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A RELATIVE SZEMEREDI THEOREM

Davib CONLON, JACOB Fox AND YUFEI ZHAO

@ CrossMark

Abstract. The celebrated Green-Tao theorem states that there are arbitrarily long
arithmetic progressions in the primes. One of the main ingredients in their proof
is a relative Szemerédi theorem which says that any subset of a pseudorandom
set of integers of positive relative density contains long arithmetic progressions.
In this paper, we give a simple proof of a strengthening of the relative Szemerédi
theorem, showing that a much weaker pseudorandomness condition is sufficient. Our
strengthened version can be applied to give the first relative Szemerédi theorem for
k-term arithmetic progressions in pseudorandom subsets of Zy of density N~ ¢.
The key component in our proof is an extension of the regularity method to sparse
pseudorandom hypergraphs, which we believe to be interesting in its own right.
From this we derive a relative extension of the hypergraph removal lemma. This is
a strengthening of an earlier theorem used by Tao in his proof that the Gaussian
primes contain arbitrarily shaped constellations and, by standard arguments, allows
us to deduce the relative Szemerédi theorem.

1 Introduction

The Green-Tao theorem [GTO08]| states that the primes contain arbitrarily long arith-
metic progressions. This result, along with their subsequent work [GT10] on deter-
mining the asymptotics for the number of prime k-tuples in arithmetic progression,
constitutes one of the great breakthroughs in twenty-first century mathematics.

The proof of the Green-Tao theorem has two key steps. The first step, which
Green and Tao refer to as the “main new ingredient” of their proof, is to establish a
relative Szemerédi theorem. Szemerédi’s theorem [Sze75] states that any dense subset
of the integers contains arbitrarily long arithmetic progressions. More formally, we
have the following theorem, which is stated for Zy := Z/NZ but easily implies an
equivalent statement in the set [N]:= {1,2,...,N}.

The first author was supported by a Royal Society University Research Fellowship, the second
author was supported by a Simons Fellowship, NSF grant DMS-1069197, by an Alfred P. Sloan
Fellowship, and by an MIT NEC Corporation Fund Award, and the third author was supported by
a Microsoft Research PhD Fellowship.
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Theorem 1.1 (Szemerédi’s theorem). For every natural number k > 3 and every
0 > 0, as long as N is sufficiently large, any subset of Zy of density at least §
contains an arithmetic progression of length k.

A relative Szemerédi theorem is a similar statement where the ground set is no
longer the set Zy but rather a sparse pseudorandom subset of Zy .

The second step in their proof is to show that the primes are a dense subset
of a pseudorandom set of “almost primes”, sufficiently pseudorandom that the rel-
ative Szemerédi theorem holds. Then, since the primes are a dense subset of this
pseudorandom set, an application of the relative Szemerédi theorem implies that the
primes contain arbitrarily long arithmetic progressions. This part of the proof uses
some ideas from the work of Goldston and Yildirim [GY03] (and was subsequently
simplified in [Tao]).

In the work of Green and Tao, the pseudorandomness conditions on the ground
set are known as the linear forms condition and the correlation condition. Roughly
speaking, both of these conditions say that, in terms of the number of solutions to
certain linear systems of equations, the set behaves like a random set of the same
density. A natural question is whether these pseudorandomness conditions can be
weakened. We address this question by giving a simple proof for a strengthening
of the relative Szemerédi theorem, showing that a weak linear forms condition is
sufficient for the theorem to hold.

This improvement has two aspects. We remove the correlation condition entirely
but we also reduce the set of linear forms for which the correct count is needed. In
particular, we remove those corresponding to the dual function condition, a pointwise
boundedness condition stated explicitly by Tao [Tao06a] in his work on constellations
in the Gaussian primes but also used implicitly in [GT08].

To state the main theorem, we will assume the definition of the k-linear forms
condition. The formal definition, which may be found in Section 2 below, is stated
for measures rather than sets but we will ignore this relatively minor distinction
here, reserving a more complete discussion of our terminology for there.

Theorem 1.2 (Relative Szemerédi theorem). For every natural number k > 3 and
every § > 0, if S C Zy satisfies the k-linear forms condition and N is sufficiently
large, then any subset of S of relative density at least § contains an arithmetic
progression of length k.

One of the immediate advantages of this theorem is that it simplifies the proof of
the Green-Tao theorem. In addition to giving a simple proof of the relative Szemerédi
theorem, it removes the need for the number-theoretic estimates involved in estab-
lishing the correlation condition for the almost primes. A further advantage is that,
by removing the correlation condition, the relative Szemerédi theorem now applies
to pseudorandom subsets of Zpy of density N~™%. With the correlation condition,
one could only hope for such a theorem down to densities of the form N—°(1),

While the relative Szemerédi theorem is the main result of this paper, the main
advance is an approach to regularity in sparse pseudorandom hypergraphs. This
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allows us to prove analogues of several well-known combinatorial theorems relative
to sparse pseudorandom hypergraphs. In particular, we prove a sparse analogue of
the hypergraph removal lemma. It is from this that we derive our relative Szemerédi
theorem. As always, applying the regularity method has two steps, a regularity
lemma and a counting lemma. We provide novel approaches to both.

A counting lemma for subgraphs of sparse pseudorandom graphs was already
proved by the authors in [CFZ14]. In this paper, we simplify and streamline the
approach taken there in order to prove a counting lemma for subgraphs of sparse
pseudorandom hypergraphs. This result is the key technical step in our proof and,
perhaps, the main contribution of this paper. Apart from the obvious difficulties
in passing from graphs to hypergraphs, the crucial difference between this paper
and [CFZ14] is in the type of pseudorandomness considered. For graphs, we have
a long-established notion of pseudorandomness known as jumbledness. The greater
part of [CFZ14] is then concerned with optimizing the jumbledness condition which
is necessary for counting a particular graph H. For hypergraphs, we use an analogue
of the linear forms condition first considered by Tao [Tao06a]. This says that our
hypergraph is pseudorandom enough for counting H within subgraphs if it contains
asymptotically the correct count for the 2-blow-up of H and all its subgraphs.

We also use an alternative approach to regularity in sparse hypergraphs. While
it would be natural to use a sparse hypergraph regularity lemma (and, following our
approach in [CFZ14], this was how we initially proceeded), it suffices to use a weak
sparse hypergraph regularity lemma which is an extension of the weak regularity
lemma of Frieze and Kannan [FK99]. This is also closely related to the transference
theorem used by Green and Tao (see, for example, [Gow10] or [RTTV08,TTV09],
where it is also referred to as the dense model theorem).

With both a regularity lemma and a counting lemma in place, it is then a straight-
forward matter to prove a relative extension of the famous hypergraph removal
lemma [Gow07,NRS06,RS04,RS06, Tao06b]. Such a theorem was first derived by
Tao [Tao06a] in his work on constellations in the Gaussian primes but, like the
Green-Tao relative Szemerédi theorem, needs both a correlation condition and a
dual function condition.! Our approach removes these conditions. The final step in
the proof of the relative Szemerédi theorem is then a standard reduction used to
derive Szemerédi’s theorem from the hypergraph removal lemma. The details of this
reduction already appear in [Tao06a] but we include them here for completeness.
In fact, the paper is self-contained apart from assuming the hypergraph removal
lemma.

In Section 2, we state our results, including the relative Szemerédi theorem and
the removal, regularity, and counting lemmas. In Section 3, we deduce the relative
multidimensional Szemerédi theorem from our relative hypergraph removal lemma.
In Section 4, we prove the removal lemma from the regularity and counting lem-
mas. We will prove our weak sparse hypergraph regularity lemma in Section 5 and

L The problem of relative hypergraph removal was also recently considered by Towsner [Tow].
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the associated counting lemma in Section 6. We conclude, in Section 7, with some
remarks.

2 Definitions and Results

Notation. Dependence on N. We consider functions v = v(V), where N (usually
suppressed) is assumed to be some large integer. We write o(1) for a quantity that
tends to zero as N — oo.

Ezxpectation. We write E[f(x1,zo,...)|z1 € A1,29 € Ag,...] for the expectation of
f(x1,xa,...) when each z; is chosen uniformly and independently at random from
A;.

2.1 A relative Szemerédi theorem. Here is an equivalent weighted version
of Szemerédi’s theorem as formulated, for example, in [GT08, Prop. 2.3].

