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Abstract

F-theory is a powerful geometric framework to describe strongly coupled type IIB
superstring theory. After we compactify F-theory on elliptically fibcred Calabi-Yau
manifolds of various dimensions, we produce a large number of minimal supergravity
models in six or four spacetime dimensions. In this thesis, I will describe a current
classification program of these elliptic Calabi-Yau manifolds. Specifically, I will be
focusing on the part of classifying complex base manifolds of these elliptic fibrations.
Besides the usual algebraic geometric description of these base manifolds, F-theory
provides a physical language to characterize them as well. One of the most important
physical feature of the bases is called the “non-Higgsable gauge groups”, which is the
minimal gauge group in the low energy supergravity model for any elliptic fibration
on a specific base. I will present the general classification program of complex base
surfaces and threefolds using algebraic geometry machinery and the language of non-
Higgsable gauge groups. While the complex base surfaces can be completely classified
in principle, the zoo of generic complex threefolds is not well understood. However, 1
will present an exploration of the subset of toric threefold bases. I will also describe
examples of base manifolds with non-Higgsable U(1)s, which lead to supergravity
models in four and six dimensions with a U(1) gauge group but no massless charged
matter.

Thesis Supervisor: Washington Taylor
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Chapter 1

Introduction and summary

The development of modern high energy physics was dominated by the quantum field
theory paradigm|[113, 134]. In this picture, spacetime is filled by fluctuating “quantum
fields” which vary over space and time. Certain fluctuations or “asymptotic states” of
these quantum fields can be interpreted as particles. Quantum field theory provides
powerful tools to calculate the outcome of colliding particles via the summation of
loop diagrams, see Figure 1-1. The predictions of such calculations can be verified
at collider experiments, such as the LHC (Large Hadron Collider). One significant
victory of quantum field theory is the establishment of the standard model of particle
physics, which includes the electroweak interaction and strong interaction. The Higgs
particle, responsible for electroweak SU(2)xU(1) gauge symmetry breaking and the
generation of fermion particle masses, was predicted in the standard model and then
discovered in 2012. The toolkits and ideas of quantum field theory have been broadly
applied to condensed matter physics as well.

Despite the power of quantum field theory, it has a number of fundamental prob-

lems. First, the theory itself is only mathematically well defined for a few special

Figure 1-1: A graphic representation of the summation of loop diagrams in quantum field theory
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Figure 1-2: A graphic representation of the summation of loop diagrams in string theory

cases, such as topological field theories or conformal field theories which are scale
invariant. One reason is that many quantum field theories suffer from “UV (Ultra
Violet) divergence,” which means that the computed scaling amplitudes for the loop
diagrams in Figure 1-1 will diverge to infinity. To overcome this problem, one needs
to add a counter term with divergent coefficient into the Lagrangian of the quantum
field theory to cancel the divergence. The whole process is iterative, and it is called

“renormalization” of quantum field theory.

Another more fundamental problem appears when one includes gravity into the

theory. Even if we use the linearized version of the Einstein Hilbert term:

/\/—_ng4z, (1.0.1)

where R is the Ricci scalar, the Lagrangian will appear “non-renormalizable” in the
sense that there will be infinitely many types of counter terms in the renormalization

process.

These observations indicate that our current quantum field theories of the standard
model and gravity are “effective theories” that only approximately hold at a low
energy scale A < Ay that is much lower than the Planck scale A, ~ 10°GeV. To
obtain the whole picture of fundamental physics, we need to construct a theory that

is UV complete at the Planck scale and higher.

Up to now, the most well established framework to unify quantum field theory
and gravity is string theory[114, 64, 17]. It is analogous to the quantum field theory
paradigm, with the particles replaced by higher dimensional objects such as strings.

Now the summation of scattering amplitudes in Figure 1-1 is replaced by Figure 1-2.

With the “worldline” of point particles replaced by the “worldsheet” of strings, the
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loop amplitude becomes UV finite!, which fundamentally solves the UV divergence
problem in quantum field theory. The worldsheet theory of strings in a D-dimensional
background is described by 1+1 dimensional conformal field theory (CFT), where the
quantum fields X#(u =0,...,D — 1) correspond to the spacetime coordinates. Cer-
tain excited states on the strings correspond to a rank-2 traceless tensor in spacetime,
which is the graviton. The scattering amplitudes of gravitons can be computed for an
arbitrarily high energy scale. In this sense, string theory is really a theory of quantum
gravity.

