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Multinode Broadcast in Hypercubes and Rings
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Abstract

We consider a multinode broadcast (MNB) in a hypercube and in a ring network of processors. This is the
communication task where we want each node of the network to broadcast a packet to all the other nodes.
The communication model that we use is different than those considered in the literature so far. In particular,
we assume that the lengths of the packets that are broadcast are not fixed, but are distributed according to
some probabilistic rule, and we compare the optimal times required to execute the MNB for variable and
for fixed packet lengths. For large hypercubes we show under very general probabilistic assumptions on the
packet lengths, that the MNB is completed in essentially the same time as when the packet lengths are fixed.
In particular, we show that the MNB is completed by time (1 + 6§)7, with probability at least 1 — ¢, for any
positive ¢ and §, where T} is the optimal time required to execute the MNB when the packet lengths are
fixed at their mean, provided that the size of the hypercube is big enough. In the case of the ring we prove
that the average time required to execute a MNB when the packet lengths are exponentially distributed
exceeds by a factor of Inn the corresponding time for the case where the packet lengths are fixed at their

mean, where n is the number of nodes of the ring.
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1. Introduction

1. INTRODUCTION

The processors of a multiprocessor system, when doing computations, often have to communicate
intermediate results. The interprocessor communication time may be substantial relative to the time
needed exclusively for computations, so it is important to carry out the information exchange as

efficiently as possible.

One of the most frequent communication tasks is the multinode broadcast (MNB). In this task
we want each node to broadcast a packet (the same packet) to all the other nodes. The MNB
arises, for example, in iterations of the form z;4; = Axzy, where A is a square matrix and z;, 2441 are
column vectors of appropriate dimensions. In this computation, each processor computes a specific
component of the vector 2y4; and broadcasts it to all the other processors so that it can be used

during the next iteration.

Algorithms for routing messages between different processors have been studied by several authors
under a variety of assumptions on the communication network connecting the processors. Saad and
Shultz [SaS85], [SaS86] have introduced a number of generic communication problems that arise
frequently in numerical and other methods. They have assumed that all packets take unit time to
traverse any communication link. Johnson and Ho [JoH89] have developed minimum and nearly
minimum completion time algorithms for similar routing problems as those of Saad and Schultz but
used a different communication model and a hypercube network. Their model quantifies the effects of
setup time (or overhead) per packet, while it allows packets to have different lengths, and to be split
and be recombined prior to transmission on any link in order to save on setup time. In the model of
[JoHB89], each packet may consist of data originating at different nodes and/or destined for different
nodes and the extra overhead for splitting and combining packets is considered negligible. Bertsekas
et al [BOS89], and Bertsekas and Tsitsiklis [BeT89] have used the communication model of Saad
and Shultz to derive minimum completion time algorithms for several communication problems in
a hypercube. In particular, they have given an algorithm for the multinode broadcast that executes
in a minimum number of steps ([23}] for a hypercube with n = 24 processors). Several other works
deal with various communication problems and network architectures related to those discussed in
the present paper; see [BhI85], [DNS81], [HHLS88], [Joh87], [KVC88], [McV87], [Ozv8T7], [SaS88],
[StT90], [StW87], [Top85], [VaB90], and [Var90].

In this paper we will be dealing with a multinode broadcast in hypercubes and rings. The case
where the packets broadcast by the processors have equal deterministic lengths has been studied in

the literature for a variety of regular topologies. Algorithms that execute the MNB in optimal time

exist for the case of the ring ([BeT89]), the d-dimensional wraparound mesh ([Ozv87], [BeT89)),
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1. Introduction

the hypercube ([SaS85], [SaS86], [Ozv87], [BeT89], [BOS89], [JoH89]), and other topologies. A
common assumption in the communication model adopted by the previous authors is that all the
packets require one unit of time in order to travel over a link (i.e. the transmission time plus the
propagation delay over the link and the processing delay at the node all sum up to one unit). As a

result the algorithms found were synchronous and assumed the existence of a global clock.

In this paper we will relax some of the previous assumptions. The existence of a global clock is no
longer assumed. Furthermore, the lengths of the packets broadcast are not deterministic, but they
are distributed according to some probabilistic rule. In order to be able to make comparisons with

the fixed packet length case, the mean value of the packet lengths will be taken equal to one unit.

For both the hypercube and the ring network of processors the number of nodes will be denoted by
n. For the purposes of this paper, a hypercube network (or d-cube) consists of the set of points in d-
dimensional space with each coordinate equal to zero or one. There is a bidirectional communication
link for every two points differing in a single coordinate. We thus obtain an undirected graph with
the processors as nodes and the communication links as arcs. The binary string of length d that
corresponds to the coordinates of a node of the d-cube is referred to as the identity number (or ID)
of the node. When confusion cannot arise, we refer to a d-cube node interchangeably in terms of
its identity number (a binary string of length d) and in terms of the decimal representation of its
identity number. Thus, for example, the nodes (00---0), (00---1), and (11---1) will also be referred
to as nodes 0, 1, and 24 — 1, respectively. For any two binary strings ¢ and y we denote by z ® y
the bitwise exclusive OR of # and y. We also denote by logn and Inn the base 2 and the Napier

logarithm of n, respectively.

