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ABSTRACT

- The calculus of variations 1s used to determine the
thrust program and the trajectory which will minimize the
propellant necessary for a space vehicle to effect a soft
landing on an airless moon or planet., In establishing the
equations of motion, this moon or planet 1s approximated
by a flat plane with a constant gravitational field.

The trajectory is shown to consist of two portions;
the first is a free fall from the initial altitude to the
altitude where the retrorocket is ignilted. The second
portion is the powered phase which slows the vehicle to a
stop just as the ground 1s reached, The retrorocket 1s
shown to operate at maximum thrust durlng the powered phase
and the tangent of the thrust attitude angle 1s shown to be
a linear function of time.

The two portions of the trajectory are both solved in
closed form. However, due to the transcendental nature of
the closed form solution of the powered portion of the tra-
jectory with time-varying thrust attitude, the total opti-
mum traje ctory which meets all of the boundary conditlons
must be pileced together from the trajectory equations of
the two phases by trial and error.
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Title: Associate Professor of
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SYMBOLS
Constant of the thrust attitude program

Nondimensional constants of the thrust attitude
program

Rocket Exhaust Veloclty

Constants of integration

Fundamental functlon

Gravitational acceleration

Nondimensional gravitational acceleration

The function (H) of the boundary conditions
to be minimized

A constant

Mass

Mass flow

Mass ratio

Thrust

Time

Burning time

Horizontal and vertical velocity

Nondimensional horizontal and verticai velocity
Total initial velocity

Total veloclty after one burning period
(See Fig. 2)

Changes in vehicle momentum/unit mass

Increments of velocity during retrorocket
operation



b

>

]
1
S L

yQ\b\)%%

r% s

Yy — Hﬁ

Subscripts

X
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SYMBOLS (Cont'd.)

Horizontal distance
Nondimensional horizontal distance
altitude

Nondimensional altitude

Thrust inclination angle

Lagrange multipliers

Nondimensional time
Constraint equations

Physlcal variables which appear in the trans-
versallty condition

Horizontal direction

Vertical directilon

Maximum value

Initial point on trajectory

Ignition point, a corner in the trajectory

Possible additional corners in the trajectory
(See Fig. 2)

Landing point

Mo
n

Time derivative

Natural logarithm



OBJECT
The object of thls analysis 1s to determine the thrust
program and the trajectory which must be followed by a
space vehicle so that a soft landing can be made on an
airless moon or planet uslng a minimum amount of retro-

rocket propellant.



INTRODUCTION

The accomplishment ofla SOft landing by a space vehicle
on a planet or moon requires a mechanism which can dissipate
the large relative energy of the vehicle, If the soft land-
ing is to be made on a moon or planet which 1s not surrounded
by an atmosphere or for which the atmospheric effects are
negligible, present day technology provides only retrorockets
as a means of accomplishing this mission. A problem now
arises. If the veloclty of the vehicle is known at a given
altitude, what 1s the path which must be followed and how
must the retrorocket thrust be programmed, both in magnitude
and in the inclination of the thrust vector, so that a mini-
mum amount of propellant is required to bring the vehlcle to
a landing with nearly zero veloclty.

Although similar to the problem of optimizing rocket
take-off, which has been widely treated 1n the literature,
it is apparent that the landing problem will have a dif-
ferent solution than simply the reverse of the take-off tra-
jectory. For rocket take-off, the weight of the vehicle 1s
greatest on the ground and grows lighter as propellant is
burned and altitude is gained. The acceleratlon for a gilven
thrust will therefore increase with altitude. For retro-

rocket landing, the acceleration for a glven thrust will be
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least at the ignition altitude and increase as altitude is
lost. Aerodynamic drag, if effectively contributing to
the trajectories, would accentuate this difference because
drag will always act opposite to the direction of motion.

The problem treated here 1s limited to that of a
vehicle approaching an airless planet or moon on a steep
trajectory and effecting a landing entirely by retrorocket.
By nature, this problem lends itself to solution by the

use of the calculus of variations.



BASIC APPROXIMATIONS AND EQUATIONS OF MOTION

Two approximations concerning the nature of the target
planet are made to facilitate the variational solution.