A self-consistency condition is that the worldsheet CFT should be free of Weyl
anomalies (of conformal symmetry) when the D-dimensional background is flat Minkowski
space. This constraint fixes the spacetime dimension D = 26 for the bosonic string
theory, where the worldsheet quantum fields are all bosonic (X#). The bosonic string
theory suffers from the existence of a tachyon with mass m? < 0, which indicates the
instability of the theory. To overcome this problem, people introduced supersymmetry
into string theory.

Supersymmetry originally was constructed as an extension of the Poincaré algebra
in 4D. It is a counter example to the original Coleman-Mandula theorem [32] which
says that the symmetry of quantum field theory can only be a direct product of the
Poincaré group and an internal symmetry group, by including a set of Fermionic gen-
erators into the Poincaré algebra to form the Super-Poincaré algebra[70]. In particle
physics, supersymmetry was introduced to solve the “hierarchy problem” of the Higgs
boson, which comes from the fact that the 1-loop diagram of Higgs scalar will lead
to a A? divergence. To get the real world Higgs mass m, ~ 126GeV, the bare mass
my = \/W will be extremely fine tuned. In the supersymmetric extensions
of the standard model such as MSSM (minimal supersymmetric standard model),
every particle has a new superpartner particle. After they are included in the loop
diagrams, the A% divergence will be cancelled and the divergence will be proportional

to log A (see for example Vol. 3 of [134]). Up to now, no low energy supersymmetric

! Although the summation of all the loop diagrams is still divergent, which means that the series
of loop diagrams is an asymptotic series in the string coupling constant g,. This is a generic feature
of perturbative quantum field/string theory.
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partner has yet been found at the LHC. Nonetheless, supersymmetry is still a very

useful theoretical physics tool to regulate divergence and make the theory simpler.

After including fermionic quantum fields into the string worldsheet theory, they
become “superstring theories” and generally have D = 10 spacetime dimensions to
cancel the Weyl anomaly. In the 1980s, five different versions of superstring theories
were discovered, which are the type I, type IIA, type IIB, heterotic Fs x Fg and
heterotic SO(32) theory. Type I, heterotic Fg x Eg and SO(32) theories all have
N = 1 supersymmetry in 10D with 16 supercharges, while IIA and IIB theories
have N = (1,1) and N = (0, 2) respectively with 32 supercharges (for the notion of
supersymmetry see Appendix A).

One crucial ingredient of string theory is the existence of non-perturbative ex-
tended objects along with the fundamental strings we were talking about. An impor-
tant class of these objects is called D-branes, which are originally created as the Dirich-
let boundary condition of strings. From the worldsheet perspective, open strings can
attach to these D-branes and the vector modes of the open string A,, emerge as gauge
bosons. From the spacetime supergravity point of view, the D-branes have actions
and dynamics by themselves as well. In type IIA and IIB superstring theory, the set
of stable D-branes is different. IIA superstring theory has D-branes with even space
dimensions, such as the D0, D2, D4, D6 branes. In contrast, IIB theory has odd space
dimensional D-branes: D1, D3, D5, D7 branes. A Dp-brane couples to a (p+ 1)-form
“RR” field in a natural way:

L:/Cp+1dp+1z | (1.0.2)

where the integration is over the D-brane world volume. It also couples to a (7 — p)-
form gauge field magnetically, since the field strength of (7 — p)-form is Hodge dual
to the field strength of (p + 1)-form field in 10D.

In 1990s, it was speculated that different versions of superstring theory can be
identified with each other in certain limits. This idea, called “duality”, has a central
status in the contemporary string theory framework as well. For example, if one puts

the IIA string theory on a circle with radius R, then it is dual to the IIB string theory
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on a circle with radius 1/R (in string units). This is called “T-duality,” which only
exists in the string theory paradigm but not in quantum field theory. D-branes in
the ITA picture will be mapped to branes in the IIB theory with different dimensions.
Similarly, heterotic F3 x Eg and SO(32) theories can be related with T-duality as

well.

Another type of string duality is called “S-duality”, which relates the weakly
coupled version of one theory to the strongly coupled version of another one. For
example, type I superstring theory is S-dual to heterotic SO(32) theory, and as will
be discussed more thoroughly in the next séction, type IIB superstring theory has a

self S-duality.

