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Abstract

Parallel repetition is a fundamental operation for amplifying the hardness inherent in multi-
player games. Through the efforts of many researchers in the past two decades (e.g. Feige,
Kilian, Raz, Holentstein, Rao, Braverman, etc.), parallel repetition of two-player classical
games has become relatively well-understood. On the other hand, games with entangled play-
ers (quantum games), crucial to the study of quantum non-locality and quantum cryptography,
and multi-player games were poorly understood until recently.

In this thesis, we resolve some of the major problems regarding the parallel repetition of
quantum and multi-player games by establishing the first exponential-rate hardness amplifica-
tion results for these games and hence extend the classes of games where exponential decay
rates is known considerably.

We consider two different methods for obtaining these hardness amplification results.
For our first method, we draw from the recent work of Moshkovitz on parallel repetition
of fortified games. We introduce an analytic reformulation of Moshkovitz’s fortification
framework. This reformulation allows us to expand the scope of the fortification method
to new settings. In particular, we prove parallel repetition and fortification theorems for
games with players sharing quantum entanglement, and games with more than two players
in this new framework. An important component of our work is a variant of the fortification
transformation, called ordered fortification, that preserves the entangled value of a game.

For our second method, we introduce a class of games we call anchored. Anchoring
is a simple transformation on games inspired in part by the transorfmation proposed in
the pioneering work of Feige-Kilian. Unlike the Feige-Kilian transformation, our anchoring
transformation is completeness preserving. We prove an exponential-decay parallel repetition
theorem for anchored games that involve any number of entangled players. We also prove a
threshold version of our parallel repetition theorem for anchored games.

Thesis Supervisor: Madhu Sudan
Title: Gordon McKay Professor of Computer Science, Harvard University
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Chapter 1

Introduction

A central concept in theoretical computer science and quantum information is that of a
two-player one-round game. A two-player game G is specified by question sets X and Y,
answer sets A and B, a distribution u over pairs of questions, and a verification predicate
V:AxBxXxY — {0,1}. The game is played between two cooperating (but non-
communicating) players and a referee. The referee samples (z,y) € X x Y according to u
and sends z and y to each player, who provide answers a € A and b € B respectively. The
players win the game if their answers satisfy the predicate V' (a,b, z,y). More formally, the
value of the game, which refers the maximum probability of winning players can achieve,

corresponds to the following optimization problem

val(G) =max E > V(a,b,z,y) f(z,a) - g(y,b), (1.1)
£ (zy)~p (a,b)EAXB
where f : X x A —> Rt and g : Y x B — R* with the the normalization condition
o f(z,a) =Ty g(y,b) = 1.1
The main starting point of this thesis is the celebrated Parallel Repetition Theorem of
Raz [53], simplified and improved upon by many authors over the years, most notably by
Holestein (37].Beside its direct applications to PCPs [35] and the study of interactive proof

systems (10, 53], the theorem of Raz/Holenstein is one of the strongest direct product theorems

In this thesis, we also heavily study the entangled value game, denoted by val*(G), which is an important
analogous concept in quantum computing and complexity.
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known in the literature, and as such has been very influential as the basic prototype of
establishing direct product theorem in variety of models of computations. Parallel repetition
theorems (and other direct product theorems) are often used in complexity theory in order
to perform some form of amplification, such as amplifying the completeness-soundness gap
of a proof system. A fundamental question that arises in this context is how the value of a
repeated game G®™ relates to the value of the original game G and the number of repetitions

m.[15, 16, 39]. The Raz/Holentein theorem provides an answer to this question.

Theorem 1.1 (Raz-Holenstein). Let G be a game and define G®™ as the game where
the referee selects k tuples (z;,y;)™, € X x ) independently according to G and sends

T = (T1,%0,---,Tm) and ¥y = (Y1,¥Y2,---,Ym) to Bob requiring answers in A®™ and B®™

satisfying the predicate V = [, V(a;, bi, T, ;). Set 0 <e <1 by val(G) =1— €. Then,
val(G®™) < (1 — €8)~Um/9), (1.2)

where s = log(].A| - |B]).

Raz’s theorem and subsequent improvements [37, 6, 52, 13| provide a satisfactory under-
standing of the parallel repetition of classical two-player games. However, going beyond the
setting of two-player classical games, many of the techniques in these works do not directly
apply. The focus of this thesis is to address this problem by providing strong (exponential)
hardness amplification results for much more general classes of games. In particular, here
we make progress on two of the major open problems regarding the parallel repetition of
games, i.e. whether an analogue of Raz’s parallel-repetition theorem holds for (a) games with
more than two players, and (b) games with quantum players using entanglement. In the next
section, we review how we draw from the old idea of modifying games for parallel repetition,

as first appearing in the work of Feige-Kilian [30], to make progress on these problems.

1.1 Anchoring and fortification

As mentioned before, in this thesis we are interested in obtaining strong hardness amplification

and parallel repetition results for general quantum and multiplayer (more than two) games.
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The basic idea underlying our approach for achieving this is to modify the game G before
applying parallel repetition. For this to be a valid approach, any such transformation should
be (i) efficient, in the sense of having low algorithmic complexity, and (ii) non-intrusive,
in the sense of preserving most important properties of the original game G. In particular,
since computing the value (and quantum value) of games is a hard algorithmic problem we
need the operation to preserve the value in the black-box way (or else change the value in a
controllable fashion independent of G).

In this thesis, we introduce two simple transformations on games, namely fortification and
anchoring, that can be used to convert any game to one of these desired formats. Together,
our parallel repetition theorem and our transformations [7, 8] provide simple and efficient

hardness-amplification in both the classical multiplayer and quantum settings.

1.1.1 Fortification and fortified games

In a recent work, Moshkovitz [48] introduced a simple yet powerful framework called parallel
repetition via fortification. Like Feige-Kilian and our anchoring technique, the basic idea
is to transform the game to make it more amenable to parallel repetition. But in terms of
technical ideas and tools, and also final parameters, this framework is very different to the
above. One advantage of fortification is that it does not use any of the subtle information
theoretic techniques needed in other approaches to parallel repetition, and hence leads to
overall to simpler arguments.

Despite its attractive features, the fortification framework [48] has some limitations; for
instance it is only applicable to the restricted (though very important) setting of classical
two-player projection games. The first contribution of this thesis is to expand the scope
of this framework to a wider classes of games. The following is a summary of our main

contributions to the fortification framework.

e Analytic formulation of fortification. The fortification framework was originally
cast in combinatorial terms; Moshkovitz’s definition of fortified games, which we describe
in Section 3.1, involves a guarantee on the value of every sufficiently large rectangular

subgame of a game. In our analytic reformulation, fortified games are defined in terms
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of substrategies, which one can think of as randomized strategies for the game where
the probability that the players output an answer may be less than 1. This definition
behaves much more “smoothly”, allowing us to generalize them to the entangled and

multiplayer settings.

Fortification of general classical games and games with more than two play-
ers. Next, we show how to fortify a general k-player game G, for any k > 2. We
show that for any two fortified general classical games G’ and H', val(G' ® H') =~
val(G') - val(H’). Together this implies new gap amplification results for general (as
opposed to projection) two-player and multiplayer classical games. We note that previ-
ously [48, 11] the fortification framework was limited to two-player classical projection

games, so our extension is significant even for the two-player case.

An entangled-value preserving variant of concatenation. A major obstacle in
extending the fortification framework to the quantum setting is that concatenation, the
main ingredient of the original fortification results, does not in general preserve the
entangled value. That is, if G’ is the fortification of G, it doesn’t generally hold that
VAL'(G') = VAL"(G) (even though val(G’) = val(@)). This is problematic for obtaining
gap amplification results: if VAL'(G) = 1, then VAL'(G®") = 1, but VAL  (G'®") could

be exponentially small!

To resolve this issue, we augment the ordinary concatenation procedure of [48] by giving
the players some auxiliary advice input (see Definition 3.4) which helps in keeping
the entangled value unchanged. Using this, we define a variant of the fortification
transformation which we call ordered fortification. As desired, in addition to preserving
the classical value, this transformation also preserves the entangled value, which is

essential for the completeness of our gap amplification result.

Fortification of games with entangled players. We show that for a general two-
player game G, its ordered-fortification Gop is a two-player game such that val*(Gor) =
val*(G), and is also quantumly fortified. We then prove that for any two quantumly
fortified games G’ and H', VAL (G’ ® H') =~ VAL"(G') - VAL"(H"). Together this implies

14



a new general gap amplification method for entangled two-player games. This (see

Theorem 3.3) is the most technically challenging component of this work.

Let us note that our extensions of the fortification approach, as described in the last three
items above, are ultimately enabled by the analytic viewpoint described in point 1.

We describe our main results for fortification in detail in Chapter 3. In particular, see
Theorems 3.2, 3.3, 3.5, 3.24 for the formal statements of results of the chapter.

Next, we discuss anchoring approach to parallel repetition. Anchoring in general leads
to better parameter performance than fortification (especially in terms of answer alphabet
size), but relies on more technical information theoretical arguments. Despite being weaker in
terms of parameters, fortification is interesting as it relies on a very different set of techniques

than the typically information theoretic parallel repetition results.

1.1.2 Anchoring and anchored games

Next, we study the process of anchoring and anchored games. Using the anchoring trans-
formation, we obtain hardness amplification results that are arguably even stronger than
the results for fortified games. In particular, unlike fortification where one needs to know in
advance the number of repetition before modifying the game (i.e. the transformation G — G’
depends on number of repetitions m), anchoring is oblivious to the number of rounds of
repetitions and has no extra blow-up depending on m. Furthermore, unlike in fortification,
there is no alphabet blow-up in anchoring.

Regarding anchoring, we have the following theorem which applies to games with any

number of players, with or without entanglement.

Theorem 1.2 (Main Theorem of Chapter 4, informal). There erists a polynomial-time
transformation (called anchoring) that takes the description of an arbitrary k-player game G

and returns a game G, with the following properties:

1. (Classical hardness amplification)

Ifval(G) = 1 — ¢ then val(G,) =1 — 3¢ and val(G%") = exp(—Q(e? - n)).

2. (Quantum hardness amplification)

If val’(G) = 1 — & then val*(G.) = 1 — 3§ and val"(G®") = exp(—Q(6® - n)).

15



The implied constants in the Q(-) only depend on the number of players k and the cardinality

of the answer sets of G.

We obtain an efficient hardness amplification method from this theorem in the following
way: suppose given a k-player game G whose entangled value is either 1 or at most 1 — 6.
By letting n = poly(log 871,671), the game G®™ (the n-fold repetition of the anchored game
G,) has value either 1 or at most .

We note that even though, unlike fortification, anchoring does not preserve the game value
exactly this is not a significant issue since it changes the value in a controllable (linear) fashion
(see Definition 1.4). In particular, an important aspect of the anchoring transformation is
that it preserves quantum completeness, meaning that if val*(G) = 1, then val*(G,) = 1.
Similar game transformations in previous works (such as the one by Feige and Kilian [30, 43])
do not preserve quantum completeness, and thus cannot be used for hardness amplification
in the same way.

We also obtain a threshold version of the theorem above, which states that the probability
that the players win more than an val*(G) + v fraction of the n instances of G, in G%* goes

to 0 exponentially fast in n:

Theorem 1.3 (Threshold theorem, informal). Let G be a k-player game with val*(G) = 14,
and G, the anchored version of G. Then for all integer n > 1 the probability that in the game
G®" the players can win more than (1 — %6 +v)n instances of G, is at most exp(—Q(7°n)),
where the implied constant only depends on the number of players k and the cardinality of

the answer sets of G.

The advantage of having a threshold theorem is that it also implies that parallel repetition
reduces the completeness error in addition to the soundness error. This is useful in situations
where we are trying to distinguish between, say, val*(G) > 0.99 and val*(G) < 0.5. The
entangled value of G®" in both cases is exponentially small. However, if the referee instead
checks that the number of instances won in G%" is above a certain threshold, then we can
obtain a new game where either the value is exponentially close to 1 or exponentially close to
0. See Theorem 4.16 for a more precise statement.

Finally, we present an application of our threshold theorem to the so-called Quantum
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PCP Conjecture. The main application of Raz’s parallel repetition theorem is to amplify
the completeness/soundness gap of probabilistically checkable proofs, in order to obtain
stronger hardness of approximation results (see, e.g., [35]). Similarly, our threshold bound
would perform the same function for the multiprover games formulation of the Quantum
PCP Conjecture. It is crucial that our threshold bound applies to games with any number of
players; so far, it appears that the types of games that arise in approaches to the Quantum
PCP Conjecture (games version) involve more than two players [41, 49]. We discuss this in
more detail in Section 4.2.

Let us now describe the anchoring transformation. Here, we discuss anchoring for two-

player games. We discuss the more general case in Chapter 4 in detail.

Definition 1.4 (Basic anchoring). Let G be a two player game with question distribution
pon X x Y, and verification predicate V. Let 0 < o < 1. In the a-anchored game G, the
referee chooses a question pair (z,y) € X x Y according to u, and independently and with
probability « replaces each of x and y with an auxiliary “anchor” symbol . to obtain the pair
() € (X U{+}) x (YU {+}) which is sent to the players as their respective questions. If
any of z’,y’ is 1 the referee accepts regardless of the players’ answers; otherwise, the referee

checks the players’ answers according to the predicate V.

For a choice of a =1 — %3 it holds that both val(G,) = 3val(G) + 1 and val*(G,) =
3val*(G) + i. One can think of G, as playing the original game G with probability 3/4, and
a trivial game with probability 1/4. The term “anchored” refers to the fact that question
pairs chosen according to u are all “anchored” by a common question (1,1). Though the
existence of this anchor question makes the game G, easier to play than the game G, it
facilitates showing that the repeated game G%™ is hard. At a high level, the anchor questions
provide a convenient way to handle the complicated correlations that may arise when the
players use non-product strategies in the repeated game.

Our parallel repetition results more generally apply to a class of games we call anchored.
The anchoring transformation of Theorem 1.2 produces games of this type; however, anchored
games can be more general. We give a full definition of anchored games in Section 4.3. We

note that the class of anchored games includes the class of free games, a class of games for
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which quantum parallel repetition theorems were previously shown in [19, 40, 20].

Why anchoring is useful. Given the fact that anchoring games just amounts to adding
some simple dummy variable (Definition 1.4), it can be quite surprising that anchoring is
useful for proving parallel repetition. This is related to the quantum dependency-breaking
problem which we briefly describe next.

In most known proofs of classical parallel repetition theorems (except for fortification), the
key step consists of bounding the players’ success probability in most instances of G in G®",
conditioned on the player winning a significant fraction of the instances. Let W denote this
italicized event. Conditioning on W introduces correlations between the players’ questions,
making this task non-trivial. Existing proofs rely on a “rounding argument” showing how
two players can play the game G as if it were embedded as the i-th instance in the repeated
game G, conditioned on W. Thus the success probability in the i-th game, conditioned on W,
cannot be much higher than the value of G, concluding the proof through a straightforward
inductive argument.

In the classical case the rounding argument relies on the ability for Alice and Bob to
sample a dependency-breaking variable 2, which a priori depends on both inputs z and y.
Once €2, is sampled by the players they can simulate the i-th instance of G, conditioned
on W. The main technical work goes in showing that ; = Q. , ~ Q,, where “~” denotes
closeness in statistical distance, and €, (resp. Q,) denotes the distribution of {2, , averaged
over y (resp. over z). This implies that Q can be locally sampled by either player without
communication through the use of a correlated sampling procedure.

In the quantum case the rounding argument seems to require that Alice and Bob jointly
sample a dependency-breaking quantum state | ), which again depends on both their inputs
(although it is technically more complicated, as a first approximation |Q;,) can be thought
of as the players’ post-measurement state, conditioned on W and their ¢-th inputs being
(z,v)). Designing a state that simultaneously allows Alice and Bob to (a) simulate the
execution of the i-th game in G®" conditioned on W, and (b) locally generate |2, ,) without
communication is the main obstacle to proving a fully general parallel repetition theorem for

entangled games.
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The proofs of parallel repetition for free games [40, 19, 20] and projection games [28]
resolve this obstacle by arguing for the existence of local unitaries U, and V,, and a state |2)
such that

U, ®V,I0) ~ |20,). (1.3)

Thus the players only need to share |(2) at the beginning of the simulation, and having
received their separate inputs = and y, apply the local unitaries U, and Vj, to obtain (an
approximation of) the desired state |Q;,). The argument heavily relies on either the product
question distribution assumption for [40, 19, 20] or special symmetries of projection games in
the case of [28].

The difficulty in extending the argument for free games to the case of general games is
to show that the local unitaries each only depend on the input to a single player. In fact
with the definition of |2, ,) used in these works it appears likely that this statement does
not hold, thus a different approach must be found. When the game is anchored we are
able to use the anchor question in order to show the existence of unitaries U, and V), that
achieve (1.3) and depend only on a single player’s question each. Achieving this requires us
to introduce dependency-breaking states |(2;,) that are more complicated than those used in
the free games case, and also involve the classical dependency-breaking variables of Raz and
Holenstein.

We prove (1.3) by proving a sequence of approximate equalities: first we show that
for most z there exists U, such that (U, ® I)|Q2, ,) =~ |}, where |Q, ,) denotes the
dependency-breaking state in the case that both players receive the anchor question “.”, and
|2;,.) denotes the state when Alice receives z and Bob receives “.”. Then we show that
for every y such that u(y|z) > 0 there exists a unitary V, such that (I® V,)|2;,.) & |Qq,)-
Accomplishing this step requires ideas and techniques going beyond those used in the free

games case. See Sections 4.3 and 4.4 for more on this topic.

1.2 Related work

Hardness amplification is a central method in complexity theory and cryptography for

reducing the soundness error of interactive proofs and argument systems and hence parallel
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repetition, and other hardness amplification based on it, have been extensively studied [33,
30, 53, 37, 51, 34, 36]. We refer to the surveys by Feige and Raz [29, 54] for an extensive
historical account of the classical parallel repetition theorem and its connections to PCPs and
multiprover interactive proof systems, and instead focus on more recent results, specifically

those pertaining to the quantum or multiplayer parallel repetition.

The study of multi-player games in the quantum setting is due to close connection to Bell
inequalities, non-locality in quantum physics [9, 21] which is of great important to quantum
cryptography and complexity [56, 47, 24, 58]. We refer to [17, 61, 22| for more on entangled
games.

Going back to parallel repetition, the first results regarding the parallel repetition of
entangled games was obtained by Cleve et al. [22, 23]. The general idea of modifying the
game in order to facilitate the analysis of parallel repetition originates from the work of
Feige and Kilian [30] who introduced the confuse/miss-match style repetition of games. The
Feige-Kilian type parallel repetition was later extended by Kempe and Vidick [43] to the
quantum setting allowing them to obtain the first general parallel repetition theorem for
quantum games. However, their transformation did not preserve the entangled value, and
hence did not lead to a fully general hardness amplification method for entangled games.

The main result underlying Chapter 3 is Moshkovitz [48], where the framework of parallel
repetition via fortification was first introduced. Some simplifications and corrections to the
work of Moshkovitz appeared in Bhangale et al. [11]. In particular, an important contribution
of [11] was the clarification of the best bounds possible in classical fortification theorems [11,
Appendix CJ.

Another important set of ideas underlying our work is related to the analytic approach to
parallel repetition pioneered by Dinur and Steurer [27], further extended by Dinur et al. [28].
Our analytic reformulation of fortification framework is very much inspired by the ideas in
these works.

Yet another different stream of work, directly related to Chapter 4, follows the original
ideas of Raz and Holenstein [53, 37] by taking a more information theoretic approach to parallel
repetition. The first results in this direction were obtained by Chailloux and Scarpa [19] and

Jain et al. [40] who prove exponential-decay parallel repetition results for free two-player
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games. Their analysis, as well as the follow-up work of Chung et al. [20], provided the basis
for Chapter 4 of this thesis.

Turning to the multiplayer setting, very little was known prior to the works presented in
this thesis. It is folklore that free games with any number of players satisfy an exponential
parallel repetition theorem, and this was explicitly proved in both classical and quantum
settings in [20]. The only parallel repetition bound that applies to all classical multiplayer
games is due to Verbitsky [59], but the rate of decay proved there is very slow — it is essentially
an inverse Ackermann-like function. Multiplayer parallel fepetition has been studied in the
setting of non-signaling strategies, a superset of entangled strategies which allows the players
to generate any correlations that do not imply communication. Buhrman et al. [18] show
that the non-signaling value of a game G with any number of players decays exponentially
under parallel repetition, with a rate of decay that depends on the entire description of the
game G. Arnon-Friedman et al. [3] and Lancien and Winter [46] achieve similar results using
a different technique based on “de Finetti reductions”.