The optimal completion time of the MNB in a d-dimensional hypercube with n = 2¢ nodes, when
each packet requires one time unit (or slot) for transmission over a link, was found in [BOS89] (see
also [BeT89]) to be [231] time slots, where by [z] we denote the smallest integer which is greater
or equal to z. We evaluate the time complexity of the optimal algorithm described in [BOS89]
when the packet lengths are not constant, but are distributed according to some probabilistic rule.
We consider the natural adaptation of the optimal deterministic algorithm which can deal with
the probabilistic case. In particular, we assume that the same schedule of packet transmissions
(i-e., order in which the packets are transmitted over the links) with that of the optimal synchronous
algorithm is followed; however, the timing is not the same, since the model is no longer deterministic.

Let Tywyp be the time required for the completion of the MNB in the asynchronous probabilistic

ne ]

be the corresponding optimal time for the synchronous deterministic case. For a given n, Tynp is

case and let

3



2. Multinode Broadcast in a Ring

a random variable and T, is a constant. We assume that the probability distribution of the packet
lengths has unit mean and that the corresponding characteristic function ®(s) exists for some s > 0.

We prove that given any § > 0 and € > 0, we can find np = ng(4, €) such that
Pr(Tune <(1+8)T) >1—¢ (for the hypercube)

for all n > ny. This means that as n — oo, the MNB is completed with probability one in time less
than (1+8)7,, where § is arbitrarily small. Thus, the probabilistic nature of the packet lengths does
not deteriorate appreciably the performance of the optimal MNB algorithm for large hypercubes.
This is a rather surprising result; as shown in Section 2, in the case of the ring, the average com-
pletion time of the MNB with random packet lengths increases substantially over the corresponding
deterministic case. In particular, the mean time F(TyyB) required to complete the MNB in a ring

for exponentially distributed length of packets with mean one time unit is
E(Tyns) = (C +Inn)T,, (for the ring with n nodes)
where C = 0.577215 is Euler’s number, and
n—1
T, =
=[]

is the time to execute the MNB in the case of unit packet lengths.

The organization of the paper is the following. The MNB in a ring is treated in Section 2. The
analysis found there is rather straightforward, but it does give some insight for the case of the
hypercube. Sections 3-5 deal with the hypercube network of processors. In Section 3 we describe
the communication algorithm (scheduling) that will be used. Section 4 derives a loose upper bound
for E(TyyB) when the packet lengths are exponentially distributed. Our main result, which holds
for general distributions of the packet lengths, appears in Propositions 3 and 4 of Section 5. Finally,

the appendices at the end resolve some technical issues arising in our analysis.

2. MULTINODE BROADCAST IN A RING

Consider a multinode broadcast in a ring. In the case when all the packets require one unit of
time (or slot) to be transmitted over a link, the optimal time to perform the task is [251], where
n is the number of processors of the ring. The following algorithm, found in [BeT89], achieves this

optimal time.

At the first slot, each node sends its packet to its clockwise and counterclockwise neighbors.

During slots 2,.. ., [%—1-], every node sends to its clockwise (counterclockwise) neighbor the packet
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2. Multinode Broadcast in a Ring

Figure 1: Broadcast in a ring.

received from its counterclockwise (respectively, counterclockwise neighbor) at the previous slot
(Figure 1).

We are interested in the case where the lengths of the packets generated by the nodes (and
therefore the time required to transmit them over a link) are not constant but follow some probability

distribution. We will evaluate the mean time E(TynB) required to complete the MNB.

The remainder of this section consists of two parts. In subsection 2.1 we derive a general expression
for E(Tuyp) and apply it to the case where the packet lengths follow a uniform distribution. In

subsection 2.2 we calculate E(Tyy ) for the case of exponentially distributed length of packets.

2.1 General Expression for F(Tyyp) — Uniform Distribution and Bounded Distribution

of Lengths

Let @y, ¢ = 1,...,n, be the time required to transmit the packet generated at node ¢ over a link
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2. Multinode Broadcast in a Ring

of the ring. Since for each processor ¢ there is a processor which is l— 9—;—‘—] links away from i, and
since the packet from 7 has to be broadcast to all the other nodes, we have Tynp > [ !'—;—l] z;, for all

1. Thus,

-1
Tuns 2> [_n 2 ] max z;.
1]

On the other hand, it can be seen that

n-—1

Tunp < [ ] max z;,

by observing that a MNB in a ring with packets of lengths (in time units) z;, ¢ = 1,...,n, cannot
require more time than the time required when all the packets are equal to the largest of them. An
alternative way to prove this inequality, is to note that the largest packet generated by a node is
the bottleneck of the algorithm, in the sense that by the time it arrives to the node opposite to its
source on the ring, all the other packets of smaller length have already arrived to the node opposite

to their source.

Thus Tyns = I'-'i—z‘—l] max; &;, and

n—1

E(Tyxs) = [ ] E(maxz;). 1)

This equation holds for any probability distribution of the ; ’s. In what follows we will examine
specific distributions.

