) Apply Lemma for ZV = A = A,[m] and B = (Ly + Mj3)[m], where [m] means total
degree m.
2) Apply Lemma 212 for ZY = A, [m], A = La(A,)[m], and B = L3(A,)[m]. ZN /A = By[m)]
is freely spanned by cyclic words of length m, so it is free, and the lemma applies.

. Since tor,(Z" /A) = 0, this implies that we have an isomorphism

O

Remark 2.14. This corollary is false for higher B;. For instance, one can show that
dlm(B4(A3(Z))[2, 2, 2] & Fg) 75 dim B4(A3(F2))[2, 2, 2]
(see Subsection B.I.T]).

3. THE STRUCTURE OF Bj(A,)

It will be useful to adapt the presentation of A, /M5 given in [ES] to general base ring R. This
is accomplished by the following proposition.

Proposition 3.1. The algebra A, /Ms is the algebra generated by x1,...x,, and w;; for i,j €
[1...n] and i # j, with the following relations:

1) wij = [z, 2], and so u;j + uj; = 0;

2) [a:,,ujk] =0 for alli,j,k;

3) w;j commute with each other: [u;;, ug] = 0;

4) wiju; = 0 if any of the 1,7, k, 1 contain repetitions;
5) ujjug = —uipwj if 1,3, k, 1 are all distinct.
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Proof. Relation (1) is the definition of w;;, and relations (2),(3) are obvious, so we will prove only
relations (4),(5).
4) We want to show that [z, y][z, 2] is in Ms. But,

[:Ev y] [:Ev Z] = [[33, y]:Ev Z] - [[33, y]v z]x = [[33, yﬂjL Z] - [[33, y]v Z]ﬂj‘,
which is in M3.
5) We want to show that [z,y][z,t] + [z, z][y,t] is in M3. Modulo Ms3, this is

[, ylz,t] + 2y, t]] = [z, [yz, 1] + [=, 2[y, t] — [y, t]2],
which is obviously in L3 (not just Ms).
Also, it is easy to show using relations (1)-(5) that in the quotient of the algebra A,, by these
relations, we have [[a,b], ¢] = 0 for all a,b, c. Indeed, using the Jacobi identity and the Leibniz rule,
it suffices to show that [z;, [x},¢]] = 0. This is straightforward, substituting ¢ = x;,...z;,,. The

m

proposition is proved. ]
For I C {1,...,n}, of even cardinality k, I = {i1,..., i}, i1 < ... < i, define uy := w;, jp - - Uiy, -

Proposition 3.2. A, /Ms is a free abelian group with basis x]fl---x’fb"uj, for k; > 0, and I as
above.

Proof. 1t is clear that the given elements are a spanning set. Let us show that they are a basis. It
is enough to show it over R = Z, hence over R = Q, which is known from [ES]. O

Here is a coordinate-free description of A/Ms. Let V be a finitely generated free R-module, and

A = TRV be the tensor algebra of V. Define the algebra Q(V) to be the quotient of the tensor
algebra Tr(V @ V') with generators z,,y,, v € V (R-linearly depending on v) by the relations

[xvaxu] = YolYu, [xvyyu] =0,v,ueV.

Note that this implies that y,y, = —yuy, and y2 = 0. We have a decomposition §~2(V) = QOdd(V) S
ﬁe“(V) into parts of odd and even degree with respect to the y-grading. Also we have a differential
on Q(V) given by dz, = y,.

Also, let Q(V') be the algebra of differential forms on V*, generated by z, and y, with relations

[l‘va‘fu] =0, [xvayu] =0, YoUu = —YulYov> y12) =0

and differential dz, = y,. If R contains 1/2, we can define the Fedosov s-product on Q(V) by
axb=ab+ ida A db. Denote Q(V) equipped with this product by Q(V)..

Proposition 3.3. (i) If R contains 1/2 then there is a unique differential graded algebra homo-
morphism ¢ : Q(V) — Q(V), such that ¢(x,) = x, and it is an isomorphism.

(ii) Over any R, one has gr(QU(V)) = Q(V), where the associated graded is taken with respect to
the descending filtration by degree in the y-variables.

(iii) There exists a unique algebra homomorphism ¢ : A/Ms — Q(V), such that ¢(v) = .
Moreover, ¢ is an isomorphism.

Proof. (i) It is easy to check that the relations [z,,z,] = yyyu and [z,,y,] = 0 are satisfied in
Q(V)s, so, there is a unique homomorphism ¢, which is surjective. Also, it is clear that the Hilbert
series of §~2(V) is dominated by the Hilbert series of Q(V'), so ¢ is injective, hence an isomorphism.
(i) It is easy to see that there is a surjective homomorphism 6 : Q(V) — grQ(V). So it suffices
to show that it is an isomorphism over Q, which follows from (i) by comparison of Hilbert series.
(iii) It is shown similarly to the proof of Proposition Bl that in the algebra ©(V), one has
[[[a,b],c] = 0, so that ¢ exists and is surjective. But it follows from (ii) and Proposition 3] that

the Hilbert series of the two algebras are the same, so ( is injective, i.e. an isomorphism. O
5



Thus, §~2(V) is a quantization of the DG algebra of differential forms Q(V'). Nevertheless, over a
ring R not containing 1/2, in particular R = [y, they are not isomorphic even as graded GL(V)-
modules. Namely, the degree 2 component of Q(V) is V®V (the corresponding isomorphism is
defined by v ® u — 2y, v,u € V), while for Q(V) it is S?V @ A%V, which is not the same thing
as V ® V in characteristic 2. However, we will need to work with rings not containing 1/2 (such
as Z and Fy). For this reason we will use a poor man’s version of ¢, the map ¢, introduced in the
following proposition. Note that it is not an algebra map and is not G L(n)-invariant.

Proposition 3.4. There exists a unique isomorphism of R-modules ¢ : A, /Ms — Q¢ such that
Pl -+ aprur) = 2y’ - apday,

where dvy = dy, Ndg,, N...Ndg,  Ndg, . Moreover, one has o([a, z;]) = dp(a) A dz;.

Proof. The first statement is a direct consequence of Proposition [3.2], and the second one follows
by an easy direct computation. O

Theorem 3.5. The map ¢ induces an isomorphism ¢ : Lo(A/Ms) — QY.

Proof. We will need the following lemma.

Lemma 3.6. We have La(A,) = >0 [Ay, xi].

Proof. This follows from the identity [a, bc] + [b, ca] + [¢, ab] = 0. O

By this lemma, Ly(A,) is spanned by [a,2;], a € A,. But by Proposition B4l ¢([a,z;]) =
dep(a) A dx;. Thus, p(Lg) is contained in QY. On the other hand, Q¢ is spanned by elements of
the form w = df Adx;y, A ... Adwi,,,,. So if a = o7 (fdzy A ... Adi,,), then o([a,2i,,,,]) = w,
implying the opposite inclusion. ]

Corollary 3.7. Over any base ring R, one has
Bi(Ay) = Q% (R") /9% (R").
In particular, for R =7, one has
Bi(4,) = HF(QUZ™) © Q4 (Z") /95" (Z"),
where HVV := H?> @ H* @ ... is the even De Rham cohomology of Z.".