Beside the above prior work, we should mention some newer paper which the results of
this thesis has inspired. Among these, a notable one is due to Yuen [63] where he uses the
ideas in Chapter 4 to show that the entangled value of a general repeated entangled game
must decay to 0 polynomially fast (provided the base game has entangled value less than one).
Another interesting paper is [26] which establishes exponential-decay bounds for ezpander

games, which includes anchored games as a special case.

1.3 Organization

In Chapter 2, we introduce some basic lemmas and definitions. In Chapter 3, we present our
fortification framework and results and in Chapter 4, we present our anchoring results.
The organization of Chapter 3 is as follows. In Section 3.2, we introduce the notion of
substrategies, induced strategies, and other basic definitions that are used throughout the
chapter. In Section 3.3, we present the formal definition of analytically fortified games. The
main parallcl repetition theorem is proved in Section 3.4. Theorems 3.2 and 3.3 are proved

in Sections 3.5 and 3.7, respectively. The main theorem of Chapter 3, Theorem 3.5, is proved
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by reduction to Theorem 3.3. This reduction is presented in Section 3.6.

The organization of Chapter 4 is as follows. We first introduce the formal definition of
anchored games in Section 4.1. In Section 4.2 we give a brief discussion of the Quantum PCP
Conjecture, and an application of our threshold theorem (Theorem 4.16) to it. In Section 4.3,
we give an overview of the techniques underlying the results of the chapter, mainly focusing
on the general ideas and leaving the specifics to each subsequent section. In Section 4.4 we
present the proof of the quantum parallel repetition theorem for anchored games, as well
as the threshold theorem. In Section 4.5 we present the result on the parallel repetition of
multiplayer classical anchored games.

Finally, in Chapter 5 we summarize the main contributions of the thesis and present some

open problems.
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Chapter 2

Preliminaries

2.1 Games and parallel repetition

In the introduction we introduced the notion of classical value of a two-player game (1.1).

Here we recall the notion of entangled value.

For a two-player game G = (X x Y, A x B, u, V), an entangled strategy consists of a

state (a vector with ¢ norm 1) |¢) € C? ® C? and set of positive semi-definite matrices

{A2}sex.aca, {Bf}yeypes such that
Vo,y : Y A2=) Bl =1
a b

The entangled value of G, denoted by val*(G), is defined as the supremum value attained by

all valid strategies:

VAL*(G) = sup E Z (Y|AL ® B§|¢>-

{Ag}:{BgLW’) @y)~p a,b: V(z,y,a,b)=1

Note that the case of d = 1 corresponds to the classical strategies which means val(G) <
VAL"(G). Tt is well-know that for many games [21, 61] this inequality is strict, that is val(G) <
VAL'(G).
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2.1.1 Multiplayer games

A k-player game G = (X, A, u,V) is specified by a question set X = X! x X2 x --. x X%
answer set A = A! x A% x -+ - x A*, a probability measure p on X, and a verification predicate
V:Ax X — {0,1}. Throughout this thesis, we use superscripts in order to denote which
player an input/output symbol is associated with. For example, we write ' to denote the
input to the first player, and a® to denote the output of the ¢-th player. Finally, to denote
the tuple of questions/answers to all k players we write z = (z!,...,z*) and a = (a!,...,a")
respectively.

The classical value of a game G is denoted by val(G) and defined as

val(G) := sup E [V ((fl(xl),...,fk(:vk),(atl,...,x’“))]

flv"'yfk (zl"""’zk)'\'l‘

where the supremum is over all functions f; : X; — A;; these correspond to deterministic
strategies used by the players. It is easy to see that the classical value of a game is unchanged
if we allow the strategies to take advantage of public or private randomness.

The entangled value of G is denoted by val*(G) and defined as

val*(G) := sup E > (Y| MYz, a!) @ - - - ® M*(z*, aF)|op)
l)e(CH)®k (@) (al,...,a%):
MY, . M* V((a1 ..... aky),(:cl,...,a:k)):l

where the supremum is over all integer d > 2, k-partite pure states |¢) in (C%)®*, and
M, ..., M¥ for each player. Each M! is a set of POVM measurements {M(z*, a?)}atcar

acting on C¢, one for each question zt € X
g

2.1.2 Repeated games

Let G = (X, A, 1, V) be a k-player game, with X = X1 x --- x X¥ and 4 = A! x --- x AF,
Let u®" denote the product probability distribution over X®" = ®?_, &;, where each X;
is a copy of X. Similarly let A®" = ®I 6 A; where each A; is a copy of A. ! Let

1We will use the tensor product notation (“®)”) to denote product across coordinates in a repeated game,
and the traditional product notation (“x”) to denote product across players.
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Venr . A% x X®" — {0,1} denote the verification predicate that is 1 on question tuple
(z1,...,%,) € X®" and answer tuple (ay, ..., a,) € A®™ iff for all 4, V(a;,z;) = 1. We define
the n-fold parallel repetition of G to be the k-player game G®" = (X®" A®" ;& V&), For

brevity, we sometimes denote this by G™.

When working with games with mofe than 2 players, we use subscripts to denote which
game round/coordinate a question/answer symbol is associated with. For example, by z! we
mean the question to the ¢-th player in the i-th round. While this is overloading notation
slightly (because superscripts are meant to indicate tuples), we use this convention for the
sake of readability. When z" refers to a tuple (z1,...,z,) and when z! refers to the t-th

player’s question in the ¢-th coordinate should be clear from context.

2.2 Probability distributions

Given a distribution u, by z ~ u we mean that the random variable z is distributed according

to u. For a set S, by 2z ~ S we mean z ~ Ug where Ugs is the uniform distribution over S.

We let capital letters denote random variables and lower case letters denote specific samples.
We will use subscripted sets to denote tuples, e.g., X := (X1,...,X3), T = (21, - ., Zn),
and if C C [n] is some subset then X will denote the sub-tuple of Xj,; indexed by C.
We use Px to denote the probability distribution of random variable X, and Px(x) to
denote the probability that X = z for some value z. For multiple random variables, e.g.,
X,Y,Z, Pxyz(z,y, z) denotes their joint distribution with respect to some probability space

understood from context.

We use Py|x—,(y) to denote the conditional distribution Pyx(y,z)/Px(z), which is
defined when Px(z) > 0. When conditioning on many variables, we usually use the shorthand
Px|y,- to denote the distribution Px|y_y z-,. For example, we write Py,_, 5, ,, to denote
Pvio_i=w_i, Xi=z: Yi=y:- FOr an event W we let Pxyw denote the distribution conditioned on

W. We use the notation Ex f(z) and Ep,, f(z) to denote the expectation >, Px(z)f(z).

Let Px, be a distribution of X', and for every z in the support of Px,, let Py|x,=, be a
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conditional distribution defined over Y. We define the distribution Px,Py|x, over X x ) as

(PxoPyx;)(2,y) := Px,(2) - Py|x,=2(y)-

Additionally, we write P x,zPy|x, to denote the distribution (Px,zPy|x,)(%, 2,¥) := Px,z(z, 2)-
PY|X1=z(y)'
For two random variables X and X; over the same set X, Px, ~. Px, indicates that the

total variation distance between Py, and Px,,

“PXO - PXI” =3 Z IPXO PXI(:E)I7

xGX

is at most €.

The following simple lemma will be used repeatedly.

Lemma 2.1. Let Qr and Sy be two probability distributions of some random variable F, and

let Rgip be a conditional probability distribution for some random variable G, conditioned on

F. Then
|IQrReF — SFReiF|l = |QF — Sr|-

Proof. Note that |QrRg)r — SFRgyr|| is equal to

5 SIRUIRGL - SORGNI = 5 100) - S (SRl
150 - sl
7

= [|Qr — Sk ||-

2.3 Some matrix analytic facts

Choi-Jamiolkowski isomorphism. We make use of the correspondence between bipartite

states |¢)) € Hy ® Hz and linear operators L : H3 — H; given by the Choi-Jamiolkowski
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isomorphism. Explicitly, let |¢/) € C? ® C? be a quantum state and consider a Schmidt basis
for |1) so we have |¢) = 3%, v/ Ai|i)|i) where \; € RZ% up to a local change of basis. Set

d
pi= ;/\i[z’)(ﬂ. (2.1)

Proposition 2.2. Let Z,W be two linear operators acting on C* and let |v) and p be as
above. Then,

W1Z @ Wlp) = Te(Zp*WT p'/?).
Proof. Both expressions evaluate to Z;’J:l VAN Zy - Wi O

For a density matrix p and a matrix A for convenience we sometimes denote Tr(Ap) by

Tr,(A).

Matrix norms and inequalities. The Frobenius norm of a matrix A € C"*™ is defined as
|AllF = /Tr(AAT). The trace norm is defined as || A+, = TrvVAAT. The following analogue

of Proposition 3.20 will be used repeatedly in our argument.

Claim 2.3. Let M be a bipartite \-spectral ezpander on vertex set X' U X. Let { Ay }wex:
and p be positive semidefinite matrices. For all v € X, define Ay = Epun(g) Aw and define
A=E; ., A;. Then

B To((Ae = A) S 20 E T, (42) (22)

Proof. Define Sy = p*?Ay, S, = p*?A,, and S = E,; S, = p/?A. Using that M is a
bipartite A-spectral expander, for any fixed entry (¢, 7)

E [(Se)is — Sijl* < A -E|(Ser)is — Sysl* < 222 - E |(S)is (2.3)
Summing over all entries,

ED I(S2)i — Syl =E|1Se = SIF S 2V E X [(Se)yl* = 2X°E||Sw|f.  (24)
2

4,J
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Observing that Tr,((4; — A)?) = ||S; — S||% and ||Sx||% = Tr,(A2)), we obtain the desired
result. O

If A has singular value decomposition A = UJV? its pseudo-inverse is A7! = VJ~1UT,
where J~! is obtained from J by taking the reciprocal of non-zero diagonal entries. A simple

consequence of the singular value decomposition is the following:

Fact 2.4. Let A be an n X n matriz. Then there exists a unitary matriz U such that UA is

positive semi-definite.
Proof. Write the SVD as A = UJV?, and choose i = VU'. O
We make frequent use of the matrix Cauchy-Schwarz inequality.

Proposition 2.5. For any two matrices S,T we have
Te(ST') < Te(SSHY2 - Te(TTH)? = ||S||pl|T || -

If S and T are Hermitian,
Tr(STST) < Tr(S*T?).

Finally, we need a variant of Powers-Stgrmer inequality from [45].

Lemma 2.6. Let X,Y be positive semidefinite matrices. Then
Tr (X = Y)!) < Tr (X2 -Y?)?).

This Lemma also played a role in the analysis of Dinur et al. [28] parallel repetition. See

Kittaneh [45] for the proof.

2.4 Quantum information theory

For comprehensive references on quantum information we refer the reader to [50, 62].
For a vector |¢), we use |||}|| to denote its Euclidean length. For a matrix A, we will

use ||A||1 to denote its trace norm Tr(v AA!). A density matrix is a positive semidefinite
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matrix with trace 1. The fidelity between two density matrices p and o is defined as

F(p,0) = ||l\/pVoll1. The Fuchs-van de Graaf inequalities relate fidelity and trace norm as

1~ F(p,0) < 3llo—olly < /T~ Flp, o). (2.5)

For Hermitian matrices A, B we write A < B to indicate that A — B is positive semidefinite.
We use [ to denote the identity matrix. For an operator X and a density matrix p, we write
X[p] for XpXT. A positive operator valued measurement (POVM) with outcome set A is a
set of positive semidefinite matrices { E*} labeled by a € A that sum to the identity.

We will use the convention that, when |¢) is a pure state, ¥ refers to the rank-1 density
matrix |1)y|. We use subscripts to denote system labels; so psp will denote the density
matrix on the systems A and B. A classical-quantum state px g is classical on X and quantum
on F if it can be written as pxg = >, p(z)|z)Xz|x ® pgjx=- for some probability measure p(-).
The state pgjx—; is by definition the E part of the state pxg, conditioned on the classical
register X = z. We write pxg|x=, to denote the state |z)z|x ® pgjx=.. We often write
expressions such as pg, as shorthand for pg)x—, when it is clear from context which registers
are being conditioned on. This will be useful when there are many classical variables to be
conditioned on.

For two positive semidefinite operators p, o, the relative entropy S(p||c) is defined to be
Tr(p(log p — log o). The relative min-entropy S (p||o) is defined as min{\ : p < 2*o}.

Let pap be a bipartite state. The mutual information I(A : B), is defined as S(pA2||pA ®
pB). For a classical-quantum state px4p that is classical on X and quantum on AB, we write
I(A; B|z), to indicate I(A; B),,.

The following technical lemmas will be used in Section 4.4.
Proposition 2.7 (Pinsker’s inequality). For all density matrices p, o, 3|lp — ol < S(p||o).

Lemma 2.8. Let p =Y, Pz(2)|2X2| ® p., and p' = 3, Pz(2)|2X2| ® p,.. Then S(¢|lp) =
S(Pz||Pz) +Ez [S(P.llp.)]- In particular, S(0'||p) = Ez [S(p.ll0.)]-
We will also use the following Lemma from [20].> Here we present an argument that

obtains better parameters ([20] proved that -7, I(X; : A), < 2S(pxa |loxa).)

2Some versions of this lemma, though in a less compact form, also appear in [40, 19].
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Lemma 2.9 (Quantum Raz’s Lemma). Let p and o be two CQ states with pxa = px,X,.. X, A
and 0 = 0xpa =0x, ®0x, ®...Q0x, ®oa with X = X;X5... X, classical in both states.

Then
S I(X; 2 A), < S(pxalloxa)- (2.6)

i=1
The conditions on p and o stated in the lemma are equivalent to them satisfying the following

form

pxa = Px(2)|z)(z] ® pax=s;  oxa =Y Px()lz)(z|®0a,

where * = (x1,Z2,...,%T,) is an n-tuple, Px an arbitrary distribution, and Py (z) =

i=1 P, () a product distribution.

Proof of Lemma 2.9. By the chain rule (Lemma 2.8) we have

S(pxalloxa) = Sloxillox)+_ E _ Slexaixi=mlloxs)+- -+, B Slpax=lloa), (2.7)

Xy Xy

where z; - px, means sampling z; according to the classical distribution px,, and similarly

for z + px,..x,. Consider any of the first n terms in (2.7). We have

. T s ) > N )= Y. €L ., &
o Sloxieallon) 2B Sloxeallon) = 10 Kot X,
where px,|., stands for px, x_,=z.,- Now consider the last term in (2.7):

E S(pax=slloa) > N S(pax=zllpa) = S(pxallpx ® pa)

Tpx
n

= I(X : A)p = EI(Xz : A|X1X2 .. -X'i—l)p'

=1

Summing up the last two equations and using I(X; : AX; ... X;) = I(X; : X5... Xi—1)+I(Xi :
AlX; ... X;_1) implies

S(pXAHaXA) 2 ZI()(1 . AX1 . 'X'i—l)p Z ZI(X, : A)p,
i=1 i=1

where the last inequality follows from strong subadditivity, i.e., I(X; : Xi... Xi;-1|A4), 2 0. O
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Chapter 3

Parallel Repetition via Fortification

This chapter is based on the paper Parallel repetition via foﬂiﬁcation: analytic view and
the quantum case, a joint work with T. Vidick and H. Yuen, published in the Proceedings
of the 8th Innovations in Theoretical Computer Science (ITCS 2017) and also presented at
the conference on the Theory of Quantum Computation, communication and cryptography

(TQC 2017).

3.1 Introduction

As mentioned in the introduction, recently Moshkovitz [48] introduced a simple yet powerful
framework for parallel repetition, called parallel repetition via fortification. In this framework,
a game G is transformed through an operation called “fortification” to a new game G’. This
new game G’ is equivalent to G in that val(G) = val(G’), but then Moshkovitz shows that
behavior of the value of fortified games under parallel repetition is much simpler than the
general case, and avoids many of the subtleties encountered in the general case. The main
benefits of fortified games are two-fold: first, their behavior under parallel repetition is much
simpler than the general case, and second, all games can be easily fortified. Thus for nearly
all intents and purposes, it suffices to focus on the parallel repetition of fortified games.
Despite its attractive features, the fortification framework [48] has some limitations; for
instance it is only applicable to the restricted (though very important) setting of classical

two-player projection games. In this chapter, we continue the study of the fortification
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approach to parallel repetition and try to expand its scope to wider classes of games. In
particular, we give an analytic reformulation of Moshkovitz’s framework which is key to

expanding the scope of the fortification method to new settings.

Before going into the details of the new analytic framework, it would be useful to review

Moshkovitz’s original combinatorial fortification framework.

The combinatorial framework. Let G be a two-player game with question sets X',V
and acceptance predicate V. For S C X and T C Y, the subgame Ggxr is defined as the
game where the referee selects (z,y) € X x ) according to u conditioned on z € S,y € T
and checks the players’ answers according to the same predicate V (the referee accepts

automatically if u(S x T) = 0). A game G is said to be (g, d)-combinatorially fortified if
val(Gsxr) < val(G) + ¢, VSCX, TCY, st. u(SxT)>6. (3.1)

The main insight underlying [48] is that games satisfying (3.1) also satisfy a strong form of
parallel repetition (up to some number of rounds depending on €, §, and the alphabet size of
G). This motivates the following approach to parallel repetition: Given a game G, Moshkovitz
transforms the game G — G’ such that val(G’) = val(G) and G’ is (g, §)-combinatorially
fortified for an appropriate choice of (g,4). Since fortified games satisfy a strong form of

parallel repetition, one expects
val(G'®™) = val(G')™ ~ val(G)™. (3.2)
Indeed, by appropriately choosing the parameters (e, ), [48] can show that the full procedure
G— G — G®" | (3.3)

amounts to a size-efficient method of gap amplification. That is, we have

val(G) > ¢ = val(G'®™)

>
~ (3.4)
val(G) <s = val(G®™) <



where we refer to the first condition as completeness and the second as soundness. The gap
amplification procedure of Moshkovitz G — G’ — G'®™ from (3.3) has three components: (i)
a preprocessing step (biregularization), (ii) fortification, (iii) parallel repetition for fortified
games.

The goal of the preprocessing step — the simplest step of the three — is to make the
game biregular (a game G is called biregular if the marginals of questions on both Alice
and Bob sides are uniform), since it is typically easier to analyze the fortification procedure
for such games. The second step is fortification, which is the main technical ingredient of
the whole approach. It is achieved by “concatenating” the game (see Section 3.1.1 below)
with appropriate bipartite pseudorandom graphs. The third step G’ — G'®™ is the parallel
repetition of fortified games, which as observed by [48] is considerably simpler to analyze

than the generic (non-fortified) case.

3.1.1 Results and techniques

The main result of our work is the extension of the fortification framework to general classical
games (with any number of players) and two-player entangled games. On the way to these
results we prove new results on all three components of the fortification framework: (i)
biregularization, (ii) fortification, and (iii) parallel repetition. In this subsection, we discuss

some of these results in detail.

Parallel repetition. A main contribution of [48] was the realization that the two-player
projection fortified games satisfy a strong form of parallel repetition, up to an additive error.
This additive error depended on the parameters of fortification as well as the alphabet size of
the fortified game. In this work, we prove an improved parallel repetition theorem (Theorem
3.24) which has the same dependance in the parameters of fortification, but instead of the
alphabet size of the resulting fortified game, it only depends on the alphabet size of the
original game (which has exponentially smaller alphabet size). This new parallel repetition
theorem is crucial for extending the fortification framework to the setting of general (as
opposed to projection) two-player games.

Let us remark that the reason why alphabet blow-up of fortification does not cause an
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issue for projection games is because for projection games it suffices to only fortify one side
of the game (by working with so-called. “square projection" version of the game). As a result
there is no alphabet blow-up for the “unfortified” side, which allows the arguments of [48, 11]
to go through. This one-sided fortification does not work for general games, which is why we

need Theorem 3.24.

Fortification. We start with a definition. Let G = (X x Y, A x B, u, V) be a game, and
M and P two bipartite graphs over vertex sets (X, X) and (), ) respectively. For each
zeXorz € X'let N(z) C X" and N(z') C X denote the set of neighbors of z and z’,

respectively (similarly for any y,y').

Definition 3.1 (Concatenated game [48]). In the concatenated game G’ = (M o G o P), the
referee selects questions (z,y) according to u, and independently selects a random neighbor
z' for x using M, and y’ for y using P. The players receive questions z’ and y’ and respond
with assignments o’ : N(z') - A and ¥ : N(y') — B respectively. The players win if
V(a'(z),b'(y), z,y) = L.

Our first two main results show how, both in the classical and quantum settings, any
game can be fortified by concatenating it with bipartite graphs M and P with sufficiently
good spectral expansion. (See Section 3.2.4 for the definition of spectral expanders, and

Section 3.3.1 for the notion of weak fortification.)

