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Abstract Prompt recovery of MeV (millions of electron Volts) electron populations in the poststorm
core of the outer terrestrial radiation belt involves local acceleration of a seed population of energetic
electrons in interactions with VLF chorus waves. Electron interactions during the generation of VLF rising
tones are strongly nonlinear, such that a fraction of the relativistic electrons at resonant energies are trapped
by waves, leading to significant nonadiabatic energy exchange. Through detailed examination of VLF chorus
and electron fluxes observed by Van Allen Probes, we investigate the efficiency of nonlinear processes
for acceleration of electrons to MeV energies. We find through subpacket analysis of chorus waveforms
that electrons with initial energy of hundreds of keV to 3 MeV can be accelerated by 50 keV–200 keV in
resonant interactions with a single VLF rising tone on a time scale of 10–100 ms.

1. Introduction

The characteristics and dynamics of ultrarelativistic MeV (millions of electron Volts) electron fluxes in Earth’s
outer radiation belt are strongly influenced by geomagnetic storm time processes, leading both to significant
electron loss and local acceleration deep within the inner magnetosphere [Ukhorskiy et al., 2014; Reeves et al.,
2013]. Thorne et al. [2013], modeling radiation belt recovery during an October 2012 storm, identified acceler-
ation by VLF (very low frequency) chorus during low-energy electron injections as responsible for local MeV
acceleration in the heart of the radiation belt. Using Van Allen Probes spacecraft observations near apogee
(∼5.5 RE), Foster et al. [2014] described observations of electron injection and chorus amplification associated
with a substorm dipolarization during the 17 March 2013 storm. Subsequent recovery of the MeV electron
population was observed within ∼1 to 4 h at varying radial distances in the outer electron belt.

In this study, we investigate the energization of highly relativistic (1–5 MeV) electrons in the core of the
storm-depleted outer radiation belt using observations from the twin Van Allen Probes satellites (also known
as the Radiation Belt Storm Probes, RBSP) [Mauk et al., 2013]. These are combined with theory and model-
ing by Omura et al. [2015] that describe the effective acceleration of energetic electrons by relativistic turning
acceleration (RTA) [Omura et al., 2007] and ultrarelativistic acceleration (URA) [Summers and Omura, 2007] pro-
cesses through nonlinear trapping by chorus emissions. During the 17 March 2013 storm, the Van Allen Probes
A and B spacecraft crossed the inner portions of the outer electron radiation belt with ∼1 h time separation
along the same spatial orbital trajectory at the time of a substorm injection. They were therefore well situated
to observe directly the characteristics and effects of local acceleration through quantification of conditions
before and after energization took place. We find that evidence for nonlinear acceleration processes, and for
rapid (<1 h) energization of seed electrons to MeV energies, is associated with injections of tens of keV to
hundreds of keV electrons into the inner magnetosphere during substorms.

During times of outer belt chorus enhancement, lower energy electrons in the 10 to 80 keV range provide
a source of free energy to VLF waves and subsequently are driven into the loss cone, precipitating into the
atmosphere [e.g., Foster and Rosenberg, 1976]. At the same time, the high-energy tail of the electron dis-
tribution gains perpendicular energy from the same waves and is accelerated [Summers et al., 1998; Albert,
2002; Horne et al., 2005; Cattell et al., 2008; Bortnik et al., 2008; Thorne et al., 2013; Brautigam and Albert, 2000;
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Figure 1. The L* variation of REPT A 2.6 MeV electron fluxes during the 17–18 March 2013 storm are shown for passes
across the outer radiation belt by Van Allen Probe A. Passes are labeled with the time of crossing L* = 4.0 (vertical black
line). The prestorm L* profile is shown in green (#1 at 2:55 UT). Storm time depletion of the outer belt is shown in black
(#2 at 12:05 UT) when 2.6 MeV flux was decreased by a factor of ∼100. The blue curve (#3 at 16:55 UT) reflects the
effects of the substorm injection at 15:50 UT that resulted in a partial recovery (>10X) of the outer belt relativistic
electron flux. A second substorm onset at 22:15 UT was followed by a further ∼30X increase in the 2.6 MeV flux (#4 red
curve; 02:15 UT on 18 March).

Miyoshi et al., 2003, 2013]. Theoretical investigations [Omura et al., 2008, 2009; Omura and Nunn, 2011] and
simulations [Katoh and Omura, 2007; Hikishima et al., 2009] describe the rapid nonlinear growth of this interac-
tion during the generation of strong VLF rising tones. Following a linear phase of chorus wave amplification, a
threshold amplitude is reached where a portion of the high-energy electron population undergoes nonlinear
resonant motion forming an electron hole in the velocity phase space, resulting in resonant currents inducing
frequency increase and wave growth. The extent of the electron population involved in this nonlinear wave
growth increases as events progress, and the rising tone chorus wave amplitude intensifies, due to the expan-
sion of the electron hole [Omura et al., 2012]. A fraction of the resonant electrons are trapped in the hole, and
they are accelerated efficiently through nonlinear trapping [Omura et al., 2015].