The last piece of this string duality web comes from 11D N = 1 supergravity
with 32 supercharges, which is the highest dimension a supergravity theory can live
in. In 1995, Edward Witten proposed the existence of a more unified “M-theory” in
11D as well that can unify all the different pieces of superstring theory. In M-theory,
the fundamental objects are M2 and M5 membranes rather than the one-dimensional
fundamental string. The 11D supergravity hence can be thought of a classical limit
of M-theory in the same spacetime background. IIA superstring theory comes from
M-theory compactified on a torus, where the string coupling constant is proportional
to the radius of the torus in the string unit. Type I superstring theory and type
Eg x Eg heterotic string theory follow from M-theory on an “orbifold” S?/Z,[81]. We
draw the picture of string duality web in Figure 1-3.

What we have discussed before is mostly about string theories in high dimensions.
Since the birth of superstring theory, people have been trying to construct the known
4D physics in the string theory framework. To reduce the spacetime dimension from
10/11D to four, a simple practice is to set the spacetime background M;y, = R*! x Mg
or My; = R3>! x M; where Mg and M; are some real six or seven dimensional compact
manifold with a certain topology.

For certain classes of these compact manifolds, the 4D physics has different amount
of supersymmetry. If they are simply flat tori, then the number of supercharges is

not reduced and the 4D theory is ' = 8 or N/ = 4 supergravity. To reproduce real
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Figure 1-3: String duality web known in mid-1990s, with M-theory, type I, ITA, IIB, heterotic
Es x Es (Het E) and SO(32) (Het O) and 11D supergravity.

world physics, the 4D supersymmetry can only be maximally ' = 1, otherwise there
is no chiral matter in the theory, which contradicts the basic feature of the standard
model. From the 10D superstring theories, a common class of compact manifolds is

the “Calabi-Yau” manifolds which are complex manifolds with vanishing Ricci tensor:
R, =0. (1.0.3)

Real 2n-dimensional Calabi-Yau manifolds are usually called “Calabi-Yau n-folds” in
terms of the number of complex dimensions. The holonomy group is SU(n) and only
a 1/2"~! proportion of supersymmetry is preserved after the compactification. There
are two ways to get 4D N = 1 supergravity from 10D superstring theory:

(1) Compactify heterotic string theory on a Calabi-Yau threefold.

(2) Compactify type ITA /IIB superstring theory on a Calabi-Yau orientifold, which
breaks down half of the supersymmetry further.

Many models have been constructed using these two methods, for example[3, 25,
29, 35].

Another way to get 4D N = 1 models is to compactify 11D M-theory on a real
seven dimensional “Gy manifold” with G5 holonomy group. However, it is not clear
how to realize standard model in it up to now.

One may ask if there is a way to directly reproduce non-supersymmetric models

18



from compactification. Since the solution of the vacuum Einstein equation in the
compact dimensions will lead to the Ricci-flat condition: R,, = 0, the compact
manifold is generally Calabi-Yau or a manifold with special holomony, such as G,. If
one starts from superstring theory with spacetime supersymmetry, then usually a part
of the supersymmetry will be preserved at least at the compactification scale. There
exists string theory in 10D without spacetime supersymmetry, such as the SO(16)x
SO(16) heterotic string theory[21, 45, 60] (although it is not clear if they are actually
self-consistent). We will not consider the possibility of such non-supersymmetric
model in this thesis. There is always assumed to be supersymmetry at the high
compactification energy scale, with a possibly spontaneous supersymmetry breaking

at a lower energy scale.

The specific value of these energy scales are related with the geometric sizes of the
compact space, which are dynamical variables in string theory that are not predeter-
mined when we choose their topology in the beginning. The set of such dynamical
variables are usually called “moduli”. If there is a moduli potential in the Lagrangian,
then vacuum expectation value of moduli can be in principle determined by the “mod-

uli stablization” process.

One simple way to introduce this moduli potential is using quantized RR form
fields in superstring theory. The outcome is a vast set of vacuum solutions from a
single geometry, which are called the “flux vacua”. A famous number in the literature
is 10°%°, which is the number of flux vacua on a single geometry in a IIB orientifold
construction[40].

The existence of such huge number of vacuum solutions in string theory leads to
philosophical questions. On one hand, with such an almost infinite number of models,
it is easier to find a model with the specific parameters in our standard model. On
the other hand, one can argue that string theory has no predictability if there are so
many possible universes that are not our universe. Here I will present the physical
reasons that the grand set of string solutions including all the possible geometries,
which is called the “landscape”, has the value of being studied.

