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Abstract—Hierarchical uncertainty quantification can reduce
the computational cost of stochastic circuit simulation byem-
ploying spectral methods at different levels. This paper pesents
an efficient framework to simulate hierarchically some chal
lenging stochastic circuits/systems that include high-dnensional
subsystems. Due to the high parameter dimensionality, it is
challenging to both extract surrogate models at the low leve
of the design hierarchy and to handle them in the high-level
simulation. In this paper, we develop an efficient ANOVA-
based stochastic circuittMEMS simulator to extract efficiently
the surrogate models at the low level. In order to avoid the ctse
of dimensionality, we employ tensor-train decomposition aithe
high level to construct the basis functions and Gauss quadtare
points. As a demonstration, we verify our algorithm on a
stochastic oscillator with four MEMS capacitors and 184 random
parameters. This challenging example is simulated efficigly by
our simulator at the cost of only 10 minutes in MATLAB on a
regular personal computer.

Index Terms—Uncertainty quantification, hierarchical uncer-
tainty quantification, generalized polynomial chaos, stdeastic
modeling and simulation, circuit simulation, MEMS simulation,
high dimensionality, analysis of variance (ANOVA), tensortrain.

I. INTRODUCTION

fast convergence rate, such techniques have been sudlyessfu
applied in the stochastic analysis of integrated circli#]+
[20], VLSI interconnects[[21]£[25], electromagnetic [2&hd
MEMS devices|[1], [[2F], achieving significant speedup over
Monte Carlo when the parameter dimensionality is small or
medium.

Since many electronic systems are designed in a hierafchica
way, it is possible to exploit such structure and simulatera-c
plex circuit by hierarchical uncertainty quantificatidmﬂ
Specifically, one can first utilize stochastic spectral radth
to extract surrogate models for each block. Then, circuit
equations describing the interconnection of blocks may be
solved with stochastic spectral methods by treating eamtkbl
as a single random parameter. Typical application examples
include (but are not limited to) analog/mixed-signal syste
(e.g., phase-lock loops) and MEMS/IC co-design. In our pre-
liminary conference paper][1], this method was employed to
simulate a low-dimensional stochastic oscillator véittandom
parameters, achieving@50x speedup over the hierarchical
Monte-Carlo method proposed in32].

Paper Contributions. This paper extends the recently
developed hierarchical uncertainty quantification met[ia]j

ROCESS variations have become a major concern @ the challenging cases that include subsystems with high

submicron and nano-scale chip design [2]-[6]. In odimensionality (i.e., with a large number of parameters)eD
der to improve chip performances, it is highly desirable & Such high dimensionality, it is too expensive to extract a
develop efficient stochastic simulators to quantify the usurrogate model for each subsystem by any standard stachast

certainties of integrated circuits and microelectromeatel

spectral method. It is also non-trivial to perform highdév

[12] have emerged as a promising alternative to Monte Ca

ensional integration involved when computing the basis

techniques([Z3]. The key idea is to represent the stochadtifictions and Gauss quadrature rules for each subsystem. In
solution as a linear combination of some basis functio@éder to reduce the computational cost, this work develops

(e.g., generalized polynomial chab$ [8]), and then comfhge
solution by stochastic Galerkinl[7], stochastic collocat[S]-

some fast numerical algorithms to accelerate the simulatio
at both levels:

[12] or stochastic testing[ [14]-[16] methods. Due to the « At the low level, we develop a sparse stochastic testing
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simulator based on adaptive anchored ANOVA|[33]+37]

to efficiently simulate each subsystem. This approach
exploits the sparsity on-the-fly, and it turns out to be
suitable for many circuit and MEMS problems. This

algorithm was reported in our preliminary conference
paper[1] and was used for the global sensitivity analysis
of analog integrated circuits.

1Design hierarchy can be found in many engineering fieldshénrecent
work [29] a hierarchical stochastic analysis and optindezaframework based
on multi-fidelity models[[3D],[[3l] was proposed for airdrafesign.
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« In the high-level stochastic simulation, we accelerate the
three-term recurrence relatidn [38] by tensor-train decom
position [39]-41]. Our algorithm has a linear complexity
with respect to the parameter dimensionality, generating
a set of basis functions and Gauss quadrature point gl %

o : - . 'surrogaté.
with hlgh accuracy (close to _the machine precision). This " model |
algorithm was not reported inl[1]. g
'3 :
Il. BACKGROUND REVIEW lower-level lower-level lower-level
: parameters parameters parameters

This section first reviews the recently developed stocbasti
testing circuiyMEMS simulator [[14]=[16] and hierarCHicaFig. 1. Demonstration of hierarchical uncertainty quarsifion.
uncertainty quantification [28]. Then we introduce somekbac
ground about tensor and tensor decomposition.
In order to gomputef(t,g), stochastic testing[ [14]-[16]
A. Stochastic Testing CircuitMEMS Simulator substitutesz(t,¢) into (1) and forces the residual to zero at
Given a circuit netlist (or a MEMS 3D schematic fiIe),K testing samples of. This gives a deterministic differential

device models and process variation descriptions, one &an %Igebralc equation of sizeK
up a stochastic differential algebraic equation: dg(x(t))

—a T f(x(t),u(t)) =0, (6)
aq (3t.6),6) ., . . A | —
+7 (f(t &), ¢ u(t)) —0 (1) where the state vectok(t) contains all coefficients in(13).
dt o Stochastic testing then solves Eg. (6) with a linear coniylex
where(t) is the input signal¢=[¢;, - -+, &) € Q C R are of K and with adaptive time stepping, and it has shown higher
d mutually independent random variables describing procedéciency than standard stochastic Galerkin and stoahasti
variations. The joint probability density function éfis collocation methods in circuit simulation [14], [15].

1) Constructing Basis Functionghe basis functiot z ()
is constructed as follows (see Section Il [of|[16] for dejails
o First, for¢&; one constructs a set of degregerthonormal
univariate polynomials{?, (&)}Z:O according to its
marginal probability density; (¢;).
o Next, based on the obtained univariate polynomials of

d

p(&) = ] pr (&), )

k=1

wherepy, (&) is the marginal probability density function of

&k € Q. In circuit analysis,7€R™ denotes nodal voltages
g n n

and branch currentsfeR a_nd fER" represent charge/flux each random parameter one constructs the multivariate

and current/voltage, respectively. In MEMS analysis, BRjig basis functionH~(@:H‘.i i (&)

the equivalent form of a commonly usedd-order differential _ - Li=1 Pou 150 :

equation [1], [42]; # includes displacements, rotations and The obtained basis functions are orthonormal polynomials

their first-order derivatives with respect to time In the multi-dimensional parameter spacewith the density

When(é, ¢) has a bounded variance and smoothly depenggeasurm(g). As a result, some statistical information can be

on & we can approximate it by a truncated generalize%asnl’ obtained. For example, t2he mean .value and variance of
polynomial chaos expansiof [8] Z(t, &) aredo(t) and %&: (Zz(t))", respectively.

a#0
S A i A A = 2) Testing Point SelectionThe selection of testing points
w8 = Z Za(t)Ha(¢) 3) influence the numerical accuracy of the simulator. In stetiba
aer testing, the testing poim{sg-j}f:1 are selected by the following
where #z(t) € R™ denotes a coefficient indexed by vectotwo steps (see Section IlI-C df [14] for details):

7 o First, compute a set of multi-dimensional quadrature

a@ = o1, ,aq4) € N4, and the basis functioilz(¢) is a
multivariate polynomial with the highest order &f being«,. points. Such quadrature points should give accurate re-
sults for evaluating the numerical integration of any mul-

In practical implementations, it is popular to set the highe
total degree of the polynomials as then P = {a| o € tivariate polynomial of¢ over Q [with density measure

N,0<ar+---+ag < p} and the total number of basis p(&)] when the polynomial degree is 2p.
functions is

« Next, among the obtained quadrature points, we select
K—|[P +d\ (p+ad) 4) the K samples with the largest quadrature weights under
- D opld! the constraint thaV € RX*¥ s well-conditioned. The

j ' %
For any integerj in [1, K], there is a one-to-one correspon- (J, k) element ofV'is Hy(¢7).
dence between anda. As a result, we can denote a basis
function asH; (&) and rewrite[(B) as B. Hierarchical Uncertainty Quantification

K Consider Fig[dl, where an electronic system hasub-
2(t,6) ~ (t,€) = Y &;(t)H; (). (5) systems. The outpuy; of a subsystem is influenced by
= some process variations € R%, and the output: of the



whole system depends on all random paramefe’ss For
simplicity, in this paper we assume thaf only depends
on & and does not change with time or frequency. Directly ' - - -
simulating the whole system can be expensive due to the larg - - - .

problem size and high parameter dimensionalityyf6 are
mutually independent and smoothly dependen{s) we can - - - -

accelerate the simulation in a hierarchical wayi [28]:

o First, perform low-level uncertainty quantification. We
use stochastic testing to simulate each block, obtainifg. 2. Demonstration of a vector (left), a matrix (centenydaa 3-mode
a generalized polynomial expansion for eaghIn this tensor (righ).
step we can also employ other stochastic spectral methods
such as stochastic Galerkin or stochastic collocation. . . .
samples are required to obtajn Second, when high accuracy

o Next, perform high-Level uncertainty quantification. By, : o . .
treating y;’s as the inputs of the high-level equation's required, it is expensive to implemefi (7) due to the non-

we use stochastic testing again to efficiently compuEe'VIal Integrals when computing; and-;. Since the density

