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Abstract

This thesis consists of two parts. In the first part we count antichains of interval
orders and in particular semiorders. We associate a Dyck path to each interval order,
and give a formula for the number of antichains of an interval order in terms of the
corresponding Dyck path. We then use this formula to give a generating function
for the total number of antichains of semiorders, enumerated by the sizes of the
semiorders and the antichains.

In the second part we expand the work of Liu and Stanley on Dilworth lattices.
Let L be a distributive lattice, let (L) be the maximum number of elements covered
by a single element in L, and let K(L) be the subposet of L consisting of the elements
that cover o(L) elements. By a result of Dilworth, K(L) is also a distributive lattice.
We compute (L) and K (L) for various lattices L that arise as the coordinate-wise
partial ordering on certain sets of semistandard Young tableaux.
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Chapter 1

Introduction

The world of partially ordered sets (or posets) is vast and varied. So much so, that
this thesis, concerned with certain enumerative aspects of posets, contains two very
different chapters. Chapter 2 deals with antichains of interval orders and semiorders,
while Chapter 3 deals with distributive lattices comprising of semistandard Young
tableaux. We give a separate introduction for each of these chapters below, but first
we start with some common basic definitions. For much more on poset theory, see
for example [6, Chapter 3].

Let (P,<) be a poset (in the rest of this thesis we usually omit the relation <
from the notation of a poset). An element £ € P covers an element y € Pif z > y
and there is no element z € P such that x > z > y. We represent posets graphically
by a Hasse diagram: each element of P is represented by a point, and if z covers y
we place the point representing x higher than the point representing y and draw a
line between them (see Figure 1-1 for an example).

Two elements z,y € P are called comparable if x < y or y < z, and incomparable
otherwise. A chain of P is a set of elements of P in which any two elements are
comparable, while an antichain is a set of elements of P in which no two elements
are comparable.

An induced subposet of P is a poset ) whose elements are a subset of the elements
of P,and z,y € @) satisty z < y if and only if z < y in P (in other words, the relations

among the elements of @) are precisely those inherited from P). Note that in Chapter
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3 we use the term subposet to mean an induced subposet (this is common in the

literature but not always the case).

1.1 Antichains of Interval Orders and Semiorders

In Chapter 2 we count antichains of (finite, unlabeled) interval orders, and in par-
ticular semiorders. We start our introduction by defining these concepts, as well as
some other combinatorial concepts that will be used throughout that chapter.

An nterval order is a poset P whose elements can be put in a one-to-one corre-
spondence with nonempty open intervals in the real line P <> {I,},cp such that if
I, = (ap, by) and I; = (aq, by), then p < ¢ if and only if b, < a,.

A semiorder is an interval order P that can be represented by a set of intervals
{I,}pep in which all intervals have the same length (by convention, we assume all the
intervals are unit intervals).

The boldface notation n signifies a chain with n elements, and if P and Q are
two posets, P+ @ is their disjoint union (i.e., a poset whose elements are the disjoint
union of the elements of P and () and the only relations are the ones inherited from
P and @, respectively). We say a poset P avoids a poset @ if P does not contain Q
as an induced subposet.

Interval orders and semiorders can be characterized as follows (see |6, exercise

3.15]):
e A poset P is an interval order if and only if it avoids 2 + 2.
e A poset P is a semiorder if and only if it avoids 2 + 2 and 3 + 1.

Example Figure 1-1 shows an interval order (left) and a semiorder (right), both rep-
resented by a Hasse diagram and by a set of intervals (unit intervals for the semiorder).
Note that the interval order contains a 3 + 1 (highlighted) and therefore it is not a

semiorder.

A lattice path in the (z,y) plane is a path consisting of straight line segments

that start and end at points with integer coordinates. Sets of lattice paths can be
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Figure 1-1: An interval order (left) and a semiorder (right)

described by a set of allowed steps, so that each lattice starts at some point and then
proceeds by a sequence of allowed steps.

A lattice path in the (z,y) plane from (0,0) to (2n,0) with steps (1,1) (“up")
and (1,—1) (“down") that does not pass below the z axis is called a Dyck path of
semilength n. An ascent (descent) of a Dyck path is a sequence of up steps (down
steps) followed and preceded by a down step (up step) or an endpoint of the path. A
peak (valley) of a Dyck path is a point where an ascent (descent) of the path ends and
a descent (ascent) begins (note that we do not consider the endpoints of a Dyck path
as valleys, and so the number of valleys of a Dyck path is one less than the number
of peaks). See Figure 1-2 for an example of a Dyck path. We will denote the set of
Dyck paths of semilength n by D,.

Let {an}nen be a sequence of integers (usually these are the sizes of a sequence
of sets {Sp}nen). Then the ordinary generating function of a, is the formal power
series D - a,z". Similarly, the bivariate ordinary generating function of the inte-
gers {ank}nken is the formal power series ), oo an,z"t*. Since all the generating
functions we will use will be ordinary, from now on we omit the word ordinary.

Although we are not concerned with questions of convergence or divergence of
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Figure 1-2: A Dyck path of semilength 11

generating functions, many natural operations on power series have a combinatorial
significance, hence the usefulness of generating functions for counting combinatorial
objects. Most notably for our purposes, one can multiply two generating functions

according to the following rule:

(z anm") (Z bnw") = Z ™
n>0 n>0 n>0
where ¢, = 3 ; a;bn—;. For more details on generating functions, see [6, Section 1.1].
The Catalan numbers C, := == (*") (Sequence A000108 of [3]) are one of the
most ubiquitous sequences of numbers in mathematics (See [5], which details over
200 combinatorial objects counted by the Catalan numbers). Among the objects
counted by C,, are both n-element semiorders (see [5, exercise 180]) and Dyck paths
of semilength n (see [5, Theorem 1.5.1]). A generating function for the Catalan
numbers is given in Theorem 1.1.1. We include a (somewhat abbreviated) standard

proof of the formula, since the main ideas of the proof will be used again in the proofs

in Chapter 2.

Theorem 1.1.1. Let C(z) := ano Cnz™ be the generating function for the Catalan
numbers. Then C(z) = -1—_—3%7—‘-@

Proof. We start by establishing a basic recursive relation satisfied by the Catalan
numbers {C,}n>0. There are many ways to prove this relation using different inter-
pretations of the Catalan numbers, and in this proof we choose to think of C, as the

size of Dy, the set of Dyck paths of semilength n.
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Figure 1-3: Splitting a Dyck path d into two shorter Dyck paths d; and d»

Let d be a Dyck path of semilength n + 1, and suppose (2i + 2,0) is the leftmost
point where d touches the z-axis (except (0,0) of course). Clearly the first step in
d must be a step up, and the last step before reaching (2¢ + 2,0) must be a step
down. Then the part of d from (1,1) to (2¢ + 1,1), shifted left and down so that it
starts at (0,0), is a Dyck path of semilength ¢ (denote it by d;), and the part of d
from (2i + 2,0) to (2n + 2,0), shifted left so that it starts at (0,0), is a Dyck path of
semilength n — ¢ (denote it by dy). See Figure 1-3 for an illustration.

The map d +— (dy,d2) is easily seen to be a bijection D,y = U2 D; x D,_;, so

we get that
Cnt1 =Y CiCn_; (1.1)
i=0

Now multiply both sides of equation (1.1) by z™, and sum over all n > 0. The

left-ha.nd side becomes

Cpz™ ) —
. ZCTH-]JI" = Enzl v = C(JI) 1

x x

n>0
while the right-hand side becomes
> (z Cicn_,;) o (Z C’,,a:") (z Cx) _ Cla
n>0 \i=0 n>0 n>0

Equating the two sides, we get the quadratic equation

zC(r)* - C(z) +1=0.
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Solving the equation and choosing the correct sign (see [5, Section 1.3] for more
. o 1=/T—dz
details), we get the result C(x) = ——5—".
d

The main goal of Chapter 2 is to be able to compute the average number of
antichains in n-element semiorders (for all n). Along the way, we obtain more general
results that apply to all interval orders, as well as stronger results for semiorders.

Section 2.1 contains some facts regarding interval orders that will be used in the
following sections. These results appear (with some variations) in several references,
and we follow their presentation in [9].

In Section 2.2 we present a formula (Theorem 1.1.2) to compute the number of
antichains of any given size, which is valid for any interval order P. The formula is
given in terms of a Dyck path d(P) whose construction from P is described in that

section.

Theorem 1.1.2. Let P be an n-element interval order with a corresponding dyck
path d(P). Let Peaks = {uy,us, ..., us} be the set of peaks of d(P), and let Valleys =
{v1,v2,...,vs_1} be the set of valleys of d(P). Then the number of antichains of size
k of P is equal to the cocfficient of t* in

s s—1
Z 1+ t)h(uj) _ Z (1 + t)h(vj)’
j=1

1=1
where h is the height function, i.e., h((z,y)) = y.

In Section 2.3 we proceed to use Theorem 1.1.2 to compute a bivariate generating
function for the total number of antichains of semiorders, enumerated by the size of

the semiorders and the size of the antichain:

Theorem 1.1.3. Let S, be the total number of antichains of size k of all n-element
semiorders, and set Sop =1 (clearly, S, =0 for k > n). Let S(z,t) be the bivariate
generating function for the total number of antichains of semiorders, where the an-

tichains are enumerated by the size of the antichain and the size of the semiorders,
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i.e., S(x,t) ==Y, 150 Snatz™. Then

C(x)—2

S = e =1

where C(x) is the generating function of the Catalan numbers.

Setting ¢ = 1 in the above generating function results in a generating function
for the total number of antichains of n-element semiorders, from which the average
number of such antichains can be easily deduced if one so desires.

As an interesting byproduct of our formula, we also show in Section 2.3 that the
numbers Sy, ; are equal to a number triangle that appears in the On-Line Encyclopedia
of Integer Sequences (or OEIS, [3]) as the sequence A090285, thus giving the triangle
a new interpretation. The triangle was originally contributed by Philippe Deléham,
and it is described in terms of a recursive formula as well as a certain Riordan array.

Lastly, Section 2.4 details some curious additional results concerning subsets of
minimal elements (or maximal elements) of n-element semiorders (A minimal element
of a poset P is an element p € P such that no other element g € P satisfies ¢ < p.

Mazximal elements are defined similarly).

1.2 Dilworth Lattices

In Chapter 3 we compute what we call the Dilworth lattice of certain lattices consist-
ing of semistandard Young tableaux. We start our introduction with some background
and definitions.

An order ideal of a poset P is a subset I of P such that if z € I and y < z, then
y € I. The set of all order ideals of a poset P, ordered by inclusion, is a poset (in fact,
a distributive lattice) denoted J(P). There is an easy bijection between antichains
and order ideals in P, namely, the elements of an antichain are the maximal elements
of an order ideal. In this bijection, the size of an antichain is exactly the number of
elements covered by the corresponding order ideal in the poset J(P).

Let L be a finite distributive lattice. The join-irreducibles of L are those elements
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that cover exactly one element. Denote the subposet of join-irreducibles of L by P.
The fundamental theorem for finite distributive lattices states that L = J(P), and P
is unique (up to isomorphism) in that sense.

Let L = J(P) be as above. Define o(L) := max,c;, #{y : = covers y}, the maxi-
mum number of elements covered by an element in L. Define K'(L) to be the subposet
of elements of L that cover exactly o(L) elements. By a result of Dilworth (see exercise
3.72(a) of [6]), K(L) is a distributive lattice. Using the bijection between antichains
and order ideals, o(L) is the size of the largest antichain in P, and the number of
antichains of P of size o(L) is the size of K(L).

A partition is a sequence A = (A1, Az, ...) of integers satisfying A\; > Mg > --- >0
with a finite number of nonzero terms, called parts. When writing a partition we omit
its trailing zeroes and write A = (A1, A2, ..., A¢) if X has k parts. The Young diagram
D, of a partition ) is a left-justified array of squares with \; squares in the :th row from
the top. The conjugate partition X’ of X is the partition with X, = max{j : \; > ¢}.
In terms of Young diagrams, the Young diagram Dy of the conjugate partition X is
the Young diagram D) reflected around its main diagonal. The number of parts in
A (which is the number of rows in D)) is denoted by I()\). Therefore the number of
columns in D, is I(X).

A Semistandard Young Tableau (or SSYT) of shape X is the Young diagram D)
where cach square is filled with a positive integer (called a part) such that the parts
in each row are weakly increasing and the parts in each column are strictly increasing.
For a SSYT T, we denote its entry in the ath row (from the top) and bth column (from
the left) by T, (or we call it the (a, b)-entry of T'). We use the term “entry” to mean
either a box in a tableau or the integer (part) in it, and the meaning will be clear from
the context. Very frequently, we use the convention Tp; = 0 for all columns b and
To0 = a for all rows a, even though these entries are not part of 7' (note that with this
convention a SSYT T is weakly increasing in rows and strictly increasing in columns,
even including the 0’th row and column). For more information on partitions see for

example [6, Chapter 1], and for more information on SSYT see |7, Chapter 7|.

Example

20



1. Below are the Young diagram of shape A = (7,5,5,4,1) (left) and the Young
diagram of shape X' = (5,4,4,4,3,1,1) (right).

2. Below is an example of a SSYT of shape A = (7,5,5,4,1).

6[9]

4
6
9

Q| oW
OO0 | O~

NN
O

In their recent paper [2]|, Liu and Stanley prove a conjecture of Elkies by consid-
ering M, the coordinate-wise partial ordering on SSYT of staircase shape 4,_; =
(p —2,p— 3,...,1) with largest part at most p — 1, which is easily seen to be a fi-
nite distributive lattice (they denote this lattice by M, but we denote it M, here to
avoid confusion with the rest of our notation). Elkies’ conjecture can be transformed
into the question of determining the number of antichains of maximal size in a poset
Qp, or equivalently, the size of the lattice K(J(Q),)). Liu and Stanley first prove
that J(Q,) = M, (And compute the size of M, thus proving another conjecture
of Elkies). They then analyze the structure of SSYT in K(M,) and determine its
join-irreducibles, and this allows them to find a rank-generating function for K(M),)

and to compute its size.

A question that naturally arises from Liu and Stanley’s work is to try to describe
the lattice K (L) for other distributive lattices L. In Chapter 3 we consider distributive
lattices that are the coordinate-wise partial ordering on the set of SSYT of some shape
(a staircase, a rectangle, a double staircase (2s,2s—2, 2s—4, ..., 2) or a double staircase

with one shorter row) with various bounds on the largest part. For each such lattice
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L we compute o(L) and describe K(L).

