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ABSTRACT

A study of the discrepancy in lift between potential flow cal-

culations and experiments was made.

In potential flow the fluid is assumed to follow the contour

of the airfoil, forming a stagnation point at the geometric center of the

trailing edge. In the flow of a viscous fluid around an airfoil a bound-

ary layer forms along the surface of the airfoil changing its effective

shape. The pressure at the trailing edge is approximately equal to the

static pressure at upstream infinity.

Detail stagnation and static pressure and flow direction sur-

veys were made near the trailing edge on a 50 inch chord NACA 0015 air-

foil with trailing edge thickness increased to three per cent chord.

By the use of thin airfoil theory, modified to include terms.

of second order, good agreement with published experiments in lift and

pressure distribution is obtained.

Using Teledeltos paper, an electrical analog of the flow

around the NACA 0015 airfoil in the tunnel was made. A method was

developed for determining velocity directly from the analog.
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NOMENCLATURE

c = chord

cd = drag coefficient
a F 

L
C = lift coefficient - -

c = pressure coefficient

(O: -

p = local static pressure

Po local stagnation pressure

Pr = reference static pressure; also static pressure at

upstream infinity

p = reference stagnation pressure; also stagnation pres-
or sure at upstream infinity

r = distance of probe from center of the trailing edge
of the airfoil

u = induced velocity in x - direction

v = induced velocity in y - direction

w = total induced velocity

W local velocity

x,y = rectangular coordinates

z complex number (x + iy)

c = angle of attack of airfoil; angle between chord
line and velocity vector at upstream infinity

= angular position of aluminum disk with respect to

tunnel centerline

T = circulation around the airfoil

J'0 = circulation around the airfoil with stagnation point

at geometric center of trailing edge



SUBSCRIPTS

= refers

= refers

- refers

- refers

= refers

= refers

= refers

= refers

= refers

to the meanline

to the trailing edge

to the pressure side of the airfoil

to the source and sink distribution

to the suction side of the airfoil

to the basic thickness airfoil

to the edge of the boundary layer or wake

to the vortex distribution

to far upstream conditions

c

e

p

5
s

t

dr

00



1. INTRODUCTION

Experience shows that a body in motion relative to a viscous

fluid always experiences a force resisting the motion. Depending on

the shape of the body there may exist an additional force, normal to the

relative velocity vector at infinity.

Up to the 16th century only physical descriptions - magic forces

not excluded - were presented, proving and disproving the existence of

such forces.

With the development of more advanced mathematical methods and

by application of Newton's laws, the flow around bodies immersed in an

infinite fluid could be described mathematically.

Classic hydrodynamics was established and about the middle of the

17th century d'Alembert proposed his famous paradox, stating that no net

force acts on a body moving through a fluid with constant velocity. Real-

izing that this is contrary to experience, d'Alembert says: "a singular

paradox which I leave to geometricians to explain".

With the introduction of the concept of vortex motion by

Helmholtz the basic step for solving this paradox was accomplished.

Kutta and Joukowski, working independently, calculated the force acting

on a body around which there existed a circulation, and applied it to

the calculation of the lift on an airfoil. The airfoil shape was
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obtained from a circle by a simple conformal transformation which re-

sulted in a cusped trailing edge. The amount of circulation was fixed

by the requirement that the flow should leave the trailing edge smoothly.

For an airfoil of finite trailing edge angle or finite trailing

edge thickness the circulation is fixed by requiring that no flow occurs

around the trailing edge, i.e. the geometric center of the trailing edge

is a stagnation point.

The fomulation of another basic concept in fluid mechanics,

the fluid of small viscosity, made it more difficult to determine the

amount of circulation. Prandtl showed that near a solid boundary a thin

layer of fluid existed, in which viscous forces were of the same order

of magnitude as pressure and inertia forces. In this boundary layer the

velocity varies from the free stream velocity to zero at the solid

boundary. At the trailing edge of the airfoil the two boundary layers

from the pressure and suction side of the arifoil join to form the wake;

no stagnation point is established, however, although the original sug-

gestion, i.e. that the flow should leave the trailing edge smoothly, is

still satisfied for each side of the airfoil in the unstalled region of

operation.

Any theory for the calculation of the actual lift of an air-

foil (as opposed to the lift calculated from the Kutta-Joukowski hypoth-

esis of no flow around the trailing edge), therefore, has to include the

effects of viscosity, in form of the boundary layer along the surface of

the airfoil on one hand, and the flow condition near the trailing edge

on the other hand.
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2 EXPERIMENTAL INVESTIGATION

When originally considering the problem of the difference in

lift as obtained from experiment and theory, based on the Kutta -

Joukowski condition, it was thought that much of the difference was

due to the details of flow around the trailing edge. The position of the

stagnation point at the trailing edge determines the circulation in

theroetical calculations, and therefore the lift. Very small changes

in this position could change the lift appreciably.

To demonstrate this, calculations were made on an ellipse

of unit major diameter, minor diameter of 0.173 and leading and trail-

ing edge radii of 0.015. ( The eccentricity of the ellipse was

adjusted such that the radius of curvature was the same as that of

the airfoil used in the experiment.) Comparing this ellipse with an

airfoil and making calculations at angles of attack of 4, 8 and 12

degrees, the change in position of the rear stagnation point due to

a change in lift of 5, 10, and 15 per cent was calculated (8, 13). If

is the variable- lift, 1 the lift at 4, 8, and 12 degrees, respectively,

with the stagnation point at the geometric center of the trailing edge,

the motion of the corresponding stagnation point along the arc away

from the geometric center was calculated and is given in the table

below
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For example, at an angle of attack of 4 degrees (Cl::.44) a

motion of .0026 units in the position of the stagnation point of an

airfoil of elliptical cross-section would change the circulation by

10 per cent.

In the available literature there were no detail experimental

data of pressure distribtuin and flow direction near the trailing edge

of an airfoil.

In order to obtain this information an experimental program

was initiated with the purpose of investigating in detail the flow

in the immediate neighbourhood of the trailing edge of an airfoil.