Proof. Tt is clear that for any algebra A, By(A) = B1(A/Ms). Therefore, by Theorem B.5, B (A4,,) =
QV/QCY. So we have a short exact sequence

0 — H"T(QZ™)) — Bi(A,) — Qe”(Z”)/Qif’JF(Z") — 0,

But it is easy to see that the quotient is a free group (indeed, if mw is a closed form for an integer
m, then w is closed as well). This implies the statement. ]

Now, the Poincare lemma over Q implies that H¢" (Q(Z")) is torsion. Thus, we have

Theorem 3.8. The torsion in Bi(A,Z)) is given by the equality
1]
torB1(A,(Z)) = H®T(Q(Z") = H*(QUZ") @ HY(QUZ") @ ... = @H%(Q(Z”))
k=1

Combining with Corollary 210}, we have a complete description of the torsion part of By (A, (Z)).

Proposition 3.9. If my,...,m, > 0 then the torsion in Bi(A,(Z))[m1,...,my] is isomorphic to
n—2
(Z/ng(mh ) mn))2 :



Corollary 3.10. For g,r > 0, the torsion in Bi(Ax(Z))[q,r] is isomorphic to Z/ged(q,r) and

spanned by the element x4~ 1y" =1z, vy].

Proposition B9 allows us to explicitly compute By (A, (F,)) for all p.

Corollary 3.11. If all m; are positive, then dim By (A, (Fp))[m1,...,my] is 272 if there exists i
such that m; is not divisible by p, and 2"~' otherwise (i.e., if all m; are divisible by p).

Proof. By Corollary ZZT3} Bi(A,(Fy)) = Bi(An(Z)) ® Fy. It follows from the results of [ES] that
the rank of the free part of Bi(A,(Z))[m] is 2"~2. So the result follows from Corollary O

4. THE STRUCTURE OF Bs(A,,)

4.1. Torsion elements in Bs(A,(Z)). In this section we study the torsion in Ba(A,(Z)). We
will show below that for n = 2 there is no torsion, so the first interesting case is n = 3. In this
subsection we describe the torsion in the case n = 3. Later we will give a more general result which
applies to any n; however, first we explicitly work out the cases n = 3 and n = 2 for the reader’s
convenience.
Let us denote the generators of A3(Z) by x,y,z. Let s,q,r be positive integers, and T'(s,q,7) =

[27 Zs—lxq—lyr—l[x7 y]] S BQ(A?)(Z))
Theorem 4.1.

1) The element T'(s,q,r) is torsion of order dividing ged(s, q,r).

2) Ifged(s,q,7) =2 or 3, the order of T(s,q,r) is exactly equal to ged(s, q, ).
Proof.

1) We start with the identity

(1) [z, wlz,y]] = [[w,y], 22] = [2, [y, wa]] + [z, [w, 2y]] + 2]z, wly + [w, 2]yx

which is checked by a direct calculation.

Setting in this identity w = 27!, we get that [z, 257 ![z,y]] € L3(A3(Z)). Now replacing y
with 297 1y" we get that [z, 2~ ![z, xq Lyr]] € L3(A3(Z)). Setting u := [z, 25~ Lot~ Ly " L[zy]],
and using Lemma 24, we get that ru € L3(A3(Z)). Similarly, [z, 25y, 2% Y]] €

L3(A3(Z)), and using Lemma [Z4] qu € L3(A3(Z)).
It remains to show that su € L3(A3z(Z)). To this end, we set m =¢—1, k =r — 1, and
write using Lemma [27] (mod L3(A3(Z))):
[z.a™yF lwy]] = [z, 2™ [y e, )] = [ 2[y* e, y]] = [0, [2y]y"a]
= [$m, [zyk7 y]$] = _[xmv $[y7 Zyk]] = _[$7 $m[y’ zyk“7
which is in L3(A3(Z)) by identity (). So, putting z° instead of z we get that su = 0, as
desired.

2) We consider first the case when ged(s,q,7) = 2. Let i =s—1,j =¢— 1,k =r —1, and
consider the element F(x,y,z2) = [z,2%y/2*[yz]] = T(s,q,r). It suffices to show that this
element is nontrivial in By(As(Fy)).

Let tg,t,,t. be commutative variables (i.e. they commute with z,y,z and each other).
Consider F(z + tg,y + ty,z + t;), and take the coefficient of tridegree
(t—1,7 — 1,k — 1) in ty,t,,t,. Clearly, it is ijk[z,zyz[yz]]. But we know, from com-
puter calculations in MAGMA, that this is nonzero in By(A3(IF2)). We see that for all odd
i,j,k, F(x,y,z) is nonzero in By(As(F3)).

A similar procedure works in the case where ged(s, ¢, r) = 3, with 4, j, k of the form 3m—1.
The relevant coegﬁc;eélt (of degree i —2,j — 2,k — 2) would be (;, ) (%) (g) [z, 2%9%22[yz]], and

the element [z, x°y*z°[yz]] is nonzero in By(As(F3)) by a computer calculation.
7



O

Remark 4.2. 1. Actually, the argument in the proof for part 2 would work for any ged(s,q,r7) =m
if we knew that [z, 2™ 1y™~12™m1[y2]] has order exactly m in By(A3(Z)).

2. Below we will give another proof that the order of T'(s, ¢, ) is exactly ged(s, ¢,7), which works
when ged(s, g,7) is odd.

4.2. Torsion in By(As(Z)).

Theorem 4.3. By(Ay(Z)) has no torsion.

Proof. We make use of the following:

Lemma 4.4. We have By(An(Z)) = > [xi, B1(An(Z))].

Proof. The statement follows from Lemma O

Let us denote the generators of Ay by x,y.
Lemma 4.5. If T is a torsion element of B1(A2(Z)), then [v,T] = [y, T] = 0 in Bo(A2(Z)).

Proof. By Corollary B.I0] torsion elements are linear combinations of elements of the form T =
2971y = ay] (corresponding to the 2-form x4~ dx Ay"~'dy). Now, [z, T] = [z, 29~ 'y~ [zy]]. This
is the specialization of T'(1,¢,r) under setting z = x (where by “specialization”, we mean that we
apply the homomorphism A3 — Ay such that z,y, z go to x,y, z, respectively). Since T'(1,q,r) =0
in By, we conclude that the specialization is zero as well, i.e., [z,T] = 0. Similarly, [y,7] =0. O

We showed in Theorem [B.5] that
Bi(Ag) = Q@ Q2/02,.

Because the last summand is all torsion, by Lemma [£5] we can strengthen the formula for Bs
in Lemma F4] to say that By = [z, Q%] + [y, Q. Let us denote the Z-span of 2 and y by V. Since
x,y is a basis of V', we see that By = [V, Qq], i.e. Bs is a quotient of V' ® .

