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Abstract

Gasper & Rahman’s multivariate g-Racah polynomials are shown to arise as connection coefficients
between families of multivariate g-Hahn or g-Jacobi polynomials. The families of g-Hahn polynomials
are constructed as nested Clebsch—Gordan coefficients for the positive-discrete series representations of the
quantum algebra su4 (1, 1). This gives an interpretation of the multivariate g-Racah polynomials in terms of
3nj symbols. It is shown that the families of g-Hahn polynomials also arise in wavefunctions of g-deformed
quantum Calogero—Gaudin superintegrable systems.
© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

0. Introduction

This paper shows that Gasper & Rahman’s multivariate g-Racah polynomials arise as the
connection coefficients between two families of multivariate g-Hahn or g-Jacobi polynomials.
The two families of g-Hahn polynomials are constructed as nested Clebsch—Gordan coefficients
for the positive-discrete series representations of the quantum algebra su, (1, 1). This result gives
an algebraic interpretation of the multivariate g-Racah polynomials as recoupling coefficients, or
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3nj-symbols, of su,(1,1). It is also shown that the families of g-Hahn polynomials arise in
wavefunctions of g-deformed quantum Calogero—Gaudin superintegrable systems of arbitrary
dimension.

The multivariate g-Racah polynomials considered in this paper were originally introduced
by Gasper and Rahman in [7] as g-analogs of the multivariate Racah polynomials defined by
Tratnik in [34,35]. These g-Racah polynomials sit at the top of a hierarchy of orthogonal polyno-
mials that extends the Askey scheme of (univariate) g-orthogonal polynomials; Tratnik’s Racah
polynomials and their descendants similarly generalize the Askey scheme at ¢ = 1. These two
hierarchies will be referred to as the Gasper—Rahman and Tratnik schemes, respectively. The
Gasper—Rahman scheme of multivariate g-orthogonal polynomials should be distinguished from
the other multivariate extension of the Askey scheme based on root systems, which includes the
Macdonald—Koornwinder polynomials [25] and the g-Racah polynomials defined by van Diejen
and Stokman [36].

Like the families of univariate polynomials from the Askey scheme, the polynomials of the
Gasper—Rahman and the Tratnik schemes are bispectral. Indeed, as shown by Iliev in [17], and
by Geronimo and Iliev in [14], these polynomials simultaneously diagonalize a pair of commu-
tative algebras of operators that act on the degrees and on the variables of the polynomials,
respectively. The bispectral property is a key element in the link between these families of
polynomials, superintegrable systems, recoupling of algebra representations, and connection co-
efficients of multivariate orthogonal polynomials. Recall that a quantum system with d degrees
of freedom governed by a Hamiltonian H is deemed maximally superintegrable if it admits
2d — 1 algebraically independent symmetry operators, including H itself, that commute with the
Hamiltonian [26].

For the univariate Racah polynomials, one has the following picture [11]. First, upon consid-
ering the 3-fold tensor product representations of su(1, 1), one finds that the two intermediate
Casimir operators associated to adjacent pairs of representations in the tensor product satisfy the
(rank one) Racah algebra, which is also the algebra generated by the two operators involved in
the bispectral property of the univariate Racah polynomials. This leads to the identification of
the Racah polynomials as 6 (or Racah) coefficients of su(1, 1), which are the transition co-
efficients between the two eigenbases corresponding to the diagonalization of the intermediate
Casimir operators. Second, if one chooses the three representations being tensored to belong to
the positive-discrete series, the total Casimir operator for the 3-fold tensor product representa-
tion can be identified with the Hamiltonian of the so-called generic superintegrable system on
the 2-sphere, and the intermediate Casimir operators correspond to its symmetries. Finally, one
obtains the interpretation of the univariate Racah polynomials as connection coefficients between
two families of 2-variable Jacobi polynomials that arise as wavefunctions of the superintegrable
Hamiltonian. For a review of the connection between the Askey scheme and superintegrable sys-
tems, see [21]. For a review of the approach just described, the reader can also consult [10,12].

The picture described above involving the one-variable Racah polynomials has recently been
fully generalized to Tratnik’s multivariate Racah polynomials. In [20], Iliev and Xu have shown
that these polynomials arise as connection coefficients between bases of multivariate Jacobi poly-
nomials on the simplex [5] and used this to compute connection coefficients for families of
discrete classical orthogonal polynomials studied in [19], as well as for orthogonal polynomials
on balls and spheres. In [18], Iliev has established the connection between the bispectral oper-
ators for the multivariate Racah polynomials and the symmetries of the generic superintegrable
system on the d-sphere. In [2], De Bie, Genest, van de Vijver and Vinet have unveiled the re-
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lationship between this superintegrable model, d-fold tensor product representations of su(1, 1)
and the higher rank Racah algebra. See also [8,29,30].

Many of these results have yet to be extended to the g-deformed case. The interpretation of
the univariate g-Racah polynomials as 6 coefficients for the quantum algebra su, (1, 1) is well
known [37], as is its relation with the Zhedanov algebra and the operators involved in the bispec-
trality of the one-variable g-Racah polynomials [16,38]. Dunkl has also shown in [4] that these
polynomials arise as connection coefficients between bases of two-variable g-Jacobi or g-Hahn
polynomials. On the multivariate side, Rosengren has observed that g-Hahn polynomials arise by
considering nested Clebsch—Gordan coefficients for su, (1, 1) and derived some explicit formu-
las [31]. Moreover, Scarabotti has examined similar families of multivariate g-Hahn polynomials
associated to binary trees and their connection coefficients [32].

Nevertheless, the identification of the multivariate g-Racah polynomials as 3nj coefficients
of the quantum algebra su,(1,1) has not been achieved. Moreover, the connection between
g-Racah polynomials, both univariate and multivariate, and superintegrable systems remains to
be determined. The present paper addresses these questions. As stated above, it will be shown that
Gasper & Rahman’s multivariate g-Racah polynomials arise as connection coefficients between
bases of multivariate orthogonal g-Hahn or g-Jacobi polynomials. The bases will be constructed
using the nested Clebsch—Gordan coefficients for multifold tensor product representations of
sug (1, 1), which will provide the exact interpretation of the multivariate g-Racah polynomials
in terms of coupling coefficients for that quantum algebra. Finally, we will indicate how these
bases also serve as eigenbases for g-deformed Calogero—Gaudin superintegrable systems.

The paper is organized as follows. In Section 1, background material on suy(1,1) and its
positive-discrete representations is provided. In Section 2, the generalized Clebsch—Gordan prob-
lem of sug (1, 1) is considered. The bases of multivariate g-Hahn polynomials are introduced and
their bispectrality is related to commutative subalgebras of su4 (1, 1)®4 . In Section 3, it is shown
that the multivariate g-Racah polynomials arise as connecting coefficients between these bases.
The proof of the one variable case relies on a new generating function argument. In Section 4,
the connection with superintegrability is established. We conclude with an outlook.

1. Basics of su,(1,1)

This section provides the necessary background material on the quantum algebra su, (1, 1).
In particular, the coproduct and the intermediate Casimir operators are introduced, and the rep-
resentations of the positive-discrete series are defined.