2.1 Experimental set up

It was desirable to use an airf'oil of large size in order

to decrease probe interference effects and increase the relative

accuracy of the measurements. As a closed circuit wind tunnel with

a test section of 7 ft width and 5 1/2 ft height was available, the

chord of the airfoil was made 50 inches long.

The airfoil decided upon was a NACA 0015 section with the

Motion of stagnation point

7T7 40 80120

1.0 .0000 .0000 .0000

.95 .0012 .0026 .0040

.90 .0026 .0068 .0090

.85 -0040 .0090 .0180
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trailing edge increased to a thickness of 3 per cent chord to represent

more closely an actual blade. A drawing of the airfoil is shown in Fig.

10, the coordinates are given in Appendix 3.

The airfoil stood vertically in the test section and could

be rotated around the center of the trailing edge for adjustment of

the angle of attack. A 1/2 inch diameter shaft extended from the top

trailing edge center of the airfoil upward and rotated in a 1 inch

thick, 12 inch diameter aluminum disk. This disk was supported on

three bearings in the top tunnel wall and rotated around the same

center as the airfoil ( Fig. 11). A radial slot was machined in the

disk carrying the probe holder ( Fig. 12). The radial distance of

the measuring probe from the center of the disk (and of the trailing

edge), the angular position of the disk with respect to the center

line of the tunnel and the angular position of the probe with respect

to the disk could be contolled and measured from the desk in front

of the test section (Fig. 13). The measuring probes extended 20

inches from the top of the tunnel to the tip of the probe.

2.2 Instrumentation

Stagnation pressure and direction were measured with a

three-hole cobra probe (Fig. 14). The zero position of the probe

was determined before each test by placing a four foot length of

a 3 inch diameter thin walled tube in the tunnel, parallel to the

tunnel wall. The probe was then yawed at the exit. (A traverse at

the exit showed a flat velocity profile of 1.2 inches diameter).

The static pressure was determined by means of a sphere



6.

static probe manufactured by the Flow Corporation in Arlington,Mass.

This probe has a spherical tip of 1/8 inch diameter. Two prodruding

rings are machined on the sphere to insure a turbulent separation.

The pressure holes are located in the stem joining the sphere. If

pp is the pressure measured by this probe, the ratio p - Pp/po - P

stays essentially constant for a large variation in inflow direction.

The calibration curve for one of the sphere static probes at different

tunnel velocities is shown in Fig. 15.

As the stem of the probe was bent away from the center of

rotation, because of aerodynamic interference, it was necessary to

use two probes, one for the pressure and one for the suction side,

respectively. For stagnation pressure and direction measurements

through the wake, where large stagnation pressure and direction gradi-

ents existed, a third probe of essentially straight stem design was

used. All probes were constructed such as to have the measuring point

at the center of rotation.

The pressure signal was transmitted to Statham pressure trans-

ducers and read on galvanometers located on the control desk.

To obtaim information on the unsteadiness of the flow in the

vicinity of the trailing edge hot wire measurements were made along arcs

with radii r/c = .084, .054 and .024, measured from the center of the

trailing edge. Low frequency fluctuations (up to 70 cycles per second)

were recorded on a Sanborn recorder, high frequencies on a two-channel

DuMont oscilloscope.

Since in the direct vicinity of the trailing edge large changes

in direction were observed with the three hole probe, lamp black traces

were made on aluminum plates fixed perpendicular to the span at the
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trailing edge. Since no change in flow pattern was noticed when going

from small plates of different shapes (approximately 3 x 2 inches) to

larger plates, it was decided that the interaction between the plate

boundary layer and the boundary layer on the surface of the airfoil was

small. The plate size finally used was 14 inches long in the direction

of the chord and 7 inches wide. The lamp black was mixed with kerosine

and applied on the plate with variable concentration to give clear

traces in regions of low velocity.

2.3 Experimental set up.

All experiments were made at a mean tunnel velocity of 107

ft/sec.

2.3.1 Pressure distribution and direction

The distribution of static and stagnation pressures, flow

direction and velocity are plotted as contour graphs in Figs. 16 - 19.

These graphs were obtained by first plotting the experimental results

for a constant radius against angular position of the aluminum disk

( ), and then transferring the data to the contour graphs at con-

vinient values of the variable in question. Contours drawn in dashed

lines represent an estimate where no direct measurements were possible.

The streamlines were drawn from isoclines constructed from the

contours of constant angle.

2.3.2 Hot wire measurements.

The purpose of these measurements was mainly to obtain

approximate results on the frequency and magnitude of the velocity
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fluctuations in the neighbourhood of the trailing edge. The measure-

ments were made for an angle of attack of 8.2 degrees. The results

obtained from the Sanborn recorder for the locations shown in Fig. 20,

are presented in Fig. 21, those obtained with the oscilloscope at the

same locations in Fig. 22. No periodic nature of the fluctuating

frequencies within the response of the hot wire used (upper limit about

300 cycles per second) was observed.

The calibration curve for the hot wire is shown in Fig. 23.

Knowing the average velocity at the points where hot wire measurements

were taken, the magnitude of the fluctuations was estimated by assuming

the average velocity to be the aerithmetic mean of the fluctuating

velocities. A graph of these results, where fluctuating velocity A W,

devided by the upstream velocity W, is plotted against angular position

of the disk, , for three radii, r/c, is presented in Fig. 24. These

data axe taken from the oscilloscope traces.

2.3.3 Lamp black traces.

To obtain a direct representation of the flow pattern, lamp

black traces were made for the flow near the trailing edge for a = 0,

4, 8.2, and 12 degrees. Two photographs are shown for each angle of

attack. In the first, the lamp black originally covered the whole plate.

In the second, only the two wings of the plate, extending upstream on

each side of the airfoil were painted with lamp black.

The most interesting phenomenon was the existence of two

small, counter-rotating vortices in the bubble behind the airfoil. The

strength of these vortices was of the order of 1/2 per cent of the
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circulation around the airfoil. This estimate was based on the measured

velocity at the edge of the vortex and the distance between the center

and the edge of the vortex as determined from the lamp black traces.

