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CHAPTER 1

Introduction

A symplectic manifold (X,w) with boundary 60X = M, Il M_ is called a symplectic
cobordism if both M, have contact type in X. By definition, this means that there
are vector fields V.. defined near and transverse to My which expand the symplectic
form: Ly,w = w. We require V to point outwards along M, and we call M, the
w-convex end of X. Similarly, V_ is required to point inwards along M_, and we call
M_ the w-concave end of X. We will say that X is a symplectic cobordism from M_
to M, in order to distinguish its concave end from its convex end.

The most basic example is that of a trivial symplectic cobordism from a contact
manifold M, € to itself. In this case, we endow X = [0,1] x M with the symplectic
form w = d(e'a), where « is any contact form for the contact structure on M. Other
examples of symplectic cobordisms come from classical phase spaces, complex geom-
etry, and from Weinstein’s procedure for performing contact surgery using symplectic
handlebodies [W]. ‘

The existence of a symplectic cobordism from one contact manifold M_,£_ to an-
other M, £, does not guarantee the existence of a symplectic cobordism from M, §,
to M_, &_. Thus, unlike the classical notion of cobordism, symplectic cobordism does
not define an equivalence relation on the class of contact manifolds. It only defines
a partial ordering on this class. Yet it remains an interesting problem to determine
what a symplectic cobordism tells us about the contact manifolds that bound it.

Recall, for example, that a contact 3-manifold M, € is overtwisted if there exists
an embedded disk Y C M such that 0Y is Legendrian for £, and Y is everywhere
transverse to £ except at one singular point e € Y (which must be elliptic). If M, ¢
is not overtwisted, then it is called tight. In 1989, Eliashberg [E1]| showed that the
overtwisted structures on a closed 3-manifold M are essentially classified by homotopy
classes of 2-plane distributions on M. Therefore the problem of classifying contact
structures on 3-manifolds amounts to classifying the tight structures. In general,
however, it is difficult to determine when a given contact structure is tight. The next
result of Eliashberg [E2] was thus significant for it showed that many known contact
manifolds were tight.

THEOREM 1 (Eliashberg). A symplectically fillable contact manifold is tight.

A contact manifold is (strongly) symplectically fillable if there exists a symplectic
manifold X,w such that X = M and M is w-convex in X. In other words, X
is a symplectic cobordism from the empty manifold to M. If we think of the empty
contact manifold as being tight, then a natural question to ask in light of Eliashberg’s
result is the following:

(1) Let M be a contact 3-manifold. If there exists a symplectic cobordism
from a tight contact manifold to M, then must M be tight?
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Following Gromov [Gr], Eliashberg [E2] and Hofer [H], one strategy for answering
(1) would be to study pseudo-holomorphic curves in the symplectic cobordism in
question. To understand this strategy, let us briefly recall Hofer’s analysis [H] of
pseudo-holomorphic curves in the symplectization of a contact manifold M.

Let o be a contact form for the contact structure & on M, and let v, be the
associated Reeb vector field, defined by

by, dox =0 , lygx = 1.

If J is a complex structure on £ that is compatible with dale, then J extends to an
almost complex structure on the symplectization R x M by setting

(2) J(O)=va J(vy) = 0.

Now suppose that M is an overtwisted contact 3-manifold, and let Y ¢ M be an
overtwisted disk with elliptic singularity e. By a result known as Bishop’s theorem
(see [BG]), we find a family of J-holomorphic disks f, : D — R x M that “fill”
Y. That is, for each n, f,(0D) is an embedded loop in Y and winds precisely once
around e.

Hofer made two observations about the Bishop family of disks. First, by the
Maximum Principle, each loop f,(0D) runs transverse to the characteristic foliation
induced by £ on Y; indeed, f,(0D) is transverse to £ itself. Second, by the Implicit
Function theorem, the family of unparametrized disks is open: if f : (D,0D) —
(R x M,Y) is J-holomorphic, then there is a local family {f,} of these disks such
that f,—o equals f. Combining these observations with a description of the bubbles
that might form off the Bishop family of disks, Hofer proved the existence of at least
one closed orbit of the Reeb vector field on M. Thus he proved an extension of the
Weinstein conjecture for overtwisted contact manifolds (see [H] for more details).

Now, returning to (1), let X,w be a symplectic cobordism from M_ to M., and
suppose that M, is overtwisted. By Moser’s theorem, both M. have collar neighbor-
hoods in X that are symplectomorphic to neighborhoods in their symplectizations.
Let Jre(X,0X) be the set of w-compatible almost complex structures on X that, in
a neighborhood of M., are compatible with day on &4 and satisfy (2). If Y C M, is
an overtwisted disk and J € Jia(X,0X), then Bishop’s theorem still applies and we
find as before a family of filling disks

fai (D,0D) > (X,Y).

As in Hofer’s case, each f,(0D) is transverse to the characteristic foliation on Y,
and the family {f,} is open. If the Bishop family were also closed, then the disks
could be continued until the boundary of some first disk, say f,,(8D), met and was
tangent to Y. But Y is Lagrangian, so this would contradict the fact that f,,(6D)
is transverse to the characteristic foliation on Y.

The Bishop disks should be regarded as genus 0 J-holomorphic curves in X with
boundary on the totally real submanifold Y\{e} C M,. In general, in the interest
of answering (1) and of finding relationships between the convex and concave ends
of a symplectic cobordism (of arbitrary dimension), we would like to consider higher
genus curves in X with a totally real boundary condition in M, U M_. However, to
effectively use these curves to understand the topology of X, M, or M_, we need a
compactification of the associated moduli space.

8



This motivates the main theorem of this dissertation.

THEOREM 2. Let X%, w be a symplectic cobordism with compatible relative almost
complez structure J, and let Y C X be a compact, totally real submanifold. Suppose
fn 1 (X,0%) = (X,Y) is a sequence of J-holomorphic curves with uniformly bounded
Hofer energy:

(3) E(fn) £C for all n.

Then there ezists a punctured Riemann surface Y and a J-holomorphic map f' :
(X,0%) — (X,Y) that has finitely many singular points, and there is a subsequence
of {fa} such that f,(X) converges smoothly to f'(¥') in X, uniformly in compact
regions of X.

Theorem 2 serves two purposes: it supplies a compactness result for J-holomorphic
curves in a non-compact symplectic manifold with cylindrical ends; and it supplies a
compactness result for curves with boundary on a prescribed totally real submanifold.
We should point out that pseudo-holomorphic curves with Lagrangian and totally real
boundary conditions have been extensively studied by Oh, et al; see [Oh], [KOh]. To
the author’s knowledge, however, no compactness theorem for curves in non-compact
symplectic manifolds has hitherto appeared in the literature. Hofer [H] suggested that
compactness for curves in R X M could be proved by following Parker & Wolfson’s
proof [PW] of Gromov compactness in closed symplectic manifolds. The latter uses
an argument dating back to Sacks & Uhlenbeck [SU] which we have been unable
to adapt for symplectic cobordisms and symplectic manifolds with cylindrical ends.
In the Appendix, we give some indication of why the Sacks-Uhlenbeck argument is
difficult to implement in the simplest case of a symplectization (or trivial cobordism)
Rx M.

We have ultimately resorted to an entirely different method to prove Theorem 2.
This method is based on a regularity theorem proved by Taubes [T] in order to prove
equivalence of the Seiberg-Witten and Gromov-Witten invariants for a symplectic 4-
manifold X. The regularity theorem, or “recognition principle” as we call it, enables
us to recognize the 2-currents that come from integration over the support of a J-
holomorphic curve in X: they are precisely the ones which carry a generalized local
intersection number, or cohomology assignment, which evaluates positively on local J-
holomorphic disks in X. Because these currents can be defined locally, and because
a positive cohomology assignment is really a local object, this method easily gives
rise to a proof of the compactness theorem in the neighborhood of any point in
any symplectic manifold, closed, compact, or otherwise. We use Aronszajn’s unique
continuation principle [A] to paste the resulting limit curves together where they
coincide.

The proof of Theorem 2 can now be outlined as follows. For each J-holomorphic
curve in the sequence, we get a current by integrating over the support of the curve.
The mass of this current is bounded in terms of the Hofer energy of the curve. Thus,
from a sequence of curves with uniformly bounded Hofer energy, we get a sequence
of currents with uniformly bounded mass. We find a subsequence that converges to
a limit current F, with spt(F) = S, and S carries a positive cohomology assignment.
Now apply the recognition principle to conclude that S is a J-holomorphic curve in
X, and its positive cohomology assignment comes from local intersection with S.
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The bulk of this dissertation is occupied with the proof of the recognition prin-
ciple which is needed to prove Theorem 2. In Chapters 2 and 3, we supply some
background on monotonicity theorems and basic measure theory (including currents)
that is needed in the later chapters. In Chapter 4, we set the stage for the main
compactness theorem, by reviewing the definitions of a symplectic cobordism and
its completion, and defining the Hofer energy for pseudo-holomorphic curves in the
completion. In some cases of interest, such as curves with Lagrangian boundary con-
dition, or the Bishop family of disks, there is a natural bound on the Hofer energy in
terms of the relative homology class represented by these curves. This motivates the
compactness theorem, which appears in Chapter 4 as Theorem 13. We outline why
the hypotheses needed to apply the recognition principle, namely the finite Hausdorff
measure condition, are satisfied by the limit current S.

In Chapter 5, we give an exposition of Taubes’ positive cohomology assignments
and regularity theorem. In Chapter 6, we define a local, relative intersection number
for 2-manifolds in X* with boundary on a prescribed codimension 2 submanifold.
Applied to half-disks with boundary on a totally real submanifold ¥ C X, this
relative intersection number allows us to extend Taubes’ theory to handle relative
2-currents with boundary supported in Y. Finally, in Chapter 7, we supply a proof
of Lemma 41 (see [T, Lemmab.5]), which is needed to construct local families of
pseudo-holomorphic disks. The existence of these disks is crucial in showing that S
with its positive cohomology assignment can locally be expressed as the graph of a
pseudo-holomorphic function. By the reflection principle, Lemma 41 also generates
for us local families of half-disks with boundary on a totally real submanifold, which
we need to prove regularity at the boundary of S.

We have yet to examine the singular points of the limit curve, to show they are
finite in number, and to show that the limit curve has finite topology. These will be
done in a subsequent paper.
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CHAPTER 2

Monotonicity

THEOREM 3 (Wirtinger inequality). Let X n w be a symplectic manifold with
compatible almost complex structure J, and let X be a J-holomorphic curve in X.
i) If a real, 2-dimensional submanifold &' C X is homologous to %,
then
Area(X') > Area(X)
and equality holds if and only if ¥’ is J-holomorphic.
i) Let Y™ C X be a totally real submanifold. If a real, 2-dimensional
submanifold X' C X is homologous to 3 relative to Y, then

Area(X') > Area(X)
and equality holds if and only if &' is J-holomorphic.

PROOF. The proof is a consequence of the Cauchy-Schwarz inequality (see [AL,
p.100]). Let ¥’ C X be any oriented submanifold, and let z € ¥'. If e, f is an oriented
orthonormal basis for T,;%’', then

(4) 0<wle, f) =g(Je, f) < || Jell - I£]

where g = w(-, J-) is the compatible hermitian metric. Equality holds in (4) if and
only if T, is a complex vector space.

Now (4) implies that 0 < w|sy < dvolgys . Therefore, if ¥’ is homologous to X,
then

Area(X) = [Ew = /z' w < Area(Y')

and equality holds if and only if ¥’ is J-holomorphic.

For the boundary case, the same argument works. We only need to observe
that the equation [jw = [, w holds because Y is Lagrangian and [¥ — ¥'] = 0 in
H)(X,Y). O

THEOREM 4 ( Isoperimetric inequality). Let X?", .J be an almost complex manifold
with at most cylindrical ends, and let h be a compatible hermitian metric which equals
the product metric on the ends of X.

i) There exist constants € and C > 0 depending only on X, J and h
so that, if ¥ is a J-holomorphic curve in X with diam(X) < ¢, then

any subdomain Q C ¥ whose boundary is homeomorphic to a circle
satisfies

Area, () < C lengthi (09) .

i) Let Y™ C X be a compact, totally real submanifold. There ezist
constants €y, C > 0 depending only on X, J,h andY so that if ¥ is a
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J-holomorphic curve in X with diam(X) < ¢, then any subdomain
{1 C X whose boundary is homeomorphic to a circle satisfes

Area, () < C - length? (9Q\8yQ),
where Oy =00NY.
PROOF. Fix z € X and let wy be the constant 2-form on T, X defined by
wo (v, Jpv) = hg(v,v) v €T, X.

Setting w = (exp™!)*wy, we obtain a local symplectic form that tames J on a neigh-
borhood U of z.
Next, define a hermitian metric g on U by setting

1
(5) g(u,v) = E[w(u, Jv) +w(v,Ju)]  for y € Uand u,v € T, X.

Both g and h are uniformly equivalent to a Euclidean metric on a smaller set V ¢ U.
Since X is either compact or has at most cylindrical ends, we can assume that V is
a ball of radius ¢y, independent of z.

By our assumptions on f and by (5), 2 minimizes g-area for its boundary curve 7,
and lies in a neighborhood V' as constructed above. We can make an arbitrarily small
perturbation of €2 so that + is a smooth Jordan curve. The solution I of the Euclidean
Plateau problem in V' with boundary v is a smooth minimal disc (see [Law]), and

Areae, (') < C - length2, (v)

by the classical isoperimetric inequality. But g is uniformly equivalent to the Eu-
clidean metric, so we have

Areay () < Areay(I') < CAreae(T') < ClengthZ,(v) < Clength(v).

This proves (i), because g and h are uniformly equivalent.

To prove (ii), let y € Y and let e, f be an oriented orthonormal basis for T,Y.
Since Y is totally real, the vectors e, Je, f, Jf form an oriented basis for T,X, and
via the exponential map they define coordinates z', y*, 2,42 on a neighborhood of y
in X. With respect to these coordinates, Y is the set where y! = 2 = 0. Therefore
Y is Lagrangian with respect to the local symplectic form w = dz! A dy! + dz? A dy?
inU.

Note that w and J are compatible at y, since

Wy Jy) = (da')? + (dy")? + (da)? + (dy?)?.
It follows that w tames J on a neighborhood U of y. Define a hermitian metric g in
U by (5) above. Then g and h are uniformly equivalent to a euclidean metric in a
smaller neighborhood V' of y. By compactness of Y, we can assume that V is a ball
of radius ¢y independent of y.

If we let v denote the oriented 1-cycle which is the boundary of , then v decom-
poses as a sum v = a + §, where oo = 0y{2 and 3 = 9Q\Oy 2. Let By, ..., 5 denote
the oriented components of IN\dy {2, so that 8 =5, +---+ 3. For each ¢, let p;, g;
be the endpoints of the arc §;, so that 83; = ¢; — p;. There is an arc §; contained in
Y of length

length(3;) < C; - length(;)
12



such that 88; = ¢; — p; as well. Since Y is compact, the constant C; may be taken to
be independent of y. 5

Now let T' be the solution to the Plateau problem in V with boundary g — 8 =
By — B+ -8, — Bi. Since V is contractible, I' is homologous relative Y to €, and
by Lemma 3 (ii), Area,(2) < C Area,(I'). We conclude as before that

Areay(Q) < C - length?(8 — B) < C(1 +C,)? - length?(B).
Since ¢g and h are uniformly equivalent in V', this completes the proof. ]

COROLLARY 5 (Monotonicity). Let X", J be an almost complex manifold with
compatible hermitian metric h.
i) There exist constants ¢, o > 0 depending only on X, J, h such that
the following is true. Let S C X be a compact, J-holomorphic curve,
and let B = B,(z) be a ball of radius v < o centered at x € S such
that 0S 1is contained in the complement of B. Then

(6) Area(S N By(z)) > cr?.

i) Let Y™ C X be a compact, totally real submanifold. There exist
constants ¢,y depending on X,J,h,Y so that (6) holds for every
compact, J-holomorphic curve S and every ball B = B,(z) of radius
r < 1o centered at T € S which satisfies 3S C (X\B)UY.