The landing planet can be approximated by a flat plane of
infinite extent provided the horizontal velocity 1s small
compared to the satellite velocity and provided the hori-
zontal distance traversed is reasonably small. The gravi-
tational field strength can be approximated as a constant
with altitude provided the altitudes are small compared
with the planet radius. These approximations will work
best when the vehicle is coming in on a steep (close to

the vertical) approach path which will intersect the planet
surface as 1n a hyperbolic approach. The approximations do
not appear satisfactory for_the case of a landing from a
satellite orbit.

The desired trajectory will lie in a vertical plane
since the initial velocity vector will identify that plane.
Any motion out of this plane would not aid in the vehicle
deceleration. The problem of guidance and maneuvering to

a specific landing point is excluded from consideration here.
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Filgure 1.
The equations of motion for a rocket vehlcle in a

vertical plane near this 1idealized planet are:

TCOsf = M A% (1)
T-SM/T “1’";'=7n":‘}— (2)

The thrust 1is propbrtional to the exhaust velocity ¢ and
to the mass flow (ﬁ). In the absence of atmospheric pres-
sure the exhaust velocity is assumed to be essentially
constant. The mass flow, however, 1s considered to be a
variable for this solution and i1s always negative. The
solution is facilitated by defining a new function (j9)

which 1is always positive:

po=-m (3)



The equation for thrust becomes :

T = P¢ (4)
The mass flow which can be obtained from a given retrorocket

will be limited to some maximum value. The mass flow must

therefore be limited in the varilational procedure to ¢

oéﬁ‘fﬂ#t

. By substituting for thrust and dividing by the instan-

taneous mass, the equations of motion become:

(5)
o= B cosy

ZEJE siw )y =} (6)

"

\gu‘
Y



VARIATIONAL PROCEDURE

The Constraint Equatlons

The steps in derivation of a solution by variational
calculus are outlined briefly below. This mathematical
method has received considerable attention recently be-
cause of its importance in optimization of rocket thrust
programs and as a result is well-documented in the litera-
ture (1,2,3,4).

The constraint equations for the variational procedure

in Mayer':: form are:

%‘/Q;’%gfosf = 0 (7)

(8)

(9)

Pr= ax - % =0

H=ng -5 =0 (10)

Pe= F +m =0 (11)

9o £ -5 =0 e
(13)
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Constraint equatlons Pj and ?i are simply the equations
of motion (5) and (6). Equations %, # ,ead 2
define Ay, ,;; and /5 respectlively. Constraint equa-
tions & and B define the variables § and 9 res-
pectively and serve the purpose of limiting the mass flow

as follows (3):

o = /3 = ./%44x

Fundamental Function

The "fundamental function" F which appears in the

Mayer forﬁ of the variational éalculus apparatus 1is:

F= )‘1?;"'7\172 +A3% +’19%*252‘ +’\t/?">‘7£

The Lagrangian multipliers A, through A, are, in general,

undetermined functilions of time. Substituting the constraint

equations (7)-(13),

c0$}°) * Az(f\}': - /;E’. swp + 3)

il\
a

F: A/('\.)-;(- -

(14)

t Xy (g - %)+ M(/\? -5 )+ A (f %)

b A (F=5) 2 A, (S~ F-7*) = O



Euler Lagrange Equations

Time is the independent variable in this analysis

while x, y, v, Ve m,/B ,]P , 7, and § are the depen-

dent variables. The Euler Lagrange equations are there-

fore:

F ol £ - - - & - = (15)
g—; - J_t—:(g_;) = O = Jt( AB) o

JF _ & [(IF) = = — &£ /. =

v A (3z)= o= (- ) =0 (16)
) F of F — - - &£ =
S%'J?(ii&}" 0= A dt(),) o (17)
WF 4 (aF ) s O = Ay ~ _i‘ﬁ (\ )': (o] (18)
sy at ¥ooose 2

/ / ,

F o_d [3FY _ . _ ¢ Le -
:)Lh -5 (%) = o= 2, é—; Cos ¥ + Q53 Smwp (19)

-x(X) =0

27(" - 9_’1({;) = o ‘=-Al-£—'Cosr ";\.z)f' SimP 4 act A-Azo (20)

L GE) e 3 Ay, Ao



10
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&
¥ " s(GF)c e ~asxcosF Ao ()

Time does not appear explicitly in the fundamental
function, Therefore the alternate equation

g_’, )F , - )F
d:(F " ) ;}, ) )T integrates to
CF -x&’f y.lf..n-): K a constant
Since F= 0o the alternate equation becomes:
™ . - ¢ - - o - 24
x%-*;A,m;), fu;Az m A= K (24)
Integration of Euler Lagrange equations (15) and (16) yields:
A, = A (25)
)h,«"" B (26)

Since J; and A4 are constants, equations (17) and (18) can

be integrated to yield:

A= At + C (27)
,\1 = Bt *+ D (28)
Equation (21) yields two solutions:
- = 2a
/9 o) or tA/vf’ x

When )ﬁ>= © the thrust angle has no meaning, therefore the

important solution 1is:
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- Da Bt+D
tav f = X atscC (29)

Equations (22) and (23) along with constraints £ and 2

give three possible solutions.