. Sincey; has been assumed independent of time a L(Jantlon of ¢; is unknown, the integrals must be evaluated in

frequency, we can treat it as a random parameter. e domain ofe;, with a cost growing exponentially with;

) ‘when a deterministic quadrature rule is used.
In order to apply stochastic spectral methods at the high

level, we need to compute a set gpecializedorthonormal .
polynomials and Gauss quadrature points/weights for eagh 1ensor and Tensor Decomposition

input random parameter. For the sake of numerical stapii¢gy Definition 1 (Tensor). A tensor A € RN N2xxNa s g
define a zero-mean unit-variance random variapléor each multi-mode (or multi-way) data array. The mode (or way) is
subsystem, by shifting and scaling. The intermediate vari- d, the number of dimensions. The size of thth dimension
ablesC = [¢1,--- ,¢,] are used as the random parameters if Ni. An element of the tensor id(iy, - - - ,ia), where the
the high-level equation. Dropping the subscript for simigyj positive integeri, is the index for thei-th dimension and <

we denote a general intermediate-level random parametér bix. < Ni. The total number of elements &fis Ny x - - - x Ng.
and its probability density function by(¢) (which is actually
unknown), then we can constryet 1 orthogonal polynomials
{m;(Q)}j—o via a three-term recurrence relation |[38]

As a demonstration, we have shown a vectbrmode
tensor) inR3*!, a matrix @-mode tensor) iNR3>*3 and a
3-mode tensor inR3*3*4 in Fig.[2, where each small cube

Ti1(C) = (¢ =) m5(C) — Kymj—1(C), R represents a scalar.
m-1(¢) =0, m(¢) =1, j=0,---,p—1 Definition 2 (Inner Product of Two Tensors). For A, B €
with RN1xN2x-xNa “their inner product is defined as the sum of
their element-wise product
[ ¢r(Qp(Q)dC J 72,1 (Op(Q)d g
R

Rk R 8 A B) = A(iy, - ig) B (i, -1q). (11)
E H{T?(C)P(C)dc P D{WJZ(OP(C)CK (8) < ) il;m (i1, 1a) B (i1, ia)
Definition 3 (Frobenius Norm of A Tensor). For A €

and ko = 1, where;({) is a degreer polynomial with a RN1xNzxxNa its Frobenius norm is defined as

leading coefficient 1. The firgi+ 1 univariate basis functions

can be obtained by normalization: Al = V(A A). (12)
$;(C) = (9 forj=0,1,---,p. @) Definition 4 (Rank-One Tensord. A d-mode tensorA €

JEoR1 " Rj RN1xxNa js rank one if it can be written as the outer product

The parameters;’s and~;'s can be further used to form aof d vectors

symmetric tridiagonal matrid € R0 x(p+1): A=vDov® . ov@ with v ¢ RN (13)
Vi1, i j =k whereo denotes the outer product operation. This means that
I k) = \/\/Z__J SR for1 <k <pil (10) ‘o
ko H =] Aiy, -+ ig) = [ v¥ (k) for all 1 <ix < Ni..  (14)

0, otherwise Pt

Let J = UXUT be an eigenvalue decomposition, wh&fdés Here v(*) (ix) denotes the,-th element of vectoy(*).

a unitary matrix. Thej-th quadrature point and weight qf
y 95 P ght @ Definition 5 (Tensor Rank). The rank of A € RN1x-xNa

areX(j,7) and (U(1,4))?, respectively[[4B]. : SRR
Challenges in High DimensionWhen d; is large, it is is the smallest positive integeér such that

difficult to implement hierarchical uncertainty quantificen. r 1@ @ . *) N
First, it is non-trivial to obtain a generalized polynomiflaos A= Z v, lov, T ov withv, ™ € R . (15)
expansion fory;, since a huge number of basis functions and j=1



It is attractive to perform tensor decomposition: given A. ANOVA and Anchored ANOVA Decomposition

small integerr < 7, approximateA € RM>**Ni by a 1) ANOVA: With ANOVA decomposition[[34],[[64]y can
rank+ tensor. Popular tensor decomposition algorithms iy \written as

clude canonical decomposition |44]=[46] and Tuker decom- y=g(&) = ng(gs)’ (18)
position [47], [48]. Canonical tensor decomposition airas t T
approximateA by the sum ofr rank-1 tensors [in the form N
of (I3)] while minimizing the approximation error, which is
normally implemented with alt.ernating_least _squ [451i.ST andsNs = (), and let|s| be the number of elements in
decomposition scales well with the dimensionalitybut it ,, "~ Liv, o i) # 0, we setQ, =, @ -,
is ill-posed ford > 3 [49]. Tucker decomposition aims to -. Lo o sl ’ s = sl
represent a tensor by a small core tensor and some matrix- [§i» &, ] € €25 and have the Lebesgue measure
factors [47], [48]. This decomposition is based on singular AN
value decomposition. It is robust, but the number of element du(&s) H (P (&) dS.)- (19)
in the core tensor still grows exponentially with
Alternatively, tensor-train decomposition [39]-[41] apg-
imates.A € RV1**Na by a low-rank tensotd with

where s is a subset of the full index sé& = {1,2,--- ,d}.
Let 5 be the complementary set of such thats Us = 7

kes

Then, g, (&,) in ANOVA decomposition[{I8) is defined recur-
sively by the following formula

Al via) — G v Ga (i) Ga i) (16 aulE) £ (9(0) = [ 9(E)an(©) = go. it s =0 o0

il’“.id — Y1 :7i1’: 2 :7i1’: o Yd :7id7: . Js 58 = = fud . 20
9s(&s) — tZ g:(&) , if s # 0.

Here G, € R™*NeX"s andrg = ry = 1. By fixing the . .CS - o

second indexy, G (:, ix,:)ER™ 1% becomes a matrix (or Here E is the expectation operataf, (&s) = [ g(&)du(Ss),

. Qs
vector whenk equalsl or d). To some extent, tensor-traingng the integration is computed for all elements exceptethos

decomposition have the advantages of both canonical tenﬁpgs . From [20), we have the following intuitive results:
decomposition and Tuker decomposition: it is robust since | go is a constant term:

each core tensor is obtained by a well-posed low-rank matrix, it «_ 1\ thena.(£.) = dr .1 (s TN () —
decomposition[39]5[41]; it scales linearly withsince storing P i (éj)}’_ . 9:(8) = 933 (&) 9:(8) = 9133 (&)
J J !

all core tensors requires ondy(Nr2d) memory if we assume P . A PN A .
Ny, = N andr, = r for k= 1,---,d — 1. Given an error  * if s={j,k} andj <k, thengs(&s) = gy (&, &) and

bounde, the tensor train decomposition in_{16) ensures 9s(8s) = 943,03 (&5 8) = 9431 (§5) — 9k} (&) — 903
o bothg, (&) andgs (&) are|s|-variable functions, and the
. decomposition[(118) hag? terms in total.
|- A, <=4l @) Postontie) has

Example 1. Considery = g(§) = g(&1,&2). SinceZ = {1, 2},
its subset include8, {1}, {2} and {1,2}. As a result, there
o _ N exist four terms in the ANOVA decompositibn] (18):
Definition 6 (TT-Rank). In tensor-train decompositiof (16) , oy s =0, 9@(5@) —-F g(f) = go is a constant;
G, € Re—XNexre for k= 1,-..d. The vectori’ = B \7 R B
, § o for s = {1}, g13(&1)=3(13(&1) — g0, and g1y (61) =

[ro, 1 rq] is called TT-rank. - J A .

. [ 9(€)p2(&2)déE, is a univariate function ofy;

Recently, tensor decomposition has shown promising appli- 2 . . B
cations in high-dimensional data and image compresSsida-[50 ° for s = {2}, 912} (52)_9_{2}_(52) — 90, and g{_Q}(&) -
[53], and in machine learning [54]. [55]. In the uncertainty Qf 9(&)p1(&1)dé, is a univariate function of;
quanuflcguon community, some efficient high-dimensional , for s={1, 2}, 9123 (61, 62)=0(1.2) (€1, &) — g1y (&1)
stochastic PDE solvers have been developed based on canon-
ical tensor decomposition [66]=[68] (which is called “Peop
Generalized Decomposition” in some papers) and tensor- _ -
train decomposition[[89]5[62]. In[]63], a spectral tensor- Since all terms in the ANOVA decomposition are mutually
train decomposition is proposed for high-dimensional fiorc orthogonal [34], [[64], we have

approximation. Var (g(g)) =Y Var (gs (ES)) (21)
sCT

whereVar(e) denotes the variance over the whole parameter
spacef). What makes ANOVA practically useful is that for

—

In order to accelerate the low-level simulation, this satti many engineering problemg(¢) is mainly influenced by the

develops a sparse stochastic circuittMEMS simulator basedterms. that dEpend I?nly on a smacljl Eumber of varéa?bl\(le\lsé\:;\:d
anchored ANOVA (analysis of variance). Without of loss Oﬁhus It can be well approximated by a truncate

while keepingry's as small as possible [89].