1.1. suy(1,1), tensor products and Casimir operators

Let g be a real number such that 0 < g < 1. The quantum algebra su, (1, 1) has three genera-
tors Ag, A+ that satisfy the defining relations
qZAO -1
A—A+_CIA+A—=W, [Ap, Ar]==%A4, (1)
where [A, B] = AB — BA. Upon taking Z+ = A g 402, A_= g~ 4/2A_ and Zo = Ao, one
recovers the defining relations of su, (1, 1) in their usual presentation, that is
T

So————.  [Ap Ax]l=+As.
g2z —g12

[X—v Z—I—] =
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The Casimir operator I', which commutes with all generators, has the expression

q—l/2qu +ql/2q—A0

1-A
G 2—qg 122 ArA—g . 2)

I'=

The coproduct map A : suy (1, 1) — suy(1, 1) ® sugy (1, 1) is defined as

A(Ap) =A)® 1 +1® A, AAD)=A:®1+¢® AL

The coproduct A can be iterated to obtain embeddings of su4(1, 1) into higher tensor powers.
For a positive integer d, let A@D . sug(1,1) — suq(1, 1)®4 be defined by

A(d) — (1®(d—2) ®A)o A(d_l), A(l) =1d, 3)

where Id stands for the identity; one has AP = A,

For 1 <i < j <d, let [i; j] denote the set {i,i + 1, ..., j}. To each set [i; j], one can as-
sociate a realization of suy (1, 1) within su, (1, 1)®d. Denoting by A(()k), Ag;) the generators of
the kth factor of su, (1, 1) in sug (1, 1)®4 the realization associated to the set S = [i; j] has for

generators
s d 09) s d SR 4O (k)
A0=2A , A:I::Zq t=i 0 Ay “4)
k=i k=i

To each set S = [i; j], one can thus associate an intermediate Casimir operator 'S defined as

s _4S
qfl/Zqu_i_ql/Zq A0

S 48 1-A3
G2 —q-172)2 —ALAZg . ®)

rs =

For a given value of d, the Casimir operator I''l:4] will be referred to as the full Casimir operator.
1.2. Representations of the positive-discrete series

Let « > 0 be a positive real number and let V(@ be an infinite-dimensional vector space with

orthonormal basis e,(la), where n is a non-negative integer. The space V@ supports an irreducible

representation of su, (1, 1) defined by the actions

Aoe,(l“) =0+ (a+ 1)/2)6510{), A+e,(1“) = ,/aéj‘}le’(ffl, A,e,(f‘) = o,fa)e,(la_)l, (6)
with (e;, ;) = §;; and where o, is given by
1/2 (I-gMHd - C]n+a)

(1—q)?
Note that oéa) = 0 and that when 0 < ¢ < 1, one has o, > 0 forn > 1. It follows that Al = A,
Ag = A as well as I'"=TonV®. The sug (1, 1)-modules y@ belong to the positive-discrete

series. On V(@ the Casimir operator (2) acts as a multiple of the identity. Indeed, one easily
verifies using (2) and (6) that

ol =

)

qa/2 + qfoz/2

Fer(za) =y(®) er(,a), y(a) = m (8
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With the help of the nested coproduct defined in (3), one can define tensor product representations
of sug(1,1). Let a = (a1, 02, . ..., o¢g) with o; > 0 be a d-dimensional multi-index and let W@
be the d-fold tensor product

W(Dl) — V(Otl) R ® V(Old). 9)

As per (4), the space W® supports a representation of suy (1, 1) realized with the generators
A[1 d] A[1 4 The space has a basis ey ) defined by

(Ot) — e(Oll) R ® e§3d)v (efvot) (o )) =8y, (10)
where y = (y1, ..., y4) is a multi-index of non-negative integers. The action of the generators

A([)l;d], Ag;d] on the basis vectors (10) is easily obtained by combining (4) and (6). As a represen-

tation space, W® is reducible and has the following decomposition in irreducible components:

00 k

k+d—2

W(“)z@mkVQHA”d_l), Ak:Zai, mk=(+k ) (11)
k=0 j—

When d =2, a detailed proof of the decomposition (11) can be found in [33], see Theorem 2.1.
The proof in arbitrary dimension follows easily by induction on d, using the identity

ij(k+a) _ (s+a+1)

P k s

It follows from (11) that the total Casimir operator I''l:4l defined by (5) is diagonalizable
on W@ _Tts eigenvalues k}cl;dl are given by

)V[(l’dlz)/(Zk—‘r‘Ad‘}‘d_l)v k=0,1,2,...,

where y («) is given by (8); these eigenvalues have multiplicity my.
2. Multivariate ¢g-Hahn bases and the Clebsch-Gordan problem

In this section, two orthogonal bases of multivariate g-Hahn polynomials are constructed in
the framework of the generalized Clebsch—Gordan problem for su, (1, 1). The connection be-
tween the standard Clebsch—Gordan problem involving two-fold tensor product representations
and the one-variable g-Hahn polynomials is first reviewed, and then generalized to the multifold
tensor product case. Two related bases of multivariate g-Jacobi polynomials are also introduced
through a limit.

2.1. Univariate q-Hahn polynomials and Clebsch—Gordan coefficients

We first consider the d = 2 case where W (©1:%2) = V(@) @ V(2 [n addition to the direct prod-
uct basis (10), the space W (¥1-*2) admits another basis which is associated to its multiplicity-free
decomposition (11) in irreducible components. These basis elements f;, (‘1’”,,? 2) are defined by the
eigenvalue equations

rit2l f(otl ,02) =yQ2n + Ar + l)f(al ,a2) qAE)I f(Dtl a2) nl+nz+(A2+2)/2f(0t1 ,a2)

ni,ny ny,ny ny,ny ny,ny

with n1, np non-negative integers and where Ay = o + 3.



102 V.X. Genest et al. / Nuclear Physics B 927 (2018) 97-123

Remark 1.In the expansion V(@122 = @20 v CktertertD) the “coupled” basis vector

2 1 o
n(f"'nfz) corresponds to e( nitertotl oy Qnitato+D),

The Clebsch—Gordan coefficients are the (real) expansion coefficients between the coupled

basis f;2%¢? defined above and the direct product basis ¢{;%? = ¢{*" @ ¢{%?). One has
fitti? = 20 G O e, Al = D G Ony) AT
Y1:¥2 ni,ny

(12)
where C,Sof,‘,;gz)(yl, v2) = { n(f”,,za 2, e%‘;gm) (e;‘f'y‘;” fn(‘lxlng 2)y are the Clebsch-Gordan coeffi-
cients. These coefficients vanish unless n1 +n2 = y; + y2. They enjoy the explicit expression [37]

Cla,2)

C02) (91, 32) = Sny g,y 42 oy (V1 @1, @2, 31 + Y21 ), (13)

where 7, (x,a, B, N; q) are the orthonormal ¢g-Hahn polynomials multiplied by the square root
of their weight function. One has

-~ . [|obsa, B, N5 q) )
hl’l(xva7 /3va Q)— n(n,ot,,B,N,q) hn(x7a7 ﬂva CI)a (14)

with &k, (x, o, B, N; q) the g-Hahn polynomials [23]

-, qn+a+/3+17 g .
4.9

_ q
ha(x.o, BN @) = @ (@™ gD 3¢2< ot g (15)

where (a; q), is the g-Pochhammer symbol

@on=>0-a)l—aq)---(1—ag"™",  (a:q)0=1,

for n a non-negative integer, and where ,¢; is the basic hypergeometric series [6]

ar, ... dr, o @@k (@s gk kg1
rvs N N = _1 )
’ <b1~~-7bs ! Z) ;(Q?‘I)k(blZQ)k"'(bs;CI)k [( ) qz] ¢

The weight function w (x; o, 8, N; g¢) and the normalization coefficient n(n, o, 8, N; g¢) have the
expressions

@ e @P T @ vy (N=x)(@+1)

w(x;a,B,N;q) =
q:9)x(q: @) N—x
and
a+p+2.
. BN q) = (q s Qn+N 2(8)—2Nn
(g PDN-n
1—q* 7P (@ )n @™ Dn @ Dn )
X 2 1 1 q :
1— q n+o+p+ (qa+/3+ ;Q)n

