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Abstract

Let Xi,...., X2 be smooth linearly independent vector fields in an open set § C R¥"+1,
We form the nonisotropic Sobolev spaces S2 for a > 0, by measuring smoothness in terms of
the X;’s. These function spaces are the natural ones to consider when dealing with operators
of the form X? + ... + X2 . In particular, in the Dirichlet problem associated with these
operators the problem of restriction to the boundary comes up naturally. Let M be a smooth
hypersurface of ). In this thesis the restriction problem is investigated. It is shown that
many results that hold, concerning the restriction problem, for the isotropic Sobolev space L?
have analogues in the nonisotropic setting, in particular the result L2|y = L2 _ 4 When the

index a is small } < @ < £, we have complete characterization of the space of restrictions;
Silm = F2_,(M), this latter space is described by similar smoothness conditions to the
classical Sobolev spaces using the first diffrences. We merely replace the distance function
by the nonisotropic one and the surface measure by a weighted measure, this weight is
precisely the angle made by the tangent space and the span of the vector fields X;’s. If do
denotes the surface measure on M, we show also that the space S? admits restrictions to M
that are members of L?(do), this result is sharp; in the case of surfaces where the span of
the X;’s is nowhere tangent the condition is a > % For higher indices o, we use a method
due to Jonsson and Wallin to describe the restriction spaces.

Thesis Supervisor : David Jerison
Title : Professor of Mathematics
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Chapter 1

Introduction
Let Xy, -, X, be smooth vector fields defined on some manifold . Assume further that
this system of vector fields satisfies a finite step Hormanders’ condition, that is Xq;--+; X

and commutators of finite length span the tangent space at each point . Identifying the X;’s
with the directional derivatives, we will measure smoothness of functions on {2 in terms of
these vector fields. We form the Sobolev type spaces denoted by S; whose members f are
characterized by the requirement that f € SP_, and X;f € Si_, locally, for 1 < 7 < m
and k = 1;2;---. We, of course, adopt the convention that S§ = LP and the derivatives are
in the sense of distributions. These spaces are the natural ones to consider when dealing
with differential operators of the form X2+ ---+ X2 and its variants, see for example [DE].
Now in the same way as the classical Sobolev spaces L}, the question of restriction to the
boundary of the members of S} is a natural one and it is of importance, in particular, to the
Dirichlet problem and other boundary value problems, in [JE2] the Dirichlet problem for the
Kohn laplacian was studied from a nonisotropic point view using the nonisotropic Lipshitz
spaces. More precisely, one may formulate the restriction problem in the following way: Let
M be a lower dimensional submanifold of 2, which we assume to be of codimension one and
we ask
Question 1. What is the space Sf|m?
An answer to this question consists of characterizing smoothness conditions for functions
defined on M, so that members of S? satisfy them on M and conversely, given a function g
defined on M satisfying these conditions we should be able to extend it so as to lie in S}.
To try to answer this question in its full generalities as stated above would be an ambitious
task and even a foolish one.

In this thesis we examine the particular case of what is called a contact manifold (or
sometimes refered to as CR manifold) and the situation is as follows:
1. We assume that there are m = 2n linearly independent vector fields X,,---, X2, and that
Hormander condition is a step 2 one.
2. The dimension of ) is equal 2n + 1
The system of vector fields Xi,---, X3, span a hyperplane of the tangent space of {1, and
thus, the data given by 1. and 2. are equivalent to a given nondegenerate field of hyperplanes



i.e.: a contact structure on 2. Locally, this situation is modelled by the Heisenberg group and
the function spaces S% as well as S for a not integer are now realized as potential spaces,
that is, there is a function J, such that 5% = L? x J,, convolution is group convolution.
Once we realize these spaces in this manner one may approach the restriction problem by
trying to follow the same lines as the classical restriction problem see [ST2] or [JW] and the
litterature listed there. Let us limit our discusion to the case p = 2, all that follow have
analogue to p # 2. Recall that we have (see [ST2])

1
Li(Rn)IRn—I = A2__(Rn 1) fO'f' a > 5 (11)
the spaces on the right hand side of (1.1) are the classical Besov spaces (which in this case
(p = 2) coincide with the Sobolev spaces themselves) see [ST] for more on these spaces, the
result holds for general smooth hypersurface M. For 0 < a < 1, a norm on the space A2(R")
is

1£1lzs + //x » |x_y|2£+3| dedy)'/? (1.2)

A similar version of (1.2) involving derivatives is used to define A%2( R"™) for higher a’s. We will
seek similar norms as (1.2) to charactrize the space of restrictions. In the noncharacteristic
case (see definition next chapter) similar expression can be used to identify the space of
restrictions of S? when « is small i.e.; 0 < @ < 1, see [ME]. We merely replace the distance
function in the denominator of the integrand of (1.2) by the appropriate one, namely the
nonisotropic one (see next chapter), in particular the restriction of S? to noncharacteristic
hypersurfaces is contained in L*(do) when o > }. This leads us to another question, namely
Question 2 : If do is the surface measure, when do we have the embedding S2|»s C L*(do)?
or what is the relationship (if any) between the space of restrictions S2|)s and the classical
Sobolev spaces on M7
For general M, it turns out that the answer to the question 2 is when a > 1, this is theorem 5
chapter 3, the reason for this is precisely the possibilty of tangency of the surface to the field
of hyperplanes at some points. The result for & > 1 can be gotten cheaply by the following
method, embed S2 in La/2 according to proposition 5 of chapter 2, and then restrict using
(1.1), the condition a > 1 is necessary by this method. This makes the case a = 1 interesting.
Now we go back to Question 1. Because it is important how M sits inside {2, by seeking
norms similar to (1.2) to characterize the space of restrictions we have to have a norm that
incorporates this information. It turns out that there is a natural object to consider namely,
the angle made by M (i.e.; its tangent space) and the field of hyperplanes giving us the
contact structure. This function, which we denote by w, has the right weighting as well
as scaling properties see (next chapter). Now set du = wdo. This new measure du is the
right measure to combine with the system of nonisotropic balls in the same way the surface
measure do is the right one to consider with the system of Euclidian balls, it gives a certain
homogeneous dimension to the surface. Resuts of this thesis are best expressed in terms of
some function spaces denoted by F? for small values of @ and B2 for large values of . For
0 < a < 1 we take expression (1.2) above and replace the denominator of the integrand by
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the nonisotropic distance and the surface measure by the measure du we get the norm for
the space F2. Now we are able to prove the analogue to (1.1) above

1 3
S(Z'M:Fg_% fOT' §<a<§ (13)
The defintion of F? for a > 1 is available to us by the use of local polynomial approximation
(see definition next chapter). These polynomials are taken in some coordinate system in

which M is just the hyperplane. We should mention that we do have S2|y C F?_,, the
2

trouble lies in the extension part i.e.; the reverse of this inclusion. Let us indicate how a
Whitney extension theorem is proved in the Euclidian case. First take the so called Whitney
decomposition (see chapter 4 or [ST1]) of the complement of M in the ambient space. On
each Whitney ball B define the extension of a function f defined on M to be equal the
polynomial, in local coordinates, that best approximates f on an appropriate subset of
M (say for example B* N M, where B* denotes a ball with same center as B but radius 10
times the radius of B) in the L?(do)-sense, we should mention that the polynomials are
extended in a natural way to the ambient space to be constant along the vertical direction.
We can make this more precise by using a partition of unity to get an extension E(f) of f
to the ambient space. In proving |]E(f)||Lz+% < C||f]laz the following trivial fact is used

2 < 2
/B|p| dvol < CT/BOM Ip|2do (1.4)

To be able to carry on in the nonisotropic case we need an inequality of the type (1.4) with
B in (1.4) replaced by nonisotropic ball and do by du. Unfortunetly, in this setting (1.4)
is false, except in two cases 1. when M is noncharacteristic and 2. when p is a constant.
Heuristically, the reason for this is the fact that our balls are tilted and as we approach
the characteristic set they become flat on M and thus if we try to extend polynomials to
be constant along the vertical direction they exit too quickly from the balls before they get
known inside the solid ball.

In the case of small a’s we do have extension this way, and that’s why we were able to
prove (1.3). To remedy this crisis we have to pay a price by leaving the spaces F? and
replacing them by somewhat smaller ones , namely the spaces B2. These spaces consists of
system of functions (see the definition at the end of chapter 2) and when considered on the
ambient space each system in B? consists of a function and all its derivatives up to a certain
order, and this means that the single function determines uniquely the whole system. In the
Euclidian setting the spaces F? and BZ are equivalent since we can prove restriction and
extension theorems to both spaces. The question as to whether these spaces on M coincide
in the nonisotropic setting is not trivial. Combining theorems 6 and 8 we state the result in
the following form

Sy = B%_, (L.5)

3
An extension for the spaces F2, for a > 1, to the ambient space would be possible if we
could somehow extend polynomials on M (in some local coordinate system) to the ambient



space by allowing them to lose their character of being polynomials, but we should be able
to control them, for example in (1.4) above if the p on the left denotes the extension of p on
the right we may still have that inequality. In the case of the characteristic hyperplane of the
Heisenberg group, this idea is currently under investigation and progress seems promising at
least to extend functions from F? to S§+% in the case where 0 < o < 2. This method consists

of extending the coordinate functions to be constant along a certain field direction, and hence
giving an extension to polynomials forcing them to stay longer in balls. Generalization to
arbitrary M may be possible if it has isolated characteristic points.

Let us sketch the plan of this thesis. In chapter 2 we present the preliminary background,
section 2.1 is meant to be expository and gives various definitions and notions that are
equivalent in different setting and it essentially justifies the transfer of the original question to
the setting of the Heisenberg group. An important object of this work is the weight function
w. In section 2.2 we prove interesting (elementary) facts about this function. Section 2.3
represents known definitions and facts about the nonisotropic Sobolev and Besov spaces,
the main references for this are [FOJ,[FS], [NS] and [SA], we also introduce the spaces on
the boundary F? and we follow the construction of [JW] to define the spaces BZ. Chapter
3 is the restriction theorem, the main theorems are theorems 5 and 6 and chapter 4 is the
converse to the restriction theorem. Finally we close by mentioning how possible extensions
of our results are possible to the case fo p # 2, it contains essentially the L? analogue to
theorem 5.



Chapter 2

Preliminary Background

2.1 The nonisotropic distance

We collect the background necessary to desribe the nonisotropic geometry of the problem;
we also present the notation used in this thesis. This section is meant to be only expository
and therefore no proofs will be given, we refer to [NA},[NS] and [NSW]. We assume that
Q0 C R**! is some smooth open set, since the results are local. Let {Xi, -, X5,} be a set of
linearly independent smooth vector fields defined on a neighborhood of €, and satisfying the
step-two Hormanders’ condition i.e.; the system of vectors {Xi|p, -+, Xonlp, [Xj, Xi]lp, 1 £
J.k < 2n} spans R*1(= T,Q) for all p € Q. The objective of this section is to define the
nonisotropic distance reflecting basically the noncommutativity of the vector fields, as well
as Hormanders’ condition. There are two main approaches to defining suitable distances
associated with a set of vector fields. The first one is global and it is the well known
control distance d. The second definition is local and based on the exponential map, and
thus depends on the base point. Let us discuss briefly these two constructions. We denote
by Xin41 the missing direction i.e.; we choose from the commutators {[X;, Xi]} one that
completes the system {Xy, -, X5, }.

2.1.1 Global definitions

Definition 1 Let r > 0; zo and =, be two points of Q. We say that di(zo,z1) < r if there
is a (piecewise smooth) map ¢ : [0,1] — Q satisfying:

() $(0) = 2o and $(1) = o1 ;

(ii) ‘-;if = 334 a;(t) X;(¢(t)) for almost every t € [0,1]

with |a;(t)] <1 for 1 < j < 2n and |az.41(t)] < r2.

The following proposition gives the first comparison of the distance d and the Euclidian
distance which we denote by |].||, for a proof of this see [NS].



Proposition 1 d is a metric on §), and for every compact set w CC 2, there are constants

Cy and Cy such that
Cl”“'O_xl” Sd(xoazl) < C2||33o—-271H1/2 (2.1)

There are several variants of the control distance. One of them for example we get by re-
stricting the right hand side of (ii) in definition 1 above to be a constant linear combinations.
Another construction is by requiring the vector ‘2—‘:’ be only in the field of hyperplanes which
is not all of the space. The fact that d is distance is easy to verify but what is the volume
of a corresponding ball of radius r? In general it is a hard question to tell just from the
definition of d what shape these balls take, and what their volume is. In order to solve this
problem we define a local metric based on canonical coordinates (i.e.; the exponential map),
that would make the shape as well as the volume of these balls transparent.

2.1.2 Local definitions

Let p € Q be fixed, and let ¥ € T, = R*™*! be a tangent vector, since {X1|p,- -+, Xons1lp}
spans, & can be written as 321" a;X;|,. Now the vector field Y2+ a; X; is smooth near p
and coinciding with ¥ at p. So, we may flow along the integral curves of this vector field for
unit time if the coefficients a; are small enough, we get this way the exponential map based

at p,
2n+1

Ezp, : Up = Vp (a1, "+, @2ns1) = Expy( Z a; X;) (2.2)

Jj=1
s and V, are respectively, a’small neighborhood of the origin in R***! and of p in 2, we
choose them small enough so that the map (2.2) above is a diffeomorphism. The Jacobian
of the transformation is the determinant of (Xi,---, X2n41), i.€.; the volume of the paral-
lelopiped spanned by the vector fields. We give weight 1 to the vector fields Xy, -, X3, and
weight 2 for Xon41. Set

2n+1 2n .
Bog(r) =: {T= 3 XX; 1 (30 M) + Anp)* <1} (2.3)
i=1 j=1
and let, for r small enough, B,(r) be defined by
B,(r) =: Ezp,(Boz(r)) (2.4)

Let us denote by z(p) the coordinate representation of the point p, then it is worth noticing
that the system of balls defined by equation (2.4) is equivalent to the following system of
balls

By(r) := {z(p) + s1.X1lp + -+ + S2nt1 Xonarlp ¢ [51],+ [s20] <7 and [spnsa] <77} (25)

From (2.4) and (2.5) above we easily see that the balls are sets that looks like tilted ellipsoids
that sits on the span of the X;’s of size r?* and of thickness r?. And hence the volume of a ball

6



of radius r is equal to Cr***%, The number Q= 2n+2 is termed the homogeneous dimension

of 0. As we have said in the introduction everything we said so far can be rephrased in the
language of contact structure and the Heisenberg group, we include a brief discussion about

these.

2.1.3 The contact structure and the Heisenberg group

Let 2 be any smooth manifold of dimension V.

Definition 2 A contact structure on §) is a given smooth nonintegrable field of hyperplanes
of the tangent space of 1, satisfying a nondegeneracy condition described below.

