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Abstract Sensitivity analysis provides useful information for equation-solving, op-
timization, and post-optimality analysis. However, obtaining useful sensitivity infor-
mation for systems with nonsmooth dynamic systems embedded is a challenging
task. In this article, for any locally Lipschitz continuous mapping between finite-
dimensional Euclidean spaces, Nesterov’s lexicographic derivatives are shown to be
elements of the plenary hull of the (Clarke) generalized Jacobian whenever they ex-
ist. It is argued that in applications, and in several established results in nonsmooth
analysis, elements of the plenary hull of the generalized Jacobian of a locally Lips-
chitz continuous function are no less useful than elements of the generalized Jacobian
itself. Directional derivatives and lexicographic derivatives of solutions of parametric
ordinary differential equation (ODE) systems are expressed as the unique solutions
of corresponding ODE systems, under Carathéodory-style assumptions. Hence, the
scope of numerical methods for nonsmooth equation solving and local optimization

is extended to systems with nonsmooth parametric ODEs embedded.
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1 Introduction

For any locally Lipschitz continuous mapping between finite-dimensional Euclidean
spaces, Clarke’s generalized Jacobian [1] is a set-valued mapping that provides use-
ful local sensitivity information. Elements of Clarke’s generalized Jacobian are used
in semismooth Newton methods for equation-solving [2,3], and in bundle methods
for local optimization [4—6]. Methods have recently been developed to evaluate gen-
eralized Jacobian elements for finite compositions of simple smooth and nonsmooth
functions [7,8]. However, there is currently no general method for determining gener-
alized Jacobian elements for nonsmooth dynamic systems, which are defined in this
article to be parametric Carathéodory ordinary differential equations (ODEs) with
right-hand side functions that are not necessarily differentiable with respect to the
dependent variables and parameters. These ODEs will be referred to as nonsmooth
parametric ODEs throughout this article.

Classical results concerning parametric sensitivities of solutions of parametric
ODE:s require that the ODE right-hand side function has continuous partial deriva-
tives, and imply differentiability of a unique solution with respect to the parame-
ters [9]. These results can be extended to certain hybrid discrete/continuous dynamic
systems, in which any discontinuities or kinks in an otherwise differentiable solution
are defined as the solutions of equation systems with residual functions that are both
continuously differentiable and locally invertible [10]. Nevertheless, Example A.1, in
the appendix of this article, shows that a solution of a nonsmooth parametric ODE
system is not necessarily differentiable with respect to the parameters. In this case,
classical sensitivity results for parametric ODEs do not apply.

Even if the solutions of nonsmooth parametric ODEs are known to be smooth
or convex functions of the ODE parameters, there is no general method for evalu-

ating their gradients or subgradients. Such applications arise in global optimization
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of systems with nonconvex parametric ODE solutions embedded, where convex un-
derestimators of these nonconvex ODE solutions have been described as solutions of
corresponding nonsmooth parametric ODEs [11].

Clarke [1, Theorem 7.4.1] presents the primary existing result describing general-
ized Jacobians of parametric ODE solutions, in which certain supersets of generalized
Jacobians of the ODE solutions are constructed. Using properties of these supersets,
sufficient conditions for the differentiability of the original ODE solution have been
formulated [1,12].

Pang and Stewart [13, Theorem 11 and Corollary 12] show that when a paramet-
ric ODE has a right-hand side function that is semismooth in the sense of Qi [2], the
generalized Jacobian supersets described by Clarke are in fact linear Newton approx-
imations about any domain point. As summarized in Section 7.5.1 of [14], a linear
Newton approximation for a locally Lipschitz continuous function about a domain
point is a set-valued mapping containing local sensitivity information. Throughout
this article, all discussed linear Newton approximations are linear Newton approxi-
mations about every domain point simultaneously; any reference to a linear Newton
approximation of a function at a domain point refers to the value of this linear New-
ton approximation when evaluated at that domain point. Yunt [15] extends Pang and
Stewart’s result to adjoint sensitivities, systems described by index-1 differential-
algebraic equations, and multi-stage systems with discontinuities in the right-hand
side function occurring only at finitely many known values of the independent vari-
able. However, Example A.2, in the appendix of this article, shows that linear New-
ton approximations are not guaranteed to satisfy certain properties that are satisfied
by Clarke’s generalized Jacobian. In particular, the linear Newton approximation of
a continuously differentiable function at a domain point can include elements other
than the derivative of the function at that point. Moreover, the linear Newton approx-
imation of a convex scalar-valued function at a domain point can include elements
that are not subgradients of the function at that point. Thirdly, given a convex scalar-
valued function on an open set, the fact that the linear Newton approximation of
the function at a domain point contains the origin is not a sufficient condition for a

global minimum. Clarke’s generalized Jacobian for a locally Lipschitz function, on
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the other hand, includes only the derivative whenever the function is continuously
differentiable, and is identical to the convex subdifferential whenever the function is
scalar-valued and convex [1]. In the latter case, the fact that the value of Clarke’s
generalized Jacobian at a domain point contains the origin is sufficient for a global

minimum on an open set.

The plenary hull of Clarke’s generalized Jacobian has been investigated in [16—
18], and is referred to in this article as the plenary Jacobian. Though the plenary
Jacobian is a superset of the generalized Jacobian, it satisfies several key nonsmooth
analysis results in place of the generalized Jacobian. A benefit of the plenary Jacobian
is that membership of the plenary Jacobian is easier to verify than membership of
Clarke’s generalized Jacobian. Moreover, it is argued in this work that the plenary
Jacobian is in some sense as good a linear Newton approximation as the generalized

Jacobian, and is just as useful in semismooth Newton methods and in bundle methods.

Sensitivities for unique solutions of a smooth parametric ODE system are tra-
ditionally expressed as the unique solutions of a corresponding linear ODE system
obtained from the original system by application of the chain rule, as summarized
in [9, Ch. V, Theorem 3.1]. In this spirit, the goal of this article is to present the
first description of a plenary Jacobian element of the unique solution of a nonsmooth
parametric ODE system as the unique solution of another ODE system. Nesterov’s
lexicographic derivatives [19] are used as a tool to construct this plenary Jacobian

element.

This article is structured as follows. Section 2 summarizes relevant known math-
ematical results, and presents the argument that the plenary Jacobian is in some sense
as useful as Clarke’s generalized Jacobian. Section 3 presents new relations between
various generalized derivatives for locally Lipschitz continuous functions, including
the key result that any lexicographic derivative is a plenary Jacobian element. Sec-
tion 4 expresses directional derivatives and lexicographic derivatives for solutions of
nonsmooth parametric ODEs as the unique solutions of corresponding ODE systems.

Various implications of these results are discussed.
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2 Background

Relevant definitions and results from nonsmooth analysis are summarized in this sec-
tion. These include properties of Nesterov’s lexicographic derivatives [19], and of
Clarke’s generalized Jacobian [1] and its plenary hull [16].

Throughout this article, all vector spaces R” are equipped with the Euclidean
inner product and norm, and spaces R"*” of matrices are equipped with the corre-
sponding induced norm. The column space of a matrix M € R"*? is defined as the set
R(M) :={Mv:veRP} CR" Inthe inductive proofs in this article, it will be conve-
nient to refer to an empty matrix &,y of real numbers, with n rows but no columns.
In a further abuse of notation, the set {&, o} will be denoted R"*% No operations

will be performed on &, «o beyond concatenation, which proceeds as expected:
[A gnxO} = [ano A} =A, VAGRnxm, VmGNU{O}

Given a collection of vectors V1), V(2),...,V(,) € R", [V(l) V(j)} c R™J will de-

note @, o when j =0.

2.1 Set-Valued Mappings

As summarized by Facchinei and Pang [14], a set-valued mapping F : Y = Z is a
function that maps each element of Y to a subset of Z. Suppose that Y C R" is open
and Z = R™. In this case, F' is upper-semicontinuous aty € Y iff for each € > 0, there

exists § > 0 such that whenever ||z|| < 3,
F(y+z) CF(y)+{veR":|v| <&}
If F is upper-semicontinuous aty € Y, then given any convergent sequences {y(i) ten

in Y and {zV'};cy in R” such that lim; ... y) =y, lim; ...z®) =z, and 20 € F(y()

for each i € N, it follows that z € F(y).
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2.2 Directional Derivatives and Clarke’s Generalized Jacobian

Given an open set X C R", a function f: X — R, some x € X, and some d € R"”, the
limit
f _

lim (x+7d) — f(x)

7]0 T
is called the directional derivative of f at x in the direction d iff it exists, and is
denoted f’(x;d). The function f is directionally differentiable at x iff f'(x;d) exists
and is finite for each d € R”".