Note that we have an identification V@ Q° = Q! via 2 @ f +y ® g — fdx + gdy. Let us
show that closed 1-forms map to zero in By. Let f,g € QU be such that fdz + gdy is a closed
form, i.e. f, = g,. We may assume that this form is homogeneous of bidegree (¢,7). Then we can
set f = qxi~Y"/d,g = raly"'/d, where d = gcd(q,r). Define lifts fand g of f,g to Ay by the
formulas

o ;T q T _ q_1_
f: xlyd(xdyd)d 1xd 1 Z7
=0
I
~ 1 q T _ 4 T _1_
§=> y(waya)gaya
=0

Then it is easy to see that
(@, f1+[y.g1=0.
in As. This implies that the closed 1-form fdxz + gdy is killed, as desired.
Thus, we see that Ba(A2(Z)) is a quotient of the free group Q'/Ql,. But by the Feigin-Shoikhet
theorem [ES], this free group already has the same Hilbert series as By(A2(Q)). So, there is no

torsion. ]
8



4.3. Torsion in By (A, (Z)).
Conjecture 4.6. The graded abelian group Bs(Ay,(Z)) is isomorphic to
i1 QN (Z") /2 (2.

Thus, the torsion in Bo(Ay(Z)) is isomorphic to

|25

H(Q(Z™) @ H (Z")) ... = @ H M (Qz")).

k=1
In particular, the torsion of By(As(Z))[q,r, s] is spanned by the element T(s,q,r), which has order
exactly ged(s,q,r).

This conjecture implies the following conjecture in characteristic p:

Conjecture 4.7. If all m; are positive, then dim Bo(A,(Fp))[m1,...,my] is 2°72 if there exists i
such that m; is not divisible by p, and 2"~ — 1 otherwise (i.e., if all m; are divisible by p).

The following theorem shows that Conjectures [.6] and [£7] hold at least as upper bounds.
Theorem 4.8. The torsion in Ba(A,(Z)) is a quotient of

nlJ

Hg(Q(Zn)) ® H5( @ H2k+l )

In particular, the torsion of Ba(As(Z))[gq,r,p] is spanned by the element T'(p,q,r). Also, the num-
bers in Conjecture [{.7] are upper bounds for dim B (A, (F,))[m1, ..., my].

Proof. Let V be the Z-span of the generators x4, ..., z,. By Lemma[4 and Corollary 3.7, we have a
surjective homomorphism £ : V@ Q¢ (Z™) /QEY(Z™) — Bs(A,(Z)). Moreover, for any a,b,c,z € A,
we have
[CL, [b7 C]Z] + [b7 [av C]Z] = [a[bv C]v Z] - [[bv C]v Z(l] + [b[a7 6]7 Z] - [[av C]v Zb] =
= [[ab? 0]7 Z] - Hb7 C], ZCL] + [[ba [CL, CH, Z] - [[CL, C], Zb] € L37
which shows that the image of [a, [b, c]z] in By is skewsymmetric in a,b, c. This implies that £ is a
composition of a homomorphism
n: QN2 @ QU=(Z) /9B (Z) — Bay(An(Z))
and the map v ® w +— dv A w. So the theorem follows from the following lemma.

Lemma 4.9. The image I of QL(Z") @ Qodd:=3(7m) 02=3 (70 under n coincides with the image
I of Qo3 (7n) /Q2%423 (7)Y under 7.

Indeed, by the results of [FS], the natural map v : Q'(Z")/QL(Z") — Ba(A,(Z))/I is an iso-
morphism after tensoring with Q. Since the group Q(Z")/QL(Z") is free, v is injective. Hence,
Lemma [£.9] shows that we have an exact sequence

0 — K — Qodd:23(7m) /Qodd=3(7m) 5 By(A,(Z)) — QYZ") /0L (2™ — o,
where the last nontrivial map is induced by v~!. So, since Q! /Q} -; is a free group, we have
By(A,(Z)) = QNZ") /Q4(Z") © (Q*4=3(2) /02522 (Z")) / K.
Moreover, as follows from the Feigin-Shoikhet results [F'S], this isomorphism holds without K after

tensoring with @Q, which implies that K is a torsion group. So we get
tory By (An(Z)) = (2942377 /004423(77)) /K = (H® @ H® & ...) /K,

cl

as desired.



Proof. (of Lemma [£9) The proof is similar to the argument at the end of the proof of Theorem
Namely, let fidxy +...+ frdx, be a closed 1-form, which is homogeneous of multidegree myq, ..., m,,.
We may assume that m; > 0, otherwise we are reduced to smaller n. Let d = ged(myq,...,my).
Then we can set f; = “tx; 1H x . Define lifts f, of f; to elements in A,, by the formulas

. "”1+1 mn mi mn mq mi—1  mg

d d d \d—1_.74 d = i1
g :EleJrl oz (2w ) Tt g .

It is easy to see that 22[3327 fi] = 0. This implies that (3", fidz;) € I, as desired. O
U

Remark 4.10. Theorem .8 implies that Conjecture 7] holds for p = 2,3 and n < 4. The proof is
analogous to the proof of Theorem A.T](2).

4.4. Proof of 2-localized versions of Conjectures and [4.71

4.4.1. The statement.

Theorem 4.11. (i) Conjecture[].6 holds over Z[1/2]. So if gcd(q,r,s) = 2¢(2k + 1) then the order
of T(q,r,s) is divisible by 2k + 1.
(ii) Congecture [{.7] holds for p > 2.

The rest of the section is the proof of Theorem LIl In view of Corollary (2), it suffices to
prove (i). We will apply the theory from the appendix to [DKM], namely Theorem 7.2.

4.4.2. First cyclic homology of the free algebra over the integers. Let A = A, (Z). First of all we
compute the first cyclic homology group HC4(A). This computation is known (due to Loday and
Quillen), but we will give it here for the convenience of the reader.

Recall that HC(A) is the quotient of the kernel of the commutator map [,] : A24 — A by the
elements ab Ac+bcANa+caAb, a,b,c € A. Also recall that if a = x;,...7;, is a cyclic word in
A/[A, A] (i.e., a word up to cyclic permutation) then we can define its noncommutative partial
derivative 0;a € A by the formula

82'(1 = E xik+1---xiin1---xik,1
kiip=1

Finally, note that for any cyclic word a and any positive integer m, the partial derivative 9;(a™/m),
has integer coefficients, even though a"/m does not.

Theorem 4.12. ([LQ)|, Proposition 5.4) If a is a non-power word (i.e., a nontrivial word that is
not a power of another word) and m > 1 is a positive integer, then the noncommutative differential

defines an element of HC1(A) of order m. Moreover, HC1(A) is the direct sum of the cyclic
subgroups Z/m spanned by these elements.

Proof. We have the Connes-Loday-Quillen exact sequence ([LQ], Theorem 1.6)
HCy(A) = AJ[A,A] - HH,(A) — HC1(A) — 0.

Now, since A = TV is a free algebra, HH;(A) is the kernel of the commutator map A®@ V — A,
and the map d : HCy(A) — HH;(A) is the noncommutative differential. In characteristic zero, the
10



kernel of the map d is just constants, and HC7 = 0. This implies that over Z, HCY is a torsion
group, and in each multidegree m, one has

HC{(A)[m] = Jm/Jm,

where Jy, := Im(d)[m], and Jp, is the saturation of Jy, inside HH;(A). Now, Jum/Jm is clearly a
direct sum of groups Z/m generated by elements d(a”/m), where a is a non-power word, which
implies the statement. U

4.4.3. Conclusion of proof of Theorem [[.11 Now we are ready to prove Theorem EIIl We will
work over Z[1/2] and for brevity will not explicitly show it in the notation. Recall from the appendix
to [DKM], proof of Theorem 7.2, that we have an exact sequence

(2) HC1(A) = N2(A/(Ly + M3))/W — By(A) — 0,

where W is spanned by the images of the elements ab Ac+bcAa+caAb, a,b,c e A.