Theorem 2.1 (Szemerédi’s theorem, weighted version). For every k > 3 and ¢ >
0, there exists ¢ > 0 such that for N sufficiently large and any nonnegative function
f: Zyn — [0,1] satisfying E[f] > 0,

Elf(x)f(x+d)f(x+2d)--- f(x+ (k= 1)d)|z,d € Zn] > c. (1)

A relative Szemerédi theorem would instead ask for the nonnegative function f
to be bounded above by a measure v instead of the constant function f. For us, a
measure will be any nonnegative function on Zy. We do not explicitly assume the
additional condition that

Elv(x)|z € Zy]) =1+ o(1),

but this property follows from the linear forms condition that we will now assume.
Such measures are more general than subsets, as any subset S C Zy (e.g., in
Theorem 1.2) can be thought of as a measure on Zy taking value N/ |S| on S and
0 elsewhere. The dense case, as in Theorem 2.1, corresponds to taking v = 1. Our
notion of pseudorandomness for measures v on Zy is now as follows.

DEFINITION 2.2 (Linear forms condition). A nonnegative function v = v\N) : Zy —
R>¢ is said to obey the k-linear forms condition if one has

k k Nj,w
s T (3 0e)

j=1we{0,1}FN\ {5} i=1

xgo),xgl),...,xl(co),xg) cZny| =1 +0(1)

(2)

for any choices of exponents nj,, € {0,1}.
ExXAMPLE 2.3. For k& = 3, condition (2) says that

Elv(y+22)v(y +22)v(y+ 22wy +22" w(—z+2)v(—2' + 2)v(—x+ 2 )v(—2' +2)
v(=2z—y)v(-22" —y)v(—2z -y (=22 —y) |z, 2, y,v, 2,2 € Zn] = 1+0(1)



GAFA A RELATIVE SZEMEREDI THEOREM 737

and similar conditions hold if one or more of the twelve v factors in the expectation
are erased.

Our linear forms condition is much weaker than that used in Green and
Tao [GTO08]. In particular, Green and Tao need to assume that pointwise estimates
such as

Elv(a+x)v(a+y)v(a+z+y)|z,y € Zn] =1+ o(1)
hold uniformly over all @ € Zy. Such linear forms do not arise in our proof. More-
over, to prove their relative Szemerédi theorem, Green and Tao need to assume a
further pseudorandomness condition, which they call the correlation condition. This
condition also does not arise in our proofs. Indeed, we prove that a relative Szemerédi
theorem holds given only the linear forms condition defined above.

Theorem 2.4 (Relative Szemerédi theorem). For every k > 3 and § > 0, there
exists ¢ > 0 such that if v: Zn — R>q satisfies the k-linear forms condition, N is
sufficiently large, and f: Zn — Rxq satisfies 0 < f(x) < v(x) for all x € Zy and
E[f] > 0, then

E[f(2)f(x+d)f (2 +2d)- - f(a+ (k- Vd)|e.d € Zy] > c. (3)

We note that both here and in Theorem 1.2, the phrase “N is sufficiently large”
indicates not only a dependency on § and k as in the usual version of Szemerédi’s
theorem but also a dependency on the o(1) term in the linear forms condition. We
will make a similar assumption in many of the theorems stated below.

We prove Theorem 2.4 using a new relative hypergraph removal lemma.? In the
next subsection, we set up the notation for hypergraphs and state the corresponding
pseudorandomness hypothesis.

2.2 Hypergraphs. We borrow most of our notation and definitions from
Tao [Tao06a, Tao06b].

DEFINITION 2.5 (Hypergraphs). Let J be a finite set and r a positive integer. Define
(‘r]) = {e C J:|e| =r} to be the set of all r-element subsets of J. An r-uniform

hypergraph on J is defined to be any subset H C (‘7{)

DEFINITION 2.6 (Hypergraph system). A hypergraph system is a quadruple V. =
(J,(Vj)jes,r, H), where J is a finite set, (V;)jes is a collection of finite non-empty
sets indexed by J, r is a positive integer, and H C (‘Z) is an r-uniform hypergraph.
For any e C J, we set V, := Hjeer. For any © = (xj)jes € Vj and any subset
J' C J, we write xj = (xj)je; € Vy to mean the natural projection of x onto the

2 Green and Tao [GT08] prove a transference result that allows them to apply the dense version
of Szemerédi’s theorem as a black box. This allows them to show that the optimal ¢ in (3) can be
taken to be the same as the optimal ¢ in (1). The proof in this paper goes through the hypergraph
removal lemma and thus does not obtain the same c. Nevertheless, one can obtain our result with
the same ¢ by modifying the argument to an arithmetic setting, as done by the third author in a
follow-up paper [Zh14].
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coordinates J'. Finally, for any e C J, we write de for the set {f C e : |f| = |e|—1},
the skeleton of e.

DEFINITION 2.7 (Weighted hypergraphs). Let V. = (J,(Vj)jes,r,H) be a hyper-
graph system. A weighted hypergraph on V' is a collection g = (ge)een of func-
tions g.: V. — R>¢ indexed by H. We write 0 and 1 to denote the constant-valued
weighted hypergraphs of uniform weight 0 and 1, respectively. Given two weighted
hypergraphs g and v on the same hypergraph system, we write g < v to mean that
ge < v, for all e, which in turn means that g.(x.) < ve(x.) for all z, € V.

The weighted hypergraph v plays an analogous role to the v in Theorem 2.4, with
v = 1 again corresponding to the dense case. We have an analogous linear forms
condition for v as a weighted hypergraph. We use the following indexing notation.

For a finite set e and w € {0,1}¢, we write :ng) to mean the tuple (a:(.wj)) . We
Jj€Ee

J
also write 3:530) = <1:(-0)) ~and similarly with a;él).
JjEe

N)

DEFINITION 2.8 (Linear forms condition). A weighted hypergraph v = v) on the

hypergraph system V = VIN) = (], (Vj(N))jeJ,r, H) is said to obey the H-linear
forms condition (or simply the linear forms condition if there is no confusion) if one
has

2P 2P evi| =14001) (4)

EVIL IT vetay

ecH we{0,1}¢

for any choices of exponents n.,, € {0,1}.

EXAMPLE 2.9. Let H be the set of all pairs in J = {1,2,3}. The linear forms
condition says that

E | T v zvi(a), o)vig (e, o) )vig (2, ) |01, 2 € W,
ij=12,13,23

$27$/26‘/év 333753%6‘/3 :1+0(1)

and similarly if one or more of the twelve v factors are deleted. This expression
represents the weighted homomorphism density of K229 in the weighted tripartite
graph given by v, as illustrated in Figure 1b (the vertices of K329 must map into
the corresponding parts). Deleting some v factors corresponds to considering various
subgraphs of K» 9, e.g., Figure lc.

In general, the H-linear forms condition says that v has roughly the expected
density for the 2-blow-up® of H as well as any subgraph of the 2-blow-up. Our

3 By the 2-blow-up of H we mean the hypergraph consisting of vertices j(o),j(l) for each j € J,
and edges e = {j<“’j) :j € e} for any e € H and w € {0,1}°. We actually do not need the
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Vi H-linear forms Vi

H: condition: & subgraphs, e.g.,

Va Vs Va Vs Va Vs
(a) (b) (0

Figure 1: Linear forms conditions for H = K3. See Example 2.9

linear forms condition for hypergraphs coincides with the one used by Tao [Tao06a,
Def. 2.8], although in [Tao06a] one assumes additional pseudorandomness hypotheses
on v known as the dual function condition and the correlation condition.

2.3 Hypergraph removal lemma. The hypergraph removal lemma was first
proved by Gowers [Gow07] and by Nagle et al. [NRS06,RS04,RS06]. It states that
for every r-uniform hypergraph H on h vertices, every r-uniform hypergraph on n
vertices with o(n) copies of H can be made H-free by removing o(n") edges. As first
explicitly stated and proved by Tao [Tao06b], the proof of the hypergraph removal
lemma further gives that the edges can be removed in a low complexity way (this
idea will soon be made formal). We will use a slightly stronger version, where edges
are given weights in the interval [0, 1]. This readily follows from the usual version
by a simple rounding argument, as done in [Tao06a, Thm. 3.7]. We state this result
as Theorem 2.11 below.

DEFINITION 2.10. For any set e of size r and any E. C V., = H]Ee V;, we define the
complexity of F, to be the minimum integer T such that there is a partition of F,
into T' sets Fe1,...,E. so that each E,; is the set of r-cliques of some (r—1)-
uniform hypergraph, meaning that there exists some By; C Vy for each f € Oe so
that 1, ,(x.) = erae 1p, . (xy) for all . € V.