(1) There has been a misconception that any (anomaly free) physical model can
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be realized in string theory. However, this is not true as we know that there cannot be
infinitely many gauge fields in any string compactification model. If we can classify
the string theory vacuum solutions, then we can make a list of the constraints on
low energy physics from string theory. Furthermore, there is a “string universality
conjecture”[1, 93, 120], which says that any UV complete (supersymmetric) gravity
theories in D > 4 can be constructed with a superstring setup. This comes from
the belief that superstring theory is the only way to unify gravity and quantum field
theory using the paradigm of QFT. If this conjecture is true, then we can classify all
the possible D > 4 supergravity theories at the level of low energy effective action
and see what is allowed. The theories that satisfy the known low energy constraints
such as anomaly cancellations but do not have a superstring construction are put into
the “swampland”[27, 128]. They may either have some secret inconsistency or can be
realized in string theory in a more exotic setup. The results are very interesting in
either of these possibilities. If we can make a complete survey of the swampland, we
may be able to discover new constraints on quantum gravity along with the existing

quantum gravity conjectures such as the weak gravity conjecture[7].

(2) By more carefully studying the physical mechanics of moduli stabilization and
the transition between geometries, we can have a feeling of what is the most common
or prefered supergravity model from string theory constructions. This will provide
hints of the most natural way to realize the standard model and even beyond standard

model physics, such as the nature of dark matter.

Following this logic, it is natural to ask what is the largest or most dominant class
of string vacuum solutions. Up to now, this biggest set is the “F-theory” construc-
tions, which is a geometric description of strongly coupled type IIB superstring theory
with 7-branes[127, 109, 108]. In the early days of F-theory, it was speculated that
the theory lives in a 12-dimensional spacetime with two additional real dimensions
than superstring theory. After we compactify the 12D theory on a special class of
Calabi-Yau manifolds: elliptic fibered Calabi-Yau manifold, we will get supergravity
in even dimensions. For example, if we compactify F-theory on an elliptic Calabi-

Yau threefold (CY3), then we get 6D N = (1,0) supergravity. If we use an elliptic
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Calabi-Yau fourfold (CY4), then we will get a 4D N = 1 supergravity. For the case of
Calabi-Yau twofold, they are generally called “K3 surfaces” and we will get 8D N =1
supergravity if we compactify F-theory on it. However, from today’s perspective, the
two additional dimensions are completely auxillary and they are not needed to be

considered as actual spacetime dimensions?.

The “F” in F-theory hence means fibration, which is a generalization of fiber bun-
dle in the sense that the fiber can be singular (or degenerate). The singular fiber
will encode the essential physical information of the low dimensional supergravity.
For example, singular fibers over a real codimension-2 submanifold of the base cor-
respond to 7-branes, and open string modes attached to them will give rise to gauge
fields. Unlike the weakly coupled IIB theory, in F-theory there exist strongly coupled
7-brane configurations giving rise to exceptional gauge groups: Gi, Fy, Eg, E7 and
Eg. As will be seen in detail later, these exceptional gauge groups will frequently
appear in the F-theory landscape. Singular fibers over a real codimension-4 subman-
ifold of the base correspond to the intersection of 7-branes. The open string modes
stretched between intersecting 7-branes will then give rise to charged matter under
the gauge groups. Furthermore, a singular fiber over a real codimension-6 submani-
fold encodes the information of the interaction of three quantum fields, which is the

Yukawa coupling in 4D or lower dimensions.

The topological classification of F-theory geometric models hence consists of two
parts: the classification of topologically distinct bases and the classification of different
fibrations on a single base, which give rise to different elliptic Calabi-Yau manifolds.
The bases are general complex manifolds that are not necessarily Calabi-Yau. For
each base, there exists a “generic fibration” where the gauge group is minimal. Due
to this feature, this is physically called the “non-Higgsable phase” and the minimal
gauge groups are called non-Higgsable gauge groups. As will be briefly explained in
Chapter 2, the generic fibration contains more flux vacua than the non-generic ones

and they are the central object of this thesis.

In a reformulation of maximally supersymmetric supergravity called “exceptional field theory”
in 9D, the 12 dimensions are considered as physical dimensions[129, 18].