Section 2 presents an overview of the Van Allen Probes observations associated with the prompt acceleration
of outer zone radiation belt relativistic electrons during substorm injection events for the major geomagnetic
storm that began on 17 March 2013. Characteristics of the strong VLF chorus rising tones observed at the time
of local MeV electron acceleration in the inner magnetosphere are described in section 3. Section 4 describes
the application of subpacket wave analysis to individual chorus rising tones in order to address the nonlinear
acceleration capacity of chorus emissions in the outer radiation belt during substorm injection events. It is
found that resonant seed electrons with initial energies ∼1 MeV can gain ∼100 keV in a 10–20 ms interaction
with a single chorus wave subpacket. Section 5 presents results that demonstrate good consistency between
the electron acceleration observations of section 2 and the theoretical analyses of electron acceleration by
chorus rising tones presented in section 4.

2. Event Characteristics

Driven by a solar wind shock, the 17 March 2013 event resulted in an extensive dropout of relativistic electron
flux across the entire range of the outer belt, reaching inward to L ∼ 3 [e.g., Baker et al., 2014; Ukhorskiy et al.,
2014, 2015]. This was followed by a rapid recovery in energetic relativistic electron fluxes over the course of
the next 12–24 h [e.g., Foster et al., 2014]. Li et al. [2014] have modeled the recovery of radiation belt electrons
over the course of ∼24 h by quasi-linear interactions with VLF chorus. That study has presented a detailed
picture of interplanetary and magnetospheric parameters for this event. Separately, Xiao et al. [2014] investi-
gated local acceleration driven by lower band chorus during this event, concluding that the observed increase
in relativistic electron flux can be produced after ∼15 h of relatively steady flux increase. Recent studies
[e.g., Boyd et al., 2014; Li et al., 2014; Jaynes et al., 2015] have discussed the substorm-associated increase in
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Figure 2. Storm time changes in the 2.6 MeV electron fluxes observed at L* = 4.0 with the REPT instruments on both
Van Allen Probes delineate the event time history of relativistic electron loss and recovery. Storm onset was at
∼06:15 UT on 17 March 2013 and prompt stepwise radiation belt energization accompanied substorm injections at
15:50 UT and 22:15 UT. Diamonds indicate the sequential observations by Probes A and B at L* = 4.0. Numbers (1–4)
refer to the profiles of Figure 1.

the near-relativistic seed electron population as an important factor for the acceleration of electrons to MeV
energies. Here we investigate observations associated with the rapid (<1 h) energization of seed electrons to
MeV energies at the time of a substorm injection during the 17 March 2013 event.

For four passes across the outer radiation belt, Figure 1 presents observations of 2.6 MeV electron flux
measured by the Relativistic Electron-Proton Telescope (REPT) instrument [Baker et al., 2013a] on Van Allen
Probes A, plotted against L* calculated using the TS04D magnetic field model [Tsyganenko and Sitnov, 2005].
(L* [Roederer and Zhang, 2014], is directly proportional to the integral of the magnetic flux contained within the
surface defined by a charged particle moving in the Earth’s geomagnetic field (B0). Under adiabatic changes to
B0, L* is a conserved quantity.) The prestorm outer belt is depicted in green for the pass (#1) crossing L* = 4.0
at 02:55 UT. The extent of the depleted outer belt at the height of the storm is seen in the 12:05 UT pass (#2)
shown in black. Following a substorm with onset at ∼15:50 UT, a partial recovery (∼10X) of the outer belt
relativistic electron flux was observed (blue curve (#3) at 16:55 UT). A second substorm injection followed at
∼22:15 UT. During the following inbound pass (red curve #4 at 02:15 UT on 18 March) a further recovery (30x)
of the energetic relativistic electron fluxes across the full extent of the outer belt was observed. (See Foster
et al. [2014], for further discussion of the 22:15 UT substorm event.)

Figure 2 presents an overview of the storm time changes in relativistic electron flux in the core of the outer
radiation belt for the 17–18 March 2013 event. The blue curve plots the time history of REPT observations of
2.6 MeV electron flux at L* = 4.0 through the event (diamonds indicate the individual observations by Probes
A and B at L* = 4.0). Vertical lines are drawn denoting the times of storm and substorm onsets. A 100X flux
decrease was observed in the initial phases of the storm. (Ukhorskiy et al. [2014] discuss radiation belt losses
to the magnetopause during this event.) A sharp >10X recovery was observed in a ≤1 h interval associated
with the 15:50 UT substorm, and a further 30X flux increase at 2.6 MeV was observed in the ≤4 h observation
interval following the 22:15 UT substorm. The time intervals ascribed to the local acceleration during these
substorm events are determined by the time differences of successive inner magnetosphere passes across
L* = 4.0 by either of the two Van Allen Probes.

