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APPLICATIONS OF DIVISION BY CONVERGENCE
by
ROBERT ELLIOTT GOLDSCHMIDT

Submitted to the Department of Electrical Engineering on May 22, 1964
in partial fulfillment of the requirements for the degree of Master of
Science.

ABSTRACT

A unique method of accomplishing the floating point divide in-
struction is investigated. The divisor and dividend are considered to
be the denominator and numerator of a fraction. On each iteration,

a factor multiplies both numerator and denominator such that the re-
sultant denominator converges quadratically towards ¢one (1) and the
resultant numerator converges quadratically towards the desired
quotient.

The paper develops the theory behind the process, applies it to
the high performance computer area, and then evaluates the round
off error and compares it with that of standard division methods.
Finally, the criteria for applicability to other areas are determined.

The high performance application is the most significant de-
velopment of the paper. By means of the convergence method, the
divide execution time can be reduced to half that of conventional
methods.

Thesis Supervisor: Alfred K. Susskind
Title: Associate Professor of Electrical Engineering
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SYMBOL DEFINITIONS

The length of that part of the intermediate denominator
which extends to the right of the predicted minimum
string and to the left of that portion which is not used
to determine an approximate reciprocal.

The denominator which is the result of the K'th
iteration.

The round off error which is incurred in the formation

of DK from D(K—l)'
The round off error which is incurred in the formation
of NK from N(K-l)'

The predicted minimum string length of DK'

The low order multiple added to the partial product on

‘multiply iteration K.

The high order multiple added to the partial product on
multiply iteration K.

The gate illustrated in figures one and two which selects
Mok-1y

The gate illustrated in figures one and two which selects
MZK'

The numerator which is the result of the K'th iteration.

The partial product which is the result of multiply
iteration K.

The two registers illustrated in figures one and two which
in combination store PK'

The two registers illustrated in figures one and two which
store the final PK (the product).
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(1+X,) The 2° through 2~ "k T k! positions of D,

YK The Zd(LK * CK th through Z_S positions of DK.

Z-S The least significant position of the internal fractions.

RAK, RBK, Three different types of approximate reciprocals which
CK are determined from D_,.

K




APPLICATIONS OF DIVISION BY CONVERGENCE
PART ONE: THEORY

The author proposes the use of quadratically converging
algorithms which utilize fast multiplication techniques in the execution
of division. Although the amount of computation in this method is
slightly greater than standard division practices, there is a speed

advantage for several reasons.

Successive additions can be accomplished much more rapidly
in "fast multiply" schemes than in a carry propagate adder. Secondly,
in standard methods there is an interaction between the adder output
and the control logic after each addition, while in the methods proposed,
this interaction takes place only after the completion of a multiplication.
Finally, since the convergence is quadratic, the number of iterations
is proportional to leg, of the fraction length. This further reduces the

number of data-control interactions.

Because this process does not yield a remainder, it will be
applied only to floating point division. We will assume that the input
fractions are positive and are of value less than one and greater than
or equal to one half. We then consider:

dividend _ numerator
divisor denominator

% = quotient
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Any factor which multiplies both numerator (N) and denominator (D)
will leave the value of the quotient unchanged. In fact, if multiplication
cf both N and D by identical sequences of factors yields a denominator
equal to one, then the resultant numerator will be identical to the

quotient.

If we define the initial denominator (DO) to be equal to

(14X, +Yy), then 1 -(Xg+ Yy)+ (Xg+ ¥g)2 - (Xg+ Yg) + ...

0
is a single factor which if multiplied times N would yield the desired
quotient. We may truncate this Taylor series at the point where

I(XO + Y0 )KI is ‘smaller than the least significant position of the
characteristic.

Thus it can be shown that the convergence process takes a
finite amount of time. The above series is not efficiently generated
by hardware. A more efficient sequence of factors whose product is
identical to the above series is:

[1-xg+ o] [+ (Xt Y2 [+ Ko+ Y [1 + (X )8 ...
Anéther way of picturing this process is to consider the sequence of
fractions shown below:

Dk is the K'th denominator

Nk is the K'th numerator

Rpg is the K'th factor in the above product
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initial No No _ Nox Rpg  Nox [1-(Xg+ Yo]]
Do 1+ (Xo+Yy) [1+(Xo+YolkRao [T+ X+ Y] = [L-(Xo* Yo)~

Ny Ny
' L-(Xy+7Y)2 D
)
general Nk Nk NK x RAk _

K = K
Dk 1 -(-Xg-Yq)? [1-(-Xg-Y)% ] x Rak

| 3 N [1+(-Xg - ¥0)27 Nk 41

- | K+ 1
[L-(-X0- Y25 [ 14 (-Xg -Y)2]  1-(-X5-¥g)2

Ng 41
Dk+1

Note that it is possible to define RAK = (2 -DK). This means that on
a given iteration the computer takes inputs Dk, Nk derives Rak and
then forms Ng x Rpg = Nk 41 and Dg x Raog = Dg 4+ 1. The process

neesd only be continued until /(XO + Y, )ZK/ is smaller than the

least significant position of the fractions.