As may be seen from the photographs of the lamp black traces, reproduced

in Fig. 25, the vortex on the suction side grows with angle of attack,

while the pressure side vortex decreases in strength, such that at 12

degrees angle of attack (stall occurs at about 14 degrees) this vortex

is hardly discernible.

2.3.4 Changes in trailing edge shape.

It seemed of interest to change the shape of the trailing

edge, to investigate the effect on the flow near the trailing edge.

In the first experiment the semi-circular trailing edge was

cut off such as to leave a square trailing edge. The contour plots of

stagnation and static pressures, of velocity, constant flow angle and

streamlines are presented in Fig. 26. The lamp black experiment (Fig.

25 e) produced the most easily recognized effect: the vortex motion

near the trailing edge was much more intense. At the center of the

two vortices relatively low pressures existed which caused the lamp

black mixture to be sucked up from the plate to a height of about

5 inches from where it dropped back to the plate further downstream.

In the second experiment a short, cusped trailing edge shape

was fixed to the airfoil. The cusp was designed such as to conform

with the two streamlines which coincide with the surfaces of the air-

foil in the flow with the semi-circular trailing edge. It was hoped

that in this way the bubble behind the airfoil would be essentially
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eliminated without disturbing the rest of the flow pattern. The lamp

black photograph (Fig. 25 f) shows that the vortices are nearly elimi-

nated. Only the trace shown in Fig.25f showed a trace 9f a vortex on

the suction side; other traces made under the same condition did not

show any vortex motion.

Attempts were made to apply suction through a 1/16 inch wide

slot at the trailing edge of the cusp. However, no meaningful data

were obteined from this experiment.

2.3.5 Pressure distribution.

Along the surface of the airfoil 67 pressure holes were

drilled in a 2 inch wide brass strip inserted in the wood of the

airfoil 20 inches from the top. The pressures as read on a 30-tube

manometer board, using .827 specific gravity Meriam manometer fluid,

are shown in Fig. 27 for angles of attack of 0, 4, 8.2 and 12 degrees.

On the same graphs are shown the pressure distributions as corrected

for tunnel wall interference at corrected angles of attack (14).

2.3.6 Drag measurements.

The drag for different angles of attack and different

trailing edge shapes was calculated according to Jone's formula (15):

C = +f-A JAi - _/A

C4otLb C
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In the derivation of this formula it was assumed that no

change of total pressure occurs in a stream-tube between a station

close to the airfoil and far downstream. Although this assumption is

not correct,experiments (15) have shown that the method gives results

within 5 per cent of the correct value even when applied at distances

of .02 c behind the airfoil.

The values obtained for the drag are relatively high (Fig.

28). Possible explanations for this are the thick trailing edge, the

effect of the tunnel wall interference and the high free stream

turbulence of the air in the tunnel.

The different trailing edge shapes were compared on the

basis of equal distances from the trailing edge. The square trailing

edge shows a 13 per cent higher drag coefficient than the semi-circular

trailing edge, while the cusped trailing edge shows a 8 per cent lower

drag coefficient. Since the pressure distribution around the airfoil

did not change perceptibly for the different trailing edge shapes the

differences in drag coefficient were expected to result from the

pressure drag of the different trailing edges. By plotting the pressure

coefficient against normal to the chord (Fig. 29) it was found that

the square trailing edge gave a 15 per cent higher pressure drag than

the semi-circular trailing edge, while the cusped trailing edge

pressure drag was 5 per cent lower.

2.3.7 Transition measurements and boundary layer calculations.

The forward half of the airfoil was covered with a sheet of

linen soaked with cobalt chloride, dissolved in water. In the turbulent
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boundary layer evaporation occurred at a higher rate than in the laminar

boundary layer and th cobalt chloride changed from a pink to a blue

colour when drying. A reproduction of the photographs, originally in

colour, is shown in Fig. 30. The start of turbulent flow at individual

points (at some of which a small roughness element could be discovered)

from which turbulence spreads in a wedge-like fashion downstream can

be recognized in the picture. Measuring distance frm the leading edge

of the airfoil along the surface of the pressure and suction side,

the following values were obtained for various angles of attack, for

the range of start of transition to fully turbulent flow:

For boundary layer calculations transition was assumed to

occur at the mean position of the above values. The laminar boundary

layer was calculated by the method developed by Waltz (16), the

turbulent boundary layer by the procedure of Rotta (17). The com-

putations were made using the experimental pressure distribution

at an angle of attack of 4 degrees. The calculated and experimental

values of the displacement thickness near the trailing edge (.965 c)

are given in the table below:

a Pressure side Suction side
(degrees) (inches) (inches)

0 2-7 3 8

4 1-3 8-12

8.2 .5 -1 12 -16

12 0- .2 14 -19
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In view of the bad agreement between theory and experiment

in the calculations of the displacement thickness, the experimental

and theoretical values have been checked very carefully. No errors

could be found. Since the boundary layer calculations were very

time consuming and not of prime importance in this investigation,

no futher boundary layer calculations were made.

2.3.7 Effective airfoil thickness and velocity profiles

near the trailing edge.

Figure 31 shows the trailing edge of the airfoil to which is

added the displacement thickness of the boundary layer and wake for

angles of attack of 0, 4, 8.2 and 12 degrees. For calculating the

displacement thickness from the experimental data, the velocity in the

bubble right behind the airfoil was assumed to be zero. The effective

shape of the airfoil, shown dashed in Fig. 31, shows no abrupt changes

near the trailing edge. It should be noted that the mean direction of

the effective shape on the pressure and suction side determines the

camberline used for the calculations in section 3, and therefore the

circulation and lift on the airfoil.

The velocity profiles do not indicate a reversal in direction

Pressure side Suction side

Experiment .ool6 .0031

Calculated .0023 .0054
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typical of flow separation, even at 12 degrees angle of attack. A

definite change in slope at the wall can, however, be recognized. A-

long the line determined by the coincidence of the streamlines which

separated from the pressure and suction surface, a very low velocity is

measured. This velocity rapidly increases in the downstre-am direction

as is characteristic of wake flow.
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5 THEORETICAL CALCULATION OF LIFT

3.1 Previous Work

The theory of the potential flow around an airfoil, as intro-

duced by Kutta and Joukowski has been extended to include arifoils of ar-

bitrary cross-sectional shape (1). Using conformal mapping the airfoil

is transformed into a circle, around which the flow is easily calculated.