As described previously, the local acceleration of relativistic electrons involves the injection of low-energy
electrons, VLF chorus wave enhancement, and the presence of a population of energetic seed electrons
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Figure 3. Local acceleration involves the enhancement of VLF chorus by lower energy injected electrons and the subsequent energization of a seed population
of higher-energy electrons by the amplified waves. (a) RBSP A MagEIS observations of injected ∼50 keV and (b) ∼150 keV electrons and (c) associated chorus
emissions observed by EMFISIS A are shown for the 15:50 UT substorm interval. (d) The growing enhancement of 2.6 MeV electrons resulting from the local
acceleration of the near-relativistic seed population.

that can take energy from the waves through resonant interactions, either slowly (quasi-linear diffusion
by low-amplitude waves) or quickly (nonlinear effects at high amplitudes). For the substorm with onset at
∼15:50 UT on 17 March 2013, Figure 3 presents Van Allen Probe A observations of injected ∼50 keV and
150 keV electrons in Figures 3a and 3b (measured with the Magnetic Electron Ion Spectrometer (MagEIS)
instrument [Blake et al., 2013]). In situ electric fields were observed by the electric field and waves instrument
[Wygant et al., 2013] on RBSP A during the substorm (not shown). These electric fields were not of sufficient
magnitude to contribute to the direct energization of electrons to MeV energies but can account for the
observed injected electron fluxes with energy below∼250 keV. Thus, abundant pump electrons were available
to drive chorus wave growth in the inner magnetosphere outside the plasmapause. The related VLF chorus
enhancement observed with the Electric and Magnetic Field Instrument Suite and Integrated Science (EMFI-
SIS) [Kletzing et al., 2013] is shown in Figure 3c. Low-energy injected electrons and enhanced chorus emissions
were observed for more than an hour following substorm onset. The REPT instruments on both RBSP A and
B spacecraft made simultaneous observations of MeV electron flux with good energy and pitch angle resolu-
tion [Baker et al., 2013a, 2013b]. Figure 3d shows the prompt enhancement of 2.6 MeV electron flux observed
by REPT A consistent with the local acceleration of a near-relativistic population of seed electrons. Adiabatic
changes in the energetic electron fluxes due to magnetic field compression and relaxation during the sub-
storm depolarization events at both 15:50 UT and 22:15 UT were confined to the initial ∼30 min of each
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Figure 4. (a) Sequential profiles of 2.6 MeV electron flux measured by the dual Van Allen Probes are shown. During the
event, RBSP A followed RBSP B by ∼1 h along the same orbital trajectory. RBSP B was at L* ∼ 4.0 at the 15:50 UT
substorm onset, while RBSP A was at L* ∼ 4.5. On its inbound orbit RBSP B observed presubstorm background fluxes
over L* ∼ 4.5–4.0, while RBSP A observed postsubstorm enhancements. The plasmapause was observed at L* ∼ 2.5 at
17:10 UT. (b) Ratios of electron flux (RBSP A (post substorm)/RBSP B (presubstorm)) are shown up to ultrarelativistic
energies using MagEIS and REPT combined data (REPT data ≥ 1.8 MeV). Injected ∼50–150 keV electrons were seen at
RBSP A between L* ∼ 4.5 and 4.1. The prompt onset of strong (> 10x) enhancements of ∼1–3 MeV electron flux
characterize the effects of local acceleration processes during the event.

event. Long duration and spatially widespread <10X flux increases at MeV electron energies were observed
thereafter (cf. Figure 2 and Foster et al. [2014]).

During the 17 March 2013 storm, the two Van Allen Probes spacecraft traveled nearly identical orbital paths
with ∼1 h separation. Probe B crossed L* = 4.1 at 15:40 UT (10 min before substorm onset) and Probe A at
16:45 UT (55 min after substorm onset). In this configuration, Probe B sampled the background (presubstorm)
outer zone electron fluxes between L*∼4.5 and L*∼4.0, while Probe A measured the post-onset flux enhance-
ment across this span of L* space. Sequential profiles of 2.6 MeV electron flux measured by the dual Van Allen
Probes are shown in Figure 4a. The ratios of electron flux at energies observed by the MagEIS and REPT instru-
ments (ratio = Flux A/Flux B) are shown in Figure 4b on a log scale. The elevated flux ratios between 50 and
150 keV mark the appearance at the RBSP A location of the injected electrons responsible for VLF chorus
amplification (cf. Figure 3). A stronger (10X) flux enhancement at 1–3 MeV identifies the effect of local acceler-
ation. The MeV flux increase spans the L* range over which substorm effects were observed by Probe A, while
Probe B observed the presubstorm background. A∼10X enhancement of 2.6 MeV fluxes over the background
level was reached within ∼30 min of substorm injection onset, indicative of the time scale for local acceler-
ation of radiation belt electrons to highly relativistic energies in such circumstances. The very large (tenfold)
observed increase of 2.6 MeV electron flux over <1 h provides a strong indication of the probable importance
of nonlinear processes. The observed 10X enhancement significantly exceeds the factor of 2 increase over the
same interval obtained through quasi-linear diffusive acceleration (e.g., as shown in the simulations of Li et al.
[2014]). As we will show below, prompt electron acceleration peaking in the observed 1–3 MeV energy range
is consistent with nonlinear interactions with the rising tone VLF chorus elements seen during the event.