For a 56 bit fraction this process would require six
iterations or twelve multiplies. By using sufficient hardware it
would be possible to perform the two multiplies for each iteration
in parallel. Even so, the divide would take on the order of six

multiply times while standard methods operate in as fast as four
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multiply times. The process defined above does not take advantage
of the fact that it is possible to shorten the length of Ri. In order to

show this we must explain the format in which the numbers will

appear.

20 271 2-2 2-3 LK ,-(Lk+1)  ,-2LK ,-(RLg4+1) -5

Dg, Ng 0 1 X X ...X p'e X X X

Dgis 0 1 1 1 ...1 X X X X

or 41 0 0 0 ..r.o p'e X, (X ' X
(1+4X) Yoo

The 2-9 position will be chosen small enough that no bits are lost
during the operation. Later we will show how the format length can

be reduced.

If we predict that (1 -Z'LK) <Dk € (1+ 2-LK _ 2"5) we then
know that the format of Dk is one of the two shown above. Dk will
have a leading string of at least Lk zeroes or ones. Because of this
we will call Lg the predicted minimum string length. The converse
is also true. If Dk has Lk minimum string length, then it is in the
above range.

We will define two operations on numbers of the above format.
The bit by bit complement of the number equal to (2 - number - 2-9)
and the '"twos'' complement of the number which is the bit by bit

complement plus 2-9. Thus the ”twoé " complement equals (2 - number).
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The author will now proceed to define three approximate
reciprocals Rk, RBK’ and Rcg. On a particular iteration we will
determine the approximate reciprocal from Dk and then multiply it
by both Dy and Ng to form Dy, and Nk, ;. For each approximate
reciprocal, we will derive the rate of convergence in terms of the

predicted minimum string length, LK.

we define Dg_— 1+ Xg+ YK
then (1-2-lKye@+xx+ Yge(l+2 txk-2-5 (1
and | -2°bK < (XK + Yk) 2 (2K - 2-5) (2)

Convergence of Rpy

R pk is defined to be the two's complement of Dk,
Thus Rpg =(2 - DK) = 1 - (Xg + Yk)
Note that this is the same approximate reciprocal used in the original
convergence process. We now proceed to derive the rate of converg-
ence,

DK x Ry = ['1 + (XK + YK)] x[n_- (Xg + Yg)] = DK + 1
Dg+1=[1-(XK+ YK)?]=DK + 1

but from (2) we have 0<& (XK + YK)2 L 2-2LK

thus (1-2"2LK)e 1- (XK+ YK)? 21

therefore (1 -2-2LK)eDg+1<1

and certainly (1 - 2-2LK) . D+ 1«1+ 2-2Lg _ 2-S

we conclude that LK 4+ 1 = 2LK for RAK
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Convergence of Rpg

Both Rpk and RCK are determined from (1 + XK), a number
defined in the format explanation which has its least significant posi-
tion 2-2LK. YK, which is used in the following derivations has its

only non-zero bits in positions 2-(2LK+1) through 2-5,

It can be shown that
0£ Yge (2-2LK - 2-5) | (3)
(1 -2-LK)z (1+XKg)e(l+2LK_2-2LK) (4)
RBK is defined to be the one's complement of (1l + Xk).
Thus Rpg =2 - (1 + XK) - z-ZLKzl-xK- 2-2LK
We now proceed to derive the rate of convergence:

Dk + 1 = DK x RBK = [1 + (XK + YK)][(1 - XK - 2-2LK)]
1+ (Yg - 2-2Lg) - (XK + YK) (Xg + 2 -2LK)

We will now determine the range of the second and third terms
of this expression separately. If we subtract 2-2LK from all terms

of range (3) we get

-2-2Lk 2 (yg - 2-2LK) ¢ - 2-S (5)

We now analyze the third term. From range (2) we know that
-2-LK £ (xg + Yg) 2 (2-IK - 2-5) (6)
From range (4) we know that
(1-2-LK)&(1+Xg)e!+2°MK _2-2LK

- 2-LK + 2-2LK ¢ (XK + 2-2LK) ¢ 2-Lk (7)
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-2L
\ i i
Both the term (XK + YK) and (XK + 2 K) contain XK which has

-2
no non-zero bits after the 2 I"K position. In the first term we add

something which is greater than zero and smaller than Z-ZLK.

(See (3)). In the second term we add Z-ZLK into the least signifi-

cant possible non-zero position of XK. We can therefore conclude

-2L
<
that when (X + Y, )0, (X +277TK) =0

2Lgy > 0

s -
and when (XK + YK).-O, (XK + 2
The product of the two terras is then always greater than zero.