9(2) (&2) — go. Sinces=0, we havei; o} (&1, &) = g(£),
which is a bi-variate function.

I1l. ANOVA-B ASED SURROGATE MODEL EXTRACTION

generality, lety = g({) denote the output of a subsystem. ngecomposition
assume thay is a smooth function of the random parameters 9(&) ~ Z 95(&), sC T 22)

€ € Q C R that describe the process variations. || <dess



whered.s < d is called theeffective dimension g(&1, -+ €a) = g(Ai(ur), -+, Aa(uq)) = (@) with @ =

Example 2. Considery = g¢(&) with d = 20. In the full [11,+++, ual. Following (23), we have

ANOVA decompositio (IL8), we need to compute dwér A o~ | peifkeES
terms, which is prohibitively expensive. However, if we set V(i) = (@), with @y, = ug, otherwise, (26)
der = 2, h the followi imati . . . .

ff We have the Toflowing approximation wherep = [p1,--- ,paq] is the anchor point foii. The above

. 20 result can be rewritten as
)~ go+ Zw(&) + Z 95.6(&5 &) (23) AN = Mlaw), ifkeEs
j=1 1<j<k<20 (55) = 5 , with gk = e (gk) otherwise (27)

which contains onl\221 terms. . . - , .
from which we can obtalrys(gi) defined in [2D). Conse-

Unfortunately, it is still expensive to obtain the trunahtequently, the decomposmon far(€) can be obtained by using
ANOVA decomposition [(2R) due to two reasons. First, thg— [A1(p1),--+,Xa(pa)] as an anchor point @‘ [ ]
high-dimensional integrals if.{0) are expensive to comput Anchor point selection. It is is important to select a proper
Second, the truncated ANOVA decompositign](22) still coranchor point[[36]. In circuit and MEMS applications, we find
tains lots of terms whenl is large. In the following, we thatg=E(¢) is a good choice.

introduce anchored ANOVA that solves the first problem. The 2) Adaptive Implementationin order to further reduce
second issue will be addressed in Seclion1II-B. the computational cost, the truncated ANOVA decomposition
2) Anchored ANOVA:In order to avoid the expensive(22) can be implemented in an adaptive way. Specifically, in
multidimensional integral computation, [34] has propos@d practical computation we can ignore those terms that have
efficient algorithm which is called anchored ANOVA in [33],small variance values. Such a treatment can produce a highly

[35], [36]. Assuming that;,’s have standard uniform distri- sparse generalized polynomial-chaos expansion.
butions, anchored ANOVA first chooses a deterministic point For a given effective dimensiof.g < d, let

called anchored poin§ = [q1,--- ,q4] € [0,1]¢, and then
replaces the Lebesgue measure with the Dirac measure Sp={s[sCZ|s| =k}, k=1, deg (28)
- contain the initialized index sets for all-variate terms in
dp(&s) = kl;[@ (&k — ) dék)- (24) " the ANOVA decomposition. Given an anchor poifitand a

thresholdo, starting fromk=1, the main procedures of our
As a result,go = ¢g(¢), and ANOVA-based stochastic simulator are summarized below:

1) Computegg, which is a deterministic evaluation;
(25) 2) For everys € Si, compute the low-dimensional function
gs(gs) by stochastic testing. The importance g;f(gs)
is measured as

qr, if k€3
&k, otherwise.

9:(&) =g (5) , with & = {

Here ék denotes thek-th element ofg~ € R?, g is a fixed

deterministic value, and;, is a random variable. Anchored Var (gs (gs))

ANOVA was further extended to Gaussian random parameters 0s = — . (29)
in [35]. In [33], [36], [37], this algorithm was combined Wit S Y Var (gg (gs))

stochastic collocation to efficiently solve high-dimemsib j=13€8;

stochastic partial differential equations. 3) Update the index setsf;, < o for s € Si.. Specifically,

Example 3. Considery=g(&1,&2). With an anchored point for k < j < des, we check its index set’ € S;. If &
7 = lq1,q2), we havegy = g(q1,42), 9113(&1) = 9(&1,42), contains all elements of, then we remove’ from §;.
921 (&2) = g(q1,&2) and gg123(61,62) = 9(&1,&2). Com- Onces’ is removed, we do not need to evalugte(s)
puting these quantities does not involve any high-dimerdio in the subsequent computation.

integrations. 4) Setk= k+ 1, and repeat steps 2) and 3) uriti= dges.

Example 4. Let y=¢(&), € € R% and deg = 2. Anchored
B. Adaptive Anchored ANOVA for CircuiyMEMS Problems ANOVA starts with

1) Extension to General Caseb many circuit and MEMS S1={{it}jo1.. 20 and So = {{j, k}} 1< p<a0-
problems, the process variations can be non-uniform and non
Gaussian. We show that anchored ANOVA can be applied 8" #=1, we first utilize stochastic testing to calculate(<.)
such general cases. andd, for everys € S;. Assume

Observation: The anchored ANOVA in[34] can be applied
if pr(&) > 0 for any &, € Q.

Proof: Let u;, denote the cumulative density function foimplying that only the first two parameters are important to

&, thenu; can be treated as a random variable uniformijne output. Then, we only consider the coupling ofind &,
distributed on|0,1]. Since px(&) > 0 for any & € Q, in S, leading to
there exists{, = Ap(ux) which mapsuy to . Therefore, Sy ={{1,2}}.

01y > 0, 012y > 0, and O, <o forall j > 2,



Algorlthm 1 Stochastic Testing CircuittMEMS Simulator 3) Global Sensmvr[y Ana|ysisSince each terr@s(ss) is

Based on Adaptive Anchored ANOVA. computed by stochastic testing, Algoritfiin 1 provides aspar
1: Initialize Si’s and sets = 0; generalized polynomial-chaos expansion for the output of
2: At the anchor point, run a deterministic circuityMEMSinterest:y= " ysHz(€), where most coefficients are zero.

simulation to obtairyy, and sety = go; o lalsp ) .
3fork=1, -, dg do From this result, we can identify how mgf:h each parameter
4 for eachs € Sy, do contributes to the output by global sensitivity analysiaoT

5: run stochastic testing simulator to get the generaliz&inds of sensitivity mforr@aﬂon can be used to measure the
polynomial-chaos expansion ¢f (<,) ; importance of parametgr,: the main sensitivityS, and total

6: get the generalized polynomial-chaos expansion giensitivity T, as computed below:
9s(&s) according to[(20); > sl > lyal
7: update = 3 + Var (gS (és)): S, = 2k70esk=0 =70 (31)
8: updatey = y + g, (55); Var(y) Var(y)
9: end for IV. ENABLING HIGH-LEVEL SIMULATION BY
10: for eachs € S, d9 TENSORTRAIN DECOMPOSITION
11: _95 = Var gs(ﬁs)) /B In this section, we show how to accelerate the high-level
12: if 0s <o _ o non-Monte-Carlo simulation by handling the obtained high-
13: for any index sets’ € S; with j > k, remove  dimensional surrogate models with tensor-train decomposi
s from S; if s C s'. tion [39]-[41].
14: end if
15: end for A. Tensor-Based Three-Term Recurrence Relation
16: end for

In order to obtain the orthonormal polynomials and Gauss
guadrature points/weights gf we must implement the three-
term recurrence relation ifJ(7). The main bottleneck is to
compute the integrals inJ(8), since the probability density
function of ¢ is unknown.

2\~ 2 : For simplicity, we rewrite the integrals inl(8) & q(¢)),
~ + s s + S s
I (5) 9 Sglg (5 ) Sg;gzg (5 ) with ¢(¢) = ¢3(¢) or ¢(¢) = ¢¢3(¢). Since the probability
2 density functic is not given, te the integral i
— g0+ Zl 90y (&) + 912y (€1, €2) - ensity function of{ is not given, we compute the integral in
j=

Consequently, fokk = 2 we only need to calculate one bi-
variate functiong; 23 (&1,¢2), yielding

the parameter spade:

The pseudo codes of our implementation are summarized in E _ / 2 N - d 32
Alg.[Il Lines10 to 15 shows how to adaptively select the index (a(¢)) 1 (f (5)) plE)der &, (32)

sets. Let the final size o), be |Si;| and the total polynomial .
order in the stochastic testing simulator pethen the total where f(¢£) is a sparse generalized polynomial-chaos expan-

Q

number of samples used in Algl 1 is sion for ¢ obtained by
deit A W—E@) .
k+p)! - = 9/ SH=(8).
N=1+Y s W) . (30) (=16 =t |~|Z< JaHa(€).  (33)
k=1 " ' al=p