As summarized by Scholtes [20], if f is directionally differentiable on its domain,

then f/(x;-) is positively homogeneous for each x € X. If, in addition, f is locally

Lipschitz continuous on its domain, then

N _ pl (-
im f(x+h) —f(x) —f'(x;h)
h—0 |Ih]|

=0, VxeX. (1)

Moreover, for any fixed x € R”, the function f’ (x;-) is Lipschitz continuous on R”.
If f is (Fréchet) differentiable at some particular x € X, then the (Fréchet) deriva-
tive of f at x is denoted Jf(x) € R™*" In this case, f is also directionally differentiable
at x, with f'(x;d) = Jf(x)d for each d € R".
Suppose that f : X — R™ is locally Lipschitz continuous, and let Z¢ C X denote
the set on which f is not differentiable. By the Rademacher Theorem, Z; has zero
(Lebesgue) measure. The B-subdifferential [14] of f at some particular x € X is then:

Jj—oo

If(x) := {H eR™":vjeN, &k ex\z st limxY =x, lim JixV)) = H} .
Jj—oo

dpf(x) is necessarily compact and not empty. Clarke’s generalized Jacobian [1] of f
at x is then Jf(x) := conv dgf(x), which is compact, convex, and not empty. If f is
differentiable at x, then Jf(x) € df(x). If f is continuously differentiable at x, then
df(x) = {Jf(x)}. If f is scalar-valued and convex, then Clarke’s generalized Jacobian
of f coincides with the subdifferential from convex analysis. Considered as set-valued

mappings, dgf and Jf are both upper-semicontinuous.
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2.3 Lexicographic Differentiation

Given an open set X C R", a function f: X — R is lexicographically smooth [19] at
x € X iff it is Lipschitz continuous on a neighborhood of x and, for any p € N and

any matrix M = m ... mP) | € R™P, the following functions are well-defined:

fioll,l :R" - R":hw f'(x;h),
£l R — Rt [fy) (mD:h),

M
£ R — R chis [ ) (m®: ),

f}((plz,l ‘R - R":hw— [f(’Fl)}'(m(p);h).

The class of lexicographically smooth functions is closed under composition, and
includes all continuously differentiable functions, all convex functions, and all piece-
wise differentiable functions [21] in the sense of Scholtes [20]. This represents a
broad class of nonsmooth functions. The following lemma summarizes some proper-

ties and relations involving the functions f)((jl)\/[‘

Lemma 2.1 Given an open set X C R", some x € X, a function f: X — R”" that is
lexicographically smooth at x, some p € N, and some M = [m(l) . m(l’q € R¥P,

the following properties are satisfied:

£ (cd) = o (d), V>0, VdeR", Vje{o1,..,p}

X7

1.

2. () =8 (@) = - =18 (d), ¥d € span {m() ... .m0}, vj € {1,...,p},
3. fx{l)\d is linear on span{m"), ... m"} for each j € {1,...,p},

4. 10" (m) = £, m0) = . =g, m), vje{1,....p},

.

With M := [m(l) coom®) A] for any particular j € {0,1,...,p}, ¢ € NU{0},
and A € R4, £73,(d) = £}, (d) for each d € R,

Proof Properties 1, 2, and 3 are demonstrated in [19, Lemma 3]. To obtain the left-

most equation in Property 4, combining the definition of fijl)v[ with the positive ho-

(j=1)

mogeneity of fX{I\_,Il implied by Property 1 yields

(=1 (o ()Y _ U1 (20 ()
. . 1+ 7)f mY/ f m . .
fi{&/{(m(J)>:lgfg( Mom ' ( T) xm_ (mY) U= (i),
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The remaining equations in Property 4 follow immediately from Property 2. Prop-
)

erty 5 follows from the construction of the mappings fij ap» Doting that for each d € R”,

f,(ijl)v[(d) is independent of the rightmost (p — j) columns of M. O
Remark 2.1 Tt follows from Property 5 of Lemma 2.1 that for any d € R", f,(&)anx ,(d)

is well-defined, and equals f'(x;d).

If the columns of M € R"*? span R”, then Property 3 of Lemma 2.1 shows that
fi’_’lz,[ is linear on R”. Thus, the following lexicographic subdifferential of f at x is

well-defined and not empty:
ILE(x) := {JE/3(0) € R™" : M € R™", det M # 0}.

For any nonsingular M € R™*", let J_ f(x;M) denote the lexicographic derivative
in’?li,[(ﬂ) € R™*" appearing in the above expression. In an abuse of notation, for any
M € R"™? with p € N, let ij(x;M) € R™*" denote any particular matrix for which
f,((pgl(d) = JLf(x;M)d for each d € R(M). Property 3 of Lemma 2.1 shows that at
least one such matrix exists. This notation will only be used when the particular
choice of matrix satisfying this description is irrelevant. Since R(M) contains each

column of M := [m(D ... m(ﬁ)},it follows that
JLfx;M)M = [fi{’lz/l(m(l)) fiﬁz&(m(mﬂ,

Thus, J.f(x;M)M is uniquely defined for each p € N and each M € R"*?, even
though J_f(x; M) may not be. If M € R"*" is nonsingular, then Jf(x; M) = J_f(x; M).

According to Nesterov’s chain rule for lexicographic derivatives [19, Theorem 5],
if X CR" and Y C R™ are open, and if functions g: X — Y and f: Y — RY are
lexicographically smooth, then the composition fo g is also lexicographically smooth.

Moreover, for any nonsingular matrix M € R"*" and any x € X,
J[fog](x:M) = JLf(g(x): JLg(x: M)M) JLg(x;M). ©)

(Note that the matrix J_g(x; M)M may be rectangular, and that its columns do not
necessarily span R™.) This chain rule offers a means of evaluating a lexicographic

derivative Jif(x; M) for a composite function f, without explicitly constructing the
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intermediate directional derivatives f;jl)\/l Our recent work [7] provides a computa-
tionally tractable method for evaluating generalized Jacobian elements for a broad
class of piecewise differentiable functions. It has been shown that these generalized
Jacobian elements are also lexicographic derivatives [21].

Unlike the B-subdifferential and Clarke’s generalized Jacobian, dif is not neces-

sarily an upper-semicontinuous set-valued mapping [19, Example 1]. Nesterov [19,

Equation 6.7] shows that when f is scalar-valued, dp f(x) C df(x).

2.4 Plenary Hulls of Generalized Jacobians

The relevant properties of plenary sets and hulls were established by Sweetser [16]. A
set A C R"™*" is plenary iff any matrix M € R™*" such that Md € {Hd : H € A} for
all d € R" is itself an element of A. The intersection of plenary sets is itself plenary.
Thus, the plenary hull of a set M C R"™*" is the intersection of all plenary supersets
of M, is itself plenary, and is denoted as plenM. It is possible for plenM to be a strict
superset of M, even if M is both convex and compact.

Now, consider an open set X C R” and a locally Lipschitz continuous function
f: X — R™. The plenary Jacobian of f at some x € X, dpf(x) := plendf(x), has
been investigated in [16-18,22]. dpf(x) is convex, compact, and not empty [22], and

satisfies:
df(x) C dpf(x) C HBﬁ(x), €))
i=1

where either or both of the above inclusions may be strict. (The rightmost set above

denotes the set of matrices M whose ith

row is an element of df;(x), for every
i € {1,...,m}.) When min(m,n) = 1, however, Jf(x) = dpf(x). Since the objec-
tive functions in nonlinear programs (NLPs) are scalar-valued, it follows that bundle
methods for finding local minima for nonsmooth NLPs [4,5] are unaffected if the
plenary Jacobian is used in place of Clarke’s generalized Jacobian.

Since dpf(x) is compact and Jf(x) is both convex and compact, it follows imme-

diately from (3) and [16, Lemma 3.1] that

opf(x) = {M € R™" : Ve € R", JH € 9f(x) s.t. Me = He}. @)
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The above equation will be used in the next section to determine whether particular
matrices are elements of dpf(x). Combining the above equation with the inclusion

df(x) C dpf(x) yields:
{HeeR":He opf(x)} ={He e R": H € Jf(x)}, Ve € R". (5)

The following proposition shows that if m = n, and if certain nonsingularity assump-
tions apply, then a similar relationship holds between images of inverses of elements
of df(x) and dpf(x). The condition that Jf(x) does not contain any singular matri-
ces is a key assumption in Clarke’s inverse function theorem and implicit function

theorem for locally Lipschitz continuous functions [1].

Proposition 2.1 Given an open set X C R" and a locally Lipschitz continuous func-
tion f: X — R", suppose that for some x € X, Jf(x) does not contain any singu-
lar matrices. Then {H 'e ¢ R" : H € dpf(x)} = {H 'e € R" : H € 9f(x)} for each
ec R"

Proof Since df(x) does not contain any singular matrices, [17, Proposition 3] implies
that dpf(x) does not contain any singular matrices either. Since Jf(x) C dpf(x), the
inclusion {H 'e € R" : H € opf(x)} D {H 'e € R": H € 9f(x)} is trivial for each
e € R". To prove the reverse inclusion, choose any e € R” and any A € dpf(x). This

implies that A is nonsingular. By (5),
e=A(A'e)c {H(A 'e) cR":H € opf(x)} = {H(A 'e) c R": H € 9f(x)}.