From range (6) and (7) we can then show that 0< (XK + YK)x
2 L 3L

(X, + 2 Ly 2 2 %tk - 2" K) (8)
From this we can determine an upper and lower bound for DK+'1
One 1 < 1 = 1
plus (5) 27ty 2 (Yy - Z"ZLK) <z 275
i (8) ( 2 %y 4 2'3LK) £ (X, +Y,.)(X +z'2LK) < 0
minus - . — K K K
. -(2L_ -1) -3L < L 2 S
+'s Dyl (1-2 K- +2777K) =Dy £ (1-2-7)
. -2L ~2L
where DKJ.il =1+ (YK-Z K) - (XK+YK) (XK+2 K)
then certainly (1-2'(2LK'1)) < D = 1427 (ELg-1) -8
we conclude that LK+1 L= (ZLK = 1) for RBK.
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Convergence of RCK

RCK is defined to be the two's complement of (1 + Xk).

Thus RCK =2 (1 + XK)

We now proceed to derive the rate of convergence:

Dg+1 =Dk x Rgg = (1 + Xg + Yg) (1 » Xk)

From (3) 0 #7Yy, 2"2LK _ =S (9)

From (4) ~2*LK € x, € (27LK _ 2~ LK)
~2"LK € (xp + Yp) £ (2~LK . 2%5)
By the format description one can see that the addition of Yy does
not affect the sign of Xk- Thus the terms Xk and (Xg + Yi) must
) < 2~2LK.

have the same sign. We then can state that 0 = X (Xi + Y

By adding terms we can now determine an upper and lower bound for

Dk+1-
One 1= <= ] <]
plus (9) 0 < Yy < 2w2LK ,, 2=S
plus ~(10) w2"2LlKs X (Xp+Yi) 0
Dky] 1=2=2LK e« DK+1 =) 4+ 2=2LK _ 2=S

where Dicy ) = 14 Yo » Xgc (Xg + YKy

we conclude that LK-{-I = Z.L-K for Rek




Convergence of Ry generalized

Rck is the approximate reciprocal used in the divide execution.
In some situations it becomes more efficient for the hardware to accomplish
less than a doubling of the Lk and as a result further reduce the number
of positions in Rogk. This is because the length of Rgk which can be
multiplied times Dk or Ny in a time slot has an upper limit. For this
purpose we will define a generalized Rck and (1 + Xk) as shown in tke

format description below:

- - .- - y - C
20 21 272 2~LK p=(LK+1) (LK+CK) ,~(LK+CKtl) .5
DK iS 0 1 1 e o o @ l x o o o X x e & o x
or ll O 0 [) [ ] L] L] o X ] L] L] x é . L] L] XJ
r —

Where Ck e Ly
We wish to prove that L(K-H)— = (Lg + CK). From above format:

(1 w2"DKy 2 (1 4 Xp) 2 (1 + 2°LK - 2=(LK+CK))  (11)

IN

0 Yy £ (23LKICK) L 25y (12)

Rk generalized 2 two's complement of (1+Xg) = (1 = Xg)

The range of the term Y is given in (12).
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From identical arguments as in the RCK derivation, XK has the

same sign as (XK + YK).

from (11) -27"K £ X, £ ,-Lg (g + Cx)
s

-L -L -
- A L -2
from (2) 2 K £ (XK + YK) 4« 2 K
-2L (13)
£ P
Thus O < XK (XK + YK) < 2 K

By adding we can now determine an upper and lower bound for DK+1

One 1 < 1 = 1
- _ .8
plus (12) 0 £ Y, £ 2 (LgtCx! 22
lus=(13) 27l e x (x +Y,)) =< 0
pus = 2Pk =
. -2L -(L_+C -5
- zZ £ -
o Dpii 1-2"""K £ D, £1+2 K “K) - 2 (14)
where DK-H =1+ YK - XK (XK + YK? L+ Z'S
- Z1+2 -
and certainly 1 -2 (LptCg) £ Dy =17 K K
We conclude that LK+l = (LK + CK) for RCK
where CK £ LK

Description of RSO

1

On the first iteration it is possible to determine a special re-

ciprocal R, from inspection of positions 2-2 through 2-6 of D0 such

S0
"6 A "6 "'S o .
that the product (1 - 2 ') = (D x RSO) £ (1+2 ~ -2 7). This sig-

nificantly reduces the number of iterations needed for convergence.

The table giving the RSO' D0 pairs is shown below.
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RECIPROCAL DECODER

Denominator in 64th's Reciprocal Range in 256th's

32 £ D« 33 504
33 £ D, <34 489

34 £ D, < 35 475

35 &£ D, < 36 461-462
36 £ D, < 37 448-449
37 £ D, < 38 436-437
38 £ Dj< 39 425-426
39 £ D, < 40 414-416
40 £ D, < 4l 404-405
41 £ D < 42 394-396
42 = D, < 43 384-386
43 £ D < 44 376-378
44 £ D < 45 367-369
45 & D, < 46 359-361
46 £ D, <47 351-354
47 £ D, < 48 344-346
48 £ D, £ 49 336-339
49 £ D <& 50 330-332
50 £ D, < 51 323-326
5, &£ D_<£ 52 317-320

0
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RECIPROCAL DECODER

Denominator in 64th's Reciprocal Range in 256th's

52 < D, < 53 311-313
53 £ D, < 54 305-308
54 £ D, < 55 299-302
55 £ D, < 56 294-297
56 £ D, < 57 288-291
57 £ D, < 58 283-286
58 £ D, < 59 279-282
59 & D, < 60 274-277
60 £ D < 61 269-272
61 & D, 62 265-268
62 £ D, < 63 261-264
63 2= D_« 64 256-260

0
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PART 2
THE MULTIPLY-DIVIDE UNIT

The first application of this algorithm will be in the area of
a high performance Multiply-Divide unit. Since each division
iteration utilizes multiply it is important that we understand first

how the Multiply operation would be accomplished.