Suppose L is the coordinate-wise partial ordering on the set of SSYT of some
shape A with largest part at most n. In their paper [2, Section 2|, Liu and Stanley
define the notion of a reducible entry: an entry T,;, of a tableau 7" € L is called
reducible if by replacing T, with To — 1 the result is another tableau in L. They
note that the (a, b) entry of a SSYT T is reducible if and only if T p — Tpp-1 > 1 and
Tap — Tu1p > 2 (with the convention Ty, = 0 and T, = a). Moreover, the number
of elements covered by T € L is the number of reducible entries in 7T'. It follows that
o(L) is the maximum number of reducible entries in a tableau T' € L, and K (L) is
the subposet of L consisting of the tableaux with ¢(L) reducible entries.

Let L} be the coordinate-wise partial ordering on SSYT of staircase shape 6; =
(t—1,t —2,..,1) and largest part at most n. Using this notation, M, = Lﬁ:i. It
turns out that Liu and Stanley’s analysis of M, generalizes very easily to L} for any
n >t > 1. Moreover, some key ideas in Liu and Stanley’s paper can be used in the
analysis of a variety of other lattices.

In Section 3.1 we state and prove some basic results based on those key ideas from
Liu and Stanley’s paper. These results will be used throughout the chapter. As an
example for their use, we apply the results to the lattice L}.

In Section 3.2 we show how to use Liu and Stanley’s paper to compute o(L}) and
describe K (L}) for any n >t > 1. Since the analysis of the general case is so similar
to that of M,, we only quote the main results from Liu and Stanley’s paper in their

more general versions, without proofs. Let m :=n — (t — 1). Section 3.2 shows that:

e For m < t,

— ift+m=2l+1, we have o(L}) =1I? — () and K(L}) = L}_,, ., x L;

— if t+m = 2I, we have o(L}) = I(I — 1) — (). The description of K(L})
in this éase is less compact, so we do not quote it here.
e For m >t we have o(L}) = (})'and K(L}) = L.

In Section 3.3 we analyze lattices of SSYT of rectangular shape. Let L. be the

coordinate-wise partial ordering on SSYT of rectangular shape with r rows and ¢
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columns, with largest part at most n. Let m :=n —r. We show that the lattice L7},
has three different behaviors as follows, depending on m. It turns out that for our

purposes there is a symmetry between r and ¢, so we may assume r > c.

e For m <r —c+1 we have o(L},) = mc and K (L) = L%, .

eforr—c+l<m<r+c—1,
—if m — (r —c+1) = 21, then o(L?,) = mc — 2(*}!) and K(L}.) contains
only one element;
— if m — (r —c+1) =2l - 1, then o(L},) = mc —I? and K(L},) is a chain
of two elements.

e For m > r +c— 1 we have o(L}.) = rc and K(L},) = L:_*;;(T‘+c—1).

In Section 3.4 we analyze lattices of SSYT of the double staircase shape. Let L?
be the coordinate-wise partial ordering on SSYT of shape (2s,2s — 2,2s — 4,...,2)
with largest part at most n. Let m := n — s. Analyzing the SSYT in K(L?) we get

the following behaviors, again depending on m.

e For m = 1 we have o(L3*!) = (°}') and K(L3*) = J(A,) where A, is the
poset of pairs {(z,y) € P?|z + y < s+ 1} ordered coordinate-wise.

e For 1 < m < s we have o(L?) = 3(s —m+ 1)(s + 3m — 2) + m(m — 1) and

there is exactly one element in K(L?).

e For m > s we have o(L?) = s> + s and K(L") = P™ %, where P™~* is the
coordinate-wise partial ordering on reverse (nonstrict) plane partitions of shape
(25,25 — 2, ...,2) with largest part at most m — s. (A reverse (nonstrict) plane

partition is a SSYT except both rows and columns are weakly inéreasing).
Lastly, let L:J,:l be the coordinate-wise partial ordering on SSYT of shape

(25— 1,25 —3,..,25 — 2k + 1,25 — 2k, 25 — 2k — 2, ...,4,2)

23



(like a double staircase, except the kth row is one box shorter) with largest part at
most n = s + L. In Section 3.5 we show that o(L5%") = (°}!) and K (L34H) has only

one element.
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Chapter 2

Antichains of Interval Orders and

Semiorders

2.1 Background

The following definitions and results are quoted from [9] with some changes of nota-
tion.

Let P be a poset. For an element p € P let us denote
M,={qeP:q<p}and N,:={q€ P:q>p}

(In poset language, M, is called the strict down-set generated by p and NV, is called
the strict up-set generated by p). Moreover, let

M={M,:pe PYU{P} and M= {N,:pec PYU{P}.

Note that although different elements p,q € P can have M, = M, or N, = N, M
and M are sets, not multisets, so they contain only one copy of each possible strict

down-set or up-set. Interval orders can be characterized as follows:

Proposition 2.1.1 ([9, Theorem 1]). For a poset P, the following conditions are

equivalent:
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1. (P, <) is an interval order.
2. (P, <) contains no induced 2+ 2.
3. (M, C) is a chain.
4. (M, Q) s a chain.
Corollary 2.1.2 (]9, Corollary 1|). If P is an interval order, then |9M| = |N|.

From now on, P denotes an interval order with n elements, unless otherwise stated.

Let us denote s = || — 1 and assume
M = (Mo, My,...M,_1, M,) where = My C My C--- C M,y C M, = P

and

N = (N(),Nl,Ng,...,NS) where P= Ny DNy D Ny D --- DNSZQ‘

For every p € P let I(p) € {0,1,...,s — 1} be the number such that M, = M) and
let r(p) € {1,2, ..., s} be the number such that N, = N,,.

Corollary 2.1.3 ([9, Corollary 2}). The assignment P — {I, = (I(p),r(p)) : p € P}

is an interval representation of P.

We call {I,}pcp defined above the canonical representation of P.

Remark In general, a representation of an interval order by a collection of intervals
in the real line is not unique. In particular, for a finite interval order one can al-
ways shrink an interval by some small amount without changing the order relations.
Therefore, a multiset of intervals can also be considered a representation of an interval
order, with the understanding that the intervals could be slightly changed to make it a
set if one so desires. Note that the canonical representation {I, = (I(p),r(p)) : p € P}

of an interval order P defined in Corollary 2.1.3 can be a multiset.

Example Figure 2-1 shows an interval order P and its canonical representation. For
the element marked by z, M, = {p;} and N, = {ps, p7,ps, Do, P10} Pt and N are of

size 7 so s = 6, and l(z) =1, r(z) = 3.
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Figure 2-1: An interval order and its canonical representation

In this chapter we think of P mainly in terms of the multiset of intervals {,}, and
we will use facts that follow from the validity of the construction (Corollary 2.1.3),

for example:
e l(p) <r(p) forall pe P.
e p < po in P if and only if r(p;) < I(p2).

e p; and p, are incomparable in P if and only if I, and I, intersect.

2.2 Antichains of Interval Orders

Definition 2.2.1. Let P be an interval order with n elements. For 0 <1 <s-1

define
E;:={p€ P:l(p) =i} and e; := |E;|.
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Figure 2-2: An interval order P, its canonical representation and the corresponding
Dyck path d(P)

For 1 <i<s define
F,:={pe P:r(p) =i} and f; :=|Fj|.

For ease of notation, set E, = Fy = 0 and e, = fo = 0 (clearly, by definition, no
other sets are empty).

Let d(P) denote a lattice path in the (x,y) plane starting at (0,0) with steps (1,1)
(“up”) and (1, —1) (“down”) as follows: ey steps up, f1 steps down, e, steps up, fa

steps down, and so on.

Example Figure 2-2 shows the interval order P of Figure 2-1, its canonical construc-
tion of intervals and the path d(P). The first ascent of d(P) is of length e; = 2 (there
are two intervals of P starting at 0), and the first descent of d(P) is of length f; =1

(there is one interval of P ending at 1).

Consider the lattice path d(P). It comprises of s ascents and s descents, therefore
it has exactly s peaks and s — 1 valleys. The heights (y values) of the peaks of d(P)
are of the form Zf:o e — Z'::o fifor 0 < j < s — 1. By definition, this is equal
to S20_ |Ei| — S, |F| and since the elements in | J/_, F; are contained in L, B

(because I(p) < r(p) for all p € P), the last expression is equal to | U':-:o E;\ Ug:o F,
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which is the number of elements p € P with I(p) < 7 and r(p) > j. Similarly, the
heights of the valleys of d(P) are of the form Zf;é e — Zfzo fifor1<j<s-—1,
which is the number of elements p € P with I(p) < j and r(p) > j. The following

corollary is an easy consequence of these observations.
Corollary 2.2.2. The lattice path d(P) is a Dyck path of semilength n.

Proof. Clearly, Zf:_é e; = Y., fi =m, so d(P) has n steps up and n steps down,
hence it is a path from (0, 0) to (2n,0). Since the heights of the valleys of the path
are given by the numbers of elements p € P such that I(p) < j and r(p) > j for
1 <7 < s—1, these heights are nonnegative and thus the path does not pass below

the = axis. 0
We are now ready to prove our first main theorem, Theorem 1.1.2:

Theorem 1.1.2. Let P be an n-element interval order with a corresponding Dyck
path d(P). Let Peaks = {uy, us, ..., us} be the set of peaks of d(P), and let Valleys =
{v1,v2,...,v5-1} be the set of valleys of d(P). Then the number of antichains of size

k of P is equal to the coefficient of ¢* in

s s—1
Z (1+ t)h(uj) _ Z (1+ t)h(vj).
j=1 j=1

where h is the height function, i.e., h((z,y)) = v.

Example For our running example (Figure 2-2), the heights of the peaks of d(P)
are 2,4,3,3,3,2 and the heights of the valleys are 1,2,0,2, 1. We therefore have

s s—1
S+ =N @+ 1)) =14 10t + 1562 4 76 4 ¢
j=1 =1

Indeed, the interval order P has one 0-size antichain (the empty antichain), 11 an-

tichains of size 1 (its 11 elements), 15 antichains of size 2, etc.

Proof. Let A C P be a nonempty antichain, and let j = maz,cal(a). We can split

the elements of P into four types as follows.
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1. Elements p with I(p) = j (recall that these elements constitute the set Ej;).
2. Elements p with {(p) > j.

3. Elements p with {(p) < j and r(p) > j (we denote the set of these elements by
G;, and set Go = ).

4. Elements p with r(p) < j.

By the definition of j, A must contain at least one element of type (1), and no
element of type (2). Moreover, A cannot contain any element of type (4), since these
elements are less than the elements of type (1). Hence any nonempty antichain of
P gives rise to an index 0 < j < s — 1, a nonempty subset of E; and a (possibly
empty) subset of G;. We claim that the converse is also true. For any choice of
0 < j < s—1, the elements of types (1) and (3) are all incomparable (as intervals in
the canonical representation of P, they all contain the segment (4, 7+ 1) which means
they all intersect), so any choice of a nonempty subset of E; and a (possibly empty)
subset of G; results in an antichain A of P with maz,cal(a) = j.

The number of ways to choose a nonempty subset of E; and a (possibly empty)

subset of G; such that their sizes sum up to k is precisely the coefficient of t* in
(14 )5 — 1)1 + )61,

Summing up over all 0 < 5 < s—1 and adding 1 for the empty antichain, we see that

for any k > 0, the number of antichains of size k in P is the coefficient of t* in

s—1 s—1
L+ ((+ 8% = DA +8D =143 (1+ )% — (144).
=0 i=0

Now recall our observations regarding the Dyck path d(P): for j = 0, |Go| = 0
and |Go| + ep = €p which is the height of the first peak u;. For 0 < j < s — 1, the
size of G; is precisely the height of the valley v;, and |G;| + e; is the height of the
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adjacent peak u;y,. The above sum now turns into

s—1

s-1 s s—1
1+ ) @+ 143 (14 M) =D (1 4+ )™ =Y (14 1))
j=1 j=1 j=1

=0

and this completes the proof.

2.3 Antichains of Semiorders

Recall that a semiorder is an interval order P that has a representation by intervals
where all the intervals are unit intervals (although the intervals of the canonical
representation of a semiorder are not necessarily unit intervals). Equivalently, a
semiorder is an interval order that contains no induced 341 (or a poset that contains
no induced 2 + 2 or 3 + 1). Semiorders are Catalan objects, i.e., the number of n-
element semiorders is the Catalan number C,,.

In this section we use Theorem 1.1.2 to compute a bivariate generating function
for the total number of antichains of all finite semiorders, enumerated by the size of
the semiorders and the size of the antichain. We start by proving some preliminary

results.

Lemma 2.3.1. Let P be an interval order. Then P is a semiorder if and only if the

following condition holds:

for any p,q € P, I(p) < U(q) = r(p) < r(q) (2.1)

Proof. Assume p,q € P satisfy l(p) < l(q) and r(p) > r(q) (see Figure 2-3). We
show that P contains an induced 3 + 1, therefore it is not a semiorder. Recall the
construction of 9 and MM in Section 2.1: denote l(g) = ¢, then 0 < I(p) < 7 < s and
the (nonempty) set N; must have come from at least one element # € P such that
N; = N, which means r(z) = ¢ = I(g). Similarly, there must be at least one element

y € P such that [(y) = r(g). Looking at the corresponding intervals in the canonical
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Figure 2-3: Tllustration of the intervals in the first part of the proof of Lemma 2.3.1

representation of P one sees that x < g < y is a chain of length three and all three
elements are incomparable with p because they intersect it. So these four elements
form an induced 3 + 1 in P, which implies that P is not a semiorder.

Now suppose P is an interval order, and suppose the condition (2.1) holds. We
show that P does not contain an induced 3 + 1. Assume z,q,y,p € P are an induced
3+ 1in P, sox < q <y and all three elements are incomparable with p. Looking at
the corresponding intervals in the canonical representation of P, we see that x < q
implies 7(x) < I(g). Moreover, z and p are incomparable so they intersect, and
in particular I(p) < r(x). Hence I(p) < l(g). Similarly, we have r(g) < I(y) and
I(y) < r(p), hence r(p) > r(g). But this is a contradiction to condition (2.1), so there

is no induced 3 + 1 in P, and therefore P is a semiorder. O

Proposition 2.3.2. The map P — d(P) is a bijection between n-element semiorders

and Dyck paths of semilength n.

Proof. Let d be a Dyck path of semilength n. Identifying interval orders P with their
canonical multiset of intervals {I,}pep, we try to “read" from d a multiset I of n
intervals that is mapped to it via the map P — d(P), and is also a semiorder.

Let s be the number of peaks of d, then the intervals in I should have start and end
points in {0, 1,...s}. For 1 <i < s let e;_1, f; be the length of the i"* ascent or descent
of d, respectively (so eg is the length of the first ascent, f; is the length of the first
descent, and so on). In the map P — d(P), we know that e; := |{p € P : I(p) = i}|
and f; := |{p € P : r(p) = i}|. So we know how many intervals of I should start at
each of the points {0,1,...,s — 1} and how many intervals should end at each of the

points {1,2, ..., s}, and all we have to decide is how to connect the start points to the
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end points. Clearly, any matching of the start points to the end points such that the
start points are less than their respective end points results in a multiset of intervals
that is the canonical representation of some interval order, and is mapped to d under
the map P — d(P). We show that there is exactly one matching that results in a
semiorder.