The circulation is fixed by assuming a stagnation point at the geometric

center of the trailing edge. The assumption of an ideal fluid and the

somewhat arbitrary definition of the position of the trailing edge stagna-

tion point cause the value of the lift calculated in this manner to differ

from the experimentally observed lift by as much as 30 percent (21) even

when no flow separation can be observed in the experiment. The cause

of this disdrepancy must be sought in the differetce of the potential flow

model from the experimental flow, as follows:

1.) Along the surface of the airfoil surrounded by a viscous

fluid a boundary layer is formed.

2.) At the trailing edge the pressure is roughly equal to the

static pressure of the flow at infinity.



3.) Downstream of the airfoil exists a region of low energy

fluid, the wake.

An analysis made by J. H. Preston (2) shows that the effect of

the wake on the circulation around the airfoil is a decrease of the order

of one half per cent; it therefore can be considered as a second order

effect.

The boundary layer changes the effective shape of the airfoil

by an amount equal to the displacement thickness of the boundary layer.

As the displacement thickness is usually different for the pressure and

suction surface, an uncambered airfoil may become effectively cambered,

for example, or the effective camber may be smaller than the design camber.

Stuper (k), Pinkerton (4), Preston (5) and Spence (6) investi-

gated this effect theoretically. Only the last two authors mentioned,

whose theories are quite similar had accurate experimental results to

check their theories.

In these theories, the magnitude of the circulation was fixed

by the requirement that the main stream velocities at the edge of the

boundary layer of the pressure and suction surface are equal. This theorem

was originally suggested by G. I. Taylor (7) expressed mathematically by

Howarth (8) and applied by the latter to the calculation of the lift on

an elliptical cylinder. It results from the argument that in steady

flow the circulation arouzd the airfoil is constant with time; the rate

of shedding of vorticity into the wake therefore has to be the same for

the pressure and suction side. Mathematically this can be expressed as

Cr.

0 0

0 0
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or 2

where W. and W are the velocities at the edge of the boundary layer on

the suction and pressure side, respectively, and the integrals are written

for a streamline coordinate system. These experiments and those of Pres-

Wp
ton (5) have shown that .95 < WV < 1.05, depending on the specific

angle of attack, and airfoil shape. This may be due to the inaccuracy in

determining the two points at the edge of the boundary layer lying on the

same normal to the streamlines passing the trailing edge. Another error

may be introduced by the unsteadiness of the flow.

Using conformal mapping, adding the displacement thickness by

means of a source distribution, Preston and Spence (5 and 6) obtain values

for the calculated lift for an 11.8 per cent thick, symmetrical Joukowski

airfoil and a 12/40 Piercy airfoil which agree within 3% with experiment.

As the method is based on conformal mapping, the calculations invoved

are qu-4te laborious for an airfoil of arbitrary shape.

3.2 Description of the Flow of a Viscous Fluid around an Airfoil

Edge of Boundary Layer

Displacement Thickness

Figure 1. Flow of a viscous fluid around an airfoil.
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The boundary Layer which forms along the surface of the air-

foil displaces the streamlines outside of the boundary layer by an amount

equal to the displacement thickness c/ defined by

d C

0

Near the leading edge, where the loading of the airfoil is highest, the

displacement thickness is small and consequently also the change in ef-

fective shape of the airfoil. Towards the trailing edge the rate of

growth as well as the magnitude of the displacement thickness increases.

Assuming the airfoil operating in the unstalled region, the fluid will

leave (separate from) the surface at the trailing edge in a direction

essentially tangent to the surface of the pressure and suction side. If

the trailing edge thickness is finite, say of the order of 0.02 c, the

fluid will separate from the surface of the airfoil without flowing around

the trailing edge, forming an air bubble (see section 2) as shown in

Figure 2.

Bubble

Figure 2. Flow around Trailing Edge of an Airfoil with Finite Trail-

ing Edge Thickness.



The pressure at the surface of the airfoil in this region is

approximately equal to the static pressure at infinity.

3.3 Application of Thin Airfoil Theory to the Flow of a Viscous Fluid

around an Airfoil

3.3.1 General Aspects

In this section the basic features of thin airfoil theW'y will

be reviewed. Similar presentations are given in References 9 - 11.

The first assumption in thin airfoil theory is that the y -

coordinate of any point on the airfoil is small ccmpared to the chord

of the airfoil (Figure 3), the second that the flow around the cambered

airfoil can be calculated from the superposition of the flow around a

basic thickness form and an infinitely thin meanline.

The coordinates of the basic thickness form are obtained from

(1)
those of the meanline from

(2)

In complex doordinates the velocity induced at a point

due to a singularity g (z)dz (source, sink or vortex) located at z is

2 (Z - 2)

190
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oo

o

U00

xLLM

V

Wir

Figure 3. Coordinate System t~or Thin Air Foil Theory.

Thin airf oil theory assumes distributed sources and sinks for

the "basic thickness airfoil" (Figure 3b) and a vortec distribution for

the meanline (Figure 3c). The velocity on the surface of the airfoil of

unit chord, i.e., a point 2 due to all singularities is then

.1

It is assumed that the y - coordinate is small compared to the

chord, and therefore z - z x - i ; also the singUlarities are located

on the x - axis. One obtains then for the velocity induced in the x -

direction at the surface of the basic airfoil (approximately the same

(Ii.)

V
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as on the x - axis)

LI =(X_ f) ci'X (5)

0

and for the velocity induced normal to the meanline (approximately the

same as normal to the x - axis)

V.. = dX) C
5- LZ xK -x

.where 0

= 7(X) +

3.3.2 Calculation of the Velocity Distribution of the Basic

Thickness Airfoil.

The boundary condition for the basic airfoil is determined by

writing the continuity equation for a small element of the airfoil (see

Appendix 1). It follows

-Airfoil Surface

U. + o +1" O/x
U00+ & .. EX

Fa)

Figure 1 . Flow tbhrough an Elemental Section of the Basic Thickness Airfoil.