In both multiply and divide we will have 56 bit input fractions
which have value gr'eater than or equal to one half and less than one.
The output fraction will be 57 bits (a 2° position is added) and will
have a range of greater than or equal to one fourth and less than two.
. Because of the divide round off error, the format used internal to the

-61

o
unit will contain position 2 through 2

Multiply

 Figure I shows only those elements which are necessary for
a high speed multiply unit. The four input-two output adder is used
to accumulate the multiplicand multiples in a minimal amount of
time. After the final product is available it is fed into the two input,
carry propagate adder where the single output product is developed.
A multiplier encoder examines the low order bits of the multiplier

and determines the two multiples to be added in on each pass through
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Multipligand Input Multiplier Input
-1
0 1 2"56 ¥ 2"59
MPCND REG . MPR REG
1
| En-
\ J - M2 Select — coden
! T -
w1 [ w2 LML Selees _ b= !
A 4 Y l ¥
-1 =61
2-
Four Input
Partial
Two Output Product
Times 2'“
A
Adder A
—
[ ] om6l 0 2=6]L
| PP2 REG PP1 REG
4 >
Propagate To Low ,
Adder
Order Input
Result Out
Figure One
The Multiply Unit
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the four input adder. The multiplier (MPR) register is then shifted
right four so that the next set of multiples can be determined.
This process continues until the last set of multiples has been

added in.

By allowing both positive and negative multiplicand multiples
there is a method of encoding tl.e multiplier so that a single power

of two represents two bits of the multiplier. The encoding utilizes

2-(n+m)___2-(n+l)+2-(n+2). - 2-(n+m).

the identity 27" The encoding

of the multiplier is accomplished by a set of three bit overlapping
scans as shown below. This reduces the maximum possible number
of non-zero multiple additions by a factor of two.

-582-59

0 -12-22-3 -4 -50,-51_-52_-53_-54 -552--562-572

22 2 ...2 2 2 2 2 2

MPR=01 X X X ...X ¥ X X X X, X © O O
o > am \—W
L"'_qﬁ_:/_r__—' \____.r___a e ——t

M30 M29 M28...M5 M4 M3 M2 Ml

0 -2 -4 -54 -56 -
= ' . e 2 + 2 + 2
MPR M30x2 + M29x2 + M28x2 + M3x sz Mlx

58

The value of each multiple relative to the high order position

of the three position scan is given below in Table two.



T LD L

e

R

= g S MG

-l -

Multiple Encode

0 7t gt
0 0 0
0 0 1
0 1 0
0 1 1
1 0 0
1 0 1
1 1 0
1 1 1
Table Two

-1
Using this technique one of five multiples (0, + 20, 12 ) is encoded

for every group of two bits.

Multiple

.0

-1

.12
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On a typical iteration, the K'th partial product (PK) is shifted

) s . -2
right four and multiplicand multiples MZK and 2 M(ZK-I) are added
-4 -2
. Th =2 '

to form P, .. Thus Pl P, + MPCND (MZK +2 "M (ZK-l)) (14)
And PO =0

P, = MPCND (M, + z'ZMl)

P, = MPCND (M, + 27%M. + 27 M+ 2"6M )

2 4 3 2 1
-2 -4 -56 -58
= 2 2 b2 2
P, = MPCND (M, + M,  * M, o+ M, + M)

Since only 2-1 through 2—56 position of the product are needed,
the bits which are shifted right past the 2-61 position are discarded.
There is a circuit (the Spill Adder) which inspects the portions of the
two registers (PPl and PP2) shifted off to determine whether there is a

-61
ripple earry into the 2 position of the partial product.

Referring to Figure 1 again, we see that we can set Po to zero
by resetting the PPl and PP2 registers. After placing the multiplicand
and multiplier in their respective registers, the multiply operation
begins with the encoding of multiples one and two from positions 2”5

through 2-59 of the multiplier. These values are then used to choose
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the proper multiples from multiple gate one (MGl) and multiple gate
two (MG2). The multiples from MGI have a wired shift of right two
to give the 2-2 x M(ZK-I) x MPCND term of equation (14) while multiple
gate two (MG2) output is not shifted to give the MPCND x M2 term.