The g-Hahn functions ﬁ,, (x,a, B, N; q) satisfy the orthogonality relation

N

> haCxo BN @hy (x. . B, N: q) = S (16)
x=0



V.X. Genest et al. / Nuclear Physics B 927 (2018) 97-123 103

The coefficients C, ,(,‘;lf;,‘;‘Z)( ¥1, y2) satisfy the orthogonality relations
D L 0n ) G (51.32) = 8y By
Y1 y2
D G 0132 G (01, 30 = 8y, 8-

ni,n2

a7

If we define the shift operators Tyﬂf f (i) = f(yi £1), then using (6) we see that the generators
of each copy of su, (1, 1) will be represented by the following operators

(@) . X : ) . ] _
qA() — qyl‘l'(ﬂtz"rl)/27 AS’{) — O,)S‘ai)l Ty—:-’ A(i) — O_)E?I)Tyi . (18)

In particular, per (5), the Casimir I''1:2 is identified with the operator

LN (y(al)q*(yz+(az+l)/2) T y(ap)giteaths2
1/2 —1/2
_( ql//z t4a 1//2 ) gntan-e)2
(g7 —q='/%)

—(n+(a2—1)/2) (1) _(02) - n— —(n+(a2+1)/2) (1) _(@2) pp—rp+
— g~ VO 110w Ty Ty, —q 2 Vo o a1y Ty
By construction, this operator acts in a diagonal fashion on the functions C,(,‘f},;‘;” (y1, y2) with

eigenvalues y 2n1 + Az + 1).

Remark 2. Let us note that the functions C,gf,‘,’,';“) (y1, y2) are bispectral. Indeed, if we consider y

and n such that

yi+ty=ni+n=N,

then in view of (13), we can think of c,ﬁ‘j‘},;‘;z)(yl, ¥2) as an orthonormal g-Hahn polynomial of

the variable y;, with index n1, multiplied by the square root of the weight. In addition to the
spectral equation in y; stemming from the realization (18), they obey also a recurrence relation
in the index ni. This property, which is well known (see [23, Section 14.6]), can be derived
explicitly in the present context by considering the matrix element

1
AY plara) )

(D
—  flar,on) A7 (aa2)y —  yi+(er+1)/2 ~(ar,02)
(q niny 2 €y )= Sy 470 ey ) =4 Gy

niony . (V15 Y2)s

. . 0)
and by computing the action of g0 on fn(?lng 2)

2.2. Nested Clebsch—Gordan coefficients and q-Hahn bases

We now consider the general d-fold tensor product representation W ® defined in (9), and its
decomposition in irreducible components (11). Since there are multiplicities in the decomposi-
tion, the eigenvalue problem for the total Casimir operator '@ is degenerate. In the following,
we will construct two bases associated to the diagonalization of two different sequences of inter-
mediate Casimir operators.
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2.2.1. First basis

Consider the following sequence of intermediate Casimir operators: {['l1:21 31
I‘[l;d_”, F[l;d]}. By construction, these operators commute with one another, and can thus be
diagonalized simultaneously. Moreover, since the intermediate Casimir operators are self-adjoint
on W@ the resulting basis will be orthogonal. Taking n = (n1, ..., ng), we define the orthonor-

mal basis g of W@ by the eigenvalue equations

rlKgl® = y QN1 + Ac+k— g™, k=2.....d,
[1:d] (19)

A N, Ag+d)/2
g gl = gNat A2l

where N and Ay are defined as Ny = Zk (ni and Ap = Zf»‘zl o;. We shall consider the ex-
pansion coefficients of the coupled basis g(“) in the direct product basis e§,°‘). Upon iterating the

Clebsch—Gordan decomposition (12), one obtains the following result.

Proposition 1. Let \115,“) (¥) be defined by the expression

d—1
W (9) =88y, | [ e Ve = Niw1, 2Nkt + A+ k = 1, Yoy = Nec1iq), - (20)
k=1

where Y = Z{;l yi, and where iz\n (x,a, B, N; q) is given by (14). These functions satisfy the
orthogonality relations

DO D =0 Y P OWR ) =8y, @D
y n

and arise in the expansion formulas

gl =) Wrme®, o= Z i (p) gy (22)
Yy

Proof. One starts from the direct product basis ey ) of W®_ One can diagonalize the interme-
diate Casimir operator I'l':2 using the expansion (12). This leads to

(or1,000) (ar1,000)
(“) = Z Col'5 P Oy 37 ®e(a3) ®- (‘;")
ny,ni
Upon using Remark 1 to identify fn(‘lx'n‘m with e (2"'+0”+a2+1) e V@) @ V@) one can use (12)

on n(f”nflz) ® e(‘m to diagonalize I'l1:2! and T 3] simultaneously. One then obtains

2 1,
€§,a)= Z C(Oll 2)(y y2) C( "|+0l1+0l2+ 0‘3)(”1 y3)

ny.m na.ma
ny,m,n2,m

fn(22nnlz+a1+az+1 ,a3) ® e(ot4) R® e(ad)

Using Remark 1 again to identify f, (2"‘+°”+a2+1 %) with the vector eanlﬂnﬁaﬁaﬁaﬁz)

V@) @ V@) @ V@) one can use (12) on fn(zz';‘;“ﬁ“”] ) & e(‘"4) to diagonalize 1121, I1:3]

and 'S4 simultaneously. This leads to
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() _ (a1,02) 2ny+ar+ar+1,a3)
ey - Z Z Z Cn1 l’l] (y y )an ny (n17 )’3)

ny,iy ny,ip n3,i3

2n142nr+a o +a3+2,a 2n1+2ny 4o +ar+a3+2,a.
Cr(l3 rl3 2t ton+os 4)( fn(3 n13 2t +artas 4) Qe (a5) Q- ®e(ad)

and so on. Then one can use (13) to deduce that the terms in the sum above vanish unless
nj=Yj1—Nj, j=12,....,d—1.

Upon substituting the above condition in the expansion of eg,“) we obtain the second formula
in (22) where the coefficients \115,“)( y) are given in (20). Since both bases {ega)} and {g,(,a)} are

orthonormal, (21) and the first formula in (22) follow from the fact that the matrix (\115,“) O Dn,y
is orthogonal. O

The coefficients \I/,(,“) (y) can be viewed as nested Clebsch—Gordan coefficients for the pos-
itive discrete series of irreducible representations of su,(1,1). A different approach to obtain
multivariate g-Hahn polynomials was outlined by Rosengren in [31]. Note that

W (y) = (g, el®).

Using (18), we can represent the action of 'Kl as a difference operator in the variables y. Then,
the equation

<F[1;k] (ot) (06)>

gy (@) k] (a)>

(gn
combined with (19) shows that \IJE,“) (y) are eigenfunctions of the difference operators IRt
with eigenvalues y (2Ny—1 + Ax + k — 1). The results in [17] imply that the functions \IJ,(,“)( y)
are also eigenfunctions of commuting operators acting on the variables n, and therefore are
bispectral. The natural extension of the arguments in Remark 2 provides a Lie-interpretation of
the corresponding bispectral algebras of partial difference operators.