Theorem 2.11 (Weighted hypergraph removal lemma). For every ¢ > 0 and
finite set J, there exists 6 > 0 and T > 0 such that the following holds. Let
V = (J,(V})jes,r, H) be a hypergraph system. Let g be a weighted hypergraph
on V satisfying 0 < g <1 and

E <.

H ge(xE)

ecH

xeVy

Footnote 3 continued

full strength of this assumption. It suffices to assume that v has roughly the expected density for
any subgraph of a weak 2-blow-up of H, where by a weak 2-blow-up we mean the following. Fix
some edge e; € H (we will need to assume the condition for all e1). The weak 2-blow-up of H with
respect to e; is the subgraph of the usual 2-blow-up consisting of all edges e(*) where w; = wj for
any i,j € e\e1. This weaker version of the H-linear forms condition is all we shall use for the proof,
although everything to follow will be stated as in Definition 2.8 for clarity.
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Then for each e € H there exists a set E., C V. for which V.\E! has complexity at
most T" and such that

H lg (ze) =0 for all z € V;

ecH

and for all e € H one has

E[Qe@e)l‘/ﬁ\Eg (ze)|e € Ve] <.

We prove a relativized extension of the hypergraph removal lemma. A relative
hypergraph removal lemma was already established by Tao in [Tao06a], where he
assumed the majorizing measure satisfies three conditions: the linear forms condi-
tion, the correlation condition, and the dual function condition. We again show that
a linear forms condition is sufficient.

Theorem 2.12 (Relative hypergraph removal lemma). For every ¢ > 0 and
finite set J, there exists 6 > 0 and T > 0 such that the following holds. Let
V = (J,(V})jes,r, H) be a hypergraph system. Let v and g be weighted hyper-
graphs on V. Suppose 0 < g < v, v satisfies the H-linear forms condition, and N is
sufficiently large. If

H e (xe)

ecH

E reVy|l <4

)

then for each e € H there exists a set E! C V. for which V.\E. has complexity at
most T' and such that

H lg (xe) =0 forallx € V;
ecH

and for all e € H one has

E[Qe(ﬂfe)l\c\E; ($6)|$e S Ve] <e

In Section 4 we will deduce Theorem 2.12 from Theorem 2.11 by applying the
weak regularity lemma and the counting lemma which are stated in the next two
subsections.

2.4 Weak hypergraph regularity. The Frieze-Kannan weak regularity
lemma [FK99] allows one to approximate in cut-norm a matrix (or graph) with
entries in the interval [0, 1] by another matrix of low complexity. A major advan-
tage over simply applying Szemerédi’s regularity lemma is that the complexity has
only an exponential dependence on the approximation parameter, as opposed to
the tower-type bound that is incurred by Szemerédi’s regularity lemma. Unfortu-
nately, these regularity lemmas are not meaningful for sparse graphs as the error
term is too large in this setting. Following sparse extensions of Szemerédi’s reg-
ularity lemma by Kohayakawa [Koh97] and Rédl, a sparse extension of the weak
regularity lemma was proved by Bollobéds and Riordan [BR09] and by Coja-Oghlan
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et al. [CCF09]. In [CCF09], they further generalize this to r-dimensional tensors
(or r-uniform hypergraphs), but it only gives an approximation which is close in
density on all hypergraphs induced by large vertex subsets. In order to prove a
relative hypergraph removal lemma, we will need a stronger approximation, which
is close in density on all dense r-uniform hypergraphs formed by the clique set of
some (7 — 1)-uniform hypergraph. In Section 5, we will prove a more general sparse
regularity lemma. For now, we state the result in the form that we need.

The weak regularity lemma approximates a weighted hypergraph g on V by
another weighted hypergraph g of bounded complexity which satisfies 0 < g < 1.
One can think of g as a dense approximation of g. The following definition makes
precise in what sense g approximates g.

DEFINITION 2.13 (Discrepancy pair). Let e be a finite set and ge, ge: Ve — R>q be
two nonnegative functions. We say that (ge, ge) is an e-discrepancy pair if for all
subsets By C V¢, f € Je, one has

E[(ge(ze) = Ge(we)) [T 15, (2y)

feoe

Te € Ve} < e (5)

For two weighted hypergraphs g and g on (J, (V;)jes,r, H), we say that (g, ) is an
e-discrepancy pair if (ge, ge) is an e-discrepancy pair for all e € H.

One needs an additional hypothesis on ¢ in order to prove a weak regularity
lemma. The condition roughly says that g contains “no dense spots.”

DEFINITION 2.14 (Upper regular). Let e be a finite set, g.: V. — R>( a nonnegative
function, and n > 0. We say that g. is upper n-regular if for all subsets By C V,
f € Oe, one has

E (ge(xe> - 1) H 1Bf(xf)

f€de

T €V, <. (6)

A hypergraph g on on (J,(Vj)jes,r, H) is upper n-regular if g. is upper n-regular
for alle € H.

Note that unlike (5), there is no absolute value on the left-hand side of (6). The
upper regularity hypothesis is needed for establishing the sparse regularity lemma.
Fortunately, this mild hypothesis is automatically satisfied in our setting. We will
say more about this in Section 6.2.

LEMMA 2.15. Let V' = (J,(V})jes,r, H) be a hypergraph system. Let v and g be
weighted hypergraphs on V. Suppose 0 < g < v and v satisfies the H-linear forms
condition. Then g is upper o(1)-regular.

Define the complezity of a function g: Ve — [0, 1] to be the minimum 7 such that
there is a partition of V. into 1" subgraphs Si,...,S7, each of which is the set of
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r-cliques of some (7 — 1)-uniform hypergraph (see Definition 2.10), and such that g is
constant on each ;. We state the regularity lemma below with a complexity bound
on g, although the complexity bound will not actually be needed for our application.

Theorem 2.16 (Sparse weak regularity lemma). For any ¢ > 0 and function
g: Vi x---x V., — Rso which is upper n-regular with n < 2-40r/€ there exists
G: Vi X --- x V. — [0,1] with complexity at most 22"/ such that (g,§) is an
e-discrepancy pair.

The special case r = 2 is the sparse extension of the Frieze-Kannan weak regu-
larity lemma.

2.5 Counting lemma. Informally, the counting lemma says that if (g, §) is an
e-discrepancy pair, with the additional assumption that ¢ < v and g < 1, then the
density of H in g is close to the density of H in g. This sparse counting lemma is
perhaps the most novel ingredient in this paper.

Theorem 2.17 (Counting lemma). For every v > 0 and finite set J, there exists
an € > 0 so that the following holds. Let V' = (J,(V})jes,r, H) be a hypergraph
system and v, g, g be weighted hypergraphs on V. Suppose that v satisfies the H-
linear forms condition and N is sufficiently large. Suppose also that 0 < g < v,
0<g<1,and(g,g) is an e-discrepancy pair. Then

H ge(Te) —-E [H Je(e)

ecH ecH

E zeVy reVy

<. (7)

As a corollary, Theorem 2.17 also holds if the hypothesis 0 < § < 1 is replaced
by 0 < g < v. Indeed, we can use the weak regularity lemma, Theorem 2.16, to
find a common 1-bounded approximation to g and g. The result then follows from
Theorem 2.17 and the triangle inequality.

To summarize, to get a counting lemma for a fixed hypergraph H in a subgraph
of a pseudorandom host hypergraph, it suffices to know that the host hypergraph
has approximately the expected count for a somewhat larger family of hypergraphs
(namely, subgraphs of the 2-blow-up of H).

3 The Relative Szemerédi Theorem

In this section, we deduce the relative Szemerédi theorem, Theorem 2.4, from the
relative hypergraph removal lemma, Theorem 2.12. We use the relative hypergraph
removal lemma to prove a relative arithmetic removal lemma, Theorem 3.3. This
result then easily implies a relative version of the multidimensional Szemerédi theo-
rem of Furstenberg and Katznelson [FK78|. This is Theorem 3.1 below. The relative
Szemerédi theorem, Theorem 2.4, follows as a special case of Theorem 3.1 by setting
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Z =7 =17y and ¢;(d) = (j — 1)d. One may easily check that the linear forms con-
dition for the resulting hypergraph is satisfied if v: Zy — R>( satisfies the k-linear
forms condition.