K
Each multiple gate must be capable of gating shifted right one true,
shifted right one complemented, shifted zero true, and shifted zero
complemented. Arithmetic done in the adder section is of the two's
complement form. Therefore negative multiples which are Bit by bit
complements must be accompanied by an additional low order one in
the 2-61 position (the lleast significant adder input). Prior to every
addition, the partial product represented by PPl and PP2 is shifted

right four (see equation (14)) and fed to two of the four inputs of the

adder MPR.

After fifteen passes through the loop, the product is reduced
from PP1 and PP2 to the result in the carry propagate adder. 'L'he
multiply ‘execution time is determined by the repetition rate of the
four input adder loop. In the present design, the four input add can be
performed three times per machine cycle. Thus six multiples can be
added to a partial product in one cycle. Since there can be a maximum
of 29 non-zero multiples in a 56 bit multiplication, five cycles are
sufficient for the iteration portion. An additional cycle is necessary
for initialization and the carry propagate addition. The total execution

time within the multiply unit is 6 cycles.
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Division

Divide was attached to the multiply unit with the object of
using as much of the exi .“ing hardware as possible. At first it
woﬁld appear that parallel operations on the numerator (N) and the
denominator (D) would require duplicate hardware. However, by
adding product registers PR1 and PR2 it became possible to have
a multiply (the 4 input adder loop) and an add (the 2 input adcier)

occurring simultaneously.

Figure 2 is the block diagram of the multiply-divide unit.
The incoming denominator (Do) is placed in the multiplicand register

where one cycle is taken to determine the value of R__ from positions

S0
-2 -
2  through 2 6 of DO. On the next cycle the multiply of (Do) x (RSO)

is accomplished and the result is gated to the PRl and PR2 register.
From this point operations on N and D are executed concurrently.
On the third cycle PR1 and PR2 are added to form D1 (from which

RCl is determined). On the same cycle the numerator (NO) is

multiplied by R By using the method described below any recip-

So°

rocal multiplication where CKé 11 can be performed in one cycle.
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Mpend,No],Do Input MPR | Input

-1 1 250 =61
2 j‘l =61 1 <3 | Ring Shift

MPCND REG MPR REG Four Right
J |
En-~
—— e — e ——————— -
o r : MGl Select —}___,
MGl I.,l MG2 le= — —MG2 _Select . . _
, S
Four Input Partial
Product
Two Output Times 2=l
Adder A4

20 y 2-61 20 26 20 | o-6T 224 z4

Aﬂ\ l_mz REG PR1 REG | | PP2 REG | PPl REG

r l T 1
111
1 IAdder
To Low

Propagate
Adder

s Order Input
{ ) 1
Right Shift Gate Lef't hift
1,12, 233l | |CK-ting 12,2l
1 R

vy Result Cut

Figure Two
The Multiply--Divide Unit
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One Divide Iteration

In order to understand how the R multiplication is per-

CK

formed in one cycle we shall go back to the format definition of DK.

DK
20571 b oLyt (L) pm(hgCyel) -6l
is 1 0 ....0 X o0 X X .. X
or ,0 1 ....1 X oo X X . X
Y .
~— J - Y J
(1 + XK) | YK.
We now recall that RBK is the bit by bit complement of
(I, +C. +1
(1+XK). By forcing a one in the 2 (LK CK+ ) position of RBK'
the encoded multiples will represent R = (R +2-(LK+CK))
P P CK ~ '""BK '

This can be deduced from inspection of Table 2. A maximum of six
multiples can be added to the partial product in a cycle. Their
alignment is shown below where LK has the maximum single cycle

value of Bl.

20 27t 2~y 2~ (LgtCg)
Rois 0 1 ... 1 1 XXXXXXXXXXX 1 0...0
or 1 0 ... 0 0 XXXXXXXXXXX 1 0...0
T. -
2° M, M. M, M, M, M
6 Ms My M M; M,
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All other multiples which could be encoded would be equal to

zero. Thus:

-2 -4 -6 -8 -10
K (M 27 "Mgt2" M 27 M +27 My427 M)
2-bx (M6+2‘2M 27 4270 4278 +z‘10M1)

0 -
=1]1- =
RCK XK 2 42

L

“Xp = 5 4 3 2

We recall from the multiply description that:

-4 2
Ppi1 =2 Pt Mypte Mory

multiplication, P_ must be set

In the single machine cycle of R 0

CK

0
CK"(2 'XK)‘

- -2
2~y (M+2" "M

equal to leDK. This takes into account the 20 part of R

The multiples which are added rust contribute D

4 6 -8 -10
M3+2 M2+2 Ml)--x

K 5

+ 27 - :
2 M4+2 K toward; the product (P3)

This is accomplished by placing Z-LK D_, in the MPCND register,

+12)

K

of R right justified in the

and positions 2~k through 2~ (kg CK

MPR register. The multiply sequence is then as follows:

e el qs ) _ 12
initialization PP1 =2 DK
[}
PP2 =0
-L
MPCND =2 K DK
MPR =

-XK (right justified)
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then P0 =2 DK
8 -L -2
P =2 D42 "K Dy (M,+27 "M,)
4 -L -2 -4 -6
P,=2D,+2 K Dy (M,+2 M +2 "M, +2 "M,)
D..=R._xD, =P =D_+2"FKD (M 127%m 427 +2'6M +
K+17 T°CK K "3 7K K'6 5 4 3
-8 -10
2
M,+2" " "M,)

The operand alignment for each iteration is listed below. On all
iterations except the last, a one cycle multiply is performed.
Provision must be made on all iterations, except the last, to multiply

both NK and DK by RK. This implies that the multiplier bits are not

thrown away (e. g., are ring shifted) as the multiples are encoded.