2.2.2. A family of multivariate q-Hahn polynomials

The orthonormal functions \115,“)( y) can be expressed in terms of the multivariate ¢g-Hahn
polynomials introduced by Gasper and Rahman in [7]. Indeed, one can write

()
P (y)
) = v | = B ). (23)
n
with p@ (y) given by
d 1
@Dy, -
p(ol) (y) = 1_[ - Yk q)k(Ak—H‘k b (24)
i1 @Dy

The normalization factor Aﬁ,“) has the expression

Ag+d.
(@7 Dng+2Nay 2 (N1 2NNy

A =
(@5 Dng
l—[ g™ (@5 O @Y Do @S D o+ A0
X ZNk+Ak+1+k q ’

(gAK@ 2N,y
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and H,g“) (¥) are the Gasper—Rahman multivariate g-Hahn polynomials defined as

d—1
H (9) = [ ] hne (Ve = Niemt. 2Ni—t + A+ k = 1 eyt Yipr — Nec1: ). (25)
k=1

where h,(x,«, B, N; q) are the g-Hahn polynomials given in (15). These multivariate g-Hahn
polynomials are a direct g-deformation of Karlin & McGregor’s multivariate Hahn polynomials
[22]. Upon fixing M € N and taking n and n’ such that Ny = N, = M, these polynomials satisfy
the orthogonality relation

Y () H® () HY (9) = A . (26)

y
Yo=M

Remark 3. Note that when dealing with the polynomials (25), one usually fixes Yy = Ny =M

and takes ny = M — Ny_1. The resulting polynomials have parameters «q, ..., oy and M, and
degree indices ny, ..., ng—1. Alternatively, H,g“) (¥) can be described as orthogonal polynomials
of total degree Ny_ in the variables q_Yl , q_Yz, e q_Y‘H.

2.2.3. Second basis

Consider the sequence of operators { 23l p4 | rlzd plldl }. These operators are self-
adjoint on W®, and they commute with one another. Consequently, one can construct an
orthonormal basis that simultaneously diagonalizes them. Taking m = (my, ..., mg), the or-

thonormal basis u ) of W@ is defined by the eigenvalue equations

TZKL@ — oMy )+ Ay +k—2u®,  k=3,....d,
. 27
Ty @ — QM + Ag+d — Du'®, qu‘»d]ugzo:qu+(Ad+d)/zM5;z)’ @7

where M = Zlf (m; and where A, = ZLZ a;. Once again we consider the expansion coeffi-

() +

cients of the coupled basis u,,  in the direct product basis e(“) One has the following result.

Proposition 2. Let & "(a) (y) be defined by the expression

d-2
B (9) = 8mavy | [ Fme Vg1 — M1, 2Mi 1 + At + k — Loy, Yeya — Mi_1: q)
k=1

X il\md,l 11, 2Mg 2+ Ag+d —2,Y, — Mg _2:q), (28)

where ?k = Zf:z y; and where fz\n (x,a, B, N; q) is given by (14). The function Eﬁ,‘:‘) (y) satisfy
the orthogonality relations

Y EW BB D) =, Y ELMEL () =8y, (29)
y m
and arise in the expansion formulas

ug =Y EX (e, P =) EX(yu. (30)

y m
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Proof. The proof is along the same lines as that of Proposition 1. Starting from the direct product

()

basis e}, one diagonalizes the operator I'(2:3] by using the expansion (12). This leads to

(Ol) _ Z C(O‘2 a%)(y2 y3) e(Ol|) ® f(az ,a3) ® e(ot4) ® - ® e((xd)

mip,nmi mip,nmi
my,iny

One can use Remark 1 to identify f,fl‘fznff) with e(zm‘+a2+a3+l) e V@) @ V@) and use (12)
on the vector f, (2, ‘“) ®e 44). Repeating this procedure until I'%4] is diagonalized, one finally
diagonalizes the total Casimir operator I'':4] by applying (12) one last time. Using the explicit

expression (13) then yields (28). O

The coefficients & 5,? ) (¥) can also be viewed as nested Clebsch—Gordan coefficients and satisfy
bispectral equations.

2.2.4. Another family of multivariate q-Hahn polynomials
The orthogonal functions & "(“) (¥) can also be written in terms of a family multivariate orthog-
onal polynomials of g-Hahn type. One has indeed

()

= P (y)

= ) = g | = G ). 31
m

where p® (y) is given by (24). The normalization factor Q(“) is of the form

2(Ma=1y—2MyMy_
Q@ _ (qu+d;fI)md+sz_lq (") —2MaMy
y 1_[ Ak+2+k (q;CI)mk(qu+1+k @mp+2M, 1(q°‘k+2+1 @Dy qu(sz A1+
2Mk+Ak+2+k (qu+2+k; Do 42M;
y 11— qu+d—l (G5 Dmy_, (qu+d71- Dmg_1+2M,- z(qot1+1; Dimg_ qu—l(ot1+l)
l_qZMdil—i_Ader_l (q Aatd=1; ‘I)md 14+2My_» ,

and the polynomials Gﬁf,‘) (y) have the expression

d-2
GO () = [ [ hm Vi1 — M1, 2Mi 1 + Apyr +k — Loy, Yiso — Mi_1:q)
k=1

x g Ma2p, (@, 2Mg g+ Ag+d —2,Ya — My_2:q),  (32)

where h,(x,a, B, N;q) are the g-Hahn polynomials (15). These polynomials are orthogonal
with respect to the same measure as the Gasper—Rahman g-Hahn polynomials H,E“) (y) given by
(25). Upon fixing L € N and taking m and m’ such that My = M/, = L, the orthogonality relation

for the polynomials G(“) (y) reads

> () GO () G () = UL S (33)

y
Y;=L
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Remark 4. Once again, one can take mg = L — Y;_1. The resulting polynomials have parameters
af,...,0q and L, and degree indices m1, ..., mg_1. Alternatively, Gg,'f)(y) can be described as
orthogonal polynomials of total degree My_; in the variables ¢ V1, g~ Y2, ..., g~ Ya-1,

Let us quickly recap the results obtained so far. We have used nested Clebsch—Gordan co-
efficients for multifold tensor product representations of su, (1, 1) to construct two bases of
multivariate orthogonal functions \I!(“) (y) and u(“) (y) that diagonalize two commutative subal-
gebras of intermediate Casimir operators. From \IJ(“) (y) and :5,,>( y), we then constructed two
families of multivariate ¢g-Hahn polynomials H, (“)( y) and G(“) (y) that are orthogonal with re-
spect to the same measure p("‘) (¥) given in (24).

2.3. g-Jacobi bases

The orthogonal functions \Il(“) (y) and E ’“(“) (y) defined in (20) and (28) are both non-zero
if the condition Y; = N; = M| is satisfied. The corresponding families of multivariate g-Hahn
polynomials H,E“) (y) and Gﬁ,‘f ) (y) consequently satisfy the finite orthogonality relations (26)
and (33). It is therefore meaningful to consider limits of these families of functions and polyno-
mials as Y; = Ng = My goes to infinity. We shall consider the limits of the functions \IJ;“)( y)
and E,(f,‘)( y) and extract orthogonal polynomials from each of those limits. These results will
prove useful later.

Let p,(x, o, B; g) be the little g-Jacobi polynomials [23]

q n’qn+a+ﬂ+l
Pa(x, o, B:q) = (g s q)n 2¢>1< go rq.q ). (34)

Define the functions p,, (x, o, B; g) as follows:

Pn(x, e, B;q) = Mpn(x,a,ﬂ;q),
k(n, o, B;q)

where ©(x, o, B; g) and « (n, o, B; q) are given by

@ P (@ @)x x(@+1)
(qa+ﬁ+2,CI)oo (q; q)x

o Bra) = L= (@ @Dn @ Dn @™ D sy,
OB T rrath (@ TP+l g 1

The functions p, (x, @, 8; q) satisfy the orthogonality relation [23]

> Pu(x.at 1 q) Pulx. ot Bi @) = Sum. (35)

x>0

nx, o, B;q) =

’

2.3.1. A first basis of q-Jacobi functions
Let us first consider the limit of the functions \115,“) (y) as Yy = Ny goes to infinity. We find the
following result.