Note that all univariate terms in ANOVA (i.¢s| = 1) are kept ~ We compute the integral if_{B2) with the following steps:
in our implementation. For most circuit and MEMS problems, 1) We utilize a multi-dimensional Gauss quadrature rule:

setting the effective dimension &sor 3 can achieve a high ma ma _ _ d
accuracy due to the weak couplings among different random  E (¢ (¢)) ~ ST a(r et gh) I wi
parameters. For many cases, the univariate terms domhate t =1 ig=1 k=1
output of interest, leading to a near-linear complexityhwit . ) (34)
1 7 S H
Remarks. Anchored ANOVA works very well for a large (&', wy") denotes the,.-th Gauss quadrature point and

class of MEMS and circuit problems. However, in practice  Weight.
we also find a small number of examples (e.g., CMOS ring2) We define twai-mode tensor®, W e R *maxmm,

oscillators) that cannot be solved efficiently by the praubs with each element defined as .

algorithm, sincg many random variables affec_t ;ignifiqantl Q (i1,--ia) =q(f (& ,&)) .

the output of interest. For such problems, it is possible _ 2 (35)
to reduce the number of dominant random variables by a W (ir, - ia) = kl;ll W

Ilnear_transformIEB] before applying arjchored ANOVA. Qt_he for 1 < iy, < my. Now we can rewrite[[34) as the inner
techniques such as compressed sensing can also be utilized t roduct of © and W:

extract highly sparse surrogate modéls| [66]--[69] in the-low P '

level simulation of our proposed hierarchical framework. E(g(Q) =~ (Q,W). (36)



For simplicity, we setn;,=m in this manuscript. « Fast evaluation of Q(iy,--- ,44). In order to reduce the
The cost of computing the tensors and the tensor inner costof evaluating@ (i1, - - - ,ia), we first construct a low-

product isO(m?), which becomes intractable whelis large. rank tensor trainA for the intermediate-level random
Fortunately, bothQ and W have low tensor ranks in our ~ Parameteg, such that

applications, and thus the high-dimensional integrati@s) ( . ) N i i
can be computed very efficiently in the following way: HA_ AHF <clAlp, Al i) = f( 1 »dd) :

1) Low-rank representation of YWW. W can be written as

Once A is obtained,Q (i1, - - ,iq4) can be evaluated by
a rank-1 tensor
W=whow®...ow 37) Q(il,---,z‘d)%q(A(il,--- ,z'd)), (41)
where w®) = [wl;---;wi] € R™*! contains all which reduces to a cheap low-order univariate polynomial
Gauss quadrature weights for paramejerClearly, now evaluation. However, computing(i,--- ,iq) by di-
we only needO(md) memory to StoréW. rectly evaluatingA(iy, - - - de) in TT_crosscan be time-
2) Low-rank approximation for Q. © can be well ap- con_suming_, sinc&€ = f(£) involves many multivariate
proximated byQ with high accuracy in a tensor-train basis functions. _
format [39]-[41]: o Fast evaluation of A(iy,---,i4). The evaluation of
. A(i1,--+ ,iq) can also be accelerated by exploiting the
Q (i1, +iq) = G1 (5,01,:) G2 (t,01,1) -+~ Ga (5, ia, 1) special structure of (€). It is known that the generalized
(38) polynomial-chaos basis af is

with a pre-selected error bourdsuch that p
|e-¢, <l @9) i (§) = [T o (6, a=lon, - 0a]  @2)
k=1

For many circuit and MEMS problems, a tensor train

k . .
with very small TT-ranks can be obtained even when Wheredyk) (€x) is the degreey, orthonormal polynomial

10712 (which is very close to the machine precision). of &k, with Odé o < p. We first construct &-mode

. . (p+1)xm ; ; ;
3) Fast computation of [36). With the above low-rank tensor’ & R™17 1 indexed by(k, i + 1, 7x) with
tensor representations, the inner produc{id (36) can be X (ko +1,ip) = ‘ngk) (&) (43)

accurately estimated as _
where &;* is the i;-th Gauss quadrature point for pa-

O W) =TT, with Tj = WGy, (¢, in, - rameteréy, [as also used i (34)]. Then, each element of
< > ' ! g lkZ:l ¢ G (k) A (i, ,iq) can be calculated efficiently as

_ . (40) a
N_ow the cos_t of c_omputlng the involved high- Ay, i) = Z ﬂaHX(k,ak+1,ik) (44)
dimensional integration dramatically reduces to aep kel

O(dmr?), which only linearly depends the parameter ) ) o _
dimensionalityd. without evaluating the multivariate polynomials. Con-

structing X does not necessarily needp + 1)m poly-

. . . nomial evaluations, since the matriX (k,:,:) can be

B. Efficient Tensor-Train Computation reused for any other parametgrthat has the same type
Now we discuss how to obtain a low-rank tensor train.  of distribution with¢y.

An efficient implementation called’T_cross is described |, summary, we compute a tensor-train decomposition for

in [41] and included in the public-domain MATALB packageg a5 follows: 1) we construct th&-mode tensotX defined

TT _Toolbox [70]. In TT_cross Skeleton decomposition is;, @3); 2) we call TT_cross to compute.A as a tensor-

utilized to compress the TT-rank by iteratively searching a ain decomposition of4, where [@%) is used for fast element
rank+;, maximum-volume submatrix when computigy. A o\ giuation; 3) we calllT_crossagain to computed, where
major advantage of T _crossis that we do not need to know gyy is ysed for the fast element evaluation @f With the

Q a-priori. Instead, we only need to specify how to evaluatgy,,ye fast tensor element evaluations, the computatiandim
the elemenQ(iy, - - - ,ig) for a given index(ir,--- ,i4). AS 7T crosscan be reduced from dozens of minutes to several

shown in [41], with Skeleton decompositions a tensor-trahconds to generate some accurate low-rank tensor trains fo
decomposition need9(ldmr?) element evaluations, whete our high-dimensional surrogate models.

is the number of iterations in a Skeleton decomposition. For

example, wheri = 10, d = 50, m = 10 andr = 4 we may )

need up t010° element evaluations, which can take abodft- Algorithm Summary

one hour since each element@fis a high-order polynomial  Given the Gauss quadrature rule for each bottom-level

function of many bottom-level random variablés random parametef, our tensor-based three-term recurrence
In order to make the tensor-train decomposition@ffast, relation for an intermediate-level random parametés sum-

we employ some tricks to evaluate more efficiently eaaharized in Alg[2. This procedure can be repeated for sl

element of Q. The details are given below. to obtain their univariate generalized polynomial-chaasi®



Algorithm 2 Tensor-based generalized polynomial-chaos basis

Vg
and Gauss quadrature rule constructiondor
1: Initialize: ¢o(¢) = m0(¢) = 1, $1(¢) = m1(¢) = ¢, ko = L R L Parameter  Value
MA

k1 =1,v%=0a=1, . W \ 2.5V
2: Compute a low-rank tensor traid for ¢; N Y 0-2.5V
. A 3 Vi, LI V, ctrl :
3: Compute a low-rank tensor trai@ for ¢(¢) = ¢°, and ~Cm v. Cml™ c 10.831F
. A . trl .
obtainy; = <Q,W> via (40); A Icr /H/
. C R 110Q
4: for j=2,---,pdo (:?‘ ”"/1(
cogetmi(Q) = (¢ = vi—)mi—1(¢) — Kj1mj—2(C) A Al L 8.8nH
6:  construct a low-rank tensor trai@ for ¢(¢) = 73(¢), (WIL), 4/0.25

=]

and computel = <Q,W> via (40) ; M I—><—| M, lss 0.5mA
7. kj=a/a, and updates =a; Rss 106Q)
8:  construct a low-rank tensor tra@ for ¢(¢) = ¢(77(¢), R |

and computey; = <Q,W> /a; + =

(O .

9: normalization:¢,;(¢) = ;
¢J (C) VEoO Ry Fig. 3. Schematic of the oscillator circuit withMEMS capacitors (denoted

10: end for o asCh,), with 184 random parameters in total.
11: Form matrixJ in (@0Q);

12: Eigenvalue decompositiod: = UX U7 ;

13: Compute the Gauss-quadrature abscigsa X (3, ) and RFC;;i“ﬂng

weightw’ = (U(1,))" for j=1,--- ,p+1;

functions and Gauss quadrature rules, and then the stachas
testing simulator([14]=[16] (and any other standard stetiba L. Secondary R Capacitor
spectral method [7]5[9]) can be employed to perform high- Actuator Contact Bump  Primary

level stochastic simulation.

Remarks. 1) If the outputs of a group of subsystems are
identically independent, we only need to run AlJ. 2 ONCEy 4. 3-p schematic of the RE MEMS capacitor.
and reuse the results for the other subsystems in the group.

2) When there exist many subsystems, our ANOVA-based
stochastic solver may also be utilized to accelerate the-higshown in [73], the performance of this MEMS switch can be
level simulation. influenced significantly by process variations.