The statement and proof of Theorem 3.1 closely follows the write-up in Tao
[Tao06a, Thm 2.18], adapted in a straightforward way to our new pseudorandomness
conditions as well as to the slightly more general setting of functions instead of
subsets. Earlier versions of this type of argument for deducing Szemerédi-type results
(in the dense setting) from graph and hypergraph removal lemmas were given by
Ruzsa and Szemerédi [RS78], Frankl and Rédl [FR02], and Solymosi [Sol03,Sol04].

Theorem 3.1 (Relative multidimensional Szemerédi theorem). For a finite set J
and § > 0, there exists ¢ > 0 so that the following holds. Let Z,Z' be two finite
additive groups and let (¢)jcs be a finite collection of group homomorphisms ¢; :
Z — 7' from Z to Z'. Assume that the elements {¢;(d) — ¢;(d) : i,j € J,d € Z}
generate Z' as an abelian group. Let v : Z' — R>( be a nonnegative function with
the property that in the hypergraph system V = (J,(V});jey,r, H), with V; := Z,
r:=|J| -1, and H := (‘T]), the weighted hypergraph (ve)ecn defined by

v ((@a)iengy) = v Z (Pi(z:) — ¢5(xs))
i€J\{j}
satisfies the H-linear forms condition. Assume that N is sufficiently large. Then, for
any f: Z' — Rxq satisfying 0 < f(z) < wv(z) for all z € Z" and E[f] > 6,

E|[]fa+¢i@)|ac 2, dez| >c (8)
JjEJ

EXAMPLE 3.2. Let S C Zy X Zy . Suppose the associated measure v = %15 satisfies

Elv(z,y)v(a y)v(z,y v ¢ (e, z — 2@’z — a')v(z, 2 — 2)v(a’, 2 - 2)
vz =y, vz =y ) —yyv(Z =y Y2y Y 22 € Zn] =1+ 0(1)

and similar conditions hold if any subset of the twelve v factors in the expectation
are erased. Then any corner-free subset of S has size o(|S|). Here a corner in Z3%
is a set of the form {(z,v), (z + d,y), (x,y + d)} for some d # 0. This claim follows
from Theorem 3.1 by setting Z = Zy, 2’ = Z3, ¢o(d) = (0,0), ¢1(d) = (d,0),

As in [Tao06a, Remark 2.19], we note that the hypothesis that {¢;(d) — ¢;(d) :
i,j € J,d € Z} generate Z' can be dropped by foliating Z’ into cosets. However,
this results in a change to the linear forms hypothesis on v, namely, that it must be
assumed on every coset.

We shall prove Theorem 3.1 by proving a somewhat more general removal-type
result for arithmetic patterns.
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Theorem 3.3 (Relative arithmetic removal lemma). For every finite set J and
€ > 0, there exists ¢ > 0 so that the following holds. Let Z,Z',(¢;j)jcs,v be the
same as in Theorem 3.1. For any collection of functions { fj: Z' — Rx(};e satisfying
0< fj(x) <v(z) for all z € Z" and j € J, and such that

E|[]fi(a+¢i(d)|ac 2. dez| <c (9)
JjeJ

one can find A; C Z' for each j € J so that

[[1a,(a+di(d)=0 forallacz dez (10)
jed

and
E[fj(@)1zna,(x)lx € Z'| <€ forall jeJ (11)

Theorem 3.1 follows from Theorem 3.3 by setting f; = f for all j € J and
e < §/(r + 1). Indeed, if the conclusion (8) fails, then Theorem 3.3 implies that
there exists A; C Z' for each j € J satisfying (10) and (11). The A;’s cannot have
a common intersection, or else (10) fails for d = 0. It follows that {Z"\4; : j € J}
covers Z', and hence (11) implies that E[f] < > E[fj1z14 ] < (r + 1)e < d, which
contradicts the hypothesis E[f] > 0.

Proof of Theorem 3.3. Let V. = (J,(V;),r,H) be as in the statement of Theo-
rem 3.1. Write e; := J\{j} € H. Define the weighted hypergraph g on V' by setting

Je; (xej) = fj(wj(xej)) for all j € J

where ¢;: V,, — Z' is defined by

bj(me,) = Y (dilws) — () = a+ ¢;(d) (12)
i€e;
where
a= Zqﬁz(aﬁz) and d= — sz (13)
ieJ ied
Then, for all z € V' and a,d defined in (13), we have
[T e (ze) =TT fita+ &5(d)). (14)
jeJ jeJ

The homomorphism z — (a,d): V — Z' x Z given by (13) is surjective: the image
contains {(¢;(d) — ¢;(d),0) : i,j € J,d € Z} and hence all of Z' x {0}. Moreover,
the image also contains {(—¢;(d),d) : i € J,d € Z}. Together, these sets generate
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all of Z' x Z. Tt follows that (a,d) varies uniformly over Z’ x Z as x varies uniformly
over Vj, and so (14) implies that

E ngj(xej) reV;| =E Hfj(a—l—d)j(d)) acZ deZ| <c.
Jj€J Jj€J

By the relative hypergraph removal lemma, for ¢ small enough (depending on J and
€), we can find a subset E; C Ve, for each j € J such that

[l /(@) =0 foralaev, (15)
JjeJ
and
Elge; (e, )1v.,\z; (e, )lae; € Ves] < €/(r+1) forall j € J.

For each j € J, define A; C Z’ by
A= {2 € 2 0 ()N B > 2oy ()] (16)

In other words, A; contains 2z’ € Z’ if the hypergraph removal lemma removes less
than a 1/(r 4 1) fraction of the edges in V., representing 2’ via ;.

For any 2/ € Z'\A;j, on the fiber ¢"(z’) the function g., takes the common
value f;(z'). Furthermore, by (16), on this fiber, the expectation of le\E_; is at

least 1/(r + 1). Hence
E[fj(2)1zna, @)|z € Z'7 < (r + DE[ge, (xe,)1v. \ gy (e, )|ze, € Ve, ] < e

This proves (11). To prove (10), suppose for some a € Z’,d € Z we have a+ ¢;(d) €
Aj for all j € J. Let Vj’d C V consist of all z € V; satisfying (13). Then v¥;(z.,) =
a+¢;(d) for all x € ij’d by (12), and in fact wj_l(a—l—qu (d)) is the projection of V;’d
onto Ve,. By (16), more than an 7 fraction of this projection is in E}. It follows
by the pigeonhole principle (or a union bound on the complement) that there exists
some x € VJa’d such that xe, € £’ for every j € J. But this contradicts (15). Thus
(10) holds. 0

4 The Relative Hypergraph Removal Lemma

Proof of Theorem 2.12. By Lemma 2.15, v is upper o(1)-regular, so we can apply
the weak sparse hypergraph regularity lemma (Theorem 2.16) to find functions g, :
Ve — [0, 1] for every e € H so that (g, g) is an o(1)-discrepancy pair. By the counting
lemma (Theorem 2.17), we have

E [H Ge(e) =E [H ge(Te)

e€eH ecH

xeVy x e Vil +o0(1) <d+o(1).
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The dense weighted hypergraph removal lemma (Theorem 2.11) tells us that for
each e € H we can choose E. C V, for which V.\E! has complexity Os(1) (i.e., at
most some constant depending on ¢) and such that

H lp (ze) =0 forallzeVy
ecH

and, as long as J is small enough and N is large enough, we have
E[ge(we)ly\ g (Te)|Te € Ve] < €/2 foralle e H. (17)

As V. \ E. has complexity O;(1), there is a partition of V.\ E/ into Os(1) hypergraphs
F,; each of which is the set of r-cliques of some (r — 1)-uniform hypergraph. We have

IE[(ge — ge)(xe)IVE\Eg (ze)|ze € V]| < Z’E[(ge — ge)(xe)1F, (Te)|we € Ve
<> o(1) =05(1)o(1) < ¢/2 forall e € H.

(18)

We used that (ge, ge) is an o(1)-discrepancy pair on each of the terms of the sum,
and the final inequality is true as long as N is large enough. Combining (17) and
(18) we obtain

E[ge(we)ly\ g ()|ze € Ve] <€ forallee H.

This proves the claim. O

5 The Weak Regularity Lemma

Let X be a finite set and g : X — R>¢. Let F be a family of subsets of X which
is closed under intersection, X € F, all subsets of X of size one are in F, and such
that, for every S € F, there is a partition of X which contains S and consists of
members of F. For t > 2, the family F is t-splittable if for every S € F there is a
partition P of X into members of F such that S € P and |P| < t. The complezity
p = p(f) of a function f: X — R>¢ is the minimum p for which there is a partition
X = 51U---US, into p subsets each in F such that f is constant on each S;. We
call (g, g) an e-discrepancy pair if for all A € F,

|El(g — 9)14]| <.

