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Abstract

A mathematical reaction-diffusion model is defined to describe the gradual decomposition
of polymer microspheres composed of poly(D,L-lactic-co-glycolic acid) (PLGA) that are
used for pharmaceutical drug delivery over extended periods of time. The partial differential
equation (PDE) model treats simultaneous first-order generation due to chemical reaction
and diffusion of reaction products in spherical geometry to capture the microsphere-size-
dependent effects of autocatalysis on PLGA erosion that occurs when the microspheres are
exposed to aqueous media such as biological fluids. The model is solved analytically for the
concentration of the autocatalytic carboxylic acid end groups of the polymer chains that
comprise the microspheres as a function of radial position and time. The analytical solution
for the reaction and transport of the autocatalytic chemical species is useful for predicting
the conditions under which drug release from PLGA microspheres transitions from diffu-
sion-controlled to erosion-controlled release, for understanding the dynamic coupling
between the PLGA degradation and erosion mechanisms, and for designing drug release
particles. The model is the first to provide an analytical prediction for the dynamics and spa-
tial heterogeneities of PLGA degradation and erosion within a spherical particle. The analyt-
ical solution is applicable to other spherical systems with simultaneous diffusive transport
and first-order generation by reaction.
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Introduction

Poly(D,L-lactic-co-glycolic acid) (PLGA) microspheres are biodegradable polymeric devices
that are widely studied for controlled-release drug delivery [1-4]. Compared to conventional
drug dosage forms, controlled-release drug delivery can provide enhanced control of drug con-
centrations and biodistribution, reduce side effects, and improve patient compliance.

Drug molecules dispersed in the bulk polymer are released by diffusion by two main path-
ways: through the nondegraded polymer bulk and through aqueous pores that form in the
polymer bulk as the polymer undergoes hydrolysis. Between microsphere size range extremes,
drug release may transition from the diffusion-controlled regime (diffusive release through the
nondegraded polymer bulk is faster through smaller microspheres that have shorter diffusion
lengths than in larger microspheres) to the erosion-controlled regime (diffusive release through
aqueous pores is faster through larger microspheres that have eroded porous interiors than in
smaller microspheres). The drug release rates for drug molecules with different sizes and water
solubilities depend strongly on the release regimes. Small, poorly water-soluble molecules are
known to diffuse more easily through the nondegraded polymer bulk so are released more
quickly in the diffusion-controlled regime [5, 6]. Conversely, small, highly water-soluble mole-
cules and macromolecules are known to diffuse more easily through aqueous pores so are
released more quickly in the erosion-controlled regime [7]. Thus, drug release is coupled to
polymer degradation by the dynamics and spatial distribution of developing pores. To describe
the development of the pore structure in the microspheres, it is first necessary to consider how
the polymer reacts and forms pores.

PLGA degrades chemically by acid-catalyzed ester hydrolysis in the polymer bulk rather
than from the surface inward because the water penetrates into the polymer matrix faster than
the rate of hydrolysis [8]. The carboxylic acid end groups of the PLGA polymer chains can
donate protons to autocatalyze the hydrolytic degradation, which accelerates the reaction
kinetics. The amount of autocatalyst increases as polymer chains are broken to produce smaller
chains because each of the smaller chains includes an autocatalytic end group. Small polymer
fragments up to and including nonamers are water-soluble [9-11]. The water-soluble frag-
ments dissolve in water and diffuse out of the polymer through water-filled pores, which leads
to polymer erosion (mass loss) and increases pore volume in the microspheres. Autocatalytic
hydrolysis is more substantial in the interior of large microspheres where the diffusion of deg-
radation products is limited, leading to accumulation of acidic polymer end groups [7, 12-14].

Although many models have been proposed for drug release from PLGA microspheres [15-
18], the mathematical formulation needed to accurately predict microsphere-size-dependent
drug release is still unclear [18, 19]. Here, we focus on the clarifying the complex effects of
autocatalysis on simultaneous polymer degradation and erosion in microspheres of different
sizes. By considering the polymer in isolation without encapsulated drug molecules, we aim to
contribute to the understanding of the development of porous domains in the microspheres,
which can then be used incorporated into future models that include drug transport to describe
the entire process of drug release from these types of dynamic porous materials.

The autocatalytic PLGA degradation reaction has been modeled previously [20, 21]; how-
ever, the models treated homogeneous degradation before the start of erosion, and the analyti-
cal solutions of the models do not depend on the microsphere size or spatial heterogeneities
within the microspheres. Models using reaction-diffusion equations have been applied to a
comparable drug delivery system: covalently bonded polymer-drug conjugates in solid poly-
mers. The models included first-order cleavage of polymer-drug bonds followed by diffusive
release of drug from polymer matrices [22, 23]. While the models for the polymer-drug conju-
gates treated a drug delivery system involving reaction and diffusion, the models cannot be
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applied directly to PLGA because the reaction kinetics in those models were independent of
the drug diffusion dynamics. The reaction and diffusion processes for PLGA microspheres are
coupled and should not be treated independently.