In our numerical experiments, we ugé independent ran-
dom parameters with Gaussian and Gamma distributions to
describe the material (e.g, conductivity and dielectrim-co

In this section, we verify the proposed algorithm on 8tants), geometric (e.g., thickness of each layer, widtth an
MEMS/IC co-design example with high-dimensional randongngth of each mechanical component) and environmental
parameters. All simulations are run in MATLAB and exeCUteg.)_g_’ temperature) uncertainties of each switch. For each
on a 2.4GHz laptop with 4GB memory. random parameter, we assume that its standard deviation is
3% of its mean value. In the whole circuit, we haué4
A. MEMS/IC Example rgndom parametgrs i_n total. Due to_ such high dimensiom_ality

simulating this circuit by stochastic spectral methods is a

In order to demonstrate the application of our hierarchicghallenging task.
uncertainty quantification in high-dimensional problem®&  |n the following experiments, we simulate this challenging
consider the oscillator circuit shown in F 3. This osibir design case using our proposed hierarchical Stochasuinrape
has four identical RF MEMS switches acting as tunable cgrethods. We also compare our algorithm with other two kinds
pacitors. The MEMS device used in this paper is a prototypir@ hierarchical approaches listed in Tafile I. In Method 1,
model of the RF MEMS capacitor reported in [71].[72].  poth low-level and high-level simulations use Monte Caals,

Since the MEMS switch has a symmetric structure, wsuggested by [32]. In Method 2, the low-level simulationsuse
construct a model for only half of the design, as shown igur ANOVA-based sparse simulator (Alg. 1), and the high-
Fig.[4. The simulation and measurement result$ in [42] shaavel simulation uses Monte Carlo.
that the pull-in voltage of this MEMS switch is abo8T V.
When the control voltage is far below the pull-in voltage .
the MEMS capacitance is small and almost constant. In itfs Surrogate Model Extraction
paper, we set the control voltage2d V, and thus the MEMS  In order to extract an accurate surrogate model for the
switch can be regarded as a small linear capacitor. As alreddEMS capacitor, Alg. 1 is implemented in the commercial

V. NUMERICAL RESULTS



TABLE Il
SURROGATE MODEL EXTRACTION WITH DIFFERENTo VALUES.

o #ls|=1 1 #[s]=2 | # |s|=3 | # ANOVA terms | # nonzero gPC termg # samples
0.5 46 0 0 a7 81 185
0.1to10=3 46 3 0 50 90 215
102 46 10 1 58 112 305
10=° 46 21 1 69 144 415
TABLE |
DIFFERENT HIERARCHICAL SIMULATION METHODS. 0.4 ‘ 1
Il main sensitivity
Method Low-level simulation | High-level simulation 04 Il total sensitivity)
Proposed Alg. 1 stochastic testing_[15] ’
Method 1 [32] Monte Carlo Monte Carlo
Method 2 Alg. 1 Monte Carlo 0.2+ B
1.4 ‘ ‘ 0.1- 1
surrogatect:lO’z)
1.2F o Monte Carlo (5000)
it ] % 5 10 15 20 25 30 35 40 45
Parameter index
0.8 1
06 ] Fig. 6. Main and total sensitivities of different random gaeters for the
’ RF MEMS capacitor.
0.4- 1
0.2 1 z— —e TT-ranf|
8s 6 65 7 .7‘.5 85 9 7+
MEMS capacitor (fF) o
. . . ) . 5t
Fig. 5. Comparison of the density functions obtained by ouragate model o
and by5000-sample Monte Carlo analysis of the original MEMS equation.
al
o
. . 1
network-based MEMS simulation tool MEMS+ [74] of Coven- THHHH HHHHHWHHHN
0 5 10 30 35 40 45 50

tor Inc. Each MEMS switch is described by a stochastic Parameter indox

differential equation [c.f.[{1)] with consideration of mess

variations. In order to compute the MEMS capacitor, we cdrg- 7- TT-rank for the surrogate model of the RF MEMS cajoacit

ignore the derivative terms and solve for the static sohgio
By settings = 10~2, our ANOVA-based stochastic MEMS

simulator generates a sparse 3rd-order generalized poigho changing the threshold. Table[ll has listed the number of
chaos expansion with on§0 non-zero coefficients, requiring obtained ANOVA terms, the number of non-zero generalized

only 215 simulation samples and.5 minutes of CPU time Polynomial chaos (gPC) terms and the number of required
in total. This result has onlg bivariate terms and no three-Simulation samples for different values of From this table,

variable terms in ANOVA decomposition, due to the very wea®® Nave the following observations:
couplings among different random parameters. Setting: 1) Wheno is large, only46 univariate terms (i.e., the terms
1072 can provide a highly accurate generalized polynomial ~ With |s| = 1) are obtained. This is because the variance
chaos expansion for the MEMS capacitor, which has a relative ~ Of all univariate terms are regarded as small, and thus
error aroundl0~¢ (in the L, sense) compared to that obtained ~all multivariate terms are ignored.
by settingo = 107°. Wheng is reduced (for example, 1), three dominant
By evaluating the surrogate model and the original model  bivariate terms (with/s| = 2) are included by consid-
(by simulating the original MEMS equation) witf000 sam- ering the coupling effects of the three most influential
ples, we have obtained the same probability density curves random parameters. Since the contributions of other
shown in Fig.[b. Note that using the standard stochastic —Parameters are insignificant, the result does not change
testing simulator [14]5[16] requireiss424 basis functions and even if o is further decreased to0 3.
simulation samples for this high-dimensional example,chhi A three-variable term (withs| = 3) and some bivariate
is prohibitively expensive on a regular computer. When the  coupling terms among other parameters can only be
effective dimensiond.s is set as3, there should bel 6262 captured wherv is reduced tol0~* or below. In this
terms in the truncated ANOVA decompositidn}22). However, ~ case, the effect of some non-dominant parameters can
due to the weak couplings among different random parameters ~ be captured.
only 90 of them are non-zero. Fig.[d shows the global sensitivity of this MEMS capacitor
We can get surrogate models with different accuracies kjth respect to all46 random parameters. The output is

2)

3)
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Fig. 8. (a) Gauss quadrature rule and (b) generalized polialcchaos (gPC) basis functions for the RF MEMS capacitor.

—

dominated by only3 parameters. The othet3 parameters 4) Map z(7,() to the original time axis, we obtain the
contribute to only2% of the capacitor’s variance, and thus their periodic steady state af(¢, ().
main and total sensitivities are almost invisible in FiT&is In order to apply stochastic testing in Step 3), we need to
explains why the generalized polynomial-chaos expansondompute some specialized orthonormal polynomials and &aus
highly sparse. Similar results have already been obsenrvedquadrature points for each intermediate-level parantgtéve
the statistical analysis of CMOS analog circuits [1]. use9 quadrature points for each bottom-level paraméieio
evaluate the high-dimensional integrals involved in thedh
term recurrence relation. This leadsott§ function evaluations
at all quadrature points, which is prohibitively expensive

The surrogate model obtained with= 10=2 is imported  To handle the high-dimensional MEMS surrogate models,
into the stochastic testing circuit simulator describedi]— the following tensor-based procedures are employed:
[16] for high-level simulation. At the high-level, we havieet o With Alg. 2, a low-rank tensor train of; is first con-

C. High-Level Simulation

following differential equation to describe the oscillato structed for an MEMS capacitor. For most dimensions
R the rank is only2, and the highest rank i§ as shown in
a7 (#t.0.8) 4s)  Fig.ll
4 +f (:v(t,g),g“,u) =0  Using the obtained tensor train, the Gauss quadrature
. points and generalized polynomial chaos basis functions
where the input signal: is constant(=[(i, -+, ] € R* are efficiently computed, as plotted in Fig. 8.

are the intermediate-level random parameters descrihiag t The total CPU time for constructing the tensor trains

—

four MEMS capacitors. Since the oscillation perib@() now ang computing the basis functions and Gauss quadrature
depends on the MEMS capacitors, the periodic steady-stgifints/weights is about0 seconds in MATALB. If we di-

—

can be written asi(t, ¢) = Z(t + 7((),¢). We simulate the rectly evaluate the high-dimensional multivariate gelized

stochastic oscillator by the following steps [15]: polynomial-chaos expansion, the three-term recurrenize re
1) Choose a constafi}, > 0 to define an unknown scalingtion requires almostl hour. The obtained results can be
factor a(¢) = T'(¢)/To and a scaled time axis = reused for all MEMS capacitors since they are independently

t/a(¢). With this scaling factor, we obtain a reshapedientical.

waveform z(r, () = #(t/a(C),{). At the steady state, With the obtained basis functions and Gauss quadrature

we havez(r,() = Z(r + Ty, (). In other words, the points/weights for each MEMS capacitor, the stochastic pe-

reshaped waveform has a peridg independent of.  riodic steady-state solvef [15] is called at the high lewel t
2) Rewrite [4%) on the scaled time axis: simulate the oscillator. Since there ateintermediate-level

parameters;’s, only 35 basis functions and testing samples

dq*(z*(ﬂ 5)75) ol o (46) are required for a3rd-order generalized polynomial-chaos
a4 +a(Q)f (Z(T,C),C,U) =0. expansion, leading to a simulation cost of orl§ seconds
in MATLAB.