All expectations are taken with the uniform measure on X. For P a partition of X,

2oLl \when x € A € P. That is, gp(x)

is the conditional expectation of g(z) given the partition P and is constant on any
part A of the partition.

let gp be the function on X given by gp(z) =
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The function g we call upper n-reqular if for every A € F, we have
Elgla] < E[la] + 7.
If g is upper n-regular, A, B € F, and F is t-splittable, then

Elglpa]l < E[lp\a] + (t —1)n. (19)

Indeed, in this case B\ A can be partitioned into ¢ — 1 sets in F (we first split with
respect to A and then consider the intersections of the parts of the partition with
B). Applying the upper n-regularity condition to each of these sets and summing
up the inequalities, we arrive at (19).

Following Scott [Scoll], let ¢ : R>9g — Rx>o be the convex function given by

9 .
() = {“ e
du —4 otherwise.
For a partition P of X, let ¢(P) = E[¢ (gp)], which is the mean ¢-density of g with
respect to the partition P. As ¢ takes only nonnegative values and ¢(u) < 4u, we
have
0 < 6(P) < 4Elgp] = 4E[g).

Also, by the convexity of ¢, it follows that if P’ is a refinement of P, then ¢(P’) >
¢(P).

LEMMA 5.1. Let X and F as above be such that F is t-splittable. Let 0 < e,n < 1
and T = t2/¢. For any g : X — Rxq which is upper n-regular with n < g7, there
is g : X — [0, 1] with complexity at most T such that (g, g) is an e-discrepancy pair.

Proof. Let o« = %. We first find a partition P of X into members of F with |P| <
t5/% = T such that for any refinement P’ of P into members of F with |P'| < t|P],
we have ¢(P’) — ¢(P) < a. In order to construct P, we first recursively construct a
sequence Py, Py, ... of finer partitions of X into members of F so that |P;| < ¢/ and
#(Pj) > ja. We begin by considering the trivial partition Py = {X}, which satisfies
#(FPy) > 0. At the beginning of step j+ 1, we have a partition P; of X into members
of F with |Pj| < # and ¢(P;) > jo. If there exists a refinement Pji1 of X into
members of F with |Pj;1] < t|Pj| and ¢(Pj4+1) > ¢(P;) + «, then we continue to
step j+2. Otherwise, we may pick P = P; to be the desired partition. Note that this
process must stop after at most 5/ steps since 5 > 4(1 +1n) > 4E[g] > ¢(P;) > jo,
where the second inequality follows from g being upper n-regular. We therefore arrive
at the desired partition P.

Let Pbe X = S1U---US,. Let g: X — [0, 1], where § = gp A 1 is the minimum
of gp and the constant function 1. We will show that (gp,§) is an §-discrepancy
pair and (gp,g) is a iif—discrepancy pair, which implies by the triangle inequality
that (g, g) is an e-discrepancy pair. As g has complexity at most |P| < T, this will
complete the proof.
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We first show (gp,g) is an §-discrepancy pair. Note that gp — § is nonnegative
and constant on each part of P. If S; € P and gp — g > 0 on S, then also gp > 1
and § = 1 on S;. As g is upper n-regular, we have E[glgs,| < E[lg,| + 1 and hence
E[(g — g)1s,] < n. Therefore, by summing over all parts in the partition P, we see
that if A € F,

0 <E[(gr —g)1a]l <El(gp — 9)] <nlP| <nT <

=] o

and (gp,g) is an g-discrepancy pair.

We next show that (gp,g) is a %—disorepancy pair, which completes the proof.
Suppose for contradiction that there is A € F such that

3e
E[(gp = g)1all > -
Let B be the union of all S; N A, where S; € P, for which both E[lg,~4] > tn and
Eflg,\a] = tn.
We claim that for each S; € P, we have
IE[(9p — 9)(1ans, — 1ns,)]| < 2tn. (20)

Indeed, if BNS; = ANS;, then the left hand side of (20) is 0. Otherwise, E[14ng,] < tn
or E[lsi\A] < tn. In the first case, when E[14ng,] < tn, we have 1png, is identically
0, as well as

E[glans,] < E[lans,] +7 < (t+1)n
and

] ) g T el Bl 0

E[gplAﬂSi,] =

from which (20) follows. In the second case, when E[1g,\ 4] < 7, we again have 1pns,
is identically 0, so that

E[(g — gp)(1ans, — 1Bns,)] = El(g — gp)lans,] = E[(g — gp)(1s, — 1s,\4)]
=E[(9—gpr)1s,]—E[(g — gp)1s\a] = —El(g — gp) 15\ al;
and similar to the first case, using (19) to estimate E[glg, 4] and E[gplg, 4], we get

(20).
Notice that

€

El(gp — 9)1a] — El(gr — 9)15]| = [El(9p — 9)(1a — 1p)]| < [P[2tn < 7,
where the first inequality follows by using (20) for each part S; and the triangle
inequality. Hence,

3¢ € €

El(gr — 9)15]l > [El(gr — )1a]] ~ [El(gp — 9)1a] - El(gp — 9)15]| > 5 — § = 5.
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Let P be the refinement of P where S; is also in Pif BN S; = 0 and otherwise
S;N B and S;\B are parts of P, and let P’ be a refinement of P into at most ¢|P)
members of F. The refinement P’ exists as F is t-splittable and is closed under
intersections, P consists of members of 7, A € F, and ;N B = S, NA € F
if ;"B € P. As P’ is a refinement of P which is a refinement of P, we have
d(P') > ¢(P) > ¢(P). Let R € {S;, S; N B, S;\B}, where S; is a part of P that is

refined into two parts in P, so that E[1g] > tn. Letting u = I%flllﬁ}, we see, since g

is upper n-regular and using (19), that u < 1+ tn(tn)~! = 2 and hence ¢(u) = u?.
It follows, by considering the functions pointwise, that ¢(gs) — ¢(gp) = g% - g>.
Hence,

$(P") — ¢(P) > ¢(P) — ¢(P) = Elg2] — Elg}] = Elg? — 93] = El(95 — gr)’]
2

> El(gp — 9r)18]* = El(g - 9p)18]" > T =

The third equality above is the Pythagorean identity, which uses that P is a refine-
ment of P, and the second inequality is an application of the Cauchy-Schwarz
inequality. However, since P’ is a refinement of P consisting of members of F with
|P'| < t|P], this contradicts ¢(P’) —¢(P) < « from the definition of P and completes
the proof. O

To establish the weak hypergraph regularity lemma, Theorem 2.16, we use
Lemma 5.1 with X = Vj x --- x V. and F being the family of subsets of X which
form the r-cliques of some r-partite (r—1)-uniform hypergraph with parts Vi,..., V.
Noting that F is 2"-splittable in this case, we obtain Theorem 2.16.

6 The Counting Lemma

The three main ingredients in our proof of the counting lemma (Theorem 2.17) are
as follows.

(1) A standard telescoping argument [BCLSV08] in the dense case, i.e., when v = 1.

(2) Repeated applications of the Cauchy-Schwarz inequality. This is a standard
technique in this area, e.g., [Gow01, Gow07, GT08, Tao06a).

(3) Densification. This is the main new ingredient in our proof. At each step, we
reduce the problem of counting H in a particular weighted hypergraph to that
of counting H in a modified weighted hypergraph. For an edge e € H, we
replace the triple (ve, ge, ge) by a new triple (1,g.,g.) with 0 < ¢/, g, < 1 and
such that (g2, g.) is an €’-discrepancy pair for some € = o._,o(1). By repeatedly
applying this reduction to all e € H (we use induction), we reduce the counting
lemma to the dense case.

We developed the densification technique in our earlier paper [CFZ14], where we
proved a sparse counting lemma in graphs. We have significantly simplified a number
of technical steps from [CFZ14] in order to extend the densification technique to
hypergraphs here.
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6.1 Telescoping argument. The following argument allows us to prove the
counting lemma in the dense case, i.e., when 0 < g < 1.