FOSTER ET AL. ELECTRON ACCELERATION BY VLF CHORUS 5
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Figure 5. (a) Single-axis (BuBu) magnetic field spectrogram for strong VLF rising tones near 17:17 UT on 17 March 2013
is shown. Each panel shows the fast Fourier transform of ∼1 s of burst mode wave observations. The black line
superimposed on the 17:17 UT riser shows the optimal values for frequency and frequency sweep rate for a chorus
element calculated from nonlinear chorus generation theory (see text). (b) Rising tones near 16:56:30 UT during the
same event also have been selected for detailed analysis. On both panels the dashed line indicates 1

2
fce.

The rapid increase in MeV electron fluxes associated with the 15:50 UT substorm suggests that nonlinear pro-
cesses play a significant role in the local acceleration of radiation belt electrons in such events. The focus
of the current study is to provide an observation-based quantitative assessment of the efficiency of nonlin-
ear RTA and URA processes in accelerating seed electrons to MeV energies. We use dual-satellite Van Allen
Probes observations of electron populations and VLF waves during the 17 March 2013 storm to investigate
the characteristics of rapid MeV electron energization accompanying substorm injections.

3. VLF Chorus Analysis

Three-axis burst mode EMFISIS observations of wave electric and magnetic fields (28.6 μs time resolution;
∼12 kHz maximum observable frequency) are used to investigate electron interactions with individual cho-
rus rising tones on a submillisecond time scale. Strong chorus risers were observed throughout the event.
We have selected rising tones at 17:17:17.65 UT and 16:56:30 UT from RBSP A data for detailed analysis.
In Figure 5, single-axis (BuBu) magnetic field spectrograms are shown (each panel shows a ∼1 s observa-
tion). The black line superimposed on the 17:17:17 UT riser shows the optimal values for frequency and
frequency sweep rate, calculated from the observed values of electron cyclotron and plasma frequencies
using nonlinear chorus generation theory [Omura et al., 2012] (see below). For the rising tone marked with the
solid black line in Figure 5a, Van Allen Probes in situ measurements from other spacecraft instruments find
Ne ∼ 10 cm−3, 𝜔pe∕2𝜋 ∼ 30 kHz, |B0| ∼ 270 nT, and fce = Ωe∕2𝜋 ∼ 7.6 kHz. Near half the cyclotron frequency
( 1

2
fce; black dashed horizontal line), the wave amplitude undergoes nonlinear wave damping associated with

quasi-parallel propagation [Omura et al., 2009].

Based on the dynamic spectrum of the chorus emission, we can estimate the parameters of the energetic
electrons generating the emission. Noting that the chorus emission starts from 2 kHz, we iteratively calculate
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Figure 6. (a) Theoretical linear growth rate, normalized by electron cyclotron frequency, as predicted by KUPDAP for
Vt∥ = 0.2c and Vt⟂ = 0.32c. (b) Chorus wave amplitude based on the nonlinear wave growth theory. Plotted are the
threshold wave amplitude in nT (black dotted curve), the optimum wave amplitude (solid line), and the amplitude after
convective growth (dashed line) for nonlinear transition to trapping time ratios 𝜏 = 0.25 (blue), 0.5 (green), and 1.0 (red).
(c) The theoretical frequency sweep rates from the optimum wave amplitudes are shown for the same range of 𝜏 .

FOSTER ET AL. ELECTRON ACCELERATION BY VLF CHORUS 7
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the parallel and perpendicular thermal velocities (Vt∥ and Vt⟂) of an assumed bi-Maxwellian distribution
for the energetic electrons that produce maximum linear growth rates of the whistler mode wave at 2 kHz.
Using the Kyoto University Plasma Dispersion Analysis Package (KUPDAP) [Sugiyama et al., 2015], we obtain
the linear growth rate shown in Figure 6a with Vt∥ = 0.2c and Vt⟂ = 0.32c. This value of Vt⟂ gives an average
perpendicular velocity for electrons responsible for wave growth as V⟂0 = 0.4c (corresponding to ∼50 keV
electrons). We show in Figure 6b the optimum and threshold amplitudes for nonlinear wave growth calcu-
lated for different values of 𝜏 = 0.25, 0.5, and 1.0, where 𝜏 is the ratio of nonlinear transition time to nonlinear
trapping time [Omura and Nunn, 2011]. For the curvature of the background magnetic field, we assume a
dipole magnetic field with L = 4.4.