Case I. Ay =0 § =0 f =0
Case II. Az =0 Ag= O ﬁ"ﬁ(t)b
where /9:-/5’(:) is a variable within the 1limit o) 5/95/@'“-:

Case III. ’7 = 0 A= O /E "/ém,qx

Transversality Condition

The transversality condition 1s expressed by the fol-
lowing relation:
S LI T | SRS ) et I o F
[(F-*% 70T a0 L e g Ix
2L PLIAN IF Ar 25 D = o 0
+ Iy raE I v i " m )+ LA (30)

Minimization of propellant expenditure corresponds to mini-
mizing the initial mass when the filnal mass is known,.

Therefore the following relation holds:
I:'A (X,);’,} MOJ"'toJ x/)y' )b’l,) “.t’): m, (1)

LA = Im (32)

’

The physical variables which appear in the transversality

condition are the followlng:
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‘}’, = ¢, unknown Y, = t, given
g.: X unknown yg.= X, = ©O
t;; = ;‘ glven y’ = ;v = p
Y; = given W/o =Wy, T O
¥; = 9 given | p = A;°= o
% = m, unknown (//1 =M, given

Only the unknown variables have differentials. Therefore:
Jdt, # o
fx, # ©
dm # O

But:

J/,:O

The transversality condition becomes:

K&[C, —'k‘? JX,*As_I J’ryy/-}-Jm’:O (33)
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Since t, , X, and ™, are independent:
K = (34)
3= A =0 (35)
£ = -/ (36)
Because A= 0 by the transversality condition, A,=(_
Therefore:
. B +D
CAv | = —F— (37)

That 1s, the tangent of the thrust angle is a linear function
of time.
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THE TRAJECTORY

Subarcs of the Trajectory

The optimum trajectory (that is the one which minimizes
propellant expenditure) will be composed of a series of sub-
arcs which correspond to the possible solutions of Euler-
Lagrange equations (22) and (23), Cases I, II and III. Case
I arcs will be the portions of the trajectory which occur
when the mass flow and hence the thrust is zero. This is
the condition of free fall. Arcs of Case II solutions cor-
respond to possible portions of the trajectory where theé:
mass flow and thrust are allowed to vary with time within
the limits, o 5/5 < ﬁ,;,“ . Solutions of this type
will be shown to be unacceptable. Case 111 arcs are the
arcs where the thrust and mass flow are maximum. During
these powered flight portions of the trajectory, the thrust
vector must be rotated so that Tav I° = §i%519 . This
rotation allows the initial altitude (;g ) boundary condi-
tion to be met. (If this boundary condition is removed so
that & 1s unknown, the transversallty condition will
dictate that 19”5 = © , making the tangent of the thrust
angle constant. Some combinations of the initial altitude

and velocity can also be expected to require arcs of con-

stant thrust attitude.)



The Arrangement of the Trajectory

Iy’
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V veloclty

4 coasting subare

powered subarc —

powered subarc —

re
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coasting subarc
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A Yy
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Figure 2.

The vehicle has an initial amount of energy, both

kinetic and potential, which has to be removed in order

to meet the boundary condition of zero velocity at land-

ing.
trajectory where thrust is applied.

This energy is removed during the portions of the

The assumed trajec-

tory shown above contains a general combination of coast-

ing and burning subarcs which might yield an optimum tra-

Jectory.

By identifying the change in momentum of the

vehlcle, per unilt mass, during the two @ burning periods

in terms of the energy/unit mass actually removed from

the vehicle, the veloclty increments for the two periods

of burning are, respectively:
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P

AVe =/ y* + 258(y- 45) - Vi (38)

AV /V:,2 * 27 7> (39)
The sum of the velocity increments is a measure of the mass

of propellant which must be expended to bring the vehicle

to rest at zero altitude. When the sum of the velocity
increments 1is a minimum, the propellant expenditure will

be minimum and‘hence the trajectory will be optimum.