Proposition 3. Let s = (s1,...,54-1), X = (x1, ..., x4—1) and & = («1, ..., aq). Furthermore,
let js(“) (x) be the functions defined as
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d—1
S0 @) = [ [(=D%Pay 0ok, 28k-1 + A +k — 1L ax 15 ), (36)
k=1
where S, = Zles,- and Ay = Zleai. Upon taking S; = (s1,52,...,54—1, L — Sg—1) and
X, =L —X4-1,x1,...,%4—1), one has

Jim W F) = 7).
The functions js(a)(x) obey the orthogonality relation
3 7@ 78 (x) = b, (37)

x

where the multi-index x runs over multi-indices of non-negative integers.

Proof. The orthogonality relation (37) follows from (35). The limit can be taken directly. The
calculation is long, but otherwise straightforward. The following result relating the ¢-Hahn to
the g-Jacobi polynomials is useful [6]:

hy(N —x,a,8,N;q)

lim =pu(x,a,B;q9). O (38)
N=oo @ N q)n "

2.3.2. A first basis of q-Jacobi polynomials

The functions /s(“) (x) naturally give rise to a family of g-Jacobi polynomials with d — 1
variables. Indeed, taking x=(x1,...,%3-1), s =(51,...,84—1) and & = («p, ..., g), One can
write the functions js )(x) as follows

PALGE <a()x) 1 (), (39)

with v (x) given by
d
@ oo 77 (@

SDxict oy (Ap—1+k—1)
(qu+d q k—1 k—1 . (40)

v® (x) =
S0 iy @Dy

The normalization factor ¢4 @ has the expression

d—1
@ =TT 1— gt (g5 9)5 (@M Qgras @ Dy s, ),
s T LT T s A+« @A @) o q

k=1
and Js(“)(x) are some multivariate g-Jacobi polynomials
d—1
T ) = [ [(=1D% g™ py (k. 28k -1 + Ak + k — 1 ax41: ). (41)
k=1

These polynomials satisfy the orthogonality relation

> 0@ @) J@ () I8 () = (@8,
X

where x runs over the multi-indices of non-negative integers.
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Remark 5. The functions Js(“) (x) are polynomials of total degree S;—_; in the variables

d—1 d—1
(1, oyl
q== g m=

., q*-1 with parameters o, oy, ..., Q4.
2.3.3. A second basis of q-Jacobi functions

Let us now consider the limit of the functions Eﬁ,‘:‘) (y) as My = Y, goes to infinity. We obtain
the following result.

Proposition 4. Let t = (t1,...,t5-1), X = (X1,...,X4—1) and ¢ = (ay, ..., &q). Moreover, let
Qt(a) (x) be the functions defined by

d-2
2 (x) = [ e Xk = Tee1, 2Tkmt + Air +k — 1, a2, Xir1 — Te1: @)
k=1
X (=141 5y (X1 — Tu—2,01,2Tq—2 + Ag +d —2;q).  (42)
Upon taking X = (L — Xg—1,X1,...,Xd—1) and?L =Mt,...,tg—1, L —Ty_1), one has

i Eg‘) *L) =2 (x).

The functions Qt(“) (x) satisfy the orthogonality relation

> 2% (x) 25 (x) = 8,0

X

Proof. The orthogonality relation follows from (16) and (35). The calculation of the limit is
direct, and involves using (38) once. O

2.3.4. A second basis of mixed q-Jacobi and q-Hahn polynomials
The functions o@t(a) (x) also give rise to a family of multivariate orthogonal polynomials.
These polynomials, given below, are a mixture of ¢g-Hahn and g-Jacobi polynomials. Upon tak-

ingx =(x1,...,xq-1), t =(t1,...,t4—1), and @ = (1, ..., ®¢g), One can write
@ (x
20 = | g ), 43)
2
with v® (x) given by (40). The normalization constant tt(“) is of the form
@ — 2(%7)
d-2 i i
T 1 — g4t (g5 @) (g™ @)ypan (@921 )y PG ST
et 1— g2 Tit Atk (qA%+2%%; @)y ot
L=t @@y @ @ om @ D STt
1— qZTd71+Ad+d—l (qu-i-d—l; q)td—]"l‘ZTd—Z ’

and the (d — 1)-variate polynomials Q;“) (x) have the expression
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d-2
01 (x) = [ ] Xk = Tiet, 2Tkt + At +k = 1o, Xewr — Tio13 )
k=1

x (=Dla-tgXa1le-2 p(Xy = Ty_a,a1,2Tg—2 4 Ag+d —2; q).

These polynomials are orthogonal with respect to the same measure as the multivariate Jacobi
polynomials (41); that is

> v @) 01 () 0 (x) = 7,V 8,01. (44)

Remark 6. The functions Q;“) (x) are polynomials of total degree T;_; in the variables

5{71 X Zd.*l X .
q=i=t  g=i=2t L g1 with parameters «q, o7, ..., Q4.
3. Interbasis expansion coefficients and g-Racah polynomials

In this section, we shall consider the expansion coefficients between the bases \Ilﬁ,“) (y) and
Eﬁ,‘f) (¥) and show that they are expressed in terms of Gasper & Rahman’s multivariate g-Racah

polynomials. Given the interpretation of the functions \Ilf,“) (y) and E },‘," ) (y) as nested Clebsch—
Gordan coefficients of the d-fold tensor product representation W, this will provide an inter-
pretation of the multivariate ¢-Racah polynomials in terms of 3nj symbols for su, (1, 1).

3.1. The main object

Let n = (ny,...,ng), m = (mq,...,my) and ¢ = (o1, ...,04). We define the functions
%,(,‘,x ) (n) as the coefficients that appear in the expansion

EW(y) =Y 2 () W (). 45)

n

where \IJS,“)( y) and Eff,‘ )( y) are respectively given by (20) and (28). Since the functions \I—'ﬁ,‘x)( y)
and Eﬁ,?)( y) are both orthonormal, one can write the coefficients %,(,f‘ ) (n) as

Ay (m) = EW (MY (p). (46)
y

. . C [1:d]
Because both \Ilﬁ,“) (y) and E,(ff ) (y) arise from the expansion of joint eigenvectors of qAO and

the total Casimir operator 4l it is clear that expansion coefficients %,(,‘," ) (n) vanish unless
My = Ng and My_1 = Ng—1. These two conditions imply in particular that the coefficients
%,(,f‘ )(n) vanish unless ny = mg4. Moreover, since the total Casimir operator I" (1:4] commutes
with the raising/lowering operators Ag;d], the coefficients ,%’,(,f‘ ) (n) are in fact independent of ny
and mg. Consequently, with Ny_; = M4_1,one cantake ng =L — Ng_jand mg =L — My_
in (46) and take L — oo without affecting the value of %’,(,‘f ) (n). This leads to the expression

By (m) =" 20 (x) 7, (x), (47)

X
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where the summation runs over all multi-indices x = (x1, ..., x4—1) of non-negative integers and
where we have taken m = (m1,...,mg_1) and n = (n1,...,n4—_1), allowed given the indepen-
dence of %,(,‘,x ) (n) on the last quantum numbers my and ng4. The functions /,,(“) (x) and Q,(,‘,” ) (x)
are given by (36) and (42), respectively. One has also

D (x) =Y A () 7,1 (x), (48)
n
where the sum runs over the multi-indices n = (ny,...,n4_1) such that N;y_; = M;_,. Here

also, the coefficients are independent of the coordinates x.
3.2. Connection coefficients between multivariate polynomials

The functions %},‘," )(n) are connection coefficients between families of multivariate orthogo-
nal polynomials. Indeed, it follows from (23), (31) and (45) that

1 1
@ G =20 ) [— HE ), (49)
Qm n An
where the sum is over the multi-indices n such that Ny = My and Ny_1 = M;_1. One can also

use the orthogonality relation for H,E“) (y) to get the formula

1
Ay () = | ——s > PP NHT () G (),
An'Qm’ 5

where the sum is restricted to all y such that Y; = Ny = M. Furthermore, from (39), (43) and
(48) one finds that

1 1
= O @ = 20w [ ),
Tm n ln

which is equivalent to

1
Trsza) Lﬁla)

B (n) = > v x) 0 (x) I\ (x).