Thus, there exists B € df(x) for which e = B(A~'e). By the hypotheses of the propo-

sition, B is nonsingular, and so A"'e =B~'ec {H e c R" : H € 9f(x)}. O

It follows that if the plenary Jacobian is used in place of Clarke’s generalized
Jacobian in a semismooth Newton method [2], then any sequence of iterates gener-
ated by the altered method can necessarily be generated using the original method.
Similarly, it follows from (5) that if the plenary Jacobian is used in place of the gener-
alized Jacobian in Clarke’s mean value theorem [1, Proposition 2.6.5], then the result

is unaffected. Since dpf(x) contains a singular matrix if and only if Jf(x) contains
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a singular matrix [17], Clarke’s inverse function theorem [1, Theorem 7.1.1] for lo-
cally Lipschitz continuous functions is also unaffected if the generalized Jacobian is
replaced with the plenary Jacobian.

As a set-valued mapping on X, dpf is upper-semicontinuous [17]. Thus, (5), [14,
Definition 7.2.2], and [14, Definition 7.5.13] imply that dpf is a linear Newton ap-
proximation of f at any x € X. In light of the previous paragraph, dpf is in some sense

as good a linear Newton approximation of f as Jf.

3 Relating Generalized Derivatives

Consider an open set X C R”, some x € X, and a function f : X — R that is both
locally Lipschitz continuous and directionally differentiable. The main results of this
section are the inclusions dg[f’(x;-)](0) C dpf(x) and JLf(x) C Jpf(x), with the latter
result assuming further that f is lexicographically smooth at x. It follows immediately
that any numerical or analytical method for evaluating an element of dg[f’(x;-)](0)

or df(x) is also a method for evaluating an element of dpf(x).

Lemma 3.1 Consider a function f: R" — R™ that is positively homogeneous and

locally Lipschitz continuous'. For any d € R", dgf(d) C dpf(0).

Proof The result is trivial when d = 0, so assume that d # 0, and consider any par-
ticular H € dgf(d). By definition of the B-subdifferential, there exists a sequence
{d(i) }ien in R” converging to d, such that f is differentiable at each d@, and such that
lim; ... J£(d)) = H. Since d # 0 and lim; _..d”) = d, it may be assumed without loss
of generality that d) # 0 for all i € N. Making use of the positive homogeneity of f,
foreach i € N, each ¢ > 0, and each nonzero h € R”,

£(:d"¥) +-h) —£(:d?) — JEAD)h  £(dD) + 1h) —£(dD) — JE(d?D) (1h)

[l B I 7hll
Noting that f is differentiable at d® and taking the limit h — 0 yields:
_f(aV+ h) —f(d") —J(@?) (7h) . £(rd" +h) ~£(:d?) ~JEdD)h
0=1lim 1 = lim
h—0 [ 1n| h—0 [l

! Though irrelevant to this lemma, if k¢ is a Lipschitz constant for f in a neighborhood of 0, then k¢ is a

global Lipschitz constant for f [20].
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Thus, for each i € N and each ¢ > 0, f is differentiable at (td(i)), with a derivative of
JE(rdD) = JE(dD). Since lim; .. JE(d?)) = H, it follows that

H = lim Jf d®
= i jamy )

Noting that lim; .. (2i ‘(‘1;?””) =0, it follows that H € dgf(0). O

Lemma 3.2 Consider an open set X C R", some x € X, and a function f: X — R™
that is locally Lipschitz continuous and directionally differentiable. If t'(x;-) is dif-
ferentiable at some particular d € R", then J[f'(x;-)](d) € dpf(x).

Proof For notational simplicity, define A := J[f'(x;-)](d). The differentiability of
f'(x;-) at d implies that

. Cfl e d)
lim f'(x;d+h) —f'(x;d) — Ah
h—0 [

—0. (6)

To prove the lemma, the cases in which d = 0 and d # 0 will be considered separately.
If d = 0, then applying (6) and the positive homogeneity of f’(x;-) yields f'(x;0) = 0,
and

i th) — £ (x- 0)) — e h)
0— limf (x;th) —f'(x;0) —tAh _ f'(x;h) Ah7
110 t{|h]| [

Vh € R"\{0}.

Combining these statements, f’ (x;h) = Ah for each h € R". Hence, f is Gateaux
differentiable at x, with a Gateaux derivative of A. Since Gateaux and Fréchet dif-
ferentiability are equivalent for locally Lipschitz continuous functions on R” [1], it
follows that f is Fréchet differentiable at x, with Jf(x) = A. Thus, A € Jf(x) C dpf(x),
as required.

Now consider the case in which d # 0. Due to (4), it suffices to show that for any
particular e € R", Ae = He for some H € Jf(x). This statement is trivial when e = 0,
so assume that e # 0. It follows from (6) that for any € > 0, there exists some J; > 0

such that whenever || < 0,
It (x;d +7e) —t'(x;d) — A(7e)|| < g]|ze]|.

It will be assumed that d; < 1 without loss of generality, since otherwise, setting

8¢ < min(8, 1) does not affect the validity of the above statement. Since f'(x;-) is
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positively homogeneous, multiplying both sides of the above inequality by any ¢ > 0

and setting 7 := %55 yields:
[ (x; (A + 1 5ce)) —t'(x;ad) — LS. Ae|| < Seade|le], Va>0. (7)

It follows from (1) that for any € > 0, there exists some 8 > 0 such that whenever

|v|| < 8. fis defined at (x+v), and
[£(x+v) —£(x) —£'(x;v) || < &&]lv]. ®)

It will be assumed that limg | 8 = 0 without loss of generality, since otherwise, set-
ting 8 « min (&, &) does not affect the validity of the above statement.

Now, choose any fixed € > 0, and set

3
Og i = ——F— > 0.
ld[|+ 3 3e]le]

The triangle inequality shows that for each 7 € [0, %58],
o[+ te|| < ae(lld]| + zllell) < ae(lld] + 35 lel)) = S ©)
Thus, in (8), v may be set to (0t (d + 7e)) for any 7 € [0, 1] to yield:
([ £(x + ote (d + Te)) — f(x) — £/ (x; 0 (A + 7€) | < €80 ||d + Te|| < €88, (10)
Setting 7 to 0 and %58 in (10), respectively, yields:

||f(x)+f/(x§a€d)_f(x+a£d)” < 868587 (11)

[£(x+ ae (d + 5 5ce)) — £(x) — £/ (x; 0 (d + 1 5ce)) || < €5¢6. (12)

Setting & to a, in (7), adding (11) and (12), and applying the triangle inequality
yields:

[£(x+ ae (d + 5 5c€)) — (X + Qed) — St SeAe|| < €8¢ (50| +28).  (13)

Now, Clarke’s mean value theorem for locally Lipschitz continuous functions [1,
Proposition 2.6.5] implies that
f(X + O (d + %Sge)) — f(X + (ng)

€ conv {50t 8:He: 37 € [0, 1] s.t. H € If(x+ ot (d + Te)) }.
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Substituting this result into (13) and applying the Carathéodory Theorem yields the
existence of 7L€<i> €1[0,1], Téi) € [0,48], and H‘(Si) € If(x+ o (d+ ‘L’éi)e)) for each
i€{1,2,...,m+ 1} such that:

m+1 i 1 _
1= Z )’él>7 and ‘ E < 865(%“8”6” +268)'

i=1

m+1 . 1
Y A 5:HY e~ 5 %edeAe
i=1

(14)
Dividing both sides of the above inequality by %ch O, applying the definition of o,

and noting that J; < 1 yields:

ZA Deae| <e(lel+ ) <elel+ala. a5

For each € > 0 and each i € {1,...,m+ 1}, /'Le(i) is an element of the compact set
[0,1] C R, and Ts(i) is an element of the compact set [0, 1 8]. Moreover, if k¢ denotes
a Lipschitz constant for f on {y € X : ||y —x|| < &}, then, noting that lim | & = 0,
it follows from (9) and [1, Proposition 2.6.2(d)] that for sufficiently small € > 0, Hg)
is an element of the compact set {H € R™*" : |H|| < k¢} for eachi € {1,...,m+1}.

Since any sequence in a compact set has a convergent subsequence, it follows
that there exists a sequence {€;} ey such that each & > 0, lim;_...€; = 0, and the
sequences {/'Lé;)}jeN’ {Tg)}jeN, and {Hg.)}jeN converge for eachi € {1,...,m+1},

permitting the following definitions:

A0 = hmlej, 70) .= lim ’cy, and HY .= hmH()

J— J—oo Jj—oo
It follows from (14) and (15) that

m+1

1=) A0, and

m

+

Z( HYe— Ae
1

—0. (16)

i

Since each Tg.) € [0, %58], applying (9) with 7 := ‘L'g) and € := g, taking the limit

j — oo, and noting that limg | 8 = 0,

0 < limsup ’

Qe; (d + qg)e)) < lim 6E =0.

Jj—oreo

Thus, foreachi € {1,...,m+ 1}, lim; o (X + Q; (d + Tg)e)) = x. Moreover, by con-

struction,

HY) € of(x+ o (d+1)e),  Wie{l,..,m+1}, VjeN.
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The upper-semicontinuity of Clarke’s generalized Jacobian then yields A e of (x).
Since 9f(x) is convex and Y"' 1) = 1, it follows that H := Y ' A0HY € of(x).