The optimum wave amplitude, which determines the frequency sweep rate, is controlled by the density nh of
energetic electrons. From the observed sweep rate, we determine the density nh as 0.03 nc, where nc is the
cold electron density. Figure 6c shows the frequency sweep rates corresponding to the optimum amplitudes
shown in Figure 6b. Integrating the frequency sweep rate plotted in green (𝜏 = 0.5), we obtain the frequency
variation with time plotted in black over the 17:17:17.65 UT chorus element in Figure 5a. We note the close cor-
respondence between the modeled and the observed frequency variation. The observed frequency sweep at
the leading edge of the riser was ∼16.5 kHz/s between 2 kHz and 4.5 kHz. The calculated optimum amplitude
is smaller than the observed wave amplitude, indicating that the observed chorus wave packet was generated
at the equator and propagated some distance along the magnetic field line to the observation point while
undergoing substantial convective growth.

Using the nonlinear growth rate ΓN given by equation (34) of Omura et al. [2012] and the wave group velocity,
Vg, we integrate ΓN∕Vg over a distance that produces agreement with the observed wave amplitude.
The dashed curves in Figure 6b are the resulting amplitude after convective growth and represent wave
propagation over 800 km from the equator. The wave-normal angle deviates from the parallel direction
(see below), and the estimated amplitude and distance for convective growth can differ from this estimate.
However, in the analysis below, we assume quasi-parallel propagation, sin2 𝜃 ≪ 1, where 𝜃 is the wave-normal
angle [Omura et al., 2009]. This assumption allows us to use the linear dispersion relation in the parallel direc-
tion in evaluating the phase velocity Vp, group velocity Vg, and resonance velocity Vr (cf. equations (6), (8),
and (9) below).

To correct the wave analysis for spacecraft spin, we first determine both B⟂, the wave magnetic field perpen-
dicular to the local magnetic field, B0, and a fixed reference unit vector, r, perpendicular to both B0 and R, the
spacecraft position vector. These definitions then allow calculation of

B⟂ =
Bwave × B0||B0

|| , (1)

r =
R × B0|R| ||B0

|| . (2)

Finally, we calculate B1, the despun variation of the wave magnetic field perpendicular to B0:

B1 = B⟂ ⋅ r. (3)

The inverse of twice the time difference between successive zero crossings of B1 gives the instantaneous
wave frequency, f = 𝜔∕2𝜋, used subsequently in the wave analysis calculations. For the 250 ms extent of the
rising tone beginning at 17:17:17.5 UT, the magnitude of B⟂ at the zero crossings, the instantaneous wave
frequency, and the wave spectrogram are shown in Figure 7. The magnitude of the wave magnetic field at
the zero crossings shows a clear modulation that identifies a sequence of wave subpackets, each spanning
multiple wave cycles. Santolík et al. [2003, 2004] first identified and described such large-amplitude subpacket
structure in Cluster observations of chorus waveforms. Each subpacket represents a single cycle of continu-
ous wave growth and damping. We examine the effects of individual subpackets because, although a chorus
rising tone consists of many subpackets, most resonant electrons experience interaction with only one or
two subpackets. In the following analysis we identify the wave subpackets most efficient in accelerating seed
electrons to MeV energies.

FOSTER ET AL. ELECTRON ACCELERATION BY VLF CHORUS 8
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Figure 7. Subpacket analysis of the VLF rising tone shown in Figure 5a is shown. (a) The magnitude of the wave
magnetic field in the plane perpendicular to B0 for individual wave cycles (see text) is shown. Clear modulation of the
wave amplitude identifies a sequence of subpackets within the rising tone chorus element, each spanning multiple
wave cycles. Each subpacket represents a single cycle of continuous wave growth and damping. (b) Instantaneous wave
frequency determined from individual wave cycles is shown. (c) The spectrogram of the total wave magnetic field
depicts the growth of the single chorus element over ∼250 ms. The black line indicates 1

2
fce (∼3.8 kHz).

4. Nonlinear Electron Acceleration in VLF Riser Subpackets

To investigate the efficiency of a single chorus element for particle acceleration through cyclotron resonance,
we convert the wave perpendicular magnetic field intensity B⟂ to wave electric field, E⟂, by multiplying it
by the phase velocity, Vp. Following Omura et al. [2012], Vp is expressed as a function of the wave angular
frequency, 𝜔, the electron cyclotron angular frequency, Ωe, and the electron plasma angular frequency, 𝜔pe:

𝜉 =

√
𝜔
(
Ωe − 𝜔

)
𝜔pe

, (4)

𝜒 =
√

1
1 + 𝜉2

, (5)

Vp = c 𝜒 𝜉, (6)

E⟂ = Vp B⟂, (7)

where c is the speed of light.