Summing equations (38) and (39):

(av. + aV, )~ /V," re3y, t J/V;+2};;/\/,’}:;(;,-/3)-1/,’1 (40)

The initial conditions flx the values of V, and ’, so that
the only variables which can be changed to minimize

( AV, +8V, ) are Vy and J3 . Since

,/V:+ 2 2 73' ﬂ,"* 17 Q,‘},)“%T‘ is never negative,

( Ve + O Y, ) will be minimized when thls term is zero.
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This term can be zero only 1if:

2

(A) v3 = —2};3

a 3

() o -k = 22 (g0 = gs5)
(c) or Vs-.-o and ;g:o

Case (A) 1is clearly not possible since Kf’is always
positive and -2jy,1s always negative. Case (B) occurs
when the gain in kinetlc energy between polnts 1 and 3 is
exactly equal to the loss in potentlal energy between these
two points. Therefore 4 Voo must be equal to zero and the
vehicle coasts from point (1) to point (%) with no burning
period in between. Case (C) occurs when the burnout condi-
tions at the end of the first burning period exactly meet
the boundary conditions of zero veloclty at zero altitude.
Cases (B) and (C) both show that the minimizing trajectory
will be made up of one coasting subarc and one portion
where thrust 1s applied, in that order. Burnout will oc-
cur at zero altitude and zero velocity. Cases (B) and (C)
are clearly different statements of the same trajectory.

This analysis does not show the composition of the
period of burning; that is, the powered portion of the

trajectory could be made up of combinations of subarcs with
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maximum thrust and subarcs wilth variable thrust as long as
no coasting occurred between these possible powered sub-
arcs. This possibility is investigated later.

Coasting Flight

When the thrust is zero, as 1t is in the subarc corre-

sponding to Case I, the equatlons of motion reduce to:

Ny = o

e
These equatlions contain all the information needed for the

integration to be carried out.

The first integration yilelds:

A x = C
AC} = 'ifrt * &3
The second integration ylelds ;

X =C,t +C3

- 2
yotrrtrat s

(41)

(42)

(43)

(44)

(45)

(46)

The coasting subarc is the initial portion of the trajec-

tory. Therefore the boundary conditions of initial altitude
and veloclty are the initial conditions of the coasting sub-

arcs; that is, when t = T *

r\l;‘tf‘j;,

5%
s
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Applying these initial conditions to the coasting subarc
equations (45) and (46) yields

S (47)

X = A5 ts Cy (48)

My =%, =-g2(t-v) (%9)
g4 = ~Lg(e-n) » Ay, (€ =%) (50)

Time can be eliminated from the altitude equations as

follows:

t-g = - (%) (51)
52

9 [ PR (52)

The two remalning Euler Lagrange equations (19) and (20)
must be investigated to prevent a contradiction to the equa-
tions of coasting flight. For Case I, #= o and A,S
Therefore equation (19) and (20) reduce‘to:

j_i_ CR:) = (53)

c’

A = ;{I}-n— Cos )2 + Ay = SIVP —2p (54)

Q
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These equations serve only to evaluate the Lagrangian multi-
pliers ‘AT and }" , which are inconsequential to the inte-
gration. Therefore these equations do not contradict the
coasting flight solution.

Varlable Thrust Subarc

As in the case of the coasting flight, the unintegrated
Euler Lagrange equations (19) and (20) must be investigated.
For the varilable thrust subarc, Case II:

A, T O and )‘ = O

Euler-Lagrange equation (2) becomes:

-,\,)_;;mf X, ZSvP A =0 (55)
OI‘l
. C
Ag T ny (), Cos )° + 2, S’Mf) (56)
But:
t = Az
AN P Z2 (29)
A

Therefore:



A
AT

VAR D

Siv ¥

Substituting and combining terms:

¢ 2 ' _ < vy
NI S~ Ty

But from Euler-Lagrange equation (19):

5273’ %ﬁ /Cl s (Bt +DI*

Differentiating (59) ylelds !