Moreover, (16) shows that He = Ae, as required. O

Theorem 3.1 Given an open set X C R" and a function f£: X — R™ that is locally
Lipschitz continuous and directionally differentiable, dg[t'(x;-)](0) C dpf(x) for each
xeX.

Proof Consider any particular x € X and any particular H € dg[f’(x;-)](0). By def-
inition of the B-subdifferential, there exists a sequence {dm}ieN in R" such that
f/(x; ) is differentiable at each d(¥), and lim; .. J[f'(x;-)](d)) = H. By Lemma 3.2,
JIF'(x;-)](d) € dpf(x) for each i € N. Since dpf(x) is a closed set [16], it follows
that H € dpf(x). O

Corollary 3.1 Given an open set X C R" and a function f: X — R™ that is locally

Lipschitz continuous and directionally differentiable,
3ulf(x:)](0) C IIF'(x:)](0) C plf'(x:)](0) C pf(x),  VxeEX.
Proof Consider any particular x € X. The inclusions
ds[t'(x:-)](0) C I[f'(x:-)](0) C Ip[f'(x:)](0)

follow immediately from the definitions of Clarke’s generalized Jacobian and the
plenary hull. Now, Theorem 3.1 yields the inclusion dg[f’(x;-)](0) C dpf(x). Since
dpf(x) is convex [16], and since the convex hull of dg[f’(x;-)](0) is the intersection

of all of its convex supersets in R™*", it follows that
convag[f’(x;-)](0) = I[f'(x;-)](0) C Ipf(x).

Since dpf(x) is plenary, and since the plenary hull of d[f’(x;-)](0) is the intersection
of all of its plenary supersets in R”*", it follows that dp[f’(x;-)](0) C dpf(x). The

required chain of inclusions is therefore established. a

Corollary 3.2 Given an open set X C R" and a function £ : X — R™ that is lexico-

graphically smooth, df(x) C dpf(X) for each x € X.
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Proof Consider any particular x € X and any particular H € d; f(x). By definition of
dLE(x), there exists some nonsingular matrix M := |m(!) ... m®)| € R"" such that

the following functions are well-defined:

inK/[ :R" —R":hw~ f'(x;h),

fi{l)\/[ ‘R" SR":h— [fi{lc/ll)]/(m(j);h)’ vje{l,...,n},

and such that ¢ 11/1 is linear (and therefore differentiable) on its domain, with a deriva-
tive of in'fM = H. As an intermediate result, it will be proved by induction on
k=n,(n—1),...,0 that foreach k € {0,1,...,n},He€ 8pf¥fg/[(0). For the base case,
the differentiability of £’y implies that H = J£,'r;(0) € 91.'%(0) C Jpf!3;(0).

For the inductive step, suppose that for some k € {1,...,n}, H € 8pf)(‘k1>v[(0) It

D is directionally differentiable. More-

over, it follows from repeated application of [20, Theorem 3.1.2] that fi’f{,ll)

follows from the construction of f)({k&,[ that f)({k;q
is Lips-
chitz continuous. Thus, notlng that f< ) [f(le)] (m®);.), Corollary 3.1 implies that

8pf C 8pf . Applying the inductive assumption then yields:
x,M pplymg p y

H e ey, (m®). (17)

(k—1) .

Now, Lemma 2.1 implies that f,', " is positively homogeneous, and so Lemma 3.1
yields
k-1 k-1 k-1
I’ (m) C Ity (0) € by (0)
Since 8pf,((]f1;41)(0) is convex, it follows that 8fi’§,[1>(m<k)) C 8pf,((]f§,[l)(0). Similarly,
since 8pf(k_1)( 0) is plenary, it follows that 8pfikl\_,ll)(m<k)) C apf,(fh_,ll)(O). Thus, (17)
implies that H € 8pr M ( ), which completes the inductive step.

It follows from this inductive proof that H € 8pf)(311,[(0) = op[f’(x;-)](0). A final
application of Corollary 3.1 yields H € dpf(x). O

4 Generalized Derivatives for Solutions of Parametric ODEs

This section extends a result by Pang and Stewart [13] to show that when the right-

hand side function of a Carathéodory ODE [23] is directionally differentiable with
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respect to the dependent variables, then directional derivatives of any ODE solu-
tion with respect to its initial condition can be expressed as the solution of another
Carathéodory ODE. This result is in turn extended to show that if the right-hand
side function of the original ODE is lexicographically smooth with respect to the
dependent variables, then lexicographic derivatives of the ODE solution can also be
expressed as the unique solution of another ODE. This latter ODE may be decou-
pled into a sequence of Carathéodory ODEs, but does not necessarily satisfy the

Carathéodory assumptions itself.

4.1 Propagating Directional Derivatives

The following theorem extends a result by Pang and Stewart [13, Theorem 7] con-
cerning directional derivatives of ODE solutions to the case in which direct depen-
dence of the ODE right-hand side function on the independent variable is measurable
but not necessarily continuous. This theorem and the subsequent corollary show that
these directional derivatives uniquely solve a corresponding ODE whose right-hand
side function may be discontinuous in the independent variable, even if the right-hand
side function of the original ODE was continuous. Hence, allowing for discontinuous
dependence of the original right-hand side function on the independent variable is
essential when using these results in inductive proofs to describe higher-order direc-

tional derivatives and lexicographic derivatives of the ODE solution.

Theorem 4.1 Given an open, connected set X C R" and real numbers ty < ty, sup-

pose that a function £: [tg,t7] x X — R" satisfies the following conditions:

— the mapping £(-,¢) : [to,ts] — R" is measurable for each ¢ € X,
— foreacht € [t,tf] except in a zero-measure subset Zg, the mapping f(t,-) : X — R"
is continuous and directionally differentiable,

— with x(-,¢) denoting any solution of the parametric ODE system:

X0 =fx1,0), X =c (18)

there exists a solution {X(t,¢p) :t € [to,tf]} C X for some ¢y € X,
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— there exists an open set N C X such that {x(t,¢o) : t € [to,17]} C N, and such that

there exist Lebesgue integrable functions kg,my : [to,1r] — Ry U {+4o0} for which
If(z, ¢)|| < mg(t), Vt € [to,t7], Ve€N,
and
If(z,¢1) —£(2,¢2) || < ke(2) ||€1 —€2l], Vt € [to,tf], Ver,e2 €N.

Then, for each t € [ty,t¢], the function X; = X(t,-) is well-defined and Lipschitz con-
tinuous on a neighborhood of ¢y, with a Lipschitz constant that is independent of
t. Moreover, X; is directionally differentiable at ¢ for each t € [ty,tf], and for each
d € R", the mapping t — [x;]'(co;d) is the unique solution on [ty,ty] of the ODE:

V) =) (eoy@), vl =d, (19)

where , : X — R" is defined in terms of £ as follows, and is directionally differentiable
foreacht € [to,ty]:

. f(r,c), ift € to,tf]\Z,

fi(c) =

0, ift € 7.

Proof By [23, Ch. 1, §1, Theorem 2], X(-,¢p) is the unique solution of (18) on [fg, ]
with ¢ = ¢p. Consequently, by [23, Ch. 1, §1, Theorems 2 and 6], there exists a
neighborhood Ny C N of ¢g such that for each ¢ € Ny, there exists a unique solu-
tion {x(z,¢) : 1 € [to, 7]} C N of (18).

To obtain the Lipschitz continuity of x(z, -) near ¢o, choose any ¢ € [to, 7] and any
¢i,¢2 € Np. Since the ODE solutions x(-,¢;) and X(-,¢) exist on [fo,#¢], it follows
that

t t
ci+ | f(s,x(s,¢1))ds—cp — | £(s,x(s,¢2))ds
fo Tp

t
< ller—eall+ [ als)Ix(s.e1) ~x(s,2) s
fp

[x(2,€1) =x(t,¢2) || =

)

Let ky := exp ( f,;f ke(s) ds). Applying the version of Gronwall’s Inequality described
in Section 1 of [24], since the above inequality holds with any 7 € [fo,?] in place of ¢,

it follows that

1
Ix(z,¢1) —x(2,¢2)|| < |ler —ez|lexp (/t ke(s) ds) <kgller — 2], Ver,e2 € No.
0
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This demonstrates the Lipschitz continuity of X(z,-) near ¢ for each 1 € [to, 1], with
a Lipschitz constant ky that is independent of ¢.

By construction of £, £ is directionally differentiable on its domain for each
t € [to,1]\Z. f, is the zero function on Z, and is therefore also directionally dif-
ferentiable for each ¢ € Z. Hence, f; is directionally differentiable for each ¢ € [z, tf].
The mapping g : [ro,77] x R" — R : (t,v) ~ [f,]/(x(t,¢0); V) is therefore well-defined,
and is the right-hand side function of the ODE (19).