Theorem 3.2. Let G be a biregular game and M and P two bipartite A-spectral expanders.
If\ < %\/g, then the concatenated game G' = (M o G o P) is (g, 0)-weakly fortified against

classical substrategies.

Theorem 3.3. Let G be a biregular game and M and P two bipartite A-spectral expanders.
IfA< 55%5, then the concatenated game G' = (M o G o P) is (g, §)-weakly fortified against

entangled strategies.

We stress that both in the quantum and classical settings the procedure used to fortify a
game is precisely the same, i.e. concatenation with spectral expanders, and the only difference
is in the resulting parameters. Despite the similarities, the proof of Theorem 3.3 is significantly

more involved, requiring several new ideas and substantial matrix analytic arguements.
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Next we discuss a distinctively quantum phenomenon which makes the construction of a
full quantum gap amplification theorem — quantum analogue of (3.4) — considerably more
difficult. As it turns out, even though Theorem 3.3 is sufficient to prove the soundness
case of the gap amplification theorem, the concatenation procedure used in the process can
undermine the completeness condition (i.e. VAL"(G'®™) > VAL"(G)™ in general fails to hold).

The issue is as follows: let G be a game and G’ = (M o G o P) be a concatenated
version of G. Classically we have val(G’) = val(G). Quantumly, even though we still have
VAL (G') < VAL"(G) the other direction in general fails: we would have liked to argue that
the players in G’ are able to utilize the strategy in G to achieve the same success probability
in the concatenated game, but this seems impossible: having received z' € X’ and ¢’ € ),
the players have access to lists N(z') C & and N(y') C Y that they know contain the true
questions of the referee, i.e. z* € N(z'), y* € N(y’). The players would like to apply their
optimal strategy in G to each and every (z,y) € N(z') x N(y') simultaneously, but this is in
general impossible in the quantum setting.!

Note that the same issue does not arises classically because the optimal strategy in G can
be taken to be a deterministic one, and the players in G’ can use the same labeling suggested
by the optimal strategy in G to give labels to all of N(z') and N(y') simultaneously. This
strategy however relies on the fact that classically different questions have a simultaneous
labeling, a fact which certainly has no quantum analogue.

We resolve the above issue using a novel entangled value-preserving variant of fortification
which we call ordered fortification. The basic idea for ordered fortification is to give the
players some extra advice information which helps in preserving the entangled value.

Let G be a game and G’ = (M o G o P) be a concatenated version of G. There is an extra

parameter [ in the construction defined as | = max {maxycx |N(z')|, maxy ey |N(y')|}.

Definition 3.4 (Ordered concatenation). Let G and G’ be as above. In G, the referee
samples (r,y) according to G and picks random neighbors ' ~ N(z) and v ~ N(y)
independently. She then also picks two random injective maps r» : N(z’) — [I] and

sy : N(y') — [I] conditioned on sy(z) = r,(y). The referee sends z’ and 7,/ to the first

1This is because the measurement operators of different questions do not in general commute which
prevents Alice (say) to obtain simultaneous answers for all questions in N(z’). As a further illustration of
this issue, see Section 3.2.2 for an example of a game where VAL*(G’) < VAL*(G).
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player, and y’ and s, to the second and accepts if the players’ answers o’ : N(z') — A and

b : N(y') — B satisfy V(d'(z),¥(y),z,y) = 1.

Here the crucial point is that r» and s, are correlated. They give matching labels to
true questions z and y. To achieve the same winning probability as in G, the players in G p
will share [ copies of the state |1) from the optimal strategy in G. For each z* € N(2') with
label i = 7 (x*), the first player will apply the optimal G-strategy for = to the i** copy of
|¢) (similarly for the second player). The fact that r,/(z) = s,/(y) ensures that for the true
questions = and y the players apply the optimal G strategies to the same copy of |¢), and
hence are able to win with exactly the same winning probability as in G.

Of course, the crucial part here is that even though the auxiliary information in r, and
sy is helpful to the players for replicating the winning probability of G, it should not be “too
helpful’. In particular, we need to still be able to prove that Gi is fortified with appropriate

parameters. This point is established by the following theorem.

Theorem 3.5 (Ordered Fortification). Let G be a game and M and P be two bipartite graphs
as above. Let Gy be constructed from G and G' = (M o G o P) as in Definition 3.4. Then,
we have

VAL (GYr) = VAL (G).

Furthermore if M and P are \-spectral expanders and \ < 55%’5, then Go is also (g, ) weakly
fortified.

We prove Theorem 3.5 in Section 3.6 using a spectral argument that reduces it to Theorem
3.3. Beside the above, we also prove a simple multiplayer fortification in Section 3.5 for
classical games. It may be possible to adapt the proofs of Theorem 3.3 and Theorem 3.28
to obtain a multiplayer fortification theorem for entangled games. Although plausible, some

further technical issues arise in this case which we do not pursue here.

Biregularization. As already mentioned, biregularization is a minor (but necessary) step
in the fortification framework. Our biregularization lemmas are presented and proved in
Appendix 3.2.3. In terms of final statement, our biregularization lemmas are incomparable

with those of [48, 11]. For example, in the case of graphical games, we prove a biregularization
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lemma which preserves the value exactly but has a cubic blow-up in the number of questions,
whereas the biregularization lemmas from [11, 48] had a nearly linear blow-up but only
preserved value up to an additive error. Moreover, in this work we prove biregularization
for all games whereas [11, 48] only considered graphical games. (See Subsection 3.2.3 for

definitions.)

3.2 Preliminaries

3.2.1 Substrategies

The main goal of this section is to introduce the notion of classical and quantum substrategies
which replace the notion of subgames from [48, 11]. As subgames were central in the
combinatorial framework of [48], substrategies are similarly central to our analytic framework.

Let G be a game with question sets X', Y, answer sets A, B, predicate V', and question

distribution g on X x Y.

Definition 3.6 (Classical substrategies). Let G = (X x YV, A x B, i, V) be a two-player
game. A classical substrategy is given by (f,g) where f: X x A — [0,1],9: Y x B — [0,1]
satisfy
Vz e X, f(z):=) f(z,a) <1, Vyel g(y)=>) g(yb) <L
a b
We call (f,g) a “complete strategy” (sometimes simply strategy) if equality holds in all above

inequalities, i.e. f(z)=g(y) =1 for all z,y.

Definition 3.7. Given a substrategy (f, g), the value of G with respect to (f, g) is given by

val(G, f,9):= E > V(a,b,z,y) f(z,a) - g(y,b). (3.5)

TY)~H acAbeB

The classical value of G is

val(G) := sup val(G, f, 9), (3.6)
I
where the supremum is taken over all complete strategies f, g.
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We note that the definition given by (3.6) can be easily seen to be equivalent to the more

traditional definition of the classical value, i.e.

val(G) := pI:I/‘lfizCA (;,;IE'N,‘ V(p(z),q(y),z,y), (3.7)
¢Y—B

because any strategy f : X x A — [0,1],¢9 : Y x B — [0,1] can be written as convex
combination of a collection of strategies of {0,1} valued strategies; on the other hand, taking

supremum over f,g which are {0, 1} valued is precisely equivalent to (3.7).

Next, we extend the above notions to the quantum setting.

Definition 3.8 (Quantum substrategies). Let G = (X x Y, A x B, u, V) be a two-player
game. A quantum (or entangled) substrategy for G is a tuple (|¢),{A%},{B}}) defined
by an integer d € N, a unit vector |¢) € C¥? and sets of positive semi-definite matrices

{A%}rex aca, {Bg}yey,beg over C? satisfying
VQIEX,AZ-Z=ZA;S]I, VyGy, By:ZBZS]I (38)
a b

If A, = B, =1 for every z,y the quantum substrategy is called a “complete strategy”

(sometimes simply strategy).

Definition 3.9. Given a quantum substrategy (|¢), {42}, {B}}), the value of G with respect
to (|v), {A%}, {Bg}) is given by

VAL'(G, [9), {4}, {B}}) = ZV(a b,z,y) (Y| A ® Byly).
The entangled value of G is defined as

VAL (G)= sup  VAL'(G,|y), {A2},{B%}), (3.9)
lv),{A2}.{BS}

where the supremum is taken over all complete strategies (|¢), {A2}, {BS}).

38



3.2.2 Concatenated games

Let G = (X x Y, Ax B,u,V) be a game, and M and P two bipartite graphs over vertex sets
(X', X) and (), )) respectively. For each z € X or 2/’ € X’ let N(z) C X’ and N(2/) C X
denote the set of neighbors of z and 2/, respectively (similarly for any y,y’). Recall the

definition of Concatenated Games from the introduction.

Definition (Definition 3.1 restated). In the concatenated game G’ = (M o G o P), the
referee selects questions (z,y) according to u, and independently selects a random neighbor
2’ for z using M, and ¢’ for y using P. The playersv receive questions z’ and y’ and respond
by assignments o’ : N(z') - A and & : N(y') — B respectively. The players win if
V(d'(z),¥(y),z,y) = 1.

For a concatenated game G’ = (M o G o P), we refer to G’ as the outer game and to G as

the inner game.

Let G' = (M o G o P) be a concatenated game. Let dy = maxgcx |[N(z')|, dy =
maxyep |N(y')|. Then, the alphabet of the concatenated game is given by A’ = A%,
B’ = B%’. Similarly, it is easy to see that the distribution u’ of questions in G’ is given by

loren@) | lyten@)

/ ’ N
W' y') = E(zy)~u [N ()] IN(W)| -

Definition 3.10. Let G’ = (M oGo P) be a concatenated game. To any pair of substrategies

(f,g) for G’ we associate the induced substrategy?

z,a) = E z',d"), ,b):= E o). 3.10

f@a):=_E %zf @), gwd):= E b,:b%:bf(y ) (3.10)
Similarly, given an entangled substrategy (|v), {A%}, {Bzi}) for G’, we define the induced
substrategy as

A= E A%, B:= E BY. 3.11
iL‘lNN(E) a,(;):a z Y y’~N(y) b,(zy)::b Y ( )

Intuitively, an induced strategy is a strategy for the inner game in which the players

proceed as follows: given question z € X', y € Y and a strategy (f, g) for the outer game, the

2Note the slight (but convenient) abuse of notation due to the use of the same letter to represent a
substrategy and the corresponding induced substrategy. The more accurate but more cumbersome way of
denoting the induced strategies in in [?]’s language would have been M f and Pg.
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players select two random neighbors of their questions =’ € N(z),y’ € N(y) independently,
and play according to the labeling of z,y suggested by (f, g) at ' and y/'.

The following simple proposition will play an important role throughout the paper.

Proposition 3.11. Let G' = (M oGo P) be a concatenated game. The value of any classical
strategy (f,g) (resp. quantum strategy (|¢), {A%},{B%})) in the outer game G’ is equal to

the value of the induced strategy in the inner game G:

val(G, f,9) = val(G, f,9)  and  VAL'(G,[9),{AL},{By}) = VAL'(G, [¥), {4z}, {B}}).

(3.12)
AS a consequence,
val(G') < val(G), and  VAL'(G') < VAL'(G). (3.13)
Furthermore,
val(G') = val(QG). (3.14)

Proof. The first equality in (3.12) follows from linearity of expectation and the definition of

induced strategies as

val(G',f,9)= E E E Y. V(d(2),V(y),z,y) f(z'd) gy, b)

(z,y)~p =’ ~N(z) y'~N(y) a'e A YeB

= E > V(ab,z,y) f(z,a) g(y,b)

@Y~ oA peB

= val(G, f, 9)-

The second equality is proved similarly. The two inequalities (3.13) follow directly from (3.12).
To show (3.14) it remains to show that val(G’) > val(G). Consider an optimal deterministic
strategy for G given by p : X - Aand q: Y — B. Forany 2’ € X', ¢y € )’ define
a' : N(z') — A according to p and ' : N(y') — B according to g. It is easy to see that this
achieves the same value in G’ as (p, q) did in G. O

As mentioned in the introduction, the quantum analogue of (3.14) does not hold in general.

For example, consider the case that M and P are complete bipartite graphs. In this case,
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the players playing G’ = (M o G o P) need to provide a labeling to all vertices in X and
Y simultaneously. But this is essentially just a classical strategy as the labelings for X', Y
are now fixed. Hence, VAL'(G’) = val(G), the classical value, which in many cases could be

much smaller than VAL"(G).

3.2.3 Biregularization

As in [48, 11] we prove our fortification theorems for the special class of biregular games.

Definition 3.12. A two-prover game G = (X x Y, A x B, u,V) is called biregular if the

marginals of 4 on & and Y are both uniform.

The following lemma justifies that for our purposes we may always assume a game is

biregular.

Lemma 3.13 (Biregularization lemma). Let G = (X x Y, A X B, u, V) be a two-prover game
and 7 € (0,1) a fized constant. There exists an efficient algorithm that given G produces a
biregular game G, with question sets Xy and Vi of cardinality at most

8lx||VI?

T

s < AP
nt) = - y

| Vine] < (3.15)

the same answer alphabet size as G, and value satisfying
val(G) < val(Gint) < val(G) +7,  VAL'(G) < VAL'(Gimt) < VAL'(G) +7.  (3.16)

Note that (3.16) implies that applying the Biregularization Lemma to a game never
decreases its value, and hence the procedure is completeness preserving.
A widely used class of games in applications are so-called graphz:cal games, for which we

can get an improved biregularization result that does not require any approximation factor .

Definition 3.14. A graphical game G is a game where the questions are given by choosing an
edge of a bipartite graph uniformly at random (i.e. E C X x Y and u(z,y) = I—I%J—I if (z,y) e E

and u(z,y) = 0 otherwise). The predicate and the answers do not have any restrictions.
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Lemma 3.15 (Biregularization lemma, graphical case). Suppose G is two-prover graphical
game with E edges between (X,)). There exists an efficient algorithm that given G produces

a bireqular game Gy with question sets Xy and Vi bounded by
[Xindd <1E|-1X] <IXPDYL, Vind < BT Y] < |X]DP (3.17)
the same answer alphabet size as G, and the value satisfying
val(G) = val(Gine) VAL'(G) = VAL (Gine). (3.18)

Remark 3.16. In the above, we can allow for multiple edges across vertices of G. In this
case £ must be taken as a multi-set and the bound |E| < |X||Y| used in (3.17) must be

suitably modified.

Interestingly, our technique for proving the biregularization lemmas is concatenation itself!
We start by proving the second lemma for graphical games, and derive the general case by

reduction.

Graphical games. Suppose G is a graphical game: there is a set of edges £ C X x Y
such that u(z,y) = TIl&TI for all (z,y) € E. In this case we have

_ IN(@)] _|IN@)]
) = “‘IET*, uly) = 1B

VeeX,ye ). (3.19)

Let d, := |N(z)| denote the degree of z, and set S, be the set {z} x [d,]. Define

Xint = U Sz.

z~X

Note that |Xim| = |E| < |X||V|. Define Min((z,%),z) = 4- for i € {1,...,d,}, and 0

otherwise. Construct V;,; and P,,; similarly.

Proposition 3.17. Let Gy = My 0 G o Py, Then marginal of pine tnduced on Xy and
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YVint s uniform. Moreover, we have
val(Gint) = val(G), val*(Gine) = val™(G). (3.20)

Proof. 1t is easy to see that for all X, = (z,1) € Xy we have pin(Ting) = l_él and similarly
for all yYins € Vine- The claims val(G;n:) = val(G) and val*(Gipe) < val®(G) are true for all
concatenated games in general. The final claim val*(G;,:) > val*(G) follows by considering

the strategy A(;:) = Az, Byy,j) = By which achieves the same value as (A4, By) in G. |

General case. Although graphical games include many games considered in applications,
it would nevertheless still be nice to extend the above construction to all games. We do not
know how to do this exactly, but we can achieve an approximate variant.

The idea is essentially to approximate a general game by a graphical game. More formally,

let 7 € (0,1) be an error parameter and ¢ an integer such that @ <g< 2—'5—' We have

,
A <
2 E|

< I_TI (3.21)

Q|

We would like to define a game G in which all probabilities in the underlying distribution
fi(z,y) are fractions with denominator ¢. Let X = X U {Zpw} and Y = Y U {ynu}. For every

(z,y) € X x Y set
): I.Q'ﬂ'(a"ay)J.

, (3.22)

p(z,y

Finally let fi(Znui, Ynw) such that i is a proper probability distribution (i.e. by transferring

the excess probabilities to (Zpw, Ynw)) and put an arbitrary winnable predicate on (%, Ynut)-

Proposition 3.18. The game G is a graphical game with q (possibly parallel) edges. Moreover,

we have
val(G) < val(G) < val(G) + 7, val*(G) < val*(G) < val*(G) + . (3.23)

A few remarks are in order: firstly, since the previous construction for graphical games

applies equally well in the presence of multiples edges, we can combine it with the above
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preprocessing to prove Lemma 3.13. Secondly, note that the operation G — G is value-
increasing and hence preserves perfect completeness. Thirdly, note that the right scale for

the error parameter 7 is “3* where ¢ — s is the completeness-soundness gap.

Proof. By construction all fi(z,y) are integer multiples of %. This ensures that the same is
true for fi(Tpu, Ynw)- Since p(z,y) > i(z,y) for all (z,y), for any strategy (f,g) for G we

have

l—val(G,f,g): E Z f(a:,a)g(y,b) 2 l—val(é,f,g),

@Y1y (4,b,2,9)=0

which shows that val(G) < val(G). For the other direction, consider an optimal strategy

(f,g) for G (which necessarily always wins on (Zpw, ¥nu)). We have,

1_Va‘1(G) < 1—Val(G,f,g)= E Z f(x,a)g(y,b)

(z,y)~p V(aybye.y)=0

SZﬂ(x7y) Z f(a:,a)-g(y,b)+ Z (u(a:,y)—ﬁ(:c,y))

V(a,b,z,y)=0 (z.y)EE

<1 —val((}') +7

The quantum case is similar. O

3.2.4 Expanders

The method used in {48, 11] for fortifying a game is concatenation with sufficient pseudorandom
bipartite graphs. This is done using extractors in [48] whereas expanders are employed in
[11].3 Here we follow the latter approach and use expanders.

Let M = (X’ x X, E) be a bipartite graph. For z € X let N(z) C X’ denote the set
of neighbors of z and similarly for ' € &’. We shall work with graphs that are X-regular,
i.e. d = |N(z)| for all z € X. Define distributions g and u' on X and X’ via

M) = g W) = NI

3The two approaches however lead to essentially to similar parameters (e.g. A = O(eV/d) to get (e,d)-
fortified graph where A is the second largest singular value of normalized adjacency matrix of the concatenating
graph.); moreover, in the classical setting the approaches are in fact are more or less equivalent. See [11] for
more.
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for all z € X and z’ € X’. Note that p'(2’) is the probability of obtaining z’ by sampling
x ~ p and taking a random neighbor of (according M) z . Let M be the following normalized
adjacency matrix of M

;‘% if 2’ € N(x)

otherwise

S Al

M(z,z') = {

We usually view M as an operator from f2(X”) to €2(X). Note that when M is a biregular

expander we get the simpler definition M(z,z’) = 3 Gl

i\ 77 for =’ € N(z), and 0 otherwise.

Definition 3.19. A bipartite graph M is called a A-spectral expander if the second-largest

singular value of M is at most A.
A simple useful proposition for us is the following:

Proposition 3.20. Let M = (X' x X, E) be a bipartite \-spectral expander. For f : X' — R
and z € X let f(z) = Epon() f(2'), and f = Epop f(z') = Eony f(z). Then

E(fe)- P? <X E (/@) - P* (3.24)

T

Proof. Let p, € R¥ p, € RY to unit vectors defined as p,(z) := m and p,(z) =
Vu(@). Letgx () = /u(z) f(2), qu (@) = /u(@) f(@).

First, observe that M p,, = p, and M!p, = p,. It follows that (p,,p,s) form a pair of
singular vectors of M. Moreover, it is easy to see? that these are top singular vectors which
shows that || M]|,, = 1. Now notice that

ey

E (f@) - I = LWu@)f @) = FVu@)P = lav - foulh,  (6:25)

Second, observe

Max = qx. (3.26)

‘e.g. by appealing to the Perron-Frobenius theorem.
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As such, (3.24) precisely corresponds to

llgx = Fpalls = IM (ax = F )l < X llgx — Fwll3. (3.27)

The claim follows by noting the orthogonality property

{qr: — f P pw) = Zju(x')f (z') - f=0. (3.28)

3.3 Fortification framework

This section introduces the fortification framework. We define the notion of analytically
fortified games and recall our main parallel repetition and fortification theorems. We end by

a discussion of the parameters of the resulting gap amplification results.

3.3.1 Analytical fortification

We distinguish between two variants of the notion of fortified games which we call weakly
fortified games and strongly fortified games. Although the difference between the two may

seem minor, this difference is in fact quite important in the quantum case.