PRrOOF. To prove (i), define a function A(r) = Area(S N B,(z)) for 0 < 7 < ro.
For almost every r < rg, Q. = S N B,(z) is a smooth subsurface of S with smooth
boundary. Thus L(r) = length(62,) is defined and equals A'(r) for almost every .
By the isoperimetric inequality, \/A(r) < C - L(r) = C - A'(r). Integrating A'/vA
from 0 to 4, we obtain (6).

To prove (ii), take L(r) = length(0,\dy ), which equals A'(r), and follow the
arguments of case (i). O
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CHAPTER 3

Currents

In this chapter, we supply some background on currents that will prove useful in
Chapters 4-6. Throughout this chapter, X will denote a smooth manifold, possibly
non-compact, M will denote a smooth submanifold of X, and U an open subset of
X.

1. Basic defintions.

A current is simply a linear functional on the space of smooth, compactly sup-
ported forms in X. To make this precise, let Q¥(U) denote the vector space of all C*
compactly supported k-forms p with spt(x) C U. We topologize this vector space in
the following manner (see [F, §4.1.1] or [deR, §9] for more details). Given a compact
subset K C U, let Qg (U) C Q.(U) denote the space of forms p with spt(u) C K. For
each j =0,1,2,... and each u € Q.(U), let

. = «a
| Il = rmax max |D%ul .
This sequence of norms defines a topology on Qx(U), and the topology we take on
Q. (U) is the largest for which the inclusion maps Qg (U) = Q.(U) are all continuous.

This topology is complete, and a sequence p, € Q.(U) converges to u if and only

if

| — pll; =0 asn— +o0
for each 7, and there is a compact subset K C U that contains every spt(un).
Definition.  Let D¥(U) denote the topological dual of Q¥(U). An element F €
DX(U) is called a current on U.
Examples.

1. The example of most interest to us is the current coming from a
k-chain v in X. In this case, F, € D*(U) is defined by

*7:7(#):/# , for pe QU .
Y

2. Let 5 be any (n — k)-form on X, where n = dimX. Then ¥, defined
by
Fw)= [anu . torwe k).

is a k-current in U.
3. Let £ € U. The delta distribution §, is a O-current in U, with

3:(f) = f(=z) , forall f € C°(U) .
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Boundary and Pushforward of a Current. The boundary of a current F €
Dk(U) is the (k — 1)-current given by the formula

OF (u)=F(du) , for pe Q1)

Let X, X’ be smooth manifolds and let U C X, U’ C X’ be open subsets. Given a
proper map ¢ : U = U’ and a current F € D*(U), the pushforward of F by ¢ is the
current in U’ defined by the formula

e F(n) = F(o*n) , forne QX" .

It is straightforward to check that these notions coincide with the notions of
boundary and pushforward for chains, that is, F, = Fs, and ¢, F, = F,, .
Mass of a Current. Assume now that X carries a Riemannian metric. Then
we can define a norm on Q%(U), called the comass norm by some and the C° norm
by others, by setting

Mw=%MM-

The dual norm on D*(U) is called the mass norm, and
M(F) = sup F(u)

M(p)<1
is called the mass of the current F.

Recall that we have fixed, once and for all, the C™ topology on Q% (U); this is the
topology with respect to which currents were defined. The comass norm also defines
a topology on Q*(U), which coincides with the C° topology, and is weaker than the
C™ topology.

On D*(U) we will take the weak topology generated by sets of the form

{F:e1 < F(p) < &2}
with p € Q¥(U), and €1,62 € R This is the weakest topology for which the linear
maps
p: D*U) — R
Foo— Fly)
for p € Q%(U), are all continuous. (Thus it is weaker than the mass norm topology.)

Equivalently, the weak topology is characterized by the fact that a map ¥ : ¥ —
D*(U) is continuous if and only if i o ¥ is continuous for all u.

THEOREM 6 (Alaoglu’s Theorem). The unit ball
Bu={F eD*(U): M(F) <1}
is compact in the weak topology on D*(U).

Relative Currents. Let Y C X be a closed submanifold, and let + denote the
inclusion. Generalizing the notion of a local relative chain v € C(U,U NY), we say
F € D¥(U) is a relative current if there exists G € D*"Y(UNY) so that dF = 1.G.
We will denote the subspace of all relative currents in D¥(U) by D¥(U,Y).
LEMMA 7. Let Y C X be a closed submanifold, let U C X be open, and let

F € D¥(U). The following conditions are equivalent:

i) FeDHU,UNY) .

i) OF (1) = 0 whenever p € Q¥(U) and ply is exact.
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PROOF. Suppose F € D¥U,UNY). Let u € Q¥(U) with ply = da for some
a € QLU NY). Because Y is a closed submanifold, we can find a (k — 1)—form &
supported in a tubular neighborhood of Y, whose restriction to Y equals .. Then

OF (u) = G(*p) = G(da) = G(v'da) = 0F (da) = 0.

Conversely, suppose that F satisfies condition (#). Define a current G € D¥~1(UN
Y) as follows. Given a € Q¥"}(UNY), choose @ € Qf~'(U) as before so that
@|y = a. Then put G(a) = F(d&). It is easy to verify that G is well-defined, and that
.G = 0F. O

By the way, Q%(U,Y") will denote the subspace of Q¥(U) consisting of all k—forms
p such that uly is exact.

COROLLARY 8. D¥(U,Y) is closed in D*(U) with respect to the weak topology.

2. Other facts from measure theory.

Hausdorff measure. Let (X, g) be a metric space. To define Hausdorff measure
in X, first we define preliminary measures ps on X, for § > 0.
Given S C X, let B be a countable collection of balls covering S, where each ball
B is assumed to have radius
radius(B) < 6.

Given k € N, associate to B the quantity

> " [radius(B)J*,

BeB

ps(S) = irgf {Z[radius(B)]k} :

BeB
where the infimum is taken over all collections B of the sort described above.
If 6; < &9, then s (S) > ws,(S). By definition, the k-dimensional Hausdorff
measure of S is the quantity

and then set

H*(S) = sup ps(S).

=0

We note that if $H*(S) < +oo, then H*(S) = 0 for all k¥ > ko. The 0-dimensional
Hausdorff measure $° is simply the counting measure of S.

We list here some additional measure theoretic facts (see [F]) that will prove useful
in Chapters 5 and 7.

THEOREM 9 (Federer, 2.10.27). Let X, Y be metric spaces, and let X XY carry the
product metric. Suppose that X is boundedly compact. Then for any subset A C X XY
and any integer k,m > 0 we have

[ 91 @) € Apdsma < SR s )

where a(k) denotes the volume of the unit ball in RF.
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CHAPTER 4

Compactness in Symplectic Cobordisms

Throughout this chapter, X?" w denotes a symplectic cobordism from its concave
end M_,&_ to its convex end M, &,. Recall that there exists an outward/inward
pointing, conformally symplectic vector field V., defined in a neighborhood of M.
such that oy = ty,w|p, is a contact form for the contact structure on M.. Using
Moser’s method, we find a collar neighborhood of M, (resp. M_) in X that is
symplectomorphic to (1 —¢,1] x M, (resp. [0,&) x M_) together with the symplectic
form d(efa.) (resp. d(e*a_)). N

With these identifications we form the completion X of X by gluing [1, +00) x M,
to X along its convex end, and then gluing (—o0, 0] x M_ to X along its concave end.
We will refer to [1, +00) x M, as the positive or convex end of X, and (—00,0] x M_
as the negative or concave end of X. The symplectic form on X extends naturally to
a symplectic form on X, which we also denote w, by setting d(e*a.) on the two ends.

FIGURE 4-1. A symplectic cobordism.

Next let v,, € I'(T'M.) denote the Reeb vector field associated to ay.. An almost
complex structure J on X, compatible with w, is called a compatible relative almost
complex structure if in the neighborhood of M., it satisfies:

J(@t):vai y J(’Uai) =—0t
J is compatible with day on £, .
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In this case, J extends to an almost complex structure on X , which we also denote J.
The set of all compatible relative almost complex structures is denoted Jq(X, 8X).

For fixed J € Jra(X,0X), our goal is to study J-holomorphic curves in X with

boundary on a prescribed compact, totally real submanifold ¥ ¢ X.
Once we have fixed a choice of J € J;(X,0X), we might choose to work with the

metric w(-,J-) on X , but this metric is not complete and its injectivity radius goes

to zero as t — —oo along the negative, or concave, end of X. Therefore, following
Hofer [H], let us choose a metric g which equals w(-, J+) in X, and equals the product

metric dt A ax + day (-, J-) on the ends of X.

1. Hofer energy.

It will be convenient to extend the time function (¢,p) — ¢, which at present

is defined only on the ends of X , to a function ¢ : X — R in such a way that
t~1(0, 1] precisely equals our original manifold X. (Compare Figure 4-1.) Now define
a collection of functions

C=A{y: R——+[2,2]|<p > 0 and ¢(t) =€’ on (0,1)}.

Each ¢ € C pulls back via ¢ to a function X — [, 1], and satisfies d(pa.) = d(e'ay) =
won (0,6) x M_U (1 —¢,1) x M,. Therefore, setting

won X
we =14 d(pay)on (1—¢,1)x My
d(po_) on (0,e) x M_

we obtain a well-defined 2-form on X. _
For a Riemann surface ¥ and a J-holomorphic mapping f : £ — X, we set

£/ = [ 1,

for each ¢ € C, and define the Hofer energy of f to be

E(f) =sup&,(f —sup/f (wy)-

pel pec

For each relatively compact, open subset U C X , we can associate to f and X
the 2-current F € D?(U) whose value on a compactly supported 2-form p € Q2(U)

equals
Fp) = / p
f(5)

If f(AX) lies on a compact submanifold Y C X, then 8F = 1,G where G € D1(UNY)
is the 1-current defined by f(8L) C Y. So in fact F € D(U,UNY) is a relative
current. In the next lemma, we see how the mass of F is related to the Hofer energy

of f.
LEMMA 10. M(F) < &(f) - {3+ diam(¢(V))} .
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PROOF. Let a = infy ¢t and b = supy ¢, so that diam(¢(U)) = b — a. In the first
case, suppose that a < b < 0. Take a sequence of functions ¢, € C that uniformly
approximate the function

ift<a
ifa<t<b
ifb<t<0
if0<t<1
ift>1

p(t) =

(LIl I e
.
[
—~—
o
Il—'
5]
~
~~
o~
[
S

Since £(f) > &,,(f) for all &, it follows that
&) 2 [@tondto NP +oltof)|ndsf
1 1
d(to > + =|mdf|?
Ly gy Ao D+ gl
g—i—c—bmin(l,b —-a)- %ff‘l(U) | df |
1
max(1,b — a)

v

IV

() -E(f; f1(U)) .

Here, the energy E(f; f~1(U)) = %ff—l(U) | df|? is computed using the metric g.
For any compactly supported 2-form p with spt(p) C U and ||g|| < 1, we have

Flu) = L s, fy) do dy
= / p{ fz, fy) dz dy
)

1
< [ lulgldtasay
f~HU)

< [ SldPasdy
1) 2

= E(f; (D)) .

Therefore, by (7),
(8) M(F) < &(f) - max{1,diam(t(U))} .
In a similar manner we can show that (8) holds when 1 <a <b. If0<a<b<1,

then
1

c _— £, 2 2 _ s
of)2 /f-l(U)f e /;—I(U)f Y72 /f-l(U) 4F = B 0D

for all ¢ € C, because f is J-holomorphic. Therefore £(f) > E(f; f~}(U)) and we
conclude as in the first case that (8) holds.
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In the general case, let Uy = U Nt7(—00,0), Uy = UNt0,1) and Us =
Unt!(1,400). For each i = 1,2, 3, define a current F; in U; by

f-,-(m=/ b, weQU).
f(®)

We have shown that (8) holds for each F; in U;. Hence
M(F) < M(F1) + M(F2) + M(F3) < E(f) - {3 + diam(¢(U))}
and we are done. O

Note that in the proof we have shown
9) Area(f(Z)NU) < &(f) - {1 + diam(¢(U))} .

If Y is totally real, then by the monotonicity formula (6), there are constants 79 and
¢ > 0 such that

Area(f(X) N B,(x)) > cr? for r <7,z € f(¥),

provided 3f(X) is contained in Y or in the complement of B,(z). Setting

1
(10) c(U) = . {1 + diam(¢(U))},
we obtain the next result.

LEMMA 11. Let Y C X be a compact, totally real submanifold and let U C X be
open and relatively compact. There exist positive constants c and ro depending only
on U so that for any pseudo-holomorphic map f : (X,0%) — (X,Y), the following is
true: if r < rq and B is a collection of disjoint balls of radius r centered at points in
f(Z) N U, then the number of elements in B is at most

Ef)-c

r2
2. Uniform energy bound.

In some cases, knowing the relative homology class represented by f : (X,0%) —
(5(: ,Y') gives us a bound on the Hofer energy of f.

For example, if Y C X is Lagrangian, then w,|y = w|ly = 0 for all ¢ € C. If
f:(2,08) —» ()A(i, Y) is a J-holomorphic curve in the class A € Hy(X,Y), then

/ Wy = <Wwp, A>=<wA>
F16%)

for all ¢. Thus £(f) < <w, A >.

In case n = 2, then we are interested in the situation where Y is a compact surface,
with or without boundary, in 8X = M, II M_. By the contact condition, the points
at which Y is tangent to £, are generically isolated and finite in number. Therefore,

apart from these isolated points of complex tangency, Y is totally real in X.
There is a function h on Y such that

wly = h-dvoly,
22



and we define the w-volume of Y to be the non-negative quantity
voly (V) = [ |w| = / || - dvoly .
Y Y
=0

If Y is Lagrangian for w, then vol,(Y) =
LEMMA 12. Let Y C M, U M_ be compact and let A € Hz()?,Y). There ezists
a constant C > 0 depending only on A such that € (f) < C for all J-holomorphic
curves f : (£,08) — (X,Y) representing A.
PROOF. Since J € Jra(X,0X), we have
—dd’ (') = —d(e’dt o J) = d('ay) =w=w, , p€C
on the set t71(1 —¢,1] = (1 —¢,1] x M. Likewise, —dd’(e') = w,, in [0,€) x M_ for

all p € C. Tt follows that w, + dd’(e?) is identically zero on M, U M_, and so on Y

as well.
If f:(X,0%) — (X,Y) is a J-holomorphic curve in the class A, then for any
@ € C we have

£,(f) = /f(z)(w¢+de(e‘))— / d’ ()

f(8x)

= <w,+dd’(e'),A> +e/ ap — / a-
f(0+Z) f(8-%)

< <w4+dd(e),A> +vol,(Y) .
As the last quantity is independent of ¢ € C, this proves the lemma. O

3. Compactness.

THEOREM 13. Let X%, w be a symplectic cobordism with compatible relative almost
complex structure J, and let Y C X be a compact, totally real submanifold. Suppose
fn 1 (E,0%) = (X,Y) is a sequence of J-holomorphic curves with uniformly bounded
Hofer energy:

(11) E(fa) <C for all n.

Then there exists a punctured Riemann surface &' and a J-holomorphic map f' :
(2',0%") — ()? ,Y) that has finitely many singular points, and there is a subsequence
of {fn} such that f,(X) converges smoothly to f'(¥') in X, uniformly in compact
regions of X.