The nonintegrability condition means that there is no integral hypersurface to the field. An
example of a field of hyperplanes may be given by the zero set of a 1-form, and conversely,
every smooth field of hyperplanes is locally given by the zero set of a 1-form. This form
is unique up to a nonvanishing smooth factor. If we impose a normalizing condition on
the form, it becomes uniquely determined by the field of hyperplanes. Let us denote by 6
this form. Now we state the nondegeneracy condition by saying that the bilinear form df
restricted to the field of hyperplanes is nondegenerate i.e.;

rank(dfls=0) = N — 1

This condition forces the manifold Q to be odd dimensional, this is because the bilinear form
df is skew symmetric and if NV is even then N — 1 is odd, and as is well known from linear
algebra, there are no nondegenerate skew symmetric forms on an odd dimensional space.
Set N = 2m + 1, the nondegeneracy condition may also be stated in a fancy way by the

condition

8 A (dO)™ # 0

Sometimes 2 with a contact structure is called a CR manifold. The standard and im-
portant example of a contact structure is the Euclidian space R*™*! with coordinates
(T, Tm,Y15°**»Ym,t) = (2, y,t) and the field of hyperplanes given by the one form

m

0 = dt + 2(zdy — ydz) :=dt + 2 _(z;dy; — y;dz;) (2.6)

=1

(In [AR) it is given by dt + zdy, but it is clear that they are equivalent.) The following is
the analogue to the well known Darboux’s theorem in symplectic geometry. It states that
every point of ) has a neighborhood and a coordinate system where the contact form takes
the form (2.6) identically, unlike [FS2] where they proved that the form coincides with one
of the form (2.6) only at that point.

Theorem 1 Every differential 1-form defining a nondegenerate field of hyperplanes (i.e.; a
contact structure) on some odd dimensional manifold, can be written in a local coordinate
system (z,y,t) in its canonical form (2.6) above.

7



This theorem is in appendix 4 page 362 of [AR]. It justifies the fact that it suffices to
transfer our problem to the Heisenberg group whose definition is the following.

Definition 3 The Heisenberg group H, is the Lie group whose manifold realization is the
Euclidian space R*"*! with standard coordinate functions (z1, -+, Tn,y1," " Yn,t) = (2,9,1)
and whose group law is given by

(z,y,0)(=" v, t) = (e + 2",y + ¥, t + ' + 2(y2’ — zv'))

The identity element of H, is (0,---,0), and the inverse to a general element u = (z,y,t) is
ut = (—z,—y, —t).

The vector fields,

g 0 d d
XY= gr g Kpmgo-tng, T=g 1<ise @D
form a basis for the left invariant vector fields ( i.e.; the Lie algebra) The commutation
relations are [Xj4n,X;] = 47 and all others are zero. Thus the system of vector fields
X1, -+, X, satisfies the step-two condition. The corresponding 1-form is equal to 6 in (2.6)
and satisfies : 6(X;)=0forj=1,---,2n and §(T) =1
Next we define the nonisotropic distance to the origin |.|. It is equivalent to the one given as

a control distance with respect to the vector fields X; given by (2.7). For u = (z,y,t) we set
n

ul == (3 (2? + y2))* + )V/*

=1

and
d(u,v) = [v™lu| = |u

We have the following triangle inequality

Lemma 1 There is a constant C > 1 such that:
1. |uv| < C(ful + |v])

2. Ju+v < C(lu] + |v])

3. ul) < Juf < Jul[*? for Jul < 1

Next we define dilations by which scaling is performed. For r > 0 and v € H, we denote by
ru, dilation by r,
ru = r(z,y,t) = (rz,ry,r’t) (2.8)

this change of variables gives the change in the volume by
dV (ru) = r?dV (u) (2.9)

the number Q is the homogeneous dimension. Another important formula we’ll be needing

is the following
- C(b*—a®) ifa#0
a—Q -
/as1u|sb e dVu) = { Clog(bfa) fa=0 (2.10)

8



from which it follows that |u|*~“ is locally integrable if o > 0 and integrable at infinity if
a < 0. The number —@Q is the critical power index.

We need the following notations, J will always stand for a multiindex J = (ji,*+, J2n+1) »
let us also denote by X;,41 the vector field T', for u = (z4,--+,Ton41) € Hy set

J _ gt Jan41 _ vh J2n+1 _ . . 5.
uw =y o xgmn Xu= XU X and [Jl =G4+t et 2

The left invariant differential operators are linear combinations of the X;’s. Another impor-
tant notion is that of convolution, when we say convolution of two functions f and g it is
always meant convolution in the Heisenberg group, and this is defined as follow

frotw)i= [ f)glo WV (v)

it is important to mention that, unlike the ordinary convolution, it is not a commutative
operation. The interaction of the left invariant differential operators with the convolution
we just defined is the following

Xi(f*g)=f*(Xug)

2.2 The weight function w

Let now M be a smooth hypersurface of H, given locally as the zero set of a smooth function
p, that is M = {u € H, : p(u) = 0} and Vp # 0 on M. The tangent space TM of M sits
in a natural way in the tangent space of H, as a smooth integrable field of hyperplanes and
thus makes an angle w(z) with the one defining the contact structure. This angle is thought
of as a function on M, and the purpose of this section is to measure it. Let us make the
following important definition

Definition 4 A point = of the hypersurface M is said to be characteristic if the tangent
space of M, T, M, coincides with the given field of hyperplanes defining the contact structure
i.e.; characteristic points are those where w vanishes.

A surface M may or may not have characteristic sets. This set can be a point a curve or in
general a lower dimensional set of M, and hence if there are any, characteristic points form
a set of surface measure zero. The geometric structure of the characteristic set can take a
complicated form, however lemma 5 below or rather its proof suggests that the Hausdorft
dimension is at most equal to 2n — 1 = dimension — 2.

An example of characteristic M is what we call in this thesis the characteristic hyperplane,
in the canonical coordinates (z,y,t) it is the hyperplane {t = 0}, it is easy to see that the
vector fields X, -+, Xqn given by (2.7) are tangent at 0. This is an example of an isolated
characteristic set. The family of surfaces {t = c(||z]|* + ||y||*)} provides with examples of
surfaces having isolated characteristic point, namely the origin. This family plays the role
of cones in the nonisotropic sense. Another example is given by, in the Heisenberg group,



the surface {t = z? — y?}, the characteristic set here is the manifold {z; = y;}. Next we
compute this angle to be roughly equal to

2n

w(z) = (3_(X;0)* ()2 (2.11)

=1

it important to note that this function is not smooth.

The following series of lemmas give the size of the function w. Lemma 2 gives the pointwise
size of the function w, lemma 3 gives the ordinary surface measure of balls intersected with
M. Lemma 4 is one of the most important result it says that the weighted measure wdo
respects the system of nonisotropic balls in the same way the surface measure respects the
ordinary Euclidian balls, that is the measure of any nonisotropic ball of radius r is a constant
power of the radius throughout the hypersurface M, and thus giving the hypersurface M «
homogenous dimension equal to one less of that of the ambient space . All of these lemmas
are proved using Taylor expansion arguments. We work in a general coordinate system
(21, +,ZTons1) where now M is the hyperplane {@sn,41 = 0}, we write the expression of the
vector fields in these coordinate system

d

e 2.12
4 61‘2n+1 ( )

2n 9
We could have used the canonical coordinates (i.e.; the vector fields given by (2.7)).

Lemma 2 Let xo € M and set n = w(zp) > 0, then
(a) w(z) <C(r+n) forallz € By(r)N M

(b) Ifn >0, then w(z) > n/2 for all x € By,(cn)
(C) maXgeB(rynM w(:c) Z Cr

Proof:

2

The function w(z)* is smooth and equal

2n
w(z)? = Z a;(zy, - , Z2n,0)?
=1

3
Or2n+1
the origin. By Taylor formula applied to the function w(z)? we have

-component of the vector field X;. Let z° € M which we assume to be

each a; 1s the

2n

w(z)® =3 (a;(0) +¢5(z))*

i=1

with ¢;(z) £ C|z|, and thus

2n 2n
w(@)? < 30a%(0) + Clal 3 [a,(0)] + Claf

10



from which it follows that w(z)? < C(n + r)?, proving (a). As for (b), we have that

n
2> a;(0) +2ZaJ z) > n* - Clzlnp > n*/2
Jj=1

as soon as |z| < 3n/4C.
To prove (c) let us make the following important remark.

Remark 1 Suppose that 0 € M 1is close to the characteristic set, so that w(0) is small, then
there is at least one j € {1,---,2n} such that ||Vgea;(0)|| > C > 0 (where Vgn is the
2n-dimensional gradient), otherwise Hormander condition would be violated. To see this,
since the X;’s and the commutators span there is a uniform constant C' such that:

0<C< Z i(T2n41)) 2 + Z([Xjaxk]($2n+1))2 = w’(z) + Z(Xiak - Xkai)2

]—1 ],k J:k
n da da; Jda da;
= w?(z) + 4j e — Q=L + (a; g . 2
( ) ?‘;(;( Jla l klawl) ( J3$2n+1 k5$2n+1

2n
< Cuw?(z) + CZ ||V penay)?

=1
from which the remark follows.

It is obvious, in proving (c) it suffices to assume that w(z) < C'r, for all points in
B(r) N M, and this means that the ball B is near the characteristic set. Pick any point
which again we assume to be the origin such that a;(0) is small, by Taylor expansion up to

order 1 now we have ,
n

w(z)? = > (a;(0) + Va;(0).(z) + ¢;(z))?

J=1
Because the point 0 is near being characteristic, by the previous remark there is at least one
j € {1,--+,2n} such that maxj;<. |Va;(z)| > 0, and thus we have

n 2n 2n
w(@)? 2 3 a3(0) + 2(Va,(0)2) ~ Clel* X[ Va;(0)-2]

passing to the maximum we get

max w(z)? > Cr? —C'r® > Cr?
z€B(r)

and this proves (c) and hence the lemma. O
The next lemma is an estimate on the ordinary surface measure of nonisotropic balls.

11



Lemma 3 (a) There are constants Cy and Cy such that: Cyr*"*! < o(BN M) < Cyr?n
(b)  If we set max ep(rynpm w(z) = 1 then we have o(B(r)N M) = rintt fp
in particular if M has no characteristic points we have o(B(r)N M) = r2nt!

Proof: To prove this lemma we fix the point z° and we look at the ball in terms of normal
coordinates. Since the map (2.2) above is a diffeomorphism the surface measure o(B(r)NM)
is essentially the 2n-dimensional Lebesgue measure of the intersection of the hyperplane
T.oM and Box(r). Now estimates in (a) become obvious, the extreme cases are when the
tangent space T,oM coincides with the hyperplane {A2,41 = 0}, in which case the surface
is Cr*", and the other case is when T,0 M coincides with one of the hyperplanes {}; = 0} ,
j < 2n, in which case the surface is Cr?®*1, and (a) is proved. To prove (b) we write down
the equation of the hyperplane T,o M in the coordinates A = (A, -, Agny41), which is given

by
(Vpla=o)-A =10

where p is a defining function of M in the coordinates A i.e.; M = {X: p(A) = 0}. We need
to notice that

2n ap
w(@®)? = 3 (+2(0))? (2.13)
1=1 a/\J
Now if H denotes any hyperplane
Aantl = @11 + -+ + donAon

by a simple rotation argument it easy to see that

T2n+1

L*(Boz(r)NH) & ;
((1% i a%n)5

as long as (a? 4+ --- + a2 )'/? > Cr . L™ is the 2n-dimensional Lebesgue measure. Now

taking into account (2.11) above (b) follows.
0

The upper bound in the estimate given to us by the following lemma is used in the proof
of the restriction theorem and the lower bound is used in the extension theorem.

Lemma 4
d o~ 2n+1
/B O OES

Proof: According to lemma 2(a) and lemma 3(b) we have that
r

)r2n+1
n

/ w(z)do(z) < Cr + n)o(B(r) N M) < Cr¥™ 4+ O(
B(r)nM

now since 7 can be at least Cr the (<) part follows. For the reverse inequality, let z° €
B(r) N M be such that n = w(z®) = max,ep(r/2)nm w(z), then by lemma 2(b) n > Cr and

12



by lemma 1 (b) w(z) > Cn for all points z in Byo(n/10) N M. We have two cases either
1. B,o(n/100) C B(r) in which case they are actually equivalent and we have

: ) > > 0 o~ 2n+1
/B(r)nMw(x)da(x) >C 2 /10) Mw(l‘)da(x) > Cro(Byo(r/10) N M) = Cr

or
2. B(r) C B,o(Cn) in which case w(z) > Cn throughout the ball B(r) N\ M, and in this case

too we have
/B(r)nM w(z)do(z) = Cno(B(r)N M)

using lemma 2 (b) we get the desired result. O The following lemmais key in proving theorem
3.

Lemma 5 For allQ < ¢ < 1, the function w(x)~¢ is locally integrable, and have the following
estimate

[ 0 (@)do(e) < C( max, w(z)o(Bn M)

reBNM

Proof:

The fact that if w vanishes at some point it can only do so to first order by the preceding
remark implies that w™¢ is locally integrable, also the (>) part is obvious. Let 2z° € B(r)n M
be a point, which we can assume to be the origin, such that the maximum is reached there
i.e.; w(0) = n = maxzep(r)nm w(z). We have to consider two cases like before:

case 1. n > 10r in which case the function w continues to be larger than r, in fact it is
almost constant (& n) on the ball B(r) , and therefore we get in this case

/B(r)nMw do 2 n~o(B(r)Nn M)

case 2. 1 = r, in which case the ball B(r) N\ M is a Euclidian ball. Write w(z)? in its Taylor
formula:

w(z)? Z(a] ) + Va;(0) -z +¢;)?

i=1

Choose a j such that |Va;(0)] = C > 0 and let A be the hyperplane whose equation:
a; + Va;(0)-2=0

We have
w(z)? > ||a;(0) + Va;(0) - z|* — 2Je;}la;(0) + Va;(0)]|

from which it follows that

w(z) > ~la (0)+Vaj(0)-:v|=%|Vaj(0)|dist(z,H) (2.14)

wlv—*

13



so long as 1|Va;(0)|dist(x, H) > 2C|z|?, where the constant C is the minimum of all
constants such that ¢;(z) < C|z|% which is the case if |Va;(0)|dist(z, H) > 2Cr? . Let
(" =2C/|Va,;(0)| and define the set E(B(r)) to be

E(B(r)):={z € B(r)NM : dist(z, H) < C'diam(B(r))*} (2.15)

And thus, we have
/ wdo £ C dist(z, H) *do +/ w™¢do
B(r)nM B(r)nM E(B(r))

by a linear change of variable making the hyperplane H horizontal we see that the first

integral is equal to Cr~*t™ = Cp~*¢(B(r) N M). As for the other term we either have

o(E(B(r))) = 0 in which case that’s the end of it or else it can be at most a small corridor

of size Cr X1 x --- x r xr?. Cover it with balls of radius r?, there can be at most Cr=2"+1
2n-1

of them B;(r?). And so we have,

wide < C / wdo
—/E(B(T)) 2,: Bi(r?)

do the same procedure as above to each B;(r?) and we arrive at

/ w™do < Cr~2tin 4 w™do
Bi(r?) E(Bi(r?))

summing over ¢ we get
/ wdo S CT—25+2n+1 + Z/ w™do
E(B(r)) . JE(Bi(r?))
if we continue this procedure again to each term in the sum we arrive finally at
/ w=¢do < Cr—5+2n(1 + r—e-}-l + TB(—€+1) +.. ) < CT‘—€+2n
B(r)nM

since ¢ < 1. And this finishes the proof of lemma 4 as well as this is the end of this section.