Iteration One - Initialization

-1
RSO = 20 2

xxxxxxxxooo
M6 M, M, M, M, M,

1

2 DO = MPCND

PP1 = PP2 =0
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Iteration Two - Initialization

20 2-1 2-12

0 111111 XXXXXX11
R _. =
Cl 1

OOOOOOXXXXXXI
w ST

2 M() M5 M4 M3 MZ M1
-1

2 D, = MPCND

1
-12

2 D1=PP1 O =

Iteration Three - Initialization

20 2'1 271 =23
RC2—01 ]l X X X X X XXX XXX
1, 0 ... 0 X X XX XXXXXXX1
‘T‘o R .l
2 M6 M5 M4 M3 M2 M1
-12
2 D2=MPCND
212D ='PP 0 = PP L.=12
2 1 - 2 2~
Iteration Four - Initialization
I T =34
RC3=01 ] X X X XXX XXX XX
1. 0 ... 0 X X XXXXXXXXX
2 M6 M5 M4 M3 M2 M1
-23
2 D3=MPCND
12
2 D3=PP1 O = PP L=

e e
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Iteration Five - Initialization

0 7t 227
RC4 =0 1 1X X X X1
1 0 ... 0XX... X X1
Y, o 5
2 Mip M, M
2'3’4D3 = MPCND
24
2 D3 —PP1 O_PPZ L4—34
The Divide Operation is accomplished as follows:
L= L
Cycle Denominator Numerator LK+I LK+CK c:K -
1 Determine RSO L0 =1 Not applicable
2 Mpy (D, )x(Rg )
3 Add to form Dl’ Mpy (NO)X(RSO, L1 =6 C1 =6
determine R
Cl
4 M;py (Dl)x(RCI) Add to form N1
5 Add to form DZ' Mpy (NI)X(RCI) LZ =12 C2 =11
determine R
Cc2
6 Mpy (Dz)x(RCZ) Add to form N2
7 Add to form P3, Mpy (NZ)X(RCZ) L3 =23 C3 =11
determine R
C3
8 Mpy (D3)x(RC3) Add to form N3
9 Add to form DZ’ Mpy (N3)x(RC3) L4 = 34 C4 = 23

determine RC4
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10

11

12

13

= <.
Numerator Lgy1 = gtCx Cx £ Ly
Add to form N4
Mpy (N4)X(RC4)
Mpy (N )x(R,)
Add to form N5 L5 = 57

Note that D4 is the last denominator that must be found in order

to determine the quotient N
determined in the next section.

technology would be on the order of 2 us.

5 The accuracy of the quotient will be

The divide operation using current

Technologies which will be

available in the next few years should reduce this by at least a factor

of two. The execution time is twice that of the multiply time where

standard division methods are at best four multiply times.
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PART 3

ROUND OFF ERROR

The Multiply-Divide unit described in the preceeding chapter
does not contain all bits formed in the divide iterations. Analysis of
the introduced error in division is the purpose of this chapter. For the
result to have any meaning, the division process, as impiemented, must
have the ability to continue the convergence of successive Dy 's toward

one (1), even though round off error has been introduced. Once this is

proven, an exact analysis of the error can be made.

In order to determine the round off error in one divide iteration,
we must remember that there are no positions smaller than 2-61 jn any
of the registers or adders. This means that whenever Dy or Ny is shifted
right into the MPCND register, every positive multiple gated to the adder
may have a string of ones to the right of the 2-61 position which is never
added to the partial product. This means, that the partial product can
be low by 2-61, By not adding in a low order one with negative multiples,
(this low order one is inhibited only on divide iterations Wheré Dy or Np

is shifted right), the error range is kept negative. If the low order one

was added, the error could be positive which would increase the final
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round off error. Again this error has a maximum value of 2-61,

Since two multiples are added to the partial product on each pass, the

maximum error is -2-°0 on a pass. Thus
Error of Pg = 0
2700 £ Error of Py = 0

-2'64-2'60 %~ Error of P & 0

2768 _2-64_2700 2 g of P3

1)

In addition the partial product is not retained past the 2-61
position so that an additional string of ones to the right of this position
is discarded. This string is shifted off as the partial product is fed
back into the four input adder and can cause an additional error of -2-61,
No bits can be lost in the carry propagate addition. Thus an approximate
range for the round off error in multiplying Dg x Ry to form Dgyjor
Ng x RK to form NK+1is:

‘ 3x20l 2 B £ 0

where Ep is the error of one iteration
Now that we have established the limit of the round off error
resulting from the multiplication in one iteration, let us again consider
the overall convergence of the process. Specifically, we would like to

prove that the predicted minimum string length is not affected by Ej.