— -

3) Approximatez(r,¢) and a(¢) by generalized polyno- Fig. [@ shows the waveforms from our algorithm at the
mial chaos expansions og_f Then, convert[{46) to a scaled time axis = t/a(f). The high-level simulation gen-
larger-scale deterministic equation by stochastic tgstirerates a generalized polynomial-chaos expansion for dhino
Solve the resulting deterministic equation by shootingpltages, branch currents and the exact parameter-depende
Newton with a phase constraints, which would providperiod. Evaluating the resulting generalized polynorotzos
the coefficients in the generalized polynomial-chagxpansion with5000 samples, we have obtained the density

— —

expansions of{(r, ¢) and«a(¢) [15]. function of the frequency, which is consistent with thosanir
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Fig. 10. Probability density functions of the oscillatioreduency.
Fig. 11. Realization of the output voltages (unit: volt)1&0 bottom-level
samples, generated by (a) proposed method and (b) Method 1.
Method 1 (usingb000 Monte Carlo samples at both levels)
and Method 2 (using Alg. 1 at the low level and usis@)0
Monte-Carlo samples at the high level), as shown in [Eigj. 10.
In order to show the variations of the waveform, we further ;s paper has proposed a framework to accelerate
plot the output voltages for00 bottom-level random samples.ihe hierarchical uncertainty quantification of stochasiic
As shown in Fig[1ll, the results from our proposed methqglits/systems with high-dimensional subsystems. We have
and from Method 1 are indistinguishable from each other. jeyeloped an ANOVA-based stochastic testing simulatocto a
celerate the low-level simulation, and a tensor-basechigale
D. Complexity Analysis for handling high-dimensional surrogate models at the high

Table[Il has summarized the performances of all thrés_vel' Both algorithms havealinegr (or near-l_inear) C(E_Wm/
methods. In all Monte Carlo analysis)00 random samples with respect to the parameter dimensionality. Our simulato
are utilized. If Method 1[[32] is used, Monte Carlo hadas been tested on an oscillator circuit with four MEMS ca-
to be repeatedly used for each MEMS capacitor, leading pacitors and totallyl84 random parameters, achieving highly

extremely long CPU time due to the slow convergence. gccurate results at the cost f-min CPU time in MATLAB.

Method 2 is used, the efficiency of the low-level surrogat'é' such example, our method is ovezx faster than the

model extraction can be improved due to the employmehigrarchical Monte Carlo method developed iinl[32], and is
of generalized polynomial-chaos expansion, but the higﬂpoutlzix faster than the method that uses ANOVA-based

level simulation is still time-consuming. Since our propes SC/Ver at the low level and Monte Carlo at the high level.
technique utilizes fast stochastic testing algorithms athb  There are lots of problems worth investigation in the direc-
levels, this high-dimensional example can be simulatedst v _tlon of hlerarch|f:al u_ncertamty quantification. Some uned

low computational cost, leading fi2x speedup over Method IMPOrtant questions include:

1 and14x speedup over Method 2. 1) How to extract a high-dimensional surrogate model such

VI. CONCLUSIONS ANDFUTURE WORK



2)

3)

TABLE Il

CPUTIMES OF DIFFERENT HIERARCHICAL STOCHASTIC SIMULATION AL®RITHMS.

. . Low level High level . .
Simulation Method Viethod CPUTme Vethod 9 CPUTme Total simulation cost
Proposed Alg. 1 8.5 min stochastic testing| 1.5 minute Low (10 min)
Method 1 Monte Carlo 13.2h Monte Carlo 2.2 h High (15.4 h)
Method 2 Alg. 1 8.5 min Monte Carlo 2.2 h Medium @.3 h)

that the tensor rank is as small as possible (or the tengma]
rank is below a provided upper bound)?

How to perform non-Monte-Carlo hierarchical uncer-
tainty quantification when the outputs of different blockgl4]
are correlated?

How to perform non-Monte-Carlo hierarchical uncer-
tainty quantification wheny; depends on some varying[15]
variables (e.g., time and frequency)?

ACKNOWLEDGMENTS [16]

The authors would like to thank Coventor Inc. for providing
the MEMS+ license and the MEMS switch design files. Wg7]
would like to thank Shawn Cunningham and Dana Dereus of
Wispry for providing access to the MEMS switch data. We argg
grateful to Dr. Giovanni Marucci for providing the oscilbat
design parameters, as well as Prof. Paolo Maffezzoni and Pro

Ibrahim Elfadel for their technical suggestions.

(1]

(2]
(3]

(4

(5]

(6]

(7]

(8]

[0

[10]

[11]

[12]

[19]

REFERENCES

Z. Zhang, X. Yang, G. Marucci, P. Maffezzoni, |. M. Elfdd&. Karni-
adakis, and L. Daniel, “Stochastic testing simulator féegnated circuits

and MEMS: Hierarchical and sparse techniques Pioc. IEEE Custom [21]
Integrated Circuits Conf. San Jose, CA, Sept. 2014,

D. S. Boning, “Variation,”IEEE Trans. Semiconductor Manufacturjng
vol. 21, no. 1, pp. 63-71, Feb 2008.

L. Yu, S. Saxena, C. Hess, A. Elfadel, D. A. Antoniadisda. S.
Boning, “Remembrance of transistors past: Compact modelnpeter
extraction using Bayesian inference and incomplete nevsarements,”
in Proc. Design Automation Conf.San Francisco, CA, Jun 2014, pp.[23]
1-6.

L. Yu, S. Saxena, C. Hess, |. M. Elfadel, D. A. Antoniad&s)d D. S.
Boning, “Efficient performance estimation with very smalnsple size
via physical subspace projection and maximum a posterstiination,”

in Proc. Design Automation and Test in EuropeDresden, Germany,
March 2014, pp. 1-6.

L. Yu, L. Wei, D. A. Antoniadis, |I. M. Elfadel, and D. S. Bamg,
“Statistical modeling with the virtual source MOSFET mqdal Proc.
Design Automation and Test in Europérenoble, France, March 2013,
pp. 1454-1457.

L. Yu, W.-Y. Chang, K. Zuo, J. Wang, D. Yu, and D. S. Boning,
“Methodology for analysis of TSV stress induced transistariation
and circuit performance,” iRroc. Int. Symp. Quality Electronic Design
Santa Clara, CA, March 2012, pp. 216-222.

R. Ghanem and P. SpanoStochastic finite elements: a spectral ap-
proach Springer-Verlag, 1991.

D. Xiu and G. E. Karniadakis, “The Wiener-Askey polyna@hichaos
for stochastic differential equationsSIAM J. Sci. Compvol. 24, no. 2,
pp. 619-644, Feb 2002.

D. Xiu and J. S. Hesthaven, “High-order collocation nuath for
differential equations with random inputSIAM J. Sci. Compvol. 27,
no. 3, pp. 1118-1139, Mar 2005.

|. Babuska, F. Nobile, and R. Tempone, “A stochastitocation method
for elliptic partial differential equations with randompiat data,”SIAM

J. Numer. Anal.vol. 45, no. 3, pp. 1005-1034, Mar 2007.

F. Nobile, R. Tempone, and C. G. Webster, “A sparse gratlastic
collocation method for partial differential equations lwitandom input
data,” SIAM J. Numer. Analvol. 46, no. 5, pp. 2309-2345, May 2008.[32]
——, “An anisotropic sparse grid stochastic collocationethod for
partial differential equations with random input dat&/AM J. Numer.
Anal, vol. 46, no. 5, pp. 2411-2442, May 2008.

[20]

[22]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

A. Singhee and R. A. Rutenbar, “Why Quasi-Monte Carlbegter than
Monte Carlo or latin hypercube sampling for statisticateit analysis,”
IEEE Trans. CAD of Integr. Circuits and Systol. 29, no. 11, pp. 1763—
1776, Nov. 2010.

Z. Zhang, T. A. EI-Moselhy, I. M. Elfadel, and L. Dani€iStochastic
testing method for transistor-level uncertainty quardificn based on
generalized polynomial chaoslEEE Trans. CAD of Integr. Circuits
and Syst.vol. 32, no. 10, pp. 1533-1545, Oct 2013.

Z.Zhang, T. A. EI-Moselhy, P. Maffezzoni, |. M. Elfadeind L. Daniel,
“Efficient uncertainty quantification for the periodic stigastate of
forced and autonomous circuitdEEE Trans. Circuits and Systems |l
Express Briefsvol. 60, no. 10, Oct 2013.

Z. Zhang, |. M. Elfadel, and L. Daniel, “Uncertainty qutdication
for integrated circuits: Stochastic spectral methods,Pinc. Int. Conf.
Computer-Aided Design San Jose, CA, Nov 2013, pp. 803-810.

K. Strunz and Q. Su, “Stochastic formulation of SPIGfe electronic
circuit simulation with polynomial chaosACM Trans. Modeling and
Computer Simulationvol. 18, no. 4, pp. 15:1-15:23, Sep 2008.

J. Tao, X. Zeng, W. Cai, Y. Su, D. Zhou, and C. Chiang, t®tms-
tic sparse-grid collocation algorithm (SSCA) for perioditeady-state
analysis of nonlinear system with process variationsPanc. Asia and
South Pacific Design Automation Conferen2807, pp. 474—479.

P. Manfredi, D. V. Ginste, D. De Zutter, and F. Canavéf®tochastic
modeling of nonlinear circuits via SPICE-compatible specequiva-
lents,” IEEE Trans. Circuits Syst. |I: Regular Pape014.