We first note that if the z;’s are bounded by a constant B, then the time required to execute
the MNB is bounded by ["—gl-l B. Assume now that the lengths of the packets are independent and

uniformly distributed over the interval (0,u). Then, straigthforward calculation yields

un
n+1’

E(maxz,) =

and the desired time is

un |n-—1
stun - 2525

If u = 2 so that the mean transmission time E(z;) of a packet is one time unit, the preceding formula

becomes

2n [n—1 2n
E(TMNB):n+1 [ 5 ] = g - Ty,

where T, denotes the optimal completion time for the corresponding deterministic case.



2. Multinode Broadcast in a Ring

2.2 Exponentially distributed length of packets

Assume now that the transmission times z; over a single link are exponentially distributed inde-

pendent random variables with mean one time unit. Then we get:
Priz; < X)=1—eX.

Since Pr(max;z; < X) = Pr(z; < X,z2 < X,...,2n < X) and the 2;’s are independent and

identically distributed random variables, we obtain
Pr(maxz; < X) = (1 —e-X)".
3
On the other hand we have
[= -] (<]
E(ma.x:n;) = / Pr(ma.x:c; > X)dX = / (1 -(1- e—X)“)dX.
12 0 13 0
By calculating this integral, we get, after some manipulation, that
1 1

E(m?x:cg)=1+§+~--+;,

Therefore,

E(Tyng) = [n;l'l (1+%+~-+%).

For large n, the sum of the n first terms of the harmonic series is approximately Inn. In order to
see that, we integrate 1/z from 1 to n, and bound the integral from above and below by discretizing

it. Then we find that

1 1 1 "1 1 1
a4 =< Zdz = < S
gt3t +n_/1 wd:v lnn_1+2+ =
which gives
lnn+1< ; 1<lnn+1 (2)
n = k= '

k=1

If more accuracy is required, the following formula ([GrR80], p. 2) can be used:

zn:—l-—C+lnn+—1—-—i A (3)
k=1k~ 2n “n(n+l)-(nt+k-1)
where
1 1
A= 75/ 2(1=2)(2=2)3—2)--- (k- 1— z)de
0
and C=0.577215 is Euler’s constant. It is shown in Appendix 1 that

. 1 & Ay _
r}gxclo(%“zn(n+l)---(n+k—l)) =0

k=2
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3. Modified algorithm for the MNB in a hypercube

Therefore, for large n, we obtain the following approximation:

E(Tuns) = [nT—l] (1+%+-~+%> ~ [ngl] (C +1nn).

By comparing the results for the uniform and the exponential distributions, one can see an
interesting difference. For the uniform distribution with unit mean packet length (v = 2), the

expected time for the completion of the multinode broadcast is

2n
n+1

T, =~ 2T,,

where T is the completion time for the corresponding synchronous deterministic case; for the expo-
nential distribution the corresponding mean value of the completion time is approximately lnn - T;.
Thus, the mean completion time for a MNB in a ring strongly depends upon the particular distribu-
tion of the packet lengths. It is not only the mean, but also the tail of the distribution that plays a
significant role. We will see that in the hypercube, the particular distribution of the packet lengths

plays a less important role.

3. MODIFIED ALGORITHM FOR THE MNB IN A HYPERCUBE

In the remainder of the paper we will be dealing with a multinode broadcast in a hypercube
network of processors. In order to obtain complexity results for the MNB in the random packet
length case, we will analyze a slightly modified version of the optimal synchronous algorithm found
in [BOS89] and [BeT89]. The results obtained for the modified algorithm will hold for the optimal
algorithm as well. In this section, we first explain why a modified algorithm is analyzed instead of
the asynchronous version of the optimal algorithm. We then give the description of the modified

algorithm.

The optimal synchronous algorithm of [BOS89] can be viewed as consisting of d phases. During
phase i the packet that originates at node s, where s = 0,...,n — 1, arrives at the nodes that
are located 7 links away from s. When d is not prime, the phases may have to overlap in order
for the completion time of the MNB to be strictly optimal. This complicates the analysis of the
asynchronous case, since the time required to complete a phase will be affected by previous phases
that have not finished yet. The reason is that in phase 7 + 1, a packet of some origin node may be
scheduled to be transmitted over some link after the packet of another origin, but the latter packet

may not have yet completed phase 1.

To circumvent this difficulty, we modify the algorithm so that its phases are not allowed to overlap.

The modified algorithm, is the same with the optimal algorithm except that there is a constraint

8



3. Modified algorithm for the MNB in a hypercube

that each packet begins phase ¢ + 1 only after all packets have completed phase ¢. The completion
time of the modified algorithm is slightly larger than the actual Tynp achieved by the optimal

algorithm.

We now describe briefly the modified algorithm, assuming the reader is somewhat familiar with
the optimal synchronous version given in [BOS89] and [BeT89]. We first note that if we find n
synchronous single node broadcast algorithms in a hypercube, each one originating at a different

node, and such that no two of them use the same link during a slot, then we have a MNB algorithm.

Let A;(0) be the set of links on which the packet originated at node 00 - - -0 is transmitted during
the Itk slot. Obviously, each link in A;(0) connects two nodes with IDs that differ in a specific bit
position. Our aim will be to define A;(0) in a way that no two links in A;(0) connect nodes whose

IDs differ in the same position. If we do so, then the sets

Ai(s) ={(s® 2,50y | (z,y) € 4(0)}, [1=12,...

can be the sets of links on which the packet generated at node s is transmitted during the {* slot, for
all s=0,1,...n— 1. The fact that A;(s) N A;(u) = @ can be seen by observing that s@® z and s® y
- differ in a particular bit if and only if # and y differ in the same bit. Thus for s = 0,1,...,n — 1,
the sets Ai(s) do not have common elements for a specific {, provided of course that A;(0) satisfies
the condition mentioned above. In this way it is guaranteed that no two packets will claim the same

link during the same slot. What is left to be done now is to specify A4;(0).