By Lemma 2.3.1, I is a multiset of intervals of a semiorder if and only if for any
0 < < s — 2, any interval that starts at the point ¢ ends at a point that is less than
or equal to the end point of any interval that starts at the point i+ 1. In other words:
denote by R; the multiset of end points of the intervals of I that start at the point 4.
Then [ is the multiset of intervals of a semiorder if and. only if the elements of R; are
all less than or equal to the elements of R; 4, for all 0 < i < s — 2. This condition
is equivalent to the following simple greedy algorithm for matching start points and

end points:

e Start by matching end points to the intervals starting at 0, then the intervals
starting at 1 and so on up to s — 1.

e When matching end points to the e; intervals starting at ¢, the multiset R; of
end points consists of the e; lowest “copies” of end points that haven’t already
been used in Ry, ..., R;_; (initially there are f; copies of the end point j, for
1<j<s).

Note that since our posets and intervals are unlabeled, the multisets R; suffice
to define the matching of start points and end points. We give an example for the
matching algorithm below.

It is easy to see that since d does not pass below the z axis, our matching algorithm
indeed results with n valid intervals. Moreover, as discussed above, these intervals are
the canonical representation of a semiorder and this semiorder is the only semiorder
mapped to d under the map P — d(P). Hence the map P — d(P) is a bijection

between n-element semiorders and Dyck paths of semilength n. O

Example Consider Figure 2-4. The Dyck path d at the top haseg = 2,e; = 3,e5 =1
etc. and f1 =1, f = 2, f3 = 3 etc. In order to build a semiorder that is mapped to d,
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we start with the two intervals starting at 0. One of them must end at 1, and since
there is only one interval ending at 1 the second interval must end at 2 (Figure a).
We now have three intervals starting at 1, only one more interval that should end at
2, and three intervals that should end at 3. So one of the intervals starting at 1 must
end at 2, and the other two must end at 3 (Figure b). Continuing in this manner, we

construct the intervals as shown in Figure c.
We can now prove the second main theorem of this chapter:

Theorem 1.1.3. Let S,, ; be the total number of antichains of size k of all n-element
semiorders, and set Spo = 1 (clearly, S, = 0 for k > n). Let S(z,¢) be the bivariate
generating function for the total number of antichains of semiorders, enumerated by
the size of the antichain and the size of the semiorders, i.e., S(z,t) := Zn,kzo Spxtrz.

Then ~
C(zr) -2

St = 90w -1

where C(z) is the generating function of the Catalan numbers.

Example There are five 3-element semiorders, as shown in Figure 2-5. For n = 3, we
have S30 = 5 (each semiorder contributes one empty antichain), S3; = 15 (the total
number of elements in all semiorders), Ss» =7 and S33 = 1 (the 3-element antichain

of semiorder A).

Proof. Let Sp(t) = > 450 S, xtF be the total number of antichains of all n-element

semiorders enumerated by size. For a Dyck path d define:

aq(t) := Z (14 ¢)"® — Z (1 + £)"®)

u€Peaks(d) vEValleys(d)

where Peaks(d), Valleys(d) are the sets of peaks and valleys of d, respectively. By
Theorem 1.1.2 and Proposition 2.3.2, for n > 0 we have S,(t) = 3 ., aq(t) where
the summation is over all Dyck paths of semilength n. By definition, Sy(t) = 1.
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Figure 2-4: Reading the canonical representation of a semiorder from a Dyck path
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Figure 2-5: All 3-element semiorders
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Lemma 2.3.3. For all n > 0 we have:

Spra(t) = (t+ 2)25 (t)Cn—j — Crs1 (2.2)

7=0

We prove the lemma below. To finish the proof of the theorem, multiply both

sides of equation (2.2) by z", and sum over n > 0. The left-hand side becomes

Snzo San (e S(@,t) - Solt) _ S(a,t) 1

T T T

E Spi1(t)z" =

n>0

while the right-hand side becomes

(Hz)ZZS (t)Cnjz" =Y Coprz™ = (t +2)S(=,1)C(z) - ____C(”)

n>0 j=0 n>0

C(x)—2

Equating the two expressions and simplifying, we get S(z,t) = e T

O

Proof of Lemma 2.3.3. We start by establishing a recursive relation satisfied by a4(t),
using the same idea as in the proof of Theorem 1.1.1 of splitting a Dyck path d of
semilength n + 1 into two shorter Dyck paths d; and d» whose semilengths sum to 7.
Recall that we denote by (2 + 2,0) the leftmost point where d touches the z axis,
and the paths d; and d; are the parts of d from (1,1) to (2¢+1, 1) and from (2:+2,0)
to (2n,0) (shifted appropriately), respectively (see Figure 1-3). When splitting the
Dyck path d in this manner the heights of the peaks of d are precisely the heights of
the peaks of d,, and the heights of the peaks of d; plus 1. The heights of the valleys
of d are the heights of the valleys of ds, the heights of the valleys of dy plus 1, and
there is one additional valley of height 0: the point (2¢ + 2,0) which is not a valley of
either d; or dy. We get the relation

aq(t) = (1 +t)aq, (t) + aq,(t) — 1 : (2.3)

Note that when ¢ = 0 (i = n), we get that aq4, (a4,) is empty. Setting agq,(t) = 1 for
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the empty Dyck path dy makes the relation hold for all 0 < ¢ < n, and is compatible

with the equation S,(t) = D cp aq(t) since we have set So(t) = 1 (we think of Dy
as containing one Dyck path, dj).

For n > 0 define A,(y,t) = > 4cp. y*®_ Since the partition of d into d; and ds
is a bijection D, 1 = | Di X Dy, by equation (2.3) we get:

Ana(y,t) = Z ya“(t):i Z Z y(1+0ad; (D+aa, (-1

d€Dy+1 1=0 di1€D; d2€D,, ;

= i (Z y(1+t)ad1(t)) Z yadz(t) y—l

=0 \dieD; d2€Dy i

= YA Ay t) -y (24)

i=0

An(y,t) is a polynomial in y, so let A/ (y,t) denote A,(y,t) differentiated with

respect to y. Substituting y = 1 in these expressions we see that:
An(Lt) =) 10 =|D,| = C,
deDy,

and

AL ) = Y (aa®)(AO™) = 3 ag(t) = Sa(t)

deDy, d€Dn
We are now ready for the final steps of the proof of the lemma. Differentiate equation

(2.4) with respect to y to get:

At = Y 1+ At ) Ay, ty ™
=0

+ Ai(?/(Ht), t)A;,_i(y, tyy !

— Ay, 1) A iy, )y (2.5)

Substitute y = 1 in both sides of equation (2.5) and use the Catalan numbers’ recur-
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sion Cpi1 = Y iy CiCh; to get:

n

Sur1(t) = D _(1+)Si(t)Cnoi + CiSn_i(t) — CiCp_

=0

== (t + 2) zn: Si(t)cnwi - Chi1-

i=0
d

An interesting consequence of Theorem 1.1.3 is that the numbers S,  are in fact
equal to the number triangle which is the sequence A090285 in [3] (see Table 2.1 for
the first five rows of the triangle).

Corollary 2.3.4. Let T, be the number triangle which is sequence A090285 in [3]
defined by:

e T,r:=0ifk>n

o Thi1k = Z?:o Tn—j,lc~1(2f:11) for1<k<n+1

Then Thx = Sni for alln, k > 0.

Apart from the formula for the numbers T, ; given in Corollary 2.3.4, it is men-
tioned in entry A090285 of [3] (without reference) that this number triangle is the

Riordan array (C(z), %)

Let T, := Y ;_o Tnx be the sequence of row sums of the triangle T, ;. It follows
from Corollary 2.3.4 that T, is the total number of anticahins of n-element semiorders.
The sequence {7}, }.>0 is the entry A090317 of [3], and other than being the row sums

of T, x it is mentioned in that entry that this sequence is achieved by applying the

inverse of the Riordan array (1=, iroy) to the sequence {2"},50. By [1, Proposition

7 and Table 2|, the sequence {7, },>¢ is also the inverse generalized Ballot transform of

the sequence {¥£+% },.50 = 1,1,2,4, 8,16, 32, ... (which is simply the sequence {2"},>¢

with an additional initial term 1). See [1] for further information on Riordan arrays.
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n\k| 0O 1 2 3 4
0 |1

1 |1 1

2 |2 4 1

3 |5 15 7 1
4 |14 56 37 10 1

Table 2.1: The first five rows of [3, sequence A090285]

Proof of Corollary 2.5.4. We compute a bivariate generating function for T, ; that
turns out to be equal to the bivariate generating function for Sy, .
Let T(z,t) := 3, 150 Tnxt*z™ be the generating function for T}, z. By the defini-
tion of T, & .
T(z,t) =) Cog+ Y > Toptha” (2.6)
n>0 n>1 k=1
Note that in the second sum n starts from 1 because for n = 0, Ty is nonzero only

for k=0.

Multiply both sides of the definition T4 = E?:o Thjk-1 (237:11) for 1 <k <

n+ 1 by t*" 12" and sum over all » > 0 and 1 < k < n+ 1. The left-hand side

becomes:

n+l n+1 k. n+1
E E n—!—l,kt T = Tt

Lns1 Lt Tnpt'a” _ T(a,t) — O(a)
xt xt

n>0 k=1

where the last equality follows from equation (2.6). Before computing the right-hand

side of the equation, we mention the following computation of a generating function

for the sequence f,, = (2::_? :
Z (Qn 4 1) o = (Qn — l)xn_l B ano (27:—1)1;71 -1
= n+1 t n T

2n 1
(%) %EnEO(n)xn-'_%‘l(*) 1—41:_]':2—'0(1')
T 2x 1—4r

See [6, exercise 1.8] for details on the equalities marked with (x).
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Back to our main computation, after multiplying the definition of Ty, 1 4 by tF~1a™

and summing over all n > 0 and 1 < k < n + 1 the right-hand side becomes:

n . n+1
=3 (410) (S s
k=1

n>0 j=0

_ vy () ( T, ktk> o
S0 =0 Nt 1 k=0

= Z z Toptz"
(nZO ( n+l n>0 k=0
2 —C(x)

= —T(x,1

1=z @D

Equating the two sides and simplifying, we get T'(z,t) = ﬁ(_%_—% Com-

paring this generating function to the generating function S(z,t) = % of
Theorem 1.1.3 (and using the formula for C(x)), one can see they are equal, which

implies that for all n,k > 0 we have T, x = Sy, k- O

2.4 Additional Results

Theorem 2.4.1. Let B, be the total number of k-element subsets of minimal ele-

ments of n-element semiorders, and let B(x,t) be the corresponding bivariate gener-

ating function: B(x,t) := Y, ;> Baxt*z™. Then B(z,t) = Tz)w@

Example Consider the 3-element semiorders shown in Figure 2-5, and let us compute
Bss. Semiorder A has three minimal elements, so it has three 2-element subsets of
minimal elements. Semiorders B and C have two minimal elements each, so they
each have one 2-element subset of minimal elements. Semiorders D and E have only
one minimal element each, so they have no 2-element subsets of minimal elements.

Therefore B3 =3+ 1+1=25.

Proof. This proof uses once again the idea of splitting a Dyck path d into two shorter
Dyck paths d; and dp. An element p of a semiorder P is minimal if and only if M, =0

(recall that M), is the set of elements less than p), which is equivalent to the condition
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l(p) = 0or p € Ey. So the number of minimal elements of P is the height ey of
the first peak of d(P). Denote by ho(d) the height of the first peak of a Dyck path
d. Then the coefficient of t* in the expression (1 + t)"(dF) equals the number of
k-element subsets of minimal elements of P. Therefore‘ B, 1 is equal to the coefficient
of t* in By(t) :== Y ycp (1+1)*@, and we have B(z,t) = Ym0 Balt)z™.

When partitioning the Dyck path d into the paths dy and d», recall that ho(d) =
ho(dy) + 1. If d starts with one up step and one down step so that d; is the empty
Dyck path dy, we want ho(d) = 1, so we set ho(dg) = 0. Recall that we think
of Dy as containing the single Dyck path dp, so By(t) = 1. Using the bijection

Dn+1 = U?:O Dz X -D'n—i; we get:

Bou(t) = Y (1+t)ho<d>=znj DTN @t (L)@ (2.7)

d€Dn 1 1=0 d1€D; d2€Dyp, —;
= > (1+1) ( >oa +t)h°(d1)) > 1] =D 1+ t)Bi(t)Crs
=0 dieD; d2€Dn_; =0

Multiply equation (2.7) by ™ and sum over all n > 0. The left-hand side becomes

Z Bpi(t)z" = 2nz0 Balt)z” — 1 = B(z,t) — 1

n>0

xT T

and the right-hand side becomes

> i(l + t) B;i(t)Cn—iz" = (1 + t) B(z,t)C(x)

n>0 =0
Equating the two expressions and simplifying, we get

1
— (1 +t)aC(z)

B(z,t) = 1
a

Corollary 2.4.2. For n > 0, the total number of subsets of minimal elements of n-

element semiorders equals (2;) = (n+ 1)C,,. Since these include precisely C,, empty
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subsets of minimal elements (one for each n-element semiorder), the total number of

nonempty subsets of minimal elements of n-element semiorders is nC,,.

Example The five 3-element semiorders of Figure 2-5 have five empty subsets of
minimal elements (one for each semiorder), nine 1l-element subsets of minimal ele-
ments (the total number of their minimal elements), five 2-element subsets of mini-
mal elements and one 3-element subset of minimal elements. In total the 3-element
semiorders have 20 subsets of minimal elements, which is equal to (5). Subtracting
the empty subsets, the 3-element semiorders have a total of 15 nonempty subsets of

minimal elements, which is equal to 3Cj.

Proof. By the definition of B(z,t), substituting t = 1 yields a generating function for

the total number of subsets of minimal elements of semiorders:

B(z,1) = Z( Y Bopa" = T—2:1—C(x'5

n>0 0<k<n

By [6, exercise 1.8], a generating function for the sequence f, = (*) is given by

D(z) := 22; (2:) o = \/ﬁ.

Comparing the two expressions one sees that B(x,1) = D(xz), and therefore for all

n > 0, the total number of subsets of minimal elements of n-element semiorders equals
- O
Remark By symmetry, Theorem 2.4.1 and corollary 2.4.2 also hold for subsets of

maximal elements of semiorders.
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Chapter 3

Dilworth lattices

3.1 Background and Main Ideas

Let L} be the coordinate-wise partial ordering on SSYT of shape ; = (t—1,t-2,...,1)
with largest part at most n. Recall that o(L}) is the maximum possible number of
reducible entries in a tableau in L}, and K(L}) is the subposet of L} that consists of
the tableaux with o(L}') reducible entries. The (a,b) entry in a SSYT T is reducible
if and only if T, p —Top—1 > 1 and T, — To—1 > 2. In their paper [2], Liu and Stanley
define M, the coordinate-wise partial order on SSYT of shape d,_; with largest part

at most p — 1, which in our notation is M, = L?~]. They then determine o(L5_})

p—1

p—1 that have the maximum

and K (sz) by analyzing the structure of tableaux in L
possible number of reducible entries.