2.3 The spaces SE, [?, F? and B?

Next we discuss the function spaces of interest to us i.e.; the nonisotropic Sobolev spaces
denoted here by S? defined on the ambient space, the nonisotropic Besov spaces [}, and the
expected spaces of restrictions to M F}(M) and Bj(M).

14



2.3.1 The Spaces 5?

These spaces were studied exclusively by few authors, [FG]; [FS]; [NS] and [SA]. Recall
that in the Euclidian space R® with standard coordinate functions (zy,---,z,) the basic

differentiation a%,v cee % are used to define the classical Sobolev spaces, we denote them

here by L?. Analogously, if we replace the '5% by the directional derivatives X; for j =

1;---;2n we obtain the spaces S} namely we have the following:

Definition 5 We say that the function (or to be more precise the Lebesque class) f belongs
to the nonisotropic Sobolev space St , if it and its distributional derivatives X;f , with
|J| < k all belong to LP. The norm of f in S¥ is given by

I Allsz == D2 X fllee (2.16)
<k

One may follow various classical constuctions to define the spaces S? for a noninteger. The
approach we follow here is by realizing these spaces as potentials. We let L = — ¥, X?
be the sublaplacian we denote by L, its extension to the space L? and we define the spaces
S? as the range of the operator (I + L,)™%/%. The operator (I + L,)™%/? is realized as a
convolution operator in the Heisenberg group acting on L. What this means for us is that
there is a function J,, the kernel of (I + Lp)""/"’, such that

h={fxJa f €L} (2.17)
The function J, has the following properties

Proposition 2 The function J, is smooth away from the origin and
1. As lz| = 0

[ XsJa() < Cla*™M=9 if  a#]J1+Q

2. X;J, is continuous if a > |J| + @
3. If a =|J| + Q we have instead
1
I‘XJJa(x)I < Clog(a)

/. Away from the origin the function J, is rapidly decreasing, that is as |z| — oo , for any
N and J there is a constant C = Cy y such that

X3 Ja(2)] < Claf™¥
In particular X;Jy is integrable for all J such that o — |J| > 0. The norm we take for a
function f = g *x J, € S? is
[1£llsz := ligllee (2.18)
The following proposition says that in the case where « is integer the second definition (i.e.;
the potential definition) is equivalent to the one above. This is tedious task already in the

classical case see [ST1] for this the generalization is due to Folland, its second part also states
that it is enough to define the fractional spaces only for small « .

15



Proposition 3 When a is an integer, definition (2) above and (11) are equivalent in the
sense that the norms (10) and (12) are equivalent. Moreover if a > 1, a function f belongs
to S? if and only if f and X;f for j =1,---,2n all belong to S?_,. An equivalent norm is

£ 1lsz

a=1 a-1

2n
+ 211Xl

Another result that we use later is the following

Proposition 4 The operator defined by convolution with Jg is an isomorphism between the
spaces S? and S?, where y = a + 8.

Next we compare the spaces S? and the classical L}. It is clear that if @ = 2m is an even
integer then we have locally

St cC Ly,
and by complex interpolation this is true for all a > 2, the next proposition tells us that
this embedding is true for all « > 0.

Proposition 5 For all a > 0, we have

SEC Lty (locally)

2.3.2 The spaces ['}?

In this section we also include a short discussion on the nonisotropic Besov spaces and
we indicate various connections to the spaces S?. These spaces are the analogues to the
classical Besov spaces AP? | see [ST1]. The reference for this is Saka’s paper [SA]. This
paper is essentially the nonisotropic analog to Taibleson’s classical paper [TA]. The theory
of nonisotropic Besov spaces and Sobolev spaces is almost entirely parallel to the isotropic
ones, in the sense that all the results that hold for latter spaces hold in an appropriate sense
for the former ones. Also we show below that these spaces can be characterized by local
polynomial approximations.

Definition 6 Let a > 0 and 1 < p,q < co. We say that f belongs to the space TR if its
norm defined below is finite 1. If 0 < a < 1

Uflleg = 17leo + ([ D20z o

lyl<1 |y|9+ed

2. If a = 1, the second difference is used instead,

“er‘f,q = HfHLP + (/ Hf(y) + f(y— ) — Qf()“cllﬂ’dy)l/q

lyl<1 ly|9te

3. More generally we let k be the integer such that 0 < k < a < k+ 1 and we set
g := 20 11X fllees,

|7k
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In the same way the classical Besov spaces can be characterized by means of higher differ-
ences, the nonisotropic ones also enjoy similar characterization. For y € H, we let

Awf(z) =: f(zh) = f(z)

and set
Aff(z) = Da(AF7 f(2)) (2.19)
Let k > a, then an equivalent definition of the norm above is
1ASFIIE
q = = qd 1/q E
Ufllege = Mfller + (]| e do) (2.20)

The next results are Theorem 20 and 23 of [SA]. The first, giving various imbeddings with
the spaces S?, is of interest to us because it says in particular that in the case p = 2 the
spaces I'2% and S2 are equivalent. The second realizes the spaces T3 as real interpolation
spaces of 5% .

Theorem 2 Let a > 0, then

(1) 2P CcSPCcI?? for 1<p<2
(2) TPPC S2CTI?? for 2<p<o©

in particular we have '2? = S2.

Theorem 3 The spaces S? form a scale of real interpolation and we have for 0 < 6 < 1,
l<p<ool<qg<ooandy=(1-0)a+03,

(5%, Sp)aq = I5*

The next characterization of the Besov spaces I'27 is going to be in terms of local polyno-
mial approximation. For simplicity we discuss only the case p = ¢ and denote the resulting
spaces by I'2. It is well known in the classical setting that in many instances differentiabilty
properties of functions can be desribed by how much we can approximate the function by
polynomials see e.g. the appendix of [ST] where the existence of derivatives in the L? is
discussed. In [NI], [BR1] and [BR2] and many other papers, similar ideas were exploited.
It turns out that membership to the Besov spaces (and their generalizations the Lizorkin-
Triebel spaces) , can be expressed in terms of the following quantities:
for any function f and a ball B and N an integer we denote by

on(f, B = ot [ 17 - PP (2.21)

¥ and

Following [JW], by a net Fj of mesh 2% we mean a collection of balls B of radius 2~
covering the ambient space satisfying the requirement that if we shrink them enough we get
a disjoint family of balls. For each intege k, let Fi be a net of mesh 2-% then we have the

following result
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Proposition 6 There is an integer N > « such that the following quantity

fllr + (325 3 wn(f, BY?)? (2.22)

k=0 BE}-k
is an equivalent norm for the space I'?.

The following important result is well known, it reflects the interpolation property the-
orem 2 above and can be obtained from general interpolation (see [BL] lemma 3.2.3). This
result is used quite often in this thesis.

Proposition 7 Let f € T?, and N be an integer larger than o.Then there are smooth
functions f;, j = 0,1--- such that the following hold:

F=37 (2.23)
=0

convergence is in the sense of &’
I Xsfillee <277 Ma;  for all  |JISN (2.24)

for some sequence of positive real numbers a; satisfying 352, af < C < oco.
Conversely,given a family of functions satisfying (2) for some a;’s then the formal infinite
sum Y22, f; defines a distribution that is an element of I'?.

We give a proof below that propositions 6 and 7 are equivalent. We basically follow the
proof of [NS1] given for this same proposition but for nonisotropic Lipschitz spaces (I'y).
For simplicity we considere only the case p = 2 since that is the case we are going to need
in the sequel anyway.

Proof:

Let ¢ be defined by:

¢(t)={ 1 if0<t<l

0 ift>2

and 0 < p(t) <1 for £ € R¥™*! set
Po(€) = (&)

and for j £ 0 . .
0;(6) = p(277¢]) — (277

Denote by K; the inverse Fourier transform of ®; we easily verify that
o0
Y K;=6 (2.25)
—~

and we obtain decomposition of functions f into a sum of smooth functions f; = f x K;
where convolution here again is the group convolution. The following estimates on the K;’s,
which express the size of K; and its rapid decrease, are needed.

18



Lemma 6 (a) |K;(z)| < C29
(b) For each integer N there is a constant Cy such that

|K(z)] < On29™™N for 2704M < |g| < 2774mH

A property, that is easy to verify ( because the Fourier transform is supported away from
the origin), that the K;'s have for j # 0 is they orthogonal to polynomials. We begin by
showing that the f; defined satisfy the conclusions of the proposition. We will prove the
estimates only for the L%-norm of f;, because the estimates for the derivatives follow exactly
the same way. It is obvious that

[ follzz < C|flizz
For j # 0, using the orthogonality of polynomials to K, the L? norm of f; is equal to

5P = 5 [1h@rde =Y [ 1]  (f6) - Pew)K(v )dyfdz (226)

BeF, BeF,

the right hand side of (2.26) is less than or equal to I; + I, where

L= 3 [ 1fw) = Pe)lIK;(y™x)ldy) de (2.27)

BeF;

and

B;/ /Rz,,“\B ) = P(y)l|K;(y ™ x)ldy) da (2.28)

and we show that each I; is less than or equal to 2'2j°‘bf for some numbers such that
Y 320 0% < oo. I well controlled and it is less than

¢ 5 [ 17) - Paly)lPdy < C27%;

BeF,

The trouble is to handle the other part I,. For each B in F; we denote by 2B the ball in
F;_1 containing it, or to be precise one of the balls in F;_; containing it. And inductively
we denote by 2*B a ball in F,_; containing 2¥~! B, with this we can write the inner integral
in I, as

Jrpman ) = PN (™ 2y

< /2B\B |P2a(y) — Pe(y)IIK;(y ™" 2)ldy + ominyan ) = Ps(y)||K;(y " z)ldy
<
J ) 1 .
; /2k+13\2k3 |P2k+lB(y)_P2"B(y)|l[‘f(y— x)ldy+/1;2n+1\213 |f(y)—P213(y)||Kj(y I)Idy = A1 +4;
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By lemma 6 we have, _
|K;(y~'z)| < On2/9279N

and thus ,
J
Q H5—kN _
M SO [ Preisv) = Prs(y)ldy
J
Q/2 -k(N-Q/?) _ 2y1/2
< Cwo0 32 L prges P8 0) = Prea(u)*)/2dy
<

} i
O S 2 N[ Posply) = Fly) )y

k=0 2B
. ] . )
FONPOU 2O [ 1f0) = Pss0))
k=0

integrating this string of inequalities over B and then summingover B in F; using Minkowski'’s
inequality, and also keeping in mind that when we sum over B € F; quantities such as
Joep |Paep(y) — f(y)*dy get repeated 259 times, we get

J

/A?dx< S (32

MV-Q( [ |Prly) - S(y)dy) ) < 2
BeF, BEF, k=0 B

where ,
, j
b? — 2—2J(N—Q/2—01)(Z Qk(N~Q/2—0)ak)2
k=0

choose N > a + @/2 and use Hardy’s inequality, lemma 8 below, to get

[o ]
Z bf < 00
rd

Now we turn to A,.

A= [ W) = Pos)IE; (™ 2)ldy
2n+1\2 B

s -1 - -1
S/R,H,\z,-glf(wllfwy DY+ [ s I PrE@IEG (™ 2) dy

and so we have

S [, @I Dl <C [ ([ I )l <

Ber,”B JRMI\VB ly=tz|21
Cn27 W= fl|7. < 270279 f]|1)
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The other term is estimated in the same way

5 J iy Prs @I 0 e = 35 [50 [ 1Pes ()™ )iy

BEfJ 2n+1\2]B BE}-J

<ox X [ [ Pus()dyVda = Oy T 200 [ 1Pus(y)ldy)”

BeF; B k=3 BEF, k=j

< Cn279N-9) Z/ | Py p(y)Pdy = Cy272N=-9) 5~ f |Pa(y)|*dy
BeF,; '¥'B Ber,’B

<
2Oy B 1+ X [ [£(y) = Poly)dy)

BeFy

Choose N > a + @, and conclude by Hardy’s inequality.
The converse is easier. But before we prove it we need Taylor’s formula in the setting of
the Heisenberg group. Because we need it later in the restriction theorem let us show how
to derive it. Let f be a smooth function. For simplicity we indicate the calculations in the
three dimensional space. We want to expand the function f arround a point ¥y = (y1,¥2, ¥3)-
Set

F(s) = fly(s(y™2)))
we have F(0) = f(y) and F(1) = f(z). Taking ordinary Taylor expansion of F' arround 0
we get

N FU
F(l) = Z_: F ﬂ(o) + Rn

1

Ry =55

A%1-@NFW“R@@

we calculate F(s)

F'(s) = d%'{f(?/l + 5(x1 = y1), y2 + 8(x2 — y2), s + 5°(z3 = y3) + 28(s — L)(y122 — y221))}

(1= 2L o720+ m92) L (557 2slas=vs (4D na—pamn)) 5 (5™ 2)
Al Ty I3

evaluating F' at 0 we get

gg{(y) + (22 — yz)%(y) - 2(y1e — y2$1)aa—:i(y)

F'(O) =(z1 — Y1)

= (371 2) M0 X, f)(y) + (y7'2) MUK f)(y)
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More generally we have

Fisy= 3 cams”(y7 ) (X0 f)(y(s(y~"2)))

m<|J[<2m
and evaluating at s = 0 we get the left Taylor polynomial

FMO)= 3 eom(y™2) (XsF)(y) (2.29)
|Jl=m

The remainder is written in its integral form as

Rv=ai ¥ s [ N0 - 9N XNGEETEs (230

!
N yiarean 0

Let us go back now to the proof of the converse, let f; be given to satisfy (2.24) of proposition
7. from which it follows at once that

oo

IS fulls < S 1lle < 30 27%ax < O3 ad)if?
k=0 k=0 k=0

next we prove
o0 o0 e}

Soote WY £, B <CY (2.31)

k=0 BeF; 7=0 j=
the left hand side of (2.31) is less than

0 k
22 3 WX finB) +czgz’w S Al (2.32)
k=0 BeF; j=0 j=k+1

replacing ||fJ||Lz with its estimates and applying Hardy’s inequality we get that the second
term of (2.32) is less than 372, f As for the first term we have

k
S w(S BRSO Y / R,(z, 25)[?dz)1/?)? (2.33)
BeF; j=0 '—o BEFx

where R;(z,xp) is the remainder of the left Taylor expansion of f; arround any point zg of
B. Now by the estimates satisfied by the remainder we see that the right hand side of (2.33)

is less than or equal to

k k
O IXs fill)? < €327 27 Whay)?
J j=0

J 1=0

Now conclude the proof by Hardy.



2.3.3 The Spaces F? and B}

Now we come to define what we expect to be the boundary values of the spaces S2. The
definition we are going to use is the local polynomial approximation on M. Let Fj be a net
of mesh 27* covering the surface M (not the ambient space). Let us also fix a coordinate
system (1, -+, Tan41) in which M is described by M = {(z1,--+, T2n41) : T2n41 = 0}, with
this we can speak of polynomials in M. Now the definition of F? is as follow: we let as in
the case of the ambient space

wn(f,B)? = inf /B If — PPdu (2.34)

doP<N
Definition 7 Let N > a, a function f defined on M is said to belong to the space FY n if
fllez o= 1l eo + (32 257 3 wn(f, BP)Y? (2.35)
k=0 BeF;
is finite for some N > « .