For ¢ = 1,...,d, we denote with N; the set of d-bit binary numbers with exactly ¢ ones. The
cardinality of N; is (‘f) Each set N; is in turn partitioned in disjoint subsets Ry, ..., R, which
are equivalence classes under a single bit rotation to the left. R;; is selected to be the class of the
element of N; whose 7 rightmost bits are unity. Then each node ID is associated with a distinct

number m(t) € {1,2,...,n — 1} in the order
RuRar...Rony--Rig_gyny_, Ria-1(11...1). (4)

The first element in each set R;; is chosen so that its bit in position 1 + [(m(t) — 1)(mod d)] from
the right, is a one. The subsequent elements of R;; are found by rotating the first element to the
left. We successively group together d elements of the set N, into sets E;;,j =1,..., [(f) /d] in the
order they appear in (4). When d is a prime integer, each one of the equivalence classes R;; (except
for Rp; and Ry) has d elements. This happens because when d is prime, all left shifts of less than
d positions produce distinct d bit binary numbers. Then there are (‘f) /d equivalence classes in N,
each with d elements, and the sets R;; and E,; coincide. If d is not prime, we will have [ (‘f) /d] sets

E;; which we order as in (4).



4. A Loose Upper Bound for E(TyyB)

Consider now the following graph consisting of nodes 0,1,...,2 — 1. Every element of E;; is
connected to an element in N,_; so that each connection corresponds to a reversal of a different bit.
Every element of E;; is connected to exactly one element of N;_;. In this way a graph is obtained
which is the single node broadcast tree for node 0. The links connecting layers | — 1 and [ of this
graph constitute the links of 4;(0). By construction, these links satisfy the conditions that we have
set for A;(0) (see also [BeT89], p.60). Then, the broadcast tree of node s can be obtained from
the broadcast tree of node 0 by simply adding (mod 2) s to the ID of each node of the tree. The

broadcast tree of node 0 for d = 5 is shown in Figure 2.

N . N 2 N 3 N 4
[ T 1 P I
R Rai Rz Ry R32 R4
s & < ¢
- - - -
50001 Y0001 21001 11001 01101 1101
s & X
- - - - -
00010 0001 1 10010 10011 11010 11011
00000
- » - - - - -
00100 00110 00101 00111 10101 10111

< & K

- - -

01000 01100 01010 01110 01011 01111

5 5 ¥ ¥ »  »—05

10000 11000 10100 11100 10110 11110 AR

Terminal packetJj

Figure 2: The broadcast tree of node 0 for d = 5.

4. A LOOSE UPPER BOUND FOR E(Tyxs)

Assume that the lengths of the packets that are broadcast by the nodes are independent ex-

ponentially distributed random variables, and consider the asynchronous version of the algorithm

10




5. Asymptotic Behavior of Ty yp as n — oo

presented in Section 3. This algorithm should be interpreted as specifying the order in which the
packets are transmitted over the links and not the exact timing. We are interested in the completion

time Tynp of the algorithm.

The following upper bound for the average time required for the MNB can be found using the

reasoning developed in Section 2 for the ring topology:

E(Tyng) <(1+1/2+4+1/34---4+1/0)T, = (Inn + C)T;, (5)

n= 7]

is the time required by the deterministic optimal algorithm.

where C is Euler’s constant and

Relation (5) can be proved by arguing that the time for the MNB when the packets which are
broadcast by nodes 0,1,...,n — 1 have variable lengths ¢, 21, ...,2,-1, cannot be longer than the

time for a MNB in which all packets have lengths equal to max; #;. This gives
Tuns < (m’aX z;)T,,
and by using the relation
E(m?.xa:,-) =14+1/2+.---+1/n=lnn+C,

used in Section 2, we obtain the bound (5).

However, this bound is not tight as in the case of the ring, because the packet with the greatest
length is not necessarily the one that determines the completion time of the MNB in a hypercube.
The reason is that, during the MNB in hypercubes, a packet is wasting most of the time waiting
behind other packets that were scheduled to use a link before it. Thus, although the bound in (5)
is valid, it is not tight because it corresponds to a case in which the packet having the maximum
length among all the packets has to wait behind other packets which also have maximum length.

This is not a typical scenario and the mean completion time is considerably overestimated.