A reaction-diffusion model has been proposed previously [24] to treat autocatalytic degra-
dation and erosion in the polymer plates and cylinders composed of chemically similar poly
(lactic acid) (PLA), and the numerical predictions were compared to experimental data from a
study on the degradation of PLA plates of different thicknesses [25]. While the model in [24]
can be extended to other geometries using finite element analysis to solve the equations numer-
ically, the influence of the relationship between diffusion and reaction parameters on the zones
where diffusion and degradation have strong or weak influences was only presented for one-
dimensional planar and cylindrical geometries. We aim to derive an analytical solution to a
reaction-diffusion model specifically for the case of spherical geometry that can assess the rela-
tive dominance of the reaction and diffusion phenomena through a single dimensionless
parameter.

Reaction-diffusion equations have commonly been used to model spherical catalyst pellets
that experience simultaneous reaction and diffusion, and analytical solutions to the equations
are available [26, 27]. Despite the similarities in the reaction-diffusion equations for the two
systems, the catalyst pellets and PLGA microspheres differ in ways that are critical for their
mathematical treatment: (1) the reaction term in PLGA is a generation term instead of a con-
sumption term and (2) the directions of diffusion are reversed for PLGA microspheres and cat-
alyst pellets. In catalyst pellets, the reactant diffuses into the sphere where it is consumed by a
reaction. In contrast, the autocatalytic carboxylic acid end groups in PLGA microspheres are
distributed throughout the sphere where more are generated by the degradation reaction, and
some fraction of the autocatalyst diffuses out of the sphere. These differences between the phys-
ics of reaction and diffusion in spherical catalyst pellets and PLGA microspheres must be care-
fully accounted for during the analogous mathematical analyses of the reaction-diffusion
equations used to model the systems.

Here, we derive an analytical expression for the transient, radial concentration of the auto-
catalytic carboxylic acid end groups of PLGA by simultaneously treating degradation and ero-
sion of the polymer. Quantifying the transient, spatial distribution of the autocatalyst within
the polymer is important for understanding how different conditions may contribute to accel-
erating hydrolysis in the interior of large microspheres and for preventing adverse effects of the
acidic conditions within a microsphere on the drug stability or bioactivity [28]. Additionally,
such a mathematical treatment provides insights into how the coupling between autocatalysis
and drug diffusion may trigger transitions between diffusion-controlled and erosion-controlled
drug release regimes.

Methods
Mathematical model for the autocatalyst concentration

The conservation equation for a chemical species subject to reaction and diffusion within a

radially symmetric sphere is
o 10 (,D0
‘ = ( ’ C> + RV7

—~
—
~—

o ror\ Ror

where c(r, t) is the concentration, 0 < r < 1 is the normalized radial position defined as

r = 7/R, 7 is the the radial distance from the center of the sphere, R is the radius of the sphere,
t > 0is time, D is the diffusion coefficient, and Ry, is the net rate of generation of species per
volume. We assume that the microsphere volume is constant for bulk-eroding PLGA,
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neglecting any effects of possible microsphere swelling. The chemical species of interest is the
autocatalytic carboxylic acid end groups of the polymer chains or autocatalyst. PLGA degrada-
tion is often treated with pseudo-first-order kinetics [13, 18], where the autocatalyst undergoes
first-order growth while the concentrations of water, cH,0 and ester bonds in the polymer, cg,
are assumed to remain constant, giving

R, = ke, (2)

where the rate constant k for random ester bond hydrolysis incorporates the constant concen-
trations ¢y o and cg (the applicability of the assumption of constant cg is checked in the Results
and discussion section). PLGA erosion is treated by assuming that all carboxylic acid end
groups have a uniform constant diffusion coefficient D independent of the length of the poly-
mer chain to which they are attached; with this assumption, diffusion of degradation products
can be included in the analytical expression for autocatalyst concentration.

Substituting o = D/R* and (Eq 2) into (Eq 1) yields

dc a0 [ ,0c

for k > 0, and o > 0. The boundary conditions are
0c(0, 1)

——==0, t>0 4
or - )
and
o(l,t)=¢,, t>0, (5)
and the initial concentration distribution is
c(r,0) =c¢,(r), 0<r<l, (6)

where ¢, > 0and ¢, > 0. Note that ¢, < ¢, for flux toward the exterior of the sphere.