The expressions in the right hand side of (2.34) and hence (2.35) depend on the choice of
local coordinates but membership to the space F? y is independent of the coordinate system
chosen. The case 0 < a < 11is of special interest because if we use approximation by constants
instead of polynomials in (2.34) i.e.; wo(f, B)? and form the corresponding quantities (2.35)
we get that this space, which we denote from now on by F? may be characterized by the
first difference, that is if 0 < a < 1 an equivalent expression to the one in (2.35) is given by

ez = Wl + (f [ SEL @y (2360

Since we will be only interested in this space, because this is so far the space that we proved
restriction and extension theorems, for higher o we unfortunetly have to replace them with
the spaces B? whose definition is next. We would like however before we move to next
definition relate these spaces to known spaces such as L?(do) for example, and thus we ask
the question for which values of o ( 0 < a < 1) do we have the following imbedding?

F? c L*(do)

For this we have the following

Proposition 8 For all a such that 3 < a <1 we have the following
F? C L*(do)

Proof: Suppose that f € F? which means f € L*(dy) and

Y27 S wo(@, ) < oo

k>0 QEF
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For Q € F; we denote by F;(Q) balls in F; touching the ball @ ie;

FQ)={Q € F1: Q" nQ #0}

where Q'™ stands for the ball concentric with ' and with radius 10 times the radius of @'
We note that #F;(Q) < C this constant is independent of Q; k£ and [, it depends of course
on surface M under consideration and other absolute constants Let cg be the constant that

best approximates f in @ inthe L?(dy) sense i.e.; cg = fQ fdp. Let c,og be a partition of
unity subbordinate to the cover F; , and define the functlon fr by:

= Y ¥qcq

QEeF;

because of the local finiteness of the partition of unity the function f; is well defined even
smooth and it easy to see that the sequence of functions f; approaches f in L?(dy). For ,

= fellez@n = (D0 11 D2 wolf — co) IILQWQ))% <

QE€F, QeF;
1
( Z ( Z I|f - C<;>'|12L2(d,1,c;)'))2 <
QEF, Q' eF(Q)

1 -
Z Hf_CQ“L?(duQ) )2 < C27%ar — 0
QeF:

Next, we estimate || fx||z2(40). For £ =0 we have,

||f0||L2(da <C Z ||f0||L2 (Q.do) = Z I Z “PQ’CQHL?Qda)

Qo€Fo Qo€Fo Q'€Fo

<C ¥ lealo(@ §_®QWWﬂmwﬁzwwv
QEFo

Q€eFo QeFo

we have used the fact that for @) € Fg, then %%% ~ 1, and more generally by lemma 3(a)
and lemma 4 we have,

U(Q) / am -1
C < 25 < C'Diam(Q)

Now for k£ > 0 we write
fe=(f = fe1) + -+ (fr = fo) + fo
and

fi=fin= 3 Y ¢erelcg—cq)

QEF; QEF;
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and so

k
| fillz2dey < [ Sfollzz(as) + Z_: i = fi-1llz2(ao)

1= falle SC X [ X X leavalleg = colido <

QEF, QEFJ(Q) Q'eF,-1(Q)

¥y ¥ ¥ [ lea-cold

QEF; QEF,(Q) R'€F;-1(Q)
because also of the finiteness of the sums over F;(Q) and F;_,(Q) we get

fi = fimillfawe) S C2( Y- (@) + 3 w(@,f)) <

QREF, Q'eF,
2J (2-—2]0(15 + 2—2(J—l)an2_l)

for some numbers a; such that 3>%2;a? < co . Finally,

k k
—i(a—-1 oLy 1 1
el 2oy < CUIFNlpa(amy + 22 2777 Pay) < Ol fllaqawy + (Do 2771@72))3( Za )?
J=0

=0 J=

from which it follows, if & > 1, that |[f]|z240) < Cl|fllF2.

Remark 2 We could have gotten this result cheaply by combining both the classical restric-
tion theorem and the extension theorem (theorem 8 in chapter 4), in the following way extend
the function f € F? to a function E(f) € 52 ! this function belongs in particular to L% aii

by proposition 5 above and then restrict to get that the restriction zs possible if a > 1/‘)
Also the proposition doesn’t say anything about the range 0 < a < 1. The case a = 1/2 is
actually theorem 5, a result that at present seems to be unprovable by direct methods as the
case of a > % As for the range 0 < a < % the proposition is false.

Finally we define the spaces B?, that would replace the spaces F? for large a. We follow the
definition of Jonsson and Wallin.

Definition 8 Let k,a, N be such that 0 < k< a < k+1 and N > a. A system of functions
f:={fs:|J]| €k} is said to belong to the space B, if for every net F,, of mesh 27™

and every Q € F,, there is a polynomial Pg in the ambient space such that the following
hold :
1. For all multiindices J with |J| < k, we have

/ |fr — Xy PolPdp < (en2 WDy
QEFm



2. Fork+1<|J| <N, we have

S X [ IXi(Pe - PolPdu S (en27 ey
QEFm Q'eFm(Q) @

3. For unit size QQ’s we have

5 /Q X, PolPdp < C
QEFm

It is clear that the requirements of definition 8 are very strong and difficult to fulfill. Intu-
itively, the system of functions { f;} represents the whole history of f, i.e.; all the derivatives,
in fact when considered in the ambient space the system . This definition was used in the
restriction to very general sets (the so called d-sets). In this case it is clear also why one
wants to consider systems of functions instead of single one.

2.4 Two classical inequalities

Before we close this chapter we record two main inequalities used extensively in this thesis and
they are Young’s inequality and Hardy’s inequality. The latter inequality had a great impact
on the development of the theory of function spaces, in particular the Besov and Sobolev
spaces. We also use the standard ones such as Holder’s and Minkowski’s inequalities.

Lemma 7 Let (X, p) and (Y, v) be two measure spaces, and let k(x,y) be a p x v-measurable
function on X x Y such that

(¢) sup | |k(z,y)ldv(y) £ C)
reX JY

and
(1) sup [ |k(z,y)ldp(z) < C;
yey /X

then, for all f € L*(Y,v) we have
(1] k@) fw)dvy) Pau(z)? < GCH([ 1 £ ) Pdv(n)

Lemma 8 Let ar. > 0. Then, for0 < p < o0

=) k [o)

(@) So2%- ) < C Y 2%al, if s<0
k=0 =0 k=0

(i) SS2* (3w < C > 2%af if §>0
k=0 i=k k=0



Chapter 3

The Restriction Theorem

3.1 The L? estimates

At this preliminary stage of the restriction theorem we resolve first question 2 raised in the
introduction i.e.; when is the restriction operator bounded from S? to L?? First of all, there
are two L2-spaces that we are concerned with. The first is the ordinary L*(do), do is the
ordinary surface measure, and the second is L*(dy), where we have set dp = wdo. The
following two theorems are the main results of this section.

Theorem 4 The restriction operator is bounded from S% to L*(dp) if a > 1.

The next theorem tells us when is the restriction operator bounded from S2 to L*(do).
Recall that, by proposition (5) chapter 2, we have

SaCLs (3.1)

where the spaces on the right hand side of (3.1) are the standard Sobolev-potential spaces,
furthermore one cannot do better than this. On the one hand, by the classical restriction

theorem we have that L% and therefore S? restrict to Li_,(do) if a > 1, on the other
2

hand theorem 4 tells us that restriction cannot possibly be bounded from S2 to L*(do) if
a < 1/2. So the problem is really when % < a < 1. Theorem 5 below that says that there
is boundedness for a = 1. We will give at the end of this section an example of a function
belonging to S?_, for all € > 0 but fails to have restriction to the characteristic hyperplane.
So theorem 5 is a borderline result, making it a sharp and interesting result.

Theorem 5 The restriction operator is a bounded linear operator from S} to L*(do).

3.1.1 Proof of theorem 4 :

We note first that it is part of the theorem that the restriction is well defined almost every-
where. Since both theorems above are local, let us fix once and for all a bounded open set
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U in the ambient space and let us denote by M the intersection of some smooth hypersur-
face with the open set U, we will ignore the edges by assuming that all our functions have
compact support inside U/. We may, also without loss, assume that M is given by the graph
of some smooth function, say to fix the notation

M={(tz2) e R =RxR"  t=9y(2)}nU (3.2)
In order to prove the theorem we have to prove the inequality

[1f1arll L2 < Cllgllzs (3.3)

where f = ¢g*J,, and the constant C' may depend on the support . Theorem 4 says not only
the restriction of f to M is in L%(du) but also the restriction of all derivatives up to order
k. where k < o < k+1, arein L2 Now let f € S? and let J be a multiindex. Write X f as

Xy f(z) = filz) + fal)

where

A = [ (Kol ey

and

flw)= [, (Kod) )g(v)dy

Let us assume first that o # @ + |J|. By Schwarz inequality

A< (f

jy=lz|>1

9@ ([ (Xoda) (™2 dy)

ly—tz|>1

which is less than or equal to C||g||rz because of the rapid decrease of J, away from the
origin. And thus we have

L fillzzaw < Cllgllze = Clifllsz (3.4)

We turn to f; and write it

Bla= Y [ () )y

m=o Y ly~tz|~2-m

by Minkowski’s inequality we get

Z|~2—m

|12l 22 (wae) < iij ( /M( /[y_l (XsJa)y ™ 2)g(y)dy) w(z)do(x))/* (3.5)

Let xm(7,y) be the characteristic function of the set

Am(z,y) = {(z,y) € M x R /2771 < y~le] < 277}

28



and set Jo(z,y) = xm(z,y)(XsJo)(y~'z) in order to apply Young’s inequality to each term
in the sum of (3.5) we need to check that

Jo(z,y)|dz < Ch 3.6
sup a2, y)lde < (3.6)
and )
sup | |Ja(z,y)du(y) < C,, (3.7)
zeU M
For any fixed ¢ € M we have
/U [Ja(y™'2)ldy < C - ly~ta|oVI=Rdy < oD (3.8)
y’1x~2'"‘

similarly , we have for a fixed y € U,

from which it follows that

(/M(/|y—xr|~2-m Xy Ja(y™ 2)g(y)dy) w(z)do (2)) /2 < €272 |g) s

finally we obtain
o -m(a=lJi-
I fell 2y < Cllgllze Y 27 MI72) < Cllgl| 1
m=0

as long as a — |J| > 1/2
Suppose now that a = |J| + @, then the only difference from the previous case is now
the estimate we use for X;J, is

X7 ()] smogﬁ) as ly| =0

and the constants in (3.8) and (3.9) are respectively Cm2 ™% and Cm2 (@1,
0

3.1.2 Proof of theorem 5 :

Now we turn to prove theorem 5. We will prove the theorem first in the special case of the
characteristic hyperplane {(t,z) : t = 0}. The following lemma, from the general theory of
Hilbert spaces, is key in proving the estimates needed .

Lemma 9 Let H, and H, be two Hilbert spaces ; T be a linear operator from H, to H,, and
define the adjoint operator T* from H; to H; by

(T*u,w)p, := (u,Tw)y,

If T is bounded then TT* (resp. T*T) is a bounded operator from Hy to Hy (resp. from Hy
to Hy) . And conversely, if either TT* or T*T 1is bounded operator, then T is also bounded.
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Proof:
It is clear that T is bounded if and only if 7" and the boundedness of TT* and T*T
follows. Conversely, if TT* is bounded then by Cauchy Schwarz

T*ullfy, = (T*w, T*wa, = (u, TT™w) < |Jullm|ITT ullm, < Cllully,

(]
1. The case of the characteristic hyperplane
If feS?

f(t,2) = / (s, u)~ (¢, 2))g (s, w)dsdu (3.10)

where I is the Riesz kernel i.e.; the kernel function of the operator (—L)'% = 2" X2)‘%
and g € L?. Recall that we have

H(t; 2)] < C|(t; 2)79* (3.11)
So proving that f(0,z) € L*(dz) ammounts to proving that the operator R(-L)"? (R is

the restriction operator to M i.e.; Rf := f|a ) is bounded from L*(dtdz) to L*(dz), which
according to lemma 9 above is equivalent to showing that the operator

T = (R(-L)H)(R(-L) )" (3.12)
is bounded from L%(dz) to L*(dz). The kernel function of T is given by

K(z,2) = /H,, I((s,2)™1(0, 2)) I (5, ) ~1(0, 2'))dsdu (3.13)

it is easy to check that the kernel function K(z,2’) is symmetric and homogeneous of degree
—2 that is
K(rz,rz") =r*K(z,7)) (3.14)

Let us assume for simplicity that n = 1 and change variables to polar coordinates.
z=re 2 =1l (3.15)

the action of T is seen as a group convolution on |0, 00[x 5! with its obvious group structure

/2"/ L o—)f(r 19’)%’:—'(19'

F(r,0) = K(l,re“;)

the properties of F(r,8) can be read off directly from the estimates on the kernel K" which
is lemma 11 below.

where
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Lemma 10
(a) F(r,8)=O((Ir = 1] +0%)7%) as (r,0) > (1,0)

(b) F(r,0)=0(1) as r—0
(¢) F(r,0)=0(r"?) as r - >

Now in order to prove that T' maps L?(rdrdf, (0,00) x S!) to itself we need to show:

/2"/ /2/ Zo—0)f( ‘9’)‘" d6')2rdrdo
C/h/ 9 2rdrds
and this is the same as

2T poo 2w poo 4 ,
/0 /0(/0 /0 rir’TsF(%,B—-H')(r'%f("9))dr'd0') drdf

<
C/27r/ %

For Young’s inequality to apply , we need to show two things

re'®)|2drdo

2r  poo _3
sup /r?r? ——,0—9’)dr'd0'§0 (3.16)

2 poo 1
/ / P F RS0 - 8)drdd < C (3.17)
lgl

but via a change of variables the two integrals are amenable to each other, and this is because
the kernel K is symmetric, so we need only consider one of them, say (3.16). Fix r and 6
and break the domain of integration in () into three parts

2 pr/2 2x r2r 2T poo
I+ +/ / = A+ Ay + Ag
0 0 0 r/2 0 2r

using lemma 10 we have

|~

A < C/ 3 ()2 < C
T
while

® 1 ,-3 .,
A3 < C rar'2dr’ <C

2r

r o 4 3T 1
a0 [0 [0 RS -1+ 10— 018 dras =
0 r/2 r
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c/ / sh(js— 1+ |0 — ¢)}) d()'

2
C/ // (Is — 1] + 6%)~2dsdf < C
0 1/2

2. The general case.

Let us settle some notation to avoid cumbersome expressions. The notation z € M has the
obvious interpretation to mean (¥(z),z) € M, also the notation d(z,z’) should be taken
to mean the nonisotropic distance between the points (¥(z),2) and (¥(2'),2’), similarly if
x € U and z € M the notation d(z, z) should be clear. Finally, denote by d(z) the distance
to the origin.