PROOF. Let U C X be open and relatively compact. For each n, let F, €
D,(U,UNY) be the relative current in U defined by integration over F,(X). By
Lemma 10, we have the uniform mass bound M(F,,) < C - {1 + diam(¢(U))} for all
n. So by Alaoglu’s theorem, there is a subsequence {F,} that converges weakly to
a current F € Dy(U,Y). Let S denote the support of F in U, with 85 C Y N U.
By Lemmas 14 and 15 below, S and 95 have finite 2- and 1-dimensional Hausdorff
measure, respectively. Therefore, by the recognition principle (Chap. 5, Theorem 17
and Chap. 6, Theorem 33), S is the image of a (possibly disconnected) pseudo-
holomorphic curve in U.
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Thus, for each relatively compact, open subset U C X , we have a relative current
Fv in U with support spt(Fy) = Sy, and we have a Riemann surface ¥y, a domain
Qy C Zy, and a J-holomorphic map fy : Qu — X such that Sy = Image( fr). Since
X can be covered by such open sets of this sort, we obtain, by Aronszajn’s unique
continuation principle [A], a J-holomorphic curve S C X with the property that
SNU equals Sy for any relatively compact, open U C X.

By [T], the singular points of S are isolated and finite in number in any compact
region of X. In fact, a refinement of Taubes’ analysis will show that S has finitely
many singular points and has finite topology. (Additional details will be given in a
forthcoming paper.) Therefore we are done. O

LEMMA 14 (Taubes). Let U C X be open and let diam(t(U)) be finite. Then the
support S of F in U has finite 2-dimensional Hausdorff measure.

PROOF. For each N >> 0, set 7y = 16-N. Given n and N, let B, y be a maximal
set of disjoint balls of radius 7y centered at points in f,(D) N U. Label these points
as 27", ...z, By Lemma 11 and the estimate (11), the number [ is at most

C1

(rn)?

where ¢; is some integer constant independent of n and N. By repeating the point
2PV if necessary, we will assume that [ = ¢; - 162V,

Note that the balls By, of twice the radius cover f,(D)NU. Let W, y denote the
union of the balls of radius 4ry. This set is a neighborhood of f,(D)NU in U.

Now fix N and i, and let n = +00. By a diagonal argument we may assume, up
to taking a subsequence, that a:?’N converges to some point =¥ € U. Let Wy denote
the union of the closed, radius 4ry balls centered at these points, that is,

2N
6%,

=Cl'].

!
Wy = | Bury (=)
i=1
We claim that Wy,; C Wy. To see why, note that y lies in Wy, if and only if

1
dist(y, 2V 1) < i 16~V

N+1 Given arbitrary € > 0, we have

for one of the points z;

dist(z¥*1, 2Vt < ¢ for all sufficiently large n.

There is some j so that

dist(z]" 2PNy < 2167V,

and moreover,

dist(x?’N, a:jv ) <e for all sufficiently large n.

Thus the distance from y to the set {z¥,...,z]N} is at most 9/4-16™N +2¢. As £ was
arbitrary, this proves the claim.
Now by construction, the set

W:mWN
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has finite 2-dimensional Hausdorff measure. For given § > 0, the balls By, (zV) ,
i=1,...,1, cover W and can be made to have radius < 4. Therefore

c
ps(W) <1-(4ry)? = (r;)z - 16r% = 16¢;,

and H2(W) = sup; pus(W) < 16¢; < +o00.
Finally, we claim that S = spt(F) is contained in W, and so has finite 2-dimensional

Hausdorff measure. It suffices to prove that F(a) = 0 for all compactly supported
forms o with spt(a) C U\W. If « is such a form, then spt(a) C U\Wy for some large
N. Consequently, spt(a) C U\W, y and Fp(a) = 0 for all n >> 0. Since F is the
weak limit of the sequence {F,}, it follows that F(a) = 0, as required. a

The next lemma relies on the fact that Y is both compact and totally real in X.

LEMMA 15. Let U C X be an open subset such that diam(¢t(U)) is finite. Then
the support S = SNY of OF has finite 1-dimensional Hausdorff measure.
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CHAPTER 5

A Recognition Principle

In this chapter we describe Taubes’ method [T] for determining when a closed subset
S of X, J is a J-holomorphic curve. To get a basic idea of how this method works,
consider the Euclidean situation where we must determine when a subvariety of CV
is a holomorphic curve.

THEOREM 16 (Euclidean Recognition Principle). A smooth, oriented, real
2-dimensional submanifold S C CVN is complex analytic if and only if the local inter-
section of S with every complex hyperplane is positive.

Proor. First, it is easy to show that the tangent space to S at any point z is a
complex line in CV - for otherwise we can find a complex hyperplane that intersects
S negatively. Next, take a point x € §, set L = TS, and take a complex hyperplane
L' such that CV¥ = L@ L'. In a neighborhood of z, we can represent S as the graph
of a smooth function & : L — L',

S={z+®(z)]z€L}.

If y € S is another point in this neighborhood, then TS, L, L' are all complex
subspaces of CV. This can only be if ® is holomorphic so this completes the proof. [

Let us extract the following ideas from the Euclidean case:

(1) If S C C* is complex analytic, then S should intersect every local holomor-
phic disk (along any direction) positively.

(2) Exhibit S locally as the graph of a holomorphic function ® : D — C (in the
case above, D is a neighborhood of 0 in T,S). That & is holomorphic follows
from positivity of the intersections with S.

The proof of Taubes’ recognition principle is based on these ideas, so to outline
that result we need to do three things. First, we must construct local (families of)
pseudoholomorphic disks lying along arbitrary directions — we will do this in Chap-
ter 7. Second, we must find an appropriate function ® whose graph is S — this will
be done using the family of parallel disks constructed in Corollary 42. Finally, since
we only have, a priori, a closed subset S C X (with finite 2-dimensional Hausdorff
measure), we must decide what it means for S to have a local intersection number,
and for S to intersect local pseudo-holomorphic disks positively. We can settle this
matter now with the following definitions.

DEFINITION. Let U be an open subset of X, and let S C U. An S-admissible disk
inU is a map 0 : D — X defined on an open disk D C C, with image o(D) C U,
which extends to a continuous map D — X such that o(8D) is contained in the
complement of S.
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DEFINITION. Let U be an open subset of X, and let S C U be closed. A cohomol-
ogy assignment for S in U is a map
I: {S-admissible disks in U} — Z
that satisfies the following criteria:
(1) If o : D = U is S-admissible and Image(o, D) C U \ S, then I(o, D) = 0.
(2) If 0p,01 : D — U are admissible and homotopic via an S-admissible ho-
motopy in U, then I(og) = I(01). (An S-admissible homotopy in U is a
homotopy 7 : [0,1] x D — U which extends continuously to [0,1] x D — U
in such a way that 7([0,1] x D) C U\ S.)
(3) If o : D — U is admissible and 7 : D' — D is a proper map of degree k, then
Ioor,D") =k I(o,D).
(4) If o : D — U 1is admissible and 0~(S) is contained in a disjoint union of
disks \J, D; C D, then I(0,D) =Y. I(0, D;).

Finally, if I(oc) > 0 for all embedded, pseudo-holomorphic, S-admissible disks
o : D — U satisfying 071(S) # 0, then we call I a positive cohomology assignment
for Sin U.

Thus a positive cohomology assignment has all the best characteristics of an in-
tersection pairing with a (possibly multicovered) pseudoholomorphic curve.

If ¥ is a Riemann surface, f : ¥ — X is a J-holomorphic map and U C X is open,
then a natural positive cohomology assignment for S = f(£) N U in U comes from
intersection with S: any S-admissible disk ¢ : D — U can be perturbed admissibly
so as to become transverse to f, and then we define I(o, D) to be the signed sum of
points in the finite set {(w,z) € D x Q| o(w) = f(2)}.

THEOREM 17 (Symplectic Recognition Principle). Let X*, w be a symplectic
manifold with a compatible almost complex structure J. Let S C X be a closed
subset with finite 2-dimensional Hausdorff measure. If S carries a (global) positive
cohomology assignment I, then there is a Riemann surface ¥, a domain Q) C X, and a
J-holomorphic map f: Q — X with finitely many singular points such that S = f(§2)
and I = I;.

THEOREM 18 (Local Statement). Let J,w be an almost complez structure and
compatible symplectic form on C?, both standard at the origin. Let U C C? be open,
and let S C U be a connected, closed subset with $2(S) < +oo. If S carries a positive
cohomology assignment I in U, then there is a Riemann surface ¥, a domain Q) C X,
and a J-holomorphic map f : Q — U with finitely many singular points such that
S=f(2) and I = Ij.

To prove the recognition principle from the local statement, note that if I is a
positive cohomology assignment for S in X and V C X is open, then [ restricts to a
positive cohomology assignment for SNV in V. (Any (S N V)-admissible disk in V
is S-admissible in X.) Denote this restriction by Iy .

Now let g be the metric w(:,J+) on X. At a point z € X, J|, allows us to
identify the tangent space T, X with (C?, J). Use the exponential map to identify a
neighborhood U of 0 in 7, X with a neighborhood V' of z in X, and then pull each of
J, g and w back to U.

If z € S, then by the local version of the recognition principle, we find a Riemann
surface ¥, a domain Q C ¥, and a (exp* J)-holomorphic map f : 2 — C? so that
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f(Q) cU, f(2) = exp™'(S), and If = exp~! I. Let us denote the pushforward expof
by f as well. Then clearly SNV = f(Q) and Iy equals I;.

Thus in the neighborhood of any point z € S, we can express the pair (S, I)
as (f(),I;) for some J-holomorphic map f : & — X. By Aronszajn’s unique
continuation principle, any two such expressions agree on overlaps. Therefore, away
from its boundary, S is a J-holomorphic subvariety of X, with finitely many singular
points in each compact region in X.

1. Behavior at a Point.

We focus our attention on a single point in S, which we may as well take to be 0.
The space of Jy-hermitian coordinates centered at O is parameterized by U(2), and
the space of Jy-complex lines through 0 is a copy of CP!. There is a natural bundle
map

7:U(2) — CP' = U(2)/(U(1) x U(1))
which associates, to a choice of hermitian coordinates {z° 2z}, the “vertical” line
2°=0.

Let v+ — CP! denote the tautological line bundle, and let E — U(2) denote
the pullback of v via m. We think of E as the bundle of “vertical lines”, and its
orthogonal complement E+ in U(2) x C? as the bundle of “horizontal lines”. By
Corollaries 42 and 43, there exist R > 0 and bundle maps 8, £ so that the following
diagram commutes:

Dr(E)—"Y . Dp(EY) @ DR(E) L U(2) x 2

A ¥

U(2) Dr(7) CP' x C°

(0, Jo) ~— CP!

Here, Dg(7), Dr(E) and Dgr(E') denote the respective radius R disk bundles. The
maps to (0, Jo) on the far left are of course trivial and are included to remind us that
we are centered at the point 0 € C?, and that U(2) and CP! are specified by the
complex structure Jy.

By construction, the restriction of 6 to any vertical fiber wx Dg(E|(,0,.13), {2% 2'} €
U(2), has J-holomorphic image in {z% 2!} x C. Likewise, the restriction of £ to any
fiber in Dp(7) has J-holomorphic image. For any k € CP?, the fiber over & is denoted
D R(K)).

LEMMA 19. Suppose U C C? is an open neighborhood of 0, S C U is closed, and
$%(S) < +oo. Then the set

T = {x € CP' | ¢(Dr(k)) NS is finite }
has full measure in CP!.

PROOF. Pick arbitrary coordinates {2°, 2'} in C?, and let s, be the vertical line
2o = 0. There is a neighborhood of kg in CP! over which Dg(v) is identified with
Ds x Dg, for some § > 0. Any two disks intersect each other discretely, so the
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set A = £71(9) has finite 2-dimensional Hausdorff measure in Ds x Dg. Applying
Lemma 9, we have, for & > 0,

k 2 a(k)a(2) i
bx Dp)NA)dHd < ——2L . §"2%(A4
[ 5 (x Dryn 4y asts < SN2 gy
When £ > 0, the right hand side of this inequality is zero. When k = 0, we see that
$H° ((bx Dr) NEL(S)) < 400, and hence that £(bx Dr)N S is finite, for almost every
direction b € D;.
Since {z° 2'} and kg = {2° = 0} were arbitrary, this proves the lemma. O

LEMMA 20. If, in addition to the hypotheses of Lemma 19, we assume that S has
a positive cohomology assignment I in U, then T C CP! is open.

PROOF. Fix an element ko € Y. We will show that for all x sufficiently close to
ko in CP!, the intersection £(Dg(x)) N S contains at most m = I(&, Dg(kg)) points.

To do so, let {2°,z'} be hermitian coordinates in C? for which , is the vertical
line 2% = 0. For each b € C, let s, denote the complex line 2° — bz! = 0. The
coordinate choice gives a local trivialization of Dg(7) near kg, so £ is regarded as a
map C x Dy — C2.

For each b € C, define & : Dr — C? by &(z) = £(b,2). Each &'(S) is a closed
subset of Dy and, by assumption, & '(S) = {0}. Thus, given r < R, there exists
¢ > 0 such that &1(S) C D, for all b € D, C C. Moreover, since S carries a positive
cohomology assignment, &~ 1(S) has at most m components.

Suppose there is some b, |b] < € such that & '(S) contains m + 1 points. Using
Lemma 45, we will perturb &(Dg) and obtain a contradiction. First, we need the
following technical results.

Claim. Assume that & '(S) C Dg has m components and contains m + 1 points.
Let d > 0 denote the diameter of the largest component of & '(S). There exists a
positive number r < R so that the following hold:

(1) There is a ball D,(p) C D, such that £(S) N D,(p) C D= (p).
(2) There are m + 1 points (i, ..., (mt1 € & *(S) N D,(p) such that |¢; — ¢;| >
2D
for ¢ # j.
(3) There is a bound 8d < r < 8™+ld.
Note that d can be made arbitrarily small by taking |b| sufficiently small.
To prove the claim, let I' = &7'(S) and let ['y be the largest component of T,
with d = diam(T'y). There exist points p, p’ € I such that |p — p/| = 4. For each
[=1,2,...,m+ 1 there is a point (; € I'y such that

d
(Otherwise, p and p' lie in different components of T'y.)

We have I'y C Byy(p) and if I' N Bgy(p) C Bay(p) then we are done. If not, then
there are other components of I' that meet Bgy(p). Let I'y be the union of these
components. Then I'y C Ba.gqg(p) and if I' N Besg C Bied, we are done.

Otherwise, continue in this fashion to obtain a sequence I'; of unions of compo-
nents of T' such that T'; N Bgig(p) # @ and I'; C Byig for each j. This process must
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stop after m repetitions because I' only has m components. At the final stage, we
have

I'N Bgm+14(p) C Ba.gma(p).

Taking r = 8™*!d, this proves the claim.
Now translate the origin in C to p. The restriction of & to D,(p) takes the form
u: D, — C, and the map
D, —
z = (u(z),2)

has J-holomorphic image. By taking e sufficiently small and |b] < ¢, we can ensure
that d and r are small enough for the hypotheses of Lemma 45 to be satisfied. There-
fore we get a 1-parameter family of admissible disks o, : D, — C?, a € D;, and
each disk 0,(D,) is J-holomorphic and passes through the m + 1 points (u((), ).
At a = 0, we have o9 = (u,id|p,), so the homotopy invariance of I implies that
I(04, D,) = I(09,D,) = m for all a € Ds.

By Lemma 45 (iii), 0,(D,) and o4 (D,) intersect discretely when a # a’. Therefore
o~1(S) has finite 2-dimensional Hausdorff measure in D x D, and, by Lemma 9, there
are values of a arbitrarily close to 0 for which the intersection o,(D,) NS contains
the m +1 points (u(¢;), G)), ¢ =1,...,m+1. Thus we have a contradiction, and the
lemma is proved. O

If Kk € T, then £(D,(k)) NS = {0} for all sufficiently small r < R. We set
(13) (k) = I(€, D,(k)) for any sufficiently small .

This quantity is well-defined because of property (4) of a cohomology assignment.
Now define the multiplicity of 0 in S to be

(14) W= :Ielg (k).