Now, choose any particular v € R”. Since x(-, ¢o) is continuous on the compact set
[to, 1], the set {x(t,¢0) : 1 € [to,t¢]} C N is compact, and does not contain any points
in the closed set (R"\N). Thus, there exists 6 > 0 such that for any 7 € [0, 8] and
any t € [fo,tf], (x(t,¢0) + V) € N; this is trivial when N =", and follows from [23,
Ch. 2, §5, Lemma 1] otherwise. Since X(-,¢o) is continuous on [fo,#/], [23, Ch. 1, §1,
Lemma 1] shows that the mapping 7 — f(z,x(,¢0) 4 Tv) is measurable on [t ;] for
each 7 € [0,8]. Thus, the mapping 7 — f,(x(t,¢p) + Tv) is also measurable on [fg, /]
for each 7 € [0, 8].

For each 7 €]0, 8], the previous paragraph implies that the following mapping is

well-defined and measurable:

£ (x(t,¢0) + 7v) — £ (x(t, ¢0)) '
T

Y. [to,ty] = R" :t—

It follows from the directional differentiability of f; and the definition of g that for

each 1 € [to,17], g(t,v) = lim¢ | ¥,(¢). Noting that v € R” was chosen arbitrarily, it

follows that for each v € R”, the mapping g(-,v) is the pointwise limit of a sequence
of measurable functions, and is therefore measurable on [o,7f].

Now, define Zy, := {t € [to, 1] : k¢(t) = +oo}. Since k¢ is integrable on [ty, 5], Z,

has zero measure. For each ¢ € [to, 7]\ (Zf UZy,), the definition of k¢ implies that k(1)

is a finite Lipschitz constant for f; near x(z,¢g). Thus, [20, Theorem 3.1.2] implies

that
lg(t,vi) —gt,vo)l| <ke(t) [[vi —vall, V€ fto,t/\(ZtUZy), Vvi,v2 €R"

The above relationship still holds if 7 € Z, since g(,v) = 0 for each v € R” in this

case. The relationship also holds if 7 € Z,, since k¢(t) = oo in this case. Combining
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these cases,
llg(t,vi) —g(t,v2) || < ke(2) [|[vi — V2|, Vt € [to,tf], Vvi,va € R". (20)

Choose some d € R”, and let my := ||d||exp (f,f)f ke(s) ds) +||d||+1. Since g(¢,0) =0

for each t € [tg,1y], it follows that whenever ||v|| < my,

g, V)l = llg(r,v) — 8, 0)[| < ke(t) [|VI| < ke(r) my. (21)

Thus, ||g|| is bounded above on [fy,#¢] x {v € R" : ||v|| <my} by an integrable function
of ¢t. By Carathéodory’s existence theorem [25, Ch. 2, Theorems 1.1 and 1.3], there
exists a solution y of (19) on [fy,7], where 7 is the least element of ]ry,?] for which

either 7 =1y, ||y(7)|| > my, or both. Now, for each ¢ € [to,7], (21) implies that

Iy(0)] = H‘” [ etsinas

< ”d”Jr/tOtkf(S) ly(s)l|ds.

Thus, Gronwall’s Inequality [24] implies that

vl < lalexs [ toras) < lalexp ([ sats)as) <m,

Comparing this inequality with the definition of 7, it follows that # = t¢, and so there
exists a solution y of (19) on [to,s]. Moreover, (20), (21), and [23, Ch. 1, §1, Theo-
rem 2] show that this solution is unique.

The remainder of this proof proceeds similarly to the proof of [13, Theorem 7].
For sufficiently small T > 0, (co + td) € Np. Thus, for each choice of # € [fy, 7] and
7 €0, 7], let

~ x(t,e0+7d) —x(¢,¢0)

ex(taf) = 7y(t)a

T

and

er(t,7) :=

f(z,x(¢,c0+7d)) — £(2,x(2,¢0)) x(t,¢0 + td) — x(¢,¢0)
0 ) o) g (t, 0 ! 0 >

It follows from the established bounds that for each ¢ € [r,#] and each 7 €]0, 7],

ler(t,7)|| < ‘ f(f’X(fyco+1d)T)—f(t,x(t,CO)) H N Hg <t7x(t,co+r(:-)—x(t,co)> 7
< M||X(’v°0+fd) —x(t,¢0) [ + il [x(2,¢0 4 7d) —x(z,¢0) |,

T T
< 2kxke(1)(d]]- (22)
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Now, (20) and the definitions of ey and e¢ imply that for each z € [19,f| and 7 €]0, 7],

N N e e e O
= [ (et g (5, X0V ) gy Y|

S/t:(llef(svf)llJrkf(S)ex(s,f)ll)dS-

Since ||ex(-,7)|| is continuous, it is bounded on the compact set [fy,?]. Hence, the
mapping 1 — kg(t)||ex(z,7)| is integrable on [fg,7]. This permits application of a
variation [24, Theorem 2] of Gronwall’s Inequality, which yields the following for

any t € [to,t7] and 7 €]0, 7]:

t t t
0< llexte. )l < [ s 2l exp ( / kf<r>dr) as <k [ lets, s @)
fo N 0

Substituting (22) into (23) for each ¢ € [to,17] and T €]0,7] yields ||ex(t,7)|| < me,,

where
1y
e, ::2||d||(kx)2/t ke(s) ds.
0

Now, for each t € [19,17]\(ZfUZy,), the assumptions of the theorem imply that f(z, -) is
directionally differentiable and Lipschitz continuous on X, with a Lipschitz constant
of k¢(t). Hence, (1) implies that for each 7 € [to,t/]\(Zf U Zy, ), for each € > 0, there

exists some & ¢ > 0 such that if ||h|| < & ¢,
||f(l‘,X(t,C0) +h) —f(LX(l,Co)) - g(t7h)H < 8Hh||

Moreover, the established Lipschitz continuity of x(¢,-) on Ny for each r € [f, /]

implies that for any € > 0, any ¢ € [to,7]\(Zt UZy,), and any 7 €]0, min(7, k)ﬁ;ﬁ)[,
IIx(¢,c0+ td) —x(t,¢0)|| < kxT||d|| < & .

Thus, if t € [to,17]\(ZfUZ,) and 0 < 7 < min(7, mﬁiﬁ)’

|If(z,x(z,¢0 + Td)) — £(2,x(¢,¢0)) — g(,x(7,¢0 + Td) — X(2,¢0) ) ||

< e||x(, ¢o + 7d) — x(t,¢0) -
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Noting that g(z,-) is positively homogeneous and that T > 0, dividing both sides of
the above inequality by 7 yields the following, for each 7 € [to,#7]\(Zf U Z,), each
€ > 0, and each 7 €]0, min(7, m)[

x(t,¢0+7d) —x(2,¢p)

ler(e, 7)) < & -

\ — eflex(t, )+ ¥(0)]| < £(me, +my).

Thus, lim¢ g ||e(z, T)|| = O for almost all # € [tg,#7]. Using this limit and the bound
(22), applying the dominated convergence theorem to (23) yields limz o |lex(z,7)|| =0

for each ¢ € [to,17]. Hence,

i MO TVEXED) g v g,
Noting that d € R" was chosen arbitrarily, it follows that for each d € R”", the di-
rectional derivative [x;]’(co;d) exists and is finite for each ¢ € [fg,#], and so x; is
directionally differentiable at ¢o for each ¢ € [tg,7s]. Moreover, the above equation

shows that 7 — [x;]’(¢o;d) is the unique solution y of (19) on [to,7/]. O

Corollary 4.1 Under the assumptions of Theorem 4.1, and using the same notation
as in the theorem, the mapping g : [to,t7] x R" — R": (t,v) v+ [£] (x(t, ¢0); V) satisfies

the following conditions:

— the mapping g(-,v) : [to,tr] — R" is measurable for each v € R",
— foreacht € [ty,tf] except in a zero-measure set Zg, the mapping g(t,-) : R" — R”
is defined and continuous,
— foreachd € R", there exists a solution {z(t,d) : t € [to,1]} C R" of the parametric
ODE system:
dz

E(t’d) =g(t,z(r,d)), z(tg,d) = d.

— for each d € R", there exists an open set Ng(d) C R" such that
{Z(Zad) e [t()atf]} c Ng(d)v

and such that there exist Lebesgue integrable functions kg,mg : [to,1f] — R} U

{+oo} for which

gt V)l <mg(r),  Vi€lioty], VveNg(d),
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and
lg(t,v1) —g(t, Vo) || <kg(t) [[vi—vaf,  VE€to,tr], VVi,v2 € Ng(d).

If, in addition, the mapping f(¢,-) : X — R" is lexicographically smooth for each
t € [to,tf]\Zt, then the mapping g(t,-) : R" — R" is lexicographically smooth for

eacht € [ty,t¢). In this case, the set Zg described above may be set to 0.

Proof The measurability of g(-, v) and the existence and Lipschitz continuity of g(¢, )
except on some zero-measure set Zy C (ZyUZy, ) were established in the proof of The-
orem 4.1. For any d € R”, setting z(-,d) to be the unique solution y of (19) establishes
the existence of the trajectory {z(¢,d) : ¢ € [to,#7]}. The existence of a set Ng(d) and
functions kg and mg satisfying the claimed properties follows from the proof of The-
orem 4.1 as well, with the identifications Ng(d) := {v € R" : ||v|| < my}, kg = k¢ on
[to, 7], and mg : t +— ke (t) my.