22.

(x) X U +X + u d (7)

0

If yt<< 1, the variation of u between the x-axis and the surface

of the airfoil is small and one can write

U= U (x (x (8)

Equation (7) can then be written as

+ (9)

Thin airfoil theory usually neglects the second term of the right

hand side of equation (9). Integrating equation (9) between the

leading and trailing edge gives

f (X) dx = + (10)

00

For a closed airfoil this integral equals zero as the sinks just

balance the sources. For the airfoil surrounded by a viscous fluid

the integral depends on the total thickness at the trailing edge,

i. e. the thickness of the airfoil plus the displacement thickness

of the boundary layers. (See Eq. 14).

The next step in the development is to assume q(x) as an

infinite series of the form

Ms
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with the coordinate transformation

= -Cos (12)

If the coefficients Bn , 0(n<oo, are known, one can calculate u

from Eq. (5). To determine these coefficients one first substitutes

(11) and (12) into (5) and the resulting equation into (9) and

finds (see Appendix 2)

alcan - 51/7 F -+ 0/)x -0=

and from the substitution of (11), (12) and (5) into (10)

(15)

7ZC- *L0-+ +,-B -. .. )

Neglecting u in Eqs. (9) and (10) leads to the equivalent of Eqs. (13)

and (14) in the form

Bn00 C $n + Sn n

B, B,

eix

24t
9t~ C

(15)

(l6)

Equations (15) and (16) are the equations of thin airfoil theory where

the right hand side of Eq. (16) is taken equal to zero. Equation (15)

can be integrated to give

.+1 =
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12 2frsh ,) (2'-sn2+fB snj -sinb3)o) +'

+ -'B.(2sin2 P --5&74j)0 +. -
4t (17)/6 C

Rather than fulfilling Eqs. (13) to (17) at every point along the

airfoil, one uses only a finite number of terms, r, and determines

B0 , B1 , * . . Br by writing the equations at r points and solving

the resulting set of r simultaneous equations for the unknowns Bn'

Having determined the Bn's, the velocity distribution at

the surface of the airfoil is found from the substitution of Eqs.

(11) and (12) into Eq. (5) to give (see Appendix 2)

B- z %Cos ip (8

As this is the component of the induced velocity in the x-direction

on the x-axis, one can calculate the velocity tangential to the air-

foil surface, w, approximately by

U00 U 0 +Uo Wo T-;7 X ('9)

Surmarizing, the steps in the calculation of the velocity

distribution around the basic thickness airfoil are

1) Determine the coefficients Bn from Eqs. (13) and (14),

(15) and (16) or (16) and (17) by selecting r points along the airfoil
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to give r simultaneous equations. For airfoils of maximum thickness

smaller than 0.12 c, Eqs. (16) and (17) give good agreement with

experiment; for thicker airfoils Eqs. (13) and (14) axe recommended.

2) Calculate u/U from Eq. (18).

3) The velocities at the surface of the airfoil are then

determined from Eq. (19).

3..3 Calculation of the velocity distribution around the

meanline.

For a capbered airfoil or for an airfoil at angle of attack

the flow around the infinitely thin meanline (Eq. 2) has to be solved

in addition to the flow around the basic thickness airfoil.

WIV0 0

LI00

Figure 5. Flow around the meanline.

The boundary condition for this problem is given by the

condition that no flow occurs across the meanline, i. e. that the

meanline becomes a streamline. Remembering that this flow is super-

imposed on the flow around the basic' thickness airfoil, denoting by

subscripts q the velocities induced by the source and sink distri-

bution of that solution, and by subscripts the velocities induced
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by the vortex distribution of Fig. 5, the boundary condition is ex-

pressed mathematically by

(20)

Vq is the velocity induced at the meanline (approximately

equal to the camberline) due to the scurce and sink distribution

of the basic thickness airfoil. It is of opposite sign above and

below the meanline; on the meanline, however, this velocity is

equal to zero. A similar argument can be made for the term u .

According to thin airfoil theory the position of the meanline is

approximated by its projection on the x-axis. u then has opposite

signs on each side of the x-axis and is parallel to it; on the

x-axis itself, however, it becomes zero.

Under the assumption of thin airfoil theory, vq and u

are therefore equal to zero on the meanline. But even without these

assumptions it can be shown that their magnitude compares to the

magnitude of v and uq as sinN to Cos where e is the slope of

the meanline. Equation (20) therefore becomes

Lo10 0  c
U00 + UitC

which is equivalent to

_ - -- ( (22)

Uc d x L1OO
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where a = V00/U 0 , i. e. the tangent of the angle of attack on the

airfoil. Thin airfoil theory assumes uq/U0 %O. A comparison of the

different quantities of Eq. (20), calculated for an 11.8 per cent

thick symmetrical Joukowski airfoil at an angle of attack of 6

degrees is shown in Fig. 7.

The further development of this section is quite similar

to the solution for the flow around the basic thickness airfoil.

The vortex distribution is assumed in the form

awx) 2 BU(A ctnj' ÷' cAnsin~o (25

Substituting this into Eq. (4) gives

U= A- A cos hp (24)

To determine the coefficients An , Eq. (24) is introduced into Eq.

(22) to give

A 0  0 -Acoshno- = ( Uq ) C (25)

Approximating the infinite series in Eq. (25) by r terms, one again

obtains r simultaneous equations for the solution of the coefficients

Ao , A1 , A2 - - . Ar .

Across the vortex sheet, represented by the meanline,

occurs a discontinuity in-velocity at a point x of magnitude X) .

The induced velocity in the x-direction at the surface of the air-

foil is therefore on the suction surface

U U00 U00



U0 su u 00
and on the pressure surface

U+s. U0.
-+ ~

U0.

Ug
U 0

-g )

3.).4 Calculation of the lift coefficient.