We describe now the general case. Let K(z,z') be the kernel function of T given by (3.12),
it is a symmetric kernel and defined in the same way as in (3.13) by

K(z,z')=/UI((s,u)"l(z/)(z),z))I((s,u)'l(d)(z'),z'))dsdu (3.18)

Let g(z) > 0 be a nonnegative function defined on M and define the measure dv by the
equation

g(2)dv(z) = do(2)

so that
Tf(z) € L*(do) if and only if q(z)'*Tf(z) € L*(dv(z))

and so the inequality to prove
/ 1/ K(z,2') f(z")do(")|*do(z <c/ (=) |do(z)
is equivalent to

[ [ a2 (2, 2)a(=) P a(D A DdnPdn() < € [ a0 () Pdv(z)

Set,
K(z,z") = q(2)"2K (2, 2")q(2')/* (3.19)

By Young’s inequality we need to show

sup | K(z,2)dv(z") < C (3.20)
zeM IM
This is exactly what we did in the special case of the hyperplane, there the function ¢(z)
is equal to r1/2. The function r in the previous case is equal to the weight function w. Here
too we choose the function ¢ to be equal some power of the weigth function w, ¢(z) := w(z)",
for any 0 < € < 1.
The following lemma gives the estimates for K, which is lemma (2) in the case of the
hyperplane.
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Lemma 11 The kernel K(z;z') satisfies
K(z;2) < Cd(z,2')~9+?
as d(z;2') tends to zero
Proof: K(z,z') is essentially
K(z2') ~ /Ud(u;z)-Q“d(u;z')-Q“du

By the triangle inequality, it is easily seen that there is a constant C' > 1 such that

d(z; 2"
C

d(u; 2") <

implies

=

(2;2)
C

so we can break the integral defining /{' into two parts, one is

d(u; z) 2

/ g (45 2)~ 9 d(u; )"+ du < Cd(z; 2')9+?
d{u,z’ <—L(——~zz

the other part is

S om0 )79 )5
= ) Iz

but if d(u; z') ~ 2¥d(z;2') , then also we have d(u; z) ~ 2¥d(z; 2'), so the sum is less than or
equal to d(z;z')~9*2,

a

(3.20) follows if we prove

w(z')* /M d(z,2") "9 w(z)"%do(z) < C < o0 (3.21)

with constant independent of 2. Fix z’ € M which we can assume to be the origin 0 and
assume that w(0) = > 0. Split the the integration in (3.21) into two parts, and we prove

L=n ] d(z)"¥*2w(z)%do < C < o0 (3.22)
<n/10

and

L=1 / d(z)"Q+2w(2)"*do < C < o0 (3.23)
>n/10

L=1" z Lo O u(z) " do(2)

n/10
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< Cnfi(an/lo)‘Q“/ w(z)~*do(z)

k=1 d(z)<2%n/10

by lemma 5 and 3(b) of chapter 2.2 we have

wlz)"¢ < 2k Q-1 max —1—e< 2k Q-2
/d@)sm (5)7* < (@)% max w(2)7'70 < (2°)

and thus,

i?kn/lo Q+2( max w(z)) e (B(0,257/10) N M)

d(z)<2*n/10
<
Cn® S (259) 92 (28n) 01 (2y) "1 = C }:2‘“
k=1

and (3.23) follows.
Now we turn to /;,by lemma 2(c) chapter 2, since n > 0, w(z) > n/10 for all z such that
d(z) <7n/10 and so

LE<C d(z)™%%do(z) (3.24)
d(z)<n/10

Change variables to

M ={(5,2):s=¢'(¢) = ;71‘2‘¢(772')}

Now the bounds on 3’(2’) are : if we take the Taylor expansion of i we get that
P(z) = Vip(0) - 2 + ¢(2)
n=V(0)]
with this we have

1
n?

N Anz' L 2
1/2(2)-” (V(0) - (n ))+772<1(71 )

the function ¢'(2’) := 2q(nz’) is bounded with all its derivatives, for since q(z) = O(|z|*) it
follows that ¢’(z’) is bounded and if take derivatives things get better, for example for the
first derivatives we have

V() = ni < (Vg)(12') = Vq(z) = O(2])
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and so on. The new corresponding weight function w’ is comparable to 1 because w'(0) =
%]Vd'(O)] = 1. That is, the new surface is noncharacteristic which implies in particular that

o(B(0,r) N M') = Cr9-', The distance d(z) transforms to
d(z) = nd(=")
the surface measure expressed in the new coordinates is just
dop(2') = 97924y
and therefore

L<C / =922+ 2o () < / d(z')" 2oy,
d(z')<1/10

d(z')<1/10

<C i/ d(z")~9*2dz’

C Y 2@-Dre(B(0,27F) N M) < CY 27 <0

k=0 k=0

O

3.1.3  S2 doesn’t restrict to L?(do) for a < 1

In this section we provide with an example of a function belonging to S7_, for all ¢ > 0 but
fails to have restriction in L?(do). For simplicity we place ourselves in the three dimensional
space R3. Set p = (12 + (2% + y?)"/* and let

flt,z,y) = f(p) = p" d(p)

where ¢ is a smooth function identically equal to 1 for p < 1 and vanishes for p > 2. Clearly,
fli=o = (z? 4+ ¥?)~Y/? near 0 fails to belong to L?(dzdy). That f belongs to S? follows if we
show that

f*ll—a S 5'12

for all @ < 1. Because I;_, is a homogeneous function of degree | —a — @ = -3 — a, and
f is homogeneous of degree —1 near the origin , f * I;_, is homogeneous of degree —a (this
follows in gneral from the fact that if two functions are homogeneous of degree s and ! their
convolution, if it makes sense, is homogeneous of degree s + [ + @.) Now X(f * [1-4) is
homogeneous of degree —1 — e, which is in L?(do) if and only if a < 1.
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3.1.4 Some consequeﬁces of theorem 4& 5

Before we move on to the main estimates for the restriction we discuss some consequences of
Theorem 4& 5. If B is any unit size ball, then according to Theorem 5 we have the inequality

L Wit a)ldo(t,2) S C [ (£ 21 + V(2 2)dbds (3.25)

we would like to have this inequality at all scales. Let r > 0, and B(r) a ball centered at
the point (¥(z0), 20) € M. By left translation we can assume that zo = 0 and ¥(z) = 0 i.e,;
0 € M. Next we assume that the weight function w assumes its maximum on the ball B
at the point (0, 0), for otherwise we look for one point where the maximum is achieved and
take a ball centered there of a larger radius so as to contain the original ball B, and then
left translate to the origin. Now the situation we are in is a ball B of radius r > 0, centered
at the origin and we would like to rescale (3.25) above. Change variables to

t'=t/r? 2 =z/r
the ball B gets transformed into the unit ball B’ and the surface into
M = {(t, )t = ¢'(2) == r2Y(r2')}

if we denote by doas(t,z) and dop(t', 2') the surface measures on M and M’ respectively,
and if we set f/(t',2') := f(r®t',rz') = f(t,z), we get upon applying (3.25) above

1rgr 1y ([2 to o2 v U T A 1 gl
[ WP Pdonelt ) S C [P+ 95 e (320
The right hand side of (3.26) is equal to
-Q 2 -Q+2 ¥ 2 y
Cr /B If(t, 2)|dtdz + Cr /B IV f(t, 2)|Pdtdz (3.27)

the surface measure dopp(t',2') on M’ is, in terms of the graph coordinates, equal to
dop(t',2) = (14 |V (2)|)Y2dz" = (1 4+ 72| Vy(re")|}) /22 =

2 v Z’ 2
T—Q+l(r1 _:|IV$((::,))ll2 )1/2dO'M(T'2t,, 7"2,)

By Taylor expansion

¥(z) = Vp(0) - = + O(lz[*)

and so

Vi(z) = V(0) + O(|z])

and thus,
IVy(z)| 2 Clwg — Cr|
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now because wg is at least C'r according to lemma 2(c), we get

4 V()

1/2
T Ve = Cve

(

and hence,
dop(t',2') > ngr_Q“daM(rzt', rz') (3.28)

Now using this we have

Q-1
t,z)Pdon(t =/ "¢, 2")|? 2 ) < L / (¢, ) Pdop(t', 2') <
S 2P don(t,2) = [ P (r2 r) < T [ 7 2Pl #) <
ré-t FQ+1 .
C / Lf(t, )Pt de" + C / IVt )P d <
wp > wg B+

C(r~'wg! /B f(t, 2)|dtdz + rwg! /B IV f(t, 2)|?dtdz)

Therefore,
LIS a)Pde <O [ 1f)Pdidz 47 [ VAt o)Pddz) (329)

Next we recall Poincare inequality due to Jerison [JE1] in this setting. Let B(r) be a ball of
radius » > 0, then we have

irclf/B If — ef?dtd= < Cﬁ/B IV f|2dtdz (3.30)

We can obtain a similar inequality on the surface as follows. Apply inequality (3.29) to the
function (f — ¢) and then inequality (3.30) to have at once

inf / If = c?du < Cr / I f|?dtd=
¢ JBNM B*
We summarize all of the above in the following lemma.

Lemma 12 Let B be any ball of radius r > 0, and M a smooth hypersurface. Then,
2 < —1,,—1 " 2 -1 y 2)%dtd
(a) /Banf(t,z)l do(t,2) S C(r~wg [ 1f(t,2)dtdz + rwg' [ [V f(t,2)dtdz)
2 < -1 2 = 2
(b) /BnM f(t, 2)[Pdu < C(r /B 1£(t, 2)] dtdz+r/3_ IV (¢, z)|*dtdz)

inf —cl¥du < V f2dtdz
( [ |f-d /.L__C'T/B‘]Vfldd

[+
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3.2 The main estimates

The following theorem is the main result of this section.

Theorem 6 Let f € S% and let k > 0 be the integer such that k < o — % <k+1. Let M be
a smooth hypersurface, then the system of functions {f; := X;f|m,|J| € k} is an element

of the space B:_y(M). In particular if k = 0 i.e.; when § < a < 3, then the restriction
2

operator is bounded from S% to F?_,
2

3.2.1 Thecase0<ﬁ=a—%<1

According to the definitions, the spaces B3(M) and F;(M) coincide when 0 < 3 < 1. And
so we can use the first difference characterization (2.36) to prove the theorem in this case.
The following inequality is what we have to prove:

//|y"1r[<1 ly~ 1x|25+(Q)|1 dp(e)du(y) < Cllgll*

for f = g * Jo. We that we note that if 8 < 1/2, we can give a straightforward proof.
Decompose the function f according to Proposition 7 like;

F=>X1 (3.31)

3=0

with the f;’s satisfying the required estimates. We prove the inequality,
J ying q p

oo
Z 22mﬂ
m=0

inf [ 1f = cfidp < Ol (3.32)
BE}'

By lemma 12(c) we have,

P 1nf/ If —cf*du <
m BE}'

Cizzmﬁ mf/ Iifj—clzdu-{-ZQQ’”BZ/ Z filfdu < T+ 11
m=0 Be}‘ j=0 m=0 BeFn YBOM -7
I=5 92m(B-3 > / |Z€7fj|2dvol
m=0 BeFn’B* j=o
Z 2m (a=1) Z( Z / 1Vf Izdvol 1/2)
m=0 j=0 B€Fm
C i 22m(a-1)(22 ](01—1) i
m=0 1=0 m=0
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since a < 1. The estimate for II is also similar, we use lemma 12(b) instead applied to each
individual f; we get,

II<CY 2 3 279Pq;)P <C Y dl
m=0 j=m+l m=0

The following proof is due to Jonsson and Wallin [JW], it is based on real interpolation
(vector valued version), and so we state the theorem and refer to [BL]; Theorem 5.6.1; page
122 for a proof and more on interpolation. If X is a banach space we denote by IJ(X) the
space of sequences (a;)%2, C X such that:

[1(@i)lixy := (3 2°la;]5)1? < o0 (3.33)
1=0
Theorem 7 Let 0 < go,q1 < 00 and s # so. Then for all ¢ we have

(Lo (X0, 10, (X))a,q = L3(X)
Let f =g x* J, € §%, we would like to show the inequality :
Aa(f)? < Cligllze (3.34)

the left hand side of (3.34) is clearly equivalent to the expression

ad ; du(z)d
Ll R OO =t (3.35)

Set dy'(z,y) := %%dl%—(_—y} and let X = L*(M x M,dy'(z,y), and define the operator T :=
(Tj);'io by
Tif(z,y) = x;(z, y)(f(z) — f(v))

where x;(z,y) denotes the characteristic function of the set
{(mvy) EMxM: Q_j"l < ly—ll'l < 2_]}

Then another way of restating what we want to prove is that the operator 7" is bounded from
$2 to I3(X). For this to be true it suffices, according to the interpolation theorem above,
that the operator T be bounded from S2 to (%, (X) i.e.;

mp —_ 2 l; < ‘
2 //2-m°15|y‘1x|<2-mlf(x) f(y)‘ d/l (.’B,y) iy C (3 36)
the constant C is independent of m. To show (3.36) let ¢ > 0 and set

‘Ja(z_lx) - Ja(z_ly)| = |Ja(z—1 ) = Ja(z—ly)llea(z—lx) - Ja(z—ly)ll—e
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by Schwarz inequality

//]y-xrlgz_mlf(l’) — fy)|Pdy'(z,y) <

[ ] en 197 2) = ) g ) J Valz70)=Jol=" 1) [F0=d2)du (2,y) <
CiCallgl 2

where

= sup  [a(zTe) = Ju(eTy) 00z

ly~lzfx2-m

and

— ~—loy - LTI LY Py
Gz =sup [ /w-]rm-m“’a(* 2) = Jol(z" )P (2 )

T ot /'J e W)y = [+ 1T
—lr|52 m
I<c (1+71 220 + [~y o)1=
|[z=iz|g2—™

but we note that if |z~'z| < 2™ and |y~'z| = 2™ , then also |z7!y| < 27™*+1% and thus

< C'/ |71 Pi-6)e=Q@) < 9=2m1=¢)(e=Q)g=mQ
- |z=1z|<2~m -

as long as
20 —e)(a—Q)+ Q>0 (3.37)
by the mean value theorem we have
11 < 02-—2m(1—5)/ ]Z—1$|2(G—Q-1)(I—E)dz < CQ—2m(1—s)(a-—Q)2—mQ
- Iz~ |22 -
provided that
2 —-Q-1)(1l-¢)+Q <0 (3.38)
combining (3.37) and (3.38) we get that ¢ has to be chosen such that
Q Q
l-—————<e<l - 05— 3.39
Q+i-a TG -w (339

The estimates for Cy are similar to Cy. Let E; = {(z,y) : [y~ x| = 2™™,|z7 2| < 27"} and
E; the complement of E; in |y~'z| = 27™, then we have

Co<I'+1I'
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I'= [ [ Valee) = Jal=0)Pdi (20) <

Cor@ [ e OB, 27 0 Mydu(z) <
z—izi<2—m
C/ a=Qeg(u(B(z,r) N M)) < (2~ 2m(@=-Qleg=m(Q=1)
as long as 2(a — Q)e+Q —1>01ie;
Q-1
E< 3.40
(G- a) (340
The same estimate is satisfied by I except the condition on ¢ is now
Q-1
£> —0———— 3.41
20 +1 - a) (341)
combining (3.40) and (3.41) we get that ¢ must be such that
Q-1 .. 9=t (3.42)

2Q@+1-0) 2Q - a)

Now it suffices to note that
CiCy = C27mP
which is what we have set to prove provided that ¢ can be chosen so as to satisfy both
requirements (3.39) and (3.42) . Solving this system of inequalities we see that it is the same
1 3
as 5 <a< 3.
a

3.2.2 Thecase 3>1

Let k be the integer such that 0 < k < 8 < £+ 1, then we want to prove that the system
of functions {f; = Xsf|m,|J| < k} belongs to B3. Let us note the functions f; are well
defined, this is because X, f € 52 ] and a — |J| > % Recall that this means that for each
net F,, of size 2™ | and each set Q € Fn there is a polynomial Py(t,z) in the ambiant
space of degree N > k + 1 such that

1. For all |J] £ k we have

/ IfJ_XJPQ| dp < (c o-m(B- IJl))
Q€Fm

2. Fork+1<|J|<N

Z Z / |XJ(PQ - PQ:)|2dp < (CmQ—m(ﬁ—lJ|))2
QEFm Q'€Fm41(Q)
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and
3. For |J| £ N we have

> / | Xy PolPdp < g

REFo
the constants ¢, satisfy S.o0_,c?, < co. We start by the proof of 1. For @ € F,,, we let Py
be the left Taylor polynomial, of degree N, given by the formula (2.29) and (2.30) of chapter
2, of the finite sum

Fn=>f;
j=0

taken arround any fixed point of (), say its center zg. Let us write those formulas again in
this context

= > Cy(ag'a) (XsFn)(zq)

[JI<N

denote by Rg(z) the remainder F,, — Py , then

1
Rolo)=~ O cj(zalx)J/O sHI=N=1(1 _ )N (X, F,)(zq(s(23'x)))ds
" N+1LITI2AN+1)

Estimates in 1. follows if we prove
(1.