This would mean that the process would continue the convergence of
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(DK + EI) towards one (1). Algebraicly we would like to prove

that if 1 - z'LK < D, = 1+ 27Tk - z'61
~(L -S

then1-2"Tx k) 2 D + E) £ 142 Cx) .2 (16)

K+l

Since EI is always negative, the lower limit in the above range

is the only one in question. Remembering equation (14) we will choose

the worst case where CK = LK. Then the lower limit occurs where
Y =0and X_ = 2~k |
K K )
2L -61

2.0 Az—l Z-LK 2-(LK+1;) .. 2 K 2

Then DK is 0 1 1 0 0 0
CKis 1 0 .0 1 11
——
Mg

All multiples encoded will be zero except for M6 which will have

value 2°. Thus the last pass through the four input adder we will have:

- i (L +1 - ' _
20 27l 2% 2hk 27T 27k b2 61
-4
@*) =D .= 0 1 1 .1 o0 .. 0 0 ...0
pluszo(Z-LKD!2= o 0 0 ...0 1 s 1 0 .0
. equals Dy, | o1 1 ...1 1 1 0 ... 0

As can be seen the EI for this particular case is zero because no bits are

_ -2L _
lost. Thus DK+1 =1-~-2 K and LK+1 = ZLK.

The proof of equation (16) means that the hardware as defined is
capable of continuing the convergence of (DK+1 + EI) towards 1. (The

predicted minimum string lengths are unaffected). It does not imply
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that the product of DORSORCIRCZHRC3'”RC4”” (where the primes
indicate that these quantities may be affected by round off error) is
in the range of D5. There are three distinct errors affecting the
final quotient:
1. The error caused by incomplete convergence.
2. The error in Rgz R3 and RC4 caused by round
off errors encountered in multiplying the deno-
minato:s.

3. The round off error accumulated in multiplying

Rgos Ry, Rg2, Rg3 and Ry times the numerator.

In order to show the effect of round off error, a single prime
will indicate the quantity may have been affected by E;;, the round off
error in the multiplication of Dy x RSO‘ A double prime will indicate
the qu?.ntity may have been affected by both Ey; and EIZ (the round off
error in the multiplication of Dy x Rep). The triple and quadruple primes

follow the same logic.

We begin the divide with Dy from which we determine Rgy.

When we multiply D0 x Rgq the result is D + E Dl' . From Di we

I =
determine R which is not affected by Ey) because all bits of D




[
RN F
N |

]

1
=
v‘, ‘

. ‘:l‘
- d

- 37 -

(a 56 bit number) were gated to the four input adder. Thus Df re-
presents the 2° through 2-61 positions of Dj.

-61
-2 < En £ 0

Since R is developed from positions 2-6 through 2-12 o5 DY,
its value is not affected by the round off error (see page ). This is
not true for the succeeding R k8.

Thus DOXRSO — D1+E =D1'

Il
[ ) _ 1"
Dl x RCl —_— DZ + EIZ = D2
DZII'D{RCZ", —ip D3” +EI3 = D3“'

D3"xR3" —»» Dy + Epy = Dy
D4 x R4t —pe D't

There is no Ejg since this multiplication is never performed.

The final denominator

gt » ) ‘
D = {[( (Dg Rgo + E«Il) Recy + }1412) RCZ','; + EI3.]RC3“‘ + EIIL}RCALH"‘
And since Ly = 34 and G4 = 23

We know from equation (14) that

1_2-68£ Ds':m. < 1+ 2-57 - 2"61

Let us now determine how well RSO’ Regs RCZ"'-zi' RC3'-,'_" RC4{!!'

1

—

Dy

approximates First let us assume that the only round off error is

E{1;,» We have proved that the process will continue to converge on each
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iteration towards the reciprocal of the current denominator.

Thus (D, EH)R R.'R_'"R_'=D_ (17)

SO Cl "'C2' " C3' " C4 5

and D_' will lie in the same range as D,

5 !