Note that if £ ((D,(k)) NS = {0}, and &’ € T is sufficiently close to %, then
§(Dr(£)) NS C E(Dy (k"))

Consequently & : D,(k') — U is S-admissible and, by property (2) of cohomology
assignments, I(¢, D,(k")) = I(£, Dy(k)). Since 1y(k') < I(¢, D,(k')), we have proved:

(15) (k') < (k) for all &' sufficiently close to k.

If there is a neighborhood N of & such that vy(k') = vg(k) for all K € N, then we
call k a stable direction through 0. For example, the infimum in (14) is taken over
a collection of positive integers, so is achieved for some x € Y. This direction & is
stable. The set of all stable directions through 0 will be denoted ;.

LEMMA 21. T, is open and dense in CP!.

PROOF. It follows from the definition that T, is open in Y. If Kk € T and N
is a small neighborhood of &, then by (15), 1y(k’) < (k) for all & € N. Hence
{vo(k')|' € N} is a finite set of positive numbers and there exists some k" € N with
vo(k") = infwen vo(k'). This £” is stable, so we have shown that T, is dense in Y.

Since Y is open and dense in CP!, we are done. O
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LEMMA 22. Let k be a stable direction through 0, and let r < R be small enough
that §(D,(k))NS = {0}. If ' € T is sufficiently close to k, then & (D,(x'))NS = {0}
as well.

PROOF. Take r < R so that &£ (D,(k)) NS = {0} and (k) = I(§, Dr(k)). In
proving (15), we found a neighborhood N of & such that

vo(K') < I(&Dr(ﬁl) = I(&, Dr(k)) = vo(k)

for all &' € N. Since k is stable, we have (up to taking a smaller neighborhood)
(k') = (k) for all k" € N. Hence vy(s') = I(€, D,(k")) for ' € N and, by the
definition of I and the definition of 1y(x'), £ (D, (k")) N S = {0}. O

FIGURE 5-1

COROLLARY 23. Let 0 : D — U be an embedded, J-holomorphic, S-admissible
disk in U. Suppose that o(D) intersects S only at 0. Then I(o, D) > vy.

PROOF. We can assume that ¢='(0) = 0. Let kg be the tangent line to o(D) at
0 and choose coordinates {2°, z'} so that ky = {z = 0}.

In the first case, assume that kg is stable. By Lemma 22, there exists § > 0 such
that £1(S)N{2° —bz! =0} = {0} when [b] < 4. In other words, £~1(S) is contained
in the region where |2°| > 8|2!| (see Figure 5-1). Thus if D, C D is any sufficiently
small disk containing 0, then o(D,) is contained in the region where |z°| < £|2'|, and
olp, : D, — U is homotopic to £ : D,(kg) — U through S-admissible disks. By
properties (2) and (4) of cohomology assignments, (o, D) = I(o, D,) = I(§, D,(ko)).
Now take r small enough that I(£, D, (ko)) = vo(ke). Then I(o, D) = v4(ko) > vp.

In the second case, kg is not stable but can be approximated by stable directions,
by Lemma 21. Express o near 0 as a graph over ky. Thus we have D,(xy) ~ D, C D
and u : D,(ko) — C so that o(z) = (u(z),2) for all z € D,(xg). Let o, be the
perturbation of o given by Lemma 44. By taking x arbitrarily close to kg, we can
assume that o, : D — C* is S-admissible and admissibly homotopic to o|p, (see the
proof of Lemma 20), and that & is a stable direction. Therefore I(o, D) = (0, D,) =

32




I(ok, D). But recall that the image of o, is J-holomorphic, and I is positive. It
follows that vy < I(o, D,) = I(0, D), as needed. a

2. Local behavior.

We are working in a neighborhood U of 0 in C?, and with an almost complex
structure J in U that is compatible with the metric g.

The discussion of the previous section is valid at each point of U: for each z € U,
J is a complex structure on C? centered at z, and the almost complex structure J
equals J; at . The set of J,-hermitian coordinates centered at z is a copy of U(2)
over z, and the space of J;-complex lines through z is a copy of CP* over .

Thus we obtain over U a principal U(2)-bundle P, a CP'-bundle @, and a bundle
map

P = Q

N

U, J)

which, fibrewise, maps a choice of J, hermitian coordinates centered at x to the
corresponding “vertical” line through X. The line bundles ¥ —+ CP! and E, E! —
U(2) of the previous chapter also generalize to line bundles v - @, E = n*y — P
and E+ — P. For example, the fiber of E over a point (z,{2° 2'}) € P is the J,
complex line 2° = 0.

Corollaries 42 and 43 give us bundle maps G, = and a commutative diagram

(16) Dr(E)—Y . Dp(EL) @ Di(E) 2> P x C?
/ l,r : l,r
P Dr(7) = QxC
(U,J)=—Q

with the property that the image under ©)|(; (,0,.1}) of each vertical disk wx Dgr(E|(5,(.0,.1})),
centered at the point z € U with coordinates {29, 2!}, is J-holomorphic in C2. (By
the commutativity of the diagram, the image under = of each fiber in Dg(y) is also
J-holomorphic.)

Now introduce the closed subset S C U with finite 2-dimensional Hausdorff mea-
sure, and positive cohomology assignment I.

We summarize the results of the previous section with the following

PROPOSITION 24. For each x € S, the following are true

i) The set T|; = {k € Qz | El(o,0)(Dr(x)) NS is finite } is open and
has full measure in Q, ~ CPL.

i) Given k € Y|, let vy(k) = I (E|u), Dr(k)) for any sufficiently
small r. The multiplicity of z in S defined as v, = inf (k) is a
positive integer.
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i4i) The set of stable directions through z,
Yslo = {k € Tl : vu(K') = vu(k) for all nearby directions '}

15 open and dense in Q.
w) If k is a stable direction through = and Z(D,(k)) NS = {z}, then
E(D, (")) NS = {z} for all &' € Y|, sufficiently close to .
v) If o : D = U is an embedded, J-holomorphic, S-admissible disk
and o(D)N S = {z}, then I(0,D) > v,.
A point z € S is called regular if v, > v, for all y € S lying in some neighborhood
of z. Otherwise, z is called singular. Note that singular points have v, > 2.

LEMMA 25. If x is any point in S, then v, < v, for all y in some neighborhood

of x.

PROOF. Let k¢ be a stable direction through z so such that v,(k¢) = v, and
let {2° 2'} be hermitian coordinates centered at z such that ko, = {2° = 0}. By
Lemma 22, there exists § > 0 such that the closed set Z_1(S) is contained in the region
{|2°| > 8|2*|}. Moreover, there is a small r > 0 so that I(Z;, D,(ko)) = vz (ko) = Vs.
If y € S is sufficiently close to =, then Corollary 42 provides an S-admissible disk
0 =0y : D, > U (for some w € D,) such that y € o(D,)N S, and also an admissible
homotopy between o and Z;|p,(x). By Lemma 44, we can perturb o through S-
admissible disks to an S-admissible disk o, : D, — U which is tangent at y to a
stable direction x € T|,. By construction, the image of o, is J-holomorphic, and also
I is assumed to be positive. Thus if we choose r’ < r so that ox(D,) NS = {y}, we
find

vy < vy(k) = I(og, Dp) < 1ok, Dy) = I(E;, Dy (ko)) = Vs

O

In summary, if x € S is a regular point, then there is a neigborhood N, of = such
that vy = v, forally € SN N,.

LEMMA 26. The set Sy of reqular points is open and dense in S.

PROOF. The preceding discussion shows that S, is open.

If x € S and N, is an open neighborhood of z, then the function defined on N,
by y — vy is positive and integer valued. Therefore its minimum is attained, and any
point at which the minimum is attained is regular. 0

3. The regular points of S.

Continuing our proof of Theorem 18, recall that U C C? is open, J and g are
compatible almost complex structure and metric on U, S C U is closed with finite
2-dimensional Hausdorff measure, and [ is a positive cohomology assignment on S.

In this section, we show that the open, dense set Sy, consisting of the regular
points of S has the structure of an open J-holomorphic submanifold of U. Following
the strategy outlined in Chapter 5, we exhibit S in the neighborhood of a regular
point z as the graph of a Lipschitz function ® : D — C. Thus S has the structure
of a Lipschitz submanifold near z. We then show that & is holomorphic at 0. The
proof of Theorem 31 follows when we allow x to vary through Sie,.
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Fix a point z € S,¢, and let ko be a stable direction through z such that v, =
ve(ko). Let {2° 2} be hermitian coordinates on C? centered at z such that ko =
{z° = 0}. In these coordinates, S is the graph of a function ® : D,(kg) — D,(ko)
which we define as follows.

Let 8, : Dg — U be the family of disks parameterized by w € Dg(ky ), given to
us by Lemma 42. Recall also the map © in (16) which, at the point (z,{2°, 2'}) € P,
coincides with 6:

O(5,{0,21}) (W, 2) = 0, (2) for all (w,2) € Dg(ky) x Dg(ko)

Since 6y(Dg) N S is finite and 6(0) = z, we have 6y(D,) NS = {z} for all sufficiently
small r.

LEMMA 27. For all (%,{2°,2'}) in a neighborhood of (z,{z° 2'}) in P, and all w
in a neighborhood D, of 0, the intersection
(17) @(i’{go,gl})(’w x Dp)N S
contains precisely one point.

PROOF. Duplicating the proof of Lemma 20, we find that for all (%, {z° z'})
sufficiently close to (z,{z% z'}) and all w sufficiently close to 0, the intersection (17)
is finite and contains at most vy = I(6p, D,) points. Let k denote the number of
points.

Since z is regular, we can assume that each point y in (17) has multiplicity v, =
vz. The image of ©; 0 ;1)) on each vertical fiber w x Dy is J-holomorphic, so by
Proposition 24 (v),

(18) I (@(i’{go’gl}),w X DR) > k- uv.
By the homotopy invariance of I, we also have
I (0w X Dr) =1 (O, (0,527, 0 X Dr) = wo ,
and the latter is compatible with (18) only if ¥ = 1. This proves the lemma. O

Consequently, for each w € D, there is a unique point ®(w) € D,(ko) so that
f(w x D;) N S = §(w, ®(w)). This defines the function ® : D, (kg) — D, (ko).
Near z, S can be identified with its preimage under the diffeomorphism 8:

(19) 671(S) = {(w, ®(w)) | w € D, }.
This is none other than the graph of ®. Since 8-1(5) is closed, ® is at least continuous.

LEMMA 28. Let x € Syey and define ® : D, — D, so that (19) holds. There is a
constant k > 0 such that

|®(w) — ®(w)| < k- |w—w'| for all w,w' € D,.

In other words, ® is a Lipschitz function on D,.

PRrOOF. Identify S near 0 with 671(S) = {(w,®(w)) | w € D,} and use the
identifications of (16) to apply Proposition 24 (iv). For each point z = (w, ®(w)),

we find coordinates {2°, 7'} centered at z and 4, > 0 so that §71(S) is contained in
the region {|z°| > 6,|#|}. Taking r smaller if necessary, we may take 6 > 0 to be
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independent of z and {2°, 7'} to be arbitrarily close (in norm) to {z°,2'}. Then any
other point ' = (w', ®(w')) must satisfy

(")~ 2(a)] <

N O

Izl(x') -2 (a:)l ,
or equivalently
! —w| < 2 [#(uf) - B(uw)].
O

Allowing z to vary through S,.y, we obtain the next result.

COROLLARY 29. There is an open, dense subset of S that has the structure of a
Lipschitz submanifold of U.

LEMMA 30. Let € Sye, and define ® : D, — D, so that (19) holds. Then
® : D, — D, is holomorphic at 0.

PROOF. Since ®(0) = 0, we need to prove that the function

a¢(w)=%@, w € D, \ {0}

extends continuously over O.

We know by Lemma 28 that 0® is bounded on D, \ 0. Therefore if 0% fails to
be continuous at 0, we can find two sequences w; and w; converging to 0 such that
lim 8®(w;) # lim&®(w!). For each i, set \; = 0P(w;) and A = 0P(w;). We can
assume that lim |);| < lim |)|, and that

2¢ > |\ = A} > €

for some ¢ > 0, for all ¢ and j.
Fix some j 3> 1 > 0 so that |w| < |w;| and, for ease of notation, set

w=w; , w= w;-
!
A== 2 ,\’:,\;.:q)(“,’)
w w
By construction, the quadratic
A—=XN Nw — Aw'
f(z) = w_w/zz+ w—w z
satisfies: f(0) =0, f(w) = ®(w), f(w') = ®(w'). Therefore the map
q: — U
20
(20) 2 o (54()

passes through the three points (0,0), (w, ®(w)), (w', ®(w')) in S. To make this map
S-admissible, recall that S (or #-1(S)) lies in the region {|z!| < k|2°|}, where k is
the Lipschitz constant of ®. If p is chosen so that

(21) |f(2)| > 2k|z| for all z € 0D,,
then both (20) and small perturbations of (20) will be admissible disks in U. Let us

take P
p = 100|w| - j}—'
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Then it is straightforward to check that (21) is fulfilled for this choice of p.

Note that k, |\'| and ¢ are independent of |w|, so by taking ¢ very large (so
that |w| = |w;| is very small), we can assume that p is less than the constant Ry of
Lemma 41. We can also assume that |f(2)] < 44(k + |X'|)p is less than the constant
C: of Lemma 41. Therefore when ag, a;, as € C are sufficiently small, Lemma 41
gives us a function ¢, which depends smoothly on ag, a1, ay, and z € D,, so that
the perturbed map

(22) 0(2) = (2, F(2) + a2z’ + a1z + a0 + ¥(2))

has J-holomorphic image in C2. If |w| and |w'| are sufficiently small, then by
Lemma 41 and the inverse function theorem, there exist unique ay, a;, a, satisfying
the simultaneous equations

aow?® + a1w + ag + Y(w) =
as (w')2 +aw' +a+ ) =
ao+¥(0) =

Hence o passes through the three points (0,0), 6(w, ®(w)), 6(w’, &(w')) in S.

Now translate the origin to p = % and perturb o using Lemma 45 with m = 3,
¢t =0, { =w and (3 = w'. The hypotheses of Lemma 45 are satisfied when |w] is
sufficiently small, for then

o o o

3
SO TT16 = 6l = hwllw'| + follw - w'| + [w]jw - w] > Cp*

=1 j#i
ITiG- ol = [2f |- 2] > ¢ o3
A U W )
j=1 2 2

where C is the constant of Lemma 45. We therefore obtain a 1-parameter family of
J-holomorphic S-admissible disks ¢,(D,) C U, a € D,, such that o,(D,) and o, (D,)
intersect discretely when a # a'. Applying Lemma 9, we find a full measure set of
a € D, such that 0,(D,) and S intersect discretely.

Fix one such a € D,. By construction, 0,(D,) N S contains at least the three
points 6(0,0), 6(w, ®(w)), 6(w', &(w')), so I(va,D,) > 3v, by Proposition 24 (v)
and the assumed regularity of z € S. On the other hand, o, is homotopic through
admissible disks to oy = o, and ¢ is admissibly homotopic to the quadratic map
a(z) = (2, f(2)). It is a simple matter to check that q is admissibly homotopic to the
doubly covered vertical disk

2 0(0,2=222) ) z€ D,

Therefore, by properties 2 and 3 of cohomology assignments,
I(0a,D,) = I(0,D,) =1(q,D,) =2 I(6y,D,) = 2v,.
We thus have 2v, = I(0,,D,) > 3v,, which is impossible as v, > 0. Therefore our
initial assumption on the behavior of d® at 0 is false, and we conclude that & is
holomorphic at 0. - O
An immediate consequence of Lemma 30 is the following.
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THEOREM 31. If S C U is closed, $52(S) < +oo and I is a positive cohomology as-

signment on S in U, then the set of reqular points of S is an embedded, J-holomorphic
submanifold of U.
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CHAPTER 6

The Boundary Case

In standard transversality and intersection theory, there is no well-defined intersection
number between two maps f : M — X, g: N = X when one of M and N has non-
empty boundary. Under homotopy, points of intersection can slide off the boundary,
so the usual count of points (with or without sign) does not yield a well-defined
number. For this reason a cohomology assignment on S C X, which one should think
of as a generalized local intersection pairing with S, is defined only on the class of
S-admissible disks in X. The restriction o(0D) C X \ S guarantees that intersection
points do not slide off via the boundary 8D.