Analytical solution for the autocatalyst concentration

By substituting v(r, t) = rc(r, t), the partial differential equation (PDE) (Eq 3) and its initial and
boundary conditions are transformed to a linear, nonhomogeneous second-order PDE with a
source term and nonhomogeneous Dirichlet boundary conditions:

% =u % + kv, (7)
with boundary conditions
v(0,6) =0, t>0 (8)
and
v(l,t)=c¢c,, t>0 9)
and initial condition
v(r,0) =rc (r), 0<r<L (10)

PLOS ONE | DOI:10.1371/journal.pone.0135506 August 18,2015 4/14



@’PLOS ‘ ONE

Analytical Solution to Polymer Microsphere Reaction-Diffusion Model

The PDE for v(r, t) can be solved by superposition of the solutions to two related problems
[29]: (i) the complementary steady-state boundary value problem,
2

d*u
11
O—adr2+ku (11)

with boundary conditions u(0) = 0 and u(1) = ¢, , where u(r) is the equilibrium steady-state dis-
tribution, and (ii) the PDE for the function w(r, t) = v(r, t) — u(r),

ow Fw
ot o o2 + kw (12)

with homogeneous boundary conditions
w(0,t) =w(l,t) =0, t>0 (13)
and initial condition

w(r,0) =rc, (r) —u(r), 0<r<L (14)

The steady-state solution, u(r), and the solution to (Eq 12) for w(r, ) by the method of eigen-
function expansion are derived below and then combined to obtain the solutions for v(r, ) and
c(r, t).

Steady-state solution for u(r). The steady-state boundary value problem (Eq 11) can be
rewritten as

d2
0=""1 o o0<r<i, (15)
dr?

where the Thiele modulus, ®, for this first-order reaction-diffusion system is

® = /k/a. (16)

The Thiele modulus characterizes the relative importance of diffusion and reaction and is
defined as the ratio of the characteristic times for diffusion (1/a) and reaction in the absence of
mass transfer limitations (1/k). The solution is of the form [30]

u = Acos (®r) + Bsin (®r). (17)

The boundary condition u(0) = 0 for finite values of ¢ requires that A = 0. At the surface,
u(l) =c¢, = Bsin®, (18)

so B = ¢, / sin®. The solution to the steady-state ordinary differential equation (ODE) with
nonhomogeneous boundary conditions is

¢, sin (®r)

sin ®

u(r) =re(r) = (19)

Method of eigenfunction expansion solution for w(r, t). The linear, nonhomogeneous
PDE with homogeneous boundary conditions given by (Eq 12) can be solved using the method
of eigenfunction expansion [29], which consists of expanding the unknown solution w(r, t) in a
series of the eigenfunctions for the related homogeneous problem:

o0

W(T’, t) = Zan(t)(bn(r)’ (20)

n=1
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where a,,(t) are the time-dependent, generalized Fourier coefficients and ¢,,(r) are the eigen-
functions of the homogeneous PDE for diffusion without a source term with homogeneous
Dirichlet boundary conditions,

¢,(r) = sin (nnr). (21)

The eigenfunction expansion of the source term is
kw(r,t) = an(t)gb”(r), (22)
n=1

where b,(t) = ka,,(t) since the source term is first-order in the linearized concentration.

The Fourier sine series can be differentiated term by term since w(r, t) and sin(nznr) satisty
the same boundary conditions [29]. Inserting the eigenfunction expansions for w(r, ) from
(Eq 20) and the source term from (Eq 22) into the PDE in (Eq 12) yields

i d;tn 6 = i(—cxn?ﬂ)an(ﬁ” + ikun@. (23)

n=1 n=1

Foreachn=1,2,...,

%y (an’n* — k)a, = %y (n’n’ — @*)oa, = 0. (24)

The solution to (Eq 24) is
a,(t) = a,(0)exp (—(n*n> — ®)at), (25)

where the a,,(0) can be derived by multiplying (Eq 20) by ¢,, for ¢ = 0, considering the orthogo-
nality of the eigenfunctions, and integrating over the spatial domain to give

[ w(r,0)¢,dr
fol odr
2 /1(V(T, 0) — u) sin (nzmr)dr (26)

a,(0) =

2¢, nn(—1)"

1
= /0 2rc, (r) sin (nmr)dr + R

In the specific case of uniform initial distribution, ¢, (r) = ¢, and

_ —2¢, (=1)"  2¢, nn(-1)"

-
nm n*n? — @

a,(0 (27)

Substituting the expressions for ¢, from (Eq 21), a,, from (Eq 25), and 4,,(0) from (Eq 26)
into (Eq 20) yields the solution to the nonhomogeneous PDE with homogeneous boundary
conditions (Eq 12):

00

x exp (—(n*n® — ®*)at) sin (nnr).

Solution for v(r, t). Substituting the expressions for u from (Eq 19) and w from (Eq 28) into
v = u+w yields the solution to the nonhomogeneous PDE with nonhomogeneous boundary
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conditions (Eq 7):

¢, sin (®r)
sin @

+ Z </ 2rc, (r) sin (nmr)dr + m) (29)

x exp (—(n*n® — ®)at) sin (nmr).