5. ASYMPTOTIC BEHAVIOR OF Tyyg AS N — o

To obtain a tighter estimate of TynB, a different approach based on Markoff’s inequality will be

used. We will look at the asymptotic behavior of the Tynp as the dimension d gets large.
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5. Asymptotic Behavior of Tyyyp as n — oo

During phase ¢ of the synchronous modified algorithm, the packets are received by all the desti-

nations that are at a Hamming distance 7 from the source of the packets. Phase i consists of
L _[®

As already mentioned, in order to analyze the case of random packet lengths, the scheduling of

steps.

the asynchronous modified algorithm described in Section 3 will be used. Phase ¢ of the algorithm
is considered to have been completed only when all the packets have completed phase 7. There are d
copies of each packet, which upon completing transmission, mark the end of phase ¢ of this packet.
These are the rq ((‘f)) copies which are transmitted during step Z;-:] b; (last step of phase i), and
d—ry( (‘f)) copies which are transmitted during step Z;.:l b; — 1 (next to the last step of phase ©) of
the synchronous algorithm, where we denote by r; (y) the remainder of the division of y by z. We
will refer to these packets as the terminal packets of phase ¢. In Fig. 2 we show the terminal packets
of phase 2 for the broadcast tree rooted at node 0. Let us number the terminal packets of phase ¢ as
j=1,2,...,nd (there are d terminal packets per origin node, so the total is nd). Let us also denote
by wij the time that elapses between the beginning of phase ¢ and the time the j* of these terminal
packets completes phase i. For every terminal packet of phase i, the time required for the packet to
complete phase i consists of at most b; packet transmissions; b; — 1 or b; — 2 transmissions of other
packets that were scheduled to use the link before it, and one transmission of the copy of the packet
under consideration. Then we can write
wi; = Z zy,
leAg;

where A;; is a set of distinct integers between 0 and n — 1 which has cardinality less or equal to b,
and z; is the length of the packet which originates from node . In particular, a node belongs to set
A;j if a packet generated at that node is scheduled to use during the i** phase the same link that

terminal packet j of phase ¢ will use.

Let
O(s) = E(e*r)

be the characteristic function of the distribution of the packet lengths and let
D+ = {s > 0| E(e**) exists}

be the positive portion of its domain. Since w;; is the sum of at most ; independent and identically

distributed random variables, we have (since ®(s) > 1 for s € D+)
E (e'i) < ®(s)b, VY seD+.
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5. Asymptotic Behavior of Tyxp as n — o0

Also, from Markoff’s inequality [Ros83] we have

sw;
Pr(e*i 2a)gE—(—E—J), Va>0, seD+.
From the last two relations we obtain
b;
Pr(w;jsl—{l‘;ﬁ)21—(—b—%&-, Ya>0, s€D+. (6)

The time required for the completion of the i** phase by the nd terminal packets of that phase is

= ,-é‘{‘f,’j,d{‘”‘i b

Therefore, for all s € D+ and a > 0,
Pr(zzgl“T“-)=Pr(wijgk’;‘-‘-,j=1,...,nd). )

The w;; ’s that appear at the right hand side of (7) are not independent random variables, so we
cannot readily use (6) to estimate Pr (T; < 1%) To proceed further with the analysis, the following
two propositions are needed:

Proposition 1: Let IJ C N x N be a subset of the set of index pairs (¢, j) with 1 <7 < d, and
1<j<nd Thenforallme{l1,...,d}, k €{l,...,nd}, and all a > 0, we have

Pr(wj < a,V (i,7) € U | wmk < a) > Pr(wsj < a,(4,§) € 1J).

Proof: We know that w;; = Z'é-“ij z;. Let T = (2o, 21,...,Zs—1) be the random vector of packet

lengths. We define the sets

E: =T € Rn o= =< 7T n = .
o= {mem = g ] {“”"Z“ b }

le 4;; leApq
In order for the sets E;;, (¢,j) € 1J to be disjoint, we say that if for some % there are two pairs (41, j1)
and (i2,j2) in IJ, with (41,71) < (i2,72) (< is any order in N x N, for example the lexicographic
order), such that w; j, = wi,j,, then this Z will be considered to belong to E;;, and not to E;,;,.

Then
Pr(w; <a,(5,j) € J |wmp <a)= Y _ Pr(Z€ Ey)Pr(w; < al|F € Eij, wm < a). (8)
(s9)ell
In Appendix 2 we prove that Pr(w;; < a | wmkr < b) > Pr(w,; <a) for all a,b > 0. It can be seen
that the proof of the last inequality is not altered if both probabilities are conditioned on the fact
T € E;;. Thus,
Pr(wj < a | wmk < 0, € Ej) > Pr(wj < a|F € Ey)
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5. Asymptotic Behavior of Tyxp as n — oo

The last relation together with (8) yields

Pr(w; < a,(i,j) € IJ | wnk < @) > Z Pr(z € Eij)Pr(w; < a | T € Ejj)
Gg)ell
= Pr(w;j < a,(i,j) € IJ).

Note that if in the preceding proof we replace w;; by wi; + a — a;; we get the more general relation
Pr(wj < a5, (i,§) € I | wmp < ami) > Pr(wi; < ai, (i,5) € IJ). 9)

Q.E.D.

Proposition 2: For all a > 0 and k € {1,...,nd},

k
Pr(w;jSa,j:1,...,k)2HPr(w,-j§a). (10)
=1

Proof: The proof will be given by induction on k. For & = 2, we know from Appendix 2 that
Pr(wi; < a|wip < a)> Pr(w; < a), which by using Bayes’ rule yields

Pr(wg <a,wp<a)>Pr(wy<a)Pr(wz<a).