Since we know an instantaneous frequency for each half-wave period, we can obtain Vr , Vg, and V⟂ for a spe-
cific electron kinetic energy. Here V⟂ is calculated from the electron energy (relativistic 𝛾) and the electron
resonance velocity, Vr . We use formulas from equations (13) and (14) in Omura et al. [2012] to calculate the
group velocity, Vg and the resonance velocity, Vr :

Vg = c
𝜉

𝜒

[
𝜉2 +

Ωe

2
(
Ωe − 𝜔

)]−1

, (8)

FOSTER ET AL. ELECTRON ACCELERATION BY VLF CHORUS 9
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Vr = c 𝜒 𝜉

(
1 −

Ωe

𝛾 𝜔

)
, (9)

V⟂ =

√
c2

(
1 − 1

𝛾2

)
− V2

r , (10)

k⟂ = 𝜔

Vp
sin 𝜃, (11)

where 𝜃 is the wave-normal angle.

The maximum acceleration for an electron in an individual subpacket is

Δ Ecyclotron (eV) =
∑(

0.5 J0(𝛽) ||E⟂
|| V⟂ Vg 𝛿t

( Vg − Vr

1 − (Vg Vr)∕c2

)−1
)
, (12)

where 𝛿t is a half-wave cycle, and Vg 𝛿t
(

Vg−Vr

1−(Vg Vr )∕c2

)−1
gives the interaction time between a resonant electron

and a segment of the subpacket corresponding to the half-wave cycle. We take the sum over all wave cycles
in the subpacket separately for electrons with a range of initial energies (50 keV to 8 MeV).

In a result similar to that reported by Santolík et al. [2014], who applied subpacket analysis to Van Allen
Probes observations of chorus waveforms, we find that the wave-normal angle, 𝜃, varies from ∼5–20∘ for the
strongest wave subpackets. While the condition sin2 𝜃 ≪ 1 for quasi-parallel propagation is still satisfied,
these values indicate that a perpendicular wave number component exists which can change the wave phase
substantially for MeV electrons due to their large gyroradii. In particular, with

k⟂ = k sin 𝜃 ∼ k sin 20∘ ∼ 0.34k , (13)

then

𝛽 = 𝛾
V⟂k⟂
Ωe

(14)

can be of the order of unity. We therefore include a wave amplitude correction factor in equation (12) by
multiplying E⟂ by J0(𝛽), where J0 is a Bessel function of the first kind with index 0.

We also include a 0.5 factor in equation (12) to account for the inhomogeneity factor −S or sin 𝜁 . (The
second-order resonance condition, i.e., the condition for the nonlinear trapping, is given by sin 𝜁 + S = 0; see
equations (56)–(58) of Nunn and Omura [2015].) The absolute value of S varies from 0 to 1 depending on the
frequency sweep rate and the gradient of the ambient magnetic field. For simplicity, we assume here that the
averaged value −S = 0.5.

In Figure 8, we show the results of subpacket analysis for the chorus riser at 16:56:30 UT (cf. Figure 5b).
Well-developed subpackets at and around 1

4
fce are seen, and these result in strong (>100 keV) energy gain

for electrons with relativistic initial energies (Figure 8b). Highly coherent instantaneous wave frequencies
(Figure 8c) characterize the strongest wave subpackets, and these are also associated with wave-normal
angles <20∘ (Figure 8d). In Figure 9a (black curve) we plot the total possible energy gain (cf. equation (12))
for electrons in cyclotron resonance interactions with the chorus riser of Figure 8 summed over all subpack-
ets. We also plot in red the greatest energy gain for an electron through interactions with a single subpacket.
Although not shown, similar results are obtained for the riser shown in Figure 5a.

Cyclotron resonance by relativistic turning acceleration occurs when the electron pitch angle
PA = arctan

(
V⟂∕Vr

)
= 90∘, that is, when Vr = 0, changing from negative Vr to positive Vr at the reflection

point of the electron bounce motion. The blue curve in Figure 9a shows the most probable energy depen-
dence of the RTA acceleration calculated by limiting the energy gain to electrons with |PA|> 87∘. For the cases
we have analyzed, RTA energy gain curves are sharply peaked around electron initial energies near 1.5 MeV.