It turns out that the key ideas described in [2, Section 3] extend far and beyond the
case Lﬁ:i, and are useful not only for determining o(L}) and K(L}) foralln > ¢ > 1,
but also for the analysis of 0 and K for lattices that comprise of SSYT of other
shapes.

In this section we state and prove some general lemmas and corollaries that will
be used throughout this chapter. These results are based on results from [2, Section
3] and although Liu and Stanley only prove the “vertical" versions (the second parts
of Lemma 3.1.1, Corollary 3.1.2 and Lemma 3.1.6, as well as Lemma 3.1.8) for the

special case of the tableaux in L2~], the ideas of the proofs are evidently very similar.
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In order to exemplify the use of the general results in this section, we apply them
to the lattice L}. We leave the rest of the analysis of the lattice L} (which is more

specific) to Section 3.2.

Lemma 3.1.1 (based on [2, Lemma 3.3|). Let T be a SSYT of shape )\ with largest

part at most n.

1. For any 1 < a <I()\),
#reducible entries in the ath row of T < min(n — a, Ag).

Therefore,
I(A)

# reducible entries in T < Z min(n — a, Ag).

a=1

2. For any 1 < b <I(X\),
#reducible entries in the bth column of T < min(n — A\j, Ap)-

Therefore,
()

# reducible entries in T < Zmin(n = X, Ap)-
b=1

Proof. Clearly, the number of reducible entries in the ath row is at most the number
of entries in the ath row, which is A,. Similarly, the number of reducible entries in

the bth column is at most A}

1. Since the largest part of T is at most n, the last entry 7, ,, in the ath row

satisfies

Aa
n > Ta,/\a = Ta,O + Z(Ta,b - Ta,b—l)» (31)
b=1
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Hence,

n > T,o+ 0 x #irreducible entries in the ath row of T' +
1 x #reducible entries in the ath row of T'

= @+ #reducible entries in the ath row of T (3.2)

Therefore the number of reduqible entries in the ath row of T is at most n — a.

2. Similarly, the last entry T 3 in the bth column satisfies

Ab
n>Typ=Top+ P (Tup— Ta 1p)- (3.3)
a=1
Hence,

n > Top+ 1 x #irreducible entries in the bth column of 7"+
2 x Ftreducible entries in the bth column of T
= 0+ #entries in the bth column of T +
#reducible entries in the bth column of T

= ), + #reducible entries in the bth column of T (3.4)

Therefore the number of reducible entries in the bth column of T is at most

n— M\

a

Corollary 3.1.2 (based on [2, Corollary 3.7]). Let T be a SSYT of shape \ with
largest part at most n. '

1. Suppose T has foi)l min(n — a, ;) reducible entries (the mazimum possible

number of reducible entries by part (1) of Lemma 3.1.1). If the ath row of T

satisfies n — a < Aq, then:
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(a) for any 1 < b < A, the (a,b) entry of T is reducible if and only if Top —
Top-1 = 1, and irreducible if and only if T,y — Top—1 = 0;

(b) the last entry of the ath row of T satisfies Ty, = n.

If the ath row of T satisfies n —a > A,, then all the entries of the ath row are
reductble.

2. Suppose T has Ei(z’\;) min(n — Ay, A) reducible entries (the mazimum possible
number of reducible entries by part (2) of Lemma 3.1.1). If the bth column of
T satisfies n — X, < N, then:

(a) for any 1 < a < X, the (a,b) entry of T is reducible if and only if T,, —
To-1 =2, and wrreducible if and only if Top — Tp_1p = 1;

(b) the last entry of the bth column of T satisfies Ty, p = n.

If the bth column of T satisfies n— X, > X, then all the entries of the bth column

are reducible.

Proof. It follows from the proof of Lemma 3.1.1 that in order for the ath row of T
to have n — a reducible entries, we must have equalities in both equations (3.1) and
(3.2), so (1)(a) and (1)(b) follow. The rest of part (1) is clear.

The proof for part (2) is similar to that of part (1), only using equations (3.3) and
(3.4). O

The properties of rows and columns described in Corollary 3.1.2 are a key concept
in the analysis of the various lattices in this chapter, so they deserve a definition.
Definition 3.1.3. Suppose T is a SSYT of shape .

1. We say the ath row of T 1is strictly reducible if for any 1 < b < A, the (a,b)

entry of T' is reducible if and only if T,p — Top—1 = 1, and irreducible if and
only if Top — Tpp-1 = 0.

2. We say the bth column of T' is strictly reducible if for any 1 < a < X}, the (a,b)
entry of T s reducible if and only if T,p — Th-15 = 2, and irreducible if and
only if Top — Ta1p = 1.
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3. If T has largest part at most n, we say the ath row (bth column) of T is maz-
imally reducible if it is strictly reducible and its last entry satisfies T, n, = n

(T,\;,,b =n)

We now apply Lemma 3.1.1 and Corollary 3.1.2 to L}. Let m :=n — (t — 1).
For A = 4, the length of the bth column of A is Ay = ¢ — b, and n — Ay < A} implies
b< 1(t —m+1). By part(2) of Lemma 3.1.1, we see that o(L}) is at most

t—1 t—-1
> min(n—(t—b),t—b) = > min(m+b—1,t—b)
b=1 b=1

-0 = (3) ift+m=2L
?—(7) ift+m=20+1.

Let K}* be the subposet of L} consisting of the tableaux that have Z};i min(m +
b—1,t—b) reducible entries. Then if K" is not empty, we have o(L}) = 34—} min(m+
b—1,t —b) and K(L}) = K}*. The following corollary is a consequence of Lemma

3.1.1 and the above computation.

Corollary 3.1.4. Suppose T € LY. Then T € K7 if and only if the following two

conditions are satisfied.

1. For any 1 <b < (t—m+1), the number of reducible entries in the bth column
of Tisn—(t—b)y=m+b—1.

2. For any %(t —m+1) < b<t-1, all the entries in the bth column of T are
reducible.

Note that if t < m, only condition (2) applies.

The following corollary now follows from Corollary 3.1.4 and part (2) of Corollary
3.1.2.

Corollary 3.1.5. Suppose T € K}, and t > m. Then the first |1(t —m+1)]
columns of T are mazimally reducible, and for 1 < b < |3t —m+1)|, the bth

column of T has m + b — 1 reducible entrees.
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Therefore, among the t — b entries Ty p in the bth column of T, there are m+b—1
entries satisfying Typ — To—1p = 2, and the remaining t —m — 2b+ 1 entries satisfy

Top —To1p=1.

Most of the analysis in this work relies on tableaux having maximally reducible
columns or rows. Intuitively, when a column or a row are maximally reducible it

means they are “efficient”

in using all the freedom given by the bound n to generate
more reducible entries. The lemmas in the rest of this section demonstrate the power

of strict and maximal reducibility, and will be used in the following sections.

Lemma 3.1.6 (based on |2, Corollary 3.8|). Let T be a SSYT (of some shape).

1. Suppose 1 < a <UA)—1 and row a+ 1 of T is strictly reducible. Then for any

b such that Toi1p+1 is an entry of T we have Toy1p — Topyr > 1.

2. Suppose 1 < b <I(N)—1 and column b+ 1 of T is strictly reducible. Then for

any a such that Toyqp41 %5 an entry of T we have Ty 1p — Ty pr1 < 1.

Proof. 1. If T,41 41 is reducible, then by strict reducibility T,4+1 541 — To+1p = 1
and by the property of reducible entries To11 511 — Topt1 > 2. If Tor1p41 is
irreducible, then by strict reducibility T, a+1,b%1 = Th+1p and by the definition of
SSYT Tor1p+1 — Tapsr > 1. In either case we get To1p — Topr1 > 1.

2. If Toy4qp+1 1s reducible, then by strict reducibility To11 41 — Tapt1 = 2 and by
the property of reducible entries T, p41 — Toy16 > 1. If Ty1q 544 is irreducible,
then by strict reducibility T,+154+1 — Thp+1 = 1 and by the definition of SSYT
Tor1641 = Tat1- In either case we get Toy1p — Topr1 < 1.

O

In [2] Liu and Stanley call the property in part (2) of Lemma 3.1.6 the diagonal
property. We follow their lead and call part (1) of the lemma the row diagonal property,
and part (2) the column diagonal property. We now apply Lemma 3.1.6 to L.

Corollary 3.1.7. Suppose t > m, and let T € K. Then for any 1 < b <
|2t —m+1)] — 1 and any 0 < a <t — b— 1 we have the column diagonal property

Ta+1,b - Ta,b+1 < 1.



Proof. Tt follows from Corollary 3.1.5 and Lemma 3.1.6 that T35 — Tp41 < 1 for
any 1 < b < |[3(t-m+1)] —1and any 0 < a < t—b—2 (so that T has a
(a+1,b+1)-entry). Moreover, by Corollary 3.1.5 forany 1 < b < [1(t —m+1)]| —1
the columns b and b+ 1 are maximally reducible, so the last entries in these columns
are Ty_pp = Tt-p-1541 = n. Hence Ti_pp — T3 p-1p+1 = 0, and the column diagonal

property applies for a =t — b — 1 too. O
The following three lemmas have very similar proofs.

Lemma 3.1.8 (generalization of [2, Corollary 3.10]). Let T be a SSYT of shape .
Suppose columns by, bo+1,...,bg + k of T are all strictly reducible and satisfy Ay, > k
and Ny ; > k—i+1 foralll <i<k. Then k

forall0 <i<k and0 <a <k —1i we have T, p,+i = a. (3.5)

Proof. The proof is by induction on a. We can rewrite the indices in (3.5) as 0 < a <
k, 0 < i < k — a. The base case when ¢ = 0 holds by our convention Tp; = 0.
Suppose T p+i = o for some 0 < ap < k and all 0 <7 < k — ap. We want
to show that Ty 1140+ = ap+1for all 0 <7 < k—ap— 1. Pick some 0 < 79 <
k — ag — 1, by our assumptions on the length of the columns of T and the induction
hypothesis, the entries To,+1by-+igr Lao+1,bo-+io+1> Laobo-rior Laobo+io+1 are entries of T’
and Toobo+ic = Lagpotio+1 = Go. Since the columns by + 4, bp + ip + 1 of T are
strictly reducible, we have the column diagonal property (part (2) of Lemma 3.1.6),
therefore Ty +1,by+io — Tagbo+io+1 < 1. On the other hand since T is a SSYT we have
Tao+1,b0+i0 — Lao,bo+ie = 1, 80 we must have T 1 pg+io = Tagpo+io +1 = Tagbo+io+1+1 =

a0+1. 4

Lemma 3.1.9. Let T be a SSYT of shape A\ and largest part at most n. Sup-
pose columns by, by + 1,...,00 + k of T are all mazimally reducible and their lengths

bor Mg 11 - Abprk @€ all equal tol for some l > k. Then

forall0<i<kandl—i<a<l wehave T,p4i =n—1+a. (3.6)
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Proof. The proof is by induction on a going from ! down to [ — k. We can rewrite the
indices in (3.6) as{ —k <a <[, l—a <i < k. The base case when a = [ holds by
maximal reducibility, since Tjp, = Tjp+1 = - - = T pytk = 1.

Suppose Ty pori =N — 1+ ag for some !l —k < agp <landalll —ay <7 < k.
We want to show that To,_1pp4i =n—1l+ay—1foralll —ap+1 < < k. Pick
some | — ag + 1 < ig < k, by our assumptions on the length of the columns of T and
the induction hypothesis, the entries 7,01 py+io, Tao—1,60+i0—1> L agbo-+ios Laobo-+io—1 L€
entries of T and T4, py+iy = Tag bo+io—1 = N—I+ag. Since the columns by+i9—1, bg+1q of
T are maximally reducible we have the column diagonal property (part (2) of Lemma
3.1.6), therefore T, by+ig—1 — Tag—1,b0+i < 1. On the other hand since T is a SSYT
we have Ty, p01ip — Tag—180+ic = 1, 50 we must have Ty _1po4iy = Tugpotrio — 1 =

Tao,bo—}-’io—l —1=n-1+ ag — 1. O

Lemma 3.1.10. Let T be a SSYT of shape A. Suppose rows ag,ag + 1,...,a0 + k of
T are all strictly reducible, and their lengths satisfy Aoy > k and Aggys > k—1i+1 for
all1 <i<k. Then

for all 0 <i <k and 0 <b <k —i we have Tyy1ip = ao + 1. (3.7)

Proof. The proof here is by induction on b. It is almost identical to the proof of
Lemma 3.1.8, except we are now using the row diagonal property. We can rewrite
the indices in (3.7) as 0 < b < k, 0 < ¢ < k — b. The base case when b = 0 holds by
our convention T, ¢ = a.

Suppose Tyy1ip, = @ + % for some 0 < by < k and all 0 Sb 1 < k—by. We want
to show that T, 4ipg+1 = ap + ¢ for all 0 < ¢ < k — by — 1. Pick some 0 < 5 <
k — by — 1, by our assumptions on the length of the rows of T and the induction
hypothesis, the entries To - igb0+1 Lag-+iopes Lag-+io+1,b0r Lao+io+1,b0+1 are entries of T
and T80 = @0 + %0, Tagtig+1,00 = @0 + %o + 1. Since the rows ag + ig, ag + 79 + 1
of T' are strictly reducible we have the row diagonal property (part (1) of Lemma
3.1.6), therefore Tpy+ig+1.60 — Lag+iobo+1 = 1. On the other hand since T is a SSYT we

have Togrigbo+1 = Tagtio,bos S0 We must have Togtio o1 = Tag+io b = Tag+ig+1h — 1 =
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ap + 29- il

3.2 Staircase shape

In this section we complete the analysis of L} from Section 3.1 to determine o(L})
and K(L?). In fact, the analysis of Lﬁ:} in [2] extends perfectly to L? including all
the proofs, so we merely quote the main results of [2] in their more general setting for
L}. If the statement of a result requires certain definitions that we prefer to omit, we
only quote the final conclusion of the result that does not use those definitions. We

use the definition of K}* as in Section 3.1.

Proposition 3.2.1 (generalization of |2, Proposition 3.11]). Suppose T is a tableau of
shape &, filed with integer entries. Then T € K[ if and only if the following conditions

are satisfied. Note that if t < m, only condition (3) is relevant.
1. Forany1<b< |s(t—m+1)],

(a) foranyl1<a< L%(t —m+1)| — b, we have T, = a;

(b) among the |1(t + m)| remaining values of a, viz. |3(t —m+1)] —b+1 <
a <t—b, we have that m + b — 1 of them satisfy T, — To—1p = 2, and the
remaining |3(t +m)| — (m+b— 1) of them satisfy Top — Ta—1p = 1.