As shown by G. I. Taylor (7) the lift on an airfoil in a

viscous fluid is given by the Kutta-Joukowski theorem

provided r is determined around a circuit at the boundary of which

the disturbance caused by the airfoil is small ccmpared to the

velocity at infinity. He suggests that this is approximately true

for a circuit close to the airfoil. This is shown to be correct

by J. H. Preston (2) by an analysis which indicates that the net

circulation in the wake is small. The lift coefficient is therefore

C

As f x)dx
0

C
e

s lf c

the lift coefficient can be written as

- 2iA, + )cos r

28.

(26)

(27)

(28)



29.

3.3.5 Summary of the solution for the flow of a viscous

fluid around an airfoil.

To determine the lift on an airfoil submerged in a real

fluid by this method, the displacement thickness of the boundary-

layer along the pressure and suction surface of the airfoil is

assumed to be known.

One first plots the airfoil plus displacement thickness,

added to the surface of the airfoil, in a large scale and determines

the basic thickness airfoil, Eq. (1), and the meanline, Eq. (2).

From past calculations it was concluded that a four term approxi-

mation to the infinite series of Eqs. (11) and (23) give good agree-

ment with experiment. One therefore determines the coordinates and

slopes of the basic thickness airfoil and the meanline at four

stations along the chord of the airfoil, one of which is the

trailing edge. It is suggested that the other three stations are

chosen such as to define the shape at characteristic points

( like, for example, the point of maximum thickness ) of the air-

foil rather than at three fixed stations, independent of the airfoil

shape, as proposed in Reference 11.

If the airfoil has a maximum thickness greater than about

0.12 c, one calculates the coefficients Bn from the simultaneous

equations

ctn - + B(sin + 5cos ,) + B(sin2 -

-8 COS P +-cos2 r/+ Bfi G /+-o er) +,

+ C033 )Or
d X ) Xl
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and

5,e+8 B,- +B3 (14)

where r = 1, 2, 3.

For airfoils below 0.12 maximum thickness good agreement with

experiment is obtained by using the equations

s8 {&r # ' Pr) +| ~B2 1, -Sit2Pr)+,JB(3sin Pr -sin 3,w) '

1. (30)

and

L " 16e (16)

Having determined the coefficients by either Eqs. (29) and

(14) or Eqs. (30) and (16), the velocity distribution for the basic

thickness* airfoil is calculated from

~= B0 - BBcos )o - cos2)o -B cos 3 (31)

Superimposed on the basic thickness airfoil is the flow

around the meanline. At first sight one would replace the chord-

line of the original airfoil by that due to the airfoil with

boundary-layer and make the calculations based on the x' -y'

coordinate system, rather than the x - y coordinate system as is

usually done. It is proposed, however, to keep the original coordi-

nate system for the following reason:

The boundary condition for the meanline solution is given

by Eq. (22)

trrc- c (22)Uo1 YC +
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Meanline of Airfoil plus
Displacement Thickness

Meanline of original Airfoil

-~~~A -- - --

Figure 6. Change in meanline due to the displacement

thickness of the boundary-layer.

If u= 0, i. e. for an airfoil consisting only of an infinitely thin

meanline, the right hand side of Eq. (22) would not be changed by a

rotation of the coordinate system by the angle a'. (Thin airfoil

theory assumes u,- 0 in Eq. (22) for airfoils of finite thickness).

As, however, in this solution uO 0, i. e. the effect of thickness

is included in Eq. (22), a rotation of the reference coordinate

system would change the right hand side of Eq, (22). Solving then

for the pressure distribution, this results in a higher loading

than is actually the case. This may be explained in the folowing

way:

The AO - term in the solution for the flow around the

meanline represents the induced velocities due to a flat plate

airfoil. The following terms, An , n > 0, are of second order

and account for the difference in the meanline from the flat

plate. A change in the reference coordinate system means a change

of the flat plate solution, i. e. the first order term if u # 0.
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The change in the meanline due to the displacement thickness is, how-

ever, definitely a second order effect and must be included as such

in the theory. This is the case if the reference coordinate system

is not changed. In calculating the effect on the circulation due to

the boundary-layer, the term dye/dx in Eq. (22) is therefore deter-

mined with respect to the original x - y coordinate system, formed

by the chord line of the airfoil without boundary layer.

Using again a four-term approximation to the infinite

series in Eq. (23), the simultaneous equations for the determination

of the coefficients An are

4 -A cos )o -A2 cos2prp- 3 cos3r 'o -o( (32)

where r = 1, 2, 3.

The induced velocity at the surface of the meanline

follows then from

/ chA +A, in p + +Assr +A 3sIn 3)o) (33)
100
where the plus and minus sign refers to the suction, respectively

pressure side of the meanline.

The total velocity at the strface of the airfoil is then

calculated from

-- -- Cosoc

- 4-- -. CosOC (34)
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where the plus and minus signs are again written for the pressure

and suction side, respectively, and dy/dx is the corresponding slope

at the surface of the airfoil plus displacement thickness.

The lift coefficient is calculated from Eq.(28):

c =2 (Ao + A,) (28)

Concluding this section it is emphasized that the above

outlined procedure has to be repeated for each angle of attack as

the displacement thickness changes with angle of attack. A signi-

ficant simplification, without effecting appreciably the accuracy

of the calculated results, may be made by neglecting the change

in velocity distribution of the basic thickness airfoil due to the

displacement thickness- and repeating only the calculations depend-

ing on the coefficients-An.

. Comparison with experiment.