V(T’, t) =

Solution for c(r, t). The concentration of the autocatalyst in radial coordinates is

v
=- 30
c=? (30)
The indeterminate form at r = 0 is resolved by
. sin(xr)
lim = lim xcos (xr) = x, (31)
r—0 r r—0
where x denotes a constant. The autocatalyst concentration at r = 0 is
0.1 = ¢, ®
o sin ®
> ! . 2¢, nm(—1)" o e (32)
+;nn /0 2rc, (r) sin (nmr)dr + o _or ) P (—(n*n® — ©*)at),
andat0 <r<1lis
(r.1) ¢, sin (®r)
ALt T T in
2¢, nm(—1)"
+ Z (/ 2r¢, (r) sin (nmr)dr + —CI)2> (33)
_ ) sin (n7r)
x exp (—(n*n?* — O )at) ——=.
With uniform initial distribution, (Eq 32) and (Eq 33) become
0.1 = ¢, @
VT Sno (34)
00 Cr n2n2 . )
+ 22 (M - ct0> (—1)" exp (—(n*n® — ®*)at)
and
, ¢, sin (®r)
rt) = rsin®
(35)

C

+2Z(ﬂ2 — r;)r)(—l)"exp(—(nQRZ—(D?)oct)

sin (n7r)
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Numerical solution for the autocatalyst concentration

The partial differential equation for the autocatalyst concentration Eqs (3)-(6) can also be
solved by numerical methods. The method of lines [31, 32] reduces the PDE to a system of
ODE:s by discretizing the radial dimension onto a finite grid with equal spacing Ar and coordi-
nates r; = iArfor i =0, 1, . . ., N. Using the boundary conditions and the second-order centered
finite difference approximations for spherical coordinates [33] to approximate the spatial
derivatives, the semi-discrete ODE for the concentration at each grid point, c(t), is

6
A—:;(cl —¢,) + ke, if i =0;
dc; o
5= 0 if i=N; (36)

A ((i+ 1),y — 2ic;+ (i — 1)c,_,) + ke;, otherwise.
The system of ODEs was solved using the function ode45 in MATLAB. The numerical solution
gives suitable accuracy when compared with the analytical solution.

Results and Discussion
Transient autocatalyst profiles

Our analytical expressions for the transient radial concentration of the autocatalyst Eqs (32)-
(35) quantify the importance of the Thiele modulus, ®, for determining whether PLGA degra-
dation and erosion are enhanced by accumulation or diminished by diffusion. The results pre-
sented here are all for the case of uniform initial distribution ¢, (r) = ¢, given by Eqs (34)—(35).
For small values of @ (Fig la-1b), diffusion dominates the conservation equation, so any
amount of the autocatalyst generated by the reaction diffuses away quickly and a steady state
can be reached. Such a microsphere experiences homogeneous erosion without substantially-
catalyzed degradation (Fig 2a). Small microspheres, fast diffusion, or slow reaction can give
small values of ®. For intermediate values of ® on the order of 7 (Fig 1c-1d), the autocatalyst
accumulates in the center of the microsphere forming a hollow interior (Fig 2b). For large val-
ues of @ (Fig le), the first-order reaction generation dominates the conservation equation, so
the autocatalyst accumulates in the interior faster than it can diffuse from the sphere. Autocata-
lytic degradation is severe throughout the microsphere (Fig 2¢), and the entire particle may
erode rapidly. The predicted autocatalyst concentration profiles (Fig 1) and the illustrations of
the spatial distribution of the autocatalyst in microspheres of different sizes where small sizes
correspond to small values of @ (Fig 2) are consistent with experimental visual evidence of the
microspheres-size-dependent spatial distribution of the acidic microclimate within degrading
PLGA microspheres [34].

Transition between regimes

To assess the bounds on the concentration profiles in different ranges of @, the maximum val-
ues of the concentration profiles, which occur at the microsphere center r = 0, are compared
(Figs 3 and 4). The upper and lower bounds are the reaction-dominant limit and the diffusion-
dominant limit, respectively.

Considering only the degradation reaction without diffusion, the autocatalyst concentration
is described by

Oc
Xn — kC
at rxn’

(37)
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Fig 1. Dimensionless autocatalyst concentration profiles. Autocatalyst concentration c/c; profiles as
functions of the characteristic time (at for Thiele modulus ® < 1 and kt for ® > 17) and dimensionless position
rforc, =0:(a) ®=0.1m, (b) ® = 0.7517 (c) ® = 17, (d) @ = 1.2577, (€) ® = 577. The vertical axes of the plots are
shown at different scales to zoom in on the full range of change in c/c; over the time period. The coloring is
consistent between the plots to facilitate comparisons.

doi:10.1371/journal.pone.0135506.g001

(@) (b) (c)

Fig 2. Sketch of spatial distribution of the autocatalyst in microsphere cross-sections in different
ranges of Thiele modulus. (a) diffusion throughout for Thiele modulus ® < < , (b) diffusion near edges and
accumulation/enhanced degradation in the center for ® ~ 1, (c) accumulation/enhanced degradation
throughout for ® > > 1. The autocatalyst is illustrated in white, and the polymer bulk is shown in black.