LEMMA 6.1 (Telescoping discrepancy argument for dense hypergraphs). Theo-
rem 2.17 holds if we assume that there is some ey € H so that v, = 1 for all
e € H\{e1}. In fact, in this case,

H ge(xe)

ecH

E zeVy| —E reVy

H ge(l'e)

ecH

< |Hle. (21)

Lemma 6.1 uses only the assumption that (g, ge) is an e-discrepancy pair for
every e € H and nothing about the linear forms condition on v. Recall that for each
fixed e € H, the condition that (ge, ge) is an e-discrepancy pair means that for all
subsets By C Vy, f € Je, we have

E (ge(xe) _ge(l'e)) H 1Bf($f)

fe€oe

ze €Ve|| Le (22)

This is equivalent to the condition that for all functions ug: Vy — [0, 1], f € Oe, we
have

E |(ge(ze) = ge(ze)) H ug(zy)

feoe

zeeVol| <e (23)

Indeed, the expectation is linear in each uy and hence the extrema occur when the
uys’s are {0, 1}-valued, thereby reducing to (22).

Proof. Let h = |H| and order the edges of H\{e;} arbitrarily as es,...,e,. We can
write the left-hand side of (21), without the absolute values, as a telescoping sum

h t—1 h
ZE [(H Je. (me)> (ge. (@e,) = e, (2e,)) ( H e, (mes)>
t=1 s=1

s=t+1

zeV; (24)

For the {-th term in the sum, when we fix the value of z j\., € V\,, the expectation
has the form

E | (ge.(ze,) = e (2e,)) H ug(wy)

fEDe,

Ze, € Ve, (25)

for some functions ug: Vy — [0,1] (here we used the key fact that g., < 1 for all
s >1and g., <1 for all s). Since (ge,, ge,) is an e-discrepancy pair, (23) implies
that (25) is bounded in absolute value by e. The same bound holds after we vary
ZTne, € Ve, So every term in (24) is bounded by € in absolute value, and hence
(24) is at most he in absolute value. 0
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6.2 Strong linear forms. The main result of this subsection tells us that v can
be replaced by the constant function 1 in counting expressions. Though somewhat
technical in detail, the main idea of the proof is quite simple and may be summarized
as follows: we use the Cauchy-Schwarz inequality to double each vertex j of a certain
edge in turn, at each step majorizing those edges which do not contain j. This method
is quite standard in the field. In the work of Green and Tao, it is used to prove
generalized von Neumann theorems [GT08, Prop. 5.3|, [Tao06a, Thm. 3.8], although
the statement of our lemma is perhaps more similar to the uniform distribution
property [GT08, Prop. 6.2], [Tao06a, Prop. 5.1].

We begin by using a similar method to prove a somewhat easier result. It shows
that if v satisfies the H-linear forms condition then (v, 1) is an o(1)-discrepancy pair,
which implies Lemma 2.15.

LEMMA 6.2. Let e be a finite set, V; a finite set for each j € e, and V., =[]

jEe
Then, for any function v: V, — R and any collection of By C V; for f € Oe,
1/20el
E | (ve(ze) =) ] 15, (xp)|ee e Ve | [SE| [] (ela)—1)|z0, D eV,
f€de we{0,1}e
(26)

Lemma 6.2 follows from a direct application of the Gowers-Cauchy-
Schwarz [Gow01] inequality for hypergraphs (see [CFZ]). We include the proof here
for completeness.

Proof. For ) C d C e, let

Xd = H (UE(xe\dvx((;J)) - 1)7 Yd = H H 1Bf (xf\dvxt(iw)>a

0,1} 9 0,1}4
we{0,1} J}ngewe{ }

and
Qa = E[XgYq|Teg € Vergs fvé ), M evy.

Then (26) can be written as |Qg| < Ql/ 2 . By induction, it suffices to show that
Q3 < Qqug;} whenever j € e\d. Let Yy = v’ Yj] where Y, consists of all the

factors in Yy that contain x; in the argument, and ij consists of all other factors.
By the Cauchy-Schwarz inequality, we have

Q3 = E[E[XyY,;|z; € V;]Y]? < E[E[XqY,; 7|z € VPIE[(Y)?] < Quugsys

since Qquy;y = E[E[XdY9j|xj € V;]?]and 0 < Yﬁj < 1, where the outer expectations
are taken over all free variables. This shows that (Q? 1 < Qauyyy- Hence, Qg < Ql/ 2!
as desired. D

The next lemma is very similar, except that now we need to invoke the linear
forms condition.
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LEMMA 6.3 (Strong linear forms). Let V' = (J, (V;) e, 7, H) be a hypergraph system
and let v be a weighted hypergraph on V satisfying the linear forms condition. Let
e1 € H. For each v € {0,1} and e € H\{e1}, let gg): Ve — R>q be a function so
that either géb) <1 or géL) < v, holds. Then

E|(e@)-1) [[ | [T 999|020 evia@=a® =z, | = o).
1€{0,1} \e€eH\{e:}
(27)
0) (1)

In (27), the notation x&?) = acg) = Ze, means that x;”, x;", x; are taken to be
the same for all j € e;. Recall that we write o(1) for a quantity that tends to zero
as N — oc.

Proof. For each v € {0,1} and e € H\{e1}, let géb) be either 1 or v, so that géL) < gff)
holds. For @ C d C ey, define

Xa= ] e (zena o) - 1),
we{0,1}¢

06 2l m) ifeDd
I I I o 0 o ) itesd|

Y;:
1e{0,1} e H\{e,} we{0,1}end L Je (Ze\e,r Terds Teren\d

and
— (0) (1)
Qa = E[Xdydlm(J\el)Ud’ Tipenyud € ViN\euds Te\d € Ved]-
We observe that @y is equal to the left-hand side of (27) and

Qu=B| I (va@h-1) II TI II (s, .2%)
we{0,1}1 1€{0,1} eeH\{e1} we{0,1}¢ne1

=o(1)

xf,o), xsl) eV

by the linear forms condition (4).* Indeed, after we expand [oego,ye: (Ve (:cgf)) —1),
(t)

every term in @), has the form of (4) (since ge¢’ is 1 or ve). Thus Q, is the sum
of 2141 terms, each of which is +(1 + o(1)) by the linear forms condition, and they
cancel accordingly to o(1).

We claim that if j € e;\d then

Qal < (1 +0(1)Qy 1y (28)

4 This is where the weak 2-blow-up of H arises, since the estimate Qe, = o(1) only relies upon
knowing that v has roughly the expected density for certain subgraphs of the weak 2-blow-up.
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from which it would follow by induction that
ILHS of (27)] = |Qy| < (1+0(1))QY* = o(1).

Now we prove (28). Let Y; = Ydaj Ydﬁj where Ydaj consists of all the factors in Yy that

contain x; in the argument, and ij consists of all other factors. Using the Cauchy-

Schwarz inequality and ij < ij, where Y? denotes the expression obtained from

ij by replacing all g’s by g’s, one has
Q% = E[E[X4Y, 7 |z; € Vj]Y12 < E[EB[X4Y, 7 |2; € V;]2Y77) E[Y,}]
< E[E[XqY;"|z; € ViIPY 2] EVY] = Quugyy EIYS] (29)

where the outer expectations are taken over all free variables. The second factor in

(29) is 1 + o(1) by the linear forms condition (4) as ?jj consists only of v factors.
This proves (28). 0

6.3 Counting lemma proof. As already mentioned, the main idea of the fol-
lowing proof is a process called densification, where we reduce the problem of count-
ing H in a sparse hypergraph to that of counting H in a dense hypergraph by
replacing sparse edges with dense edges one at a time. Several steps are needed to
densify a given edge e;. The first step is to double all vertices outside of e; and to
majorize ge, by ve,. We then use the strong linear forms condition to remove the
edge corresponding to ey entirely. This leaves us with the seemingly harder problem
of counting the graph H' consisting of two copies of H\{e;1} joined along the vertices
of e;. However, an inductive hypothesis tells us that we can count copies of H\{e;}.
The core of the proof is in showing that this allows us to replace one of the copies
of H\{e1} in H' by a dense edge, thus reducing our problem to that of counting H
with one edge replaced by a dense edge.

Proof of Theorem 2.17. We use induction on |[{e€ H :v, # 1}|. When
{e € H : v, # 1}| = 0 or 1, the result follows from Lemma 6.1. Now take e; € H so
that v, # 1.