The calculation procedure outlined above was used to

calculate the lift coefficient and pressure distribution for a 11.8

per cent thick symmetrical Joukowski airfoil and a 12/40 Piercy

airfoil for which the experimentally determined displacement thick-

ness along the surface of the airfoil and the pressure distribution

were known ( , 19, 20). Both airfoils were at an angle of attack

of 6 degrees. The comparison between theory and experiment with

respect to pressure distribution is shown in Figs. 8 and 9. The

table below summarizes the results of the calculations of the

lift coefficients, together with calculations made by Preston

(5) and Spence (6) using conformal mapping.
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Modified thin Exper:

airfoil theory Preston Spence ment

Cl C Ce C1 Cjo Cj Cj

Joukowski
Airfoil

60 .657 .594 .694 .633* .694 .631* .612

12/40 Piercy
Airfoil .657 .537 .774 .561* .774 .561* .538
=6*

* Based on the experimental velocity at the edge of the boundary 1

C0 = calculated lift coefficient for unmodified airfoil
Cl0 = lift coefficient calculated for aiffoil with boundary layer.

ayer

It is of interest to note that the lift coefficient for an

uncambered airfoil, calculated by thin airfoil 'theory, is a function

of the angle of attck only. It is independent of the airfoil shape,

and represents the lift coefficient of a flat plate. The uncorrected

lift coefficient C1o , calculated by thin airfoil theory is lower than

the lift coefficient calculated by conformal mapping.
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4 ELECTRICAL ANALOG

Due to the straight tunnel walls a theoretical solution for

the flow around the airfoil, used in the experiment, would have, been

quite difficult. A relaxation solution would be too laborious; the

only other way would be to apply the tunnel wall corrections in re-

verse, i.e., compute the flow around the airfoil, in an infinite medium

and then calculate the effect of the tunnel walls.

A much more attractive method presented itself in the electri-

cal analog. The two possibilities were the electrolytic tank (Reference

18) or the uniform plane conductor, i.e. Teledeltos paper (a product of

the Union Telegraph Co.). As the former was not directly available and

in any case would require a one half to one third scale model of the

actual experiment, it was decided to use Teledeltos paper, even though

the non-uniformity of the paper decreases the accuracy.

The Teledeltos paper is evenly coated with graphite and has a

resistance of about 3000 Ohms per centimeter. The constant voltage

boundaries, corresponding to streamlines in the analogy, were represented

by gluing :flat rolled braided wire shielding to the surface of the paper,

assuring electrical contact by the application of Du Pont made No. 4922

silver paint. Streamlines were traced by uaing a pointed metal probe,

connected through a microamieter to a continuously variable rheostat.

A schematic drawing of the set up for the electrical analog is shown in

Figure 32, a photograph of the actual set up in Figure 33.
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4.1 Characteristics of the Teledeltos Paper.

Tests were made to check the uniformity of the paper by set-

ting up a model of the uniform flow in a two-dimensional duct.

We

Dividing w into 10 equal parts using the measur4.ng probe, con-

nected to the rheostat, the latter being adjusted to 10 equal voltage in-

crements, gave a maximum deviation of .05 inches from the geometric divi-

sion. The streamlines were parallel to the terminals if e was taken along

or perpendicular to the roll of paper. If e was taken at 45 degrees to

the longitudinal direction of the roll the streamlines were inclined 2

degrees with respect to e in the center decreasing gradually to 0 degrees

as the terminals were approached.

Another test of the uniformity of the paper was made using the

potential vortex. The results of this flow showing the deviation between

the computed and measured streamlines, are shown in Figure 34.
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4.2 Gradient Measurements.

If W is the stream function of the flow, the velocity at a

point is given by the gradient of V at that point. As constant W - lines

were analogous to constant voltage lines it was necessary to measure the

voltage gradients on the paper.

For this purpose a probe with three needle points, extending

below a lucite plate, was constructed (Figure 34). Referring to the fig-

ure oil the left, the three needle points are represented by the points 1,

2 and 3, the gradient to be meas-

ured is at P. In the first step

for the gradient measurements,

terminals 1 and 2 are connected

to a Leeds and Northrup potenti-
[3 P

ometer (Range .01 to 80.5 rnV).

The probe was then turned until

no potential difference was in-

dicated, i.e. points 1 and 2 were

located on the same streamline. The gradient at P was then taken as the

arithmetic mean of the potential difference between point 1 - 5 and 2 - 5,

divided by the height -of the triangle 1 - 2 - 3 with 1 - 2 as base. The

distance between t4e probe terminals was approximately .125 inches. The

exact distance was not determined as all gradient measurements were non-

dimensionalized by the gradient measured with the same probe for uniform

upstream flow.

To explore the reliability of the data for gradients obtAined



in this way tests were made on uniform flow fields, similar to the one

used in section 4.1, of length e and width w, the results of which are

presented in the table below. The error is expressed as per cent de-

viation from the arithmetic mean of all readings.

Maximum Minimum Mean Number
Deviation Deviation Deviation of

1 w Per cent Per cent Per cent Readings

20 30 4.5 - .3 0.3 12

20 20 -3.5 - .4 -0.4 11

20 20 -4.8 1.2 0.4 11

10 18 3.3 -1.1 -1.5 6

10 18 -6.6 -1.2 0.1 6

Similar measurements were made on the potential vortex analog.

The mean deviation from the calculated gradients was 2 and 2.8 per cent

for two sets of readings.

It was concluded that velocity can be determined from the

electric analog using Teledeltos paper within error limits of tl.5 per

cent of the correct value.

4.3 Electrical analog for the airfoil in the tunnel at an angle of attack

of 4 degrees.

As the Teledeltos paper is available in a maximum width of 31

inches a 1/3 scale model of the airfoil in the tunnel with straight walls

was first set up. The circulation was fixed by the requirement that the

stagnation streamline, which has the same potential as the airfoil,
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should leave the trailing edge at the geometric center. From the one

third scale model two streamlines were determined, having a maximum dis-

tance of 10 inches bepween then, one being on each side of the airfoil.

The coordinates of these two streamlines were recorded and a full scale

model was constructed. The pressure distribution around the airfoil,

shown in Figure 36, was determined by measuring the gradients on thi -

model. The agreement in pressure distribution with experiment is fair,

the integrated value of the force coefficient normal to the chord agrees

to within less than 1 per cent with experiment. One would expect that

the theoretical force coefficient is higher than that determined ex-

perimentally; the good agreement between the analog and the experiment

must therefore be considered accidental.

It was then tried to add the displacement thickness of the

boundary layer and the wake in the analog. The position of the wake was

determined from experiment to a distance of .08 c downstream of the air-

foil, from where it was assumed that the displacement thickness stays con-

stant and follows the direction of the stagnation streamline leaving the

trailing edge in the potential flow model. To fix the circulation, the

same front stagnation point was assumed as determined experimentally for

the flow in the tunnel.