doi:10.1371/journal.pone.0135506.9002

which has the solution
Con (T, 1) = ¢, €xp (kt), (38)

where ¢y, is referred to as the reaction-dominant limit. This limit is the commonly treated
case for autocatalytic hydrolysis kinetics [13], where the concentration at each position is inde-
pendent of its neighbors. As ® — 00, ¢(r, t) — crxn(t) (Fig 3), so values in the range ® > 7 are
in the erosion-controlled regime.
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c( ,t)/(ct0+cE)

0 0.2 0.4 0.6 0.8 1

max

Fig 3. Dimensionless autocatalyst concentration profiles at r = 0 for large Thiele modulus values. Autocatalyst concentration c/(c; +cg) profiles atr=0
as functions of time scaled by the maximum reaction time tax for ¢, = 0 and large values of Thiele modulus ®: ® = 17 (red open circles), ® = 1.251 (blue solid
diamonds), ® = 1.5 (green solid squares), ® = 1.75m (black solid triangles), ® = 217 (red solid circles), ® = 217 (blue open diamonds), ® = 317 (green open
squares), ® = 517 (black open triangles). The solution approaches the reaction-dominant limit c,,,, (red solid curve) as ® — oc.

doi:10.1371/journal.pone.0135506.9003

Q
SNDARNG

0 0.2 04 0.6 0.8 :
ot

Fig 4. Dimensionless autocatalyst concentration profiles at r = 0 for intermediate Thiele modulus values. Autocatalyst concentration c/c,, profiles at
r=0 as functions of the characteristic time for diffusion for ¢, = 0 and intermediate values of Thiele modulus ®: ® = 0.2517 (red open triangles), ® = 0.5 (blue
open circles), ® = 0.751 (green open diamonds), ® = 0.917 (black open squares), ® = 0.9917 (red solid triangles), ® = 17 (blue solid circles). The solutions are
bounded by the diffusion-dominant limit c 4, (black dotted curve) as ® — 0 and the reaction-dominant limit ¢, (red solid curve) as ® — oc.

doi:10.1371/journal.pone.0135506.g004
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In a PLGA microsphere, the degradation reaction cannot continue infinitely because the
hydrolysis reaction only proceeds as long as ester bonds can be cleaved in the polymer. The
maximum time for the reaction occurs when all of the ester bonds have been converted to
MONOMETS, SO Cryxn (s tmax) = C;, + g and

]- Ct + CE ]- n
t =—In+——=-In—" 39
max k C k ) ( )

fy 1

where M,, is the initial number-average molecular weight and M, is the average weight of a
monomer. As t — t,,, the assumption of constant ester bond concentration is violated. At
t = 1/k, t/tmax = 1-2% for PLGA 50:50 with M, = 65.05 Da, M,, = 10-1000 kDa, and
k =0.012-0.08 day " [7], thus the constant ester concentration assumption is valid within the
characteristic time for the reaction (kt = 1 gives t ~ 12-80 days).

Considering only diffusion without the degradation reaction, the autocatalyst concentration
is described by

% — 0 82Cdiffn (40)

ot or? ’
with boundary and initial conditions given by Eqs (5)-(6), which has the solution [33] for r =0

00

cam(0:1) = ¢, +2(c, — ¢, )Y (=1)"exp (—n’n’ut) (41)
n=1
andfor0 <r<1
2(c,, — ¢, ) = (—1)"
Cam(Tt) = ¢, + ( 1m W) Z( n) exp (—n’n’at) sin (nnr), (42)

n=1

where cqjs, is referred to as the diffusion-dominant limit. As ® — 0, c(r, ) — cqig(1> £) (Fig 4),
so values in the range ® < r are in the diffusion-controlled regime. For intermediate values of
®, the autocatalyst concentration is bounded by the diffusion- and reaction-dominant limits;
the concentration peaks due to early accumulation and enhanced degradation in the center
and later decays due to diffusion. @ = 7 is the tipping point between the diffusion- and ero-
sion-controlled regimes characterized by exponential decay and exponential growth of the
autocatalyst, respectively.

Steady-state autocatalyst profiles

The autocatalyst concentration, c(r, t), exhibits exponential growth due to the first-order
hydrolysis reaction and exponential decay due to diffusion. The steady-state limit is
approached as the rates of diffusion and generation by reaction offset each other or when the
reacting species has diffused out of the system completely. For the concentration to reach a
steady state, the time derivative of c(r, f) must be zero; either the exponential term must (i) be
constant or (ii) approach 0 as ¢t — co. Therefore,

wnr -0 >0, n=12,.... (43)

In the most restrictive case of n =1, ® < 7.