2 Foranyl<b<|it—-m+1)|—1land [3¢t—m+1)|-b+1<a<t—buwe
have the diagonal property T,p — To—1p+1 < 1.

3. For any [—;—(t—m+1)J+1 <b<t-landanyl <a<t-—b, wehaveT,, <mn,
Top —Ta1p>2and Top —Top1 > 1.

It is evident from Proposition 3.2.1 that T € K* can be split into two parts, left
and right, each displaying a different behavior. In the case t = n = p — 1 described
in [2], these parts are two halves of d;. In the more general case n >t > 1 the right
part gets larger as m grows, and in fact if m > ¢, there is no left part and all of T is
in the right part. In the rest of this section we quote results that are relevant when

there is a left part, and we note what happens in case there is no left part.
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Let (d7)° be the shape that is the left |1(t —m +1)] columns of J;. Note that
the shape of the right side of 4, is'()‘t_ |3 -min)| = 6'_%(t+m)J'

Definition 3.2.2 (generalization of [2, Definition 4.1]). Let (K)* be the set of all
the tableauz of shape (O7)° with integer entries satisfying conditions (1) and (2) of
Proposition 8.2.1. For c =1 or2, let (K!)“¢ be the subset of (KI')* consisting of all
the tableauz whose (1, |5(t — m+1)|)-entry is c. (Note that the (1, |1(t — m + 1)])-
entry is the last entry in the first row of any tableau in (K®)*, which has to be either
1 or 2 by condition (1) of Proposition 3.2.1.)

Forc =1 or2, let (K)®° be the set of all the tableauz of shape 5[1(t+m)_| satisfying
2

the following conditions:
1. Ty, >2c+1.
2. Tap—Tap-1 21 forany2<b< |3(t+m)| -1, 1<a< |3(t+m)| —b.
3 Top—To1p>2 forany2<a< [%(t—#m)J -1,1<b< I_%(t +m)J —a.
4. TL%(t+m)J—b,b <n foranyl <b< [%(t—!—m)] —1.
We consider all the sets above as posets with the coordinate-wise partial ordering.

Lemma 3.2.3 (generalization of [2, Lemma 4.2}).
K 2 ()5 x (K7™ U (K752 x (K7)R?)
Proposition 3.2.4 (generalization of [2, Proposition 4.5]).

ML [ 3t+m) |
(K- = Ll%(t—m)-{»lj

Lemma 3.2.5 (generalization of [2, Lemma 4.9]). The last entry in the first row of

the unique minimal element of (K~ is 1 if t +m is even and 2 if t + m is odd.
Lemma 3.2.6 (generalization of [2, Lemma 4.14]).
1. If t +m is even, say t +m = 21, then (K})®! = Ll
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2. If t+m is odd, sayt +m =2l + 1, then (K")®? = L.

Remark If ¢ < m and the tableaux in K}* have no left side, we have o(Ly) = (3)

2
and K(L}) = K = L with the same proof as part (1) of Lemma 3.2.6.

Corollary 3.2.7 (generalization of |2, Corollary 4.15]). For anyn >t > 1, the poset
K} is nonempty (hence K(L}) = K}').

Corollary 3.2.8 (generalization of [2, Corollary 4.16]).

t—1 L
U(L?)=Zmin(m+b—1,t—b)= ( ) (2) if m
=t ?—(3) ift+m=2l+1.

Corollary 3.2.8 in the case t = n = p — 1 (so m = 1) as presented in [2, Corollary
4.16] is in fact another proof of a formula previously proven by Elkies.

The next two results describe K(L}). In their paper, Liu and Stanley use these
results to compute a rank-generating function for K(L}) for the caset =n =p—1
and thus compute the size of K (Lﬁ:}). This turns out to be harder in the general

case.

Theorem 3.2.9 (generalization of [2, Theorem 5.6]). Suppose t + m is odd, and
denotet+m =2+ 1. Then

K(L7) % Li_pmyy % L.

Remark In their paper, Liu and Stanley analyze the case t = n (so m = 1). In that

case Theorem 3.2.9 reduces to
K(L™ = L} x L}

where n = 2I. Liu and Stanley compute (|2, Theorem 2.12]) the rank-generating

function of L}:

F(LLg)= 1+ "1+ "2 1+,
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and conclude ([2, Theorem 5.6]) that the rank-generating function of K (L") (where
n = 2[) is given by

FK(LE),q) = (A + )" A+ )2 (1+¢7Y)°
where F(K(L3),q) = 1.

Theorem 3.2.10 (generalization of |2, Proposition 5.10]). Suppose t+m is even and
denote t +m = 2k. Denote by U the poset of join-irreducibles of K(L}). Then Ul
can be divided into two disjoint sets (Ul')' and (UP')", each of which is divided into
two disjoint sets (UP) = (UMM U(UM)? and (UP)" = (UP)W(UP)™? such that they

satisfy the following conditions:
1. (UM =2 the poset of join-irreducibles of LY . ;.
2. (UP)" =2 the poset of join-irreducibles of LE.
3. (UMM 22 the poset of join-irreducibles of L¥~! .
4. (UM = the poset of join-irreducibles of L’,ﬁ:i.
5. No element in (UP)! is comparable to any element in (Ul').
6. No element in (UP)™ is comparable to any element in (UP).

7. Each element of (U7*)™? is smaller than any element in (UP)4?

Remark In the caset =n = 2k—1,m = 1 Liu and Stanley show (|2, Theorem 5.11])
that the rank-generating function of K(L?) is given by

FK(LD),q) = (L+a)* 21 +¢)* 3 - (1+¢2)°

. ((1 F) 1+ (L4 x (1 +q(§)) _ q('é))

where F(K(L3),q) =1+ q+ ¢



3.3 Rectangular shape

Let A, . be the rectangular partition with r rows and ¢ columns,

Ae=(c,¢,...y0).
L
T
Let L7, be the coordinate-wise partial ordering on SSYT of shape A,. with largest
part at most n, and denote m := n — r. The analysis of L} reveals three different

behaviors depending on the value of m.

3.3.1 Largem

Theorem 3.3.1. Suppose m > r + ¢ — 1 (equivalently, n > 2r + ¢ — 1). Then
o(L}.) =rc and K(L},) = L:},;('r-!-c—l)'

Proof. Clearly o(L},) < rc, the total number of entries of the tableaux in L7 . Since
n—(r+c—1) > r, the poset L?,Z(T"Lc—l) contains the (minimal) tableau 7° defined by
7:3,, = a, so it is nonempty. Denote by K. the subposet of L. consisting of all the
tableaux with rc reducible entries. Then it suffices to show that K7, = Lpptrresh),
in which case K(L},.) = K], = Lr ™D and o(Ly) =rc.

Consider the transformation ¢ defined on any tableau T filled with integer entries
as follows: ¢(T') has the same shape as T and entries ¢(T)ap = Tup+a+b— 1. With
our convention Tpp = 0 and T, ¢ = a it is easy to see that for any shape A, ¢ transforms
SSYT of shape )\ into tableaux of the same shape with ¢(T),p — ¢(T)a-1, > 2 and
H(T)ap — ¢(T)ap-1 > 1 for all a,b such that T, is an entry of T. In other words,
¢ transforms SSYT of shape X into SSYT of the same shape in which all entries are
reducible. Moreover, it is easy to see that ¢ is invertible and that it preserves the
component-wise partial order on SSYT of the same shape, so it is a poset isomorphism.

In our case, we apply ¢ to SSYT of rectangular shape A... If T is a SSYT of
shape A, ., all the entries of T" are bounded by the entry T, ., which is increased by

r+c—1 under ¢. Hence T € L7V if and only if ¢(T) € K"

r,e)

and we have

established the isomorphism K7, = Lrgtrteh), 0
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3.3.2 Northwestern Corners of Regions

In order to analyze the remaining possible values of m we take a different approach.
In the next few lemmas we translate the problem of finding o(L},) and describing
K(L},) into a problem of finding certain regions in the Young diagram D, _, with a

maximum number of northwestern corners.

Definition 3.3.2. Let A be a partition, and let D) be the Young diagram of shape \.
Let R be a nonempty set of entries of Dx. We call R a southeast-closed (or SE-closed)
region of A if

(a,b) € R implies (a,b+1) € R and (a+1,b) € R

(whenever these entries are in D) ).
Let Ry, Ra, ..., Ry be nonempty sets of entries of Dy. We call Ry, Ro,..., R a

southeast-closed (or SE-closed) sequence of regions of the shape X if:
1. R DRy D -2 Ry
2. Foranyl <i <k, R; ts a SE-closed region of A.

We call k the length of the sequence, and we denote by R, the set of all SE-closed
sequences of regions for the shape X, including the sequence of length O that has no

TEGLONS.

Definition 3.3.3. Let T be a SSYT of shape A. Define a sequence of regions Ry 2
Ry D --- as follows: R; is the set of entries (a,b) for which.Ta,l7 > a+1 (note that by
the definition of SSYT, we always have T, > a). Since T contains a finite number
of integer entries, the sequence Ry O Ry D -+ has only a finite number of nonempty
regions, so we omit the empty regions and think of the sequence as a finite sequence
Ri1 D Ry O --- D Ry (note that if T has T,, = a for all its entries, we get an empty
sequence). We denote the sequence of regions Ry O Ry D . 2 Ry by S(T).

Lemma 3.3.4. For any SSYT T of shape A\, S(T') is a SE-closed sequence of regions
for .
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Proof. Part (1) of Definition 3.3.2 is clear from the definition of S(T"). Part (2) follows
immediately from the definition of SSYT: The rows of T' are weakly increasing so
Top > a+i implies Topq > T, > a+14, and the columns of T are strictly increasing

so T,p > a+1 implies Tyy1p > Top+1 > (a+ 1) +14. 0

Definition 3.3.5. Let X be a partition and let Ry O Ry O --- D Ry, be a SE-closed
sequence of regions of . By convention we let Ry = Dy and Ri.1 = 0 even though

they are not part of the sequence. Define a tableau T of shape X\ by:
Top=a+1 if (a,b) € R\ Ripa.

We denote the tableau T by S'(Ri, Ra, ..., Rx).-

Lemma 3.3.6. Let A\ be a partition and let Ry O Ry O --- D Ry be a SE-closed
sequence of regions of X. Then the tableau S'(Ry, Ry, ..., Ri) is a SSYT of shape \.

Proof. Clearly the entries of T = S'(Ry, Ry, ..., Ri) are positive integers, so all we
need to prove is that the rows are weakly increasing and the columns are strictly
increasing. Suppose (a,b) and (a,b+ 1) are both entries of T. Let 0 < i < k be such
that (a,b) € R; \ Riy1, then by property (2) of Definition 3.3.2, (a,b+ 1) € R; so
Top+1 > a+i =T, Hence the rows of T are weakly increasing. Similarly, it is easy

to show that T is strictly increasing in columns. d

Lemma 3.3.7. Let X be a partition. Then the maps S and S’ are inverses of one
another, so they give a bijection between SSYT of shape A and Ry. Under this bijec-
tion, the reducible entries of a SSYT T are precisely the northwestern corners of the
regions of S(T).

Moreover, for the shape .., S and S’ give a bijection between the SSYT of L7,
(SSYT of shape X and largest part at most n) and SE-closed sequences of regions of

Arc of length at most m (wherem =mn —r).

Remark By a northwestern corner of a region R we mean an entry (a,b) € R such

that (@ — 1,b), (a,b—1) ¢ R.
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Proof. Lemma 3.3.4 and Lemma 3.3.6 show that S and S’ are indeed maps between
SSYT of shape A and SE-closed sequences of regions of A, and it is easy to see from
their definition that they are inverses of one another.

Let T be a SSYT. Recall that the entry Ty is reducible if T, , — T, 51 > 1 and
Top —Ta1p > 2. If (a,b) is a northwestern corner of some region R; in S(7T'), so that
(a,b) € R; but (a,b —1),(a — 1,b) ¢ R;, this implies that T, > a+1, Top-1 < a+i
and To_1p < (a— 1) +4. Hence T, is reducible. If (g, b) is not a northwestern corner
of any region, let ¢ be such that (a,b) € R; \ R;41, S0 Top = a + 4. Since (a,bd) is not
a northwestern corner, either (a,b — 1) or (a — 1,b) are in R;. If (a,b — 1) € R; then
Top-1 > a+14, and if (a — 1,b) € R; then Ty > (a — 1) + 4. In either case, T, is
not reducible.

For A.. we have two useful properties. First, by the monotonicity of SSYT the
entries of any T' € L7 are bounded by the entry Tr,c. Second, by property (2) of
Definition 3.3.2 any region in S(T") contains the (r, ¢) entry, hence if S(T') is of length
k we must have T,.. = r + k. Therefore if T is a SSYT of shape A, ., T has largest
part at most n if and only if T, . < n = r + m, and that happens if and only if S(T)

has at most m regions. O

Lemma 3.3.7 implies that the problem of finding o(Ly.) and K(L},) is equivalent
to the problem of finding SE-closed sequences of regions of the shape A,. with a
maximal number of distinct northwestern corners. The latter problem has a clear
symmetry around the main diagonal of A, ., so from now on we may assume that
r > c. Note that this symmetry also holds for m > r + ¢ — 1 (in that case it follows

from our proof of Theorem 3.3.1).

Remark For any SE-closed region R of the shape A, the boundary of R traces the
boundary of A going counterclockwise from the southwestern corner of A to the north-
eastern corner. So R can be described by the part of its boundary that goes clockwise
from the southwestern corner of A to the northeastern corner, which can be thought
of as a lattice path with steps up and right. Therefore the problem of finding o(L?,)

and K(L7.) is also equivalent to the problem of finding m noncrossing lattice paths

60



going from the southwestern corner of D, , to its northeastern corner with steps up

and right and with a maximal number of distinct northwestern corners.

3.3.3 Small m

Theorem 3.3.8. Suppose m < r —c+ 1. Then o(L},) = mc and K(L} ) =

L’("T‘_";ll)_m’c (or K(L7,) has exactly one element if m =71 —c+1).

The next few lemmas prove theorem 3.3.8 in a very similar way to the proof of [2,
Proposition 4.5]. SE-closed regions do not play a role in this proof (they will reappear
in the analysis of the remaining values of m). We mentioned them earlier in order to
reduce the number of cases we need to analyze, thanks to the symmetry around the

main diagonal of D,, .

Lemma 3.3.9. Suppose m <r—c+ 1 andletT € L?,. Then forany1 <b<c,
#reducible entries in the bth column of T < m.

Therefore,

# reducible entries in T < mec.

Proof. This follows easily from part (2) of Lemma 3.1.1. The length of each column

of T is equal to r, and min(n — r,7) = min(m,r) = m. a

Let K7, be the subposet of L7, consisting of the tableaux that have mc reducible
entries. The following corollary easily follows from Lemma 3.3.9 and part (2) of

Corollary 3.1.2.