Now recall that Q¢ is equipped with the Fedosov product a x b = ab + %da A db, and analo-
gously to [ES], by Proposition [3.3] we have an algebra isomorphism ¢ : A/Ms — Q¢ which maps
A/(Ly + M3) = Bj(A) isomorphically onto Q¢ /Q¢. So, the middle term of the sequence () is
A2(QeV/QeY) /W, where W is now spanned by the elements abA ¢ +bcAa+caAb, a,b,c € Q/QCY
(note that it is not important whether ab is the usual or Fedosov product, as they differ by an exact
form, and we are working modulo exact forms).

Now, it is shown as in [DKM]|, Theorem 7.1, that the algebra of differential forms is pseudoregular
in the sense of [DKM], so as a result the map

0 N2(Q% )W 5 Qo /0
given by f(a ® b) = a A db is an isomorphism. Thus, we have an exact sequence
HC(A) — Qodd/Qodd _, By(A) — 0,
where the first map is defined by the formula

Our job is to show that this map lands in Q/Q1, .
By Theorem [.12] for this it suffices to show that for every cyclic word a of multidegree

(my,...,my),
> ¢(0;(a™/m)) A da; € QF 4 Q283

This is equivalent to saying that the form

w(a,m) := Z(qb(@i(am/m)) — 0i(a™ /m)) N d;

belongs to 02423 Gince this form is in Q3 and is clearly closed, it suffices to show that it

represents the trivial class in the De Rham cohomology. But by Corollary .10l for this it suffices
to show that w(a,m) is divisible by mD, where D = ged(my, ..., my,).

To this end, let us compute w(a,m) explicitly. Suppose that w be a cyclic word. By a shuffle
subword of w we will mean a cyclic word obtained by crossing out some letters from w. Let
1 <4 <19 < oo < g1 < n. Let Ni17___7,~2k+1(w) be the number of shuffle subwords of w
which are even permutations of z;,, ..., i, , minus the number of shuffle subwords which are odd
permutations. Note that since the length of the shuffle subword is odd, it makes sense to talk about
its parity, as it does not change under cyclic permutation.

11



Lemma 4.13. One has
1
Z d(Ojw) Ndx; = Z oF Z Nil’m’i%Jrl (w)dzi, A ... A d$i2k+1'
7 k>0 11<... <Pk 41

Proof. This follows by direct calculation using the formula for the Fedosov product. O

Corollary 4.14. One has
1 1
w(a, m) = E Z 2_k Z Nil,m’i%Jrl(am)d:Eil VANPURVAN d$i2k+1'
E>1 7 i1<..<izgi1

Therefore, the theorem follows from the following combinatorial lemma.

Lemma 4.15. Let a be a cyclic word of degrees m; with respect to x;, and D = ged(my,...,my,).
Then for k > 1, the number N,-17___7,-2k+1(am) 1s divisible by mktiD.

Proof. Let y;, i = 1,...,n be anticommuting variables (i.e., y;y; = —y;y; and yi2 = 0). Suppose that
a = xj,...xj,, (where M =) m;), and consider the product Y (a,m) = ((1 + y;,)...(1 + y;,,))". It
is easy to see that Ny, ., ,(a™) is the coefficient of y;, . in Y (a,m). However, it is easily
shown by induction that

~Yigpt1

L+ yp) (Lt yi) = T +may+ oo+ mayn) [ (0 +v50)-
1<r<s<n

This implies that
Y(a,m) = (L+mmiys + ..+ mmay,)  [[ 1+ my;u,.)
1<r<s<n

and the statement follows. O

The theorem is proved.

5. EXPERIMENTAL DATA AND CONJECTURES

5.1. Experimental data. In this subsection we summarize the experimental data obtained by
direct computation in MAGMA.

In the tables below, multi-degree components are greater than or equal to 1 since cases with one
degree being 0 reduce to a smaller number of variables. Due to the S,, action permuting generators,
we list only multi-degrees with weakly descending entries. Note that we are asserting the torsion
subgroups are trivial for omitted degrees in each specified range.

TABLE 1. Torsion in By(A3(Z)) in degrees (i, ), with ¢ > j, such that 2 < /¢ < i+ j < 12.

GONED |6 |7 9
(44) || Z/2

(6,4) 72 72

(6.6) [ z/2]2/3](Z/2)°|(Z/2)°
(8,4) Z/2 Z/2 (Z./2)?

Remark 5.1. Note that we did not discover torsion in Bs(Ag(Z)). This lack of torsion is proved in
Theorem

12



TABLE 2. Torsion in By(As(Z)) in degrees (i,7,k), with ¢ > j > k, such that
2<l¢<i+j+kandeither i,5,k <3 or j,k <4,i <2

(4,7, k)\¢: || 2 3 5 7
(2,2,2) Z/2

(3,3,3) Z/3|Z/3

422)  |[Z/2 (Z]2)?

(4,4,2) Z/2 (z/2° | (Z/2)°

TABLE 3. Torsion in By(A4(Z)) in degrees (i, j, k,1), with ¢ > j > k > [, such that
2<l<i+j+k+landi,j k<2

(i, 5,k D\ ][ 2 5
(2222) [ (z/2)°](Z/2

5.1.1. Discrepancies between ranks of By in characteristic zero and positive characteristic. The
difference D = dim By(A3(F2)) — dim By(A3(Q)) in degrees (i, j, k) was calculated using MAGMA
in degrees up to (3,3,3) and (4,2,2) and was found to be nonzero in the following cases:

(] Ggk) [ D]
21(2,2,2) ] 1
21(4,2,2) | 1
11(2,2,2) [ -1
114,22 -1
51(4,2,2) | 2
6] (4,22 | —2

The difference D = dim By(A3(F3))—dim B;(A3(Q)) in degrees (4, j, k) calculated using MAGMA
in degrees up to (3,3,3) and (4,2,2) and was found to be nonzero in the following cases:

L] Ggk) [ D]
21(3,3,3) | 1
51(3,3,3) | -1

Py

~—

5.2. Conjectures. The theoretical results of this paper and the computational results in the pre-
vious subsection motivate the following conjectures.

Conjecture 5.2. If a torsion element T in By(A,(Z)) has degree m with respect to some generator
xj, then the order of T' divides m.

Conjecture 5.3. There is no torsion in By(A,(Z))[mq,...,my] unless £ < mq + -+ +m, — 3.

Remark 5.4. One can prove a weaker statement that there is no torsion unless £ < mq+---+m, —2.
Indeed, it is clear that By[my, ..., m,] has no torsion if my+...4+m,, = £ because Ly1[mq,...,myp] =0
in this case. Also, in this case Ly[myq, ..., my] is a saturated subgroup in the free algebra A, (Z) (i.e.,
if jx € Ly for a positive integer j, then x € L) since this is a graded component of the free Lie
algebra in n generators over Z inside its universal enveloping algebra, which is A,,(Z). This means
that By_1[mq,...,my,] is also free in this case.