We assume that |J| is a fixed constant. We write o(1) for a quantity that tends
to zero as N — oo and o.0(1) for a quantity that tends to zero as N — oo and
e — 0. We need to show that the following quantity is 0. (1):

E [H ge(ze) H Ge(e)

ecH ecH

zeVy| —E xeV;

=E |ge(@e) | ] gelwe) = ] Felze)

ecH\{e:} e€H\{e:}

reVy

+E | (9er () = Jer(we)) | ]] Gelze) | | e V| (30)

EEH\{El}
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The second term on the right-hand side of (30) is at most € in absolute value since
(gey» Ge, ) is an e-discrepancy pair and g < 1 (e.g., see proof of Lemma 6.1). It remains
to show that the first term on the right-hand side of (30) is 0—¢(1).

Define functions v/ , g, , g, : Ve, — Rxo by

l/él (x81) =E H l/e(.’Ee) Ty\e € VJ\61 ) (31)
_eEH\{el} ]

g(,il (wel) =K H ge(we) :UJ\(il € VJ\el ’ (32)
_eEH\{el} |

gél (x61) =E H ge(l'e) Ty\e € VJ\61 . (33)
_eEH\{el} |

We have g, < v/ and ge, < 1 (pointwise). In the rest of this proof, unless otherwise
specified, expectations are for functions on V., with arguments varying uniformly
over V,,. The linear forms condition (4) implies that E[v/, ] = 140(1) and E[(¢/] )?] =
1+ o0(1), so that®

El(v;, — 1)°] = o(1). (34)

The square of the first term on the right-hand side of (30) equals
E[g€1 (gél - gél)]2 S E[ge1 (gél - gél)2] E[g€1] S E[Vel (gél - gél)Q] E[Vel]

= (El(ge, = ge,)°] +0(1))(1 + o(1)).
(35)

The first inequality above is due to the Cauchy-Schwarz inequality. In the final step,
both factors are estimated using Lemma 6.3 (for the first factor, expand the square
(9., — g.,)? and apply Lemma 6.3 term by term). Continuing (35) it suffices to show
that the following quantity is 0co(1):

E[(ge, — Gc,)%] = El(g, — 3¢,)(9e, — 9, AV +El(gz, — Ge,)(g0, A1 —3c,)] (36)
(here a A b := min{a,b}). That is, we are capping the weighted hypergraph g by

1. Since v, is very close to 1 by (34), this should not result in a large loss. Indeed,
since 0 < g, < v, , we have

0< g, —gi, N1 =max{g,, — 1,0} <max{r;, — L0} <[v, — 1.  (37)
Using (37), g, < v/, and g, <1, we bound the magnitude of the first term on the

right-hand side of (36) by
E[(v, +1) [ve,~ 1] =E[(v,~1) |ve, =[] +2E[|v, —1[]
< E[(v;, — 1) +2E[(v;, —1)*]"/*=0(1)

5 1In fact, the only assumptions on v needed for the proof of Theorem 2.17 are (34) and the strong
linear forms condition, Lemma 6.3, as well as analogous conditions for other choices of e; € H and
allowing some subset of the functions v, to be replaced by 1.
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by the triangle inequality, the Cauchy-Schwarz inequality, and (34). To estimate the
second term on the right-hand side of (36), we need the following claim.

CrLaM. (g, A1,g.,) is an €-discrepancy pair with € = 0_o(1).
Proof of Claim. We need to show that, whenever By C V; for all f € Oey, we have
E[(gh, (ze,) A1 = b, (@e)) T 18, (2p)
f€dey

Define g, : Ve, — R0 by g¢, (7e,) = [1fepe, 1B, (z5). So the left-hand side of (38)
is equal to

T, € Vel} = 0c_o(1). (38)

E[(ge, A1 —g0)9e ] +El(g., — 3.,)90,]- (39)

Using 0 < g7/ <1, (37), the Cauchy-Schwarz inequality, and (34), we can bound the
magnitude of the first term in (39) by

Eflv), — 1)) <E[6, - 1}/ = o(1).

The second term of (39) is equal to

E H ge(Te) — H Je(xe) ggl(xel)xEVJ

ecH\{e1} ecH\{ei}

This is 0c0(1) by the induction hypothesis applied to new weighted hypergraphs
where the old (ve, , ge, , Ge, ) gets replaced by (1, g, , g/ ), thereby decreasing |{e € H :

ve # 1}|. Note that the linear forms condition continues to hold. Thus (38) holds,
so (g., N1,g.,) is an €'-discrepancy pair with € = o._(1). O

We expand the second term of (36) as
El(9¢, —3¢,)(9e, N1 =3c,)] = Elgt, (90, AD]~Elgc, ge, 1~ E[gc, (ge, ADIHE[(Ge, )] (40)

We claim that each expectation on the right-hand side of (40) is E[(g.,)?] + 0c—o(1).
Indeed, by (32) and (33) we have

Elg., (g., A1) —E[(g.,)"]

=E (9;1 (@e,) A1) H ge(we) — 521(3361) H ge(ze) | [z €V,
ecH\{e1} ecH\{e:}

which is 0._,(1) by the induction hypothesis applied to new weighted hypergraphs
where the old (ve,, ge,, Ge, ) is replaced by (1,9, A1,g. ). This is allowed as (g, A
1,4,,) is an €’-discrepancy pair with € = 0._(1), the new v still satisfies the linear
forms condition, and |{e € H : v, # 1}| has decreased. The claims that the other
terms on the right-hand side of (40) are each E[(g,,)?] + 0c—0(1) are similar (in fact,
easier). It follows that (40) is 0c—0(1), so (36) is 0e—o(1) and we are done. 0
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7 Concluding Remarks

Conditions for counting lemmas. In this paper, we determined sufficient condi-
tions for establishing a relative Szemerédi theorem and, more generally, a counting
lemma for sparse hypergraphs. We have assumed that the hypergraph we want to
count within is a subgraph of a pseudorandom hypergraph. The main question then
is to determine a good notion of pseudorandomness which is suffficient to establish
a counting lemma.

There is a marked difference between this paper and our previous paper on graphs
[CFZ14] in terms of the type of pseudorandom condition assumed for the majorizing
hypergraph. In this paper, we prove a counting lemma for a given hypergraph H by
assuming that the underlying pseudorandom hypergraph contains approximately the
correct count for each hypergraph in a certain collection of hypergraphs H derived
from H. That is, for each H' € H, we assume that our pseudorandom hypergraph
contains (1 + o(1))p)n?H") labeled copies of H’, where p is the edge density of
the pseudorandom hypergraph.

The approach used in [CFZ14] is equivalent, up to some polynomial loss in €, to
assuming that the number of labeled cycles of length 4 in our pseudorandom graph
is (1+¢€)p*n?, where € is now a carefully controlled term and the question of whether
H can be embedded in our pseudorandom graph depends on whether ¢ is sufficiently
small with respect to H and p. It is possible to adapt the methods of this paper so
that the notion of pseudorandomness used for hypergraphs is more closely related
to this latter notion. However, for the purposes of applying the results to a relative
Szemerédi theorem, the current formulation seemed more appropriate.

Gowers uniformity norms. For a function f : Zy — R, the Gowers U"-norm of
f is defined to be

1/2
I fllg- =E H f(wo+w-x)|20,71,..., 2 € LN ,
we{0,1}"
where x = (z1,...,2,). The following inequality, referred to as a generalized von
Neumann theorem, bounds the weighted count of (r+1)-term arithmetic progressions
from functions fo, ..., f, in terms of the Gowers uniformity norm:

o [T Ifillo -

i#]

E @) i+ dfolw+2d) . fy (0 +rd)

z.d e Zy|| < ||

This fundamental fact is an important starting point for Gowers’ celebrated proof
[Gow01] of Szemerédi’s theorem as well as many later developments in additive
combinatorics. For a sparse set S C Zpy of density p, this inequality implies the
correct count of (r 4+ 1)-term arithmetic progressions in S as long as v — 1. =
o(p"), where v = p~!1g (a more careful analysis shows that it suffices to assume

lv = Ly = o(p/?)).
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Gowers [Gow10]® and Green [GreenPC] asked if || — 1||,;. = o(1) for some large
s = s(r) is sufficient for v to satisfy a relative Szemerédi theorem for (r + 1)-
term arithmetic progressions. Note that this is precisely a linear forms condition
and we proved in this paper that a different linear forms condition is sufficient.
However, we do not even know if such a condition implies the existence of (r + 1)-
term arithmetic progressions in v. Clearly s(r) cannot be too small and indeed we
know from the recent work of Bennett and Bohman [BB] on the random AP-free
process that one can find a 3-AP-free S C Zy such that v = (N/|S|)1g satisfies
|lv—1||2 = o(1). Therefore, if s(2) exists, it must be greater than 2. More generally,
they show that s(r) > 1+ log,r. In a companion note [CFZ], we show that if a
measure v satisfies the stronger condition ||v — 1|, = o(p"), where p = HVH , then
the relative Szemerédi theorem holds with respect to v for (r + 1)-term arlthmetlc
progressions. This strengthens the consequence of the generalized von Neumann
theorem discussed above.