Corollary 3.3.10. Suppose m <r—c+1 and T € K'.. Then all of the columns of

T are mazimally reducible.

Lemma 3.3.11 (based on [2, Proposition 3.11]). Suppose m <r—c+1 and T is a
tableau of shape A filled with integer entries. Then T € KT, if and only if T satisfies

the following conditions.
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1. Foranyl <b<yg,

(a) for 1 < a < c—bwe have T, = a, so the entries Top for 1 <a<c-1b

are trreducible;

(b) forr—b+1<a<r wehaweT,p,=n—7r+a=m+a so the entries Ty}

forr —b+2 < a<r are irreducible;

(c) out of the remaining r — c+ 1 entries T,p (forc—b+1<a<r-—-b+1),
m of them are satisfy Top — To-1p = 2 and r — c+ 1 — m of them satisfy
Ta,b - Ta——l,b =1

2. Foranyl<b<c—landanyc—-b+1<a<r—b+1 we have the column

diagonal property Top — To-1p41 < 1.

Proof. Suppose T' € K7.. By Corollary 3.3.10, all the columns of T' are maximally
reducible (and in particular strictly reducible). Therefore property (1)(a) follows from
Lemma 3.1.8, property (1)(b) follows from Lemma 3.1.9 and property (1)(c) follows
from Lemma 3.3.9 and maximal reducibility. Property (2) follows from part (2) of
Lemma 3.1.6.

Now suppose T' is a tableau of shape A, . filled with integer entries satisfying
properties (1) and (2). It is easy to verify that property (1) implies that the entries
of T' are positive integers, the columns of T' are weakly increasing and T, = n for all
1 < b < c. In order to prove the lemma, it suffices to show that for any 1 < a <r

and any 1 <b<eg,

Ta,b - Ta—],b =1 lmphes Ta,b - Ta,b—l >0
and (3.8)

Top —Ta-1p =2 implies Ty p — Top—1 > 1.

We know (3.8) holds for 1 < b < cand 1 < a < ¢— b by property (1)(a) and for
1<b<candr—b+2<a<r by property (1)(b). Note that (3.8) holds whenever
Ta,b~—1 —_ Ta‘l,b S ]., since then Ta,b — Ta,b—] 2 (Ta,b - Ta—l,b) —1.
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Ifb=1, we know T,p_1 = @ and To_1p = Z‘;_iT Tj_1p > a—1, so we
have Typ-1 — Tyo1p < 1. If b > 1 and @ = ¢ — b+ 1, then by property (1)(a)
Top-1 = a and T, 15 = a — 1 therefore again T,y —T,_1p < 1. If 2 < b < c and

—b+2<a<r-—b+1,wehave Tpp 1 — Tp_1p < 1 by property (2). a
Corollary 3.3.12. Suppose m =r — c+ 1, then K7 has ezactly one element.

Proof. If m = r —c+ 1, the conditions of Corollary 3.3.11 define exactly one tableau
and it is easy to check that this tableau is indeed a SSYT with mc reducible entries.

See Figure 3-1 for an example of the only tableau in Lg ; with 12 reducible entries. [

QO[T WD |-
OO
O©I00 (3Ot
OO0~ | =it

Figure 3-1: The only element of Kg,

Corollary 3.3.12 shows that if m = r—c+1, K(L},) = K7, has exactly one element
and o(L;,.) = mc, thus it proves Theorem 3.3.8 in that case. To prove Theorem 3.3.8
for the case m < r —c+ 1, we show that K7 = Lfr c:+11) _me- Oince L’('r C:—:l)—-mc is
clearly not empty (e.g. it contains the minimal tableau 7° defined by 72, = a), the

theorem follows.

Definition 3.3.13 (based on [2, Definition 4.3]). Let A}, be the set of tableauz of
shape A\, with integer entries that satisfy condition (1) of Lemma 3.8.11.

Let B, be the set of tableauz of shape Ar_ci1,. with entries 1 or 2 where each
column has m copies of 2 and r —c+ 1 — m copies of 1.

Let C7, be the set of tableauz of shape Ar—c+1-m,c with integer entries in {1,2,...,r—
c+ 1} where the entries in each column are strictly increasing.

Define 6, : A7, — By, in the following way. For any T € A}, do the following

r,c’

three operations on T'.
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1. For any 1 < a <r and 1 <b < ¢, replace the number in the (a,b)-entry of T
with Ta,b - Ta—-l,b-

2. Remove all the entries Ty, with a+b < c or a+b > r + 2 (after this each

column has length r-c+1).
3. Shift all the entries up to make a rectangular shape Ar_ci1c.

Define 0y : BP, — C=. in the following way. For any T’ € B}, we create 65(T")

of shape Ar_ci1-m, with entries
02(T")op := the row indez of the ath 1 in column b of T'.

Define 8 = 000, : AL, — C7,..

Example The following is an example of the maps #; and 6, for r = 6,c =4,n =8

(som = 2).

1{1(11(2
2121343
313[505] _ s 6, 21112120 6, g
5566€A6’4 i 112]2|1|€ Bg, — [2[1[3]2]€ Cgy
67|77 212]1]2 '
81888

It is clear that 6, is a bijection from A7, to By, and 6, is a bijection from By, to
Cy.- Hence 6 is a bijection from A7, to C7 . The following proposition completes the

T,

proof of Theorem 3.3.8.

Proposition 3.3.14 (based on [2, Proposition 4.5]). Suppose m < r—c+1. Consider
both A7 . and C7.. as posets with the coordinate-wise partial ordering. Then 0 is a poset
isomorphism from A7, to CT,.

Furthermore (noting that K, is a subposet of A},) the map 0 induces a poset

- ; g n r—c+1 n o~ yr—c+l1
isomorphism from K[, to L(r~c )= Hence K7, = L(T_C 1)
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In order to prove [2, Proposition 4.5], Liu and Stanley use the following definitions.

For any column O with entries in {1, 2} they define

#O0nes(O, i) := the number of 1’s in the first ¢ entries of O,

and

RI(O, a) := the row index of the ath 1 in O.

With these definitions, the definition of #> can be rewritten as
02(T")ap := RI(column b of T, a).

Liu and Stanley then prove the following lemma.

Lemma 3.3.15 ([2, Lemma 4.6]). Suppose O and O’ are two columns of l entries in

{1,2}. Then the following two conditions are equivalent.
1. For any 1 <i <, #0nes(O,i) < #O0nes(0',1).

2. #0nes(0O,l) < #O0nes(0,1l) and RI(O,a) > RI(O,a) for any 1 < a <
#O0nes(O,1).

Lemma 3.3.16 (based on [2, Lemma 4.7]). Suppose TV, T® € A7 . then the fol-

lowing conditions are equivalent.
1. T) <13,

2. Foranyl<j<candl<i<r—c+1,

#Ones(column j of 6,(TV),i) > #Ones(column j of 61(TP)i).

8. 0(TW) < §(T?).

Proof. The proof is exactly the same as the proof of |2, Lemma 4.7]. The equivalence

between (2) and (3) follows directly from Lemma 3.3.15. For any T' € A},, any
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1<j<candany1<:i<r-—c+1, we have

c—j+i
Tieiyrig —Tejs = Y, (Tay—Ta1y)

a=c—j+1

= Y _0:i(T)k; = 2i — #Ones(column j of 6y(T),i).
k=1

By property (1)(a) of Lemma 3.3.11, T._;; = ¢ — j. Therefore
Te—jyij = 2i+ ¢ — j — #Ones(column j of 6,(T),i), (3.9)

and the equivalence between (1) and (2) follows. O

Lemma 3.3.17 (based on [2, Lemma 4.8]). Suppose T € A} .. Then the following

conditions are equivalent.
1. T satisfies condition (2) of Lemma 3.3.11.

2. Foranyl<j<c—landl<i<r-—c+1,

#Ones(column j of 6,(T),i) > #Ones(column j + 1 of 0,(T),i).

3. The entries are weakly increasing in each row of 6(T).

Proof. This proof is similar to the proof of Lemma 3.3.16. The equivalence between
(2) and (3) follows from Lemma 3.3.15, and the equivalence between (1) and (2)
follows from equation (3.9). O

The first conclusion of Proposition 3.3.14 follows from Lemma 3.3.16, and the

second conclusion of Proposition 3.3.14 follows from Lemma 3.3.17.

3.3.4 Medium m
Theorem 3.3.18. Suppose r —c+1<m<r+c—1.
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1. If m and r — ¢ + 1 have the same parity, write m — (r —c+ 1) = 2l. Then

o(L}y,) =mec—Il(I+1) and K(L7,.) contains ezactly one element.

2. Otherwise, writem — (r —c+1) =2l — 1. Then o(L},) = mc—1? and K(L? )

is a chain of two elements.

We prove Theorem 3.3.18 by finding sequences of SE-closed regions of A, . with a
maximum number of distinct northwestern corners (recall that these are the reducible
entries of the corresponding tableaux). We will use the terms northwestern corners

and reducible entries interchangeably. We start by proving an upper bound for o(L7,.).

Definition 3.3.19. Let A be a partition, and let E = {(ai,b1), (ag, b2), ..., (ax, bx)}
be a set of entries of D). We say E is a set of corners if by < by < --- < by and

ay > ay > --- > Q.

Remark We always think of a set of corners as ordered from left to right in D,. For
example, we can say that if some entry (a,b) is part of a set of corners E then the
next entry (a’,b’) has o’ > a. Likewise, if F is a set of corners in D, . we can say

that if a = 1 or b = ¢, (a, b) is the last entry of E.

Lemma 3.3.20. Let )\ be a partition. There is a bijection between the SE-closed
regions of A\ and the sets of corners of A\. Under this bijection, the sets of corners are

the northwestern corners of their corresponding SE-closed regions.

Proof. Let R be a SE-closed region of A\. The northeastern corners of R are the entries
(a,b) € R with (a—1,b),(a,b—1) ¢ R. since R is SE-closed, if (a, b) is a northwestern
corner of R any entry (a’,¥) # (a,b) of Dy with o’ > a and b’ > b is in R and is not
a northwestern corner of R. It follows that the northwestern corners of R are a set of
corners of A.

For any set of corners E = {(ay, b ), (a2, b2), ..., (ax, bx)} of A, define p(E) to be

the following set of entries of D,.

k
o(E) = J{(,¥):d' > a;and ¥ > b}.

i=1
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It is easy to verify that ¢(F) is a SE-closed region of A whose northwestern corners are
precisely the entries in E. It is also easy to verify that taking the northwestern corners

of a SE-closed region of ) is the inverse operation of ¢, and the lemma follows. [

Definition 3.3.21. Let T be a tableau of shape A... We split the entries of T into c
L-shaped strips as follows. For 1 < s < ¢, the sth L-strip contains the entries (i, s)
for 1 <i <r — s and the entries (c — s+ 1,j) for s < j < ¢ (see Figure 3-2 for an
example of splitting a Young diagram into L-strips). The total number of entries in

the sth L-strip is therefore r +c— 2s + 1.

Figure 3-2: Splitting the boxes of the Young diagram of shape Ag 4 into 4 L-strips

Lemma 3.3.22. Suppose T' € Ly .. Then for1 <s<eg,

#reducible entries in the sth L-strip of T < min(m,r + ¢ — 2s + 1).

Therefore,

c
o(Ly,) < Z min(m,r + ¢ —2s + 1)

s=1
me—l(l+1) fm—(r—c+1)=21
me — I? fm—(r—c+1)=20-1

Proof. By Lemma 3.3.7, there are at most m regions in S(T') and the reducible entries
of T are precisely the set of distinct northwestern corners of these regions. By Lemma
3.3.20, the set of northwestern corners of any region R; € S(T') is a set of corners of
Arc. Hence, R; can have at most one northwestern corner in each L-strip. Since there

are at most m regions in S(T'), there are at most m distinct reducible entries in each
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L-strip. Clearly the number of reducible entries in the sth L-strip of 7" is at most
the number of entries in the strip r+ ¢ — 2s + 1, so the first conclusion of the lemma

follows. The second conclusion simply follows from a computation of the sum. O

Let K7, be the subposet of L}, consisting of the SSYT that have mc — (I + 1)
reducible entries if m — (r —c+1) = 21, or mc— 2 reducible entries if m— (r —c+1) =
2l — 1. In order to prove Theorem 3.3.18 it suffices to show that K, has a single
element in the former case and is a chain of two elements in the latter case. We

denote k=c—Il—-1ifm—(r—c+1l)=2landk=c—-lifm—(r—c+1)=20-1

Lemma 3.3.23. Suppose T € K*., Then S(T') has m regions. Moreover,

r,e)

1. for 1 < s <k, each one of the m regions of S(T') has a distinct northwestern

corner in the sth L-strip of T;

2. for k+1 < s < ¢, the sth L-strip of T has less than m entries and all of them

are northwestern corners of regions in S(T').

Proof. This is an easy consequence of the proof of Lemma 3.3.22 and the observation

that m < r+ ¢ — 2s+ 1 implies s < k. O

Lemma 3.3.24. Supposem —(r—c+1) =2l andT € K. Then for1 <s <k+1,
the m reducible entries in the sth L-strip of T are the entries (a,b) witha > k—s+2 =

c—1l—s+1 and b < s+ (note that there are indeed m such entries).

Remark Note that when s = £+ 1 Lemma 3.3.24 holds by Lemma 3.3.23. We have

included it here only as a base case for an induction.

Proof. The proof is by induction on s going from s = k+ 1 down to s = 1. The base
case is the (k + 1)-st L-strip of T.. It has r + ¢ — 2(k + 1) + 1 = m entries, and by
Lemma 3.3.23 all of them are reducible. These are indeed all the entries (a, b) of the
sth L-strip witha >k —s+2=1land b<s+Il=c.

Suppose the lemma holds for the sth L-strip of T', we prove it for the (s — 1)-st

strip. Recall that the reducible entries of 7' come from m sets of corners, and that
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cach of the m reducible entries in the sth L-strip belongs to a different set of corners,
and likewise for the m reducible entries of the (s — 1)-st strip. Hence each one of the
reducible entries in the (s — 1)-st strip must be in the same set of corners as one of
the reducible entries in the sth strip. In particular, each reducible entry (a,b) in the
(s — 1)-st strip must have some entry (a’,¥) in the sth strip with a’ < a and ¥’ > b.
But by the induction hypothesis all the reducible entries (a/, b') in the sth strip satisfy
o >c—1l—-s+1and ¥ < s+, therefore we must have a > c—1— (s — 1) + 1 and

b < (s — 1)+ and the conclusion follows. a

Suppose m — (r —c+1) =2l and T € K}.. Lemma 3.3.24 together with Lemma
3.3.23 determine the locations of the reducible entries of T'. These reducible entries
are the union of the entries of m sets of corners. In order to prove Theorem 3.3.18
(for the case m — (r — c+ 1) = 2l) we need to show that there exists a unique way to
define m sets of corners Fy, Fy, ..., E,, such that their union (in fact it will be a disjoint
union) is the set of reducible entries of T and Ry, Ry, ..., Ry, (Where R; := p(E;)) is a
SE-closed sequence of regions for A, .. It would then follow that Ry, Ry, ..., R, define
a unique tableau Ty € K"

r,c?

o(Ly,) = me—1(1+1).

which implies K(L;..) = K}, has a single element and

By Lemmas 3.3.23 and 3.3.24 the first L-strip of T contains m reducible entries,
the entries (a,b) with a > ¢—1 and b <!+ 1, and each one of these belongs to a
different set of corners. Going from (c¢—1,1) down to (r,1) and then right to (r,1+1),
denote these entries by (a1, b1), (@2,b2), ..., (@m, b)) and let (a;, b;) belong to F;.