R. Pulch, “Modelling and simulation of autonomous datdrs with
random parametersilathematics and Computers in Simulatimol. 81,
no. 6, pp. 1128-1143, Feb 2011.

I. S. Stievano, P. Manfredi, and F. G. Canavero, “Ststibaanalysis of
multiconductor cables and interconnect€EE Trans. Electromagnetic
Compatibility, vol. 53, no. 2, pp. 501-507, May 2011.

D. V. Ginste, D. D. Zutter, D. Deschrijver, T. Dhaene Manfredi, and
F. Canavero, “Stochastic modeling-based variability gsialof on-chip
interconnects,IEEE Trans. Components, Packaging and Manufacturing
Technology vol. 2, no. 7, pp. 1182-1192, Jul. 2012.

S. Vrudhula, J. M. Wang, and P. Ghanta, “Hermite polyrnbased
interconnect analysis in the presence of process vargtiteEE Trans.
CAD Integr. Circuits Systvol. 25, no. 10, pp. 2001-2011, Oct. 2006.
T. Moselhy and L. Daniel, “Variation-aware stochasgitraction with
large parameter dimensionality: Review and comparisortaié f the
art intrusive and non-intrusive techniques,”Rmnoc. Intl. Symp. Quality
Electronic DesignMar. 2011, pp. 14-16.

——, “Stochastic integral equation solver for efficierdriation aware
interconnect extraction,” ifProc. Design Auto. Conf.Jun. 2008, pp.
415-420.

P. Sumant, H. Wu, A. Cangellaris, and N. R. Aluru, “Reed®rder
models of finite element approximations of electromagneéeices ex-
hibiting statistical variability,”|lEEE Trans. Antennas and Propagatjon
vol. 60, no. 1, pp. 301-309, Jan. 2012.

N. Agarwal and N. R. Aluru, “Stochastic analysis of efestatic MEMS
subjected to parameter variationd,” Microelectromech. Systvol. 18,
no. 6, pp. 1454-1468, Dec. 2009.

Z. Zhang, T. A. El-Moselhy, I. M. Elfadel, and L. DaniéCalculation
of generalized polynomial-chaos basis functions and Ggusslrature
rules in hierarchical uncertainty quantificatiohZEE Trans. CAD Integr.
Circuits Syst.vol. 33, no. 5, pp. 728-740, May 2014.

L. W. T. Ng and K. E. Wilcox, “A multi-information sourcepproach
to aircraft conceptual design under uncertainty,” underere

——, “Multifidelity approaches for optimization undencertainty,”Int.
J. Numerical Meth. Eng.Sept. 2014.

D. Allaire and K. E. Wilcox, “A mathematical and comptitaal
framework for multifidelity design and analysis with comgumodels,”
Int. J. Uncertainty Quantificationvol. 4, no. 1, pp. 1-20, 2014.

E. Felt, S. Zanella, C. Guardiani, and A. Sangiovanimeentelli,
“Hierarchical statistical characterization of mixed+sady circuits using
behavioral modeling,” inProc. Int. Conf. Computer-Aided Design
Washington, DC, Nov 1996, pp. 374-380.



(33]

(34]

[35]

(36]

[37]

(38]
[39]

[40]

[41]

[42]

[43]
[44]

[45]

[46]
[47]

(48]

[49]

[50]

(51]

[52]

(53]

[54]

[55]

[56]

[57]

(58]

[59]

[60]

X. Yang, M. Choi, G. Lin, and G. E. Karniadakis, “AdapivANOVA
decomposition of stochastic incompressible and compresfibws,” J.
Comp. Phys.vol. 231, no. 4, pp. 1587-1614, Feb 2012.

H. Rabitz and O. F. Alis, “General foundations of higimensional
model representationsJ. Math. Chem.vol. 25, no. 2-3, pp. 197-233,
1999.

M. Griebel and M. Holtz, “Dimension-wise integrationf digh-
dimensional functions with applications to financel” Complexity
vol. 26, no. 5, pp. 455-489, Oct 2010.

Z. Zhang, M. Choi, and G. E. Karniadakis, “Error estigmtfor the
ANOVA method with polynomial choas interpolation: tensaioguct
functions,” SIAM J. Sci. Computvol. 34, no. 2, pp. A1165-A1186, [65]
2012.

X. Ma and N. Zabaras, “An adaptive high-dimensionakktstic model
representation technique for the solution of stochastitighaifferential
equations,”J. Compt. Physvol. 229, no. 10, pp. 3884-3915, May 2010.
W. Gautschi, “On generating orthogonal polynomiaBlAM J. Sci. Stat.
Comput, vol. 3, no. 3, pp. 289-317, Sept. 1982.

I. V. Oseledets, “Tensor-train decompositior§IAM J. Sci. Comput.
vol. 33, no. 5, pp. 2295-2317, 2011.

I. V. Oseledets and E. Tyrtyshnikov, “Breaking the @iaf dimension-
ality, or how to use SVD in many dimensionsSIAM J. Sci. Comput.
vol. 31, no. 5, pp. 3744-3759, 2009.

——, “TT-cross approximation for multidimensional ays,” Linear
Alg. Appl, vol. 432, no. 1, pp. 70-88, Jan. 2010.

Z. Zhang, M. Kamon, and L. Daniel, “Continuation-basgdll-in and
lift-off simulation algorithms for microelectromechaaic devices,” J.
Microelectromech. Systvol. 23, no. 5, pp. 1084-1093, Oct. 2014.
G. H. Golub and J. H. Welsch, “Calculation of Gauss gaade rules,”
Math. Comp. vol. 23, pp. 221-230, 1969.

F. L. Hitchcock, “The expression of a tensor or a polgads a sum of
products,”J. Math. Phys.vol. 6, pp. 39-79, 1927.

J. D. Carroll and J. J. Chang, “Analysis of individualffeiences
in multidimensional scaling via an N-way generalization “&fckart-
Young” decomposition,Psychometrikavol. 35, pp. 283-319, 1970.
H. Kiers, “Towards a standardized notation and terragy in multivay
analysis,”J. Chemometricspp. 105-122, 2000.

L. R. Tucker, “Some mathematical notes on three-mod#faanalysis,”
Psychometrikavol. 31, no. 5, pp. 279-311, 1966.

L. De Lathauwer, B. De Moor, and J. Vandewalle, “A muttdar
singular value decompositionSIAM J. Matrix Anal, vol. 21, pp. 1253—
1278, 2000.

V. De Silva and L.-H. Lim, “Tensor rank and the ill-posess of the
best low-rank approximation problem3IAM J. Sci. Computvol. 30,
no. 5, pp. 1084-1127, 2008.

A. Cichoki, “Era of big data processing: A new approadh tensor
networks and tensor decompositionarXiv Preprint, arXiv:1403.2048
March 2014.

J. Sun, D. Tao, and C. Faloutsos, “Beyond streams arghgrdDynamic
tensor analysis,” inACM Int. Conf. Knowledge Discovery and Data
Mining, Aug. 2006, pp. 374-383.

T. G. Kolda and J. Sun, “Scalable tensor decomposit@ymfulti-aspect
data mining,” inIEEE Int. Conf. Data Mining 2008, pp. 363—-372.

M. A. O. Vasilescu and D. Terzopoulos, “Multilinear dysis of image
ensembles: Tensorfaces,” Rfroc. Europ. Conf. Computer Visip2002,
pp. 447-460.

D. Tao, X. Li, W. Hu, S. Maybank, and X. Wu, “Supervisechser
learning,” in Proc. Int. Conf. Data Mining 2005, pp. 447-460.

A. Anandkumar, R. Ge, D. Hsu, S. M. Kakade, and M. Telggars
“Tensor decompositions for learning latent variable megearXiv
Preprint, arXiv:1210.75590ct 2012.

A. Doostan and G. laccarino, “A least-square approxiomaof partial
differential equations with high-dimensional random itgjuJ. Comp.
Physcis vol. 228, pp. 4332-4345, 2009.

[61]

(62]

(63]

[64]

(66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

B. N. Khoromskij and I. Oseledets, “Quantics-TT coltion approxi-
mation of parameter-dependent and stochastic elliptic $9DEomput.
Methods in Appl. Math.vol. 10, no. 4, pp. 376-394, Jan 2010.

S. Dolgov, B. N. Khoromskij, A. Litvnenko, and H. G. Mhies,
“Computation of the response surface in the tensor traia t@mat,”
arXiv preprint, arXiv:1406.2816y1Jun 2014.

D. Bigoni, A. P. Engsig-Karup, and Y. M. Marzouk, “Spsait tensor-
train decomposition,’arXiv preprint, arXiv:1405.5713y1May 2014.

I. M. Sobol, “Global sensitivity indices for nonlineamathematical
models and their Monte Carlo estimatedfath. Comp. Sim.vol. 55,
no. 1-3, pp. 271-280, Feb 2001.

P. G. Constantine, E. Dow, and Q. Wang, “Active subspaethods in
theory and practice: applications to kriging surfacemXiv Preprint,
arXiv:1304.2070v2Dec. 2013.