Corners in products of pseudorandom sets. Example 3.2 illustrates the rela-
tive multidimensional Szemerédi theorem applied to a pseudorandom set S C Z?V.
However, the situation is quite different for S x S C Z?V with some pseudorandom
set S C Zy. Indeed, S x S C Z3, does not satisfy the linear forms condition in
Example 3.2. Intuitively, this is because the events (z,y) € S x S and (z,y') € Sx S
are correlated as both involve x € S.

However, we may still deduce the following result using our relative triangle
removal lemma. Recall that a corner in Z3; is a set of the form {(z,y), (z+d, ), (z, y+
d)}, where d # 0.

ProrosITION 7.1. If S C Zy is such that v = %15 satisfies

Elv(z)v(z)v(z — 2)v(z — 2" )v(d — 2)v(d — o))

vz —yv(z =y W =y =y, 2"y, 22" € Zy] =1+ o(1)

and similar conditions hold if any subset of the v factors are erased, then any corner-
free subset of S x S has size o(|S|?).

Proof (sketch). Let A be a corner-free subset of S x S. We build two tripartite graphs
I' and G on the same vertex set X UY U Z with X =Y = § and Z = Zy (note
that unlike the proof of Theorem 3.1 we do not take X and Y to be the whole of
Zn here). In T', we place a complete bipartite graph between X and Y'; between Y
and Z the edge (y,2) € Y x Z is present if and only if z —y € S; and between X
and Z the edge (z,z) € X x Z is present if and only if z — 2 € S. In G, between X
and Y the edge (z,y) € (X,Y) is present if and only if (z,y) € A; between Y and
Z the edge (y,z) € Y x Z is present if and only if (z — y,y) € A; and between X
and Z the edge (z,z) € X x Z is present if and only if (z,z —z) € A.

6 This question can be found in the penultimate paragraph in §4 of the arXiv version of [Gow10].



758 D. CONLON ET AL. GAFA

The vertices (z,y,2) € X x Y x Z form a triangle if and only if (x,y), (2 —
y,y),(x,z — x) € A. These three points form a corner, which is degenerate only
when x + y = z. Since A is corner-free, every edge of GG is contained in exactly one
triangle (namely the one that completes the equation x + y = z). In particular, G
contains exactly |A| triangles. After checking some hypotheses, we can apply our
relative triangle removal lemma (as a special case of Theorem 2.12) to conclude
that it is possible to remove all triangles from G by deleting o(|S|?) edges. Since
every edge of G is contained in exactly one triangle, and |G| has 3|A| edges, we have
|A| = o(]S|?), as desired. 0

One can easily generalize the above Proposition to S™ C Z%} (as before, S C
ZpN). Here a corner is a set of the form {x,x + dej,...,x + de,,}, where x € Zy,
0 # d € Zy, and e; is the i-th coordinate vector. Then, for any fixed m, any corner-
free subset of S™ must have size o(]S|™), provided that v = %1 s satisfies the linear
forms condition

E[ﬁ(I/(wgo))nwy(xz(,l))m,l H (x(()wo)_ Z xgwj))ni,u>

i=1 wE(0AFOING)  jefm]\{i)

‘xéo),mél),...,xgg),x%) € ZN] =1+o0(1)

for any choices of exponents n; g, n;1,niw € {0,1}.

A more general result concerning the existence of arbitrarily shaped constella-
tions in S™ is known, provided that S satisfies certain stronger linear forms hypothe-
ses. We refer the readers to [CMT,FZ,TZ13] for further details. In particular, the
multidimensional relative Szemerédi theorem holds in P™, where P is the primes.

Sparse graph limits. The regularity method played a fundamental role in the
development of the theory of dense graph limits [BCLSV08,LS06]. However, no sat-
isfactory theory of graph limits is known for graphs with edge density o(1). Bollobéas
and Riordan [BR09] asked a number of questions and made explicit conjectures on
suitable conditions for sparse graph limits and counting lemmas. Our work gives
some natural sufficient conditions for obtaining a counting lemma in a sequence
of sparse graphs Gp. The new counting lemma allows us to transfer the results
of Lovasz and Szegedy [LS06,1.S07] on the existence of the limit graphon, as well
as the results of Borgs, Chayes, Lovész, Sés, and Vesztergombi [BCLSV08] on the
equivalence of left-convergence (i.e., convergence in homomorphism densities) and
convergence in cut distance. The famous quasirandomness results of Chung, Gra-
ham, and Wilson [CGW89] also transfer, namely, that an appropriate relationship
between edge density and Cy-density (of homomorphisms) determines the asymp-
totic F-density for every graph F'. We will explain these connections in more detail
in future writing.

Existing applications of the Green-Tao method. Though our discussion has
focused on the relative Szemerédi theorem, we have proved a relative version of
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the stronger multidimensional Szemerédi theorem. Following Tao [Tao06a], this may
be used to prove that the Gaussian primes contain arbitrarily shaped constella-
tions, though without the need to verify either the correlation condition or the
dual function condition. It seems likely that our method could also be useful for
simplifying several other papers where the machinery of Green and Tao is used
[CM12,GT10,Lell, Mat12a,Mat12b, TZ08]. In some cases it should be possible to
use our results verbatim but in others, such as the paper of Tao and Ziegler [TZ08§]
proving that there are arbitrarily long polynomial progressions in the primes, it will
probably require substantial additional work.

Sparse hypergraph regularity. In proving a hypergraph removal lemma for sub-
graphs of pseudorandom hypergraphs, we have developed a general approach to
regularity and counting in sparse pseudorandom hypergraphs which has the poten-
tial for much broader application. It is, for example, quite easy to use our results
to prove analogues of well-known combinatorial theorems such as Ramsey’s theo-
rem and Turan’s theorem relative to sparse pseudorandom hypergraphs of density
N~ We omit the details. In the graph case, a number of further applications
were discussed in [CFZ14]. We expect that hypergraph versions of many of these
applications should be an easy corollary of our results.

Counting in random hypergraphs. There has been much recent work on count-
ing lemmas and relative versions of combinatorial theorems within random graphs
and hypergraphs [BMS,CG,CGSS14,ST,Sch]. Surprisingly, there are a number of
disparate approaches to these problems, each having its own strengths and weak-
nesses. We believe that our results can be used to give an alternative framework for
one of these approaches, due to Conlon and Gowers [CG].” Their proof relies heavily
upon an application of the Green-Tao transference theorem, which we believe can
be replaced with an application of the sparse Frieze-Kannan regularity lemma and
our densification technique. However, the key technical step in [CG], which in our
language is to verify that the strong linear forms condition, Lemma 6.3, holds when
v is a random measure, would remain unchanged.

Sparse arithmetic removal. In Theorem 3.3, we proved an arithmetic removal
lemma for linear patterns such as arithmetic progressions. More generally, an arith-
metic removal lemma claims that if a system of linear equations Ma = b over the
integers has a small number of solutions a = (a1, as,...,a,) with a; € A; for all
i = 1,2,...,n then one may remove a small number of elements from each A; to
find subsets A/ such that there are no solutions ¢’ = (a},adb,...,al,) to Ma’ = b
with a; € A} for all i = 1,2,...,n. Such a result was conjectured by Green [Gre05]
and proved by Kral’, Serra, and Vena [KSV12] and, independently, Shapira [Shal0].
Both of these proofs are based upon representing a system of linear equations by a
hypergraph and deducing the arithmetic removal lemma from a hypergraph removal

7 This should at least be true for theorems regarding graphs and hypergraphs, though we feel
that a similar approach should also be possible for subsets of the integers.
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lemma. Such an idea was first used by Kral’, Serra, and Vena [KSV09] with graphs
(instead of hypergraphs). In [CFZ14], we adapted the arguments of [KSV09] to sparse
pseudorandom subsets of the integers using the removal lemma in sparse pseudoran-
dom graphs. Likewise, our results on hypergraph removal in this paper may be used
to prove a sparse pseudorandom generalization of the arithmetic removal lemma
[KSV12,Shal0] for all systems of linear equations.
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