The constant surface boundary condition c, determines the magnitude of the diffusion driv-
ing force and indicates the concentration of species in the medium assuming no mass transfer
limitations at the surface; this is consistent with a buffered medium where the autocatalyst
released from the microsphere is perfectly absorbed by the medium. If ¢, = 0, values of ® < 7
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Fig 5. Steady-state dimensionless autocatalyst concentration profiles. Steady-state dimensionless autocatalyst concentration %im c(r,t) /c,, profiles as

functions of dimensionless position r for boundary condition ¢, > 0 and Thiele modulus ® < 1: ® = 0.2517 (red open triangles), ® = 0.517 (blue open circles),
® =0.7517 (green open diamonds), ® = 0.917 (black open squares). Atr =0, c/c,, — coas ® — 1.

doi:10.1371/journal.pone.0135506.9005

have trivial steady-state solutions c(r, t)/c, — 0 as t — oo where the species diffuses completely
out of the sphere preventing runaway of the first-order, autocatalytic reaction, while ® = 7 has
a stable nontrivial solution ¢(r, t)/c;, — 2 as t — 00, balancing the contributions from the reac-
tion and diffusion. If ¢, > 0, the steady-state solutions for @ = m are nontrivial (Fig 5), and
neither the steady-state linearized solution, u, nor the analytical solution, c, are defined for ® =
mm, m=1,2,.... The transient profiles for ® = mm can be approximated by the numerical solu-
tion even though steady-state solutions do not exist in these cases. The case of ¢, > 0 is inter-
esting from a mathematical perspective but may only be physically appropriate for media that
have high concentrations of strong acid that augment the carboxylic acid end groups in catalyz-
ing the degradation. The boundary condition ¢, =0 is valid assuming no autocatalyst in a
weakly acidic buffered medium and is used for the results shown in Figs 1, 3, and 4.

Conclusions

An analytical expression was derived for the transient, radial concentration of a species under-
going simultaneous diffusion and first-order reaction generation with constant, but not neces-
sarily zero, surface boundary concentration. The expression differs from the common
reaction-diffusion case treated in the spherical catalyst literature as we treat a generation rather
than consumption reaction term. To our knowledge, this is the first application of such an ana-
lytical expression for the reaction-diffusion equation to PLGA microspheres to model degrada-
tion and erosion of the polymer. Treating the diffusive transport of the autocatalytic species to
capture spatial heterogeneities during degradation is a unique contribution of this work.

A limitation of the analytical expression for the autocatalyst concentration is the assumption
that the diffusion coefficient is independent of the lengths of the polymer chains to which the
autocatalytic carboxylic acid end groups are attached. In reality only a fraction of the polymer
chains are small enough to be water-soluble and able to diffuse through the aqueous pores. To
account for the overestimation of autocatalyst mobility in the assumption needed to simplify
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the mathematical formulation, a smaller value for the diffusion coefficient than the value for
just the soluble chains should be used to represent the average diffusivity of soluble and insolu-
ble polymer chains. A more detailed model distinguishing between the diffusivities of soluble
and insoluble autocatalyst populations would require a numerical solution to the PDE for each
population.

The analytical expression for autocatalyst concentration indicates that the Thiele modulus
is a key parameter for predicting the transition between the diffusion- and erosion-controlled
release regimes. With the coupling between reaction and diffusion of the autocatalyst treated
by this model, size-dependent effects on autocatalysis can be explored and incorporated into
detailed predictive models for drug delivery from autocatalytic PLGA microspheres, which
could ultimately contribute to the in silico optimal design of controlled drug release particles.

Author Contributions

Conceived and designed the experiments: ANFV PDA DWP RDB. Performed the experiments:
ANFV PDA. Analyzed the data: ANFV RDB. Contributed reagents/materials/analysis tools:
ANFV PDA RDB. Wrote the paper: ANFV PDA DWP RDB.

References

1. Edlund U, Albertsson AC. Degradable polymer microspheres for controlled drug delivery. Adv Polym
Sci. 2002; 157:67—112. doi: 10.1007/3-540-45734-8_3

2. Sinha VR, Trehan A. Biodegradable microspheres for protein delivery. J Control Release. 2003; 90
(3):261-280. doi: 10.1016/S0168-3659(03)00194-9 PMID: 12880694

3. Freiberg S, Zhu XX. Polymer microspheres for controlled drug release. Int J Pharm. 2004; 282(1-2):1—
18. doi: 10.1016/j.ijpharm.2004.04.013 PMID: 15336378

4. Varde NK, Pack DW. Microspheres for controlled release drug delivery. Expert Opin Biol Ther. 2004; 4
(1):35-51. doi: 10.1517/14712598.4.1.35 PMID: 14680467

5. Berkland C, King M, Cox A, Kim K, Pack DW. Precise control of PLG microsphere size provides
enhanced control of drug release rate. J Control Release. 2002; 82(1):137—-147. doi: 10.1016/S0168-
3659(02)00136-0 PMID: 12106984

6. Raman C, Berkland C, Kim K, Pack DW. Modeling small-molecule release from PLG microspheres:
Effects of polymer degradation and nonuniform drug distribution. J Control Release. 2005; 103(1):149—
158. doi: 10.1016/j.jconrel.2004.11.012 PMID: 15773062

7. Berkland C, Pollauf E, Raman C, Silverman R, Kim K, Pack DW. Macromolecule release from monodis-
perse PLG microspheres: Control of release rates and investigation of release mechanism. J Pharm
Sci. 2007; 96(5):1176—1191. doi: 10.1002/jps.20948 PMID: 17455338