Suppose that the proposition is true for k — 1 or equivalently:

k-1
Pr(w,‘jSa,jz1,...,k—1)2HPr(w,-j§a). (11)
3=1
Then
Pr(wj<a,j=1,...,k)=Pr(w;j<a,j=1,....,k=1|wy < a)Pr(wy < a). (12)

By using Proposition 1, (12) gives
Pr(wj<a,j=1,...,k) > Pr(w;<a,j=1,...,k—1)Pr(wi < a),

which with the aid of (10) is transformed to

k
Pr(wij Sa,j:1,...,k)_>_HP7'(w,'jSa),
J=1

completing the induction. Q.E.D.

The next proposition is an intermediate result leading to our main result.

Proposition 3: Let s be a scalar in the positive portion D+ of the domain of ®(s), and let A > 0,
and g > 0, 8 > 1 be any scalars such that

def ens
= f=—>2
> 1, ¢ () >

def €M

=30
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5. Asymptotic Behavior of Tyyp as n — co

Then for each sy € D+ and 6 > 0, we have

d-3
Pr (TMNB <A Zb,’ + 2uby + 330—0 In n)
=3

S ) 1 2nd . Q(SO) 3n . 1 nd?
=\ (lnlsad nt n7dlog; €

for sufficiently large dimension d.
Proof: By combining (7) and (10) we get

Ina nd lna
3 —_— > i5 —_— s
PT<TzS s)_JHP”(wJS s)

y=1

which with the aid of (6) gives

Pr (:11- < 1582) > (1 - ?L(f-)i)"d. (13)

a

Inequality (13) is valid for any a > 0 and any s € D+. We select s € D+ so that £ = i?:—) > 1 and
let a = erbi. By substituting these values of @ and &, (13) is transformed to (14):

Pr(T: < Ab) > (1 - gib) " (14)

By using the obvious inequality
g g
Pri{d T<) ci|2Pr(Ti<e,i=p,...,q)
t=p s=p

we further obtain

d-3 d-3
Pr(z:ﬂg,\zc,-)2Pr('_r,-_<_Ab,-,i=3,4,...,d—3). (15)
=3 =3

Note that the T;’s are not independent. However, we prove in Appendix 3 that for all a; > 0,
Prl;<a;,i=1,2,....m—-1|Tp<am)>Pr(T;<a;,i=12,...,m—1). (16)

(Relation (16) is intuitively clear, since the knowledge that the duration of the m* phase is less
than a,,, cannot decrease the probability that the duration of phases i =1,2,...,m — 1 is less than
a;,t=1,2,...,m— 1 below its a priori value.)

By successive use of (16), we obtain from (15)

d-3 d-3 d-3
Pr (ZT.- < ,\Zb;) >[I Pr(T: < 2.
3

=3 t= £=3

15




5. Asymptotic Behavior of Tyyg as n — oo

By combining the relations (14) for i = 3,4,...,d — 3 we get:

Pr(ZT<,\Zb)>HPr(T.<Ab)>H(1————-)nd. (17)

=3

4
Since ¢ > 1 and b; = [%l] > by for 3< i< d—3, we get €% > €% and (17) can be transformed to

Pr (ZT<AEb> (1—%)“2. (18)

=3

Furthermore, we have that by = |02 | 5 & fop sufficiently large d. This in turn gives &% >
? 6 7 g

dlogy ¢ dlogy§ . . . . .
277 =mn"71 ,since { > 1. Using this, relation (18) can be written as

1 nd? -
Pr<§T</\Zb) ( W) , (19)
with € > 1.

Note that E 3T} is the time required for the completion of phases 3,4,...,d — 4,d — 3. Phases
1,2,d—2,d—1 and d will be treated separately.

The time to complete phases 1, d — 1 and d is determined by the length of the longest packet.
This is so because these phases consist of one step and, therefore, T; = max;2;,i = 1,d — 1,d. Then

by using Markoff’s inequality we obtain

Pr(T<]-’;—‘i>=Pr(z,gl“T“, I:O,l,...,n—l) > (1—9(—32)
a

If we select a = n? with # > 1 and we let s be equal to any sy € D+, the preceding inequality yields:
n
Pr T,-S—a—lnn > 1—-<IM , fori=1,d—1,d. (20)
S0 nf

For the phases i =2 and i = d — 2, we get from relation (13) and the fact by = b4_s, that

Pr(T<l—“;f‘-)2(1—?%2)"d, fori=2d—2. (21)
If we select a = e#sbz, then (21) is transformed to
1\
Pr(T; < pby) > (1~—Z—%—2—) , fori=2,d—2, (22)
where
T
(= <I>( ) > 2.
Since 2b; = 2[(d —1)/2] > d — 1, we get
1 \nd 1 nd
Pr(ﬂﬁybﬁZ(l——z—d—:) :(l—m) , fori=2,d-2. (23)
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5. Asymptotic Behavior of Ty xyp as n — 0o

By combining equations (19), (21), and (23), and by using the fact Z:-Ll T: = Tyung, we finally

obtain

d-3

9

Pr (TMNB <A Zb,’ + 35 Inn+ 2[1.1)2)
t=3

n nd?
> (1o 1 2nd - @(80) 3 L 1 d
- (°1n1°n( n? n-}dlong

with § > 1, 50 € D+, (> 2, and £ = &5 > 1. Q.E.D.

(24)

Now we are in a position to prove the main result of the paper.