Now, suppose that the mapping f; = f(z,) : X — R” is lexicographically smooth
for each 1 € [19,17]\Zt. Choose any fixed ¢ € [t9,7]\Z¢. The construction of g implies
that g(z,-) = [f;]'(x(¢,¢9);-). Since f; is lexicographically smooth on X, it follows
that g(z,-) is lexicographically smooth on R”. Now, choose any fixed ¢ € Z;. By con-
struction of g, g(7, ) is the zero function, which is trivially lexicographically smooth.
Combining these cases, g(¢,-) is lexicographically smooth on R” for each € [to, #/].
Since this demonstrates a posteriori that g(t, -) is continuous on R” for each 7 € [t #¢],

the set Zg described in the statement of the corollary may be set to 0. O

4.2 Propagating Lexicographic Derivatives

The following corollary extends the results of the previous subsection to describe the
higher-order directional derivatives of the solution of a nonsmooth parametric ODE.
The subsequent theorem uses this result to express the lexicographic derivatives of the
unique solution of an ODE with a lexicographically smooth right-hand side function

as the unique solution of another ODE. Some implications of this result are discussed.

Corollary 4.2 Given an open, connected set X C R" and real numbers ty < ty, sup-

pose that a function £ [ty,t7] x X — R" satisfies the conditions of Theorem 4.1, and
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suppose in addition that £(t, ) is lexicographically smooth on X for eacht € [to, 7]\ Z.
Then, for each t € [ty,ty], with the function X; = X(t,-) defined as in the statement of
Theorem 4.1, X, is lexicographically smooth at ¢g. Moreover, for each p € N, each
M= [m(l) ... mP) | e R"™P, each j € {0,1,...,p}, and each d € R", the mapping
©)

1 [X], m(d) is the unique solution on [to, 1] of the ODE:

dz

a(t) :h(j)(taz(t))’ Z(IO) =d, (24)

where the functions hy ;) : [to, 1] x R" — R" are defined inductively as follows:

h) : (t,v) — [B]'(x(1,¢0):v),

i—1 ' .
hj): (1,¥) = o) (Bl m)iv), vie {1, p),
where £, : X — R" is defined for each t € [ty,tf] as in the statement of Theorem 4.1,
and where ), = h;(t,-). Lastly, for each t € [to,ts] and each j € {0,1,...,p}, let

Y(t.jc0.M) = 5] Op(m) ] Pyg(m®) o ] (m0)] € R

€, €0
(Thus, Y(t,0,¢0,M) = &,x0.) The functions hy;) satisfy:

by (1,9) = B0 ) xeseon V) V) E 0] xR, Vi€ {01, p}.
Proof Corollary 4.1 shows that £ is lexicographically smooth at x(z,¢g) for each r €
[to,7]. Now, choose any fixed p € N and M € R"*”_ It will be shown by induction on
Jj€{0,1,...,p} that for every such j and every d € R”, the mapping 7 — [x,]g))M(d)
is the unique solution on [ty, /] of the ODE (24), that h(j)(¢,) is lexicographically
smooth for each # € [fo, /], and that h;) satisfies the assumptions of Theorem 4.1 in
place of f, with Zy = 0.

The case in which j = 0 follows immediately from Theorem 4.1 and Corol-
lary 4.1. For the inductive step, suppose that for some k € {1,...,p} andevery d € R”,
the mapping ¢ — [x,]gﬁgvll) (d) is the unique solution on [fg, ] of (24), and that h(;_y)

satisfies the assumptions of Theorem 4.1 in place of f. The existence of k-order di-

rectional derivatives of X; is not assumed a priori. Applying Theorem 4.1 with h_y)
(k

€o

in place of f, with m(*) in place of ¢y, with the mapping (z,d) — [x/] ,71\/11) (d) in place
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of x, and with Zy = 0, for each d € R”, the mapping ¢ — [(x,)gﬁ_lv})}’(m(k);d) is the
unique solution on [f, 7] of the ODE:

dz

S0 =g, (lend @m©):a) . 20)=d.

Applying the definition of hy), it follows immediately that 7 — [(x,)gﬁz\/ll)]’ (m®);q)

is the unique solution on [fo,#¢] of (24) with j := k. Moreover, Theorem 4.1 shows

that [xt}ﬁﬁ;}l) is directionally differentiable at m™*) for each ¢ € [tg, 7], implying that
[x,]ﬁ?M = [(x,)ﬁﬁi,ll)]' (m®);.). Combining these remarks, for each d € R”, the map-
(k)

ping 1 — [X;], 'y (d) uniquely solves the ODE (24) with j := k. To complete the in-

€0,
ductive step, Corollary 4.1 shows that h, (¢,-) is lexicographically smooth for each
t € [to,ts], and that h, satisfies the assumptions of Theorem 4.1 in place of f, with
Zy=0.

Since p and M were arbitrary in the above inductive argument, this argument

shows that x; is lexicographically smooth at ¢q for each 1 € [to, /], as required.

Next, a simpler inductive proof shows that h;(z,-) = [f't]i{)

1,¢),Y(t,j,c0,M) for each

t € [to,tf] and each j € {0,1,...,p}, as follows. For the base case, the definition of

h(g) implies that for each ¢ € [to, /],

A A

0
ho)(1,v) = 1) (x(t,€0):¥) = 1) yeoeonn (V) WVER,
as required. For the inductive step, suppose that for some k € {1,..., p},

21 (k—1)
[ft]x(t,co).Y(t,k—l,co.M)’ Vi € [to, 1y].

hi_1) =hg_y(t,)

The constructive definition of h;), the inductive assumption, and the definitions of

Y(t,k—1,¢9,M) and Y(¢,k,co,M) imply that, for each r € [ro, 4],

— (p\(k=1) (k=1) (K)y. ) — 1§10
h(k) (ta ) = [(ft)x(t,co),Y(t,k—l,cO,M)]/<[Xf]co,M (m( ))’ ) = [ft]x(t,co),Y(t,k,co,M)'

This completes the inductive step. O

Using the notation of Corollary 4.2, if e(!). ..., e(™) denote the coordinate vectors

in R”, then for any nonsingular M € R"*" and any ¢ € [to, /],

Jixi(co:M) = {[x,]g;?M(e(l)) [X’]ES?M(C(H)) .
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Thus, Corollary 4.2 provides a method for evaluating lexicographic derivatives of

x(t,-). Without further assumptions, though, this method is computationally expen-

sive in the worst case, as it involves construction and evaluation of the ODE right-
: : —_ip1W) ;

hand side function (¢,v) — hy;)(t,v) = [ft]x(l,cO)_’Y(r’j_%M) (v) foreach j€{0,1,...,n}.

If the forward mode of automatic differentiation is used to construct these mappings

using the identity

A

[ft]i{z,cg),Y(z,j,co,M) = (&)Y ) ]'(mY); ),

x(t,¢0),Y(z,j—1,¢0.M)

then the overall cost of this construction scales worst-case exponentially with j, rela-
tive to the cost of evaluating f. To avoid this computational burden, the following theo-
rem expresses J_x; (¢o; M) in terms of the unique solution of an ODE, without requir-

()

ing explicit construction of the intermediate directional derivatives [f;] - (1.c0), Y (1.]:co.M)"

Theorem 4.2 Given an open, connected set X C R" and real numbers ty < ty, sup-

pose that a function £ [tg,t7] x X — R" satisfies the following conditions:

the mapping (-, ¢) : [to,17] — R" is measurable for each ¢ € X,

foreacht € [ty,tf] except in a zero-measure subset Zs, the mapping f(t,-) : X — R"

is lexicographically smooth,

with x(-,¢) denoting any solution of the parametric ODE system:

X0 =10x(,0), (00 =¢,

there exists a solution {X(t,¢) :t € [to,tf]} C X for some ¢y € X,

there exists an open set N C X such that {x(t,¢o) : t € [to,17]} C N, and such that

there exist Lebesgue integrable functions kg,my : [to,17] — Ry U {+co} for which
If(z, ¢)|| < mg(t), Vt € [to,tf], Ve€N,
and
If(z,¢1) —£(2,c2)|| < ke(t) [|e1 — e2]|, Vt € [to,tf], Vep,e2 €N.

Then, for each t € [ty,ty], the function X; = X(t,-) is well-defined and Lipschitz con-

tinuous on a neighborhood of ¢y, with a Lipschitz constant that is independent of t.
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Moreover, X, is lexicographically smooth at ¢y, for any p € N and any M € R"*?, the
mapping t — J1x;(co; M) M is the unique solution on [to,tf] of the following ODE:

dA . A
3 O =JLli(x(t,c0); A1) A(r),  Alto) =M, (25)
where f, : X — R" is defined in terms of  as follows, and is lexicographically smooth
by construction for eacht € [ty,1f]:

f}(C): f(r,c), ift €t tr]\Z,

0, ift € Z.
Proof For eacht € [ty, 1], the lexicographic smoothness of X; at ¢y was established in
Corollary 4.2, implying that Ji x;(co; M) M is uniquely defined for each M € R"*?,
Moreover, it was established in the proof of Theorem 4.1 that x; is Lipschitz contin-
uous on a neighborhood of ¢y for each ¢ € [tg, ], with a Lipschitz constant that is
independent of .