Also we propose the following questions:
13



Question 1. Suppose that ¢ > 2 and n are fixed. Can there exist p-torsion in By(A,(Z)) for
arbitrarily large p? What if ¢,n are allowed to vary? (In the computer search, we only found
2-torsion and 3-torsion).

Question 2. Does 2-torsion in By(A2(Z)) where £ > 2 occur only for odd ¢?

6. THE SUPERCASE

In this section we consider the super-extension of the preceding results, in the style of the paper
[BJ]. Namely, let A, (R) be the free algebra generated over a commutative ring R by n even
generators x1,...,Z, and k odd generators, yi,...,yx. This is really the same algebra as A,,.x(R);
the only thing that changes is the notion of the commutator. Namely, for two words a,b € A, 1,
we define [a,b] = ab— (—1)%%ba, where d, is the number of odd generators y; in the word a. Then
we define the modules L; and B; in the same way as in the usual case.

The structure of By(A, ;) and B;(A, k) over Q was studied in [BJ]. In particular, the structure
of By, By, and Bz was completely computed. Here we provide some results and data and formulate
a number of questions regarding the structure of By (A, ;) and B;(A,, ;) over Z.

6.1. Experimental data. Tables 4-8 list the torsion subgroup of By(A,)(Z) for small values of
£, m,n. Note that, as in Section [5.I], we are asserting these subgroups to be trivial for all omitted
degrees in the described range.

6.2. General statements and questions.
6.2.1. Torsion in By (A, x(Z)).

Theorem 6.1. Let k > 1, n+k > 2, and my,...,mp+x > 0. Then the torsion in By(A, (Z))[m]
is (Z)2)2"" 7 if all m; are even, and zero otherwise.

Remark 6.2. We see that the behavior of torsion is different from the case k£ = 0, when there is
torsion of all orders.

Proof. Let x1, ..., 20, Y1, ..., yr be the even and odd generators, respectively, and let Q(Z"‘k) be the
algebra of differential forms on these variables over Z (so the elements x; and dy; are even, while
dz; and y; are odd). Then similarly to Section 3, we have a linear isomorphism ¢ : A,, (Z)/Msz —
Q(Z"‘k)e”, which maps Lo into exact forms of positive degree. However, the image is not the entire
set of exact positive forms; for instance, if y is an odd variable, then (dy)?" = d(y(dy)?*"~!) is an
exact form but is not in the image of Ly. On the other hand, 2(dy)* is o([y,y* ~1]) = @(2y").
More generally, it is easy to show as in Section 3 that if w is a positive exact form then 2w € ¢(Ls).
This shows that we have an exact sequence

0— K — Bi(A,k(Z)) — Q/QY — 0,

where K is a vector space over Fa.
Now, as in the even case, we have

(Qev/Qgg)[mlv cey mn—i—k] = (Qev/Qilv’—l—)[ml’ cey mn-l—k] 3] H6U7+(Zn‘k)[ml7 cey mn-l—k]a

where the first summand is a free group and the second summand is torsion. Furthermore, it
is easy to show that for positive m, H*(Z%")[m] = 0 (as the Poincaré lemma for odd variables
holds over Z), so using the Kiinneth formula as in the even case, we see that for £ > 0 we have
HeH(ZMF)[my, ..., my,4p] = 0. This means that the group (QU/QY)[my, ..., my4x] is free, and
hence the above exact sequence splits.

It remains to compute the dimension of K. To do so, note that By (A, x(Z)) ®Fs = By (A, (F2)).
On the other hand, B;(A, (F2)) = Bi(A,1k(F2)) (the super-structure does not matter in char-
acteristic 2), so the dimension of the right hand side in multidegree (myq, ..., my4x) is known from
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TABLE 4. Torsion in By(A;,1(Z)) in degrees (r,s), where 7 is the degree of the even
generator and s is the degree of the odd generator, such that 2 < ¢ < r + s < 11,
r,s <9, excepting (r,s) = (8, 3).

(Z/2)
z/2| |(2/2)*](z/2) | (Z/2)" | (2/2)7 | (Z/2)
z/2_|(2/2)” | (Z/2)" | (Z/2)"” EZ/2§9

(Z/2)

Z/2 | (z/2)°] (z/2)° | (Z/2)°
Z/2 | Z]2 | (Z/2)?° | (Z/2)°
ZJ2 ZJ2 ZJ2 Z)2
z/2 | z/2 | (z/2)° | (z/2)° | (Z/2)° | (Z/2)°
Z]2

Z/2)” | (Z/2)° | (2/2)" | (2/2) | (Z/2)°

( (

z/2_|(2/2)° | (Z/2)2 | (2/2) | (Z/2)>" | (2/2)™"

z/2_|(z2/2)° | (Z/2)" | (Z/2)" | (Z/2)°" | (Z/2)"”
(Z/2) (Z/2)" | (Z/2)°

(rs)\l] 2 [3 4 5 6 7 8 9
2,2) |Z/2

(3,3) 7.2

(4,2) |Z/2 7]2

(3,4) Z/2 7]2

(4,3) 72 72

(2,6) || z/2 Z/2 72

(3,5) ]2 ]2 (Z./2)?

(4,4) || Z/2 Z2 | (Z)2)7° ] (z/2)°

(5,3) Z/2 7.2 | (Z]2)*

(6,2) | z/2 Z/2 72

(3,6) Z2 | Z/2 | (Z)2)° | (Z/2)°
(4,5) Z2 | (Z/2)° ] (Z)2)" | (Z/2)*
(5,4) z/2 | (z/2)*| (z/2)° | (Z/2)*
(6,3) 7]2 7]2 (Z./2)? Z)2
(3,7) 7/2 72 | (Z)2)3 | (z/2)% | (Z/2)3
(4,6)

(5,5)

(6,4)

(7,3)

(8,2)

(3,8)

(4,7)

(5,6)

(6,5)

(7,4)

z/2_|(z/2) | (2/2)° | (Z/2)°

Section 3. Finally, the rank of the free part B (A, x(Z))[m] is known from [BJ]. Subtracting the
two, we get the statement. O

6.2.2. Torsion in B1(Ank(Z)). In the case k > 0, unlike the purely even case k = 0, the group
B (A, x(Z)) has torsion. Namely, recall that B;(A,(Z)) has a basis consisting of cyclic words, i.e.,
words in the generators up to cyclic permutation. This remains true for A, , except that some
words turn out to be equal to minus themselves, thus being 2-torsion. It is clear that such words
are exactly even powers of odd words. This implies the following result.

Proposition 6.3. The group torBi(A,, (7)) is a vector space over Fa, whose multivariable Hilbert
series is given by the formula

hn,k(tb cey by U, ,uk) =

2mp 41 - u2mn+k

2m1 42m
Z u ty .t Ay
M1y s Mk 2m., 2m )
T — t%ml...t%m”ulm”“...uk ek

m:mpy1+...+My 4 @5 odd
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TABLE 5. Torsion in By(Ap2(Z)) in degrees (si,s2), s1 > S2, such that 2 < ¢ <
s1+ 82 <11, 2 < 51,82 < 9.

(81782)\5 2 3 4 5 6 7 8 9
(3,3) Z]2

4,2) [z/2 Z]2

(4,3) 7]2 | Z]2

(4,4) Z/2 | (Z/27 ] @2

(5,3) Z)2 | z]2 | (Z)2)?