21



M/F dual
weak limit .m
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Figure 1-4: String duality web including F-theory.

In fact, if the bases are Calabi-Yau then the fibration can only be a trivial direct
product of the base manifold and the 2-torus, and it will be reduced to a weakly
coupled type IIB model. In this sense, F-theory provides a way to describe super-
symmetric superstring compactification on manifolds with non-vanishing curvature.
It is much more general than the weakly couple type IIB constructions.

From the perspective of the string duality web, F-theory touches many corners
in Figure 1-3. As will be described in detail in Chapter 2, the definition of F-theory
relies on the “F/M-theory duality”. Another elegant story is the “heterotic/F-theory”
duality, where F-theory on a K3 surface is dual to heterotic Fg x Eg string theory on a
two torus T?. This duality will not be covered in this thesis. Finally, with the trivial
weak limit reduction to type IIB, we can complete our duality web in Figure 1-4.

From the phenomonology model building perspective, there has been a vast liter-
ature of realizing the supersymmetric standard model with the SU(5) GUT (Grand
Unified Theory) type construction, for example [15, 16, 46]. GUT is an old idea
from 1970s, which comes from the observation that the standard model gauge group
SU(3)x SU(2)x U(1) (before electroweak gauge symmetry breaking) and matter rep-
resentations can be simply embedded in the group SU(5) and its smallest represen-
tations. The gauge coupling of the three fundamental interactions: the strong, weak

and electric interaction could be unified at the “GUT scale”~ 10%GeV where the
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gauge group appears to be SU(5). However, the types of fibration used in these kind
of constructions is always non-generic and they are not a central object of this thesis.

In the recent a few years, there has been a lot of activity on constructing su-
perconformal field theories (SCFTs) with a top-down approach from F-theory, for
example [39, 76, 77]. The N/ = (2,0) and (1,0) SCFTs in 6D are generally strongly
coupled without a Lagrangian description, and their constructions are only possible
under the string theory framework. It was claimed that all the 6D N' = (1,0) SCFTs
can be constructed with F-theory, following the string universality philosophy. In
contrast to the supergravity case, they are using non-compact Calabi-Yau threefolds
with non-compact bases to decouple gravity from the theory. They will be mentioned
in the later parts of fhe thesis but they are not our central focus.

As a brief summary, F-theory has the following nice features:

(1) F-theory provides a vast playground allowing a larger number of geometries
and flux vacua than perturbative superstring theory.

(2) F-theory describes compactification on a manifold with non-vanishing Ricci
curvature and still preserves a part of supersymmetry.

(3) F-theory allows the construction of exceptional gauge groups that cannot be
described in a simple D-brane stack description.

(4) Geometric engineering from F-theory helps us to classify and understand
strongly coupled superconformal field theories.

Apart from the physical interests, F-theory is related to many fields of modern
mathematics. The most crucial mathematical tool is complex algebraic geometry[66,
74], which studies algebraic equations in complex number field. The underlying reason
for this is the “GAGA principle”, which roughly states that the algebraic objects also
have analytic structures that can be studied with complex differential geometry. We
will be only focusing on the geometries with algebraic descriptions in this thesis.

Since the compact manifolds in F-theory are elliptically fibered Calabi-Yau man-
ifold, the beautiful mathematical theory of elliptic curves is closely involved. A well
known achievement of the elliptic curve theory is the proof of Fermat’s last theorem

by Andrew Wiles. In F-theory, the U(1) gauge groups are deeply connected with
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a mathematical structure of elliptic curves called “Mordell-Weil group”, as will be
explained in Chapter 2.

As we have mentioned before, an important piece of F-theory (mainly for 4D F-
theory) is the flux that give rise to flux vacua. In 4D F-theory, the relevant flux is the
G4 4-form field. To study the property of flux and its interaction with the geometry,
one need to use Hodge theory and mirror symmetry techniques. They will not be
covered in this thesis, but one should keep in mind that they are crucial to compute
the actual energy scales, mass spectrum and the cosmological constant in an F-theory

model.