Definition 3.21 (Fortified games). Let €, € [0,1]. A concatenated game G’ = (M o G o P)

is called weakly (g, 0)- fortified against classical substragies if for any substrategy f, g we have
val(G', f,9) < (val(G) +¢) - B f(@)aly) +0. (3.29)
z,y)~p

Similarly, we define G’ to be weakly (g, §)-fortified against entangled substrategies if for any
substrategy {A%}, {BS',} we have

VAL'(G {AZ} {By) S (VAL (G) +¢) - E ($l4. ® ByY) +0.  (3.30)

If furthermore val(G) (resp. VAL'(G)) can be replaced by val(G’), (resp. VAL (G")) in
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the above then the game is called “strongly fortified" against classical (resp. quantum)

substrategies.

Note that our main results, Theorems 3.2 and 3.3, show how any game can be (weakly)
fortified by concatenating it with good-enough spectral expanders.

Two remarks regarding the above definition are in order:

e Using (3.13), we see that strong fortification implies weak fortification, as expected

from the terminaology.

e From (3.14) it follows that the two notions in fact coincide in the case of classical

fortification, but this is no longer the case for quantum fortification.

Our notion of fortified games and that of [48, 11] are closely related. Essentially, in
Definition 3.21 we have replaced the the condition for all d-large rectangles in (3.1) with a

smoother condition. In terms of a precise relation, we can show the following.
Claim 3.22. Every (g,€0) strongly fortified game is also (2¢,6) combinatorially fortified.

Proof. Consider a subgame given by S C X, T C Y in G. To every strategy (p, q) for Gsxr,
ie,p: S — A, q:T — B, we can associate a natural substrategy (f, g) by

1 ifx € SAp(z) = q, 1 ifyeT ANq(y) =b,
f(z,a) = , o g(y,b) =
0 otherwise 0 otherwise
(3.31)
Then one can easily see
Val(Gv fa g) = Va'l(GSXTapy q) ) ﬂ(S X T)5 (332)

Now assuming that rectangle S x T is d-large, i.e. u(S x T) > 4, and since G is fortified

against classical substrategies, we have

val(G, f, 9)
u(S xT)

5The term u(S x T) = E(z,y)~u f(x)g(y) is a natural scaling parameter playing an important role in our
discussion as a measure of the “largeness’ of a subgame or a substrategy.

val(Gsxr,p,q) = (3.33)
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< (val(G) +¢) - E(”Z'("g i(;))g(y) + ,u(Séi i8] (3.34)

< val(G) + 2¢ (3.35)

where in the second inequality we used p(S X T) = Egy)~pu f(2)g(y). ]

We note that in Lemma 3.22, the reverse implication does not hold and the notion of
analytically fortified game is strictly stronger. In what follows, in the rare occasion when we

call a game fortified (without specifying weak or strong) we mean strongly fortified.

3.3.2 Parallel repetition of fortified games

Using the definition of fortified games, it is straightforward to prove the following parallel

repetition theorem.

Theorem 3.23 (Basic parallel repetition). Let G5 be a (g, d)-fortified game against classical

substrategies. Then for any game G’ we have
val(G] ® G3) < (val(G3) +¢) - val(G}) + 0 - |Ze |, (3.36)

where L is the total answer alphabet size (i.e. the product of Alice and Bob’s alphabets) of
G;.

We prove this theorem in Section 3.4 by adapting the proof of the analogous theorems
in [48, 11] to the analytic setting. Unfortunately, while this theorem exemplifies the main
idea behind our results, it is not directly useful for applications. The reason for this is that
the fortification procedure G — G’ via concatenation induces a large blow-up in the alphabet
size, |[Z¢| ~ |Z¢|P, where D = ﬁé— is the degree of the expander graph chosen. As one
iterates the repetition procedure m times, the blow-up due to the additive term in (3.36) will
be of order §|Se/|™ . But typically |E¢/|™ ! > |Sg|™~D/V?  leading to a term larger than
1 and rendering the theorem useless.

We resolve this problem by proving an improved repetition theorem which exploits the
fact that G’ takes the form of a concatenated game, whose inner game G has a much smaller

alphabet.
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Theorem 3.24. Let G’ be a concatenated game, with inner game G, that is (e, 0)-weakly

fortified against classical substrategies. If § - (m — 1) - |[Sg|™ ! < 7 then
val(G'®™) < (val(G) + &)™ + 1. (3.37)

Similarly, if G’ is (g, §) weakly-fortified against entangled substrategies and §-(m—1)-|Sg|™ ! <
n then
VAL™(G'®™) < (VAL'(G) + €)™ + 1. (3.38)

The main advantage of Theorem 3.24 compared to Theorem 3.23 is in the additive error,
which is now is in terms |X¢| rather than |Zg/|. What is important here is that the size of
|X¢| is independent of the fortification parameters (g, ) whereas |Z¢/| grows exponentially
as 0 decreases. Let us also note that Theorem 3.24 is quite general, and in particular applies

to the multiplayer case.

3.3.3 Gap amplification

Having stated our main parallel repetition, fortification, and biregularization theorems, all
the main components of gap amplification are finally in place. Indeed, using val(G) = val(G’)
Theorem 3.24 implies our final gap amplification for the classical value. This matches the
parameters of main results of [48, 11] and extends it to more general settings.

Since quantumly we could have VAL (G’) < VAL'(G), from (3.38) we cannot obtain
VAL (G"®™) < (VAL™(G') 4+ €)™ + 1. (3.39)

However, Theorem 3.3 and Theorem 3.24 are still sufficient to prove a gap amplification
theorem for the case where the completeness holds against classical players and the soundness
against the quantum ones.® To obtain a fully quantum gap amplification however, we need
to appeal to the notion of ordered fortification which, as we discussed, is a entangled-value

preserving variant of the ordinary fortification.

E.g. as was the case in [38, 60].
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Theorem (Theorem 3.5 restated). Let G be a game and M and P be two bipartite graphs as
above. Let Gy be constructed from G and G' = (M o G o P) as in Definition 8.4. Then, we
have

VAL (G ) = VAL (G).

bl

Furthermore if M and P are \-spectral expanders and A < 2, then Go s also (g, 6) weakly
fortified.

We stress that G constructed above is itself a concatenated game with the inner game
G®, disjoint union of I = poly(;) copies of G. This means the inner alphabet size of Gy
is precisely the same as G’s, and therefore there is fortunately no issue in terms of alphabet
blow-up for applying Theorem 3.24 to Gy . So using Gy instead of G’ in Theorem 3.24, we
can finally prove the analogue of (3.39) for Gop.

3.3.4 Parameters of gap amplification

We can now discuss the parameters of the gap amplification corollaries. As in [48, 11], the
parameters are typically very good in terms of question sizes but much worse in terms of
alphabet size. Here, we mostly focus our discussion to gap amplification in the classical
setting as the calculations in the quantum setting are similar.

To understand the parameters, we need to only consider the soundness case. Suppose we
are given a game G with guarantee val(G) < 1— 7 and a target soundness value 3. We choose

€ = 7/2 and m such that (val(G) + €)™ < /2. Hence, we have m = 101;251(_2_/5)2) < 21"87(_2/@.

We want

val(G'®™) < (val(G) + &)™ + 8 - (m — 1)|Z¢|™ " < 6. (3.40)

Hence, we just need to ensure § - |Sg|™ ! < 8/2. So we have § = m’%—c—'m

So what does the above mean in terms of the size of the final output of gap amplification
G'®™. The question size is |X|™ and |Y|™ (since we have |X’| = |X| and |)’| = |Y|). Note
that m is essentially as small as we can hope for because even given a perfect parallel repetition

theorem, we had to take m ~ M. Hence, the construction is essentially optimal in terms

of question sizes.
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For the alphabet size, the situation is much worse. We have |Zg/| = |Sg|P where

m2]E Im—l
D = O(%M). This means (up to dominant factors) that |Sgem| = |Zg|™ 2

which means that the alphabet is exponentially worse than basic parallel repetition which
results in [Xg|™. Note that however in typical settings where || is constant and 8 a small
constant (or inverse logarithmic in size of G), this exponentially worse behavior of alphabet
size does not cause a significant problem.

Next, let us consider the setting where the completeness holds for classical players and
soundness against entangled players. In this case, we can just use Theorem 3.3 instead of
Theorem 3.2, and hence all the calculations are precisely the same with ¢ and § replaced with
their squares.

Lastly, in the fully quantum case we need to use Theorem 3.5. In this case, m,¢,d are
chosen in precisely the same way. Alphabet size is also exactly the same as G has the
same alphabet size as G’. The only difference is that the question sizes in G}y are slightly
larger than G’: we have |X'| = |X| - poly(JE—‘gm) and |Y'| = || - poly(lz%lm). This is however
arguably a minor blow-up since we typically expect that |Lg|/8 to be much smaller than

size(G) = |X| - |Y].

3.4 Parallel repetition theorems

In this section we prove our main parallel repetition theorem.

Theorem (Theorem 3.24 restated). Let G’ be a concatenated game (g,8)-weakly fortified

against classical substrategies with inner game G. If § - (m — 1) - |Zg|™ ! < n then
val(G'®™) < (val(G) + &)™ + 1. (3.41)

Similarly, if G' is (g, §) weakly-fortified against entangled substrategies and §-(m—1)-|Zq|™ ! <
n then
VAL'(G"™®™) < (VAL™(G) + &)™ + 1. (3.42)

The proof follows directly from the following proposition.

51



Proposition 3.25. Let {G.}._, be a collection of concatenated games with inner games

{G:}t_,. Suppose that G, is (g,8) weakly fortified against classical substrategies. Then,
t—1
val(G1 ® G4 ® ... ® G}) < (val(Gy) +¢) - val(G1 ® Gy ® ... ® G;_1) + 6 - [[ IZa,]- (3.43)
i=1
Similarly, if G is (€,0) weakly fortified against quantum substrategies, then

t—1
VAL (G, @G, ®...QG)) < (VAL (Gy)+¢) VAL (G ®Gh®...®G,_1)+6-[] |Sc|- (3.44)
=1

The key to proving Proposition 3.25 is to work with the induced strategies. This allows
us to get an additive error depending just on the alphabet size of the inner game. In the
proof, we use the usual notation where a strategy missing an (answer) argument indicates

summation over that variable. For example,

f(931, az, ... axt~lyat—1»xt) = Zf(ﬂll,al, cey Ly, at—1,$t,at)~
at

Proof. We only prove (3.43) as the proof of (3.44) follows the same structure. Also for
simplicity, we focus on the case of two-player games as the proof of the multiplayer case is a

straightforward extension.

Consider any strategies f : X] x A} X ... x X/ x A, = [0,1], g : Yy x By x ... x Y, x B, =
[0,1]. To clarify notation we will denote tuples (z1,...,2-1) as z<;. With this notation,

val(G} ® ... ® Gy, f, g) is precisely

t
E E E Y [ Viai(z), bi(wi), i, ui) f(X'<t,a'<t) - 9(y' <0, b'<e),  (3.45)

x x! g -
(x<t,¥<t) <t¥Y'<t a'cs,blc; =1

where the expectations are according to (z;,y;) ~ p; and z; ~ N(z;) and y; ~ N(y;) for all

t=1,...,t. As usual let

f(x<t’ Aty .’L';, a;) = E Z f(x,<t7 a,<t7 x;, CL;) (346)

! oo N
X <t (X<t) ag(zi)=ai,i<t
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Using this notation, we can rewrite (3.45) as

t—1
HV(ai)b'iaxiyy’i) S(x<tay<tva<t7b<t)a (347)

(x<t,y<t) ace,bey i=1

where S(x<¢, ¥<t,a<t, bt) is given by

("DIEy )IB;];; E V((li(wt), b;(yt)v Ty, yt) f(x<ty A, ‘T;a a;) ) g(y<t7 b<ta y;: b;) (348)
P SV b

Consider the following substrategy Gj: fix the first 2(¢ — 1) arguments of f to (x<¢,a<;)
and the first 2(¢ — 1) arguments of ¢ to (y<, b<;). Then (3.48) is precisely the value of this
substrategy in Gj. Since Gj is (¢, ) weakly fortified, it follows that

(3.48) < (val(Gy) +¢) - E  f(x<t,ace, Tt) - 9(¥<ts bt Yt) + 6. (3-49)

(zt,yt)

Plugging this expression back into (3.47), val(G} ® ... ® G}, f, g) is bounded by
1 t

t—1 t—1

(val(Gy) +¢) ( E Yo IV bz w) fxer,ace, ze) - g(y<e, Dat, ) +6 - 116l

X<t¥<t) 4y bepinl i=1

To conclude we observe that

t—1

Yo I Viaibi, i us) f(x<t, act, T) - 9(¥ <ty Dty Ye) (3.50)

(x<eyse) act,bet i=1

is at most val(G} ®...®G}_,), as for any fixed (z;, y;) the functions f(-,z;) : X x A} x ... x
X1 x Ap_; = [0,1] and g(-,ye) : V; x By x ... x Y/_; x B{_; — [0, 1] are valid strategies in
Gi®...9G,_,.

O

Remark 3.26. Theorem 3.23 immediately follows from Proposition 3.25 by taking ¢t = 2

and considering the trivial concatenation G} = G;, G} = Gs.
Theorem 3.24 follows easily.

Proof of Theorem 8.24. We prove (3.41) as the proof of (3.42) is similar.
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The proof is by induction on m. The case m = 1 is clear. By the induction hypothesis we
have

val(G/®(m——1)) < (val(G) +E)m_1 +6- (m _ z)lzGlm_Q-

Note that we can assume val(G)+¢ < 1 otherwise (3.41) holds trivially. Applying Proposition
3.25 we see that

val(G'®™) < (val(G) +€) - val(G'®™ V) + 6 - |5
< (val(G) + €)™ + 6 - (val(G) +¢€) - (m —2)|Bg|™ 2 + 4 - |[Zg|™

< (val(G)+e)™+6-(m—1)-|Sc|™

3.5 Classical fortification

In this section we prove our main theorem regarding the fortification of classical games.
Beside providing a short and self-contained treatment of the main result of [48, 11], it serves

as preparation for the analysis of Section 3.7.

Theorem (Theorem 3.2 restated). Let G be a biregular game, M and P two bipartite A-
spectral expanders. If A < g\/—g, then the concatenated game G' = (M oG o P) 1is (g,9) weakly

fortified against classical substrategies.

We note that it follows from [11, Appendix C] that the dependence A and ¢ in Theorem
3.2 is up to constant factors optimal. On the other hand, the tightness of dependence of €
and ¢ does not seem to follow from [11] lower bound (however, § is by far the more significant

of the two parameters).

3.5.1 Proof of Theorem 3.2

We start with a simple claim whose proof we will defer to the end of the subsection.

Claim 3.27. Let M = (X' x X,E) and N = (Y’ x Y, F) be two biregular bipartite graphs
that are A-spectral expanders. Let p be a distribution on X x Y such that both marginals of
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w are uniform. Let f: X' — R and g: Y’ — R be any functions. Define f : X — R and
g:Y — R as the induced functions, given by f : &+ Epane) f(27), 9y — Eypong) 9(¥)
respectively. Then

<o (_E @) (B o))"

z! y/Ny'

fla)gly)) = | E  f(z2)g(v2)

(z1,91)~p

and

<ox(_E, 1r@)r) " (B, low)R)

E E - E
|E, /@) E o)~ JE,

2)

~ f(x2)g9(y2)

We prove a slightly stronger statement which implies Theorem 3.2. Let f,g be any
substrategies for G, and let v = E; ), f(z)g(y). We claim that

val(G', £, g) < val(G)y + 2V2 A\/7 + 4 A% (3.51)

To deduce the bound claimed in Theorem 3.2 from (3.51) we distinguish two cases. Either
v < 4, in which case using the trivial estimate val(G’, f,g) < 7 the bound immediately

follows. Or v > 4, in which case

val(G)y + 2V2)0/7 + 4X% < y(val(G) + 2V2A67V/?) 4 422

<v(val(G)+¢e)+ 6

given the relation between £, and A expressed in the theorem.

It remains to prove (3.51). Fix substrategies f and g. We have

val(G', f,g)= E > fz,a)-g(y,b)

(z,y)~p V(abay)=1

_ . f(z,a) g(y,b)
I A Dy v e
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where we adopt the convention that 0/0 = 0. Using the triangle inequality,

, f(,0) gu.b) )
Val(G’f’g)Sv(zg'*“v(a%y):l fl@)  9) + B @) |

<yal@)+ E_|f(@)9() 1], (3-52)

where the second inequality follows since (z,a) — f(z,a)/f(z) and (y,b) — g(y,b)/g(y) form
a valid pair of strategies for G. It remains to estimate the second term above. Applying the

first inequality in Claim 3.27,

E |f(w)g(y)—7152\/§>\( Ex,|f(fv')l2>l/2( . 'g(y,)|2)1/2

(z,y)~p T~ y'~Y!

<2vr(_E, 1) B o)

oo X! Y~y

< 2V2M /7 + 2X2
< 2V2A(V7 + V2X)

= 2V2\ /7 + 4)\%,

where in the second inequality we used 0 < f(z'), g(y’) < 1 for all 2/, % and the third uses
the second inequality in Claim 3.27. Together with (3.52) this proves (3.51).

Finally, we prove Claim 3.27.

Proof of Claim 3.27. For the first inequality, write

WE @) = B f@)g)|
= (icl,yl)y%%my:’)'vu (lf(xl) - f(l'2)||g(y1)| + |f(x2)||g(y1) - g(y2)|)
1/2 1/2
< (L E_ @) - f@)) " (B low)?)
1/2 1
+ (LB @) (B lgw) - 9P

(B 1ren - ser) (B, lawr)

/2

A B ) (L B e - swi?)

yi 7yé~yl
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where the last inequality uses Proposition 3.20. Now note that Ey orar | f(2]) — f(25)]* <
2E, x| f(z')|?. Applying a similar bound for g gives us the first inequality. For the second,
write

f(@2)9(w) E, f(2) E g(m)|

(z2,y2)~p

(f@1) = F(z2))(9(01) — 9(2))|

(z2,y2)~p,x1~X y1~Y

: (rl E (f(z1) = f(z2)) )1/2(31 E_(9(u) - 9(@/2))2) "

1:Y2

<¥(, E (- f<x2>>2)”2(y,1 E () - sh)7)

l XI

<o (_E, 15@R) (B, loaR)"

3.5.2 A simple multiplayer fortification

The following is a simple fortification theorem for k-player games. Since Theorem 3.24 applies
equally well to the multiplayer setting, we get a hardness amplification result for classical

multiplayer games.

Theorem 3.28. Let G be a k-player game. Suppose G’ is given by composing each of the k
sides of G by a A-spectral ezpander where A < 26/k. Then G’ is a (0,8) fortified game.”

Proof. Consider a classical substrategy for G’ given by f; : X/ x A, > R* fori=1,2,... k.
As usual, denote f; : X; x A; — R* the projection of f; to the inner game G. By definition,

val(G, {fi}r,) = IE > Viay,..., a6, 21, 7k) f1(Z1,01) - fo(T2, a2) - . . fr(ax, ax)-

x
“Tk) a1 agrenrak

We can rewrite the above as

z a ag, T x h(z1,a1) - fa(z2,09) - fk(wk,ak)
IIL( ) z V(ay, ..., a5, 21, -, Tk) ) Jelen ) s

" Although there is no ¢ dependence in the above, when applied to 2-player games the theorem is still
weaker than Theorem 3.2 because of the worse dependence on § — which is the more crucial parameter than «.

(zlv azk)
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Let v = E(z,...z,) [15-, fi(z:). Applying the triangle inequality,

.....

.....

k
val(G, {fi}s1) <v- val(G)+ E II:Ifi(xi)_'Yl-

To conclude it will suffice to show the second term above is at most §. Let f; = E,, f(x;).

Then

foxz)— l

k ko
Hfﬁ(xi)_l}f‘b +
() ﬁﬁ +
Hfz (z:)-II %

=1 =1

1—1

.....

.........

where the first equality is by definition of 7, the second inequality by convexity of | - |, and

the last follows from

k |e-1 ¢
|fi(z1) faza) - .- fu(zn)—fifa- - ful < E Hfz ;) - Hfz Hfi(fci) H fil < Z]Elfz(xz) fil.
=1 |i=1 i=1 i=0+1
Hence,
k N\ 1/2 k o\ 2
..... i(z:) — I Z (E(fz ) fi)2) <20)° (]E(fz(m;) - fi)z) < 2)k.
i=1 i=1 i
The desired result follows. O

3.6 From strong to weak fortification for entahgled games

In this section, we start working toward the problem of fortifying games in the entangled
case. In particular, we show how Theorem 3.5 follows from Theorem 3.3. Let G = (X X

Y, A x B, u, V) be a two-player game.
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Definition 3.29. For a game G and integer | € N let G® denote the disjoint union of [

copies of G.