If X* is an oriented manifold and Y2 C X is a 2-dimensional orientable sub-
manifold then it is possible to define an intersection pairing on the class of smooth
maps

{f:M*— X | M is a surface and f(OM) C Y}.
Let f: (M,0M) = (X,Y) and g : (N,0N) = (X,Y) be two such maps and suppose
the following are true:
i) f and g are transverse in X;
it) flam and g|sn are transverse in Y
i) The set {(p,q) € M x N | f(p) = g(q)} is finite and consists of
points (p, ¢) such that p € Int M, g € Int N, or p € M, q € ON.

When these conditions are satisfied, we say that f and g are relatively transverse and
we define the relative intersection pairing of f and g to be the signed sum

1
(23) I(f,g) = Z Epg T 3 Z €p,as
(p,g)€Int M xInt N (p,g)EOM xBN
f(p)=9(9) f(p)y=9(9)
where ¢, = +1 if Tf;,) X and f.T,M & g,1;N are equal as oriented vector spaces,
and €, , = —1 if the orientations are opposite.

Note that the sign £, ; at a point (p, g) € M xAN is not determined by comparing
[ T,(0M) @ g, T,(ON) to T¢)Y . In fact we have not specified an orientation on Y.

THEOREM 32. Let fo,f1 : (M,0M) — (X,Y) and g : (N,ON) — (X,Y) be
smooth maps of surfaces and suppose that fo and f1 are relatively transverse to g. If
F(t,p) = fi(p) is a homotopy between fo and fi such that f{(OM) C Y for all t, then
I(f()vg) = I(fl’g)

Such a homotopy will be called a relative homotopy. Now if f : (M,0M) — (X,Y)
and g : (N,0N) = (X,Y) are any two maps (possibly not relatively transverse),
then we can find maps f': (M,0M) = (X,Y) and ¢’ : (N,0N) — (X,Y) relatively
homotopic to f and g respectively, so that f' and ¢’ are relatively transverse. Then
I(f',¢') is defined as above, and we set I(f,g) = I(f’,g'). By Theorem 32, this
relative intersection number is well-defined.
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PROOF OF THEOREM 32. We can assume that F~}(Y) = I x90M and g~ (V) =
ON, that is,

the normal vector to I x OM in I x M (resp.to ON in N) is

24
(24) mapped into the normal bundle of Y in X.

Because f; is required to map OM into Y for all ¢, we can not generically assume that
F' 1s transverse to g along I x M. However, by Sard’s theorem we can perturb F so
that

(25) F° = F|rxanem and ¢° = g|me v are transverse in X, and

(26) F* = F|rxanm and g* = g|sy are transverse in Y.
Therefore the set W = {(t,p,q) | F(¢,p) = g(q)} equals the union W° U W™, where
We={(t,p,q) € I xInt M x Int N | F°(¢,p) = ¢°(q)}
is a 1-manifold with boundary and possibly some ends in I x Int M x Int NV, and
Wt ={(t,p,q) € I xOM x ON | F*(t,p) = g*(g)}

is a 1-manifold with boundary in I x 8M x ON.

If W° has any open ends, these will converge to I x dM x dN, so to points
in Wt. We will presently show that after an arbitrarily small perturbation of F,
there can be at most finitely many points where this can happen, and that W° is a
smooth manifold with boundary on (8 x Int M x Int N) U W*. The perturbation
will leave F' a relative homotopy and preserve (24), (25), (26) above. Moreover, an
interior intersection point of weight +1 converges to the boundary (in the sense that
W° meets W) only if it combines with a boundary intersection point of weight
:F% to become a single boundary intersection point with weight :t%. Thus the total
intersection number (23) remains invariant as time ¢ progresses.

O0x M I1xM

‘-/----.IIIIllIll._l........------.Illll... -

. 2

FIGURE 6-1. Behavior of intersection points in I x M. Solid lines
represent W° while dotted lines represent W+.

Let DT = {(z,y) e R? | 22 + y2 < 1, 1y > 0} denote the upper half disk in R?,
with boundary 8*D* = {(z,y) € D* | y = 0}. By our assumptions (24), (25) and
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(26), we can find coordinates z1, y1, Z2, Y2 on X near Y so that Y is given by the local
equations y; = y» = 0, and so that F' and g have the following local expressions:

F:IxD" — Ril’yh%m
(t7 $7 y) '_) ($7 y’ a(t’ x’ y)’ /6(t7 x! y))
g: D" — R!
(z,y) — (2,9,0,0)
where 3(t,z,0) = 0 for all ¢, z. Therefore W* is the set where y > 0, = § =0, and
W+ is the set where y = 0, = 0.

Since F'T is transverse to g7 in Y, it follows that F fails to be transverse to g at
the points (¢, z,0) where the matrix

10 1 0 O 10 1 0 O
01 0 1 0 01 0 1 O
a il da = da Jda Ba
0EEE TpoEgS
00 9z B8y It y=0 00 0 dy 0

does not have full rank. This occurs precisely when %g(t, z,0) = 0.
Suppose that %’3 = 0 at the point (0,0,0). By making an arbitrarily small per-

turbation of « in the z direction, we can assume that ‘g—‘;‘(O, 0,0) # 0. Then make a

change of coordinates so that a(t,z,y) = z. By Taylor’s theorem, there are functions
f,9,h: I x Dt — R so that

(27) B=y- (tf +zg+yh)

in a neighborhood of (0,0,0). By making another arbitrarily small perturbation we
can assume that f, g and h are not zero at (0,0, 0).

Thus in the vicinity of (0,0,0), we have W+ = {(¢t,z,y) | = y = 0} and
We = {(t,z,y) |y > 0and y- (¢tf +yh) = 0}. As f(0,0,0) and h(0,0,0) are both
nonzero, it follows immediately that W° is a smooth manifold with boundary on W+,
and that (0,0, 0) is isolated as a point of intersection of W° and W+,

It remains to determine the weights £1, or :I:%, associated to the points of W°, or
W, located near (0,0,0). The sign of the weights equals the sign of the determinant

10 1 O

01 0 1
(28) 0 0 éa de
5 o

00 dx Oy

which, for & = z, equals the sign of %. By (27), 5,(t,0,0) = tf(t,0,0) for any t.

Hence the weight at (,0,0) € W equals £ - sign(tf). On the other hand, at the

point (¢,0,y) € W°, we have tf + yh = 0, and sign(t) = —sign(h) - sign(f). By (27),
By(t,0,y) =y - (t%y’E +h+y+ %), so when y > 0 and t are sufficiently small, we
have

sign(8,) = sign(yh) = sign(h) = — sign(tf).
Therefore the weight at (¢,0,y) € W*° equals —sign(¢f). The four possibilities are
depicted in Figure 6-2.
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3 =z | +3
f>0,h<0 f>0,h>0
y )
+1

1 1 ¢ 1 t
T2 13 —2
f<0,h>0 f<0,h<0

FIGURE 6-2. W° (solid) meets W+ (dotted) transversally at the origin.
When sign(t) = —sign(hf), then y > 0.

In any case, the sum of the weights is constant with respect to time ¢.

We have shown that, after an arbitrarily small perturbation, F is transverse to g
on the complement of a finite set of points in I x D*. The points where F and g are
not transverse are the boundary points of W°, where W*° and W+ meet transversally.
The weights carried by points in W = W° U W™ change with ¢ according to the four
pictures in Figure 6-2. Therefore the intersection number I(f;, g) is invariant with
respect to t in a neighborhood of the points W° N W. Outside of We N W+, W is
a l-manifold with boundary, so the usual argument (see [GP, Chap. 3]) shows that
I(f:, g) is everywhere invariant under time. We conclude that I(fo,9) = I(f1,9). O

We want to prove the following local recognition principle with totally real bound-
ary conditions.

THEOREM 33. Let J,w be an almost complex structure and compatible symplectic
form on C?, and let Y C C? be a real 2-dimensional plane that is everywhere totally
real with respect to J. Let U C C? be open and let S C U be a connected closed subset
with boundary S C Y, such that $H*(S) < +o0o and H*(8S) < +oo. If S carries
a positive relative cohomology assignment I in (U, Y NU), then there is a Riemann
surface ¥ with boundary, a domain ) C ¥ with boundary 07Q = QN IL, and a
J-holomorphic map f : (Q,07Q) — (U,Y) such that S = f(Q), 8S = f(01Q), and
I=1I.
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LEMMA 34. Let Y C C? be a Jy-totally real 2-plane, and let U C C? be an open
neighborhood of 0. If (S,08) C (U,Y) is closed, and $H'(dS) < +o0, then the set

A={xe S'|&(87 DY) NS is finite}
has full measure in S,

LEMMA 35. If in addition to the hypotheses of Lemma 84 we assume that (S, 3S)
has a positive relative cohomology assignment I in (U,Y), then £ (D;;(/\)) NS is finite
for each X € A.

COROLLARY 36. Let Y C C? be a totally real 2-plane, let U C C? be open, and
let (S,0S) C (U,Y) be closed with $H%(S) < +oo and H'(dS) < +o0o. Then A C S?
1S open.

If X € A, then £(D;F (X)) NS = {0} for all sufficiently small r. Therefore we set

w(X) =2 1(6, D} ()
for any sufficiently small 7. If X' € A is sufficiently close to A, then
¢(DF(N))nS c §(D;"/2(/\’)).
Hence ¢ : (D} (X), 87D} (X)) = (U,Y) is S-admissible and, by homotopy invariance,
I(&,DF (X)) = I(& Df(N)). It follows that 15 (X') < wo(X) for all X' sufficiently close
to Ain A. If in fact v9(X') = 1p(A) for all A’ in some neighborhood of A, then we call A
a stable (real) direction through 0. The set of stable directions in A will be denoted

As.
Next define the multiplicity of 0 in S to be

Yy = )1‘r€1/f\ vo(A)

and note that the infimum is taken over a set of positive integers. Therefore v is a
positive integer and equals v4(A) for some A € A. The latter direction A must, by
definition, be stable.

LEMMA 37. The set A; of stable directions in 'Y through O is an open subset of
St
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CHAPTER 7

Constructing Families of Pseudo-holomorphic Disks

Let U C C? be an open subset containing the origin, and let J; denote the standard
complex structure on C2. Fix a metric g on U. Let J be a compatible almost complex
structure on U that is standard at the origin, and let w be a tame symplectic structure
on U that is standard at the origin. In terms of complex coordinates 2° = z!+iz?, 2! =
z° + iz* on U, we have wy = dr! A dz? + dz3 A dz*, and

At a point z = (29, 2') in C?, write J as

A, B,
JZ - [ Cz Dz ] b}
where A, B,C, D are real 2x2 matrices. Since J = Jy at the origin, each of ||4 —
3l 1D = gl 1 B}, |C]| is small when [|z[| is small.
Next let Dg denote the open disk of radius R in €. Given a smooth function

u : Dp — C and a complex polynomial f : Dy — C, our plan is to find a smooth
function ¥ : Dg — C so that the map

q: D — C?
z — (u(z) + f(2) +9(2), 2)

has J-holomorphic image in C2. Note that this is weaker than asking for the map g
itself to be J-holomorphic (in the sense that Jdq = dqjy).

In terms of the complex Gaussian coordinates, we have q = (g,id¢), with ¢ =
u+ f + 1. Then the condition that q have J-holomorphic image is equivalent to the
equation

(29) B+ Adgq — dqD — dgCdq =0
which, since J2 = —1I, is equivalent to
_ _ 1. . .
(30) 0y = —0u+ 5j{B+ (A~ j)dg—dq(D - j) - dgCdg} .

Let @y be the (0,1)-form appearing on the right hand side of equation (30). To
solve (30), we look for ¢ as a fixed point of a functional

“Fp) =5 (Qy)”

defined on a suitable Banach space.
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1. Holder spaces and estimates for 0.

Let K**(Dpg) be the Banach space of functions 1 : C — C of class C¥* such that
the restriction of 1) to C\Dp is holomorphic, and such that |¢)| — 0 as |z| — +oo.
(Note then that ¥|sp, € Span{e™},«o.)

For any 1 € K**(Dg) , the holomorphic map Y|c\pg is uniquely determined by
¥|aps- Therefore the following Holder norm on Dy also defines a norm on 5% (Dp):

k

11l = 19 llka = [¥lleane = Y RN D*Wllo,05 + B 1D oy, -

=0
Here, || - ||o,p, denotes the C° norm on Dg,
1D7%llo:ps = sup [D*Yllons »
18l=3
and -], the Holder norm, given by
[¢] D, = Sup I¢($) — ¢(y)|
arp T '

Z’,yGDR |$ - y|a

Some relevant background on Hélder spaces may be found in [GT, Chap.4]. We will
need the following easily verifiable facts:

(1) If k' + o/ > k + a, then K¥*'(Dg) C K**(Dg).

(2) fp e Kb p e K¥ and k' + o > k + «, then gy € K=,

(3) It ¥ € K**1*(Dg), then || DYlle,a < %l1¥llk+1,0-

LEMMA 38. Let Q be an open, proper subset in R2 . Given a bounded function
p € C*(Q), set

1 1 _
(31) P(z) = %/Q — o(w)dw dw .
Then ¢ € CY(Q), and %’z@ = ¢ in 2. Moreover, for any z € ,
1 1 _
(52) o) = 5 | s (0 — elwdwdn.

Here Qy is any domain containing Q and ¢ is extended to vanish outside ().

The same methods used in [GT, Chap.4] to solve the Dirichlet problem for Pois-
son’s equation yield the following estimates for 0.

LEMMA 39. Let By = Bg(0) C By = Bag(0) be concentric balls in C. Let ¢ €
C*(B;) , 0 < a < 1, and define ¢ as in (81). Then € C*(B;) and
|1DYllo;5, + B*[DY]o;3, < C - {ll¢llo;z, + R*[¢laz,}
for some constant C = C(a).
COROLLARY 40. Let ¢ € C§(Dg). For z € C, set

¥(z) = — /D L ow)dwd.

271 REZ—W

Then ¢ € Kb*(Dg) and
(33) 1¥l1,0:0r < C()R - H‘P”(J,a;Dzn = C(a)R- ”(p”O,a;DR .
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ProOF. Extend ¢ to be 0 outside of Dg. Then 1 is holomorphic in C\Dg. Also,
|| — 0 as |z] = +o0o. Therefore ¥ € X»*(Dg), and (33) follows from Lemma 39. O

2. The main lemma.

We are now prepared to find a solution to equation (30) on Dg. To do so, let us
fix a cut-off function x : C — [0, 1] with the property that x(z) = 1 for |z| < 1, and
x(2) = 0 for |2| > 3/2. For any R > 0, define xg to be the function

xr(2) = X(%) z2€C.

In Lemma 41, we use xg to define a cut-off equation on Dyp (see (35) below) whose
restriction to the smaller disk Dy is equation (30). We find a solution to this cut-off
equation by a fixed point argument in the Banach space K>*(D,r), and then restrict
this solution to Dpg to solve (30).