(5,4) Zj2 | (Z/2)*| (z/2)" | (Z/2)

(6.3) Z/2 | Z)2 | (Z]2F | (Z]2)

(5.5) Z/2 | @27 | (22" [ (Z/D™ | (Z]2)"

6.9 [z/2] |@Z/27]|Z/27]|Z/2"]|Z/2)"] (Z/2)°

(7,3) Z/2 | zZ)2 | (z/2)° | (z/2)° | (Z/2)°

8,2) |[Z]2 72 72 7]2

(6.5) Z/2 | @27 | (2] | @™ | (Z]D% | 22"
(7,4) Zj2 | (Z/2)*| (Z/2)° | (Z/)" | (Z2/2)" | (Z/2)°
(8,3) z/2 | z)2 | (z/2° | (Z/2) | (Z/2) | (Z/2)°

TABLE 6. Torsion in B;(Az1(Z)) in degrees (r1,72,s), r1 > 72, such that either
r1,1r9, s < 3orry <4,r9 <3,5 <2.

(r1,72, )\ 2 3 4 5 6 7

2,1,3) 72

(2,2,2) | (z/2)° (Z/2)?

(3,1,2) 7]2

(2,2,3) (Z/2)? | (2/2)°

(3,1,3) (Z/2)° | (2/2)

(3,2,2) (z)2? | Z]2

(4,1,2) 7]2 7]2

(3,2,3) (z/2)" | (Z/2)° | (2/2)"

(3,3,2) (Z/2)?* | (z)2)° | (Z/2)°

(4.2,2) | (z/2)° (Z/2)? | (Z)2)° | (Z/2)°

(3,3,3) z/3| (/)" | (2/2)° | (/)" | (2/2)* +Z/3

(4,3,2) z/2)" | (Z/2)° | (2/2)" (Z/2)
where f(z) ==Y am,,..., mn%le...z;nf;k is the Hilbert series of the free Lie algebra on n + k gen-

erators:

£ = M Dog o — 2,
a>1

where p(d) is the Mébius function.
In particular, torsion in multidegree m is nonzero if and only if all m; are even, and
(Mpt1 + .. + Mp4x)/ged(m) is odd.

Ezample 6.4. Let v(m) be the maximal power of 2 dividing m. For n = 0, k = 2, the torsion in B;
in bidegree (mq,m2) is nonzero iff m; and mgo are even, and v(m;) # v(msg). Forn =1 and k =1,
the torsion in Bj in bidegree (m1,ms9) is nonzero iff m; and mg are even, and v(my) > v(ms).
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TABLE 7. torsion in By(A;2(Z)) in degrees (r,s1,s2), s1 > sg2, such that either
r, 81,89 <3orr <45 <3,89 < 2.

(r,s1,52)\¢ 2 3 4 5 6 7
(1, 2, 2) Z/B
(1,3,2) ZJ3|  Z]2+1Z]3
(2,2,2) Z/2 Z/B Z/2—|—Z/3
(2, 3, 1) Z/2
(3, 2, 1) Z/2
(1,3,3) Z/3 ] (Z)2)° +(Z/3)° | (Z/2)° +Z/3
(2,3,2) Z/3| (Z/2)* +(Z/3)* | (Z/2)° +1Z/3
(3,2,2) Z/3| (Z]2)°+7Z/3 (Z]2)*+Z/3
(3,3,1) (z/2)° (z/2)?
(4,2,1) 7]2 Z]2
(2,3,3) Z/3| (Z/2)° + (Z/3)Z (Z/2)1(1J + (Z/3);‘ (Z/2)i + (Z/3);‘
(3,3,2) Z/3] (Z/2)" +(Z/3)* | (Z/2)" + (Z/3)” | (Z/2)" + (Z/3)
(4,2,2) |Z/2]z/3| (z)2)° +JZ/3 (Z.]2)° +5Z/3 (Z]2)° + (62/3)2
(4,3,1) (Z/2) (Z/2) ; (0%/2) _ .
(3,3,3) (Z/2)" + (2/3)° | (Z/2)” + (2/3)" | (Z/2)* + (Z/3)" | (Z/2)* + (Z/3)
(4,3,2) Z/3]| (Z/2)" +(2/3)* | (Z/2)™ +(Z/3)* | (Z/2)* + (2/3)" | (Z/2)" + (Z/3)*
TABLE 8. Torsion in By(Ap3(Z)) in degrees s = (s1, 2, 53), , such that either 2 <
<81+ s34+ s3 <10 and s1, 89,53 <8, ors=(7,3,1).
s\7 2 3 1 5 6 7 8 9
(2,2,1) 7]3
(2,2,2) |[ (Z/2)” | 2/3)* | (Z/2)* + (2/3)*
(3,2,1) 773 Z/2 ¥ Z]3
(3,2,2) Z/3 | @/ + @2/3)* | (2/2)* + (2/3)*
(3,31 z/3 | (2/2)° + (Z/3)* (z/2)* +2/3
(4,2,1) (2/2)? +7/3 7./2
(3,3,2) (Z]2)¥% + (z/3)* | (2]2)'° + (2]3)° (Z/2)™ + (2/3)*
(4,2,2) Z/2 (z/2)° +(2/3)° | (2/2)" + (2/3)° (z/2)% + (2/3)*
(4,3,1) (Z/2)* +7./3 (2/2)° +7/3 (2/2)" +7/3
(5,2,1) (z/2)? (z/2)? (z/2)°
(3,3,3) z/3 z/2)2 +2/3 | (2/2% +@/3)™° | Z/2)° + 2/3)™ | (2/2)*° 1+ (Z/3)°
4,3,2) (z/2)° +7/3 Z/2)" +(Z/3)° | (2/2)° + (Z/3)™ | (2/2)** + (2/3)°
(4.4, 1) (z/2)" (z/2)™ +12/3 @/ + @/3)” | @/2™+2/3
- T
5,3,1 Z]2)% 7.)2)7 )T+ 7/3 2)T0
(6,2,1) (z/2)? (2/2)* (2/2)° (2/2)*
(5,3,2) (z/2)° (z/2)*" +2/3 (Z/2)*° + (2/3)7 (Z/2)9“rjr z/3)* | (2/2)% +(2/3)°
(5,4,1) (2.)2)% (2./2)10 (2/2) +7/3 (Z/2)°° +Z/3 (2/2)°° +7/3
(6,2,2) || (z/2)? (z/2)® (z/2)™ (z/2)*" +2/3 (z/2)® (z/2)>
(6,3,1) (z/2)* (z/2)" (z/2)°7 (z/2)* (z/2)*
(7,2,1) (z/2)? (z/2)? (z/2)° (z/2)° (z/2)°
(7,3,1) (z/2)" (z/2)" (z/2)°7 (2/2)°° (z/2)% (z/2)7"

Proof. 1t is clear that any nontrivial word is a power of a non-power word (i.e. a word which is
not a power of another word) in a unique way, and words generating 2-torsion are exactly the even
powers of non-power words of odd total degree with respect to the odd generators (if z is such a
non-power word, then 222 = [z, 22/~1]).