X. Li, “Finding deterministic solution from underdeteined equation:
large-scale performance modeling of analog/RF circulSEE Trans.
Computer-Aided Design of Integrated Circuits and Systewos 29,
no. 11, pp. 1661-1668, Nov 2011.

X. Yang and G. E. Karniadakis, “Reweightégd minimization method
for sothcastic elliptic differential equations]: Comp. Phys.vol. 248,
no. 1, pp. 87-108, Sept. 2013.

J. Peng, J. Hampton, and A. Doostan, “A weighfedminimization
approach for sparse polynomial chaos expansidnComp. Phys.vol.
267, no. 1, pp. 92-111, Jun. 2014.

J. Hampton and A. Doostan, “Compressive sampling ofspaolyno-
mial chaos expansion: convergence analysis and samplagges,”J.
Comp. Phys.vol. 280, no. 1, pp. 363-386, Jan. 2015.

I. V. Oseledets, “TT-Toolbox 2.2 available
http://spring.inmras.ru/osel/?page_i d=24.
D. R. Dereus, S. Natarajan, S. J. Cunningham, and A. Sri&)d¢Tun-
able capacitor series/shunt design for integrated tunabigless front
end applications,” inProc. IEEE Micro Electro Mechanical Systems
Jan. 2011, pp. 805-808.

A. K. Stamper, C. V. Jahnes, S. R. Depuis, A. Gupta, ZH¢, R. T.
Herrin, S. E. Luce, J. Maling, D. R. Miga, W. J. Murphy, E. J. if&h

S. J. Cunningham, D. R. Dereus, . Vitomirov, and A. S. Morfi&anar
MEMS RF capacitor integration,” ifProc. IEEE Solid-State Sensors,
Actuators Microsyst. ConfJun. 2011, pp. 1803-1806.

M. Kamon, S. Maity, D. DeReus, Z. Zhang, S. CunninghamKmn,

J. McKillop, A. Morris, G. Lorenzl, and L. Daniel, “New simation
and experimental methodology for analyzing pull-in andeask in
MEMS switches,” inProc. |IEEE Solid-State Sensors, Actuators and
Microsystems Conference (TRANSDUCERSjh. 2013.

“MEMS+ user’s mannual,” Coventor, Inc.

online:

Zheng Zhang (S’09) received his B.Eng. degree
from Huazhong University of Science and Technol-
ogy, China, in 2008, and M.Phil. degree from the
University of Hong Kong, Hong Kong, in 2010.
Currently, he is a Ph.D student in Electrical Engi-
neering and Computer Science at the Massachusetts
Institute of Technology (MIT), Cambridge, MA.
His research interests include uncertainty quantifi-
cation and tensor analysis, with applications in in-
J tegrated circuits (ICs), microelectromechanical sys-
tems (MEMS), power systems, silicon photonics and

A. Nouy, “Proper generalized decomposition and sepdraepresenta- other emerging engineering problems.

tions for the numerical solution of high dimensional stastita prob-

Mr. Zhang received the 2014 IEEE Transactions on CAD of Irategl

lems,” Arch. Comp. Meth. Engvol. 27, no. 4, pp. 403-434, Dec 2010. Circuits and Systems best paper award, the 2011 Li Ka Shiag Rmiversity

A. Nouy and O. P. Le Maitre, “Generalized spectral deposition for

best M.Phil/Ph.D thesis award) from the University of Hongnl§, and the

stochastic nonlinear problems]! Comp. Phys.vol. 228, pp. 205-235, 2010 Mathworks Fellowship from MIT. Since 2011, he has beslalorating

2009.

B. N. Khoromskij and C. Schwab, “Tensor-structured élah approxi-
mation of parametric and stochastic elliptic PDESAM J. Sci. Comput
vol. 33, no. 1, pp. 364-385, Oct 2011.

V. Kazeev, M. Khammash, M. Nip, and C. Schwab, “Directuton

of the chemical master equation using quantized tensarstfaPLOS
Comp. Biology vol. 10, no. 3, pp. €1 003 359:1-19, March 2014.

with Coventor Inc., working on numerical methods for MEM&nalation.



Xiu Yang received his B.S. and M.S. degrees in
applied mathematics from Peking University, China
in 2005 and 2008, respectively, and his Ph.D. degre
in applied mathematics in 2014 from Brown Univer-
sity, Providence, RI.

He is a postdoc research associate with the Pacifi
Northwest National Laboratory, Richland, WA. His
research interests include uncertainty quantification
sensitivity analysis, rare events and model calibra
tion with application to multiscale modeling, com-
putational fluid dynamics and electronic engineering.

Luca Daniel (S'98-M'03) received the Ph.D. degree
in electrical engineering and computer science from
the University of California, Berkeley, in 2003.

He is currently an Associate Professor in the Elec-
trical Engineering and Computer Science Depart-
ment of the Massachusetts Institute of Technology
(MIT). His research interests include development
of integral equation solvers for very large complex
systems, uncertainty quantification and stochastic
solvers for large number of uncertainties, and au-
tomatic generation of parameterized stable compact

models for linear and nonlinear dynamical systems. Aptitca of interest
include simulation, modeling and optimization for mixadrsal/RF/mm-wave
circuits, power electronics, MEMs, nanotechnologies, emals, Magnetic
Resonance Imaging Scanners, and the human cardiovasgatams

Prof. Daniel has received the 1999 IEEE Trans. on Power fBleics
best paper award; the 2003 best PhD thesis awards from betRléctrical
Engineering and the Applied Math departments at UC Berkelleg 2003
ACM Outstanding Ph.D. Dissertation Award in Electronic [gesAutomation;
5 best paper awards in international conferences and 9@uhlinominations;
the 2009 IBM Corporation Faculty Award; the 2010 IEEE Earbr€er Award
in Electronic Design Automation; and the 2014 IEEE Trans. Qmputer
Aided Design best paper award.

lvan Oseledets received his PhD and Doctor of
Sciences (second Russian degree) degrees in 2007
and 2012, respectively, both from the Institute of
Numerical Mathematics of the Russian Academy
| of Sciences (INM RAS) in Moscow, Russia. He
Y has worked in the INM RAS since 2003, where he
is now a Leading Researcher. Since 2013 he has
been an Associate Professor in Skolkovo Institute of
Science and Technology (Skoltech) in Russia.
His research interests include numerical analy-
sis, linear algebra, tensor methods, high-dimensional
problems, quantum chemistry, stochastic PDEs, wavelats, @ining. Appli-
cations of interest include solution of integral and dfigiial equations on
fine grids, construction of reduced-order models for mpdiametric systems
in engineering, uncertainty quantificatioab initio computations in quantum
chemistry and material design, data mining and compression
Dr. Oseledets received the medal of Russian Academy of Gesefor the
best student work in Mathematics in 2005; the medal of Raossieademy
of Sciences for the best work among young mathematician0@®.2He is
the winner of the Dynasty Foundation contest among youndhenaaticians
in Russia in 2012.

George Karniadakis received his S.M. (1984) and
Ph.D. (1987) from Massachusetts Institute of Tech-
nology (MIT). Currently, he is a Full Professor
of Applied Mathematics in the Center for Fluid
Mechanics at Brown University, Providence, RI.
He has been a Visiting Professor and Senior Lec-
turer of Ocean/Mechanical Engineering at MIT since
2000. His research interests include diverse topics in
computational science and engineering, with current
focus on stochastic simulation (uncertainty quan-
tification and beyond), fractional PDEs, multiscale
modeling of physical and biological systems.

Prof. Karniadakis is a Fellow of the Society for IndustriaidaApplied
Mathematics (SIAM), Fellow of the American Physical SogigdPS), Fellow
of the American Society of Mechanical Engineers (ASME) anssdciate
Fellow of the American Institute of Aeronautics and Astrotiecs (AIAA).
He received the CFD award (2007) and the J Tinsley Oden Me@di3) by
the US Association in Computational Mechanics.




	I Introduction
	II Background Review
	II-A Stochastic Testing Circuit/MEMS Simulator
	II-A1 Constructing Basis Functions
	II-A2 Testing Point Selection

	II-B Hierarchical Uncertainty Quantification
	II-C Tensor and Tensor Decomposition

	III ANOVA-Based Surrogate Model Extraction
	III-A ANOVA and Anchored ANOVA Decomposition
	III-A1 ANOVA
	III-A2 Anchored ANOVA

	III-B Adaptive Anchored ANOVA for Circuit/MEMS Problems
	III-B1 Extension to General Cases
	III-B2 Adaptive Implementation
	III-B3 Global Sensitivity Analysis


	IV Enabling High-Level Simulation by Tensor-Train Decomposition
	IV-A Tensor-Based Three-Term Recurrence Relation
	IV-B Efficient Tensor-Train Computation
	IV-C Algorithm Summary

	V Numerical Results
	V-A MEMS/IC Example
	V-B Surrogate Model Extraction
	V-C High-Level Simulation
	V-D Complexity Analysis

	VI Conclusions and Future Work
	References
	Biographies
	Zheng Zhang
	Xiu Yang
	Ivan Oseledets
	George Karniadakis
	Luca Daniel