Suppose that M and P are regular bipartite graphs over X’ x & and )’ x ), respectively.
Suppose further that M and P are balanced, i.e. |X’| = |X| and |’| = |J|. Let dj and
dn denote the degree of vertices M and P, respectively. (Note that since the graphs are
balanced and regular, the left and right degrees are the same.)

Following [11], we assume that M and P are explicit bipartite almost-Ramanujan ex-
panders, as provided e.g. by [12], for which the second-largest singular values A\y; and Ap of

A and Ap (the normalized adjacency matrices) respectively satisfy

poly (log du) poly(log dp)
Ay =0 | ——=—=——=1, Ap=0|—FF———]. 3.53

w0 (PN v Vir (59
Note that if dy,dp = ﬁ(%) then Theorem 3.3 implies that G’ = (M o G o P) is (g,9)

weakly-fortified. Next we recall the definition of G from the introduction.

Ordered fortification. Let G, M, P and G’ = (M o G o P) be as above. let | =
max{da,dp}. In G, (or simply G where I = max{dy, dp}) the referee samples questions
(z,y) as in G and selects two random neighbors z’ € X’ and ¥’ € )’ of z and y in M and
P respectively. Then the referee selects two random injective maps r, : N(z') — [l] and
sy : N(y') = [I] under the condition r,(z) = s,(y). Alice’s question then is the pair (2, 7,/)
and Bob’s is the pair (y/,s,). Alice outputs an answer tuple a’ : N(z') — A and Bob
b : N(y') — B. The players win if V(a/(z),¥(y),z,y) = 1.

Remark 3.30. Note that Gi)r has exactly the same answer alphabet size as G’, the question
sizes | X5 | and |V, | are larger than in G’. This blow-up can be mitigated as follows. It turns
out that in Definition 3.31 the use of the complete set S(g;) is unnecessary. More precisely,
from the proof of the main claim of this section, Claim 3.34 below, it will be clear that the
only condition required is that the permutations be chosen from a pairwise independent
subset of Si4;). Selecting the smallest possible such subset lets us reduce the blow-up in the
sizc of the question sets from a multiplicative D! down to poly(D) = poly(eTlé). We omit the
details.
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Although it may not be immediately apparent, it is possible to view G as a concatenated
game. Let G® be as in Definition 3.29. Note that G® has exactly the same classical and
entangled value as G. Let S(g,, 1) denote the set of all injective maps from [dy] — [I]. Fix
maps Uy : N(z') = [dy] and vy : N(y') — [dp] ordering the neighborhoods of each z/,y in

an arbitrary way.

Definition 3.31. Let M be a regular bipartite graph over X’ x X as above . We define M

as a bipartite graph over X5p == &’ X S(g,,,y and Ao := X x [I] where
(@', 7) ~gp (z,17) = 7(uy(z)) = 1.

We define P from P in a similar way.

Note that here 7 o u,» exactly corresponds to r,» : N(z') — [l] map from the original

definition of Gjr. Hence, we obtain the following alternative characterization of G .
OF OF

Proposition 3.32. The game G constructed above is a concatenated game given by
OF
,OF = (MOGGBlOﬁ).

Next, we show that ordered fortification preserves the entangled value (the classical value

is also preserved but that is not important here).
Proposition 3.33. We have VAL (Glp) = VAL (G).

Proof. In one direction we have VAL (Gp) < VAL (G®) = VAL"(G) where we used Proposi-
tions 3.11 and 3.32. For the other direction, consider any entangled strategy (|¢), { A%}, {Bz})
for G. We construct a strategy for Gy, that achieves the same value. The provers share [
copies of the state |¢), and each copy is assigned a unique label 7 € [{]. Alice and Bob receive
questions (z',7,) and (v, sy), respectively. For each z € N(z’), Alice applies {AZ%} to the
r.(z)-th copy of |¢). Bob applies a similar strategy.

Since by construction the “true questions” z* and y* are given the same label, the distri-
bution of answers obtained for z* and y* is identical to the distribution of answers obtained

while playing G using (|¢), { A%}, {BZ}), hence achieving the same winning probability. [
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The main technical step in reducing Theorem 3.5 to Theorem 3.3 is an analysis of the

singular values of M, N in terms of the singular values of M and N. We prove the following.

Claim 3.34. Let M be a bipartite graph over X' x X as above and let \y; denote the second
largest singular value of M. Let M be as in Definition 3.81. Then,

A <max{)\ ——1 }
M > M, T — 1 .
Viay

Since in our case Ay = O (poly(log dar)/dar), Claim 3.34 implies that \y; satisfies the
same bound. Also note that a similar statement of course applies to P and As. So we see
that Theorem 3.3, Propositions 3.33 and 3.32, and Claim 3.34 together imply Theorem 3.5;

it remains to prove the latter.

Proof of Claim 3.34. Recall that by assumption M is a regular balanced bipartite graph. Let

d := dj; the degree of vertices in M. The normalized adjacency matrix of M is given by

i

3" \/M &', m) ~p ()1
A7), (z,1)) = v (@) i (1), (3.54)
0 (@, 7) gy (2,9

We relate the second largest singular value Ap; of Ap and the second largest singular value
Ay of M by relating the eigenvalues of B = Al Ay and C = AI;IAM. We can explicitly
compute the entries of B and C. For B,

_He' e X7 : {zy, 22} C N()}|

B(.’L‘l,IQ) = d2 y (355)

and in particular B(z,z) = % for all z € X. To compute entries of C, first note that when

z1 # x2 and 7 # j we have

He' € & - {zy, 2} C N} -(1-d)! (=2)! B(xl,xz).

C((21,1), (z2,7)) = a2(l—1)! (1 — d)! Tol=1

(3.56)

Finally, observe the following special cases:

o C(z,i),(z,i)) = 1.
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o C((z1,7), (z2,7)) = 0 if 71 # z2.
e C((z,7),(x,5)) =0 when ¢ # 7.

Let B=B—1Tand C = C — 1L Let J = 1;(J —I) be the | x [ matrix that is (I — 1)~

in the off-diagonal entries, and 0 along the diagonal. Then it is easy to see that
C=B®J. (3.57)

The matrix J has a single eigenvalue equal to 1 and [ — 1 eigenvalues equal to ——lfli, and B
has a single eigenvalue equal to 1 — 1/d and the remaining are in the range ——%, A2, — }1] It

follows that the top eigenvalue of C = C+ ;11-11 is 1 (as expected) and the next one satisfies

[ 1 1
Az Smax{/\M, m+a},

which is bounded by max {)\ M, \/%} since [ > d. O

3.7 Weak fortification of entangled games

In this section is to prove the following.

Theorem (Theorem 3.3 restated). Let G' = (M o G o P) be a concatenated game obtained by

il

concatenating two sides of a game G with some \-spectral expanders M and P. If A < &2,

then G’ is (g,0) weakly-fortified against entangled substrategies.

At a high level, the proof of Theorem 3.3 follows the same outline as the classical proof of
Section 3.5.

Consider a substrategy { A%} o ayexrxars {BY iy p)eyxp for G'. Define A, = Eqn(z) Ao
and By = Ey.n(y) By.® Define A =E;.,, A; and B=E,.,, B,. To prove Theorem 3.3 we

8In what follows, we assume without loss of generality that all A, and By are invertible. Note that
proving Theorem 3.3 for this subset of substrategies suffices. This follows by a limiting argument because of
the continuity of (3.30) in A,+ and B,.
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must analyze the following expression:

VAL' (G, {A%},{B%})= E E V(a(z),b,(y), z,y) - Tr(A% p/2 B, p1/?
(G, {4z}, {By}) (z,y)ww@),ywmw% (e (2), by (v), @, y) - Tr(A5 /By p''?)
= E Y V(abx,y)- Tr(A%p"/2Bbp!/?)
($,y)’\‘lt a,b
Tr(Aapl/szpl/Z)
= E Tr(A.pY?B,p"?) - - SR YOIY
[ (Acp W ') V(u’gy):l Tr(A.p/2B,pV/?)

where A2 and BZ are defined as in (3.11), and we use the convention that 0/0 = 0. Our
analysis splits into two cases. First let us consider the small case. This is handled by the

following proposition.
Proposition 3.35. Suppose Tr(p'/2Ap'/?B) < 6/2. Then VAL (G, {A%}, {BY}) < 6.
Proof. First of all we have

VAL(G {AZH{By) =E 3 Te(A2p°Bp) < E Tr(Aop'?Byp'%).
’ V(a,bz,y)=1 ’

Subtracting Tr(Ap'/2Bp'/?),
E Tr(A:p'?B,p'?) — Te(Ap*Bp'?) = E Tr((A; ~ A)p'(B, — B)p'?).
By applying Cauchy-Schwarz to the latter expression and using Claim 2.3 it follows that
VAL' (G, {A%}, {BY}) < 6/2 + 2%,

this is smaller than é by the choice of \. O

The large case. In this case, the hypothesis of Proposition 3.35 is not satisfied and without

loss of generality we assume that

min {Tr,(A), Tr,(B)} > Tr(Ap'/2Bp"/?) > 6/2. (3.58)
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Let
yi= E Tr(Ap"?B,p"?). (3.59)

(zy)~p

By the triangle inequality,

. TI‘(A“pl/szpl/Z)
VAL (G, Ay, By) < E |Tr(Agp"?B,pY?) —~|+~- E z v .
( y)‘(z,ywl (Aep™Byp ™) =1l +7 (z,y)wv(a,b,zz;y):l Tr(Azp'/2Byp*/?)

(3.60)

To bound the first term, we use the triangle inequality to get
| Tx(Ap'?Byp"?) — | < |Tr(Ayp'?Byp'? — Ap'/*Bp'/?)| + | Tr(Ap** Bp'/?) — 4|. (3.61)
The first term on the right-hand side of (3.61) can be bounded as

E |Tr(A«p/*Byp'* — Ap'/?Bp'/?)|

(zy)~p

S el I Te(A:pV2(By — B)p'*)| + E|Tx((A; — A)p'?Bp'’?)|
T, Y)~p z

< E [Tr,(A)Y? - Tr,((B, — B))*| +E [Tr,(B*)"? - Tr,((A; — )]

T (@y)~p
< (BTr,42) " (BT, - B)

<4 (3.62)

1/2

T, (B2 (ETry (e - 4)))

where the first inequality is the triangle inequality, the next two follow from Cauchy-Schwarz,
and the last from Claim 2.3 and the trivial bounds Tr,(A2), Tr,(B?) < Tr(p) = 1. To bound
the second term on the right-hand side of (3.61) we note that

[TH(4p"2Bp'%) =4 = | _E Tx((Az = A)p"2(B, — B)o"”)]
T,Y)~p

< (IEJ Trp[(Aw - A)Z])l/z ’ (]5 Trp[(By - B)2])1/2a
and the latter is again bounded by 2\ by Claim 2.3. In total we have

( E) ITr(Azp /2B p"?) — 4] < 4X+ 202 <6, (3.63)
T,Y)~
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which provides an upper bound on the first term in the right-hand side of (3.60).

To bound the second term term in the right-hand side of (3.60) we use a strategy inspired
in part by the parallel repetition theorem of [28]. Let U,,V,, U,V be a family of unitaries

such that the operators
Ap = UpJApMt, A =UVApYY, T, =V, /B, T =VVBp* (3.64)

are all positive semidefinite, which is possible by Fact 2.4. Note that this in particular implies

that A, = Al and hence

A2 = ALA, = p/4 AUU Aup!* = p!/* Agp, (3.65)
and similarly A% = p/4ApY/4, T2 = p/*Bp'/* and so on.
Define “rescaled” strategies by

;1\‘; _ UzA;1/2A‘;A_1/2U;, B\Z _ %351/213231}—1/2‘/;’ (3.66)

where A, B, ’s are the pseudo-inverses of A,, B,. Note that the operators (3.66) satisfy
A, =Y, z@, B’\y = Zb§£ < T as required. Let

UxAl/z 1/2Bl/2v’f UA1/2 1/2B1/2V'I'
Kpy= 2l v v g P . (3.67)
VI (Ap 2B, 7%) JTH(Ap 2B p?)
By definition of A;,T'y, X', we see that the above is equivalent to
ATy AT
oy = ——— K=— . (3.68)
Y /Tr(Ar?) /Tr(A2D2)
Now note the following identity
Tr(Aap1/2Bbp1/2) e -
z — a 1
Tr(Azpl/Qszlﬂ) = Tr(AsK.,BLK]). (3.69)
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So to finish the argument it suffices to estimate

> Tr(AiK.,BK!,). (3.70)

@V~ Y (0 bz y)=1

To this end note that since Tr(K K1) = 1 it follows from the definition of VAL"(G) that

S Tr(KAiK'BY) < VAL'(G). (3.71)

(@y)~n V(a,b,z,y)=1
To conclude we use the following proposition.
Proposition 3.36. Let K,y and K be as above. Then

12
E [|Key - KIE < 2 (372
(z,y)~p 1)

Before proving the proposition let us see how it implies the desired bound on the second

term of (3.60).

|Tr(K.yAZK] BY) — Tr(K A2K'BY)]
< |Tr((Kay — K)AKD,BY)| + |Te(K A2(K!, — K1)BY)|

< Tr((sz - K)‘@(ny - K)TB:?)U:Z ) TT(sz@KlyE’})l/z
+ Tr((Kay — K)A2(Kay — K)'BY)'? - Te(KAZK'BY)Y2. (3.73)

Averaging with E(; )y > v(epzy)=1 and applying Cauchy-Schwarz we see that (3.73) is
bounded by

Te((Key — K)Aa(Ky = KVBY| (B S Tk A3KlEY)"

[ @V y (b zy)=1 @Dy (a,by)=1

+( E Y T(kAK'BY)” 2].

(m’y)"’/‘ V(a,b,x,y):l

(3.74)

We claim that the second term in brackets is at most 2. To see this note that replacing

the sum from 3y (qp04)=1 t0 @ 2,4 only increase the term, and the claim follows from
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Tr(KzyK},) = Tr(KK') = 1. To bound the first term in (3.74), we again relax the summation
from 3 ypzy=1 t0 2ap- This is valid because all the operators of the form (K, —
K)A%(K,, — K)!,B, > 0 and hence all the additional terms introduced in the sum are

nonnegative. The desired result follows because

[ ZTI'((KW K)A (Kwy K)fBb)< E Tr((sz K)(K:vy K)T) E”Kz,y_K”%’

(@y)~u' (z,y)~p
(3.75)
which is bounded by Proposition 3.36. Combining all bounds, from (3.73) we get

E Tr(Agp'/*Byp'l?) _
@By (b =1 Tr(ALp'/2B,p'/?)

3 Tr(Aik,,BYK!)

(z’y)Nu V(a7b7x7y):1

< E Y T(AKBK')

(il?,’y)N[i V(a b,z,y)=1

+ | Tr(K o, ASK! BY) — Tr(K ALK BY)|

Ty Y

(I’y)"‘.u

1/2
gvAL*(GHz.( E ||sz—K||%)

12/\

< VALY (G) + 2 =

The latter is bounded by ¢ by the choice of A. It only remains to prove Proposition 3.36.

Proof of Proposition 3.36. We have

AT AT
K., — K| < _ il B 3.76
” Y ”F “ A2F2 Tr(A2F2) H /Tr(Azl'\Q) /fI‘lr(AZI‘Z) F ( )
For the first term,
2 2
ALy AL e ( 1 )
(z,y)~p \/Tr(AiFi) \/Tr(A2I‘2) F @Y)~p \/Tr A2F2 \/Tr(A2I‘2)
. 2
_ 212y _ 272
Tr(A2I2) (wng <\/Tr(Asz \/Tr(A " ))

1
< Tr(AZr?) — Tr(A%T?
= Tr(A2T?) (z’}%’v“l r(AzT) (A7)

-————1 2 A2\T2 212 _ 2
< Tr(A2T2) (x,g‘N“ITr((Ax AS)T)| + | Tr (A5, — Y9)I
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1 2 2\2 1/2 4 1/2
< gy (BT A BT
(3.77)
1 2 2\2 1/2 4\1/2
+ Trgaerey BT TP A (378)

where the last step follows from two applications of Cauchy-Schwarz. Rewriting the above in

terms of A, B, and p using (3.65) and its analogues we see that the term in (3.77) equals

1 1/2

Tr(Ap'/2Bp'/2)

BITH(4: — ). - 00| [Ble(B,0 28,0 (379

Bounding the last term Tr(B,p"/2B,p'/?) by 1 and the first term by 2)\ (which follows by
applying Fact 2.5 and Claim 2.3) and doing the same analysis for (3.78) we see that

AL, |
Azry _ T+ Y S g. (380)
(a)~u ||\ /Tr(AZL2 Tr(A22)llp ~ O
To bound the second term in (3.76) we argue as follows:
[A;Ty = AT|I% < 2- ||(Ag — A)T[l5 +2 - [|(Ty = D)X |7
=2 Tr(l“z(AI - A +2- Te((T, — T)?x?) (3.81)

<2 Te(THY2 - Tr((As — AHV2 +2- Te(AHY? - Te((Ty, — T)HY? (3.82)
< 2-Tr(THY2 - Tr[(A2 — A?ZYV2 + 2 Tr(AY)? - TY[(T2 — T?)%)/2, (3.83)

where in the last step we used Lemma 2.6. Using the same bound on the above terms as in

the above we see that

E |[A;Ty — AT||% < 8A. (3.84)
' (z,y)~p
Since in the large case Tr(Ap'/2Bp!/2) > ¢ the result follows. O
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Chapter 4

Parallel Repetition via Anchoring

This chapter is based on the paper Hardness amplification for entangled games via anchoring,
a joint work with T. Vidick and H. Yuen, to be published in the Proceedings of 49th Annual
ACM Symposium on the Theory of Computing (STOC 2017) and also presented at the

Quantum Information Processing Conference (QIP 2016) as a plenary talk.

4.1 Introduction

In this chapter, we study the parallel repetition of a class of games which we call anchored.
We also prove an exponential-decay parallel repetition theorem for anchored games that
involve any number of entangled players. We also prove a threshold version of our parallel
repetition theorem for anchored games.

Let us start by giving a definition of anchored games in full generality.

Definition 4.1 (Multiplayer Anchored Games). A game G = (X, A, u,V) is called a-
anchored if there exists X! C X* for all ¢ € [k] where

L p(Xf) > aforallt € [k], and

2. forallz e X,
wz) = waly,) - I] wa) (4.1)

teFy,
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where for all question tuples z = (z!,22,...,2*) € X, F, C [n] denotes the set of coordinates

of x that lie in the anchor, i.e.
F,={te k] :z*€ Xt}

and F, denotes the complement, i.e., [n] — F;.

Here for a set S C [n], u(z]s) denotes the marginal probability of the question tuple z

restricted to the coordinates in S, i.e.

wals) = 3. w@).

@!|s=x|s

When k = 2 this definition coincides with the definition of two-player anchored games in
Definition 4.6. Additionally, just like the two-player case, one can easily extend the anchoring

transformation given in Definition 1.4 to arbitrary k-player games:

Proposition 4.2. Let G = (X, A, u, V) be a k-player game. Let G, be the k-player game
where the referee samples (z',22,...,x*) according to p, replaces each x* with an auziliary
symbol 1 independently with probability o, and checks the players’ answers according to V if

all 2 # 1, and otherwise the referee accepts. Then G, is an a-anchored game satisfying
val(GL) =1 — (1 —a)*- (1 —val(Q)), val*(GL) =1—- (1 — a)* - (1 —val*(@)). (4.2)

Proof. We give the proof for the classical value; the same argument carries over to the
entangled value. First, it is clear that val(G,) > (1 — (1 — o*)) + (1 — )* - val(G). For the
other direction, consider an optimal strategy for G,. Under this strategy, we can express the

entangled value as
val(G,) = (1 — a)* - Pr(W|Vt, o' # 1)+ (1 — (1 — oF)) - Pr(W|3t s.t. ¥ = 1)

where W is the event that the players win. The optimal strategy for G, yields a strategy
for G that wins with probability Pr(W|V¢, z* # 1), which can be at most val(G). Since
Pr(W|3t s.t. o' = 1) = 1, we obtain the desired equality. O
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4.2 Application to the quantum PCP conjecture

Just as the the classical parallel repetition theorem is useful for proving hardness of approxi-
mation results, one might expect that a quantum parallel repetition theorem would be useful
for proving quantum hardness of approximation results. However, we do not (yet) have a
Quantum PCP theorem; as of writing this is an active field of research. Furthermore, while
the classical PCP theorem has three equivalent formulations — one in terms of probabilistically
checkable proofs, one in terms of hardness of approximation for constraint satisfaction prob-
lems (CSP), and one in terms of games — only two out of the three corresponding formulations
of the Quantum PCP Conjecture are known to be equivalent.