Also, it is well known that the generating function for non-power words modulo cyclic permuta-
tion is the same as the Hilbert series of the free Lie algebra. Indeed, if the generating function for
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. . . m.
non-power words modulo cyclic permutation is f(v) = > amv™, where v™ = v" v ", then

Un+k 0
v 2.
am(y m;) = ,
2 am Q)T = T

since any nontrivial word is uniquely a power of a non-power word. (The factor ) m; appears
because non-power words are considered up to cyclic permutations, which act freely on them).
Applying the inverse of the Euler operator, E~', which divides terms of total degree N by N, we

get
Zam log(1 —v™) = log(1 — Zvj),
m
or
H(l —pM)Im =1 — Zvj,
m
which implies that a,, are the dimensions of the components of the free Lie algebra.
These two statements imply the proposition. ]

6.2.3. Torsion in Ba(Ap k(7).

Proposition 6.5. If k > 1 and m; > 0 then torsion in By(Ay, k(Z))[m1,...,mntk] is a vector
space over Fy, which is a quotient of Q244(Z™*)[m] @ Fy. In particular, there is no 4-torsion, and
Bo(Ay k(Z[1/2]))[ma, ..., mpyg] is a free abelian group.

Proof. Tt is shown in the proof of Theorem BIlthat By (A,, x(Z))[m] is a quotient of Q¢ (Z"!¥)[m]/2Q¢% (Z"*)[m].
Therefore, analogously to the proof of Theorem E.§ one shows that Ba(A,, x(Z))m] is a quotient
of Q0 (zk)[m] /209 (Z"*)[m]. But as explained in the proof of Theorem B.1, the De Rham co-
homology groups vanish in positive multidegrees. Hence, the subgroup Q2% (Z"%)[m] is saturated.
So the torsion in Ba(A, x(Z))[m] is a quotient of Q2%4(Z"*)[m]/2, as desired. O

Let us now discuss the 2-torsion in Ba(A, (Z)) (which by Proposition is all the torsion
in positive degrees for £k > 0). Arguing as in Lemma 2I2] we see that for any abelian groups
ZN 5 A D B, we have an exact sequence

tor,(Z" /A) = (A/B) @ F, = A,/B, — 0,
which implies that
dim(A,/B,) < dim((A/B) ® F,) < dim(4,/B,) + dimtor,(Z" /A).
Setting p = 2, Z" = L1[m], A = Ly[m], and B = L3[m], this becomes
dim By (A1 (F2))m] < dim By (A, £(Z2))[m]®@Fy < dim By (A, 4% (F2))[m]+dim tory(B1 (A x(Z))[m)].
Subtracting dim Ba(A4,11(Q)), we get

Proposition 6.6.
dim tory Ba(Ay4(Z))[m] < dim tora(Ba (A, k(Z)))m] <
< dim tory By (A, 41(Z))[m] + dim tory (B (Ap k(Z))[m].

Remark 6.7. 1. Both inequalities in Proposition[6.6lcan be strict. For instance, for Ba(A21(Z))[2, 2, 2],
they look like 1 <2 < 3.

2. The upper bound of Proposition is asymptotically bad — it grows exponentially with
degrees, while the bound of Proposition is uniform in degrees. However, in particular degrees
the bound of Proposition may be better. For example, for n = k = 1 and m = (2,4), then
there is a unique odd exact form up to scaling, namely xdz(dy)* = d(xydz(dy)?), so Proposition
gives the bound of 1, while Proposition implies that torBa(A;1(Z))[2,4] = 0.
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Proposition [6.6] together with Proposition implies the following corollary.

Corollary 6.8. If the group Ba(A, 1(Z))[m] has nontrivial 2-torsion, then all m; are even. More-
over, unless (Mp41 + ... + Myyp)/ged(m) is odd, this 2-torsion depends only on n+k (i.e., is the
same as the 2-torsion in Bo(A,4+x(Z))).

Corollary 6.9. If n+k = 2 then necessary conditions for a nontrivial 2-torsion are the conditions

of Example[6.4)

Note that this agrees with the results of computer calculations.

6.2.4. Results and questions on torsion in higher By.

Proposition 6.10. Nontrivial  torsion  in  By(A, k(Z[1/2]))[m1,...,musx]  implies
C<my+ ...+ Mg — 2.

Proof. Same as in Remark [5.4] (but using the free Lie superalgebra). O

Remark 6.11. 1. Proposition seems to be true over Z but it seems that the proof would need
to be modified, since Lie superalgebras don’t behave well in characteristic 2.

2. We see from the tables that there can be torsion if £ = mq + ...+ m,.r — 2 (this does not
seem to occur in the even case).

Proposition 6.12. If n + k = 2, there is no torsion in By[my, ms] if either my or my equals 1.

Proof. Denote the generators of A, 1(Z) by z,y, and consider A,, (Z)[m,1]. A basis of this group
is the collection of elements x'yx’, where i + j = m.

Consider first the case when x is even. Let us identify A,, ;(Z)[m, 1] with the space of polynomials
of a variable z with integer coefficients and degree < m, by z'ya/ — 2. In this case, the operation
of bracketing with z! acting from A, 1(Z)[m — [,1] to A, x(Z)[m,1] corresponds to the operator
P+ (2! = 1)P on polynomials. This implies that L;1 (A, x(Z))[m, 1] is identified with polynomials
of degree < m which are divisible by (z — 1)’. So we see that B;i1(A,x(Z))[m,1] = Z for i =
0,1.,,,m, and zero for larger i, so there is no torsion.

If = is odd, the argument is similar. Namely, if y is even, we should use the assignment z’ya/ —
(—1)7 2", while if y is odd, we should use the assignment z'yz/ — (—1)"0+1) 2, O

Theorem 6.13. The dimensions of B;( A, 1(Fp))[m] fori > 2 are bounded from above by a constant
K; independent of m and p (but depending on n, k).

Proof. Since [ab, ¢] + [be, a] + [ca, b] = 0, we have
[ab, [c,d]] + [bc, [a, d]] + [ca, [b,d]] = [c, [ab, d]] + [a, [be, d]] + [b, [ca, d]].

Let A = A, ;(F,). Suppose we know that L; = [A<,, L;—1], where A<, is the part of A of degree
< r. Let u be a word of degree > 2r + 2. Then we can write u as ab, where the degrees of a
and b are > r + 1. Since L; is the sum of the spaces [c, L;—1], where ¢ has degree < r, we find
that [u, L;] is contained in the sum of spaces [v, L;|, where v has degree < 2r + 1. This implies
that L;y1 = [A<ory1, L;]. Since Ly = [A<i, L1] by Lemma B.6, we obtain by induction in ¢ that
Lit1 = [Acoi_1, L;] and hence B;11 = [A<qi_1, B;]. This implies that if K; is defined, then one can
take K; 1 = K;dim Acgi_. N

It remains show that Ky is defined. To show this, recall that By = Y [z, B1]. On the other
hand, by the results of and Theorem [G.1] the dimensions of the homogeneous components of
By are bounded by some constant K. So we can take Ko = (n + k)K, and we are done. O
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Remark 6.14. The bound K; given by this proof is very poor (it grows like 2i*/ 2). For p > 3, one
can get a much better bound, which grows exponentially with . Namely, since L;(A,, x(Z[1/2]))[/]
is a saturated subgroup of A, 1(Z[1/2])[¢], it follows from Lemma 3.1 in [AJ] that over any ring R
containing 1/2, one has

[(ab+ ba)c, B;] C [Q, By,

where @ is the span of at most quadratic monomials in a, b, (where a,b,c € A, ). This implies
that if F is a complement to the image in By of 1 and all elements (ab + ba)c where a, b, ¢ are of
positive degree, then B; 11 = [E, B;]. But for E we can take the span of all words of degrees 1,2 in

the generators. The number of such words is M + # Thus, for p > 3 we can take
k)? k.
O ) L LI TR S

2 2
for ¢ > 2.