As can be seen, the coefficients ,%’,(,f‘ ) (n) serve as connection coefficients between bases of multi-
variate g-Hahn or g-Jacobi polynomials. Since these bases are themselves orthogonal, it follows
from elementary linear algebra that the functions %’f,‘f ) (n) satisfy the orthogonality relations

> "B ()R (1) = Sy (50a)
n

3D WAL () = Suw (50b)
m

These relations are meaningful when the indices n, n’, m and m’ are such that Ny = N);_, =
Mg_1 = M,_,, which insure that %,(,‘,x) (n) does not trivially vanish.
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3.3. The d =3 case: one-variable q-Racah polynomials

Let us now consider the expansion coefficients %’,(,‘f ) (n) for d = 3. As we noted above, the
coefficients %‘,(,f‘ )(n) vanish unless M, = N> and m3 = n3, and are independent of the quantum
numbers m3 and n3. Throughout this subsection, we assume that m and n satisfy these condi-
tions, and to simplify the notation, we will omit m3 and n3 when we display the coefficients, i.e.
we will write simply %,(noi],;ﬁlg’aﬁ (n1, ny) instead of e%,(nall,z;f,%) (n1,n2,n3).

Upon writing (48) explicitly, one gets

(=D)m2gMETR g (xp, @, @3, X1+ X235 @) Py (X1 4+ X2 —my, a1, 2my +a +az + 15 q)

(a1,002,03)

mp,m

Y e ) |
n tny,ny

x (=1)"T2gM 2 p, (x1, 01, 02; @) puy (X2, 201 + a1 + 2 + 1,033 9), (51)

where h,(x, o, B, N; g) and p,(x, «, B; q) are the g-Hahn and g-Jacobi polynomials defined in
(15) and (34). We now set x; = (u —v)/2, x, = (u +v)/2 aswell as t = q““, and we consider
the limit of (51) as v — oo. Recalling that 0 < g < 1, one can use the transformation formula [6]

¢<q‘”,6/b,0‘ )_ (bz/c; @)oo ¢<q_”,b‘ Z)
P\ coeqvz ) Tz e O e CTE)

to find that the left-hand side of (51) becomes under the limit v — o0
Ullrgo(—l)mzqm‘”hml ((w—v)/2, a2, 3,u;q) pmy (U —my, a1, 2my + a2 + a3 + 1; q)
= (=12 gD (g4 g (T @,y
X 201 (q_ml’q §q7f]m'+a2+a3+lt> 201 (q

qa2+1
Upon taking the same limit on the right-hand side of (51), one easily finds

—m)—a3 —my my+2mi+atox+az+2
4 sq.q ™ t)
bl 9 .

qot1+1

Jim (=) gy (=) /2,1, @2 @) puy ((u+0) /2. 201+ Far+ 1 asiq)

_ (_pymm @D (g retetl gy, (g

@: @)n,

2n1+ar+ay+1.
! ! 2 ’ Q)n2 tnl

As a consequence, one has

q—mu q—rnu—as taptartl q—mz qmz+2m|+a1+az+a3+2
9 . m 9 . —
2451( 5, qm TR t) 2451( 14,9 mll)

qaz-i-l qa1+l
= 2 A nom)
ni,nz

(a1,00,03)

—nj. 1. 2 1.
mims > (@7 @y (@Mt ), (gt g,
(ay,002,a3)

I711
Uny iy @ D a2 @O Qm, (@2 @,y

", (52)

where the sum runs over all ny, ny such that ny + np = m; + my. The generating relation
(52) can be seen to coincide with that of the one-variable g-Racah polynomials. Indeed, let
ra(x,a,b, ¢, N; g) be the g-Racah polynomials [23]
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ra(x,a,b,¢,N;q) =

at1 bctl N (N=0)/2 g ", gttt T gt
— n —_— 9 b 9
@O @ T Qg g™ T 4 ot goterl g-v D)

Leto(x,a,b,c, N;q) be defined as

o(x,a,b,¢c, N;q) =

1= g%+ N @V 9@ 9)x(q )@ D _ciaresn

L—gN (@@ N (@ "N @) (g 9)x
and let v(n, a, b, ¢, N; g) have the expression

a+1 b+c+1

@ S ON@G T2 )N atl

@+ (g g)n (@l

v(n,a,b,¢,N;q) = (@™ )

et bt N 1 _qa+b+l (qN+Cl+b+2; q)n
A VI C T DI C AR Ol ps rewsws e wu
q (q S @n

The g-Racah functions 7, (x, a, b, ¢, N; ¢) defined as

~ o(x,a,b,¢,N;
rm(x,a, b,C,N;q)Z\/UEnT”V.Z; rp(x,a,b,¢, N;q),

satisfy the orthogonality relation

N

Z’r),(x, a,b,e, N;g)rw(x,a,b,¢, N;g) =8,.
x=0

Their generating relation reads

q—n,q—n—b : qrz—N’qn+b+c+l B
2¢1< Jotl N Aanananl PY gy

bc+tl. n(c—N)/2

_ Y (@ s Dx @V q)x q

rm(x,a,b,¢, N;g)t*. (53)
@ D@ N (@ On(@ T @@V g "

x=0

Upon comparing (52) with (53), we obtain the following.

Proposition 5. When d = 3, the expansion coefficients %,5‘,"1',;,‘3'“3)(111 ,np) can be expressed in

terms of the univariate q-Racah polynomials. Explicitly, one has

Byt (1, n2) = Snyuy (=1 Ty (11, 02, 03,11 + 12 +an + o+ Lny +n2; ).

Proof. The result follows from the above discussion and from comparing (52) and (53). It is
seen that the two coincide, up to normalization factors, if one takes

n=my, x=n;, N=ni+ny, a=oy, b=a3, ¢=No+to;+ar+1.

The calculation of the normalization factors is straightforward. O
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Let us note that our derivation of Proposition 5 is much simpler than the one presented in [4],
which used different methods. Moreover, our construction has the advantage of unifying two
of the main interpretations of the one-variable g-Racah polynomials: 1) their interpretation as
connection coefficients for 2-variable g-Hahn or g-Jacobi polynomials, and 2) their interpretation
as 6 coefficients for positive-discrete series representations of su, (1, 1). In the next section, we
shall give a new interpretation in connection with g-deformed quantum superintegrable systems.

Remark 7. We can use special values of the y variables in equation (49) to obtain other
generating functions for the g-Racah polynomials. First, note that by using the g-analog of
the Chu—Vandermonde identity, the g-Hahn polynomials in (15) reduce to simple products of
g-Pochhammer symbols when x = —(« + 1) or x = N:

hop(—a — 1,0, B, N: @) = (T Qg NP1 ), g HetA+D)
ha(N,ot, B, N3 @) = (¢ N5 @)nlg ™" F; @) g TP,

Ifwefix N3=Y3=L,withy; =—a;—1, y2 =L+« +1, y3 =0 and replace L with w, where
w= q’L""' ~! then equations (25), (32), together with the above formulas show that

H® (—ay — 1, L+ a1 +1,0) = (wg ™" q)y, (wg™ T g),.
G (—a1 = 1L+ a1 4 1,0) = (w; ), (wg ™ @Festmtmib; gy, |
where = means that the equality holds up to a multiple independent of w. For generic values of

o1, a2, @3, the polynomials of w in each of the sets:

o {(w; @), (wg—Catestmitmtl gy - (my, my) € N3}, and
o {(wg™ 7" q)n, (wg* M g),, ¢ (11, 12) € NG}

are linearly independent. Therefore, if we substitute yj = —a; — 1, yy =L 4+ a1+ 1, 3=0
into (49) and use the above formulas, we obtain the g-Racah polynomials %,(nal',’,fgm)(nl ,n2)

as connecting coefficients between the different bases {(wqg™*>7"1; q),, (wg@tm+l; q)n,} and
{(W; @), (wg~@2Festmitmatl) gy 1 of polynomials in w. This connection was observed in
[24] in a different setting and notations, see Remark 4.11(iii) on page 815.