(B¢ +p) B

<
:;—-—z“' = /-;—;. /C’ +(B8t+0)* 4+ £

Equating (60) and (61):

o = ¢ _(Bt+p) 8B
™M St s (B D)

Or:
6 = O

™m ‘/c‘l b (Bt +0)*

21

(57)

(58)

(59)

(60)

(61)

(62)

(63)
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But this 1s constant attitude thrust (Ref. equationi(}?)].
Three questions now arise:

(1) Do the boundary conditions permit a constant atti-
tude thrust as the general case?

(2) If constant attitude thrust is the solution for a
special set of boundary conditions, does a varying
thrust magnitude yield an optimum trajectory?

(3) Can the burning period be composed of combinations of
constant attitude, varying magnitude thrust arcs and
varying attitude, maximum thrust arcs?

The answer to the first question can bé found mathe-
matically and by physical reasoning. Since the differential
equations are all first order and lineaf, the number of
boundary conditions must equal the number of differentilal
equatlons. There are eight physical boundary conditions
and two boundary conditions due to the transversality condi-

tion. These ten boundary conditions are:

1. Xo given
2. ‘y, = 0
5 Ne, = ©
Y, vr\l)‘a =0
5. ™M, given
6. }, given
7 4@% given
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8. ﬁi}, given
9, P A= o from the

transversality condition
10. As}—':—/

The other transversality result, f{ =0 ,‘pertains to the
alternate equation.
There are also ten first-order linear differential
equations: constraint equations $, g R }53 » By P
and Euler-Lagrange equations (15), (16), (17), (18), and (19).
In considering the variable thrust subarc when the thrust
attitude 1is constant, equations (19) and (20) were shown to be
equivalent in equation (62), but equation (20) is not a dif-
ferential equation. There are, therefore, ten boundary con-
ditions and only nine equations. As a result, the boundary
conditions cannot be met in general by a constant attitude,
variable magnitude thrust, trajectory. Variable magnitude
thrust might still be a solutlon 1f a constant attitude thrust
program is a natural result of the boundary conditions. A
physical feel for this problem can be obtained by considering
Just the burning phase.r (A similar argument holds for the
complete trajectory.) If the thrust attitude was constant
the thrust magnitude and inclination could be adjusted to
Just cancel the initial velocity vector, but the altitude

where the cancellation occurred could not be expected to be

correct.
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The answer to question two can be found from a further
look into the energy conditions. For a single burning

period:
4

aviey + 2z 4, (64)

But AV and Y will each be composed of two perpendicu-

lar components. Therefore:

a4
sVt < el +avy (65)
2 _ 2 2
Vi . *ﬂ’}, (66)
Substituting :
2 P a 2
oV +A'\I} = A +N}' a2y, (67)
AV will remove the horizontal veloclty component and
13:; will remove the 1initial vertical velocity plus the
veloclty galned in free fall. Therefore:
AN;-‘: A};' (68)

Af\; = /«r}" + 2;;: (69)

For the case of constant attitude, variable thrust, the equa-

tions of motion can be easily integrated to yleld 4A~% and

A"’} . The equations of motion are:
B - et .
,\r’x = - Cos f (5)

,\}3 - /—:—"-EI-SINf - (6)
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Integrating i

A Ay = dcosf/.;nZJ't

s = ds:wf/—-’”falt - g ot

where At 1s the burning time.

But: e e ot = dm
u 7 g FE
Therefore ;

m

LAy = -—c’casfﬂ-\ 7"~Zh:_°

A,J;=C’COJ/O,&\M

M >
o

mass ratilo =

°3

For the constant attitude, variable thrust case therefore:

where MR

o

= c'sm)’ﬂ,mz —;At

€ cos fﬂum = A,

¢ Siw 2 Ln mm - p ot g'/’t’/—'l *{//\91

(70)

(71)

(72)

(73)

(74)

(75)

(76)
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Clearly the mass ratio and hence the required propellant is
minimized when the burning time AT is minimized. The
integration, /—é At is independent of the nature of
F(t) and m(t) so the variable thrust solution is non-
unique. Since the minimum propellant utilization will
occur when the burning time is minimum, from equation (76),
setting /‘Y‘)fyfu.x will yield the required optimum trajec-
tory. But this is just a specilal case of the maximum thrust
solution, Case III.