In addition to effects from the wave fields perpendicular to B0, we also find that the chorus elements we
have analyzed have a significant parallel component of the wave electric field. Electron acceleration through
Landau resonance by the parallel electric field of highly coherent oblique whistler mode waves was first
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Figure 8. (a) E⟂ subpacket structure is shown for the rising tone shown in Figure 5b. Subpacket boundaries are
indicated by vertical lines. Each subpacket represents a single cycle of continuous wave growth and damping and spans
a number of wave cycles as determined by zero crossings (see text). (b) Energy gain (ΔEcyclotron) is shown for electrons
in cyclotron interactions calculated by summing across individual subpackets. The results show that MeV seed electrons
can be accelerated by >100 keV through interaction with the strongest subpacket. (c) The instantaneous wave
frequency calculated at each zero crossing is shown. Highly coherent increasing wave frequencies characterize the
strongest subpackets. Horizontal lines indicate 1

4
fce and 1

2
fce. (d) Wave normal angles (5–20∘) indicate that the

assumption of quasi-parallel propagation is valid for the strongest subpackets.

considered by Artemyev et al. [2012], who showed that it could lead to tens of keV acceleration in 100 ms
for electrons with 50–100 keV initial energy. Recent Van Allen Probes observations provide evidence for
the occurrence of such fast, nonlinear acceleration of radiation belt electrons with energies of 20–100 keV
[Agapitov et al., 2015]. To account for this additional source of electron energization, we obtain both the instan-
taneous frequency from the zero crossings of the E∥ wave and the instantaneous wave amplitude E∥ from the
maximum E∥ between zero crossings. We then separately apply subpacket analysis to E∥ to calculate the Lan-
dau resonance acceleration efficiency for nonlinear trapping in the parallel electric field of the chorus wave,
using the expression

Δ ELandau (eV) =
∑(

0.5 J0(𝛽)
|||E∥

||| Vp Vg 𝛿t

( Vg − Vp

1 − (Vg Vp)∕c2

)−1
)
. (15)

Similar to the perpendicular wave calculations, the total and maximum single-subpacket energy gain for elec-
trons in Landau resonance with the parallel component of the wave electric field are shown in Figure 9b.
The energy range <200 keV for efficient acceleration by Landau resonance is consistent with previous studies
[Agapitov et al., 2015; Artemyev et al., 2015a].

Our analyses of perpendicular and parallel wave effects for the chorus wave elements examined here demon-
strate the significant nonlinear acceleration capacity of chorus emissions in the outer radiation belt during
substorm injection events. In particular, resonant electrons with initial energies ∼1 MeV can gain ∼100 keV in
a 10–20 ms interaction with a single chorus wave subpacket.
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Figure 9. (a) The total energy gain summed over all subpackets for electrons in cyclotron resonance interactions with
the chorus riser described in Figure 8 is shown as the black curve. Calculations have been performed separately for
electrons with initial energies from 50 keV to 8 MeV. The maximum energy gain for an electron in interactions with a
single subpacket is shown in red. For the case under analysis, electrons with initial energies near 1.5 MeV can gain
∼100 keV in ∼10–20 ms through RTA interaction with the strongest wave packet. The blue curve shows the most
probable RTA energy gain considering only electrons with |PA|> 87∘ (see text). A sharp maximum for electrons with
initial energies near 1.5 MeV is found for the cases examined. (b) Total and maximum single subpacket energy gain for
electrons in Landau resonance with the parallel component of the observed wave electric field are shown.

5. Supporting Radiation Belt Observations

As shown in Figure 4, dual-satellite Van Allen Probes observations identified the onset of strong (>10X)
enhancements for >1 MeV electron flux as a pronounced effect of local acceleration processes during the 17
March 2013 event. Here we examine the consistency of these observations with our theoretical analyses of
electron acceleration by chorus rising tones as presented in section 4.

In Figure 10a, we further quantify the observed energy dependence of local acceleration processes by plot-
ting the L* = 4.0 profile of the electron flux ratios shown in Figure 4b. The relative increase in electron flux
during the local acceleration event ranges between factors of ∼2 and 15 as a function of electron energy and
increases exponentially at relativistic electron energies. The combined MagEIS and REPT observations indi-
cate a strong maximum in flux increase (ratio) for electrons with energy near 2 MeV, with a sharp decrease
in the observed flux ratios above ∼3 MeV. These observations are consistent with the energy dependence
associated with the nonlinear energy gain we have calculated in our chorus wave analyses (cf. Figure 9). For
the conditions and wave characteristics observed in this event, the cyclotron and Landau resonance mecha-
nisms we have investigated accentuate energy gain at MeV initial electron energies, precisely as seen in the
Van Allen Probes electron observations.

To illustrate the effect of nonlinear RTA acceleration on the evolution of the relativistic electron flux spectrum,
we have performed a simple calculation in which we iteratively apply the calculated nonlinear energy gain
profile (the blue curve in Figure 9a) to the observed initial electron flux profile. We use a 4% trapping probabil-
ity [e.g., Artemyev et al., 2015a], and electron losses are not taken into account. For each interaction cycle, 4%
of the electron flux at each resonant energy is shifted to higher energy according to its calculated nonlinear
energy gain where it is added to the 96% of the flux already at that energy. A new flux spectrum is determined,
and this process is repeated for each cycle. The evolution of the modeled spectrum is shown in Figure 10b.
After 30 cycles, an adequate representation of the observed postacceleration flux spectrum is obtained.
A more realistic determination of spectral changes at both low and high energies will need to include particle
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Figure 10. (a) RBSP A/RBSP B electron flux ratios during the 17 March 2013 15:50 UT substorm event at L* = 4.0 are
shown across MagEIS and REPT energies (cf. Figure 4b). The relative increase in electron flux during the local acceleration
event increases exponentially at relativistic initial electron energies. MagEIS and REPT combined observations indicate a
strong maximum for electrons with energies near 2 MeV with a sharp decrease in fluxes above ∼3 MeV. (b) Observed
electron flux profiles at L* = 4 before (black curve, RBSP B) and after (red curve, RBSP A) the acceleration event are
shown along with modeling results (blue curves) indicating the evolution of the initial (black) profile through 30 cycles
of nonlinear RTA energy gain (blue curve of Figure 9a) assuming a 4% trapping probability (see text).