8. Gopferich A. Mechanisms of polymer degradation and erosion. Biomaterials. 1996; 17(2):103—114. doi:
10.1016/0142-9612(96)85755-3 PMID: 8624387

9. Batycky RP, Hanes J, Langer R, Edwards DA. A theoretical model of erosion and macromolecular drug
release from biodegrading microspheres. J Pharm Sci. 1997; 86(12):1464—1477. doi: 10.1021/
js9604117 PMID: 9423163

10. Van Nostrum CF, Veldhuis TFJ, Bos GW, Hennink WE. Hydrolytic degradation of oligo(lactic acid): A
kinetic and mechanistic study. Polymer. 2004; 45(20):6779—-6787. doi: 10.1016/j.polymer.2004.08.001

11. Kulkami A, Reiche J, Lendlein A. Hydrolytic degradation of poly(rac-lactide) and poly[(rac-lactide)-co-
glycolide] at the air-water interface. Surf Interface Anal. 2007; 39(9):740-746. doi: 10.1002/sia.2580

12. VertM, Li S, Garreau H, Mauduit J, Boustta M, Schwach G, et al. Complexity of the hydrolytic degrada-
tion of aliphatic polyesters. Angew Makromol Chem. 1997; 247:239-253. doi: 10.1002/apmc.1997.
052470116

13. SiepmannJ, Elkharraz K, Siepmann F, Klose D. How autocatalysis accelerates drug release from
PLGA-based microparticles: A quantitative treatment. Biomacromolecules. 2005; 6(4):2312-2319. doi:
10.1021/bm050228k PMID: 16004477

14. Klose D, Siepmann F, Elkharraz K, Siepmann J. PLGA-based drug delivery systems: Importance of the
type of drug and device geometry. Int J Pharm. 2008; 354(1-2):95-103. doi: 10.1016/}.ijpharm.2007.
10.030 PMID: 18055140

PLOS ONE | DOI:10.1371/journal.pone.0135506 August 18,2015 13/14


http://dx.doi.org/10.1007/3-540-45734-8_3
http://dx.doi.org/10.1016/S0168-3659(03)00194-9
http://www.ncbi.nlm.nih.gov/pubmed/12880694
http://dx.doi.org/10.1016/j.ijpharm.2004.04.013
http://www.ncbi.nlm.nih.gov/pubmed/15336378
http://dx.doi.org/10.1517/14712598.4.1.35
http://www.ncbi.nlm.nih.gov/pubmed/14680467
http://dx.doi.org/10.1016/S0168-3659(02)00136-0
http://dx.doi.org/10.1016/S0168-3659(02)00136-0
http://www.ncbi.nlm.nih.gov/pubmed/12106984
http://dx.doi.org/10.1016/j.jconrel.2004.11.012
http://www.ncbi.nlm.nih.gov/pubmed/15773062
http://dx.doi.org/10.1002/jps.20948
http://www.ncbi.nlm.nih.gov/pubmed/17455338
http://dx.doi.org/10.1016/0142-9612(96)85755-3
http://www.ncbi.nlm.nih.gov/pubmed/8624387
http://dx.doi.org/10.1021/js9604117
http://dx.doi.org/10.1021/js9604117
http://www.ncbi.nlm.nih.gov/pubmed/9423163
http://dx.doi.org/10.1016/j.polymer.2004.08.001
http://dx.doi.org/10.1002/sia.2580
http://dx.doi.org/10.1002/apmc.1997.052470116
http://dx.doi.org/10.1002/apmc.1997.052470116
http://dx.doi.org/10.1021/bm050228k
http://www.ncbi.nlm.nih.gov/pubmed/16004477
http://dx.doi.org/10.1016/j.ijpharm.2007.10.030
http://dx.doi.org/10.1016/j.ijpharm.2007.10.030
http://www.ncbi.nlm.nih.gov/pubmed/18055140

@’PLOS ‘ ONE

Analytical Solution to Polymer Microsphere Reaction-Diffusion Model

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.
34.

Siepmann J, Gépferich A. Mathematical modeling of bioerodible, polymeric drug delivery systems. Adv
Drug Delivery Rev. 2001; 48(2-3):229-247. doi: 10.1016/S0169-409X(01)00116-8

Lao LL, Peppas NA, Boey FYC, Venkatraman SS. Modeling of drug release from bulk-degrading poly-
mers. IntJ Pharm. 2011; 418(1):28—41. doi: 10.1016/j.ijpharm.2010.12.020 PMID: 21182912

Sackett CK, Narasimhan B. Mathematical modeling of polymer erosion: Consequences for drug deliv-
ery. IntJ Pharm. 2011; 418(1):104—114. doi: 10.1016/.ijpharm.2010.11.048 PMID: 21130849

Ford Versypt AN, Pack DW, Braatz RD. Mathematical modeling of drug delivery from autocatalytically
degradable PLGA microspheres—A review. J Control Release. 2013; 165(1):29-37. doi: 10.1016/j.
jconrel.2012.10.015 PMID: 23103455

Ford Versypt AN. Modeling of controlled-release drug delivery from autocatalytically degrading polymer
microspheres. Ph.D. Thesis, University of lllinois at Urbana-Champaign. Urbana, IL; 2012.