If we now assume that EIl and EIZ are the only non-zero round off

1" 11 "_ 13
+B ) Ry + ER] R, Roy!t R, =D

errors then {(D C3: Nca s (18)

SO

It follows that from dividing equation (17) by (18)

(Dy Rgg + Eqp) Ry + Epy

1 - 1" 1" 1" ;
that Ro)' Reo' Ryl = Reot R Ryl '_55_"" (19)
(Dy Rgy * Epy) Rey >
substituting in equation (17) we get
11 [ B 1" E D 1
(Dy Rgo*tBp) Ry Rpl Rl Ry (Do RgotEp) Ry vEp - Dy Iy
" - i
(D, Rgo+E[ ) R D 5
i ~ ]
recalling that D0 RSo
1
and (D, Rgy * Epy) Ry =
-61
and that [E,l <3 x2
and that [E..l £ 2761
A. n! =
We approximate (D0 SO 1) RC1+EIZ N 1
(Dg RgotEqy) Rey (1 - Ep)
and  (Dy Rgy + Epy) o Dy Ry,
(1-E,)
R 1" 1 1" - 11 1 - E l_E
And thus Dy Ry Ry Ry Reg" Ry = D' ( ) O-Ep)
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Using similar reasoning it can be shown that:

" " e — 1" - 'l - -
D RsoRc1Rc2 " Res"Rea D" (1-Ep J1-E)(1-E ) (1-Ep)

1
R. R R llR IIIR 190 — gy L _ _ _
socltc2 €3 ~C4 Dy DgM{l-E)(A-Ep) E ) 1-Ep)

Now we will evaluate the third source of error; that encountered

: 3 : 1" 1t) i ¢3
in multiplying the sequence of factors RSORCIRCZ RC3 RC4 times No.

Here the round off errors on multiplications have the same range as

EIl’ EIZ’ EI3’ and EI4'

Since the numerator round off errors are distince from the de-

nominator we :y1ll denote them by ENII’ ENIZ’ ENI3' and ENI4' Since

the errors in ﬁl’ for example, are multiplied by RCl which is approxi-

mately one, the numerator round off error is additive. Thus

1 " T H)
N, = No[ﬁg- (D) (1-Ep) (1-Ep) (1-E,) (1-E14)]

tEun t Pz T Enrs T e T Eas

-61
1 - P = A
recalling that 2 < (ENIl EI].) < 0
-61
- A = ‘—
and that 3x2 - (ENIZ-S E12_4) £ 0
and that 1 - 2‘685 D" £ 1+ 2727 _ ™S

We conclude that

-61, N N
(1 -10x2 ) 0 z Ngmé'(___g +29 x 2-61)

D0 D0
or approximating 1 - 2—58) -EO 4 N - No _56
DO 5 < D + 2
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This is the range of accuracy for the 61 bit N;‘f’ Only positions
61

27! through 2720 4ill be in the result and thus an additional 31 x 2”

may be lost.

N _ - N
Thus 2 (1-2 58)-2 56 < Result< =0 2-56
D0 Do

To get a comparison, standard division methods develop a re-

sult which is the high order 56 bits of the infinite length exact quotient.

Thus the error range is:

N N
-0 2"56 £ standard result £ 2
DO 0

The standard method error never alters any positions of the

exact quotient which lie in the 2-1 through 2 positions, while the

convergence method may. From the viewpoint of accuracy, however,

the convergence raethod is in the same ball park.
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PART FOUR

CRITERIA FOR APPLICABILITY

In order to make efficient use of the convergence method,
the engineer must determine the pay off within his particular machine
organization. The purpose of this section is to give a qualitative

and quantitative evaluation of the relative merits of this method.

It must be remembered that there are several standard
division meihods whereby two bits of the quotient are generated each
pass through a carry propagate adder. If we consider the time through
the adder to be approximately a machine cycle, the divide operation

takes half as many cycles as there are fraction positions.

If the arithmetic unit contains only a single carry propagate
adder, the convergence method cannot be competitive. The total
numbexi of multiplier bits contained in all iterations of the convergence
method can be shown to be approximately three halves of the input
fraction length. By iterating at a rate of two multiplier bits per
cycle (one multiple added to the partial product per cycle), the con-

vergence method would take at least 50% longer.
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Remembering that with the R approximate reciprocal, C

CK K

is the added string length on each operation, and also the length of the
multiplier string. Then the sum of all CK's is approximately equal

to the input fraction length.

If the execution of the DK and NK multiplications can be
accomplished concurrently, then the execution time is that of one full
length multiplication plus one propagate add cycle for each iteration.

If the execution of the DK and NK multiplications is not concurrent

then the fastest execution time is realized when the predicted minimum
gtring length is doubled on the last iteration. This means that three
halves of a full multiply time is sufficient (assuming that no overhead
cycles are associated with each multiply as in the scheme of figure one).

Using this information we can now evaluate this method in several

areas.

In the high performance area, we have already shown a factor
of two over conventional methods. In a single adder arithmetic unit,
the three-halves multiplication time is slower than conventional
methods where the fastest divide can operate at two bits per cycle.
This is because of the fact that the fastest multiply which has no over-

head cycles is two bits per cycle.
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The serial by character scientific computer area has a
slow divide since restcring division methods are used (e. g., the
IBM 1620). Here an average of six subtractions are necessary to de-
termine one decimal digit. The convergence method, being on the
order of three halves of a multiply time, will give a speed advantage

if the multiply time is less than two-thirds of the divide time.

It must be remembered, however, that the convergence method
does not yield a remainder and fixed point divide must therefore be
provided for with separate hardware or pProgramming. Only a speed

advantage may be gained by using the convergence method.
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