Consldering now the third question, 1f the burning por-
tion of the trajectory is to be womposed of constant attitude
subarcs and variable attitude subarcs, these subarcs must be
pleced together at "corners." A condition which applies at
thesé junctures 1s ﬁhe Erdmaﬁ-Weierstrass corner condition,

which states that

g-—-g and Z é}. -S)L; ( where Z = )Ej on ;’} on V3 evc)

are continuous across the corner. Therefore:

Xy = A,
Ayt Xy
P Y
AT =
As = s

and K i - K- since ZE’,;; '-'/(

(77)
(78)
(79)
(80)
(81)

(82)
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The plus and minus superscripts refer to conditions Jjust be-

fore and just after the corner. Equations (77) and (82) are

automatically satisfied since )\3-‘-'0 and /( = 0 . Equa-
tion (81) is of no consequence since Ag has no significance.

Equations (78), (79), and (80) show that B, C, and D are con-

tinuous across any corner, and hence <ta~ » must be a single

function of time throughout the powered flight portion of the
trajectory. Thus the powered portion of the trajectory is
made up of only one subarc with one thrust attitude program,
which could be constant or varying, but not a combination of
both.

These corner conditions must also hold across the corner
between the coasting arc and the thrust arc but thrust atti-
tude has no meaning during the coasting phase.

The conclusions that one can draw are:

(1) The thrust attitude program must be a varying function
of time in general to meet the boundary conditions.

(2) The optimum trajectory will consist of only two subarcs;
namely, (a) a coast from altitude to where burning 1is
initiated, and (b) a burning period at maximum thrust
with thrust attitude defined by a single function,.
Burnout occurs at the instant velocity and altitude are

simultaneously brought to zero.
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(3) The variable thrust case 1s shown to be non-unique and
of no interest in finding the optimum trajectory. (This

is proved by G. Leitmann in Reference 2.)

Maximum Thrust Subarc

The powered portion of the trajectory willl correspond to

the Case III solutlons:
/?:/Aiﬁx 7y =0 Mg =0

As before the Euler Lagrange equations (19) and (20)
must be satisfied. But Euler Lagrange equation (19) evaluates
Ay and equation (20) evaluates A, . Lagrange multipliers

A, and Az have no physical significance so (19) and (20)

are satisfied but need not be solved.

The equations of motion for maximum thrust and varying

thrust attitude are:

N /.ﬁ.‘;.'ﬁ:‘——c Cos ° (83)

,\5 = /EMAX ¢ s;yf _/ (8%4)

The mass becomes a known functlion of time when /e"/éiﬂ*.
The s and ¢os )y are also known functions of time from
the Euler Lagrange equations. Therefore ~J% and i;, are
completely known functions of time and no additional informa-

tion 1s needed to complete the integration,
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The time function of mass can be found from integration

of constraint equation % with constant mass flow:

m = = Pmax (85)

m = _,6,’”‘)‘/;/1; (869

m = -/E/rmx T + Cf (87)
When t =Tto ¢
m = My
Therefore:
)r' = b)o -/ﬁ/’?hx (f‘-t,) (88)

The initial conditions for the powered portion of the
trajectory will depend on the coasting portion. The final
conditions are all known, however, from‘the boundary condi-
tions. For this reason 1t 1s more convenient to integrate
the equations of motion in reverse. This integration would
start on the ground with zero velocity and with burnout mass
and then proceed backwards in time and with increasing mass
until the initial conditions are met. A comvenlent time
reference for this procedure 1s T,=@ with time negative

throughout the integration. Therefore:

M o=y — Py T (89)
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Nondimensionallzation Procedure

Nondimensionallzing the equations of motion provides
a concise form which facilitates the integration. The im-
portant ratios which can be used to nondimensionalize the

equations can be found using the Buckingham Pi Theorem (Ref.
6).

Variables Dimensions
xar? L
-1
Ny o Ny LT
X
/
m ™M
-/
S MT

-

LT

\.\

Table 1

Where:
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Nondimensionalizing with respect to the known quantities

¢, Poax and M,

X = Lmax x (90)

¢ m,

>/= fﬂz‘y (91)

c M,

2

Vx = (92)

\? = 2 (93)
< Mo
G C Pmax f (94)
L Pomax
t Lr ¢ (95)
Nondimensionallzation proceeds by first writing the
equations of motion as known functions of time:
00/\";: - /Em;r 4 C (96)
dt  m,-AF /c1+(6t+0)"
oy . Lanxl —_BErD -5 (97)
AT M- faE S s (e DT
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Then substituting the nondimensionalizing ratios:

JV,; ¢ _ /’;mx c (98)
mg ’t‘ - /0/"6! o X v m I-REN
of 2 max o AP may \/, +( ¢ ;ﬂﬁx [20s Z’)
o Vx _ ! !