Lyu S, Sparer R, Untereker D. Analytical solutions to mathematical models of the surface and bulk ero-
sion of solid polymers. J Polym Sci, Part B: Polym Phys. 2005; 43(4):383-397. doi: 10.1002/polb.
20340

Antheunis H, van der Meer JC, de Geus M, Heise A, Koning CE. Autocatalytic equation describing the
change in molecular weight during hydrolytic degradation of aliphatic polyesters. Biomacromolecules.
2010; 11(4):1118-1124. doi: 10.1021/bm100125b PMID: 20187614

Pitt CG, Schindler A. The kinetics of drug cleavage and release from matrices containing covalent poly-
mer-drug conjugates. J Control Release. 1995; 33(3):391-395. doi: 10.1016/0168-3659(94)00113-9

Tzafriri AR. The kinetics of drug cleavage and release from matrices containing covalent polymer-drug
conjugates. J Control Release. 2000; 63(1-2):69-79.

Wang Y, Pan J, Han X, Sinka C, Ding L. A phenomenological model for the degradation of biodegrad-
able polymers. Biomaterials. 2008; 29(23):3393-3401. doi: 10.1016/j.biomaterials.2008.04.042 PMID:
18486970

Grizzi |, Garreau H, Li S, Vert M. Hydrolytic degradation of devices based on poly(DL-lactic acid) size-
dependence. Biomaterials. 1995; 16(4):305-311. doi: 10.1016/0142-9612(95)93258-F PMID: 7772670

Fogler HS. Elements of Chemical Reaction Engineering. 4th ed. Upper Saddle River, NJ: Prentice
Hall; 2006.

Deen WM. Analysis of Transport Phenomena. New York: Oxford University Press; 1998.

Estey T, Kang J, Schwendeman SP, Carpenter JF. BSA degradation under acidic conditions: A model

for protein instability during release from PLGA delivery systems. J Pharm Sci. 2006; 95(7):1626—1639.
doi: 10.1002/jps.20625 PMID: 16729268

Haberman R. Applied Partial Differential Equations: with Fourier Series and Boundary Value Problems.
4th ed. Upper Saddle River, NJ: Prentice Hall; 2004.

Edwards CH, Penney DE. Differential Equations and Boundary Value Problems: Computing and
Modeling. 2nd ed. Upper Saddle River, NJ: Prentice Hall; 2000.

Schiesser WE. The Numerical Method of Lines: Integration of Partial Differential Equations. San
Diego: Academic Press; 1991.

Schiesser WE. Partial Differential Equation Analysis in Biomedical Engineering: Case Studies with
MATLAB. New York: Cambridge University Press; 2013.

Crank J. The Mathematics of Diffusion. 2nd ed. Oxford: Oxford University Press; 1975.

Fu K, Pack DW, Klibanov AM, Langer R. Visual evidence of acidic environment within degrading poly
(lactic-co-glycolic acid) (PLGA) microspheres. Pharm Res. 2000; 17(1):100—106. doi: 10.1023/
A:1007582911958 PMID: 10714616

PLOS ONE | DOI:10.1371/journal.pone.0135506 August 18,2015 14/14


http://dx.doi.org/10.1016/S0169-409X(01)00116-8
http://dx.doi.org/10.1016/j.ijpharm.2010.12.020
http://www.ncbi.nlm.nih.gov/pubmed/21182912
http://dx.doi.org/10.1016/j.ijpharm.2010.11.048
http://www.ncbi.nlm.nih.gov/pubmed/21130849
http://dx.doi.org/10.1016/j.jconrel.2012.10.015
http://dx.doi.org/10.1016/j.jconrel.2012.10.015
http://www.ncbi.nlm.nih.gov/pubmed/23103455
http://dx.doi.org/10.1002/polb.20340
http://dx.doi.org/10.1002/polb.20340
http://dx.doi.org/10.1021/bm100125b
http://www.ncbi.nlm.nih.gov/pubmed/20187614
http://dx.doi.org/10.1016/0168-3659(94)00113-9
http://dx.doi.org/10.1016/j.biomaterials.2008.04.042
http://www.ncbi.nlm.nih.gov/pubmed/18486970
http://dx.doi.org/10.1016/0142-9612(95)93258-F
http://www.ncbi.nlm.nih.gov/pubmed/7772670
http://dx.doi.org/10.1002/jps.20625
http://www.ncbi.nlm.nih.gov/pubmed/16729268
http://dx.doi.org/10.1023/A:1007582911958
http://dx.doi.org/10.1023/A:1007582911958
http://www.ncbi.nlm.nih.gov/pubmed/10714616