Now, consider any fixed p € N and M := [m(l) m(lﬂ € R™P, As an inter-
mediate result, it will be shown by induction that for each j € {1,..., p}, the coupled
ODE system:

0 ) = )G, oo E ) ) =, vie (1)
dr x(t,¢0),[2(1) (1) Z(2) (2) - 2(i_1) (2)]
(26)

has a unique solution on [to, 7], in which z;(¢) = [xt}égfh],l)(m@) for each ¢ € [r, /]

and each i € {1,...,j}. (Note that the right-hand sides of the coupled ODEs above
are all well-defined, since Corollary 4.1 established the lexicographic smoothness of
f, at x(t,¢o) for each 7 € [1g,1/)).

The case in which j = 1 follows immediately from Corollary 4.2. For the induc-
tive step, suppose that for some k € {2,3,...,p}, the coupled ODE system (26) has a
unique solution on [to,#s] when j :=k— 1, in which z;(t) = [xt}g)fl\l,l) (m) for each
t € [to,t7] and each i € {1,...,k— 1}. Now, consider the case in which j := k. In this
case, the ODEs in (26) with i € {1,...,k— 1} are unchanged from the case in which
Jj =k— 1. Thus, by the inductive assumption, the ODEs in (26) withi € {1,...,k—1}

have unique solutions on [to,#7] in which z(;(t) = [XJ&}I,I) (m) for each 7 € [to, t/].
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As aresult, the ODE in (26) with i = k becomes:

de ~ 1 (k—
20 =BG v @0 @) (o) =m®, 27

with Y(¢,k — 1,¢9,M) defined as in the statement of Corollary 4.2. This corollary
shows that (27) is uniquely solved on [to, 7] by the mapping z() :  — [xt]gﬁRP (m®)).
Combining this statement with the inductive assumption completes the inductive step.

Using this inductive result, the coupled ODE system:

— g1G=D —m ;
31 0= Bhe oy 020501 @00) Z(0) =m?, Vie{l,....p}
(28)
has a unique solution on [tg, ], in which z(;(¢) = [x,]&}\i{) (m®) foreachic {1,...,p}.

Using Properties 4 and 5 in Lemma 2.1, it follows that for each i € {1,...,p}, each

t € [to, ], and each choice of v(y),...,v(,) € R",
210-1) _F % )
[ft}x(ﬁco)v[v(l) "'V<f71>](v(i>) = It (x(t, co); {V(l) V(p)})v(i)'

Since v(; is a column of {V(l) V(p)} , there is no ambiguity in the final term in the
above equations. Thus, the following coupled ODE system is equivalent to (28):

dz;
() i 7
— )= f f, 5 i),
ar ) = I c0) ORI G) | ETO .
Z;) ([0) = m(’)7
and therefore has the same unique solution on [fy,?¢] as (28). Moreover, Property 4 in

Lemma 2.1 and the definition of jLX,(co;M) imply that
X m) =Jix(eoM)m®, Ve, Vie{l,...p}

Since m(*) is a column of M, the quantity Ji x,(co;M)m') in the above expression
is uniquely defined for each choice of ¢t and i. Thus, the unique solution of (29) on
[to, 7] satisfies z(;) (1) = Jix;(co;M)m for each i € {1,...,p} and each 1 € [t, t7].
The coupled ODEs (29) may be written as the columns of a single ODE with the
matrix-valued dependent variable A := [Z(l) Z(p):| to yield the ODE (25), which

therefore has the unique solution:
t— [jot(CO;M) m(l) .. jLXt(CO;M) m(P):| = jLXz(CO§M) M

on [to,tf}. O
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Corollary 3.2 and Theorem 4.2 together show that plenary Jacobian elements
can be obtained for solutions of a nonsmooth parametric ODE, provided that lex-
icographic derivatives can be evaluated for the ODE right-hand side function, and
provided that the unique solution of the ODE (25) can be determined or approxi-
mated numerically. This implies the following corollaries, which make use of a pri-
ori knowledge concerning the differentiability or convexity of the solution to a non-
smooth parametric ODE. These results do not require differentiability or convexity

assumptions on the ODE right-hand side function.

Corollary 4.3 Suppose that the hypotheses of Theorem 4.2 hold, and let x, = x(t,").
If x;, is known to be differentiable at ¢y, then the ODE:

dA

a(t) = Jif (x(1,¢0): A1) A(r), A(r) =1 (30)

has a unique solution A on [to,¢], which satisfies A(ty) = Jx;,(co).

Proof By Theorem 4.2, the mapping A : ¢ — Jyx,(co;I) is the unique solution on

[to,1f] of (30). Since x; , is differentiable at ¢o, it follows from [19] that
JLth(cO;I) € aLXIf(CO) = {JX[/(C())}-
Thus, A(tf) = JLX;, (€03 T) = Ix;, (co)- O

Now, for any function g : X C R” — R™ that is piecewise differentiable in the
sense of Scholtes [20], d.g(x) C dg(x) for each x € X [21]. It follows that if the
ODE right-hand side function (¢,c¢) — f(¢,¢) is piecewise differentiable with respect
to ¢ for almost all ¢ € [to,tf], then the solution to (25) is also an element of the linear
Newton approximation to x(¢, -) at ¢y described in [13, Corollary 12], right-multiplied
by M.

While the ODE (25) has a unique solution, the following example shows that its
right-hand side function, (,A) — Jif (x(r,¢); A) A, is not necessarily continuous
with respect to A at almost every fixed ¢ € [t9,7f]. Thus, (25) is not necessarily a
Carathéodory ODE. As the proof of Theorem 4.2 suggests, however, the columns of
(25) can be decoupled to yield a sequence of Carathéodory ODEs, each with a unique

solution.
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Example 4.1 Consider the following parametric ODE system with two differential

variables:

dx; dxo

E(tvp) = H(va) = max(xl (tvp)’XZ(tap))v X(O?p> =P

This ODE system satisfies the Carathéodory existence and uniqueness conditions
when x(z,p) is restricted to any bounded neighborhood of p; when p = (0,0), the
unique solution is x(z,0) := (x1(¢,0),x,(¢,0)) = 0 for each € R. Now, with

ari ap
A= € R>*2, and f:R*>—R%:cr (max(cy,cz), max(cy,c2)),

azy az2

it follows that f is the composition of continuously differentiable functions and the
function ¢ — max(cy,c¢3), and is therefore lexicographically smooth. Since f is not
an explicit function of ¢, it follows that f itself plays the role of f, in Theorems 4.1

and 4.2. By inspection, for any d € R? and any 7 € R,

di.dy), ifd, > ds,
I .
’ (dz,dg), ifdl <d2;
0
oy a (@) = £ 5 1) ((ar,2):d),

(dl,dl), ifajy > apy, orifa;y =ax; and dy > ds,
(dz,dz), ifaj; <apy, orifa;; =ap; and dy < d,.

Using Lemma 2.1, it follows that:

3 . _ 2 2
JLf(X(t,O),A)A = {f)(g(z,O),A(a“’aZI) fi(j‘ro)’A((llz,azz)} »
_ [0 (1)
= |60 g alanan) )y, s (an)]
aip an| .
, ifayy > azy, orif ajy = azy and a1z > an,
ary an
azy an| .
, ifay <app, orifay; =az; and ajp < axp.
az) ax

It follows that for any ¢ € R, the mapping A — J f(x(¢,0); A) A is discontinuous at

any A € R?*2 for which both aj; = a1 and aj» # a2».
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The following example presents a straightforward application of Theorem 4.2, in

which the relevant ODE systems can all be solved analytically.
Example 4.2 Consider the function:

(1=y2)[y1]
1

f:R? >R y—

and the following nonsmooth parametric ODE system with two differential variables,

in which ¢ := (cy,¢2) € R? denotes a parameter:

dx

a(l,c) =1(x(z,¢)), x(0,¢) =c.

It is readily verified that this ODE system is uniquely solved by the mapping:

[ )

cirexp(—s5t+ (1 —co)t

o4 -en| Lo
co+t

x:RxR>—=R?: (t,e)—{ - (31)

1.2

crexp(s5t“+(co— 1)t

rexp (ot (Q=10) e o)
cy+t

Thus, x(¢,0) = (0,¢) for each t € R.

B-subdifferentials of the parametric ODE solution can be evaluated analytically in
this case, as follows. For each fixed 7 € R, the mapping x, = x(z, -) is evidently differ-
entiable at all domain points ¢ for which ¢ # 0. The definition of the B-subdifferential
can thus be used to show that, when ¢ = 0,

exp(—12+1) 0| |exp(3f2—1) O

%x(0) = 0 1)’ 0 1

Thus, (4) can be used to show that

1,2 1.2
exp(—xt-+t 0 exp (5t~ —t 0
dpx,(0) = Ix,(0) = conv p(=2 ) ) Pz )
0 1 0 1
Elements of the linear Newton approximation of x, described in [13, Corollary 12]

can be evaluated as follows. The function f is evidently differentiable at all domain
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points y for which y; # 0. Thus, for each ¢ € R, Clarke’s generalized Jacobian of f is

evaluated at x(7,0) = (0,1) to be:
10
of(x(1,0)) =< A (1 —1) Ae-1,1] 5, vt e R.
00

Now, define the mapping:

u, ifr<l,
hiRx[=1,1] = [=1,1] s (t,1) —
—u, ifr > 1.