_ B m, D
where a = E‘/Z';;x and 4 = z are nondimensional
constants. Simllarly:

| a t+ 4)
5’5—,{1 e — { -G (100)

(-7 S+ (atsl)

The Integration

The integration of i;gg using dummy upper limits:

/ JV / (- ‘t’)./(,&-"'-u) raad T +q* T2 (201)

is obtalined from equation 200, ref. 5, where

L+ 2a 4+ 0% = Car )+ 7,:}

as follows:

Vo= L g2 (artSra-2a (i) + (102)
(Q*}) +/ e
+2\/mez+f/7q?¥@“ﬂjL




33
Evaluating at the limits and combining terms:

V, = / 4, J(ar8) e Trs) + 1+ J(a+e)r) Jlateg)sr (103)
g J(arl)+i (-t[6%+ a4 +/ + ‘/(a_ ,,./‘,)zHT/ /542 ) 3

The second integration ylelds the horizontal distance traversed:

X T
\/(aw—)ul‘ 4 X =/A[(a+5)(q L)+ * ‘/(aw)’ﬁ ‘/(qr,,ﬁ,:]./r

t T
'/ﬁ» (-t) dv L[l + a b +1yffasafsr //*6‘7/ 4T (104)
o (]

The second term of this equation can be integrated as follows,

Eq. 442, Ref. 5:

-
-/,& (-t)dz = + [(:—'z"),d\(zvt) (- 'tﬂ/}[(—/—r)j,\(l—r) +?"] (105)

The third term integrates directly to yield:

- b C,g‘?' tad t¢ *'\/(4*.6)'1-#7 \//f&'?] T (106)

The first term 1s first integrated by parts to give
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T
/L[(q+k)(°«.'l“4b) *’*/(“*‘4')1'*/,/(&1‘:4-4)"4—!']dT:

T
= T b [Cavt)lattl)ri+ /(qw)*;./"/(q PILT ]/a -

alat + L)
_ r[Q(ﬂf«&-)i-\/(ah&}z#’ Slaxid)Z + 7 j’f" R

y (107)
o Lcart)ared) + 1+ JCart) ' ) (ot st rs
Multiplying the numerator and denominator by the conjugate
of the denominator:
@ia)atie) +1 =S4 +1 JS@at+a) ) (108)

and combining terms:

s |
[)Q,.[(QM)(QT*H +1+ [Cars)rr f(aT 1% :']a’t' =

=t L [(ars)(atet) v 14 [larsPer [larra)ies ]+

T
M E"./ £ a[a.(:-'t') _ allereps [ ',-T]J e (109)
o [1-%d Jlar +9)* 2,



35

= ’t'/en [(a ,‘.,(,)(QT,L,@){—IiL /(Qf4}2+"/(21'-}4-j1+/:]+

¥* %

r‘t'o/‘t’ Y 2 ' i / (ol
+  fi- =3 + /(a{-lr) ey b S (et ra)e =1 7

/(a + A) +,/(I-t’) \/(Qf/-‘—/zf-/ (110)

Integration of these terms ylelds .

*
/& [Car2)ars8)r 14 \/(Q*J-)Jf-IT /(ar4(f)*+z']dt’=
0

=T L[ (art)aType)ri1 + ‘/(Qf»4)'2+/7/(42’¥4)1$-/7_7*

4[(,-1-)—/@\(,—19)]}? - ﬁa re)%p, \/x +

+/(Gf4) [ ,&[Q T A F /(QT*A/Z’_/]/ (111)

* Ref. 5, Eq. 31.
x# Ref. 5, Eq. 128,



Substituting the limits and combining terms :

G-2)[ 6 + a4 1+ farg)*s) [1+ &2

x I-'t') %[
‘/(a.;—z.)i;-: | (are)(ar+e) + *-\/(M—#)’,«— /'/(ar/-l)z*/

N ‘é’ zn[(aza&) + JaTrg)* +1

&+ JEP

dy
— 7 using dummy upper limits:

Jr

[, /,.;‘;';;::L;’;i, A

The integration of

T‘
V +(+ T _..__/ ~Q(1-T) + (ars) y,
Z G o (1~ T) fla T r4) 24 ©

T T
V -G T --(a_+4/ dr - e A
/ o U-T)fatrt)*s, o V(2T +4)* +/

*Ref. 5, Eq. 128.