3.4. Multivariate q-Racah polynomials and 3nj coefficients for sug(1, 1)

We shall now generalize the result of Proposition 5 to the multivariate case. While this result
can be proven by induction, the proof is cumbersome and fails to provide additional insight into
the structure of the coefficients %,(,‘,x ) (n). In the following, we thus opt to construct the expres-

sion for the connection coefficients W,(,‘,” )(n) in the d = 4 case in terms of 2-variable g-Racah
polynomials. The result is then seen to extend directly to an arbitrary number of variables.

3.4.1. Thed =4 case
Consider the basis functions E;,‘f ) (y) when d = 4. One has

ED(9) =, (v2, @2, @3, ¥23; @)
X My (y23 —my, 2my + a3 + 1, a4, y234 —m1; q)

X il\m3(y1, ar,2miy +a3q + 2, y1234 —mi2;q), (54
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where we used the notation x;; = x; + x; and x;jx = x; + x; + xi. If one defines Y2 = y23 —my,
Qy=2my +ay;+ 1,03 =04, ¥ = y; and ¥3 = y4, it is seen that (54) reads

ED (y) = hm, (v2, @2, @3, ¥23: )
X Ty (32, @2, @3, 323: @) oy (51 @01, 2ma 4+ @3 4+ 1, F123 —m2).  (55)

It is observed that the last two g-Hahn functions in (55) have the appropriate form to apply
Proposition 5. We thus have

() =
> (D)™, (n2.2my + ez + 1o, o3+ 2my + o123 +2, 1231 q)
it S
X oy (y2, @2, @3, ¥23; @) Tony (01, @1, 2m1 + 023 + 1, y123 — my; q)
X Py (123 — my —n2, 2np + 2my 4+ 123 + 2, aq, Y1234 — m1 —na; q).  (56)

It is further seen that the first two g-Hahn functions now have the appropriate form to apply
Proposition 5 a second time. This leads to the following:

EX(= Y >

na,n3 n’ .n
nytny=my+mz , 172
ny+n,=mi+ny

X (—1)"7p, (n2, 2my + a3 + 1, a4, 123 + 2my + o123 + 2, 1235 q)
X (=)™ (0, 00,03, m1 +n2 + a2+ 1,my +n2; q)
Xil\n/l 1, a1, 02, y1 + y2; q);l\,,/z(ylz —n},2n) +an+ 1,03, y123 — 1 q)
X ’ﬁm (Y123 —my —n2,2np +2m + o123 + 2, a4, y1234 —m1 —n2; q). (57)

Upon taking ny = n/ +n/, —m and then renaming ny} — ny, n, — ny, one finds
Ew () =) A% () WP (y),
n

where the summation runs over the multi-indices n such that n| 4+ ny +n3 =m 4+ mo + m3 and
where

B (n) = (—1)™T™F, (n1, @2, 03,112 + a1z + 1, 1125 )
X Tmy(n12 —my,2my + o3 + 1, a4, 0123 +my + @123 +2,n123 —mi;q).  (58)
3.4.2. The general result

Let us now state the general result giving the explicit expression of the coefficients %,(,‘,x ) (n)
for an arbitrary number of variables.

Proposition 6. Let m = (my,...,mg), n = (ny,...,ng) and &« = (a1, ..., oq). The interbasis
expansion coefficients %’Sf ) (n) defined in (45) have the explicit expression
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)
'%r(r?)(n) = (Smd”daMd—lNd—l H(_])mk
k=1
X Ty (Nk — My—1, 2Mj— + App1 k=1, g2, Niyt +Mi_1 4 Ag1 +k, Nep1 — M1 q).

(59)

Proof. By induction; following the steps outlined in the previous subsection. The basic case

d = 3 is proven in Proposition 5. Suppose that the result holds at level d — 1. Consider the basis
. = () .

functions E,,” (y) at level d. One can write

29 (y) =il\m1(y2,(¥2,013,y2+y3;q) x [uffle '''''''''' i ”(yl,...,&'dfl)],
with

a) =a, dr =2m; + a3+ 1, Ok = k41,

yi =1, Y2 =y2 4 y3 —my, Yk = Vkt1-

Then, one uses the induction hypothesis to develop the functions E,(,?zl """ o l)( Y1, .

Otd 1)

.+ Ya—1) in
315+ - -5 Ya—1)- The procedure is completed by applying Propo-

.....

the basis functions \Il,(“'
sition 5 one last time. O

We have thus obtained the explicit expression (59) for the expansion coefficients %’(“) (n)
between the g-Hahn bases lll( )( y) and E "‘(“) (y) defined in (20) and (28). These are also the
expansion coefficients between the q—Jacobl bases f,,“)(y) and o@,(,‘,x ) (y) defined in (36) and
(42). Moreover, since these coefficients are the overlaps between basis vectors corresponding to
irreducible decompositions of the multifold tensor product representation W@ of sug(1,1), the

coefficients %,(,‘,x ) (n) can also be considered as particular 3nj-coefficients.

Remark 8. Using (59), we show in the next subsection that the coefficients 3?,(,‘," ) (n) can be
expressed in terms of multivariate g-Racah polynomials defined by Gasper and Rahman in [7].
Similarly to the d = 3 case discussed in Remark 7, we can use special values of the y variables in
equation (49) to obtain different identities for these polynomials. However, if we fix the values of
Y1, .-, Yd, so that the g-Hahn polynomials reduce to products of g-Pochhammer symbols, there
will be just one free variable left, which is not sufficient to characterize the g-Racah polynomials
in the multivariate setting.

3.5. Multivariate q-Racah polynomials

The coefficients %’f,f‘ ) (n) can be expressed in terms of the multivariate g-Racah polynomials
introduced by Gasper and Rahman in [7]. In the s-variable case, these polynomials can be written
as

Zy(y:B. M; q) =
s
l_[rek (k= Li—1, 2Lg—1+ B —Bo— L, Brr1 = B — 1, Yir 1 + Li—1+ B, Yir1 — Li—15 q),
k=1
(60)
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where yo =0, ys+1 = M, and M € N and 8 = (B, B1, - - ., Bs+1) are parameters. It is not hard
to see that Zy(y; 8, M; q) is a polynomial of total degree L; in the variables z; = g % + Brq’*.
Moreover, they are orthogonal on the simplex

Wyu={yeNy:0<y <y <<y, <M},

with respect to the weight function

N

2B (y) = 1—[ @P 7P ) @P @) gy oy 1 — g PR BP0 61y
@ Dy @ Dyerne ) 1—aP

k=0
The parametrization in [7] can be obtained by taking a; = ¢#!, ap = g# P fork =2, ..., s+1
and b = g#17Po~1 The square of the norm is
TEB) =(Ze(y; B, M;q), Ze(y; B, M; q))

_ g~ MOLABILo(Li=Dpo(M~Lo) 4 P e, @ TP
(@: DL, (gP )1,

N

o g @ o @ L, 1= gPe R
(qlngrl_/gO—l; CI)LIH‘Lk—l 1— qﬁk+1—ﬁo—l+2Lk :

(62)

k=1
Upon comparing (60) with (59), it is seen that the coefficients (59) will be proportional to the
polynomials (60) if one takes s =d — 2 and

L =m;, i=1,...,d -2,
yi = N; i=1,...,d—1, (63)
Br = Ax+1 +k, k=0,1,...,d —1.