Proposition 4: Let Ty yp be the completion time of the MNB when the lengths of the packets are
distributed according to some probabilistic rule with unit mean, and let T, = [ ﬂa“—]] be the completion
time of the MNB when packets have deterministic length equal to one time unit. Assume also that
the positive portion D+ of the domain of ®(s) is nonempty. Then given any § > 0 and € > 0, we

can find ng = ng(8,€) such that

PT‘(TMNB < (1-}-6)7‘,) >1—e, Y n > n,.

Proof: Since ®(s) < oo for s € D+, there exists a A > 0 such that e** > ®(s) for some s > 0, and
a ¢ > 0 such that e#* > 4P(s). Let

eAs ek
fzq)—(s-)'>1, C: -(-I;-(S—)>2

Consider also some sg € Dt and § > 1. Then the conditions of Proposition 3 are satisfied and

equation (24) holds. In Appendix 4 we prove that for
E>1, ¢>2, 8>1, (25)

the right hand side of (24) goes to one as the number of processors n goes to infinity. Thus, for all

€ > 0, we can find n;(€) such that for all n > n;(¢)

d-3
]
Pr (TMNB <A Z b;+3—Inn+ 2;462) >1—e (26)

=3 50

We denote
d-3 P
Ta(n) = A g bi+ 3 Inn+ 2ub;

and

Ty(n) = [";1]-

17




5. Asymptotic Behavior of Tyyp as n — oo

Ty(n) is the optimal completion time of the MNB for the synchronous (deterministic) case. Since

n—1= Ef:] (‘f) it can be seen that

d

R

t=1 =1

From this fact, it follows with some additional calculation that

. Ta(") _
y}gxolo Ty(n) ~ A

Therefore, given some § > 0 we can find n(8) such that

d-3

0 6
A ;3 b+ 3:;-0- Inn + 2ub; < (/\ + '2—) T,(n) (27)

for all n > ny(6).
We define no(6, €) = max(ni(e),n2(6)). For n > no(é,¢€), both (26) and (27) hold. Thus for any

6 > 0 and any € > 0 there always exists a ng = ng(4, €), defined as above, such that for all n > ny(6, €)
é
Pr{Tune < (A + §)T, >1—e (28)

We will now prove that A can always be chosen to be equal to 1 + % for any 6 > 0. It is enough to

prove that there exists an s € D+ such that
e+ > 3(s).

Let
F(s) = ®(s)e~(+1)s,

Since F(0) = ®(0) = 1, it is enough to prove that F(s) is strictly decreasing in a neighborhood of

0. Since ®(s) is differentiable (because the exponential function is differentiable), we have
F'(s) = e—(1+%) (<I>f(s) -1+ g)@@)) ,

which gives F'(0) = ——% < 0 (we used the fact that ®/(0) = 1, since the packet lengths have unit
mean). Therefore, there exists an s € D+ such that F(s) < 1 or equivalently e(+$) > &(s). Thus,
we can always choose A = 1+ %. By substituting this value of A in (28) the proof is completed.
Q.E.D.

The last theorem constitutes the main result of this paper. It indicates that in hypercubes of large
dimension, the factor by which the completion time of the MNB increases when the packet lengths

have essentially any probability distribution over the corresponding case where all the packets have
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constant lengths, is very close to one. This result should be compared with the case of the ring
with n processors, where the average time required for the MNB when the lengths of the packets

are exponentially distributed is Inn times that of the corresponding deterministic case.

An intuitive explanation of this result is the following. Loosely speaking, as d increases, the
number of steps within each phase (except phases 1,2,d—2,d~— 1, d) grows faster than d. Therefore,
the number of packets that are transmitted one after the other within some phase increases more
rapidly than the number of phases. The sum of the lengths of the packets which are transmitted over
some link during phase ¢ is then forced by the central limit theorem to come close to its mean value
b;. As aresult the total time required for the MNB of the asynchronous probabilistic case approaches
the time complexity of the synchronous deterministic case. Therefore, although the result may seem

unexpected, it is not counter-intuitive.

We finally note that the existence of a global clock was not assumed at any point throughout the
analysis. The only exception is the initialization of the algorithm, which was assumed to take place
synchronously for all the processors. If this assumption is relaxed the additional overhead for the
initialization using a naive scheme (single node broadcast of a start signal) will be O(d) which is

small, so the result still holds.
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Appendix 2

APPENDIX 1
In this appendix we will prove that

. 1 & Ay _
}Eﬁo(%"zn(nﬂ).-.(nm-l)) =0

k=2

Denote

3 Ay
F(n)= .
(n) kzﬂn(n+l)---(n+k—l)

Since Ag > 0, obviously F(n) > 0 for all n > 0. From (2) and (3) we get that C — F(n) > L >0,
which gives F(n) < C, for all n > 0. Therefore, for n = 1, F(1) < C. It can also be seen from the
definition of F(n) that F(n) < F(1)/n. This gives

0 < F(n) < %

Therefore, lim,_, F(n) = 0 and

lim (2i _ F(n)) =0.

n—oo n

Q.E.D.