Although good agreement with experiment in pressure distribu-

tion is obtained for the suction side, the velocities indicated on the

pressure side are too low, i.e. the pressure is too high (Figure 17).

The force normal to the chord is therefore 15 per cent higher than the

experimental value. The large discrepancy is probably due to the un-

certainty in determining the front stagnation point by experiment.
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Concluding it can be said that the electrical analog is a quick

and easily understood method for the determination of the potential flow

around an airfoil, giving results which axe within the range of discrepancy

between experimental results and exact potential flow computations. The

analog cannot be used to determine the effect of the displacement thick-

ness of the boundary layer and wake due to the difficulty in establish-

ing the circulation.



4l.

5 CONCLUSIONS

5.1 Experimental results

A change in trailing edge contour from the semi-circular to

first a square and then a cusped trailing edge had no perceptible ef-

fect on the pressure distribution, and consequently the lift, of the

airfoil.

Drag calculations, however, gave a 13 per cent higher drag

coefficient for the square trailing edge and an 8 per cent lower drag

coefficient for the cusped trailind edge than for the semi-circular

trailing edge. The difference was accounted for by the change in

pressure drag on the specific trailing edge.

Visualization of transition by means of cobalt chloride in-

dicated the start of transition at isolated spots, from where turbulence

spread downstream in a wedgelike fashion.

Measurements show a bubble of low energy fluid extending ap-

proximately 0.04 c beyond the trailing, edge of the airfoil. The size of

the bubble was essentially independent of the angle of attack. This re-

gion was characterized by two other phenomena:

1.) Relatively large aperiodic flow fluctuations were observed.

2.) The flow pattern inside the bubble, as shown by lamp black

traces, showed the existence of two small vortices, one on each side of

the extension of the chord line. The strength of these vortices depended
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on the specific shape of the airfoil trailing edge as well as the angle

of attack. For a semicircular trailing edge the strength was of the

order of one half per cent of the circulation around the axifoil. As

the angle of attack was increased, the vortex on the suction side in-

creased in strength, while close to stall the vortex on the pressure

side vanished.

The bubble extends the airfoil downstresm,virtually making

a thin trailing edge. When adding the displacement thickness of the

boundary layer, including the bubble, to the airfoil a continuous ef-

fective contour resulted. From this it was concluded that a potential

flow theory, fulfilling the boundary condition of the effqetive air-

foil shape and including the displacement thickness of the wake, should

give good agreement with experiment.

5.2 Theoretical Calculations

Thin airfoil theory modified to include terms of second order

was used to calculate the decrease in lift on an airfoil due to the bound-

ary layer. This theory presents a fairly simple way of calculating the

lift and the pressure distribution in two-dimensional flow provided the

displacement thickness of the boundary layer is known along the surface

of the airfoil. The agreement with experiment for two symmetrical air-

foils, a 11.8 per cent thick Joukowski airfoil and a 12/40 Piercy air-

foil is good. To prove its general validity for airfoils with camber

more experimental data are needed.
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5.3 Electrical Analog

A theoretical solution for the potential flow around the modi-

fied NACA 0015 airfoil in the tunnel was obtained by the use of Teledel-

tos paper. A special probe was constructed, by means of which the velocity

could be directly determined from the analog. The analog fails, however,

if the displacement thickness of the boundary layer and the wake is added

to the potential flow model due to the difficulty in fixing the circula-

tion.
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APPENDIX A

Derivation of the boundary condition for the basic airfoil (equation 7).

U..+ +

Writing the continuity

equation for the air-

foil element shown at

the left gives-,

4 Cilt)+(U + J cdI

d +

0

which becomes,

i 1'() cdx

'2j)dx = Uoo O ~t+fct

0

1-fuw-t
+

f xcI + dx

neglecting the last, second order term

= .. cdy dx dI + u4y
4

, the above equation is changed to

+ du4/ #,+ucJ'y,

LA00+eU

+t

uoo ,t

L1 4

0

= UCO

If U = UfXl ' ; X

C&
or

'2

5

+ -du
j jr0

.= U' d '

d Vt
L100 0 X_+ -d ('C/X

f f t
dx

+
2 qtx)o
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APPENDIX B

Determination of the coefficients Bn for the sink and source distribu-

tion (equation 13).

Substituting (11) and (12) into (5) gives

R VT=
2 L/x~ (So ct,-4 +' $rsin n o)

(cos -cos3)
I -

2

For the integration the formula

5T,

C t cos /P

CO's )0 - Cos p

sin n
SIO P

is very helpful. One obtains then

f C tt ) ~ i~

cO0s p - cos p

9T

si n"f

cos P - cos P

C/)o

d p

sin O sin o cpSCos so - COST

= -t cos P

= - iF cos2 

etc., so that equation (A-1) becomes

-

L4 = U. (t%

sin p dp

(B.2)

(tq -/)

8 ,cos n )
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From the combination of equation (A-2) and equation (9) follows

T B1

n Bisin nS h)

_ cY*
a2 x Y-

Sih np) =

+ C/

Sih h0 -00

L n v2 U0, +24C U00

or

8 (atn C Siny
+ t

d x

U00(Rb - YB,Cos h P)
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APPENDIX C

Airfoil Coordinates

Modified Piercy Joukowsli
NACA 0015 12/40 Airfoil

x Profile. Airfoil
C ty/C ty/c y/c

0 0 0 0

.025 -0327 .0201 .0276

.05 .0444 .0273 -0376

.075 .0525 .0337 .o443

.1 .0585 .0390 .0491

.2 .0717 -0520 .0581

.3 .0750 .0578 .0583

.4 .0725 .0598 05.4

5 .0662 .0577 0454

.6 .0570 .0523 .0356

.7 .0460 .0447 -0250

.8 .0351 .0327 0145

-9 .0243 .0185 .0055

1.0 0 0 0

r = .015*

*Trailing edge radius.
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FIG. 33 - PHOTOGRAPH OF ELECTRICAL ANALOG.
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FIG. 35

ELECTRICAL ANALOG OF POTENTIAL VORTEX
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