The expansion coefficients (59) can be expressed in terms of the multivariate g-Racah polyno-
mials (60) as follows:

x®(y)

R (1) = SOty Ny (DY | Es
YZ

Zy(y; B, M; q), (64)

where the connection between the original variables and parameters n,m, o and y, £, B, M is
provided by (63).

3.6. Duality

The orthogonality relation (50a) for the interbasis expansion coefficients %,(,‘f ) (n) is equivalent
to the orthogonality relation for the multivariate Gasper—Rahman g-Racah polynomials (60). The
second orthogonality relation (50b) can be explained through a duality relation satisfied by the
coefficients %,(,‘,x ) (n). . .

Let us define dual indices £, variables y, and parameters §§ by

£j=)’s+27]_)’s+lf], j=17"'7s’

Vi=M—Lsii_i, i=1,...,s,

)i] s+1—j J (65)
Bo = o,

Bi=Fo—Bwa-j=2M+1, j=1...s+1.



V.X. Genest et al. / Nuclear Physics B 927 (2018) 97-123 119

Proposition 7. The map

&, y.8, M)~ & 5,8, M), (66)
is an involution. Moreover, the q-Racah polynomials (60) satisfy the following duality relation
Zy(y; B, M; q)
gMEs(q=M; @), (g~ M=Poy [Ty ¢YPi72(qPi1=Pi; ),
Z§(5: B. M:
_ i B, M;q) ] 67

gMLs (g q)p (@M =P TT5oy g P2 (@Pr0 P55 g0y,

Proof. The statement can be deduced from [17], but we provide a direct proof here for the
convenience of the reader. Applying Sears’ transformation formula [6, page 49, formula (2.10.4)]
one can show that

ra(x,a,b,c, N;q) =rp,(N —x,b,a,—c,N;q). (68)

Using (68), we can rewrite the multivariate g-Racah polynomials as follows
Zy(y; B. M; q) =

N
l_[rzk(yk+1—yk,/3k+1—ﬁk—1,2Lk_1+,3k—/30—1,—yk+1—Lk—l—ﬂk,yk+1—Lk—1:q)-
k=1

(69)
Substituting the dual variables (65) into (69), one can show that the 4¢3 series in ry,

above coincides with the 4¢3 series in r; s in the dual variables. Thus all 4¢3 terms in
41—

Zy(y; B, M;q)/Z Z@; B , M; q) cancel. Simplifying and rearranging the remaining products, we
obtain equation (67). O

Using formulas (61), (62) and (65) one can check that
P x®5)

2
[0"5 @M @), M) L, T g P20~ g, |

Mot fs—poian @5 D2 (@7 )am
-
[(@: Dm @t u]

Since the right-hand side of (70) is invariant under the involution (66), the last identity combined
with Proposition 7 shows that g-Racah polynomials, viewed as polynomials in the indices, are
also orthogonal with respect to an appropriate multivariate g-Racah weight (61). More precisely,
the following statement holds.

_q (70)

Corollary 8. With the notations above we have

x®(y)
®
Tl

Zy(y: B, M:;q) = (71)
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The last equation combined with (64) and (65) relates the dual orthogonality relation (50b) to
the orthogonality of the Gasper—Rahman g-Racah polynomials.

4. g-Deformed Calogero—Gaudin systems

In this section, it is shown that the multivariate functions \DS,“) (y) and Eﬁff ) (y) constructed in
Section 2 are in fact wavefunctions for quantum g-deformed Calogero—Gaudin superintegrable
systems.

Let us return to the realization (18) of the quantum algebra su, (1, 1); i.e. we take

AD (i +1)/2 : ’ . o
gt =g R AY = o T A =T (2)

where TyﬂlF f(yi) = f(y;i £ 1) is the discrete shift operator in the variable y;, and where U,fa) is

given by (7). Following the coproduct construction (4), one has su, (1, 1) realizations sug (1,1)
associated to each set § = [7; j] acting on the variables y;, ..., y;. These realizations read

; J
li:j] k [i: 4] k1 AO  (k
AFT=3"A 0 AP =3 gk A A
k=i k=i
For a given value of d, the “full” su, (1, 1) realization corresponds to the set S = [1; d]. To each
set S =[i; j], one has the intermediate Casimir operators

—l/qug;'” n ql/zq—A{f*”

rlisin = 4
(q1/2 _ q—1/2)2

lisj1 431 1— Al
— Al Al =40

as per (5). Through (72), the intermediate Casimir operators '] are easily converted to con-

crete g-difference operators acting on the variables y;, ..., y;. For a given d, we define the
Hamiltonian
H =14l (73)

The Hamiltonian (73) corresponds to a g-deformed quantum Gaudin—Calogero system in (d — 1)
dimension. These systems have been discussed in [28] in particular. Their integrability was
shown, and the eigenvalues and a set of eigenvectors were obtained. In the present approach, it is
clear that the Hamiltonian (73) is in fact superintegrable. Indeed, the elements of the two commu-
tative subalgebras (F“?z], | R N F“;d_”) and (F[2;3], rz4 F[z;d]), together with the
Hamiltonian H, form a set of 2d — 3 algebraically independent symmetries of H. Furthermore,
the bases \Ifﬁ,a) (y) and Eﬁ,‘f) (y) are wavefunctions for this Hamiltonian satisfying the eigenvalue
equations

HY®(9) = Ex, W),  HEW ) =Em,EX (),

with energies Ey =y (2N + Ay +d — 1) as per (19) and (27). The multivariate g-Racah poly-
nomials then correspond to the connection coefficients between two bases for the eigenstates of
the quantum Calogero—Gaudin model (73).
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5. Conclusion

Summing up, we have constructed bases of multivariate ¢g-Hahn and g-Jacobi polynomials in
the framework of multifold tensor product representations of the quantum algebra su, (1, 1). We
have shown that the Gasper—Rahman multivariate g-Racah polynomials arise as the connection
coefficients between these bases of g-Hahn and g-Jacobi polynomials, and we have provided
an interpretation for these polynomials in terms of special 3nj-coefficients for su4(1, 1). Lastly,
we have explained how the ¢g-Hahn bases can be interpreted as wavefunctions for ¢g-deformed
quantum Calogero—Gaudin superintegrable systems of arbitrary dimension, and we have given
its symmetries in terms of intermediate Casimir operators.

It would be of great interest in the future to determine the invariance algebra generated by the
symmetries of the Hamiltonian (73). In addition to providing a g-extension of the generalized
Racah algebra obtained in [2,18], it would give an algebraic framework for the bispectral op-
erators of the Gasper—Rahman multivariate g-Racah polynomials constructed in [17]. It would
also allow to define the higher rank Zhedanov algebra. We note that a different interpretation
of the bispectral operators for the Gasper—Rahman multivariate g-Racah polynomials within the
context of the g-Onsager algebra was given in [1].

It is natural to ask for extensions of the results in the present paper for the multivariate
g-Racah functions and their bispectral and duality properties established in [15]. Also of in-
terest would be to consider a similar approach based on the osp,(1,2) quantum superalgebra.
This should give rise to superintegrable Calogero—Gaudin models with osp,(1,2) symmetry,
as introduced in [27]. It would also provide a framework to obtain a g-deformation of the
higher rank Bannai—Ito algebra; see [3,9,13]. We plan to report on these questions in the near
future.
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