The following is the formulation of the Quantum PCP Conjecture that is analogous to
the classical CSP formulation. (We refer to the survey [2] for further background on the

conjecture, including explanations of the standard technical terms we use below.)

Conjecture 4.3 (Quantum PCP Conjecture, constraint satisfaction formulation). There
exists a constant 0 < v < 1 and integer kK > 2 and d > 2 for which the following problem is
QMA-hard: Given a,b € [0, 1] such that a—b > 7 and a k-local Hamiltonian H = H,+---+H,,
acting on n qudits of local dimension d such that 0 < H < I, decide whether the smallest

eigenvalue of H is at least a or at most b, promised that one is the case.

This problem is known as the k-LOCAL HAMILTONIAN problem with constant promise
gap, where by promise gap we mean the gap v between the thresholds a and b. The problem
is only known to be QMA-hard for gaps 7 that are inverse polynomial in n [44].

A games version of the conjecture is introduced in [32]:

Conjecture 4.4 (Quantum PCP Conjecture, games formulation). There exists a constant
v € (0,1) and integers s > 1,k > 2 for which the following problem is QMA-hard: Given
a,b € [0,1] such that a — b > v, and a k-player game G where each player answers with s

bits, decide whether val*(G) > a or val*(G) < b, promised that one is the case.

When val®(-) is replaced with val(-), the above conjecture is exactly equivalent to the
classical PCP theorcm. For constant gap 7 it was proved by [60] that the problem of

approximating the entangled value of a game is at least NP-hard. For inverse polynomial
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~ the problem was shown QMA-hard [41], and very recently it was even shown to be
NEXP-hard [42].

Though neither Conjecture 4.3 nor Conjecture 4.4 has been solved, we can nonetheless
explore the consequences if they were true. We give a simple application of our parallel
repetition for anchored games: assuming the truth of Conjecture 4.4, we can boost its hardness

to any desired gap between completeness and soundness.

Proposition 4.5. If Conjecture 4.4 is true, then for all 6 > 0 the following problem is
QMA-hard: given a description of a k-player game G with answer size that depends only on

0, distinguish between val*(G) > 1 — & or val*(G) < 6, promised that one is the case.

Proof. Let 0 < b < a <1 be a promise gap satisfying the conditions of Conjecture 4.4. Define
a’ = (1+3a)/4, and b’ = (1 + 3b)/4. Consider the following reduction: given a description of
a k-player game G, promised that either val*(G) < b or val*(G) > a, outputs the description
of the following threshold game G4Z™: the referee plays G®t, the t-fold repetition of G, the

1_p
' — 2=¥)¢ games.

anchored version of G, but instead accepts iff the players win at least 7 := (a
We set parameters A = (o’ —b')/4 and t = £- 2% -In }, where s is the length of the players’
answers in G, and c is the universal constant from Theorem 4.16.

We get that if val*(G) > a, then val*(G,) > a. One strategy for GY=" is for the
players to play each coordinately independently using the optimal strategy for G,. By a

Chernoft-Hoeffding bound, the probability that they win at least 7 games is at least
val*(G%27) > 1 — exp(—tA?%/2) > 1 — 6.
Otherwise, val*(G) < b. Applying Theorem 4.16, we get that

Va.].*(Gi’zT) S (1 —AQ/Z)th/S

<4

Observe that this reduction is efficient: the size of the description of G4=7 is O(|G|*); assuming
the truth of Conjecture 4.4 this means that o' — b = Q(a — b) = (1), and thus since &
and s are constant, ¢ is constant. The answer size of the new game is still O(1). Thus the

reduction runs in time polynomial in the input instance size, so if there were an algorithm that
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could distinguish between val*(G527) > 1 — § or val*(G4Z") < 4, then this would distinguish

between whether val*(G) > a or val*(G) < b, respectively. O

We point out that we used two features of the anchoring transformation: first, that it
allows us to analyze the repetition of arbitrary k-player games; second, it yields threshold

theorems for parallel repetition.

4.3 Technical overview

We give a technical overview of anchored games and their parallel repetition. For concreteness
we focus on the case of two-player games, though all the things discussed in this section can

be appropriately generalized to the k-player games.

Definition 4.6 (Two-player anchored games). Let G be a two-player game with question
alphabet X x Y and distribution u. For any 0 < o < 1 we say that G is a-anchored if there
exists subsets X, C X and YV, C Y such that, denoting by u the respective marginals of u

on both coordinates,
1. Both p(X,), (Y1) > «,
2. Whenever z € X, or y € ), it holds that u(z,y) = u(x) - u(y).

Informally, a game is anchored if each player independently has a significant probability
of receiving a question from the set of “anchor questions” X, and Y,. An alternative way of
thinking about the class of anchored games is to consider the case where p is uniform over a
set of edges in a bipartite graph on vertex set X x ); then the condition is that the induced
subgraph on X, x ), is a complete bipartite graph that is connected to the rest of X x Y
and has weight at least a. In other words, a game G is anchored if it contains a free game
that is connected to the entire game.

It is easy to see that the games G, output by the anchoring transformation given in
Definition 1.4 are a-anchored. Free games are automatically 1-anchored (set X, = & and
Y. = Y), but the class of anchored games is much broader; indeed assuming the Exponential

Time Hypothesis it is unlikely that there exists a similar (efficient) reduction from general
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games to free games [1]. Additionally, since free games are anchored games, our parallel
repetition theorems automatically reproduce the quantum and multiplayer parallel repetition

of free games results of [40, 19, 20], albeit with worse parameters.

Dependency-breaking variables and states. Essentially all known proofs of parallel
repetition proceed via reduction, showing how a “too good” strategy for the repeated game
G®™ can be “rounded” into a strategy for G with success probability strictly greater than
val(G), yielding a contradiction.

Let S™ be a strategy for G®™ that has a high success probability. By an inductive argument
one can identify a set of coordinates C' and an index i such that Pr(Players win round :|W) >
val(G) + &, where W is the event that the players’ answers satisfy the predicate V in all
instances of G indexed by C. Given a pair of questions (z,y) in G the strategy S embeds

them in the i-th coordinate of a n-tuple of questions

T1,225- -3 Li-1, T, Tiq1, - - 'amn>

T =
[n]y[n] <y17y27'"yyi—-lvyayi+la-"7yn

that is distributed according to P Xin) Vi | Xi=2,Yi=g,W - The players then simulate S™ on z{,) and
Y[n) Tespectively to obtain answers (ai,...,a,) and (by,...,b,), and return (a;, b;) as their
answers in G. The strategy S succeeds with probability precisely Pr(Win {|W) in G, yielding
the desired contradiction.

As S™ need not be a product strategy, conditioning on W may introduce correlations
that make Px, v; |x.;=z,y;=y,w impossible to sample exactly. A key insight in Raz’ proof of
parallel repetition is that it is still possible for the players to approrimately sample from this
distribution. Drawing on the work of Razborov [55], Raz introduced a dependency-breaking

variable Q2 with the following properties:
(a) Givenw ~ Pgq the players can locally sample z,) and yj, according to P X Vim) | Xs=2,Yi=y, W
(b) The players can jointly sample from Pg using shared randomness.

In [37] © is defined so that a sample w fixes at least one of {z;,yx} for each ¢’ # i. It can

then be shown that conditioned on z, 2 is neérly (though not exactly) independent of y, and
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vice-versa. In other words,

PQ|X,‘=:D,W ~ PQlXizz,Y,-zy,W ~ PQ!Yi:y,W (43)

where “~” denotes closeness in statistical distance. Eq. (4.3) suffices to guarantee that
the players can approzimately sample the same w from Pgq|x,—s y,—yw with high probability,
achieving point (b) above. This sampling is accomplished through a technique called correlated

sampling.

This argument relies heavily on the assumption that there are only two players who
employ a deterministic strategy. With more than two players, it is not known how to design
an appropriate dependency-breaking variable €2 that satisfies requirements (a) and (b) above:
in order to be jointly sampleable, Q2 needs to fix as few inputs as possible; in order to allow
players to locally sample their inputs conditioned on 2, the variable needs to fix as many
inputs as possible. These two requirements are in direct conflict as soon as there are more

than two players.

In the quantum case the rounding argument seems to require that Alice and Bob jointly
sample a dependency-breaking state |Q;,), which again depends on both their inputs. Although
it is technically more complicated, as a first approximation |[Q2,,) can be thought of as the
players’ post-measurement state, conditioned on W. Designing a state that simultaneously
allows Alice and Bob to (a) simulate the execution of the i-th game in G®" conditioned on
W, and (b) locally generate |Q2,,) without communication is the main obstacle to proving a

fully general parallel repetition theorem for entangled games.

It has long been known that in the free games case (i.e. games with product question
distributions) these troubles with the dependency-breaking variable disappear, and conse-
quently we have parallel repetition theorems for free games for the multiplayer and quantum

settings [20]. With free games involving more than two players, it can be shown that

Poix,=¢Yi=y,Zi=z,..w = Paw, (4.4)

on average over question tuples (z,y, z,...). In the quantum case, [40, 19, 20] showed how to
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construct dependency-breaking states |{)x,~zv,—yw) and local unitaries U, and V,, such that

(Us @ V))I) = |Qx,=2,vi=y, W) (4.5)

for some fixed quantum state |Q2). This eliminates the need for the players to use correlated
sampling, as they can simply share a sample from Pgy or the quantum state |Q2) from the

outset.

Breaking correlations in repeated anchored games. Rather than providing a com-
plete extension of the framework of Raz and Holenstein to the multiplayer and quantum
settings, we interpolate between the case of free games and the general setting by showing
how the same framework of dependency-breaking variables and states can be extended to
anchored games — without using correlated sampling. We introduce dependency-breaking
variables  and states |®,,) so that we can prove analogous statements to (4.4) and (4.5) in
the anchored games setting.

The analysis for anchored games is more intricate than for free games. Proofs of the
analogous statements for free games in {40, 19, 20] make crucial use of the fact that all
possible question tuples are possible. An anchored game can be far from having this property.
Instead, we use the anchors as a “home base” that is connected to all questions. Intuitively,
no matter what question tuple (z,y, 2, ...) we are considering, it is only a few replacements
away from the set of anchor questions. Thus the dependency of the variable 2 or state |®,)
on the questions can be iteratively removed by “switching” each players’ question to an

anchor as

Paixi=z,Yi=y,zi=2w = Poix,=zYi=y,zieL W = Paix,=z,vier,zie.w = PoixieLYier, zierws

where “X; € 1” is shorthand for the event that X; € X,.

Dealing with quantum strategies adds another layer of complexity to the argument. The
local unitaries U, and V, involved in (4.5) are quite important in the arguments of [40, 19, 20].
The difficulty in extending the argument for free games to the case of general games is to

show that these local unitaries each only depend on the input to a single player. In fact with
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the definition of |€2;,) used in these works it appears likely that this statement does not hold,

thus a different approach must be found.

When the game is anchored, however, we are able to use the anchor question in order
to show the existence of unitaries U, and Vj, that achieve (4.5) and depend only on a single
player’s question each. Achieving this requires us to introduce dependency-breaking states
|2;,) that are more complicated than those used in the free games case; in particular they

include information about the classical dependency-breaking variables of Raz and Holenstein.

We prove (4.5) for anchored games by proving a sequence of approximate equalities: first
we show that for most z there exists U, such that (U, ® )|, ,) =~ |Q,.), where |, ,)
denotes the dependency-breaking state in the case that both Alice and Bob receive the
anchor question “1”, and |, ) denotes the state when Alice receives z and Bob receives
“.”. Then we show that for all y such that p(y|z) > 0 there exists a unitary V, such that
(I®V,)|Q%,.) = |Qs,). Accomplishing this step requires ideas and techniques going beyond
those in the free games case. Interestingly, a crucial component of our proof is to argue the
existence of a local unitary R;, that depends on both inputs z and y. The unitary Rz,y is

not implemented by Alice or Bob in the simulation, but it is needed to show that V,, maps

1Qz,,) onto |Qg,).

One can view our work as pushing the limits of arguments for parallel repetition that do
not require some form of correlated sampling, a procedure that seems inherently necessary to
analyze the general case. Our results demonstrate that such procedure is not needed for the

purpose of achieving strong gap amplification theorems for multiplayer and quantum games.

4.4 Parallel repetition of anchored games with entan-

gled players

This section is devoted to the analysis of the entangled value of repeated anchored games.

The main theorem we prove is the following;:
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Theorem 4.7. Let G be a k-player a-anchored game satisfying val*(G) =1 —e. Then

val*(G®") < exp (-Q (pogﬁf;% sz n)) ’

where s is the total length of the answers output by the players.

For clarity we will focus on the k = 2 (two-player) case; we will describe how to extend the
proof to arbitrary k at the end. We fix an a-anchored two-player game G = (X' xY, AxB, u, V)
with entangled value val*(G) = 1 — € and anchor sets X, C X, Y, C Y for Alice and Bob,
respectively. We also fix an optimal strategy for G®", consisting of a shared entangled state
[)P4F5 and POVMs {A%.} and {B{.} for Alice and Bob respectively. Without loss of
generality we assume that |¢) is invariant under permutation of the two registers, i.e. there

exist basis vectors {|v;)}; such that 1) = 3=, \/levj)|vj).

4.4.1 Setup

We introduce the random variables, entangled states and operators that play an important
role in the proof of Theorem 4.7. The section is divided into three parts: first we define the
dependency-breaking variable 2. Then we state useful lemmas about conditioned distributions.

Finally we describe the states and operators used in the proof.

Dependency-breaking variables. Let C C [n] a fixed set of coordinates for the repeated
game G®". We will assume that C = {m + 1,m +2,...,n}, where m = n — |C|, as this will
easily be seen to hold without loss of generality. Let (X™,Y™) be distributed according to u™
and (A", B") be defined from X" and Y™ as follows:

PA"B"lX"zz",Y"zy"(an7bn) = <¢[Ag: ® Bz:|¢>

Let (X¢,Ye) and Z = (A, Be) denote the players’ questions and answers respectively
associated with the coordinates indexed by C. For i € [n] let W; denote the event that the
players win round ¢ while playing G®". Let Wo = A;ec Wi.

We use the same dependency-breaking variable €2 that is used in Holenstein’s proof of
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parallel repetition. In those works, for all i € [n], Q; fixes at least one of X; or Y; (and
sometimes both, if ¢ € C'). Thus, conditioned on 2, X™ and Y™ are independent of each
other.

In more detail, let Dy, ..., D,, be independent and uniformly distributed over {A, B}.
Let M, ..., M,, be independent random variables defined in the following way. If D; = A,
then M; is coupled to X; (that is, takes the same value as X;). Otherwise, if D; = B, then
M; is coupled to Y;. Then Q; = (D;, M;), and Q = (Q4,...,Qn, X, Yo).

Conditioned distributions. Define ¢ := =+ (log1/ Pr(W¢) + |C|log|A||B]). For nota-
tional convenience we often use the shorthand X; € + and Y; € 1 to stand for X; € X, and
Y; € V., respectively. The following lemma essentially follows from the classical arguments

used in [37].

Lemma 4.8. The following statements hold on, average over i chosen uniformly in [m]:
1. Ei |Ppasixviwe — Poaxyill < O(Véc)
2. Ei [[Pazx.viwe — PaziwePxviall £ O(Véc)
3. Ei[PxxiPa_zixiervierwe — PxvPa_zixvws |l < O(Vic/a?)

4 E;

Px.Pa_zixviwe — Pxva_aw| < 0(VBc/a?)

Quantum states and operators. Recall that we have fixed an optimal strategy for Alice
and Bob in the game G®". This specifies a shared entangled state |¢), and measurement

operators {A2.} for Alice and {Bf,.} for Bob.
Operators. Define, for all a¢, be, ™, y™:
A= N A% Bl¢ =Y BE
a’lac b"|bc

where a"|ac (resp. b™|bc) indicates summing over all tuples a™ consistent with the suffix ac

(resp. b™ consistent with suffix bg). For all i, w_;, z;, and y; define:

Al .= E A% B ,.=_E B

W—3,Tj wW—3,Y;
1y L4 anw—i,zi Y Y“lw_i,yi
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where recall that Exn,_, 5, is shorthand for Exnjq_,—,_; x,=s;,- Intuitively, these operators
represent the “average” measurement that Alice and Bob apply, conditioned on Q_; = w_;,

and X; = z; and Y; = y;. Next, define

ac . ac bo . be
wWogy L T E AR woip L T _E yr-
X"IQ_,'=N~,‘/\X,*€_L Y"IQ_i—wni/\YieJ.

These operators represent the “average” measurement performed by Alice and Bob, condi-

tioned on 2_; = w_; and M; = .. Finally, for all z; € X and y; € ), define

AL = Taee 4 1pec B, .=1ipc 4 lpe

w—i, _2 Wi, L o Tw—i,mi woi, Ly T 9 Wi o T woi i’

Intuitively, these operators represent the “average” measurements conditioned on Q_; = w_;
and when X; is z; with probability 1/2 and . with probability 1/2 (or when Y; = y; with
probability 1/2 and 1 with probability 1/2).

For notational convenience we often suppress the dependence on (i,w_;,z = (ac, bc))
when it is clea from context. Thus, when we refer to an operator such as A/, we really

ac
mean the operator Aw_h i

States. For all z € X and y € ), define the following (unnormalized) states:

lq)z‘y> = \/:4:7(8 \/waj) |¢$,J.> = \/;1;@7 \/EIT//)
19,/2.0) = v/Auz ® /B |1 19,1 /2) = /Are ® \/Bylv) (4.6)

lq)l.,.l.) = \/Z:® \/Ehw

together with the normalization factors

Yo 1= 12| Yo = 12201
Toina = (122 Tuima = |19
Towi= 1220

Note that these normalization factors are the square-roots of the probabilities that a certain
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pair of answers 2z = (a¢, bc) occurred, given the specified inputs and the dependency-breaking

variables. For example, revealing the depencies on w_; and z, we have

’yu;;:y,f = PZIw—i,iCi,yi (Z)

We denote the normalized states by |tf>$y) = |Ps0)/ Vo |{I;a:,.1_> = Py 1)/ Vo1, |3>J/w,l) =

Iq)L,L)/’YJ/:::,J.a 'édm,l/y> = |q).L/a:,y>/7L/m,y7 and |(§L,J.> = I(I)J.,L>/7L,L'

4.4.2 Proof of the parallel repetition theorem

Lemma 4.9. Let G be an a-anchored two-player game. Let C C [n] be a set of coordinates.

Then
E Pr(Wi|Wo) < val’(G) + O(6" /)

where the expectation is over a uniformly choseni € [n]\C and dc = = (log1/ Pr(W¢) + |C|log | A||B]).

Proof. For every w_;, z = (ac,bc), x; € X, y; € Y, a; € A and b; € B, define

Ag}i = Z (Aac )—1/2Aa" Agc )—1/2

Wq,Tq W—i,Tq W—i,Tq
a™la;,ac
[3b; —— be -1/2 pb* bc -1/2
Bw—i,yz' T Z (Bw—iﬁyi) Bw—izyi(BW—ivyi)
b"]bi,bc

where a"|a;, ac (resp. b"|b;,bc) denotes summing over tuples a™ that are consistent with ac
and a; (resp. b™ that are consistent with bc and b;). Note that the {Afj_i’xi}ai and {é(l:)ii,yi}bi
are positive semidefinite operators that sum to identity, so form valid POV Ms.

Consider the following strategy to play game G. Alice and Bob share classical public
randomness, and for every setting of i,w_;, z, the bipartite state l&swj’,—iz). Upon receiving

questions x € X and y € ) respectively they perform the following:
1. Alice and Bob use public randomness to sample (i,w_;, 2) conditioned on We.
2. Alice applies U, _, , , to her register of |&)wf,iiz>'
3. Bob applies V,,_, ., to his register of I(i)wf,i’z>'

81



4. Alice measures with POVM operators {AZ,“vhz} and returns the outcome as her answer.

5. Bob measures with POVM operators {ij_hy} and returns the outcome as his answer.

Suppose that, upon receiving questions (z,y) and after jointly picking a uniformly random
i € [m], Alice and Bob could jointly sample w_;, z from Pq_,zw, and locally prepare the state
|&>w;fy,z). For a fixed (z,y), w_; and z, the distribution of outcomes (a;, b;) after measuring
{A . ®B{?j_i,y}ai,bi will be identical to P, p,p,_; 2,y (Where we mean conditioning on X; =z
and Y; = y) Averaging over (z,y) ~ u, i, w_;, and z, the above-defined strategy will win
game G with probability at least E; Pr(W;|Wy).

Next we show that Alice and Bob are able to approrimately prepare |<'1'>wwz> with high
probability, and thus produce answers that are approximately distributed according to
PABilw_i 2,2y, 2llowing them to win game G with probability greater than 1 — e — a contra-
diction.