The above results show that the linear Newton approximation of x, at 0 described

in [13, Corollary 12] includes the solutions of the following ODE for all u € [—1,1]:

dA 10 10
3y R =k ) (=1 A(t,p),  A(O,u)=
00 01

This ODE is readily solved to yield:

B —12 4 0
wiu(-b) o]
0 1
Alt,u) =9 L
ex St —t+1 0
p(u(3 ) s
0 1

Thus, for each ¢ > 1, the linear Newton approximation I'x,(0) of x, at 0 described
in [13, Corollary 12] is such that
1,2 1,2
exp(5t-—t+1 0 exp(—5t-+tr—1 0
conv Pz ) , p(=2 ) C I'x(0).
0 1 0 1
Lexicographic derivatives of the parametric ODE solution can be evaluated using
Theorem 4.2 as follows. Following a similar approach to Example 4.1, the following

is obtained for each A € R>*2. Here, a;; denotes the (i, j)—element of A.

_(1 —t)a“ (1 —l‘)alz_
0 0
Jif(x(t,0);A) A= - -

(l‘— l)a11 (t— 1)6112
0 0

, ifay;; >0, orifa;; =0and ajp >0,

, ifa;; <0, orifa;; =0and ajp <O0.
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Thus, for any nonsingular M € R>*?, Theorem 4.2 shows that the mapping ¢

JLx:(0;M)M is the unique solution of the ODE:

aii(t) an(t)| . .
(1—1) , ifayi(r) >0, orifay(t) =0 and aj2(r) > 0,
dA i 0 0 |
a(f) = - -
an(t) ann(t)| . .
(t—1) , ifay(t) <0, orifay(t) =0and a»(t) <O,
0 0
A(0)=M

This ODE can be solved by inspection; post-multiplying the result by M—! yields:
exp(—32+1) 0| )
, if myy >0, orif my; =0 and mjp >0,

0 1
Jix (M) = ¢ -
exp(32—1) 0
, if my; <0, orif my; =0and mjp <O,
0 1
and so
1.2 1,2
exp(—5t“+t) 0| |exp(5t°—¢t) O
aLx:(0) = : : :

0 1 0 1

This result is readily confirmed by lexicographic differentiation of (31) with respect
tocatec=0.
Collecting the above results, and noting that, for each r > 1,
exp(—412+1—1) < min{exp (— 112 +1),exp (312 —1)},

and exp (31> —t+1) > max{exp (— 51> +1),exp (31> —1)},

it follows that, for this example,
aLx,(0) = dpx,(0) C Ix,(0) = dpx,(0) C I'x,(0), Ve > 1.
The rightmost inclusion above is strict. In particular, when ¢ = 2, the evaluated gen-
eralized derivatives satisfy:
10 A0 |
Lx2(0) = dpx2(0) = 0 C 0 tAels,e] p CI'xp(0).

Although x; is strictly differentiable at 0 in the sense of [1], I'x2(0) evidently contains

elements other than Jx,(0).
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The result of Theorem 4.2 is easily extended to cover ODEs whose initial condi-

tions are nontrivial functions of parameters p € R"»:

T (t0) =10x(0.0)),  x(10.0) =) (2)

provided that f satisfies the hypotheses of Theorem 4.2 (with fy(po) in place of ¢¢ for
some po € R"7), and provided that fy : R"» — R”" is lexicographically smooth at pg.

Introducing the auxiliary parametrized ODE:

%(r,c) Cf(,2(,0),  2(t0,) =,

and defining x, = x(¢,-) and z, = z(t, -), it follows that x, = z, ofy, for each z. Now, for
any nonsingular M € R™" let B := Jfy(po; M) M. Applying the chain rule (2) and
post-multiplying the result by M yields:

JLXt(pO;M)M:jth(fO(p0>§B)B- (33)

Thus, JL.X,(po; M) can be evaluated by the following procedure:

Step 1: Evaluate B.
Step 2: Use Theorem 4.2 to evaluate J z, (fo(po); B) B.

Step 3: Evaluate Jpx,(po; M) by solving the linear equation system (33).

Theorem 4.1 may be extended to cover (32) in a similar fashion.
This result may be extended in turn to parametric ODEs whose right-hand side

functions depend explicitly on parameters p € R":

dx

E(EP) :f(l,p,X(t,p)), X(thp) :fU(p) (34)
Considering p as a constant dependent variable instead, the following ODE is con-
structed in terms of the augmented dependent variable z = (p, x), and is equivalent to

(34):

dz
3, :P) =h(t.z(t,p)),  z(to,p) =ho(p),
where
0
h:(ta(q7c>)’_> , and holq}—>

f(tv q, C) fo(q)
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Provided that h satisfies conditions analogous to the hypotheses of Theorem 4.2, the
above ODE in z may be treated in the same manner as (32). In the special case in
which x; is scalar-valued and convex on some neighborhood of pg, the discussion
in Section 6.2 of [19] implies that Jix,(po; M) is a subgradient of x; at po. Hence,
Theorem 4.2 describes certain subgradients of any convex solution of a nonsmooth

parametric ODE system as the unique solutions of corresponding ODEs.

5 Conclusions

Corollary 3.2 shows that lexicographic derivatives of any lexicographically smooth
function are also plenary Jacobian elements, which have been argued to be as useful
as elements of Clarke’s generalized Jacobian in methods for equation-solving and op-
timization. Theorems 4.1 and 4.2 describe directional derivatives and lexicographic
derivatives for the unique solution of a parametric ODE system as the unique so-
lutions of other ODEs. If the original ODE solution is known to be a scalar-valued
convex function of the ODE parameters, then a subgradient is described, without re-
quiring smoothness or convexity of the ODE right-hand side function. Similarly, if a
differentiable function is the unique solution of a parametric ODE with a nonsmooth
right-hand side, then its derivatives can be expressed as the solutions of correspond-
ing ODE systems. To our knowledge, this work provides the first description of gen-
eralized derivatives of solutions of nonsmooth parametric ODEs that exhibit these
properties.

Whether lexicographic derivatives for an arbitrary lexicographically smooth func-
tion are necessarily elements of Clarke’s generalized Jacobian remains an open theo-
retical problem. An extension of the adjoint sensitivities of ODE solutions described
in [12] to general nonsmooth parametric ODEs would also be useful, yet the def-
inition of the plenary Jacobian suggests that it may not be a suitable generalized
derivative for adjoint analyses.

Future work will involve developing numerical methods that use Theorem 4.2 to
evaluate plenary Jacobian elements for nonsmooth dynamic systems arising in practi-

cal applications. Though the ODE (25) in Theorem 4.2 is well-posed and has a unique
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solution, existing numerical methods for ODE solution typically require some regu-
larity of any discontinuities in the right-hand side function. Nevertheless, we expect
that under certain regularity assumptions on the ODE right-hand side function, the
ODE (25) will become tractable to solve numerically, without sacrificing too much
generality from Theorem 4.2. Extensions of the theory in this work to sensitivity
analysis of index-1, semi-explicit differential-algebraic equations are also being in-

vestigated.

Appendix

The following example shows that the unique solution of a nonsmooth parametric

ODE is not necessarily differentiable with respect to the ODE parameters.

Example A.1 Consider the following parametric ODE, with ¢ € R denoting a scalar

parameter:

dx

a(r,c):\x(t,cﬂ, X(O,C):C.
By inspection, this ODE is uniquely solved by the mapping:

ce', ifc>0,
x:(t,c)—
ce™,ifc<O.
Hence, for any fixed ¢ # 0, the mapping x(¢,-) is continuous but not differentiable

at 0.

The following example illustrates the properties of linear Newton approximations

described in Section 1.

Example A.2 Consider the mappings f: R — R:x+—x, g: R — R : x+— max(x,0),
and 2 : R — R : x — min(x,0). Using [1, Theorem 2.5.1], the Clarke generalized

Jacobians of g and / are evaluated as:
{0}, ifx<O, {1}, ifx<0,
dg(x) =14 [0,1], ifx=0, dh(x) =4 [0,1], if x =0,
{1}, ifx>0, {0}, ifx>0.
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Now, g and & are each piecewise linear, and are therefore semismooth [14]. Since
f=g+honR, it follows from [14, Corollary 7.5.18] that the following set-valued

mapping is a linear Newton approximation for f:

{1}, ifx <0,
I'f:x— dg(x)+dh(x)=1q [0,2],ifx=0,
(1}, ifx>0.

By inspection, f is convex and continuously differentiable on its domain, and has a
derivative of Jf (x) = 1 for each x € R. In addition, f does not have any local minima

on R. However, although Jf(0) # 0, 0 € I"f(0).
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