/lXJRQ )[ du(x) (ch-m(ﬁ—lJl))2
QEFm

and

(1),
S [ XS He)Pdu(e) < (en2m 5
QEFm j=m+1

Using lemma 12(b) and Minkowski;s inequality we have

S LIS S)Pdu(e) < 02X KD+ 0 Y IR <
QEFm J=m+1 j=m+1 j=m+1

00 x .
C2m( E Q—J(a—lJl)aj)2+CQ—m( Z Q—J(G—IJI—I)GJ.)’L’S

j=m+1 jEmt1
(e 2™ mB=1D)2

by Hardy’s inequality we have

o0 o 1 o <] .
Z 2 =C Z 22m(ﬁ—lJ[+5)( Z Q-J(a—lJl)aj)ZS

m=0 Jj=m+1

3
Il
o

C 2 an=Clfll5

m=0
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and this takes care of (17).
Next, X;Rq(z) is a sum of terms of the type

! 1 1
A@) = C Y CoXalagia)” [ N1 = 5)(HD(X, X B (m(s(wgu)))ds
J! 0
with J = J1 + J2.
1_ i - -
[A(@)] < C 2 [, X o Frn(wq(s(23'2)))ds)
JI

invoking lemma 12(b), it follows that

) /Q |A(2)Pdp(z) <

QEFm
C Z 2—2m(lJf|—IJ1I—§-) Z / th X_/rFmIZdvol—i-Z 2—2m(lJ'|-|J1[+%) Z / |¢XJ2XJ/Fm|2dvol
7 QeFn Q" J! QeFm '’
< C22—2m(IJ’|—IJ1I—%)(Z Q—j(a-lf'l—lhi)a].)2+cz2-2m(lJ'(-lJ1|+%)(i 2—j(a—IJ'l—lle-1)aj)2 <
J! y=0 J! 7=0

by keeping in mind that [J'| > N + 1 we can apply Hardy’s inequality to conclude, and this
takes care of (17).
3. is straightforward we have,

Z /Q]){_]PQ]?'d/I,S

QeFo

cy /Q|XJ(f0—PQ)12dH+CQZ [, X ool <

QeFo €Fo

C Z/ X5 fo — Po)|*dvol +C Z/ IV X(fo = Pg)|*dvol+
QeF /9’ QeF, 7"

C 3 [ 1Xsfoldvol < C Y [ Xy fodvol < co

QeFo QeFo

Finally we prove 2. For Q € F,, and Q' € F41, we write the difference Py — Py like,

m

PQ(:L') - PQ'(:I") = Z(Tj(:EQ,:L') - T]'($QI,LL‘)) + rm+l($Q’7z) - fm+1($) (343)

7=0
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where rj(z,z) := f;(z) — pj(z,z) is the Taylor remainder of the function f; taken arround
the point z. And so,

/ | X5 (P — Po)|*dp
Qefm

< X / (32 X0 (ry(2g,2)—rs(aer @) 2dut 3 /1prm+1(x@ 2)fdpt ¥ /IXJ,fm+1| dy

QEFR Y j=0 QEFm QEFm
(3.44)

The last two terms in the right hand side of (3.44) are dealt with in the same way as before
by invoking lemma 12(b), and they are both less than or equal to

(Cppy 2~ (mHD(B=17D2

By Taylor’s formula we can write the difference r;(2z,z) — r;(y, ) as ;

1
rilz,z) —ri(y, @)= Y CJI(Z—ly)JIASlJll—l(X}lj(Tj(w’x)))ltﬂ:(z(s(z'ly)))ds (3.45)

1< (<2
the notation X* means that the action is on the w variable. Writing out the integral

representation of rj(w, z) and taking the derivatives X¥r;(w, x) we get that r;(z,z)—r;(y, z)
is a sum of terms of the type

1 g1
C(:_ly)Jl/ / S’Jll—ltlJl—N_l(1_t)N+IJ2|("\,J3((w—II)J))(XJ’z‘Yij(w(t(w_lx)))|w=(z(s(z"lx)))d3dt
o Jo
(3.46)
with J; = J3 + J,. Applying X/ to this typical term we get that X (r;(z,z) — rj(y,z)) is
a sum of terms like;

1 1
Clamtyyh [ [ st =Nt (Lo VR X, (w7 ) ) (X Xy X (™ ) st
o Jo
(3.47)
with J’ = J{ + J} and the expression in the integrand of (3.47) is supposed to be evaluated
at w = (z(s(z7'z))). Taking into account

=7y < 27

and that

lw™lz| = |(s(z7'y))y 2] < Clslz7y] + |y~ ta]) < 27710

also

IXJ{XJS((l T |<C2' (J1=1911= 131

if |J| — |J{ — |Ja3| > 0 which is the case. The terms of the type (3.47) are in absolute value
less than or equal to

1 1
Com I [ 10, X0, X, f (U™ ) Plumeiem apdsd) 2 (3.43)
0
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summing over j and square it integrating it over (), using lemma 12(b) and the estimates on
the f;’s over @, and then summing over () € F,, using Minkowski’s inequality we get finally

m

> (X Xolri(aa,2) - rilzgn ) <
QeFm’9 j=0
Cam(WIHI ==l 3)(§ g=ila=WI= V311 g )2 ¢
=0
22 A== l= ) (§ gmsla=I= - Mal=1)g )2 <
=0
(e 231D Y2

and the proof of the restriction theorem is now complete.
O
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Chapter 4

The Extension Theorem

This chapter is concerned with the extension of functions, or rather systems of functions,
defined on a surface M, to the ambient space. It is the converse to the restriction theorem.
It was our goal to prove an extension theorem for the spaces F} instead of B2, of course
that would have been a stronger result. We still do not know wether it is possible or not.
Another simple way to ask the question is: are the spaces B} and F} equivalent? The
answer is yes for 0 < 3 < 1 and would be yes if we can prove an extension to the ambient
space for the space FZ, since the restriction is bounded from the space Sg+% to F3. The

extension described below is based on two main ingredients, the first objects are polynomials
and the second is the Whitney decomposition of open sets in the nonisotropic metric. This
technique of extending functions is classical and goes back to Whitney (1930’s) who used it
to extend Lipschitz functions defined on an arbitray closed set of R" see [WH] and [ST1} for
more on this. Recall that in the classical case (isotropic) the extension using the Whitney
decomposition is as follows. First flatten the hypersurface M by a local coordinate system
(21.---,x,) such that M = {z, = 0}. Now we can talk about polynomials in the coordinates
(21, +,2n_1) and use them to define the spaces FZ. Polynomials p in R"~! have obvious
extension to R", just extend them to be constant along the vertical direction (the z,-axis).
These extended polynomials satisfy the following trivial but important property: let B be
any Euclidian ball of radius r > 0, and centered on M then,

/B p(21, -, Tner ) [Pdvol < cr/BnM Ip(21, - 2n1)|?do (4.1)

Once we have this, given f € Fj we define its extension on a Whitney cube to be the best
polynomial approximation (in the L?*(do)-sense) off on a corresponding ball on M. With
(4.1) and the so called Markov’s inequality (see [JW]) we can prove that the extension is
bounded etc: - -

Of course in the Euclidian case there are other possible ways of extensions for example the
reflection method, see [AD] and [ST1] [ST2] for example, is applicable for smooth hypersur-
faces, there is also the method of Calderon that one can use when we have a surface that is
smooth. The extension of Whitney type is a powerful tool when we don’t have smoothness
of the surface. In [JO), one of the most recent (1984) papers dealing with extendibility of
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classical Sobolev spaces defined on “almost arbitrary open sets”, the so called (¢, §)-domains,
this method is used successfully.

Let us return to the nonisotropic setting. The first thing to say is that (1) is false if we re-
place the Euclidian ball B by a nonisotropic one and the surface measure by the the measure
dy, except if the surface is noncharacteristic or the polynomial is actually a constant, in the
former case it is true because one can choose a coordinate system (z;, -, Z3n41) such that
M = {z2,41 = 0} and for which a transverse vector field say X, is given by «’3—5;—1’ and
this of course makes (4.1) valid . We don’t have a canonical way of extending polynomials
to the ambient space and still have (4.1) valid in this coordinate system, the reason being
the fact that when we extend by constant along the vertical direction we might exit the
balls too quickly especially when the balls are centered at characteristic points. We can
use normal coordinates to extend polynomials, but this requires us to fix a base point on
M and this means that the same polynomial has different extensions a property that we
certainly do not want. One may seek a universal vector field along which we can perform
constant extension. This idea is in fact under investigation and it seems to work at least
for 0 < a < 2, for the characteristic hyperplane and hence would work for hypersurfaces
with isolated characteristic points. Which is an improvement, unfortunetly the details of
this technique have not been worked out and therefore cannot be included in here, they will
appear elsewhere in the future. This technical difficulty led us to seek other methods to deal
with the higher derivatives case. The method of Jonsson and Wallin is applicable in our
context. This method requires the knowledge of all derivatives even transverse ones to be
able to construct extensions, this of course in their setting was necessary, because they deal
with complicated d-sets. Let us state the main theorem.

Theorem 8 Let 0 < k < B < k+ 1. There is an extension operator E taking elements
f={fs:|J| £k} of Bi(M) to functions defined on the ambient space such that:

E: Bg(M) — 5'2
is bounded and such that X E(f)|ar = fs almost everywhere, where a = 3 + %

After constructing the extension operator E, we plan the proof of the theorem as follows.
First, because the difficulty is only technical, we treat the case 0 < 3 < 1, in this case
constants are enough to use. This case is important because the spaces F} and B are the
same. We start with 4 = %, and show that the first derivatives are in L? and then use other
possible characterizations of the spaces SZ.

4.1 The Whitney decomposition

The construction of the extension operator is achieved using the Whitney decomposition and
a partition of unity. Recall that this cover is obtained by covering Q by balls of radius 27
and then selecting from this balls that are at distance 10 x2=* away from M, for k = 0,1, -+,
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integer. This cover is required to meet the condition that the balls do not get pilled up too
much, this means that if B and B’ are two distinct balls with nonempty intersection then if
we shrink them enough they end up disjoint. We summarize all what we need to know about
the Whitney decomposition in the following theorem. We refer to [ST1] for the proofs.

Theorem 9 Let M be a closed subset of ), then there are nonisotropic balls W covering
Q\ M with the following properties:
(a)
O\ M C UgewB
(b)
£r(B) < dist(B, M) < 10r(B)
(c)
B.N B! =0, where the notation B. means the ball with the same center as B but with radius
15th the radius of B.
(d)If B and B’ are two balls such that B*N B™ # 0, then
1 r(B)

—<
10 = r(B

(e)Finally No point in Q\ M belongs to more than 100 balls of W
In particular by property (d) we can cover the surface M by sets of the form B**N M. Recall
also that membership to the spaces F? or B? is independent of the covering F%, and hence

we can use W to define a grid on M, Fi. := {B**N M, B € W,}. In particular for small 3
a possible norm for the spaces B} and Fj is given by:

Hflﬁrg = 1/l Z2(an) + Z‘ 9% 3 inf |f = c|*dp (4.2)

k=0 Bew, © /B''nM

<10

~—

Next we let ¢p be a partition of unity subbordinate to the cover W. The support of ©p
is contained in B*, it is identically equal to 1 in B.. The two properties essential in what

follows about the ¢g’s are:
For all x € Q\ M we have

3 ep(z) =1 (4.3)
BeW
and
| Xses(z)| < Cr(B)V! (4.4)

4.2 Proof of theorem 8

4.2.1 Thecase0< (<1
Let f € F}, for each ball B € W we denote by cp the constants in the definition of F}3, such

that
> / |f — ca|?du < (c27*)? (4.5)
Be”’k B**nM
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we can be more precise with the constant cp to take it the best constant approximating f
in the L?(du)-norm i.e.; its average over the set B** N M, but that is not necessary. The
extension E is given by,

E(f)(z) = BX;V wp(z)cs  for zeQ\M (4.6)
€

The sum defining the extension is locally finite and hence defines a smooth function away
from M. Let us check that the resulting function is an element of L%(2). Indeed, we have

EfP< S > [lal=CT 1Bl ¥ leal

BeW B'eW(B) BEW  B'eW(B)

where | B| denotes the volume of B. But by theorem (2)-e the number of balls in the inner
sum is bounded by 100, hence

B|
EfP<C Y [Blleslt= 3 —=2l chd
ISP <C 3 1Bllcal’ = 3 gy [ b
<
cy 2t ¥ /B”nMif_CB|2(1/‘+CHfH%2(du)—<-C||f||i“g for any 0< B <1

k=0 Bew,

Suppose now that 8 = 3, then we need to check that the first order derivatives X(Ef) are
in L2, By (3) we have
> Xep(z) =0 (4.7)
Bew

and so

IX(ENI <

- - |B|
S BBl F lea-cal <C X B gy B[ les—col'ds

Bew B’eW(B) BeW B'eW(B)
<

|f = cal*du < C”f”?’;

o0
cyry
PRLEP DY -
To prove the estimates needed for the full range 0 < 8 < 1 we distinguish between two

cases. The first case is when 0 < 8 < 1 and the second when < 8 < 1. Instead of proving
directly that the extended function is in the Sobolev space S?, we may, in the first case,
prove that given any tiling Fi of the ambient space (not to be confused with the tiling of
the surface M which in the present situation is given to us by the Whitney decomposition),
we have
> inf/ |F(z) — ¢|*dz < 272KB+3)2
Ber, = 7B
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for some ¢y, satisfying
o]
> <k < Cllfllz
k=0

in the second case we have to check that the same holds for the derivatives of first order.
Now let Fi be a net of mesh of 2% for the ambient space, and let B € F, suppose also
that it is contained in a Whitney ball Qo, then by Poincare inequality, we have

mf/ |F(z) - c[*de < Cr(B /|VF z)[*de

but by (4.7)