We expect that by a suitable strengthening of Lemma 3.1 in [AJ], this argument can be adapted
to get an exponentially growing bound K; also in the case p = 2.

Let us now state some questions that are motivated by the data in the tables.

Question 3. Suppose k > 1,n+ k > 2. Can B;(4,, x(Z)) have p-torsion with p > n + k? For
example, if n+k =2 (i.e., (n,k) =(0,2) or (1,1)), can B; have p-torsion for odd p? Is the torsion
in B; in this case a vector space over Fy?

Question 4. Is there torsion in Bs(Ao2(Z))?

Question 5. If n+ k = 3, can there be torsion in B3(A,, x(Z))[m1,ma, m3] (mi,ma, ms > 0)
other than 3-torsion?

Remark 6.15. We note that, as follows from the above tables, it is not true in the supercase that if
a torsion element 7" in B; has degree m with respect to some generator, then the order of 1" divides
m. For example, for n = 1,k = 2, we have a 3-torsion element in multidegree (1,2,2).

6.3. Lower central series and modular representations. Let us discuss the connection of the
theory of lower central series with modular representation theory. It is clear that the algebraic
supergroup scheme GL(n|k)(Z) acts on each B;(A; k(Z))[m] (elements of total degree m), with
decomposition into multidegrees being the weight decomposition. Moreover, for each prime p, the
p-torsion in this representation is a subrepresentation, which actually factors through GL(n|k)(F,).
Moreover, the tensor product of this representation with the algebraic closure IE‘_p naturally extends
to a representation of GL(n|k)(F,).

In the purely even case, from computer data it appears that this modular representation is always
trivial at the Lie superalgebra level. However, in the supercase we see nontrivial Lie superalgebra
representations.

For instance, for n = 1 and k = 2, we have a 3-torsion element in Bz in multidegree (1, 2,2), which
is unique up to scaling in degree 5. Its degrees are not divisible by 3, so it defines a 1-dimensional
representation of GL(1|2) in characteristic 3 which is nontrivial at the Lie superalgebra level. It is
easy to see that at the Lie superalgebra level, this is in fact the well-known Berezinian representation
with weight (1,—1,—1) (which is the same as (1,2,2) in characteristic 3).

Now consider the 3-torsion in Bg for n = 0 and k = 3, which gives representations of GL(3)
(see the last table in Subsection 6.1). In this case, in degree 5 we have three independent torsion
elements, in multidegrees (1,2,2), (2,1,2) and (2,2, 1), respectively. Clearly, they generate a copy
of the representation V* ® (A3V)®2 where V is the 3-dimensional vector representation spanned
by the generators of A 3.

In degree 6, there is an 8-dimensional representation, with weights being all the permutations
of (1,2,3), as well as (2,2,2) (with multiplicity 2). This representation has the same character as
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sI(V)®(A3V)®2. Note that we cannot claim without additional argument that they are isomorphic,
since sl(V') is reducible (1 € sl[(V') in characteristic 3 as V' is 3-dimensional). All we can say is that
its composition series consists of a 7-dimensional irreducible representation and the 1-dimensional
representation (A3V)®2.

In degree 7, we have a 6-dimensional representation (whose weights are permutations of (1,3, 3)
and (2,2,3), with 1-dimensional weight spaces), which is clearly S2V* ® (A2V)®3. Finally, we have
a representation (A*V)®3 (trivial at the Lie algebra level) sitting in degree 9.

Actually, by analogy with [FS], for p > 2 the p-torsion in B; is a representation of the Lie
superalgebra W, ;. of supervector fields in characteristic p (this action is compatible with the action
of GL(n|k)). In particular, we have an action of the Lie superalgebra pgl(n + 1|k) which sits inside
W (n|k) as the Lie algebra of the supergroup of projective transformations. Looking at the action
of this subalgebra, we get more information.

For instance, consider the case n = 0, k = 3. In this case, the 3-torsion in Bg tensored with the
algebraic closure [, carries an action of the Harish-Chandra pair (s[(1|3), GL(3)) (which is equiva-
lent to an action of the supergroup SL(1|3)). Note that the trivial 1-dimensional representation of
s1(1|3) has a family of lifts x®" to SL(1|3), parametrized by integers r; namely XlarLe) = (A3V)®3,

Now consider the 3-torsion X in degrees 5,6,7 in B3(Ap3(Z)) tensored with the algebraic closure
(so dim(X) = 17). Let us describe the composition series of X as a representation of SL(1|3). It
is easy to see that the irreducible module for SL(1|3) with lowest degree component V* @ (A3V)®?
is V* ® x, where V is the 4-dimensional defining representation of SL(1,3). As a GL(3)-module,
this representation is V* @ (A2V)®2 @ (A3V)®2. Thus, we see that V* @ y is contained in the
composition series of X. The remaining GL(3)-modules are the 6-dimensional and 7-dimensional
irreducible representations of GL(3), and they have to comprise an irreducible SL(1]3)-module,
since any SL(1]3) module with the trivial action of the odd generators of the Lie algebra must be
trivial for the whole Lie algebra. Thus, we see that the composition series of X has length 2 and
consist of a 4-dimensional and a 13-dimensional irreducible representations, living n degrees 5,6
and 6,7, respectively. They have Hilbert series 3t> 4 % and 7t% + 6t7.

In a similar way one should be able to study the 3-torsion in B;(A4,, ) for i > 3 (as well as higher
p-torsion).

7. FURTHER WORK

Besides attempting to answer the questions stated above and demystify the enigmatic pattern of
torsion in B;(A,) and more generally B;(A,, ), we can point out the following interesting directions
of future research.

1. Over Z[1/2], the Lie algebra W,, of vector fields on the n-dimensional space acts on B;(4,,) and
Bi(Ay) for i > 2, similarly to [FS] (in characteristic 2, this can be generalized but a modification
is needed). It would be interesting to study this action and to apply representation theory of W,
to the study of the torsion in B;(A,). In particular, we conjecture that the Lie algebra W, acts
trivially on the torsion in B;(A,) (by analogy with the fact that vector fields on a manifold act
trivially on its cohomology). Note that this conjecture implies the conjecture that the order of a
torsaion element divides its degree with respect to each variable x;, by considering the vector field

We expect that in this study over I, the restricted structure of the Lie algebra W, will play a
role.

Also it would be interesting to extend this approach to the supercase, where there is an action
of the Lie superalgebra W,;.
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2. It would be interesting to generalize the results of this paper from the quotients B; to
the quotients N; := M;/M,;;1. (We note that a search in low degrees found no torsion in these
quotients).

3. It would be interesting to extend the results of this paper to algebras with relations, along
the lines of the appendix to [DKM] and of [BB].
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