losses, the effects of Landau resonances, and energy losses in nontrapped electron populations. We intend to
address these issues in subsequent studies.

The ratio of the modeled electron flux profile at L* = 4 after 30 cycles of nonlinear RTA acceleration
(cf. Figure 10b) to the observed initial profile is shown in Figure 11a. The nonlinear RTA modeling indicates a
10X flux enhancement confined to low-MeV energies and centered near 2 MeV. For electrons with 0.5 s bounce
period, and assuming that strong chorus waves are encountered only 1% of the time, the 30 cycles we have
modeled would occur over 1500 s, ∼30 min, the approximate characteristic time for the relativistic electron
acceleration observed in this event. The observed RBSP A/B electron flux ratios of Figure 10a are replotted in
Figure 11b for direct comparison with the theoretical calculations. We conclude that RBSP A/B observations
and RTA theoretical predictions show good agreement in identifying the range of electron energies enhanced
by local acceleration under the observed conditions.

6. Discussion and Summary

During the local acceleration of radiation belt electrons in interactions with VLF waves, both a source of energy
for wave growth and a population of energetic seed electrons are required. Van Allen Probes observations in
the core of the outer zone during the recovery phase of the 17 March 2013 storm provide a detailed picture
of the role of substorm injections and nonlinear interactions with VLF chorus rising tones in driving local
radiation belt acceleration.
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Figure 11. (a) The ratio of the modeled electron flux profile at L* = 4 after 30 cycles of nonlinear RTA acceleration
(cf. Figure 10b) to the observed initial profile indicates a 10x flux enhancement confined to low-MeV energies and
centered near 2 MeV. (b) The observed RBSP A/B electron flux ratios of Figure 10a are replotted for direct comparison
with the theoretical calculations. The close agreement between the RBSP A/B observations and RTA theoretical
predictions, and the narrow range of MeV energies involved in the prompt RB acceleration, make a strong case for
nonlinear processes during this event.

Whenever there are chorus emissions in the radiation belt, a fraction of the resonant seed electrons should
be accelerated strongly by the nonlinear processes we have described. Although only a tiny fraction of the
radiation belt electrons are affected, the cumulative effect of many chorus emissions must be considered in
determining the final characteristics of the radiation belt. MeV electrons circle the Earth due to gradient drift
effects in 3–5 min, so the effect of a single chorus emission can have a global impact.

At the same time electromagnetic ion cyclotron rising tone emissions [Nakamura et al., 2014, 2016] can pre-
cipitate relativistic electrons very efficiently [Omura and Zhao, 2012, 2013]. Both processes take place over
similar time scales of a few minutes. In addition, several effects not considered in this paper may interrupt
trapping and prevent an optimal nonlinear acceleration. These include amplitude modulation [Tao et al., 2013;
Artemyev et al., 2015b] or the presence of additional waves of lower amplitude at different frequencies
[Artemyev et al., 2015b].

In this study, subpacket wave analysis has been used to quantify resonant electron energy gain both by rela-
tivistic turning acceleration and by ultrarelativistic acceleration through nonlinear trapping by chorus waves.
Examining a number of chorus elements at different times and locations during the rapid recovery of the radi-
ation belt during this event, we conclude that electrons with initial energies of hundreds of keV to several MeV
can be accelerated by 50 keV–250 keV in resonant interactions with a single VLF rising tone on a time scale
of 10–100 ms.

These observations highlight the significant role played by substorm injections in driving local energization
and the prompt recovery of the storm-depleted electron radiation belt. The good agreement between theory
and observations shown here indicates the efficiency of chorus rising tones for accelerating a seed population
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of energetic electrons to MeV energies. We suggest that the rapid acceleration associated with such nonlin-
ear interactions can result in periods of stepwise MeV electron energization on a substorm time scale (∼1 h).
Sequential injections during the main phase and early recovery phase of a major storm, such as those that
occurred on 17–18 March 2013, constitute an important mechanism for the local acceleration of ultrarelativis-
tic electrons and can contribute significantly to the recovery and total energy increase of ≥1 MeV radiation
belt electrons as observed during that event.
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