’ ]
-+~
L4

(112)

(113)

(114)

(115)
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Vo 16 v = (a+40) Y, ',Zr-[(afﬁlf)f/(“tfé)z*Tj/" (116)

- s _ —kh:rfu&)-fJ@it'w&)lv=n
V) +GT = (asb) Y ,&[ T ] (117)

The second integration yields the altitude as a function of
time for the powered portion of the flight.

Y 3 X T
/o’y +[GT‘J"2’ = (a‘f"(r)’/a/)( 4,@,[,6+‘/;&—;’] Adr ~

>
"/ﬂ,,[(a‘t,u/r) +‘/(arf,6-/‘2+/']./'z' (118)

Y+ £GT* = rt) X+ L[4 7] T -

-
"/ ,@,\[(ur‘»l—)w‘/(ﬁrwa—}’ﬂrvj T (119)

Making a trigonometric substitution, let:

(aT+l) = SivR & (120)

a T = CoshR wdw (121)
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Then:

T
/a&\[(q-f-rlr) 4 \/23744-)2*[7]"(7 =

= 2 (122)
iy L [sirvew + costw]cosaw Juw

Integrating by parts:

= Skl :‘w A[S/u4w4 Ca:Lw]/o - Z'L-KSWALJJQJ (123)

L
MY g [simew r cosha]] -~ L corrw [] (124)

(&:*'4),&1[ (e T3 ,&),«./Ca-r#,&};* /’]-
— (125)

~;’&L(,&+/Zf:7) —aL/(;Tflff/’ 4 ’l’:f’

Combining terms yilelds:

\/: (ate)(1-7) ,Zn }(l-'f)[‘(”l* b+ /@ +4)? 1"'/'\/l + &F }4
et 6%, (ateYaTrb)t/+ /[ﬁ-lu#)if'll VT +4)* r1

(Q?’#d—) + e Trt)*ri’
+(l-'€'),Z;\[ 4t Ja ]f

-y

*;f\/(&?f&)z»k/ - i— ot - -j G_"L‘l (126)
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Constant Attitude Case

In the 1imit as a - o the trajectory equations
should approach the equations of the constant attitude

thrust case.

L% e S (P L)

Y

en X s e [l e T )

&Vt /;17 AL(izz) - (129)

Lim Y = /_f? [Cr-v) pr-7) ] - (130)

These are the equatlions for constant attltude thrust which
can be found by integrating equations (99) and (100) when

a= o
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DISCUSSION

The trajectory equations for each of the two subarcs
have been solved in closed form. These two portions must
be pleced together to obtain the total optimum trajectory
for a given mission. The factors which adjust to give this
optimum trajectory are this burning time of the retrorocket
and the constants & and 4 of the thrust attitude program,
The transcendental nature of the trajectory equations pre-
vents the direct solution of these factors. As a result,
the trajectory must be pleced together by trial and error.

As an example of how this trial and error pilecing can
be carried out, for a speciflic mission, start by assuming
values for a, b and the retrorocket burning time. Working
backwards from the ground up, the burning time willl dictate
| the retrorocket ignition time ( T, ). This is also the
time of the transition between the two subarcs. The velo-
city and altitude conditions at the Junction point (corner)
between the subarcs corresponding to these assumptions can
then be found from the trajectory equations for the burning
phase (egs. 103, 117, 126). The trajectory equations of
the coasting phase {eqs. 47, 52) can then be used to trans-
fer the veldcity and altitude conditions at the junction
point to the initial altitude (‘7/ ) where the error in
velocity can be noted. Changes in a, b, and burning time

are then made and the process repeated until all the boundary



conditions are met. The horizontal distance traversed
can be determined but does not aid in determining the
unknowns. This trial and error solution might also be

accomplished graphically.

41



k2
CONCLUSIONS

The optimum trajectory will consist of two portions,

a free fall subarc and a powered subarc in that order.
The retrorocket must be operated at maximum thrust
during the powered portion of the trajectory.

The thrust inclination angle varies in such a manner
that 1ts tangent 1s a linear function of time.

The equations of motion of each of the two subarcs
have been solved in closed form,

The total optimum trajectory can be pleced together
from the closed form solutions of the two subarcs by

trial and error.
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