VF@)= Y cqVpolz) = 3 (cq, — c@)Vio()
Qew Qew

and thus we have,

( ) 2B —-c 2
o 1Bl T ke cal

mf/ |F(z) — c|*de < C(
and since for Q € W(Qp) we have r(Q) ~ r(Qq), we get that
r(B) |B|
T(Q))2 (QoN M) 2 /Q.nM f(z) — cql’du(z)  (4.8)

QeW(Qo)
now the balls in F; that are contained in Whitney balls are those that are far away from M,
denote those balls by Fi (W) i.e.,

ix}f/B |F(2) — ¢*dz < O

Fe(W)={B e Fr:BCQ,forsome Qe W}

with this we have

mf/ F@)=cffde= 3 + 3 =Sei+Siz
BeF;

BE_F/‘ VV) BgFy

Let the letter s (instead of Q) denote temporarily the homogeneous dimension (s=2n+2),
using (4.8)

r(B),, |B] 2
Sk <C LES [ 1) = corlduta)
1 Q%’VBE;(Q) B(”(Q) M@ N M) Q'gv:(o) QrnM :
<
k
C Z 2..2(k—m)2—k32m(s—1) z / _ CQ,|2d,u(:v)
o0 QEWnm Be.ﬂ Q) EW(Q @ M
note also that
Y 1< o2l
BeF(Q)
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using this we finally get

k
Suscr*y o ¥ f 2) — colfdu(z) < C2HEHD 2
k1 < C ) Y, Q‘anf( ) — cql dp(z) < Ck

m=0 QeWn

where

00|>-‘

and as usual by Hardy’s inequality we conclude that

Now we turn to balls B & F.(W), pick any cube @ € Wy, that is contained in B and
set

/lF —epltdz= ST /|F ) — cpldz

m=k+1 QeWmn(B)

/Q|F<x> —cpldz <CIQ] Y leqr—enlt <

QeW(Q)

27 ') — cpl’d c2m (2) — cqi*d
O™ o ) = col @)+ 52 Lo 1f(@) = col*du(z)

1Q)+11(Q)
> Y a@sce X e[ ife)-caldutz) < 02 [ (f(a)=cqldu(a)

m=k+1 QeWpn(B) m=k+1
and summing over B & Fi (W) we get

SOy X M@t Y [ jf(@) - coftdu(e) < CorHkIera,

BgF (W) m=k+1 QEWm(B) QEWyy, Y@M

summing I1(Q) over @ € W,,(B) and then over m and then over B € F we get

S Y Y u@<c Y % [ i) - coldue)
m=k+1 Q*nM

BEF, m=k+1 QEWn(B) QeEW,,

>
<c % 9-2m(B+3)? < 9-2klaty) 2
m=k+1



where
oo

d=C ¥ 3 e

2k(a+l) m=kt1

and by the second part of Hardy’s inequality we get that
o [ev]
Y a<cC > ai
k=0 k=0

By the same method we get the estimates needed for the derivatives of first oredr in the case

where % < B <1
a

4.2.2 The case 3>1

Now we come to the description of the extension operator in the general case. Unfortunetly
we have to leave the spaces F? and deal with B} whose elements are systems of functions.
Here we assume that the integer N >> 3. Let 0 < k<8< k+1land f:={fs:|J| <k} €
B}, recall that this means that for each B € W there is a polynomial Pg of degree < N such
that:

a
X B; /B“nM|fJ-)\,JPBI2d#S(Cm2~m(ﬁ—ljl))2, forall |J| <k
(b)
S X [ 1Xs(Pe = Pe)fdu < (en2 D) for k4 1SS N
BeFm Blew(B)” B"OM
(c)

2 /B,,OM|XJPBIZdu <co, for all |J|EN
BeFq

The extension of f = {f;} is now given by

F(z)i=E(f)(z) = ¥ wo(2)Palz), for zg&Q\M (4.10)

Qew
Leta =8+ %, The first thing that needs to be checked is that
IX,Fl| < C(Y &)V for I <a (4.11)
m=0

let + € M, then X;F(z) is a sum of two types of terms:

AJI‘J"(.'B) = Z JYJISOQ(CE)XJ”PQ(JT), J+J =J, |J’| # 0
Qew
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and

Qew

= ) wols XJPQ(JJ)
We need the following lemma

Lemma 13 Let P(z) be a polynomial and Q a nonisotropic ball such that, p(Q™" N M) =
r(Q)*! then

/Q |P(z)*dz < C;T(Q)‘”“' ooy | X0 Pa (@) dn (4.12)

Proof:

It suffices to note that if ¢ is unit size then both quantities of (4.12) define norms and they
are equivalent. Rescale to get the result.

3

By (4.7) and the lemma

ArrF<C Y [1Anreld <O S r@™ ¥ [ (X0 (P - Po)lide
Qew Qew o GW(Q)
<
CZ Z 1+2 (J1=17"1) Z / |X X (PQ - Py) |2d/£
7 Qew QEW(Q)

it easy to realize that

Z (Q)1+2(|J| |J’ I)/ Mle \,J"Pl (lﬂ <C Z )1+2(|j|-lJ|)/ MIXJ’Plzd#
.m ‘n

J 12197
And hence
MrrlP<C S 5 w(@WW S [ IX;(Pg = Por)l'd
[ J)<k QEW Q' eW(Q)
+
C X S QI 5 [ IXiPa = Pallds
[J)>k4+1 QEW QeW(Q

by (a) and (b) we get at once

o0 o)
Ay |2 < z Q—?m(%—lJl+ﬁ)c72n < z 2,
m=0 m=0

as long as [J| < B+ 3 =a.
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Next we turn to By. This term is estimated in a different way.

o0

B <C Y [IBfdr<C Y [ 1XiPoltda=Y 3 [ |XsPolds

E‘V EVV =0Q6Wm

For each Q € Wy, Wi_1(Q) denotes the balls in W,,_, touching the ball @, the immediate
ancestors of Q. By theorem 2-d there are at most a finite number of them say less than 100
for each ball @, let us enumerate them keeping in mind that this enumeration depends on

Q.
W1 (Q) = {Q),Q%,- -, {V‘}, where N; = Ni(Q)

Put Qév" = (@, inductively we enumerate the set VVm_j(Q;V_’I'l )s

N . :
m]QJ {Q ”'3Q‘1j]} fOT ]=1,2,"',m
with this we can write Py as a telescopic sum:

PQ=(PQ—PQi)+(PQ}—PQf)++(P :‘ll—l_PlNl)+Pf’1

(PQ—PQ})-F(PQ} —PQ§)+"'+(PQ;V1—1 —-P :v1)+(Pin1 —PQ%)+"~(PQ;~!2-1 —PQ;\IQ)-FPQ;VQ

Niy-1 N;~-1
(P — Pgi) + 1§=:1 (Pt — Pgisr) + (Pymw — Poy) + ; (Poy = Pgir) + -+ + (Porm = Foy )

Nm—~1
+ Y. (P, — Poii) + Porem
=1

N,-1 m~1

Z PQ« - t+1 + Z - Py, )+ Pom

=1 I=

Py

Now use Minkowski’s inequality to get

N;—-1
/|XJPQ| @)<Y S / [Xs( Pt = Pon ) de)!?
QeWm i=1 QEWm I=1
+
SOS [ 1XalPys, = Py P+ ( 3 [ X Py )
i=0 QeW, QEW

34



By the lemma we get

5T S [ty - g e <
QEWm ’
L om N,-1
CZ?-m(ﬁHﬂ) ( EZ;/ ,Z /Q'nM [‘XjXJ(PQg - PQ;“)I?d#)l/? <

C Z 9~ -m(3+|J]- lJl) Z / ){ PQ! _p t+1)|2d,u)1/2
[J1>14 )= IQewm =1 Y@* ﬂM

Let us look at the double sum

zz/

QEWm ‘nAI'X PQ' PQi)Vd'“
c =

Since the balls Q; in the second sum are the jth ancestors of the balls @ € W,, the first
sum can be replaced by a sum over balls in @ € W,, whose projections on M Q* N M are
contained on the projection of balls in W,,_; then followed by a sum over W, _;. There
might be repetition in this way but as we said they get repeated only a finite number of
times and thus we have

N,(Q)-1

S Y [ P mRedesce S S [ (X5(Py — o)
Qm ; Q*nM 9, 7 Q€W QEWme, (@) nM
and therefore we get

[SC ¥y IS S [ (P — P

1211 i=1 QEWm_; Q'€Wm_,(Q)

By (a) (if |J| < k) and (b) (if |J| > k4 1) we get that the last term is less than or equal to

Z )—m( L+J1- lJI)ZQ B~ [Jl

[J121]
which when squared and summed over m, using Hardy’s inequality, is less than or equal to
CZ‘)Q"‘G_M)Z <C'Zc for all /] € a
m=0

the other terms are dealt with similarly we

m-—1

m=yY(y / Xs(Py, = Py, de)* <

=0 QEWm
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m=—1
g—m(t+|J]-1JD N _ 2 1/2
c > 2 > (> /Q,anXJ(PQ;V; Py )edp)'* <

Jiz J=0 QEWm
m-—1
il LT
C Z 9-m(z+II-1) Z( Z Z /' M PQ — Py )!2(1:#)1/2
JJI1>1J0 J=0 QEWm_; Q'€eWm—_,+1(Q n

Now square it and sum it over m like before to it less than or equal to

f: (=11,

the last term is simpler we use estimate (c) to get it less than or equal to ¢5. Thus we have
proved that for all |J| < &

IX,FI < C(3 )2 < Ol Iss

m=0

and hence if « is integer the extension theorem is proved.

Next we treat the case a noninteger. Let [ be the integer such that 5—% <l< /3+% = a,
and set A = a — [, then like the proof in the case of small 3 we are going to prove that the
derivatives X; F belongs to S? by showing that

1nf/ X, F — cffdz < 2722 |J] < (4.13)
BeFm

We take as before for each integer m a grid F,, of the ambient space. We prove (13) proving
it for each of the terms Ay y» and B;. Let B be a ball that is contained in a Whitney ball
Q. then by Poincare inequality we have

i%fA!AJI‘JlI —Cl2d122
<
B 2 @A ' I 2 <
Cr(B) [ VAl <
C?(B)2/| Z (€71¥J150QI)(\JMPQ |diL+C7 /| )\J/ch:)(vX_]uPQl)lzdx

B qew(Q) QeEW(Q)

I+11

both terms I and I satisfy the same estimates so we treat only one of them. Summing over
the balls that are contained in Whitney balls we get

mf/ | Ay u—c|tdz < C2" 2mzoza<u SIS /1X,,, Po—Py)|*dz

BeFm(W) QEW, BEFm(Q) Q' EW(Q
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<

02—2m ZQU(U'H’I z Z / I/\JH PQ — PQ ] dx
7=0

QeEW, Q’ eW(Q
m -
(o—2m 22j(-|JI+IJI+l) / Xj(Pg—Pg)|’du < C2° 2m N 925(J1-8+3) 2
> }; Q‘r‘\Ml o—Por)|*dn < Z
|J|>|J"| 3=0 QGW Q' eW =0
-_— "’ am
where
o0 o0 o0
S ak <CY, g=2m=Me2 < ¢ Yok for |J] <
m=0 m=0 m=0

Next we turn to balls that are near M i.e. B ¢ F,,,(W) . For these we show that

Z / lAJIJI/I dx <

BgFm (V)

[ 1A anfidz < € Z S /QI (\'m@)(XmPQ — Py))tdz <

j=m QeW,(B) QeEW(Q

CZ"”'“ DY /|/\J”PQ—PQ|d1<

QEW,(B) Q' eW(Q)
¢ ¥ LD Sy [ 1X(P— Pa)d
iz 7 3=m QEW,(B) QEW(Q)
After we sum over B & F,,(W) and rearranging the terms we finally get
e .
E S 2-2nz,\(022m,\ z 2—23,\a]2) S 2~2m,\cgn
BEFm(W) j=m

The other term By is estimated in the same manner except that we would have to use the
method by which we proved it to be in L? , we do not wish to repeat it here.

Thus the extension theorem is proved granted we prove finally that (XsF)|ap = f;. Set
G(z) := X;F(z). First we should note that since |[J| < k < 8 and F € 5% (8+ ; = ) then

G € S? for some 3 < A < 1. Set
1
G = — [ G(x)d
(@)= 17 [, G@)da

Let W= be balls of W,, expanded enough to cover the surface M, and let ¥q- be a partition
of unity subbordinate to this cover and finally set

QeWn
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then this function is smooth and hence its restriction to A is well defined. To prove that
the restriction is what we started with it suffices to prove two things:
1.

J 1= Gultdp =0 m oo

and

o~

/|G—Gm|2dp—+o m — oo
M

to prove 1. we have

[ 1fo=Guldu= [ | T porlf=G@NPdps 3 [ | weu(fi=G(Q)
QeWm (Q)

QEW '™ giew,

<Y Y Im-6@ ’d#<02/ \fs = G(Q)*du

QEWmQ EWn(Q) QeWn
<C 3 [ = XoPoldu+C Y [ (G(Q) - X, Paldu
Qew,, V@' NM QEWnm

the first term is by definition less than 27™(8=1W1¢2 — (. As for the second term it is easily
proved that if P is a polynomial and @ any ball then we have

/ |P|2dy < 0‘2"‘/ | P|*dvol
*NAM Q

(if we use a linear change of variables so as the class of polynomials is preserved and the
surface becomes horizontal then the assertion is true by finite dimensionality of polynomials,
then rescale to get the general version, it is also worht noticing that the reverse inequality
is not true.) And thus we have that the second term is less than

o /|G ~ X, Poltdvol < €2 37 /|G —Gl*dvol+C2™ Y /|G X, Po|2dvol

QEWnR QEWm QEWn

by (1.) the first term is less than c%, 272"~ 0 as m — oo

write G — XjPg as a sum of terms of the form

cyr g Z XJI(,QQI‘\’JII(PQI — PQ),J, =+ J” = .], ]J/| # 0
Q'ew

plus

Y e Xi(Py — Fo)
QeWw

if we use now lemma (11) we get at once

/Q |G = Xy Py *dvol
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fl—|J'|+ 1 ;3 o=2m(|J]+ L - .
<C Z Zz-zm(lJl-lJ I+3) |4\jx\J~(PQ-PQ')I2d/t+Z2 2 (|J|+2)/Q‘nM XX (Po— Py [2dp
J

JrJr Q*nM
210 QM 12191 QM

summing over Q € W,, and using the definition of B} we get the desired result. To
prove 2. it suffices to note that from the proof of the restriction theorem that we presented
for 1 < a < 1, we see that if @ is a Whitney ball and if f € S2, and if we set f(Q) :=
|fracl|Q| [y fdvol, then we ahve

S [ 1f = f(B)Pdu < Chamin0-d

QG‘Vm Q"n]\,{

from which 2. follows immediately.
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Chapter 5

Some Generalizations to p # 2

In this note we shall give indications on how to obtain generalizations to p # 2 whenever
possible. Now, the spaces we are concerned with are S? := L? x J,. Theorem 1 extends to
the p # 2 case trivilally, the limitation there for p and «a is that a > i, and 1 < p < o0.
The same proof can be carried out in this case, the only difference is, whenever we used
Schwarz’s inequality we use Hélder’s. The restriction theorem is also true if we adopt the
Jonsson and Wallin proof to our situation. Our proof extends to a restriction theorem for the
nonisotropic Besov spaces instead; the reason is because we used decomposition of functions
that is valid for Besov spaces and not for Sobolev spaces in the case p # 2. The extension is
also true from B} spaces on the hypersurface to the ambiant space to land in S%, a = 3+ i,
but now p must be 1 < p < oo. The only difference and “not obvious” extension to p # 2 is

theorem 2. Recall that we have the embedding

SP—s L’% (locally) (5.1)

where the spaces on the right hand side of (5.1) are the classical potential spaces.