Lemma 3.3.25. In the above setting we must have for any 1 <i < m,
E; = {((L,', b,), (a,,- —-1,b;+ 1), (az- —-2,b; + 2), cees (]., b; + a; — 1)} (310)
Remark We note a few properties of equation (3.10).

1. Each of the entries in equation (3.10) is in a different L-strip of 7.

2. The sets E; defined in equation (3.10) are all disjoint
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3. The sets F; defined in equation (3.10) are clearly sets of corners. Moreover, if
we let R; := ¢(E;), it is easy to verify that Ry 2 R O --- D R, and therefore
the tableau Ty := S'(Ry, ..., Ry) is the unique element of K7 .

Proof. The proof goes by induction on 1 < s < ¢, and in each step we assign the
reducible entries in the sth L-strip of T to the sets Fj,..., E,,. We have already
assigned the reducible entries of the first L-strip of T'. Suppose that we have assigned
the reducible entries in the (s — 1)-st strip for some 2 < s < k + 1 consistently with
equation (3.10). By Lemma 3.3.24, the reducible entries in the (s — 1)-st strip are the
m entries (a/,b') witha’ > c—~1—(s—1)+1and b < (s—1)+! and the reducible
entries in the sth strip are the m entries (a,b) witha >c—1l—s+ 1 and b < s+1.
We need to assign each of the latter entries to a set of corners that already contains
one of the former entries. Using the property of sets of corners, it is easy to verify
(e.g. by considering the entries from top to bottom to the right) that we must assign
the entry (a,b) to the set E; that contains the entry (a + 1,b— 1). This is consistent
with equation (3.10).

Now suppose we have assigned the reducible entries in the (s — 1)-st strip for some
k + 2 < s < c¢ consistently with equation (3.10). By Lemma 3.3.23, all the entries in
the strips £ + 1, ..., s — 1 are reducible, including one entry with ¢ = 1 and one entry
with b = ¢ in each strip. These entries must be the last entries in the sets of corners
they were assigned to, therefore out of the m sets of corners, 2(s — £ — 1) cannot be
assigned entries from the sth strip. We are left with m —2(s —k—1) =r+c—2s+1
sets that can still be assigned reducible entries. Note that the number of (reducible)
entries in the (s — 1)-st strip is 7 + ¢ — 2s + 3 and two of these entries are the last
entries in their respective sets of corners, so each of the r + ¢ — 2s + 1 entries of the
(s — 1)-st strip with a > 1 and b < ¢ has been assigned to one of the r + ¢ —2s +1
“open” sets. The number of (reducible) entries in the sth strip is also 7 +¢ — 2s + 1,
so each of them must be assigned to an “open” set that contains one of the entries of
the (s — 1)-st strip with ¢ > 1 and b < c¢. It is now easy to verify similarly to the
above case that the entry (a,b) of the sth strip must be assigned to the set E; that
contains the entry (a + 1,b — 1) of the (s — 1)-st strip. This is again consistent with
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equation (3.10). O

We are now left with proving Theorem 3.3.18 for the case m — (r —c+1) = 21— 1.
Recall that in this case, k = ¢ — I. The kth L-strip in a tableau T' € K}, then has
7+ c—2k+1=m+ 1 entries and by Lemma 3.3.23, m of them are reducible.

Lemma 3.3.26. Suppose m — (r —c+1) =2l —1 and T € K. Then one of the

following two cases holds.

1. For 1 < s <k, the reducible entries in the sth L-strip of T are the entries (a,b)
witha>k—s+1andb<s+1-1.

2. .For 1 < s <k, the reducible entries in the sth L-strip of T are the entries (a, b)
witha>k—s+2andb<s-+1.

Proof. The (k + 1)-st L-strip of T has r + ¢ — 2(k+ 1) + 1 = m — 1 entries, and by
Lemma 3.3.23 they are all reducible. Since they are all in the same L-strip, each one
of them must belong to a different set from of the m sets of corners of T. Similarly, the
kth L-strip of T' has m reducible entries and each one of them belongs to a different
set of corners of T', one reducible entry for each set. Hence m — 1 of the reducible
entries of the kth strip belong to a set of corners that also contains one of the entries
of the (k + 1)-st strip. Each entry (a,b) of these m — 1 reducible entries of the kth
strip therefore has some entry (a’,?’) of the (k—1)-st strip with @ > @’ and b < V', and
since the entries in the (k — 1)-st strip have @’ > 1 and ¥’ < ¢, we see that out of the
m reducible entries in the kth strip, m — 1 of them are the entries (a,b) with a > 2
and b < ¢ — 1. The remaining reducible entry can be either (1,k) or (r — k+1,¢).

It is now left to prove the following.

1. If the reducible entries in the kth L-strip of T' are the entries (a,b) with a > 1
and b < ¢ — 1, then case (1) of Lemma 3.3.26 holds.

2. If the reducible entries in the kth L-strip of T" are the entries (a, b) with a > 2
and b < ¢, then case (2) of Lemma 3.3.26 holds.
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The proof is by induction on the sth L-strip of T going down from s = k to s = 1,
similar to the proof of Lemma 3.3.24, with either one of the base cases s = k described

above. 0

Suppose m = (r —c+1) =2l —1and T € K7, then either T satisfies condition
(1) or condition (2) of Lemma 3.3.26. In either case, denote the reducible entries of
the first L-strip of T by (a1,b1), (a2, b2), .., (@m, bm) going from top to bottom to the
right. As in the case m — (r — ¢+ 1) = 2l, we want to assign the reducible entries of
T (determined by Lemma 3.3.23 and Lemma 3.3.26) to m sets of corners Ej, ..., E,.
Let (ai, b;) belong to E;. The following lemma shows that there is a unique way to

build E;, ..., Ep,.

Lemma 3.3.27. In the above setting we must have for any 1 <i < m,
E‘i = {((l,’, bi), (a,- - 1, bi + 1), (a.“ — 2,b,; + 2), ceny (1, b,‘ + a; — 1)} (311)

Proof. The proof is the same as the proof of Lemma 3.3.25, except here there is one
set of corners ending in the kth L-strip of T, 3 sets of corners ending in the (k+ 1)-st
L-strip of T, etc. O

The sets F; defined in Lemma 3.3.27 are clearly sets of corners. Letting R; :=
w(E;) it is easy to verify that Ry D R2 D --- D Ry, so these regions are a sequence
of SE-closed regions for A... If (a1,b1),(as,b2), ..., (@m, bm) satisfy condition (1) of
Lemma 3.3.26 denote Ty := S’(Ry, ..., Rm), and if they satisfy condition (2) of Lemma
3.3.26 denote T := S'(Ry, ..., Ry,). It follows that T; and T» are the only elements of
K., and it is easy to verify that T; > T5. Therefore K(L},) = K}, is a chain of two
elements and o(L?,) = mc — I?, and this completes the proof of Theorem 3.3.18 for

thecasem — (r —c+1)=20 - 1.

3.4 Double staircase

Let p, denote the partition (2s,2s — 2,...,2). We call u, the double staircase with s
steps. Let L7 be the coordinate-wise partial ordering on the set of SSYT of shape s
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with largest part at most n. Denote m := n—s. In this section we compute o(L") and
describe K (L?) for the various possible values of m. Note that unlike the previous
sections, in this section we will use an upper bound on the number of reducible entries
in each row (rather than column) and all of its consequences (for the shape pu,, the
upper bound on o(L?) given by the columns is larger than the upper bound given by

the rows).
Lemma 3.4.1. Let T € L?. Then for any1 <a <s,

#reducible entries in the ath row of T < min(n — a,2(s + 1 — a)).
Therefore,

# reducible entries in T < Zmin(n —a,2(s+1—a)).

a=1

Proof. This is an easy consequence of part (1) of Lemma 3.1.1, since the length of

row a of T is 2(s + 1 — a). g

We now give a few lemmas that hold for 1 < m < s. We then move on to analyze

the cases m = 1 and 1 < m < s separately, since they display different behaviors.
Lemma 3.4.2. Suppose 1 <m < s andT € L}. Then
n 1 .
o(L}) < §(s —m+1)(s+3m—2)+m(m —1)
(in particular, if m =1 then o(L?) < (*})).

Proof. Suppose 1 < m < s and T € L?. Applying Lemma 3.4.1, we see that the

number of reducible entries in the ath row of T is at most

n—a=m+s—a forl<a<s—-m-+1
min(n —a,2(s —a+ 1)) = (3.12)
2(s—a+1) fors—m+2<a<s,
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so the total number of reducible entries in T is at most

s—m+1 s
1
Z (m+s—a)+ Z 2(s—a+ 1)=§(s—m+1)(s+3m—2)+m(m—l).
a=1 a=s—m+2

O

Let K7 be the subposet of L} consisting of the tableaux with the maximum

possible number of reducible entries as described in Lemma 3.4.2.

Corollary 3.4.3. Suppose 1 < m < s and T € K. Then T satisfies the following

conditions.
1. The first s —m+ 1 rows of T are mazimally reducible.
2. Foranyl<a<s—m+1,

(a) for 1 <b<s—m+1—a we have Top = a. Thus the firsts—m+1—a

entries out of the 2(s + 1 — a) entries of the ath row of T are irreducible.

(b) Out of the remaining s +m — a+ 1 entries in the ath row, i.e., the entries
(a,b) fors—m—a+2<b<2(s+1—a), s+m—a entries are reducible
(and satisfy Top — Top—1 = 1) and one entry is irreducible (and satisfies

Top — Tap-1=0)
3. For any s —m+2 < a<s, all the entries in the ath row of T are reducible.

Proof. Property (1) follows from the proof of Lemma 3.4.2 and part (1) of Corollary
3.1.2. Property (2)(a) follows from Lemma 3.1.10. Property (2)(b) follows from the
proof of Lemma 3.4.2 and property (1). Property (3) follows from the proof of Lemma
3.4.2. O

Definition 3.4.4. Suppose 1 < m < s and let T € K. We define the location
function ! : {1,2,...,s—m+1} = N as follows. For eachrowl <a <s—m+1 of T,
let l(a) be the single value s —a—m+2 < b < 2(s—a+1) such that T, —T,p-1 = 0.

In other words, l(a) is the location of the single irreducible entry which is not part of
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the left-aligned triangle of irreducible entries described in property (2)(a) of Corollary
3.4.3.

Lemma 3.4.5. Suppose 1 < m < s. Suppose T € K has location function | and
l(a) <2(s—a+1) forsome2<a<s—m+1 Thenlla—1) <l(a)+1.

Proof. By the maximal reducibility of the first s —m + 1 rows of T, for any 1 <1 <
s—m+1land1<j<2(s—1:+1), we have

J
T = Tio+ Y Tip—Tips
b=1
= T+ 1 x #reducible entries in the first j entries of row ¢ of T+
0 x #firreducible entries in the first j entries of row ¢ of T’

= 4+ #reducible entries in the first j entries of row ¢ of 7. (3.13)

By our assumptions, T;,)+1 is a reducible entry of T. By Corollary 3.4.3 and
Definition 3.4.4, out of the first [(a) + 1 entries of the ath row of T, s —m —a + 2 are
irreducible and the remaining l{a) — s + m + a — 1 are reducible. Applying equation
(3.13) we see that T, ja)41 = l(a) —s+m+2a—1.

Since T, ja)+1 is reducible, we have
Ta-l,l(a)+1 S Ta,l(a)+1 —2= l(a) — s+ m+ 2a — 3.
Applying equation (3.13) to row a — 1, we see that

la) —s+m+2a—3> T, 1@+

= a — 1+ #reducible entries in the first (I(a) + 1) entries of row a — 1 of T'.

It follows that in the first {(a) + 1 entries of row a — 1 of T there are at most
l(a) — s + m + a — 2 reducible entries, and at least s — m — (a — 1) + 2 irreducible
entries. But by Corollary 3.4.3 this is the total number of irreducible entries in row

a — 1 including the one denoted by I(a — 1), so we must have l(a — 1) <l(a)+1. O
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3.4.1 Thecasem=1

We now start analyzing the case m = 1. We will break down the proof of Theorem

3.4.6 into several lemmas.

Theorem 3.4.6. Suppose m = 1, then o(L7}) = (3;1) and K(L}) = J(As) where
A, is the poset of pairs {(x,y) € P*|x +y < s+ 1} with the coordinate-wise partial
ordering, and J(P) is the poset of order ideals of the poset P.

Corollary 3.4.7. Suppose m = 1, T € K@ has location function l, and suppose
l(a) = 2(s —a + 1) for some row a of T (so the single irreducible entry is ihe last
entry of row a). Then l(a+1) = 2(s — a) (the single irreducible entry of row a+1 is
the last entry of the row).

Hence there exists some threshold 1 <t < s+ 1 such that l(a) =2(s—a+1) (I(a)
is the last entry of its row) for alla >t and l(a) < 2(s —a + 1) (I(a) is not the last

entry of its row) for all a < t.

Proof. Since row a + 1 has length 2(s — a) and I(a + 1) < 2(s — a), it is impossible to
have l(a) = 2(s —a+1) < l(a+ 1)+ 1. Therefore Lemma 3.4.5 does not hold, which
implies I(a + 1) = 2(s — a). O

Lemma 3.4.8. Let T be a tableau of shape ps filled with integer entries. Then
T € K3*1 if and only if there exists a location function [ : {1, ...,s} — N such that:

1 foralll<a<s,s—a+1<la) <2(s—a+1);
2. ifl(a) < 2(s —a+1) then l(a — 1) <l(a) +1;

) foranyl <a<sandbe {1,2,...,s —a}lU{l(a)}, Top — Tap—1 = 0 (with the
convention Too = a). For all other values of b such that T,y is an entry of T,

Ta,b - Ta,b—l =1.