For the remainder of the proof, we will fix C and implicitly carry it around. Let § = d¢.

We use the following lemma:

Lemma 4.10. For every C, i, w_;, z = (ac,bc), =; and y; there exists unitaries U,_, ,

acting on E4 and V,,_, , .. acting on Ep such that

r — 0(51/a%).

. ,
o Z E E “(U o2z @ V. —i,z,yi)
m 7 XiYs QW

q)w—i ,Z> - (I)w_i,z
1,1 Ti,Yi

The proof of Lemma 4.10 is given in Section 4.4.2, and we assume it for now. Using the

fact that for two pure states 1) and |¢), || — ¢lli < V2| |¥) — |¢)]|, as well as Jensen’s

inequality,

E E E
i XY Q_Z\Wc

= 0(5—1/5), (4.7)

a?

Uasiie ® Vg ) [Biciz] = By

z?y

where the second expectation is over (z,y) drawn from g, and (U ® V)[®] denotes (U ®
V)(f(U ® V). Conditioned on a given pair of questions (x,y) and the players sampling
(4,w—4, 2) in Step 1., the state that the players prepare after Step 3. in the protocol is precisely
(Uo_i22®Vio_s 2y) [@wjﬂz], Let g“’;,@,’z denote the quantum-classical channel on density matrices

that performs the measurement, {fl{f;’_i’m ® Bgf}_“y}ai,bi, and outputs a classical register with
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the measurement outcome (a;, b;). Applying Sw;i,z to the expression inside the trace norm
Y

in (4.7), using that the trace norm is non-increasing under quantum operations,

EE E HﬁAiBilW—i,v,z,y - PAiBilw_i,v,m,y l < 0(51/8/02).

i XY Q_;Z|Wc

where P A:Bilws,z,z,y{ @, b;) deontes the probability of outcome (a;, b;) in the above strategy,

conditioned on questions (z,y) and the players sampling (¢,w_;, z) in Step 1. Thus

PI ° PQ-¢Z|WC ° PXY ) PAiBi|Q_,‘ZX,‘Y,‘ %0(51/8/(12) PI ) PQ_,'ZIWC ' PXY " PAiBi|Q_1'ZX,‘)’i

~oi/s/a2) PrePa_izxviwe - PaBile_zx.v;

where the X.Y; in the conditionals is shorthand for X; = z,Y; = y. The last approximate

equality follows from Lemma 4.8. Marginalizing Q_;Z, we get
Pr-Pxy - Pamixy: Rowvs/e2) Pr-Px,v,aB we- (4.8)

Under the distribution Px,y;4;5,/w,, the probability that V(z;,y;, ai,b;) = 1 is precisely
Pr(W;|W¢). On the other hand, (4.8) implies that using the protocol described above the
players win G with probability at least E; Pr(W;|W¢) — O(6'/8/a?). This concludes the proof

of the lemma. Od

Given Lemma 4.9, the proof of Theorem 4.7 (at least the two player case) follows using a
standard inductive argument (see, e.g., the argument for Theorem 4.17 given in Section 4.5).
Later, in Section 4.4.3, we sketch the changes necessary to adapt the proof to handle an

arbitrary number of players.

Proof of the main lemma

This section is devoted to the proof of Lemma 4.10. The proof is based on two lemmas. The

first defines the required unitaries.

Lemma 4.11. For alli, w_;, z, z € X and y € Y there exists unitaries U,,_,,, acting on E4
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and Vi_, 2y, wa_iy,z acting on Eg such that

}%Z N [[@21) = Ui_ize a’L,L)Ilz = 0(6"4/a?), (4.9)
%E o By B Ve |®0) - 18.,,)] = 0(6/4/02), (4.10)
=3 o B B Ve |Bums) = [Buren) C= 0(84/ad), (411)

where Ex, Ey, and Exy denote averaging over u(z), u(y), and pu(z,y) respectively.

The proof of Lemma 4.11 is given in Section 4.4.2. The second lemma relates the

normalization factors vz, V2,1, Yiys Yi/zy> Ti/z,.r Vi, that appear in the definition of the

corresponding normalized states |®).

Lemma 4.12. There exists a set S of triples (i,w_;, z) that has probability 1 — 6/ under
PI - PQ-.‘ZIW such that

1
= Y Pxy(®,y) - Pa_gw(w_i,v) .z — 1Eoiz| = O(8Y%/a?)4?, (4.12)
m 4y Ty L1

(’i,w_i,z)es

where

1 1/2
= (—— Z Z PXY(II?, y) . PQ_iZIW(w—iy Z) ) A/“%z—ly’z) .

m 1 TYW—iyZ
Furthermore, similar bounds as (4.12) hold where Yoz is replaced by any of Wiz, Ywiz,
2 m’ 7y

"yw_,-,z, ’)’w_i,z.
Yzy Lz,

The proof of Lemma 4.12 uses the following claim.

Claim 4.13.

1 Ve
™ Z Z Pxy(z,y) “PQ—iZ|Xi=:L‘,Yz‘=y(w—i7 z) — PQquXiEJ.,Y,-GJ.(W—ia Z)” = O(;) Pr(W).

t z,y,(w_s,2)EW

Proof. First note that

1 Pr(W
m ZZ Pxy(z,y) IPr(WlXi =z,Yi=y) - Pr(W)| = r7(n ) Z ”PXI‘YiIW - me\
i Ty i
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= O(V5) Pr(W), (4.13)

where the second equality follows from Lemma 4.8. Using the triangle inequality and

Pr(X; € 1,Y; € 1) > a® we also get

1 DY Pxy(z,y) [Pr(W|X; =2,Y;=y) - Pr(W|X; € ,Y; € 1)| = O(V6§/0®) Pr(W).

m i Ty
(4.14)

Using (4.13) and letting Pq_,zj0yw denote Po_ 7 x,=z,v,=y,w,

1
— 3 3 Pxyv(@y) X [Pr¥)-Po_zjmgw (w-i,2) = Pa_ziey(w=i, 2)|

i oY (w_i,2)EW

1
~0(v/8) Pr(W) _Tr—l ; :czy Pxy(z,v) ( XEGW HPQ—iZ/\W'w,’y(w—’i’ z) — PQ—iZIl‘,'y(w—’h Z)”
! W—3,2

=0.
A similar derivation proves

1
™ YD “Pr(W) Pa_zixicrviesw(w—i, 2) — PQ_iZ[XgE_L,}’iEL(w—i,Z)" = O(V3) Pr(W).

i (w_iz)EW

Combining the previous two bounds with the bound

1
— Z Pr(W)|IPx.v;Pa_.zixicL viesw — PxiviPa_zixvw | < O(V3/a?) Pr(W)

from Lemma 4.8 with the triangle inequality proves the claim. O

Proof of Lemma 4.12. For any ¢,z,y and (w_;, z) € W write

1
P ,Y) - Pq_. i, 2) Vi = ———P P alw_i, 2) - V2_iz
xy(z,9y) - Pa_ziw (w—i, 2) = Br () xv(z,y) - Pa_z(w-_s, 2) s
1

= ————P M P | -3 ) P . - c%_i,z,
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where for the last equality we used Pq_,|x,v;, = Pq_,. From the definition, V= Pzw_s zy(2),
T,y

1

- P_I‘(W)PXY(x’y) . PZI“’“‘(Z) ’ PQ—iZIx,y(w—i, Z), (4.15)

where Pq_,zjz,,(w—_s, 2) denotes Pq_,7)x,=s,v,=y(w-i, 2). Similarly, we have

1

. Y P
Pxy(z,y) - Pa_ziw (w—s, 2) Wiy Pr(W)

Pxy(z,y) - Pz_,(2) - Pa_zj,1 (w_i,2). (4.16)

By definition
1
72 = — E PQ_,Z!W((U—i,Z) : PV"U—i(z)’

TyW_,2
thus for any > 0 applying Markov’s inequality a fraction at least 1 — n of (¢,w_;, 2)
distributed according to Py - Pq_,zw are such that Py, ,(z) < v2/7n. Let S be the set of such

triples, and consider summing the difference

Pxy(2,9) - Priu_.(2) - |Pa_ziey (Wi, 2) — Po_zjL1 (woi, 2))|

over all (z,y) and (¢,w_;,2z) € S. By lines (4.15) and (4.16), and applying Claim 4.13 we

obtain
1 2 Ve
— Y Pxy(z,y) - Po_zwlw_i,2) - |¥eiz — ¥eoiz| < Yo (—2)
m 4 .y e n \«a
(¢w—s,z)€S
Choosing n = §'/4 proves the lemma. a

Proof of Lemma 4.10. For every (i,w_;,2), z € X and y € Y let unitaries U,,_, .z, Viy_,zy and
sz_’él,z be as in Lemma 4.11. For notational convenience we suppress the dependence on
(¢,w—;, 2) when it is clear from context. Call triples (i,w_;, 2) that satisfy the conclusion of
Lemma 4.12 for Wsne, ’wa_,i’z’ N—isz, Yomisz, and yw_;,z simutaneously good triples, and let S

Y zy 1z, 1

denote the set of good triples. Fix (i,w_;,2) € S. Using |a — b|? < |a? — b?| for a,b >0,

2
— Yw_i,z
0 Bt -

~

S Py (@) - |8an) — 7 12| = S Pav(y) }
T,y T,y
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2 2
Y= Yooz
T,y
2
Y

S Z PXY(‘,Ey y) ’
z,Y

= 0(6Y4/a?), (4.17)
and similar bounds hold for |®, ), |® Ly) and |®, ). Thus to prove the theorem it will be
sufficient to establish that

51/4

a?

1
— Y Par(@y)Paawls ) (U ® )12, - [2.,)]7 = Of

T,y
(t,w—i,2)ES

)72. (4.18)

Using the lower bound on the measure of S,

% Z Pxy(z,y) - Pa_, viw(w_;,v) - “(Um ® V) IE’L,J - &’w,y>”2
oy
< % ;:1 Pxy(z,y) - Pa_, viw(w_s,v) - H(Uz ®Vy) ‘é.L,J.> - |&;xy>”2 + O(8Y%4
(3w-i,v)ES

For each good triple (¢,w_;, z), by the triangle inequality

[Weo ) [8.0) =) <3[[80s) =77 1200 +8][820) =77 )]
+ 3772 [(Ue @ V) [@L,1) — @)

<32 (Ue ® V) [@1,0) — @2yl + O(6Y4/a).

Using (4.17), the bounds stated in Lemma 4.11 imply the following bounds on the un-

normalized vectors:

1 2 61/4 )
E ; PX(J:) ' PQ_iZIW(w“"’ Z) ) ”I‘I)z,_]) - UW-iZ:L‘ Iq)i,l)“ - O(?f)fy ) (419)
(i,w_s,2)ES
1 2 61/4
w2 P Poawles?) Ve len) -0 =0(5 )7 ()
(tw-i,2)ES
1 2 51/4
E xz’y PXY(-'L'y y) . PQ_iZ[W(W—i, Z) . sz_,i;z q).l./z,y> - |(I)J/$’J_> — O(?),)ﬂ (421)
(i:‘d—i,Z)ES
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We show how to combine these bounds to establish (4.18). We have

[U21®1y) — @)1 = |

Using the triangle inequality again,

-1/2 -1/2 2
U AY2 A 1@ ) — AV2AL1@ 170y

— _ 2
UsAY2AT? @ Vi |1)0y) — AYVPALL @ Vi |@yy)|| -

< 3| (U AYV2AT) ® Vi[9 0) — (VaAV2AT?) 19,700) | (4.22)
+ 3/ (V. AY2AT) 12,y) — AAT 00| (4.23)
+3||AY2A 1@ ) — AV2A OV, B l/x,y)||2 : (4.24)

Using ||UzAll/ 2A__L/x/ ?|l < V2 the term (4.22) can be bounded as
| (V=AY A7) © Vi 18.172) — (VA2 A7) 101000 < 2 Vgl @) — (@ )] -
The term (4.23) can be re-written as
|(UaAY2A ) 1@.00) — AVAT 12| = 10219 0) — 122,001
Finally, using ||AY 2AI/1z/2|| < /2 the term (4.24) can be bounded as
| A2 AT 210 ) — AYVPAG @ Vi 1000 < 2][18070) = Vi 1900
Putting the three bounds together, from (4.24) we get

2
1Ue|®1) = 1@ ) I < 3|[Viy|®) oy — (@ )|| +31ITIDL0) — 122 )1 (4.25)

Using that U, is unitary,

Uz ® V) @1,0) = [Dep)IF < 21V1®00) = D) [P+ 2[[Un|®oy) — @2
2
< 18| Vay @y} = [@um)|| + 61021 0,0) — @2,
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+2[[Vyl @) — (@),

where the last inequality is (4.25). Eqgs. (4.19), (4.20) and (4.21) bound the three terms above
by O(6'/%/a*)y? on average over (z,y) weighted by Pxy, and (i,w_;, 2) € S, weighted by
Pr - Pa_,zw. This proves (4.18), and the theorem follows. O

Obtaining local unitaries

In this section we give the proof of Lemma 4.11, which states the existence of the local unitary

transformations needed for the proof of Theorem 4.7.

Proof of Lemma 4.11. Recall that we let the entangled state |¢/) and POVMs {A%,} and
{BP.} constitute an optimal strategy for G®". We refer the reader to Section 4.4.1 for the
definitions of operators AZc, etc. We will let p denote the reduced density matrix of |)) on

either system (this is well-defined because we’ve assumed |¢) is symmetric).

We first prove (4.10), that is, the existence of the unitary V,, Recall the notation

¥ = |[¢) (] and X[p] = XpXT. Introduce the following states:

—iZ2Yi "

Sarmpaaz= 2 Parn(wy") oy Ny ® (yAzr ® VBIE ) [¥] @ lactoXacke],

waynaaCVbC
§OYnEAERZ = SQYNEAERZIW, (4.26)
E
fw;;,_z = €EAIQ—i"—‘w—th:yi,wiz(AvJ—)' (4'27)
1J1

The state = is defined so that tracing out the entanglement registers E4 and Ep the resulting
state Eqyna. B, i a classical state that is equivalent to the probability distribution Poyn 4. p.-
In (4.26) the conditioning on W is well-defined since the event only involves classical random
variables in € and Z. In (4.27) only the reduced density on E, is considered, all other
registers being traced out.

The following claim provides the main step of the proof by relating the reduced densities

on Alice’s registers of states (4.27) associated with different choices for y;.
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Claim 4.14.

1

-3 SA.— 5 =0(V6/o?) (4.28)
m S7QLZIW Y 1,Yi 1,4 i1

Proof. First we observe that Pr(W)¢ =< E, thus by definition S(£||E) < S (§|E) <
log 1/ Pr(W). Using the chain rule for the relative entropy (Lemma 2.8),

Y"E, :Y Ea <1

(4.29)
Next we note that for any w, using Ando’s identity

WX ®Y]) = Te(XV/pY " V/p),

where |¢p) = 3 \/)\_j|vj)|vj), p =2 Ajlvi)(vj|, X, Y are any linear operators and the transpose

is taken with respect to the orthonormal basis {|v;)},

—Yy"n n n n b
By FadcBe = 37 Pya(y) l"Xy"| © /Ase /BB,a/py/ Ase @ lacbcXachel

yn1aC bC

< Y Pyew(@) WXy" ® /A2 /pB Bm/_ Asc @1
y" 7aC»bC

= Y Pyaw(¥") [u"Xy"| ® y/Asepy/Ase @1, (4.30)
y™.ac

where the last equality uses 3, Bybg = I. From (4.30) and the definition of S it follows
that S (EY"P4||ZY" ® Z84) < |C| - log |.A||B|. Applying Lemma 2.9,
1 YREL SV o SF
- < — A= S
ZQZ|W }/za EAlw Z)g Q%P%W ( ” W,z ® = )

]. n n n n
<—( E S(e¥.Fa)=Y Ea EY"EA||5Y" @ 2EA) )
= ( QzZW (gw,z Il ) QZ[W ( ”

1 1
< —(1og sr) 101 loglAlB (4.31)
where in the last line the first term is bounded using (4.29) and the second using (4.30).
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Applying Lemma 4.8,

a
]I;: PDiMi|W(A7 -L) zO(\/S) IE: PDiMi(A7 -L) =35
thus from (4.31) by conditioning on £2; = (A4, ») we deduce
— Z azonEa o 1(Y;; Ealw, z)g = 0(6/a), (4.32)

as long as o = Q(v/6). Next we apply Pinsker’s inequality (Lemma 2.7) and use that Y; is

classical in £ to write

2
E
—E whiz— &, EA S (w-zz f )
m i QZ|Qi=(A,1),W Yi|w,z L:Yi QZ|Q,—(A 1),W Yi|w,z LyYs

QZ}Q,—(A )W [(Y;; Balw, 2)e

=3
=3
= 0(6/a)

by (4.32). To conclude note that Lemma 4.8 and the classical correlated sampling lemma
imply

Pr- Pazviiei=(4,),w =0(v5/a2) P1 - Pa_izw - Py..

The proof of (4.9) essentially follows from Claim 4.14 and Uhlmann’s theorem. We give
the details. First write ¢£%, . and gw_hz explicitly as

L,y

ff,,z o (A2, ) VP B, VP (A, )V,

’y‘l

w_,,zOC Aff“ )1/2\/— w_“l (Aw,,,l)l/zy

4,40

which makes it apparent that the states

&)w_,- z> and éw_i z> introduced in (4.6) purify &u 2

Ly L,y

and £54 . respectively. Applying Uhlmann’s Theorem, there exists a unitary V,,_, .., acting
4,1
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on Eg such that

1 ~ ~ 1

—2 L EE 1<¢w“"z Vorizu ‘I)“’—"’z> 21- _Z E E |&5%: - &2

m Q_ZIW Y, 1,y; 1,1 Q_ZW Y; 1,y 1,1 1h
1-0(6"4)a), (4.33)

where the first inequality follows from the Fuchs-van de Graaf inequality (2.5) and the
second uses Jensen’s inequality and (4.28) from Claim 4.14. Expanding out the squared
Euclidean norm and making sure that V,,_, .. is chosen so as to ensure that the inner product

(éwfi,z[%_hz7yi|<f>wl_,~iz) is positive real, (4.33) proves (4.10).
Yi )

A nearly identical argument yields (4.9). It remains to show (4.11). Define

Ea  _
UJ—--uz € _,,Z g W—1,2 a'nd W—i,Z T W—‘uz 6 W—i,2
Yz 2 1.9 2 Ty i L 2 Ti, L

For notational clarity, we will suppress mention of w_; and z; it will be implicitly carried

around.

The density matrices 55’;1,7% and 55’;“ | are purified by |® i) and |® \/zi,1) Tespectively.
We will show that these two density matrices are close to together, on average, and hence
by Uhlmann’s Theorem implies that there exists a unitary V;, ,, acting on Ep that moves

|®,/z,4.) close to |® 1/zs,1)- Consider:

E
gxl Wi - gly‘i

I Q_ Z|W X,Y; Hgi/-’“% ” 1 QLiZIW XiY; ”2 sw T

<E, 22l + 5

mnyz - ” ]

We obtained a bound on the first term in the calculations above. It remains to bound the

Q_Z|W XY [2 "&’y’

second term. Again Lemma 4.8 implies

Pr - Pazyviipi=aw Z=0(v5/a2) Pr - Pa_iziw - Pxiv,

where “=” indicates approximate equality, up to relabeling the random variable M; with

X;, whose marginals are identical conditioned on D; = A. Thus using the same approach as
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earlier in the proof, we can obtain the bound

gfa, — €84, < 0(V5/a).

E}: Q_gIW X]EY H Ty

Thus there exists the desired unitary Vg, ., such that

< 0(6"4/at) (434)

1 - ~
;’L-zi:Q_EEZ:IW XIiEl/i |H(I)J-/Zi,J-> — Vaus (I>-L/Zi,yi>

proving (4.11). O

4.4.3 Extending the argument to more than two players

We extend the argument from the previous sections to games with k > 2 entangled players.
We describe the required modifications to the case of k = 3; the only hurdle in handling
larger number of players is notational. Furthermore we restrict our attention to the repetition

of the game GG, obtained by applying the anchor transformation to a game G.

Let G be an arbitrary game involving three players Alice, Bob and Charlie. The players’
questions are denoted by X,Y, Z, and their outputs are denoted as A, B,C. We will let
u(z,y, z) denote the question distribution of the game G. Let G, be the anchoring trans-
formation applied to G (for some «), and let u, (z,y, z) denote the question distribution of
G .. We analyze the behavior of val*(G¥™). Consider an optimal strategy for G®*, involving
a tripartite state |¢) € C¢® C? ® C? and POVM for each of the players: {A%.} for Alice,
{BZ:} for Bob, and {C¢,} for Charlie. The entangled state |1) is supported on three registers
E4, Ep, and Fe¢.