R:S? — ARP (M) (5.2)

277
provided that & — }J > 0; ie; a > %. The spaces on the right hand side of (5.2) are the
classical Besov spaces see [ST]; chapter V. In particular (5.2) tells us that the restriction
spaces of S to M, is in L?(do) if o > % Let M = {t = 0} be the characteristic hyperplane,
and let p = (Jz|* + tz)%; then the function p"Qf—?, belongs to S? near the origin for all
a < %, but clearly its restriction to {¢ = 0} fails to belong to L?(dc). Thus, the question
remains unsettled only for a = % and this ammounts to checking whether or not we have
boundedness of the operator

RoJz : LP(R™Y) — LP(M, do) (5.3)
P

We will employ the same weighted methods as in the case of p = 2, except here we need
two weight functions w;(z) and w;(y) on M and R***! respectively. So, let wy(z) > 0 and
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wy(y) > 0 be two functions not identically zero on M and R*™*! respectively; and denote
by T the operator Ro J2. Let g € LP(R***!) having support in, say the unit ball, then for
4

reM,
Tg@)= [ Ja(y™'2)g(y)dy
lyl<t »

Set du(z) = wy(z) Pdo(z) (sorry if it causes confusion this du is not the we’ve been calling
in this thesis) and dv(y) = w(y)~Pdy, then it is easily verified that the inequality

| Tg llLe@oyS C || g llzriay) (5.4)

is equivalent to :
Lol K@@ du@ S € [ 1) P dvy) (5.5)

where K(z,y) = wa(y)P 'J2(y ")wi(z). According to Young’s inequality, to have (5) it
P
suffices that we check two estimates:

(a) sup /|y|51 K (z,y)ldv(y) < C

reM

and

(b) sup MIK(w,y)Idu(l‘)SC.

lyl<1

in terms of the Lebesgue measure and ordinary surface measure (taking into account the
estimate for J2) (a) and (b) follow from
14

(a)  sup wz(w)/' Nyl 579 wy(y)dy < C

zeM y|<
and
(b)) sup wq(y)"” 1/ |y~ :r|"Q 1 ?do(z) < C.
fyl<1

From our experience with the case p = 2, we know what w(z) ought to be; wy(z) = (
for some ¢ > 0 small enough. The problem is to find w,(y) satisfying (a)’ and (b)’. Fro
(b)’ we can take w,(y) to be equal to,

(wa(p) " = [ 1y [272 wi (@) Pdo(e) (56)
and we will be left with (a)’. Let us analyze the integral

/ |y"1x|%'Qw(:c)‘(l"”da(:r). (5.7)
M

The factor |y'1w|%'Q is at its worst (blowing up) for those € M that are near enough to y;
i.e., within a d(y, M) from M. The factor w(z)!~* is worst when z is near the characteristic
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set I' and the integrand is worst when the singularities are combined, i.e., when z is near y
and near the characteristic point that is when d(y, ') is comprable to d(y, M). The integral
in (5.7) is therefore going to be expressed (or estimated) solely in terms of two quantities,
d(y, M) the distance of y to M and d(y,T), the distance of y to I'. Let us treat the case
M = {t = 0} first. In this case integral in (5.7) is

I= / ly'1x|%_le|’(1"’)da(m) =L+1L+13
M

2
I =/ 2Py 123 o (2) 12=/ 20?25 do(z
1 |xls£%1| [Py | ) L—%}grlscwll | | )
I; = 2|1y~ 12|5 o (x
5= [ 1Pl e ()

We need the following easily proved lemma whose statements are just variants of the triangle
inequality.

Lemmal4 Let 0 # z € M , y € R™! (a) If lyl < |z| and |y| = d(y, M) then
ly~ie| = |zl If ly] > 2| then ly~'2| = [yl. (6)  Ifla| < then [y~'z| > H. (¢)
If d(y, M) < |y| and zo € M is such that d(y, M) = |zg'y|, then |zo| = |y|.

By lemma (b)

L < C[y|%'Q/H ) |z|c 0P do () < Cly|(§+s)(1—p)
z|<7
I = [P |y 2 |p~do ()
lz|<Cly]

By lemma (a) |[y~'z| = |z| and thus

L<C |x|"Q+zp+’(1—”)da($) < C|y|(3p+c)(1—10)
l=12Clyl

I, is more subttle and requires a careful analysis

L<Cll [ lyteido(a)
lz|<Clyl

If |y| = d(y, M), we have
I < Clyl(%+s)(1—p)

If |y| > d(y, M), pick a point zo € M such that |z5'y| = d(y, M) and write

-1 Z—Q -1 2-Q o
z|? dox):/ y~le|? %do(z) + D Ak
-/|.x]_<_C]y| ly | ( 5 | <d(y,M) | ( k=1

where

Ak=/ ly~'z|3%do ()
Ag
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where

Ay = {2"d(y, M) < lx“zl < 26d(y, M)}

/Iz;‘rls(i(y.M) ’y_1$|%—Qd0( ) < d(y, M ({lw x[ < d(y,M)})

By lemma 3(b) of chapter 2 we have
(2%d(y, M))?!
ly]

d(y, M)?!

o]

o({lzg'z| < d{y, M)}) < C and  o(Ay) =

and by lemma (c)

(2%d(y, M))?!

Ax < (2Hd(y, M3 0 ({lage] < 24d(y, M) < C(2Hdly, M)F ==

and hence,

2_ _ 24 o 2 2
/|r|<01y||y-lx|p Uo(z) < Cly|™d(y, M)s™ 3_(2)57H < Cly["dly, M)5™"

k=0

provided that p > 2. Therefore

I < Clyl =P d(y, M)~
which also contains the estimate for I; and I3, so,

I < Clylst=P-1d(y, M)+ for p>?2 (5.8)
What about p < 2 7 If p = 2 the integral to estimate is
el | do(z)
Case 1: |y| = d(y, M), the same estimate as I3 above yields
[yt el do(z) < Clyl~
Case 2: |y| > d(y, M); break the integral into three parts
/M ly~le| 9 |2 do(z) = L, + L + I

[1 — |y—lx[—Q+1|xI-—5dJ(x) ’ |y—1m]—Q+l|$|—¢d0($)

/lro‘ *z|<d(y.M) B /d(y,M)slx;‘rlsm

I3 =/_1 Iy'lx|'Q+1lx|’€da(x)
|z zl>yl
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I < Clyl=d(y, M)~ o ({|e5 e] < d(y, M)}) < Cly|™

-1 -Q+1 —e —1.-Q+1
vy do(z) < Cly / Ty do(z) =
| | =) | d(y,M)Slzo_lrlSIyI‘ o I =)

I, < Clyl"/

d{y,M)<lzg  el< ]yl

i~ [ S do(llzsel < ) < Clol (1™ + bl lost g )

L < Clyl= +1og%'y'7)>)

I5 is easy, we notice that |y~'z| and |z| are exchangeable and compute that /3 < Cly
and thus

t—s—l

I<Clyl~ Y1 +lo ._lyl__ 5.9
p < 2: Case 1: |y| = d(y, M), then, like before

/IJ x| Q|$ Pdo(z) =1, + I

=/ vzl e Pdo(z) , I =/ ly~'z|7 9z 0P do(x)
lel<lul l2l> o]
L=C }x|%‘Q+’(1‘P)da(m) — Cly|(%+5)“‘7’)
[=]>1yl

By lemma (a)

h=] I|ly'1w|%'qlw|“"”’da(w) < Cly|s=¢ . H|xr“-ﬂda<x> < Cly|G+o0-»)
z|<L|y ri<|y

Case 2: |ly| > d(y, M), we have

/, ly~'2ls 02 Pdo(z) = [ + L+ Is

N

7 ___/ Sl Bt P g (e) . =/ ~1,12-Q)21=€(1=P) g (1
1 Ix;‘xk%l'y NS (2) 2 ,z,<1%1|y k] (2)

2
I; = / “lz13 9 |s Pl do(z
o aio e 1 ly~tz|p ™ 2] (z)

integration bu parts gives

2_ £
BEOWF [ lestelP2do(@) = Clyi ™ [© 42dlatizze) < )
Ty ZISC
Q-1 Lyl
2_oT 2_0- -
= Cly|Pre? Tzl +C/OC rs~ 9 g (|z5 z| < r)dr
* 0
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WP e 2
< Cly|’(1"’)—w since —-1>0
0 p

< ClyEHH0P since  |zo| = |y

I, is similar to [,

12 S C|y!%_Q /l[ | ||$[€(1—P)do.(x) S Clyl(e+%)(l—p)
z|<ly

The tail I5 is also easy, in this case the quantities |z| and |y~'z| are exchangeable, and hence

L<C 2|72+ o (z) = C 7 p3-Q+e(1-9),.Q-3g,
=121yl Iyl

< C|y|(%+s)(l-P)

Hence, if p < 2 we have a better estimate

/M ly="z3 =920 Pdo(z) < Cly|F+I0P (5.10)
In summary, by (5.6),(5.8),(5.9) and (5.10) w2(y) ought to be
Cly| =7 d(y, )R if p>2

wa(y) =4 Cly|="'(1 +log(47))  if p=2

| Clyj~+ if p<?

In order to conclude, we need to check estimate (a)’
sup [al* | |y~els"%wy(y) My < C
zeM lyl<1

Assume |z| # 0 and p > 2

12— (e e
/lyl<1 |y 133|” Q|y| (+‘°")d(y7M) D dy <

<[ e Py + [y el Ry P dly, M)Fdy = 1+ 11
lyl=d(y,M) [yl >d{y,M)

Let By = {y: |y| = d(y, M), ly| < 2|} and E; = {y : ly| = d(y, M), |y| > |2}

1 42— —e2 -1 (2- —e2
1< [ e ol Ry + [ el Ry
E1 E2
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By lemma 14(a)

2_ —e—-< —&— -
I<Clz|p® | Fdy + ly|=*~%dy < Clz|
lyl<|z} lyi>]z|

Let Ex = {y : |y| > d(y, M) andd(y, M) = 2*|z|} and F = {y : |y| > d(y, M) andd(y, M) <
|z}

Il = Z/E |y‘1x|%‘Q!y|'€~;T1d(y,M)Rz;ipl_)dy+/Fly—1$|%—qul_e_;_l__l.d(y,M) zp-_})le
k=0 k o

2.0, |—e— Lo 2- 2— 1 220, —e—_i
/ ly~te|s 2y T d(y, M)Fe0dy < (2F|2]) XD ly™ 2|7y T dy
Ey lyl>2%|z|
- 2 e 1 — . _p= dy
< 2k #—%/ iQEPlld = (2% MLW%/ 35('%21)—-<02k -
@) [l v= @B [ < o)

Summing over k we get
S [ el Ol Py, M)Ay < Clel
k=0 Ek

The other term of I1 is estimated in a similar manner and the case p < 2 is easy to check.
The estimates for general M follow the same ideas, and because of the torture they give, we
do not want them to be here.

66



Bibliography

[AD] R. A. Adams. Sobolev Spaces. Academic Press, New York, 1975
[AR] V. L. Arnold. Methods of classical mechanics. Springer Verlag
[BL] J. Bergh and J. Léfstrom. Interpolation Spaces. An Introduction. Springer Verlag 1976

(BR1} J. A. Brudnyi. A multidimensional analog of a theorem by Whitney. Math. USSR
Sbornik vol. 11 (1970), no. 2

BR2] ———————- Piecewise polynomial approrimation, embedding theorems and rational
p
approzimation. Lecture notes in Math. 556, Springer Verlag, Berlin 1976

[DE] M. Derridj. Un probleme aux limites pour une classe d’operateurs du second ordre
hypoelliptiques. Ann. Inst. Fourier,Grenoble 21,4(1971) 99-148

[FG1] G. B. Folland. Subelliptic estimates and function spaces on nilpotent Lie
groups. Arkiv.fir.Mat 1976

[FS1] G. B. Folland and E. M. Stein. Estimates for the 0 complez and Analysis on the
Heisenberg group.Com.Pure.Applied Math.vol XXVII {29-522 197/

[FS2] G. B. Folland and E. M. Stein. Hardy spaces on homogeneous spaces.Mathematical
Notes Princeton,Princeton University press 1982

[JE1] D. S. Jerison. Poincare inequality for vector fields. Duke mathematical journal, 1986

[JE2] ————— The Dirichlet problem for the Kohn Laplacian on the Heisenberg group, I
and II. Journal of functional analysis 43, 1981

[JO] P. W. Jones. Quasiconformal mappings and extendability of functions in Sobolev spaces.
Acta Math. 147 (1981)

[JW] A. Jonsson and H. Wallin. Function Spaces on Subsets of R™. Mathematical reports,
volume 2, part 1. J. Dieudonne, editor-in-chief and J. Peetre, issue edotor. Harwood
Academic Publishers, 1984

[ME] M. Mekias. Restriction of Sobolev spaces. M.S. thesis, MIT 1987

67



[Na] A. Nagel. Vector fields and nonisotropic metrics. Beijing Lectures in Harmonic Analysis,
E. M. Stein Editor, Annals of Mathematical studies, Study 112. Princeton University

Press

[NS1] A. Nagel and E. M. Stein. Lectures on pseudo-differential operators.Mathematical
Notes, Princeton no 24,Princeton University Press 1979

[NS2] Some new classes of pseudodifferential operators. Proceedings
of symposia in pure mathematics. Volume XXXV, part2, 1979

[NSW] A. Nagel E. M. Stein and S. Waigner.balls and metrics defined by vector fields I :
Basic properties. Acta math. 155 (1985)

[NI] S. M. Nikol’skij. On embedding, continuation and approzimation theorems for differen-
tiable functions of several variables. USP. Mat. Nauk 16 : 5 (1961)

[Pe] J. Peetre. New Thoughts on Besov Spaces. Duke University Press, 1976
[SA] K. Saka. Besov spaces and Sobolev spaces on nilpotent groups. Tohoku Math.J. 31, 1979

[ST1] E. M. Stein. Singular Integrals and Differentiability Properties of Functions, Princeton
Univ. Press, Princeton, 1970

[ST?2) The characterization of functions arising as potentials, I. Bull. Amer.
Soc. 69 (1963)

(WH] H. Whitney. Differentiable functions defined in closed sets. Trans. Amer. Math. Soc.
36 (1934)

68