Proof. If T € K? has location function !, Corollary 3.4.3 and Lemma 3.4.5 prove
properties (1)-(3). Now suppose T and [ satisfy properties (1)-(3). We need to show
that T is a SSYT with largest part at most s + 1 and that 7 has (*}') reducible
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entries. It is clear from property (3) that the entries of T' are positive integers and
the rows of T are weakly increasing. Moreover, the last entry Tj (s+1-q) Of each row
a is
2(s+1—a)
D Tap—Tapa=Tag+(s—a+1)-0+(s—a+1)-1=s+1
b=1

so T has largest part s+ 1.
By property (3), we can split the entries of any row a into four segments and write

the entries of each segment as follows:
e Segment I: 1 <b < s—a wehave T,,, = a.
o Segment II: s —a+1<b<l(a) wehave T,p, =a+(b—(s—a)) =2a+b—s.
e Segment III: b = l(a) we have T, ) = Ty i0)-1 = 2a + l(a) — s — 1.
e Segment IV: b > l(a) we have Top = To o) +b—l(a) =2a+b—s — 1.

Note that segment II may be empty (if [(a) = s — a + 1) or segment IV may be
empty (if l(a) = 2(s — a + 1) is the last entry of row a). In order to show that T

s+1

is strictly increasing in columns and has (*}

) reducible entries, it suffices to show
that for 2 < a < s we have T,, — T,_15 > 1 when T, is in segment I or III, and
Top — To-1, > 2 when T, is in segment II or IV (this is clearly true for a = 1 by our
convention Ty = 0).

Now compare the entries of two consecutive rows a and a — 1: when Ty, is in
segment I, T,_1 4 is also in segment I and T, 5 — T,_15 = 1. When T, is in segment
II, Top — Ta1p 2> 2 regardless of the segment of T,_; 5. When T, is in segment III,
Top — Ta-1p = 1 regardless of the segxhent of To_1p. When T, is in segment IV
(which implies that I(a) < 2(s — a + 1)), by property (2) T,_1, must be in segment
III or IV and therefore T, — T,_15 = 2. a

It follows from the construction described in property (3) of Lemma 3.4.8 that
there is a bijection between K7' and location functions satisfying properties (1) and
(2). Clearly, such location functions exist (for example, the function l(a) = s—a+1),

therefore K is nonempty and we have K(L?) = K7) and o(L?) = (*7'). We now
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turn to analyze the structure of K?. The following corollary shows that if the set of
location functions is given the coordinate-wise order, the bijection between K7 and

location functions is in fact a poset isomorphism.

Corollary 3.4.9. Let T,T' € K"

8§’

tively. Then T < T' in K? if and only if l(a) < U'(a) for any 1 < a < s and the

and denote their location functions by I, respec-

equality holds only if L =1'.

Proof. This is an easy consequence of the proof of Lemma 3.4.8. From the description
of the four segments of each row, it is evident that for any 1 < a < s, row a of T
is coordinate-wise less than row a of T” if and only if I(a) < I’(a), and the rows are

equal if [(a) = I'(a). O

Proposition 3.4.10. Suppose m = 1. The join-irreducibles of K are isomorphic
to the set A,, the poset of pairs {(z,y) € P?|lx +y < s+ 1} with the coordinate-wise
partial order. Thus K = J(A;). |

Proof. The join irreducibles of K7 are the tableaux that cover exactly one element of
K?. In the rest of this proof we think of K7 in terms of location functions (functions
I that satisfy properties (1) and (2) of Lemma 3.4.8).

Consider the following scenario: suppose [ is a location function and there exists
1 < ag < s satisfying the following conditions, that we will refer to as the coverage

conditions.
1. l(ao) >s5—ap+1,
2. ap =1 or l{ap — 1) < l{ap).

Then one can define a function l,, by

lla)—1 ifa=aqay
log(a) = )
l(a) otherwise.

It is easy to verify that [,, is a location function, and by Corollary 3.4.9 [ covers

la,- We claim that the functions {lq, : ao satisfies the coverage conditions for {} are
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precisely the location functions covered by {. Suppose [ covers some location function
', then by Corollary 3.4.9 l'(a) < Il(a) for all 1 < a < s. Let iy be the minimal
row such that I'(ig) < l(ig). Since l(ig) > I'(49) > s —ip + 1 and either ¢ = 1 or
l{ip — 1) =U(ip — 1) < U(ip) + 1 < I(dp), tp satisfies the coverage conditions for [,
so [ covers ‘li(,. If I(ip) — I'(4o) > 1 we see that | > I;, > I, so I cannot cover I'. If
l(i0) —'(30) = 1 and [ and !’ differ in another row é; > 4o, then [;, and !’ also differ in
that row and we see again that [ > I;; > I". Hence we must have I’ = [;,.

It follows that K7 has a unique minimal element, the location function [/, with
lo(a) = s—a+1for all 1 < a < s. Moreover, for any other location function [
there exists a minimal 1 < ap < s such that {(¢) = s —a + 1 for all a < ag and
l(ag) > s — ap + 1. This ay satisfies the coverage conditions for {, so I covers l,,. We
want to identify the location functions [/ for which this ag is the only row that satisfies
the coverage conditions.

Suppose [ is a location function in K7, and ayg is as defined above. By property
(2) of Lemma 3.4.8 l(ag) > s —ap+ 1 implies l(a) > s—a+1 for all a > ay. Therefore

the following conditions are equivalent:
1. 1 < ag < s is the only row that satisfies the coverage conditions for [.
2. l(a —1) > l(a) for all a > ao.

By Corollary 3.4.7 there exists some 1 < t < s+1 such that I(a) = 2(s —a+1) for
all @ >t and Il(a) < 2(s — a + 1) for all a < ¢t. Note that since row s of the tableaux
in K7 has only two entries, either I(s) = 1, in which case we must have | = [y the
unique minimal element of K7, or I(s) = 2 in which case ¢ < 5. In the former case,
does not have a row ag so it is excluded from our discussion (the minimal elements
of k7 are not considered join-irreducibles of K7*). Therefore we must have 1 <¢ < s.

Clearly by the definition of ag, we must ‘have t > ag.
The discussion so far shows the following: let [ be a location function, | # Iy, and

let ag be the minimal row that satisfies the coverage conditions for I. Then [ covers
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only one element in K7 if and only if ap <t < s and

s—a+1 for a < ag
l(a) = lla+1)+1 forap<a<t (3.14)
2(s—a+1) fora>t.

It follows that the two values 1 < ag < s and gy < t < s determine the entire
function I. On the other hand, it is easy to verify that a function ! defined as in
(3.14) is indeed a location function with ao being its only row that satisfies the
coverage conditions. Therefore, the join-irreducibles of K7' are in bijection with the
set Ds := {(ap,t) : 1 <t < s,1 <ag <t} Moreover, if we think of D, as a poset

with the partial ordering
(ao,t) < (ag,t') if and only if ap > ag and t > ¢/,

it follows from Corollary 3.4.9 and equation (3.14) that the bijection between the join-
irreducibles of K7 and the set D, is in fact a poset isomorphism. Lettingz = s+1—~t
and y = t+1— ayo, it is now an easy exercise to verify that the poset D; is isomorphic

to the poset A;. ’ a

Let M(s) be the set of all subsets of [s], with the ordering A < B if the elements
of A are a; > ay > > ey and the elements of B are b; > by > --- > by, where
j<kanda; <b; for 1 <i<j. M(s)isa well known poset, defined, e.g., in [4, page
68] and in [8, page 177]. As mentioned in [8, page 177], M(s) is a distirbutive lattice
and M(s) = J(As). We therefore have the following corollary.

Corollary 3.4.11. We have K(L?) = M(s).

3.4.2 Medium m

Theorem 3.4.12. For 1 <m < s we have

o(Ly) = %(s —m+1)(s+3m —2)+m(m — 1)
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and there is exactly one element in K(L?).

Proof. Suppose T € K?. By Corollary 3.4.3, for s —m + 2 < a < s all the entries in
the ath row of T are reducible. This (and the fast that the entries of T' are at most

n = s+ m) implies in particular:
o T, 5 < s+ m (the last entry of the sth row) ;
e Te1<s+m-—1;
o T, j1<(s+m—-1)—2jfor1 <j<m-—1.

Thus, Ts_pt1,1 < s—m+1. But the columns of T are strictly increasing, so Ts_,411 >
s —m + 1. Hence all of the above inequalities must be equalities, so we must have
Ts—m+11 =8 —m+ 1 and this entry is irreducible. Note that row s —m + 1 satisfies
property (2) of Corollary 3.4.3, so we have (s —m+ 1) = 1 which implies (by Lemma
345)l{a)=(s—m+1)—a+1forall<a<s—m+1 This determines all the
entries in the first s — m + 1 rows of T.

Now for 0 < j <m — 2, row a = s — j of T satisfies:
e Ty_ji=(s+m—1)—2j.

e All the entries in row a are reducible, so for any 2 < b < 25 + 2 we have

Ta,b - Ta,b—l > 1.
e There are 2(j + 1) entries in row a, and Tg 242 < s+ m.

These three properties show that we must have equalities T, — 7,51 = 1 for all
2 < b <2542, and this determines all the entries of row a.

All in all, the above discussion describes a single tableau that can be in K7, and
it is easy to verify that this tableau is indeed in K7'. See Figure 3-3 for an example
of the only element of L with 32 reducible entries. Thus we have established that

K(L?) = K7 has asingle element and o(L?) = 3(s—m+1)(s+3m—2)+m(m—1) O
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1[1]1]1]2]3]4]5]6]7[8]9]
212121314[5]6]7[8]9
3]3[4]5]6]7]8]9
41516]7(8]9

6[7[8]9

819

Figure 3-3: The only element of K§

3.4.3 Large m

Theorem 3.4.13. For m > s we have o(L?) = s> + s and K(L?) = P™%, where
P? is the coordinate-wise partial ordering on reverse (nonstrict) plane partitions of

s

shape (2s,2s — 2,...,2) with largest part at most n.

Proof. Let T € L?. m > simplies m+s—a > 2(s—a+1) forany 1 < a < s,
so by Lemma 3.4.1 the number of reducible entries in the ath row of T is at most
2(s —a+1), and

(L) < iQ(s—aﬁL 1) =s%+s.

a=1
Let K? be the subposet of L? consisting of the tableaux with s + s reducible
entries. Let T" € K7, so all the entries in all the rows of T" are reducible, i.e., for any

l1<a<sandany 1 <b<2(s—a+1),
Ta,b — Ta,b~1 Z 1 and Ta,b - Ta—l,b Z 2. (315)

For T € K, let T' be the tableau of shape y, and entries T, , = T, 3 — (2a+b—2).
By (3.15), the rows and columns of 7" are weakly increasing and Ty ; =Ty, —1> 1
so all the entries of 7" are positive integers. The largest part of each row a of T
(T”) is in the last entry 75 2(s—q+1) (T.;,2(s_a +1)) and T, g(s—a+1) < s + m if and only if
T(;,2(3‘~a+l) < s+m—2s=m—s,soT has largest part at most s+ m if and only if 7"
has largets part at most m — s. It is easy to see that the map T + T’ is invertible,
so it is a bijection between K and P*~°. It is also clear that the map T +— T" is

a poset isomorphism between these two sets, so we get K(L?) = K = P*° and

o(L?) =s*+s. a
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3.5 Double Staircase with a Short Step

For 1 <k < s, let v5; be the partition
(2s — 1,25 —3,...,2s — 2k + 1,25 — 2k,2s — 2k — 2,...,4,2)

with s — 1 “double steps" and one shorter step (see Figure 3-4 for an example of
the Young diagram of shape 153 in which the third step is shorter). Let L3, be the
coordinate-wise partial ordering on SSYT of shape v with largest part at most n.

For the shape v, we only know how to analyze the case n = s + 1.

[]

Figure 3-4: The Young diagram of shape v 3

Theorem 3.5.1. We have o(L}}') = ) and K (L) has only one element.

Lemma 3.5.2. Let T € Ljf,;l. Then for any 1 < a < s,
#reducible entries in the ath row of T < s+ 1 — a.

Therefore,

- 1
# reducible entries in T < Zs+ l1—-a= <s+ )
a=1 2
Proof. This is again an easy consequence of Lemma 3.1.1, since for all 1 < a < s the
length of the ath row of T is either 2(s —a+1) (fork+1<a<s)or2(s—a+1)—1

(for 1 < a < k) and in any case it is not less than s + 1 — a. O

Let KJ7' be the subposet of LI}' consisting of the tableaux with (*}') reducible
entries.
If we take the element of K (L) (as defined in Section 3.4) with l(a) = 2(s—a+1)

and remove the last entries of rows 1,2, ..., k, the result is clearly a tableau T in Li’*,;l.
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We only removed irreducible entries, so by Theorem 3.4.6, the number of reducible

entries of Tj is (s;l) hence Ty € K j};l We claim this is the only element of K jﬁl
Corollary 3.5.3. Suppose T & Kj}gl. Then T satisfies the following conditions.
1. All the rows of T are mazimally reducible.
2. Forany1l <a <s,

(a) for 1 <b<s—a we have T, = a. Thus the first s — a entries of the ath

row of T are irreducible.

(b) Out of the remaining entries in the ath row, s — a + 1 entries (a,b) are
reducible and satisfy Top — Top-1 = 1. For 1 < a < k, these are all the
remaining entries in the ath row of T. For k+ 1 < a < s, there is one
irreducible entry (a,b) that satisfies Top — Top—1 =0 for some s —a+1 <
b<2(s—a+1).

Proof. The proof is very similar to the proof of Corollary 3.4.3. We simply use the
lengths of the rows of v, instead of the lengths of the rows of u;. O

Lemma 3.5.4. Suppose k < s andT € K;’j,;l. Then for k+1 < a < s, the last entry

Ta2(s—a+1) Of the ath row of T is irreducible.

Proof. We prove by induction on 1 < ¢ < s — k that Ty 2(s—(k+i)+1), the last entry of
the (k + i)-th row of T, is irreducible. The base case is for ¢ = 1. By Corollary 3.5.3,
the last two entries of the kth row of T' are T 2s_2x = s and Ty 25_2k+1 = s+ 1. But
Trt1,2s-26 < 8+ 1 so we must have Ty, 192, 9x = S+ 1, Thq125-2k — Tr2s-26 = 1 and
Tk+1,2s-2k is irreducible.

Now suppose the last entry of row k + ¢ is irreducible, so Tii;o(s—(k+i)+1) =
Tioti2(s—(k+i)+1)—1- By maximal reducibility in row k + i, the last two entries of the
row equal s+ 1. By Corollary 3.5.3, the one before last entry of row k +1 is reducible,
80 Titi2(s—(k+i)+1)-2 = S. But just like the base case, this implies that the last entry

of row k + 4+ 1, Tipiy1,2(s—(k+i+1)+1), 18 irreducible. O
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Corollary 3.5.3 and Lemma 3.5.4 determine all the entries of T' € K :j;l, and show
that Ty is indeed the only element of KJ;'. Therefore we have o(L:%') = (*}) and

K(LY) = K*T! has only one element.
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