LEMMA 41. Let U C C? be open, let g be a metric on U, and let J be a com-
patible almost complex structure that equals Jy at the origin. There exist constants
Ry, Cy, C1 > 0 depending only on g, J such that the following are true.

i) Let R < Ry . For each smooth map u : Dygp — C with ||u|l2,6,0,5 <
R/Cs,, and each degree m complex polynomial f = an2z™ + - + ag
with || fll2,cp,r < R, there ezists a unique ¥ € K**(Dypg) with

(34) ||?1b”2)a;DzR <G (llullz,a;DzR + R||f”21a§D2R + Rz)

that solves the equation
(35)

51/’ = XR'{-5u+'Jz‘ [BI\'-M; + (A “j)|q¢ - dgy — dgy - (D “j)|Q¢ — dgy - C[% 'dqw]} )

qy = (ay,1d) = (u+ f + 9, id).
In particular, the restriction of qu to Dy has J-holomorphic image
in C2.
ii) The function v is smooth.
iit) The function i is also C™ with respect to the coefficients ag, . . ., Gn,
of f. There exist constants ¢y, depending only on k,J and g so that

44 k+1
— |l < . .
Il < ce- R

) Suppose that the map

DR —
z — (u(2),2)

has J-holomorphic image. Then for any complex polynomial f =
am2™ + -+ - + ag, the function v obtained in (i) satisfies:

[¥llze < CoR - || fll2.0;02r -
PROOF. For each ¢ € K**(Dsg), let gy = (gy,id) = (u + f + 9, id) and define
= ] : :
(36) Qw =-0u+ §{B|q1p + (A "])Iqu; i dqw - dq1/) : (D _])IQ¢ - dqw ' Clthp : dqlﬁ} .
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The cut-off form xg - Q lies in Cy**(Dag), so by Corollary 40,

1 dw

1) FOe) = 5 [ =
is a well-defined element of K>*(D,g). This defines a functional F : K®2(Dag) —
K**(Dag), and any fixed point 1* of F' must solve (35) on Dyg. Since xg =1 on D,
¥* solves equation (30) on Dg. Consequently the image of qy| Dy is J-holomorphic
in C?. We will look for a fixed point of F on a neighborhood of 0 in X%2(Dyp).

Suppose there is a positive number ¢ so that ||[DyF|lse < 2 when |[¢|l0 < €.
Then

~ XR" Qy

1
I1F (%) — F(o)ll < Sl — ¢l for 4, € B:(0),
and
1 €
IF@ < 51wl +1FO) < 5+ [FO)] for & € B(0).

If |F(0)|| < £, then F maps B,(0) to itself and is a contraction there. So F has a
unique fixed point ¢* € B,(0), which is what we want. Furthermore, ||¢*|| < 2||F(0)]|.
In the steps that follow, we will make the necessary estimates to find a suitable value
for e.

Step 1. There is a constant C' depending only on J, x¥ and « so that if R < 1 and
llall1,e:0,, < 50R, then the following hold:

(38) 1(J = Jo) e allnaipe < C - llall1,espen

(39) “D('] - JO) o qu,a;Dzn <C.

The proof follows from the fact that J equals J; at the origin, and from the multi-

plicative property of Hélder norms.
Step 2. If R < 1 and ||q]|2,a;p,, < 50R, then

(40) 1Dy Fll10:02n < Co - (B + ldll2,0;D.)

for some constant Cy = Cp(J, x, @).
Proof. Differentiating (36) and using Step 1, we obtain

1DyQlle < [ID(J = Jo) o qllra- (1+ 2qunl,a + [ldgll3 o)
+2([(J = Jo) o dllva - 5 dq{ll,a

+2[(J = Jo) e dllue-lI5; dqllla lIdgll1.e

< C-(1+]ldglle)® +2Calhe - 15 dqllla 1+ lidgll1.a) -

Now ||5£,3;”1a 1, so that ||5¢dCI||1a < L. It follows from Corollary 40 and (37) that
if ||g|l2,e < 50R , then

|1 Dy F|2,0,0r Cla)R-|Ixr - DyQlliapr < Cloy X)R - [|DyQl1,e5005
C - (R+ |lgll2,«)(1 + lldgll1,a) + 100CR - (1 + ||dg]|1,0)
151C - (R + |ql|2,ee) -
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Step 8. If R < 1 and ||qo||2,0:0,, < 50R, then at 3 = 0,
(41) IF(0)l2,0:000 < Cr{llullza + (lullza + | fll2,0 + R)*},

for some constant C; = Ci(J, x, @).
Proof. When v = 0, then qy = (qo, idc) = (u + f,4dc). Using (38) and (36), observe
that

Qollt,a;p2r < lldull1,0505r + C llQoll1,0;005 - {1 + 2[|d0l1,0,005 + ”dq()”ia;Dgn}'
As ||qoll2,0:0,, < 5O0R, it follows that

IFO) 20 < Cla, X){Rlldull1,0 + 50CR? - (1 + |ldgoll1,0)*}
Clos X){llull2.a +50C - (R + [|go]l20)"}
Ci{llullze + (B + llullza + 1 fll20)"} -

Step 4. Here, we use the results of Steps 1-3 to find a fixed point of F on an e-
neighborhood of 0 in X%2(Dyp).

Let Ry = 1/60Cy(1 + C,), where Cy and C; are the constants of Steps 2 and 3,
respectively. Let R < Ry and suppose that ||u||2,a;0,, < R/C1 , while || f||2.a;0,5 < R-
Define F : K%%(Dyg) — K%%(D,p) as in (37).

Next take ¢ = 8C1(||ull2,o + R||f||2,« + R%) and note that by our assumptions on
lu]l, || fl| and R, we have € < 24R. Thus if ||¢)|j2,, < €, then ||qyll2,« < 29R < 50R,
and so by Step 2,

<
<

|DyFll2,00r < Co- (R+|dll2,0,0,5)
< 30Cy R

1

2
Moreover by Step 3, || F(0)|l2,0:0.5 < Cifllullzat([[ullzat]fllza+R)*} < 4C1([[ullza+
R|fllza + B?) = je.

We can therefore conclude that F is a contraction on B.(0) C K¥%(D,g). Let ¢*
be the unique fixed point of F'|p, (). Then

INA

19" l2a = [F@)laa < 214" = Olza + IF(0) 2

and hence ||¥*|l2a < 2||F(0)||2,050,5- Since d¢* = xg - Qy+, it follows that the
restriction of qy+ to Bg has J-holomorphic image. The smoothness of ¥* follows
from a standard bootstrap argument.

To prove (#1), consider q,Q, F as functions of a = (am,...,a:,a0) € C™ and

¥ € K2%(Dyp). Thus,
q(a,9)(2) = (u(z) + am2™ + - - - + @12 + agp + ¥(2), 2),
(42) Q(a, ) = —Ou+ %{quw +(A=5)lan, dg—dq-(D~j)lq., —dq-Clq,,, - dq},

F(a,¢) =0""(xr" Qa,¥)).
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From the equation ¢*(a) = F(a,¢*(a)), we find that ¢* is differentiable with
respect to a; and

oy _ oF sy OF .
5ak (a) - [I - W(aa wa)] L. m(a, wa) .

Since ||§—5H2,a = || DyF |20 < % for ||%]|2,« < €, it follows that
oyt OF . ) .
(44) [=—ll2a < 2ll—(a, %32 < 2C(a)R||£(a, Yl

(Sak (5ak

(43)

On the other hand, §q/day = pi , where p;, : C — C? is the function 2z — (2¥,0),
satisfying ||pkl1,a;0,5 < ck + R*. Differentiating (42) with respect to ax, we therefore
have

6Q oq
==l < DW= Jo)oall - |==I - (1 +2[|dg]| + [|dq||*)
day day

+2(7 = h) ol I30-(da)] (1+ | da])

< o R®- (1+|dgl))? + ek llall - R - (1 + [|dall)
< (514 50)-51c,RF
Combined with (44), this proves ().
Finally, to prove (iv), write @ as a function of f, 1 :
Qr(¥) =Q(ay).

To say that (u(z), z) is J-holomorphic is to say that Qy(0) = 0. In this case, there is
a constant C5 such that

1Qs0)]| < C2- |I£1l
for all complex polynomials f of sufficiently small norm. But [[%}|" < 2[|F;(0)]'
< 2C(a)R - ||Qf(0)||', so this does the trick. O

3. Families of disks.

Recall that on the open set U ¢ C?, we have a metric g and a compatible almost
complex structure J which equals Jy at the origin. Fix complex coordinates 2z° =
' +iz?, 2! = 2% 4+ iz* in C2.

For example, if we take v = 0 in Lemma 41, then by (34) we have

Sup [¢*| < [|¥"ll2.05020 < Co - (RIS + R*).
2R

It follows that supp,_ |¢*| < C'- R’ for all R < R, and hence %*(0) = 0.

COROLLARY 42. There exist constants Ry > 0 and C depending only on J and g
such that, for R < Ry, there is a diffeomorphism 0 : Dp x D — U C C? with the
following properties:

i) For each w € Dg, the map 0, = O(w,-) : Dp — U has J-
holomorphic image.

i) For each w € Dg, 8(w,0) = (w, 0).

iii) For each w, dist(6(w, 2), (w,2)) L CR - |z|.

iv) There is a constant Cy, = C(J,g,k) so that |D¥(6,)| < Ci- R for
each w € Dg.
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v) The image of 6y is tangent to the vertical line {2° = 0} at 0.

PROOF. Let Ry be the constant of Lemma 41, and let R < Ry. Given w € Dp,
take u = 0 and f = w in Lemma 41. Then we obtain a smooth function v, : Dag — C
for which the map

Qy - DR — C2
z +— (w4 Yy(2),2)
has J-holomorphic image.
Set O(w, z) = (w + ¥y(2), z). By Lemma 41 (3), 6 is smooth in w and in z, and

_(I+R 2
De_( o)

Moreover, there is a constant ¢g so that ||d9/dw|| < ¢p- R for all R < Ry. Thus when
Ry is sufficiently small, D@ is invertible, and by the inverse function theorem, @ is a
diffeomorphism onto its image.

By construction, each 8,, has J-holomorphic image. For any R’ < R, (34) yields

sup [vu| < [Yullzap,e < Co- (R'|w]+ (R)?) < 2CRE'.
2R/

Thus ,,(0) = 0 and 6(w,0) = (w,0). A similar argument will prove (v).

Another consequence of (34) is that

R- sup Iwal S “'(/}w||2,a;D23 < 2C’O‘R2 .
Dar

Hence dist(f(w, 2), (w,2)) < Clvu(z)| < C -supp,, |Dpy| - |2| < CR - |2z|. This
proves (1i1). ) '

From the proof of Lemma 41, recall that 0 = 2{B + (A — j)dg — dg(D — j) -
dqC dg} and that [|1),|| is sufficiently small that we have ||g|| < 50R. In our case,
g = (¢,1d) = (w + vy, id). By Corollary 40 and (38) we have, for each k > 0,

[l S CR-||B+(A=j) -dip—dp- (D —j)—dyp-C-diflls-1.

< CR [Yllk-ra* (1 + 2/|d¢llk-1,0 + || d]2_, o)
SO Ylle-1,0 - (B + 19llk) - (1+ [ldeplle-1,0)
< 51C - |[¢llk-1,0 (R + [[9[lk.a) I

< 51°CR - ||9|k-1,0-

This proves (iv). O

Let k denote the “vertical” line 2° = 0, and k1 the “horizontal” line z! = 0.
Letting Dg(x), resp. Dg(x1), denote the disk of radius R in &, resp. k*, we interpret
6 as a map Dp(x) X Dp(kt) — C2.

The above construction works regardless of our original choice of hermitian coor-
dinates in C?®. The set of such coordinates is parametrized by U(2), and there is a
natural map 7 : U(2) — CP! ~ U(2)/U(1) x U(1) which sends a choice of coordinates
to the corresponding vertical line. Let v — CP! denote the tautological line bundle
and let E — U(2) denote the pullback of v via 7. We refer to E as the “bundle of
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horizontal lines”. Applying Corollary 42 for each choice of hermitian coordinates, we
obtain a bundle map

DR(E) X DR(E‘L) U(Q) X C2

-

U()

which, fiberwise, has all the properties (¢)—(v) of Corollary 42.

COROLLARY 43. Let Dg(y) be the radius R disk bundle in . There ezists a
constant Ry > 0 depending only on J and g so that for each R < Ry, there is a
smooth map & : Dg(y) — U with the following properties.

i) & maps the zero section to 0 and embeds the complement of the
zero section.

i) For each k € CP, £ (Dg(k)) is J-holomorphic in C? and is tan-
gent to k at 0.

i) If {2° 2'} are hermitian coordinates in C* and ko is the vertical
line 2° = 0, then &|pp(x) : Dr(ko) = C* coincides with the map
0y : Dr(ko) — C? obtained in Corollary 42.

PROOF. Fix xy € CP! and choose a lift {z°, 2!} € U(2). The map 6 : Dg(xo) —
C? which, in coordinates {2°, 2!}, is defined by

90(2) = ("/)(z)’z)v z € Dg,

is tangent to k¢ at 0 = 6y(0), by Corollary 42, (v). The v in question is the unique
element of KX**(D,g) with norm bounded by (34) satisfying the equation

(45)  Op=xn-L{B+(A=j) db—dp- (D~ j)~db-C-dy}.

If {2% 2'} € U(2) also maps to ko under 7, then there exist Ao, \; € U(1) so that
(2°(z), 21(z)) = (M2°(z), M1zt (z)) for all z € C?. (In other words, {2°, 2!} differs
from {2° z'} by the diagonal matrix with entries Ao, A;.) Let

00(2) = (¥(2),2), Z€ D,

be the map obtained by applying Corollary 42 in the coordinates {2°, 2'}. If we make
the substitution Z = \;z and switch back to the coordinates {2°, 2!}, then we find

. 1 -~
@) = (902, 2)
0

and the function z — /\—101/;(/\1z) also satisfies (45). Moreover, this function is an
%1])()\12’)” < ||4|| is bounded by (34). (It suffices
to check that the non-negative Fourier coefficients of the restriction to 0Dsg are all
zero, which is true because ¢ € K?*(Dyg).) By uniqueness, it follows that ¥(z) =
x¥(M2) for all z € Dg.

Thus , and 6, define the same map Dpg(xo) = C?, and we can define £ : Dg(kg) —
C independently of the choice of lift for k. O

element of K%%(D,g) whose norm
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FIGURE 7-1. 6,,(Dg) versus &(Dg).

LEMMA 44. There is a constant Ry > 0 so that the following are true. Fiz
hermitian coordinates in C? and let
c:Dg—U
z +— (u(2), 2)
be a map defined on Dg for some R < Ry, whose image is J-holomorphic. Let kg

denote the tangent line to o(Dpg) at 0(0). For all k sufficiently close to kg, there is a
perturbation o, : Dp — U of o such that

1) 0x(0) = 00(0),
i) oy is tangent to k at 0,
i) 0x(Dg) is a J-holomorphic subvariety of U.

PROOF. We can assume that u(0) = 0, and then pick hermitian coordinates
{2°,7'} so that ko = {z° = 0}. For b € C, #€ identify x, near ko with the line
2% — bz! = 0. The perturbation will take the form
(486) (u(2) + a1z + ag + Vgg 0, (2), 2) ,

for suitable choices of aq,a; € C.
If ay,a, are sufficiently small, then by Lemma 41 we can find 1,,,, so that the
image of (46) is J-holomorphic. This map passes through 0 at z = 0 provided

(47) a0 + Yao,a1 (0) =0.