APPENDIX 2

In this Appendix we prove the inequality
Pr(wi; < a | wme < b) > Pr(wi; < a), (29)

which was used to prove Prop. 1

We have

wy; = E zy, Wk = E zy.

leA; leAmp
The dependence between w;; and w,,; comes from the fact that some indices [ are common in A,,;
and A;;. Let C = Amp N Aij, A = A;j —C and B = App — C. Then if we denote y = Erec z1,
z = Z,GA zy, and r = Z,EB z;, the random variables y, z, r are independent, since for distinct I’s,

the random variables z; are independent.

By using the above notation, it is enough to prove that

Priy+z<al|ly+r<b)> Pr(y+2<a). (30)
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Appendix 3

Bayes’ rule gives

Pry+z<a,y+r<b)

Priy+z<aly+r<b)= Br(y 7 r<b)

We have that

_Priy+z<ala—z2<b—r)
T Pr(y+r<bla—2z<b-r)
>Priy+z<ala—z<b-r)

Pry+z<a|y+r<ba—2<b-r)

and

Priy+r<bla—z>b—r)
Priy+r<bla—z>b—r)
>Pr(y+z<ala—z>b-—r).

Prly+z<a|ly+r<ba—-z>b-r)=

These relations give
Priy+z<a|y+r<b=Prly+z<aly+r<ba—z<b—r)Prla—z<b—r)
+Pr(y+z<aly+r<ba—z>b-—r)Prla—z>b—r)
>Pr(y+z<ala—z<b—r)Pr(a—z<b-r)
+Priy+z<ala—z2>b—r)Pria—z>b-—7)
= Pr(y+z<a).

As a result, relation (30), which is equivalent to relation (29) holds. Q.E.D.

APPENDIX 3

In this appendix, we prove Eq. (16), repeated below for convenience,

Pr(T;<ai,i=1,2,....m—1|Tp<am) > Pr(T; <a;,i=1,2,..., m—1). (31)
By definition we have
T; =max{wy | k=1,...,nd}.
Let k;,i =1,2,...,m, be the arguments that attain the maximum above for i = 1,2,...,m, and let

Pr(k;,i = 1,...,m) be the corresponding probability. By substituting these equations in (31), we

have to prove the equivalent relation

> Pr(kii=1,...,m)Pr(wg < a,i=1,2,...,m—1|k,i=1,2,...,m wm, < am) >
ki

> Pr(k,i=1,...,m)Pr(wy; < a;,i=1,2,...,m=1|k,i=1,2,...,m).
k;
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In Prop. 1 we proved [cf. Eq. (16)] that
Pr(wg, <a;,i=1,2,...,m—1|wmp, < @) > Pr(wg; < a;,i=1,2,...,m—1). (33)

It can be seen from the proof of this proposition that the same result holds even if all the probabilities

in (33) are conditioned on the event {k;,i =1,2,...,m} and therefore
Pr(wg, <a;,i=1,2,....m—1]k,i=12,..., mwnt, < am)

> Pr(wg, <a;,i=12,....m—1 | kiyi=1,2,...,m).

Using this, (32) is proved and from there (31) follows immediately. Q.E.D.

APPENDIX 4

In this appendix we will show that the right hand side of inequality (24) goes to 1 as n — oo, i.e.

. 1 2nd @(80) 3n 1 nd?
i (1= ) (-50) (=) =2 Y

when £ > 1, { > 2, and 8 > 1. We recall that d = log, n.

The proof consists of two steps. At first we show that all the terms of the product in (34) are of

(-am)

where z = z(n) goes to infinity as n goes to infinity and Q(z) is a function of z such that

the form

lim —— = 0. (35)

Step 1: In order to prove that all the terms in (34) are of the desired form, we will use successive
applications of L’ Hospital rule. This rule states that if f(z), g(z) are differentiable functions in the
neighborhood of oo (i.e. for sufficiently large «) with the property that lim;,« f(2) = lim; e g(z) =
oo then lim,_, %(%l =lim;_ e %. Although the number of processors n is an integer, we will treat
it as a continuous variable here and allow differentiation with respect to it. This is permitted since

we are interested in the limit n — oo and we are dealing with continuous functions of n. Thus
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a) Since ¢ > 2,
log,¢ ¥ o> 1.

Thus
. 2nd . 2(14+kln){ . 2¢
nh—l»lclo ¢-lne nl}»nelc (aln2)na-1 ”lg?o (aln2)na-1 —

as n — oo and a > 1. Thus
¢—1nlosz¢ = Q(2nd).

b) Obviously
lim éT_I)_gsL) =0,

n—eo n

since § > 1 and ®(s;) is a constant.

Appendix 4

¢) We denote o = 282 > 0 for £ > 1 and take into account that d = logyn = %’2—'. Then for the

7in2
third term of (34) to be of the desired form it is enough to prove that

. n(lnn)?
amseo (In 2)Znatan

By successive applications of L’ Hospital rule we find that

5 n(lnn)? . n(lnn+2) . n(lnn+3)
o maln  ahe 2aneln | nbe 402(Inn)nalan —

Therefore

nidlont = @ (nd?).

Step 2: For the second step we note that

1 (1) =2 (- ) ™)™

1

Q
@) © = e~ and lim; e & = 0, we finally obtain that

. 1 \°
i (1-5) =
Steps 1 and 2 together give Eq. (34). Q.E.D.

Since limg e (1 -
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