The subset of coordinates that we condition on winning (formerly called C) will be
denoted by S. The answers to rounds in S that we condition on will be denoted together as

Q = (As, Bg, Cg) (formerly called Z = (Ag, Be)).-

The idea behind the proof of the multiplayer extension is to reduce to the two-player case

by “combining” two of the three players and treating them as a single player.
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Dependency-breaking variable. The dependency-breaking variable €2 is constructed so
that for each coordinate i ¢ S, ; fixes 2 out of 3 questions. That is, D; is uniformly distributed
over {{A, B},{A,C},{B,C}}. The variable D; indicates which questions M; is coupled to.
For example, if D; = {A, B}, then M; is coupled to the pair (X;,Y;). The dependency breaking
variable satisfies the property that for all w, for all i, Px,y,zj0=0(Z,¥,2) = Px,j0=u(z) -

Pyiia=w(¥) - Pzj0=u(2)-

Operators and states. We define the states and operators in a nearly identical way to
the two-player case. We also introduce operators corresponding to the third player, C¢s_

ces

cs . .
w1 Co% o fzis) €FC-, defined in the obvious manner.

The states are also defined in a similar way:

[(I)a:,y,z> = \/A—a: ® \/B_y Y \/_C'-zl'l/})

where z, y, and z can be “normal” questions from X, Y, or Z, or they can be . or a hybrid
such as i/z.
The analogue of Lemma 4.10 in the three-player setting is the following. We use simplified

notation to maximize clarity, and suppress mention of 7, w_;, and ¢ = (as, bs, cs)-

Lemma 4.15. For all (z,y,z) € X x Y x Z, there exist unitaries U, V,,, and W, acting on
E,, Eg, and E¢ respectively such that

E U@V, @ W)|@u11) = [0y |I" = O(6/4/a™).

Proof sketch. Lemma 4.15, as in the two-player case, is proved in two steps. The first step
is to establish the existence of unitaries U,, V,, and W, such that Ugy|®, , ) = |®z.,.),
Vel®i,0) = |®ry,.), and W,|®, , ) = |®, ), with the unitaries acting on the appropriate
spaces.

To prove, say, the existence of U,, we treat Bob and Charlie as a single player — call him
“SuperBob” — and use the analysis from the two-player case where the game G is a two player

game involving Alice and SuperBob. Using the same reasoning as in the two-player case, we
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get that
E |(U:®V,®D|®.1.) = [®2,0)I° = 0(6"*/a™).

It then only remains to show that, on average over (z,y,2), IQI® W,)|®,, ) is close to

|Psy,z):

IWe|®ey ) = [@ry2)l

ColP 1@y i) = CC L% By )

= || Hae @ WoCLCL 1012} = e @ CoCL |y 1)
~ [WeCiCT AL ) — CO R0 )

= “W2|‘I)L,L,L> - I(D_L,J_,z>||
~0,

where H, , . is a unitary acting on E4FEp jointly such that Hyy . |®y . z) = [P, (1 /.). Such
a unitary is analogous to that in (4.11). Taking into account the required normalization

factors in to this calculation completes the proof of Lemma 4.15, O

The main theorem for the case of kK > 2 entangled players follows from Lemma 4.15 using

the same steps as in the two-player case.

4.4.4 A threshold theorem

We also observe that our proof nearly immediately yields a threshold version of our parallel
repetition theorem: we can give an exponentially small bound on the probability that the
players are able to win significantly more than a (1 — €)n coordinates in the repeated game
G%", where val*(G,) = 1 — . In [52], Rao shows how a Lemma of the form Lemma 4.9
yields not only a parallel repetition theorem, but also gives a concentration bound. Using

essentially the same argument, we get the following theorem:

Theorem 4.16. Let G be an a-anchored k-player game with val*(G) <1 —e. Then for all

integer n > 1 the probability that in the game G®" the players can win more than (1 —¢e+7y)n
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games s at most

(1 _ 79/2)ca8k n/s

where ¢ is a universal constant and s is the length of the players’ answers.

4.5 Classical multiplayer games

Perhaps the most well-known open problem about the classical parallel repetition of games is
whether an analogue of Raz’s theorem holds for games with more than two players. While
the two-player case already presented a number of non-trivial difficulties, proving a parallel
repetition theorem for three or more players is believed to require substantially new ideas.
In this section we show that multiplayer anchored games satisfy a classical parallel
repetition theorem. Thus, the anchoring transformation along with parallel repetition yields a
general hardness amplification technique for classical multiplayer games involving any number

of players.!

Theorem 4.17. Let G = (X, A, p, V') be a k-player a-anchored game such that val(G) < 1—¢.
Then

Oka . 63 N
va.l(G®") S exp (‘—m) y (435)

where s = log | A|.

For the remainder of this section we fix a k-player a-anchored game G = (X, A, p,V),
an integer n, and a deterministic strategy for the k players in the repeated game G®" that
achieves success probability val(G®"). In Section 4.5.1 we introduce the notation, random
variables and basic lemmas for the proof. The proof of Theorem 4.17 itself is given in

Section 4.5.2.

IThere are other ways to perform hardness amplification of classical multiplayer games, including trans-
forming a k-player game G into an equivalent two-player projection game G’ (where one player simulates the
original k players, and the second player is used to consistently check the answers of the new “super-player”),
and then applying Raz’s parallel repetition theorem to G’. However, this k-to-2 transformation does not
preserve quantum completeness, in general, which may be a useful feature. The anchoring transformation, on
the other hand, preserves quantum completeness, and simultaneously supports both classical and quantum
hardness parallel repetition.
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4.5.1 Breaking classical multipartite correlations

We refer to Section 2.1 for basic notation related to multiplayer games.

Let C C [n] a fixed set of coordinates for the repeated game G®" of size |C| =n — m. It
will be convenient to fix C = {m + 1,m +2,...,n}; the symmetry of the problem will make
it clear that this is without loss of generality. Let Z = Agc = (AL, A%, ..., AL) denote the
players’ answers associated with the coordinates indexed by C.

For t € [k] let Y* = (X*\ X!) U{.}, and define a random variable

Xt Xtext\xt

Yt = (4.36)

1, Xte Xxt
Let Y=Y'xY?x ... xY*and Y = (Y1, Y2,...,Y¥). For G®" we write
Y = (Y, Ys,...,Y,) = ((Yll,...,ylk),(Y;,...,y;k),...,(Y,},..,,Y:)).

Note that each k-tuple Y; is a deterministic function of X;. Furthermore, we will write Y,
to denote Y; with the ¢-th coordinate Y} omitted.
For i € [n] let D; be a subset of [k] of size k — 1 chosen uniformly at random, and D; € [k]
its complement in [k]. Let M; = Y;”* denote the coordinates of Y associated to indices in D;.
Define the dependence-breaking random variable §2; as
(Dy, M;) ieC

Q= . (4.37)
X; ieC

The importance of €2 is captured in the following lemma.

Lemma 4.18. (Local Sampling) Let X,Z,Q be as above. Then Px_,x,0_,z i a product

distribution across the players:
k
Px_ixiomz =[] Pxt ot zext.

t=1
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Proof. Conditioned on M; = Y;* each X; = (X!, X2,...,X¥) is a product distribution,
hence Px_,j0_,x, is product. Since for ¢ € [k] Z* is a deterministic function of X* the same

holds of Px_im_izxi. O

Lemma 4.18 crucially relies on the sets D; being of size £ —1: if two or more of the players’
questions are unconstrained in a coordinate it is no longer necessarily true that Px_,o_,zx;

is product across all players.

Let W = We = AZ, W; denote the event that the players’ answers Z to questions in the
coordinates indexed by C satisfy the predicate V. Let

5 |C|log | A +logm.

m

(4.38)

The following lemma and its corollary are direct consequences of analogous lemmas used
in the analysis of repeated two-player games, as stated in e.g. [?, Lem. 5] and [?, Cor. 6].
They do not depend on the structure of the game, and only rely on W being an event defined
only on (X¢, Z).

Lemma 4.19. We have

(4) ie][Em] IPx.view — Px.via.ll < V3.
(i) iEIFm] IPx.vize_qw — Px,viPriza_wl < V6

) E ||Pyzaw — PrjaPzawll < V6.

i€[m]

Proof. Ttem (i) follows directly from [37, Lem. 5] by taking U; = X,;Y;Q;. For (ii) apply [37,
Cor. 6] with U; = X; and T' = (Y1, Ys, ..., Y., Xo) to get

ie][Em] ||PXiZ}’[m]Xc|W - PX,'IYiPYiZY{m]\(i}XcIW” < \/5» (4'39)

which is stronger than (ii); (ii) follows by marginalizing Y?” in each term. Finally, the same

corollary applied with U; =Y; and T = 2 shows (iii). O
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Corollary 4.20.

k
. E Z “PY,PZQ,JWY, - PY,-PZQ_i[WYi—-z” < 3k - \/S

i€m] ,

Proof. We have Py;o,Pzow = Py;j0,Pa,wPza_;wa,. Applying Lemma 2.1 with Qr = Po,w,

Sr = Pq,, and Rgr = Py;0,Pza_;jwa,, We see that
iel[Em] IPy:i0:Pzaw — Pyvia:Pza_wa;ll = iel%?m] IPaw — Pa,ll < V3,

where the last inequality follows from Lemma 4.19, item (i). Combining the above with item

(iii) of the same Lemma, we have
iel%n] IPy.zemw — Py,0,Pza_wa,|l < 2V0. (4.40)

Noting that 2; is determined by Y; (the D; are completely independent of everything
else), (4.40) implies

B & IPvzow = PvPag wyll = E [Pvzo_w —Pyv.Pza_jwal

i€[m] telk]
< 2V,

Finally, notice that Lemmas 2.1 and 4.19 imply Ei¢m) [|Py;za_jw —Py;Pza_jwy: || = Eicim) |Py;—
Py,wll < V/§; the desired result follows. 0

4.5.2 Proof of the parallel repetition theorem

This section is devoted to the proof of Theorem 4.17. The main ingredient of the proof is

given in the next proposition.

Proposition 4.21. Let C C [n] and X,Z,Q_; be defined as in Section 4.5.1. Then

< (6ka™* +1)V/5, (4.41)

E ”PXiQ—iZIW —Px,Po_.ziwy,=1»
1€[m]

where 0 is defined in (4.38).
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Theorem 4.17 follows from this proposition in a relatively standard fashion; this is done
at the end of this section. Let us now prove Proposition 4.21 assuming a certain technical

statement, Lemma 4.22. This lemma is proved immediately after.

Proof of Proposition 4.21. First observe that

”Pxin_,-zw - PXiPQ_iZ]W,}’i=_L’°|> = ‘Ipxmn_,-zw - P&m"mawn:ﬂ“

as Y; is a deterministic function of X;. Applying Lemma 4.19, item (ii) we get

E ”men_,-mw - PX,»lY,-PY,-Q_t-Z|W“ < V.

i€[m]

The latter distribution can be written as Py,wPx,y,Po_,zwy;. Applying Lemma 2.1 with

Qr = Py,w and Sp = Py, we see that

|Px.viPria_zw — PxwiPa_zwy| = [Praw — Py,

b

which is bounded by v/ on average over i by Lemma 4.19, item (i). Hence

iGIE[Em] ”Px,-(z,,-zw — PX,-PQ-,;ZWV,Y}:_L"“ <2V + ieﬂ[zm] ”PXMPQ_,»ZWY,- - Px.v; PQ_,-Z|W,Y,~=J_'°”

I

=2V + E IPy:Po_zwy: — Pv:Pa_ziwyi—ux

where the equality follows from Lemma 2.1 applied with Rgr = Px,)y;. Applying the triangle

inequality,

iEI[E | prmpn_mwn - Px,v,Pa_zwy,=1*
m

= E HPY,-PQ_mWn — Py.Po_zwyi=ir
i€[m]

k

= .el}[l‘ ]Z ”PHPQ_,»Z|WY.<‘=Lt~1 vzt — Py, PQ_~Z|WY.5‘=M Y>>t (4.42)
we|m t=1 i a2 z i g

< 6ka™ - V3, (4.43)
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where (4.42) is proved by Lemma 4.22 below and (4.43) follows from Corollary 4.20. O

Lemma 4.22. Let S C [k] andt € S. Then

PP —PyP

* Q—iZIWY.SU{t}z_LSU{t)7y§\{t} ”

< 2q (IS4 “PYEPZQﬂ‘lWYi - P)’iPZQ_iIWlfi_t||' (444)

Q_ZIWYS=15Y5

Proof. In the proof for ease of notation we omit the subscript ¢ and write Y instead of Y;.
After relabeling we may assume S = {1,2,...,r — 1} and t = r where 1 < < k. Expanding

the expectation over Y explicitly we can rewrite the left-hand side of (4.44) as

”PY . (Pniizlv‘/’eryy<r=lr—l - PQwiZ|W,y>r’ysr=Lr) l . (4.45)

Next we use a symmetrization argument to bound the above expression. Consider a random
variable ¥ that is.a copy of Y, and is coupled to Y in the following way: Y =Y"", and
conditioned on any setting of Y" = y", Y™ and Y™ are independent. Using the fact that
Pr[Y" = 1] > a conditioned on any value of Y™™ = U™" = y~", we get that the expression

in (4.45) is at most

E

Using the triangle inequality and symmetry of Y and }7, this expression can be bounded by

-1
o HPY—-TPYTD/—T‘P}‘,-T“/_T . (PQ_,-ZIVV,y>',y’,y<":J_"‘1 —_— PQ_,‘Z|VV,y>T,j}",y<T=J_T_1)

’

-1
2a . ”PY . (PQ_,L.Z'VV’y>r’yr’y<r=Lr—l - PQ_,~Z|VV,y>’,y<T=LT“1)

which after noting that the quantity ||Po_,zjwy>r yr y<r=17-1 — Pq_,zwy>r y<r=.-| is indepen-

dent of the variable Y <", can be rewritten as

Using that the event that Y <" = ."~! occurs with probability at least o"~! and Pysry<re r1 =

-1
2a . ”PYZ"' . (PQ_,-ZIVV,y>',yT,y<"=J."'"1 - PQ—iZ]VV,y>T,y<T=J.T_1)
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Py>- by the anchor property, we can finally bound (4.45) by

207" - ||PyPza_,wy — PyPza_jwy—I,

which is the desired result. O

We prove Theorem 4.17 by iteratively applying Proposition 4.21 as follows.

Proof of Theorem 4.17. Let Cy = 0 and &, = 0. While (6ka=%+1)1/3, < /2, by Proposition
< ¢g/2. Set Csy1 = Cs U {i}
and 541 = (|Cs41| log |A| +1og 1/ Pr(We,,,))/m. First we show that throughout this process

4.21, we can choose i € C with ||PXiQ_iZ|W —Px.Po_zwy,=*
the bound
Pr[We,] < (1 —¢/2)!%! (4.46)

holds. Since by the choice of 7 one has HP x:0_2we — Px.Pa_zwe vi=1%| < €/2, to establish

(4.46) it will suffice to show that
PI‘(W,;!Wc) S val(G) + HPXiQ~iZIWc bt PX,- PQ—iZ|Wc,Yi=J-'°H‘ (4.47)

The proof of (4.47) is based on a rounding argument. Consider the following strategy for G:
First, the players use shared randomness to obtain a common sample from Pq_ 7w, v;=.*-
After receiving her question z}, player t € [k] samples questions for the remaining coordinates
according to Pxt |ot 7:xt, forming the tuple X ¢ = (X?*,,z}). She determines her answer
at € Al according to the strategy for G¥*. The distribution over questions X implemented
by players following this strategy is

k

Px,Pa_zwovi=u+ [ 1 Pxt ot zext,
t=1

which by Lemma 4.18 is equal to

Px.Po_zwevi=+Px_ija_iz-
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On the other hand from the definition of €2_; we have
Pxa_,zwe = Px.a_.zwePx_j0_.z2we = Pxia_izwePx_ij0_:z-

Applying Lemma 2.1 with R = Px_,|o_,z it follows that

HPXZQ_,‘ch - PXiPQ_iZ|Wcl/i=J_kPX_i|Q_iZ|| = “PXiQ_';ZlWC - PXz‘ PQ_,‘Z[Wc,Yi=J.k“ .

Now by definition the winning probability of the extracted strategy for G is at most val(G),
and (4.47) follows.
Let now C be the final set of coordinates when the above-described process stops; at this

point we must have
_ICllog | Al +1og gy a2ke?

n —|C| 48 - k%
Cl log | Al+lof 1
If |C|] > n/2 we are already done by (4.46). Suppose [ log | |+n & (parey) > gzkkf If

1 n-a?ke? ' .
log(Pr(Wc)) > Bosrr We are again done; hence, we can assume

|C|log | A| S a?ke?
n 192 - k2’

Now plugging the lower bound on the size of C in (4.46) we get

% .3
val(G®") < Pr(W¢) < exp (__a £ n)

384 k2.5

where s = log|.A|, which completes the proof. O

4.6 Some remarks on multiplayer parallel repetition

We conclude this chapter with some remarks about Theorem 4.17 and the more general
problem of multiplayer parallel repetition. Our analysis of repeated anchored games follows
the information-theoretic approach of Raz and Holenstein. It is a natural (old) question

whether one can extend this framework to prove parallel repetition for general multiplayer
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games?.

At first sight the Raz/Holenstein framework may seem quite suitable for multiplayer
parallel repetition. For instance, it is folklore that classically the approach extends to the
case of free games with any number of players, and furthermore, many of the other technical
components of the proof readily carry over in much generality. Despite these positive signs,
attempts to extend Raz’s original argument to the general multiplayer setting have so far
failed for different and rather interesting technical reasons. Embarrassingly, to our knowledge,
it is not even known how to extend the information-theoretic approach to prove that the
value of a repeated k-player game decays at all!®

We give an example of one of the difficulties in proving a multiplayer parallel repetition
theorem for general games. Consider the problem of defining an appropriate dependency-
breaking variable {2 in the multiplayer setting. There are two competing demands on 2: on
one hand the breaking of dependencies between the players’ respective questions seems to
require it to contain as many of the players’ questions as possible for each coordinate i € C.
In fact, if the correlations between the players inputs’ are generic, it seems hard to avoid
the need to keep at least £k — 1 inputs in each ;, as we do in Lemma 4.18. On the other
hand, for correlated sampling to be possible, it seems necessary for §2 to specify very few of
the questions per coordinate, or in fact in the generic case, at most 1; as soon as k > 3 both
requirements are in direct contradiction.

An insight behind our result is that it is sometimes possible to decouple the above
two competing demands on €2 (i.e. the dependency-breaking and the correlated sampling
components). More precisely, when the base game is anchored, we show how to define a
useful dependency-breaking variable (or quantum state, in the entangled players setting) that
can be sampled without correlated sampling. With correlated sampling out of the way, the
aforementioned conflict between correlated sampling and dependency-breaking disappears,

allowing us to proceed with the argument.

20ne can modify an argument of Verbitsky based on Hales-Jewett theorem to show that if val(G) < 1,
then val(G®") must go to 0 as n grows [59], but the bound on the rate of decay is extremely poor.
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Chapter 5

Conclusion and Open Problems

In this thesis, we showed two methods for proving strong hardness amplification results
for entangled games and multiplayer games. Many interesting problems about the parallel
repetition of multiplayer and entangled games however remain open. Perhaps the most
pressing of these is the problem of obtaining a complete extension of Raz’s theorem for
general entangled two-player games (see Yuen [63] for a new work in this direction obtaining
a polynomial decay for all two-player entangled games). For example, obtaining a fully
quantum analogue of Raz’s theorem, as was the case for Raz’s theorem itself, is likely to have
important implications in the setting of communication complexity. One promising candidate
approach could be to leverage the recent ideas related to quantum information complexity
[57, 14].

Similarly, proving a parallel repetition theorem with exponential decay for general mul-
tiplayer games remain a fascinating challenge. In our view, however, this problem (even
classically) seems more challenging than the two-player entangled case, as its difficulties are
related to communication complexity and circuit complexity lower bounds.

An important message of Chpater 3 is that there is a modified form of game concatenation
with no adverse effect on the entangled value. This is notable since ordinary concatenation
may appear to be not very well-behaved with respect to quantum strategies: we typically do
not expect that entangled players would be able to answer a number of questions from a game
G simultaneously, while preserving the same question/answer statistics as in G, as players’

measurement operators associated with different questions generally do not commute.
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The concatenation and composition of games play an important role in the classical
setting in the context of PCPs [5, 4, 25]. It remains to be seen whether ideas related to our
ordered fortification can be useful in lifting some of these techniques to the quantum world.
Even though we believe concatenation will prove a useful tool in quantum complexity and
cryptography as has been the case case in classical complexity, in the context of game variant
of quantum PCP [31], one should bear in mind the recent work of Ji [42] which rules out

some amplification approaches toward this conjecture.
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