By Lemma 41 (1), H%“ < ¢oRy, so if Ry is sufficiently small, the map aq —
o + Yaq 0, (0) is invertible, and takes the value 0 at ag = 0. Therefore the constraint

(47) defines ay as a smooth function of a;.
Finally, consider the function b(a;) = a; + ¢'(0), with derivative

db &'
da 1+ E(O)'
Again, we have H%(O)H < c1Ry < 1 provided Ry is sufficiently small. In this case,

there is a neighborhood of ¢; = 0 that is mapped diffeomorphically by b onto a
neighborhood of 5(0) = 0.
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In summary, we have § > 0 and smooth functions ay(b), ag(a;) = ag(a;(b)) for
b < 4, so that each of the maps o, defined by (46) satisfies o, (0) = 0 and oy, (0) =

(a1(b) + ¥, 4,(0),1) = (b, 1). This completes the proof. O
LEMMA 45. There are constants Ry, d,C > 0 depending only on J and g so that
the following hold.

i) Let R < Ry and let w : D — C be a smooth map such that
(u,id|p,) : Dr — C? has J-holomorphic image. If (1,...,¢(n are
distinct points in Dy such that

& _1
(48) > TG - ¢l > crms,
i=1 j#i
then there is a 1-parameter family of maps

0.:Dp— C?, acClal<é

so that each disk 0,(Dg) is J-holomorphic and passes through (u(¢;), ¢;)
for each j =1,...,m. Furthermore, o = (u,id |p,).
it) Each o, has the form

0a(2) = (u(z) + aH(z - zj) + ¥(2), z) , 2 € Dg,

=1

where z = (21, ..., zm) depends smoothly on ¢ = ((1,...,(m), and

|z — (| < CR3

for some constant Cp, = Cry(J, 9).
i) If, in addition, T[7-, |G| > CR™ 3, then o, intersects oy dis-
cretely for all a' # a.

ProorF. When a € C and z; € C are sufficiently small, we obtain v depending
smoothly on a and z; so that the map

q= (u+aH(z—zj)+w,id>

Jj=1
has J-holomorphic image. The condition that g pass through the points (u((;), ()
amounts to having

m

(49) (Cz) + "/’f Cz = H + d)f Cz) =

for each s = 1,...,m. Fixing a in (49), we now solve for z = (z1,...,2,) € C™ in
terms of { = ((1,...,(m) € C™. For each i, set

gi(z1,- -5 2m) = aH(Ci — 2;) € C,
j=1

hi(zla ceey Zm) - "pa]_[(z—z,')(Ci) eC
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Then ¢;(¢1,-..,Gm) = 0, and Taylor’s formula with remainder yields
F(G) +95(G) = gi(2) + hi(2)

= ai( )+Zag’ (o = )+ MO + Ril 2= O)

Y5 0% (O e ha(Q) + RAG ),

where we have set p = zx — (¢ and p = (p1,. .., fbm), and where

R(C / 1-—-t Zaz,caz! C+t/1, sl [udt+/ Zaz’c _C_-f't/.l, ukdt

is the remainder term. To solve equation (49) for 21,...,z, it is thus sufficient to
find a fixed point y of the function

G:p— —[Dg(QI™" - (h(O + RS ),

where [Dg(()] denotes the matrix [gfi(g)]
By lemma 41 we have the following estimates:

Q)| < Wartegyllzn < C B-lal- T = Gl < em - B™*-Ja],
j=1
RAC, )] < Con (B2 - a] [uf? + B™[a] ),
oR
}—l < G (R™ - [a] |2 + B™2a] || + R™al)

Moreover, the matrix [Dg(()] is diagonal and its (¢, 7)-th entry equals

0g; . .
a_zi - —a‘]I;Ii(Cz CJ)

Thus, by (48), [|[Dg(¢)|| > Cla]R™3, and
[D,G| < Com (RA¥|p? + R3[| + R%—) ,
G(0)] < GRS
for some constant C,, depending only on m.
Let £ = 2C,R3. If p <, then |D,G| < C(R+ R3 + R3) for some big constant

C. If Ry is sufficiently small, it follows that IDEGI < % By definition, we also have
|G(0)| < £. Therefore, as pointed out in the proof of Lemma 41, we can conclude

that G has a unique fixed point y of length |u| < 2C,,R3. Taking (21, -y 2m) =
(& + p1, - - - s Gm + im), we obtain the map o, = (u +ali;(z = 2) + Yar1z—2)» id)
passing through each of the points (u((;),(;). By uniqueness, o¢ = (u,id |p,).
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Writing a[[(z — z;) = am2z™ + - - - + ag, we have
m

(S’l,[) 6ak
=]lG-z)+ Z -
=1 Jak
Combined with Lemma 41 (iii), this gives us

” >H|Z]’_chRk+1 'Zlm —k
H|<,1—02|C| p™* - C- R

f‘[ CJI -C- Rm+%-

If [T, 1G> C - R™*3, then the map a — 0,(0) is a local diffeomorphism of a
neighborhood of a = 0 onto its image. Thus, when a and a’ are sufficiently small
and a # a', the range of o, does not equal the range of oy. By Aronszajn’s unique
continuation principle [A], the images of 0, and o, therefore intersect discretely. O
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4. Families of half-disks on a totally real plane.

The goal of this section is to produce families of pseudo-holomorphic half-disks
with boundary on a totally real 2-plane Y C C?. Working in a neighborhood U of
0, we can change the metric near ¥ to assume that Y is orthogonal to JY. Then
any orthogonal basis for Y is also a unitary basis for C? = Y @ JY and so defines
hermitian coordinates z' = z! +iy?, 22 = % +iy?. With respect to these coordinates,
Y = {y* = y* =0} is a copy of the standard R & R C C2. Then using the reflection
principle we will obtain the results of this section as variations on the results of
Section 7.

Consider anew C? with standard complex coordinates z! = z! +1y!, 22 = 2% +13?,
and let Y be the real 2-plane {(z!,y*, 2%, 3?) | y' = y* = 0}. On a neighborhood U
of the origin, we are given an almost complex structure J and a compatible metric
g, and both are standard at 0. A half-disk with boundary on Y is a smooth map
q: (D*,8tD%) — (C?,Y) defined on the upper half-disk

D*={z=z+iyeClz®+y*<1l,y>0},

which maps the boundary 8*D* = {z +iy € D |y = 0} into Y. If q(z) = (¢(2), 2)
for all z € DY, then ¢ : Dt — C must map 8" D* into R. Therefore g extends by
reflection to a smooth map D — C :

q(z) = M for all z € D.

Now let D} C C be the upper half-disk of radius R, let u : DF; — C be a smooth
function mapping 8* D}, into R, and let f(z) = amz™+-- -+ ao be a real polynomial.
Our task is to find a smooth function 1 : D — C so that the image of

q=(u+f+1,id)
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is J-holomorphic in U and so that the boundary q(8* D) lies on Y. (We will call g
a J-holomorphic half-disk with boundary on Y".)

Let C* denote the upper half plane {z+iy € C | y > 0}. Our search for 9 leads us
to define the Banach space K%%(D};) consisting of functions ¢ : (C*,R) — (C,R) of
class C%® on Int(C*) such that [¢(z)| — 0 as |z| — +o00, and such that the restriction
of ¢ to Int(C* \ D) is holomorphic.

If v € K**(D3,), then v maps R C C* to R, so the reflection of ¢ is a map
C — C of class C** whose restriction to C\ Dg is holomorphic. Thus X**(D3}) can
be identified with the closed subspace of X*%(Dp) consisting of functions that are

symmetric with respect to the real axis, that is, 1¥(2) = v(z) for all z € C.

LEMMA 46. Let U C C? be open, and let J and g be a compatible almost complex
structure and metric on U, both standard at the origin. Let x : C — [0,1] be a smooth,
radially symmetric cut-off function satisfying x(z) =1 for |z] <1 and x(z) = 0 for
2| > 3.

There exist constants Ry, Cy, C7 > 0 depending only on g, J and x such that the
following hold.

i) Let R < Ry, let u : (D3, 07 Di,) = (C,R) be a smooth function
and let f(z) = amz™ + -+ + ag be a degreem polynomial with real
coefficients. Suppose that ||u||2,a;D;R < b’% and ||f]|2,a;D;R < R. Then
there is a unique 1 € K>*(DJ) satisfying the estimate

(50) “w”Z,a;D;R S CO : (“u“Z,a;D;R + R||f”2,a;D;'R + Rz)

which solves the following equation in Int(C*):
(51)

) _ _ .
oY= XR'{—3U+ 5 [Blg, + (A= 7)lq, - dgy — dgy - (D — j)q, — dgy - Cla, -dq,/,]} ,

Qy = (gy,%d) = (u+ f + ¢, id).
i) The function v is smooth in Int(C*).
i) The restriction qy|ps : D} — C? is a J-holomorphic half-disk
with boundary on the standard totally real 2-plane RO R c C2.
w) The function ¢ is C™ with respect to the coefficients aq, . ..,
of f. Moreover there erist constants ¢, = cx(g, J, x) such that

O

Bak

v) If the map (u,id) : D} — C* has J-holomorphic image, then for
any real polynomial f = a,;,2™ + - -+ + ag, the function ¢ obtained
in (i) satisfies:

S Cr - Rk-!-l-

”1/)”2,a;D;'R S COR ’ ”f”Z,a;D;"R '

PrOOF. The function u on D;’R extends to a complex-valued function on Dsp

satisfying u(Z) = u(z) and the real polynomial f naturally satisfies f(z) = f(2).
Identify K2*(D},) with the closed subspace

{v € K**(D2g) | ¥(2) = ¥(2)}
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of K?*(Dypg), and consider the restriction of the functional F defined by (37) to
K2*(D,). The proof and estimates of Lemma 41 can be duplicated to show that F'
has a unique fixed point ¢* € K>*(D},), if only we can show that F' maps K2>*(Dj)
to itself. But the latter is straightforward: for any ¢ € K**(DJ3), there is a function

ny satisfying 1,(Z) = ny(z) on C such that the 1-form Q, defined in (36) satisfies
dz A Qy(z) = ny(2)dz A dZ. Therefore

_ 1 [ xemw) -
Fy(z) = 27Tif<c — dw dw
2m Jo Z—w
= Fy(2),
which is to say that Fy € K>*(DJ). O

We want to apply Lemma, 46 to the following situation. Let U C C? be open and
fix an almost complex structure J in U. Let g be any metric on U compatible with
J. A real 2-plane Y C C? is totally real in U if at each point p € Y N U we have
LY NJLTY 2YNJY =0. In C? Y is totally real if and only if it is never a
Jy-complex line, for p € Y. Since C? equals the direct sum Y & J,Y, any basis vy, vo
for Y is also a complex basis for C?. By altering the metric g in a neighborhood of
Y in U, we can assume that for all p, Y is orthogonal to J,Y with respect to g,.
Hence any oriented orthonormal basis for Y is also a unitary basis for (C?, J,, g,) and
defines hermitian coordinates 2} = x! + iy, 22 = 12 + iy? centered at p with respect
to which Y = {y* = y? = 0}. We are therefore in a position to apply Lemma 46,
as we did Lemma 41 in Section 7, to construct families of J-holomorphic half-disks
with boundary on Y, tangent to prescribed directions, or passing through prescribed
points. Because we have altered the metric g near Y, the constants of Lemma 46 will
now also depend on Y, but in no way on u or f.

COROLLARY 47. Let Y be a totally real subspace of C? and let 2 = z' +iy*, 22 =
z2 +1y? be complex coordinates in C? defined by an oriented orthonormal basis vy, vy
for Y. There exist positive constants Ry,C depending only on J, g and Y so that,
for each R < Ry, there is a diffeomorphism 6 : Dgr X Dgp — U with the following
properties:

i) For each w € Dg, the image of 8, = O(w,-) : Dp = U is a
J-holomorphic disk passing through 6,,(0) = (w,0).
i1) For each real w € Dg, the restriction of 8y, to each of D, and Dy,
is a J-holomorphic half-disk with boundary on'Y, that is, 8,,(8t D%),0,(8~ Dy) C
Y are oriented curves passing through (w,0).
i) For w = 0, the oriented curve 6,(0T D) in'Y is tangent at O to
the vector vy, and the half-disk 0o(D3,) is tangent at O to the complez
line {22 = 0}.
iv) For each w € Dp, dist(6(w, 2), (w,2)) < CR-|z|.
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v) There is a constant Cy, = C(J, g,k,Y) such that |D¥(6,)| < Cx-R
for all w € Dp.

PRroOOF. Use Lemmas 41 and 46, and follow the proof of Corollary 42, making use
of the uniqueness property of . O

The set of oriented orthonormal frames in Y is parametrized by the group O(2),
which double covers the space S* = SO(2) of oriented directions in Y. Each choice
of vertical direction v, € S? determines a J-holomorphic half-disk with boundary on
Y, according to the following variation on Corollary 43.

COROLLARY 48. Let Y be a totally real subspace of C?>. There exists a positive
constant Ry > 0 depending only on J, g and Y, and for each R < Ry there exists a
smooth map £ : S* x Df — U such that the following hold:

i) € maps S x 0T DY, into Y, maps S* x 0 to 0, and restricts to an
embedding S' x Int(D};) — U C C%.
i) Givenv € S, let 2! = zl+iy', 22 = z+iy? be complez coordinates
for which Y = {y! = y? = 0} and v spans the line {z! = y' = y? =
0}. Then with respect to these coordinates, (v, 2) = €(—v, —2) for
all real z € 8+ D5,
i1) For each v € S, £,(D}) = &(v x D}) is a J-holomorphic half-
disk with boundary on 'Y ; moreover the oriented boundary &, (8% D})
is tangent to the oriented vector v at 0.
) Let vi, vy be an oriented orthonormal basis for Y, and let 2' =
z! +iyl, 22 = z + iy? be the associated complex coordinates for C2.
Then &y, : D — U coincides with the map 6| Dt ¢ Dy - U
obtained in Corollary 47.
COROLLARY 49. Let Y C C? be a totally real plane and let 2! = z' + iy!, 2% =
z + 1y? be complex coordinates in C? defined by an oriented orthonormal basis vi, Vs

for'Y. There is a positive constant Ry = Ro(J, g,Y) such that the following are true.
Let R < Ry and let

o0:Dp — U cC C?
z— (u(2), z)

be a J-holomorphic half-disk with boundary o(8* D}) contained in Y. Let o0& denote
the restriction of o to 0¥ D} and suppose that the tangent vector to o+ at 0 is a
positive multiple of v € S'. Then for all v' € S sufficiently close to v, there is a
J-holomorphic half-disk oy : D} — U such that

i) oy (01 D}) is contained in Y,

zz) O’v'(O) = O'V(O),

i) o, is tangent to v' at 0.

LEMMA 50. Let U C C? be open and let J,g be a compatible almost complex

structure and metric in U. Let Y C C? be a totally real 2-plane for J. There exist
constants Ry, d,C > 0 depending only on J, g and 'Y such that the following hold.

i) Let R < Ry and let u : DY — C be a smooth map such that
(u,id) : D — C* has J-holomorphic image and maps 8* D3, into
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Y. Let (3, ...,Cn be distinct points in 8% D} such that

m

S TT 16 - ¢l > cr™ 5.

=1 i
Then there is a real 1-parameter family of maps
oa:DF — C* acRla|<d

such that each o,(D}) is a J-holomorphic half-disk with boundary
on Y, passing through the m points (u((;),(;). Furthermore, oy =
(u,id).

i) Each o, has the form

0a(2) = (u(z) + aH(z -z + w(z),z) , %€ Dpg,

=1
where z = (21,...,2m) depends smoothly on { = ((1,...,¢m), and
lz—¢] < CnR3 for some constant C,, = Cn(J,9,Y).
wi) If in addition to the hypotheses, we have [TjL, || > CR™3,
then o, and o, intersect discretely when a' # a.
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APPENDIX A

The Sacks-Uhlenbeck argument

In this appendix we show how some obvious attempts to use a Sacks-Uhlenbeck type
argument to prove compactness for J-holomorphic curves in the symplectization of
a contact manifold M, £ might fail. For a basic description of the Sacks-Uhlenbeck
method, we refer the reader to [P] and [PW].

Fix an almost complex structure J on R x M such that J is compatible with do
on ¢ = Ker o amd J(8;) = v,, the Reeb vector field associated to o.. If u: ¥ - Rx M
is a J-holomorphic map of a punctured Riemann surface ¥ into the symplectization
of M, then the Hofer energy of u equals

E(u) =sup / wd(pa)

where C denotes the set of functions ¢ : R — [, 1] such that ¢’ > 0.

LEMMA 51 (sup estimate for £). There ezist i,C > 0 so that if u: B, - R x M
s J-holomorphic and
sup/ u*d(pa) < h
¢ JB,
then
sup |Vu| < ¢ :
B,y r
PROOF. By scaling, it suffices to prove the result for r = 1. In this case, if
the result fails to hold, then for any &,C > 0, we can find a J-holomorphic map
u: B, — R x M for which sup,, [, w*d(pa) < h and supg, , [Vu| > C.
We will take a sequence iy — 0, Cp, = 1/h2 — 400 and u; : B, — R x M such
that
E(ug; By) = sup/ urd(pa) < hy, and  sup |Vug| > Cy.
¢ JB, By /2
The trick is to choose Ay and Cj wisely.
Take points z; € By, such that |Vug(z)| = supp_, |Vu|. Applying Lemma 26
of [H] with X = B, ¢ = |Vuy|, z = 2, and € = Fi, we get ' = 2}, € B,jp and &}, > 0
such that
a) € < hy and |Vug(z)] - €f > |Vug(zi)| - B
b) ]zk - z;cl S th
c) 2|Vug(z,)| > [Vug(z)| for all z € B, satisfying |z — 2| < €}, .
Now we can assume that A < r/16 for all k, or at any rate for all sufficiently large
k. Therefore we have
a) €, < hy and [Vug(z})| -} >
b) z;, € Bop,(2x) C Bsyjs

1
hy
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¢) |Vug(2)| < 2|Vur(2;)| for all z € Be: (2;,) C Brj16(2;) C Int(Bsy/a).
For convenience, relabel € as ¢ and 7, as zx. Set Ry = |Vug(zx)| and Hy =
H(ux(2)). Recalling that xRy — +00 as k — oo, we define, for z € B, g, (0),

yA
’Uk(z) = THk o uk(zk + ;2—) ,
k

where Ty is translation by —H in Rx M. Thus we have a sequence of J-holomorphic
maps defined on increasing balls in C which satisfy:

1) sup, stkRk vid(pa) < E(ug; By) < by = 0
2) |Vug| <2 on Be,g,, and |V (0)] = 1
3) For each k, v (0) lies in the compact set H=*(0).

Thus we get a subsequence {vi;} that converges in C}_ to a J-holomorphic map
Vo : C — R x M. Moreover,

E(vw) =0 o (0)] =1 Vo] <20n C .

The first property implies that v, is constant, but this contradicts the second. With
this contradiction in hand, we have proved the lemma. O

The next result is a version of Lemma 51 for curves with boundary. Given a subset
A CC, welet At = {z € A|llmz > 0}. So for example B; is the closed upper half
disc of radius r in C. On the boundary 0* B}t = {z € B;}|Imz = 0}, we require that
amap u: B -5 R x M take valuesin Y C 0 x M.

LEMMA 52. There ezist h,C > 0 such that if u: Bf — R X M is J-holomorphic
with w(0TBY) C Y, and if

sup/ u'd(pa) < b,
v JBF

then
sup |Vu| < ¢ .

+ T
Br/2

PROOF. Again, by rescaling, we can assume that r = 1. If the result fails to hold,
then we take a sequence A — 0 with fi; < r/16 for all k, and Cy, = 1/hZ — +o0. For
each k, there is a J-holomorphic map uy : (Bf,07B}) — (R x M,Y) with

sup/ urd(pa) < B, and  sup |[Vu| > Ci .
B}

@ Bjﬂ
Again, by Lemma 26 of [H], we get £, > 0 and 2z € B;' such that
a) e < By and |Vug(2i)| - ex > é
b) 2k € B2hk (Zk) C Br/s(zk) C B;;/S
C) |Vuk(z)| < 2|Vuk(zk)| for all z € ng (Zk) C B,-/16 C (Illth,-/4)+.
As before, we set Ry, = |Vug(zr)| and Hy = H(ug(2i)), and observe that Ry-cx — +00
as k — oo. Up to taking a subsequence, we can assume that z; converges to 2., € B.
There are two cases to consider: either Ry-dist(zx, 07 B) — +00, or Ry-dist(z;, 0t B) —
p < 400 (where dist(z;, 07 B) is simply equal to Imz;.)
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In the first case, we renormalize as in the proof of Lemma 51 to get a sequence of
maps converging in C., to a map v: C - R x M. As in Lemma 51, this leads to a
contradiction.

In the second case, set pr = Ry - Imz; and define vy, : B:; R, (ipx) = R x M by the
formula ;

vk(2) = uk(—= + Rez) .
Ry

Then we have a sequence of J-holomorphic maps defined on increasing domains in
C* satisfying:

1) sup, fB:”kRk(iPk) vid(pa) < E(ug; BY) < B, = 0

2) |Vug] <2 0n B} p (ipr), and [Vur(ips)| =1

3) vk(2) € Y when 2 € B} p, (ipx) and Imz = 0.
We get a subsequence {vx} converging in C}_ to a J-holomorphic map v, : Ct —
R x M with the properties

Vo(2) €Y forallze RC C* E(Veo) =0 |veo (i0)| = 1.

The last two properties are contradictory, so this proves the lemma. a

To complete the Sacks-Uhlenbeck argument, we would like to proceed in the fol-
lowing manner (see [P], [PW]).

1. The Covering argument

Consider a sequence uy : (D,0D) = (Rx M,Y) or ug : (£,0%) - (Rx M,Y) of
J-holomorphic maps with uniformly bounded Hofer-energy,

E(ux; D) < Ey for all k.

For the moment, fix a positive radius r and cover D by r-balls so that the r/2-balls
also cover, and so that any point of D lies in at most 10 balls. Let A be the minimum
of the R’s occurring in Lemmas 51 and 52. Now suppose the following were true:

If Dy, D, C ¥ are disjoint open sets, then
(63) &(u; D1 U Dy) = E(u; Dy) + E(u; Dy) for any qualifyingu: ¥ - R x M.

Then for any k, there are at most [ = 10E,/% “bad” balls on which u; has energy
> h. As k — oo, the centers of these bad balls converge (up to taking a subsequence)
to z1,...,4; € D. Setting Q(r) = U;B,(x;), we have, thanks to Lemmas 51 and 52
above, a subsequence {u;} that converges in C' on D\Q(r).

(To see how this works, take K > 0 so that |z;(k) — z;| < r/4 for all i when
k> K. If r € D\Q(r), then for all 4 and all ¥ > K, we have |z — z;(k)| > /2. Hence
 lies in a ball B,(y;) that is good for ug, that is, & (ug; B.(yx)) < h. It follows that
SuPp_, ) |Vux| < C/r and that [Vug(z)| < C/r, independently of k. This is true

for any 2 € D\§(r), so we find
sup |Vux| < C/r forall k .

D\Q(r)
Thus we get a subsequence that converges on D\)(r) to a map D\Q(r) > R x M.)
Now let  — 0. We can assume z;(r),...,z(r) converge to Z,...,Z; in D as

r — 0. For each r, we have a subsequence {u;} that converges in C' on D\Q(r). By
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taking a diagonal subsequence, we obtain a sequence {ux} that converges in C,, to a
J-holomorphic map us : D\{Z1,...,%} = R x M.

Now to finish, we need the following Removable Singularities Theorem, which was
proved on page 3 of [ HWZ].

THEOREM 53. Let u : D\0 = R X M be a J-holomorphic map with finite energy
E(u; D). FEither the image of u lies in a compact region, in which case the singularity
is removable; or, u has a positive or a negative end, i.e. near the puncture, u 1is
asymptotic to a cylinder over a periodic orbit.

Unfortunately, Hofer’s energy is not additive in the sense of (53). For let z : I —
M be any trajectory of the Reeb vector field X,, so that £(t) = X, (z(t)) for t € I.
Given a < b, define u : (a,b) x I — R x M by u(s,t) = (s,z(t)). This map u is
J-holomorphic, and for any ¢ € C,

[ wdipa) = o) - (o).
(a,b)xI

Therefore £(u) = sup,(¢(b) — ¢(a)) = 3. But this is true for any a,b we like, so £
can’t be additive.

2. p-energy.

The Sacks-Uhlenbeck argument with £ substituted for the usual energy did not
work because £ is not additive with respect to domains. Note however that for any
fixed ¢ € C, the “p-energy” (or “€,-energy”)

E,(u; Q) =/u*w¢
Q

is additive: E,(u; Dy U Dy) = E,(u; D1) + €,(u; Dy) whenever Dy N Dy = ¢.

Now one might try to substitute £, for £ in the covering argument of the previous
section. To be precise, if {uz} is a family of J-holomorphic curves with &(ux) < Ep
for all k, then for any fixed ¢ € C, we have a uniform bound

Ep(ur) < E(uk) < Ey for all k£ .

Since &, is additive on domains, the entire discussion of the previous section seems
to go through without difficulty, setting us on our happy way to completing the proof
of the compactness theorem.

Alas, the £, -energy is not invariant under translations in R x M, and consequently
does not yield a sup estimate such as those in Lemmas 51 and 52. Without the
sup estimate, we can not begin to appeal to the Arzeld-Ascoli Theorem to get Cc!
convergence.

To see what goes wrong, consider again the renormalization step in the proof of
Lemma 51 or 52. We are assuming fixed some ¢ € C, and we have h — 0, Cy — +00
and ui : D, =& R x M so that

/ urw, < fy and sup |Vug| > C .
- Dr/2
From [H, Lemma 26] we get €; — 0 and 2, € D/, so that
exRr — +00 , where Ry = |Vug(2k)| ,
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and |Vur(2)| < 2Ry for all z € B;, (2) -
Now we renormalize by setting

vr(2) = uk(2/ Ry, + 2x) for z € B, g, (0) CC .
The resulting sequence of maps satisfy:
(54) [Vue(0)| =1 |Vup(2)| < 2 for z € B, g, (0) .
Also, for each k, we have

/ Vpwy < Py,
B

et Ric
and the latter quantity goes to zero.

We can assume by taking a subsequence if necessary that z; — 2o in D,jp. If
ug(2x) = vi(0) stays in a bounded region, then there is a subsequence that converges.
Together with the estimate (54), this implies that {vx} has a subsequence converging
in C, on C to a map v, : C — R x M.

On the other hand, if H o ux(z) — —oo then the “ bubble is going off the
neck”. To catch it, we translate the images in the target: set Hy = H o ug(z;)
and let Ty, denote translation down by Hy in R x M. That is, if p € R x M, then
H(Ty,(p)) = H(p) — Hx. Now define instead

vk(2) = Ty, o ug(2/Rxk + 2x) for 2 € By, -

Then H(v(0)) = H(Tw, o ur(2x)) = Hy — Hi, = 0, and we still have the estimate
(54), because we are using the translationally invariant cylindrical metric on R x M.

Therefore we get a subsequence {v;} that converges in CJ, to a map vy, : C —
R x M with H(v,(0)) = 0 and |Vvs(0)| = 1, that is, v, is not constant.

As for the estimate on £,(u) = [, u*d(pa), note that this quantity is not invariant
under the translation Ty,. The £, -energy can increase under translation, and we could
wind up with £,(vg) > Fi.

For a trivial example, let A be any constant with 1/2 < A < 1,and let ¢ = A
on (—00,7), ¢ = 1 on [0,4+00) and ¢’ > 0 on (79,0). Suppose that u*da = 0. If
Hou(D,(2)) C (—0,7), then clearly £,(u) = 0. But the translate Toy(,) © u meets
the region H~!(7,0), so it has positive £, -energy.

Here is a slightly more interesting example. Suppose we have a trajectory z :
R — M of the Reeb vector field, i.e. £ = X,|;, that is defined for all time ¢ € R.
For example, if M has a closed characteristic parametrized by z : [0,7] — M, then
extend z periodically to be defined on the whole of R.

Take the standard complex stricture on R x R, which in coordinates (s,t) is
written j(0,) = 0;. Given the trajectory z, define a map u: R x R — R x M by

u(s,t) = (—e°cost,z(e *sint)) .
Recall that on R x M, J is chosen compatible with da on £, and J8, = X,, JX, =
—0;. Now since
us = e *(cost) 0, — e *(sint) X,
uy = e *(sint) 8, + e *(cost) X,,
it is clear that Ju, = u;, and u is J-holomorphic.
Note that |Vu| = v/2e™%, so that if s << 0, then |Vu| is big. We next use this
observation to prove that the sup estimate fails for many choices of ¢ € C.
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LEMMA 54. Let ¢ € C and let lim,_,_, (1) = A, A € [1/2,1]. Suppose that
lim (p(7) = A)-|7[=0 .
Then for any r < 7 /2, the J-holomorphic map u: B> — R x M given by
u(s,t) = (—e"*cost,z(e *sint))

satisfies
E,(u; Dp(s)) =0 as s = —o0

sup |[Vu|* = +oo as s = —00 .
Dr/2(s)

PROOF. Since u is always parallel to 0, and X,

/ u*d(pa) = / ¢'(Ho u)-l—ldu|2ds Adt .
D (s) Dr(s) 2

In our case, H ou = —e~*cost and we can bound the integral on the right by
T S+r
/ / ¢'(—e* cost)e *dsdt .
—r Js—r
Make the substitutions £ = cost and u = —e™*£ in the interior integral to obtain

s+r u2
(55) / @' (—e ¥ cost)e *ds = zlg{cp(ul)ul - cp(uz)uz—i—/ o(u)du} .

—T u

Since ¢ is everywhere increasing and ¢(u;) > A, (55) is bounded by

(56) 5 (A= plu)}un

Noting that u; = —e~6="f and us = —e~ ¢ = =2y, and that 0 < cosT < cost <
1, we see that
2r

(56) < —

— —8—7 _A —8—T .
poy {p(—e cosT) }e

Hence
E,(u; Dy(s)) < Cre® {o(—e*"cosr) — A}e*"cost ,

and the constant C depends only on r. As s = —o0, then also —e™* " cosr — —00,
so the right hand expression goes to 0.
Finally, supp,_,, |Vul® = 2¢~25~%)_ which blows up as s — —o0. O

COROLLARY 55. Let ¢ satisfy the conditions of Lemma 54. Then for any se-

quences Fy, = 0 and Cy — +oo, we can find a sequence of J-holomorphic maps
ug : D, = R x M so that

&p(uk; D,-) < hy, and sup IVU;C'Z >Ck .
Dr/2

Next we show definitively that the sup estimate fails for any ¢ € C.
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LEMMA 56. Let ¢ € C. There are constants E,C > 0 and a sequence of J-
holomorphic maps uy : Dy — R X M satisfying
C

Ey(ug; Dy) < z and sup |dui|? > Ck®
Dy

for all k.

PROOF. Fix any J-holomorphic map u : D; — R X M with u*da = 0. We can
assume that Hou < 0 on D. Set E = 1 [, |du/?ds A dt.

Given k, consider v(z) = u(z*), 2 € D. We have E(v) = [, |dv|* = kE. If
supp, , [dul® occurs at roe® € D, ,, then it is easy to check that
(57) sup |dv|? > k*ré*=2 sup |du|® .

Dr/2 Dr/2

As ¢ € C, we know that lim,,_ o, ¢'(7) = 0. Hence for any k, there exists 7}
so that 0 < ¢' < 1/k? on (—o0,7;). Set vg(z) = T_r, o v(z) = T, o u(2*¥). Then
How, < 7 on D, so the image of vy, is contained in H~*(—o0, 7). Therefore,

E,(vg; D) =/ vi(p'dT A a + pda) =/ <,0'(I-Iovk)l|dvk|2 < —l-E(v) = lE .
D D 2 k2 k

By (57), we also have supp_, |dug|* = supp, , [dv|* > Ck?supp_, |duf?. So we are
done. a
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