In this thesis, I will provide a broad review of our current knowledge about the
set of compact base manifolds used in F-theory, which is the foundation stone of the
geometric classification program of F-theory. This thesis has the following structure:
in Chapter 2, I will provide essential physical and mathematical background to es-
tablish the setups we are going to use. In section 2.1, I will briefly review type 1IB
superstring theory and define F-theory, in more detail than the broad introduction
in this Chapter. In section 2.2, I will provide the basic tools of complex algebraic
geometry that will be used through out the thesis. In section 2.3, I will talk about
elliptic curves and elliptic fibrations. In section 2.4, I will cover a special subset of
complex algebraic geometry: toric geometry. |

Chapter 3 will focus on 6D F-theory and the classification of base surfaces. I will
briefly review the general structures and the classification of toric surface bases at
first. Then I will present the machinery for classifying general non-toric base surfaces
in our paper[125].

Chapter 4 is about 4D F-theory and the exploration of the vast zoo of base three-
folds. First, I will define the set of bases we are studying. Then I will present two
different Monte Carlo methods to probe this big set in our papers[124, 126] and dis-
cuss the results. Apart from this, I will also present a geometry with the largest
number of flux vacua up to now[123]. Finally, a grand picture of the set of base

threefolds will be established and the physical implications will be discussed.

Chapter 5 is about bases with non-Higgsable Abelian gauge groups, which are
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qualitatively different from the non-Abelian gauge groups. Generic fibration over
these bases will lead to models with U(1) gauge group but no massless charged matter
under it. The discussion follows my paper[130].

Finally, I will briefly summarize the important things we have learned and the

open questions in Chapter 6.
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Chapter 2

Physics and Mathematics
background

2.1 Type IIB superstring theory and F-theory

In this section, we provide a brief overview of the physical origin of F-theory, partly

following [133].

2.1.1 1IB superstring theory and 7-branes

In the worldsheet construction of superstring theory, a closed string has two types
of oscillation modes: left-moving modes and right-moving modes. For the fermionic
quantum field on the string, they could be either periodic or anti-periodic. The
periodic and anti-periodic boundary conditions are called Ramond (R) or Neveu-

Schwarz (NS) boundary conditions respectively.

In type IIB superstring theory, the massless fields from a closed string are given
by a product of representations of the SO(8) little group of the 10D spacetime. The
massless bosonic fields include the NS-NS fields and R-R fields, where both the left-

moving and right-moving modes obey NS or R type boundary condition.
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For the NS-NS fields, they are a product of vector representations 8, of SO(8):
8, x8,=1+28+35. (2.1.1)

The singlet 1 is the “dilaton” ¢, which is a scalar that indicates the string coupling
strength g; = e?. The representation 28 is a rank-2 antisymmetric tensor field Bj
that couples to the fundamental string, and the representation 35 is a traceless rank-2

symmetric tensor field, which is the metric g,,.

For the R-R fields, they are a product of spinor representations 8; of SO(8):
8, x 8 =1+28+35,. (2.1.2)

The singlet 1 is the R-R 0-form field Cy, which is different from the dilaton ¢, while
the rank-2 antisymmetric tensor 28 gives the R-R 2-form field Cs. 35, is a self-dual
rank-4 antisymmetric tensor that gives the R-R 4-form field Cj.

The classical effective action of 10D IIB supergravity is given as follows[114]:

S = Sns + Sk + Scs (2.1.3)
Sns = e /dlox\/_e ?(R + 40,00"¢ — —|H3| ) (2.1.4)
Sk =~1aT [ a®ey=g(RP + 1B + 51l (2.1.5)
Scs = —%%O/CU\HP,/\E, (2.1.6)

where Fy = dCo, Hs = dBs, F3 = F3— CoAHj, F5 = Fs — 1Co AH3+ 3Bo AdCs. G
is the Newton’s constant in 10D. As one can see, the NS-NS part action Syg contains
the Einstein-Hilbert term and the kinetic term for NS-NS fields B; and ¢. The R-R
part Sg contains the kinetic term for R-R fields Cy, C5 and Cy4. The final part Scg is

a 10D Chern-Simons term and there is no metric in the integration.
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Apart from the action, a self-duality constraint
*F’5 = Fg, (217)

has to be imposed by hand. In this sense the IIB supergravity action is actually a
“pseudo action”.

An interesting feature of this action is the presence of an SL(2,R) symmetry. If
we define the Einstein frame metric

9E,uw = e_¢/29m/ (218)

and the axiodilaton

7= Cp +ie?. (2.1.9)

Then the action (2.1.3) is invariant under the following SL(2, R) group action:

b B d c - -
T - y 9B = 9Bw , F5 — F5 (ad —bc =1). (2.1.10)

T ——
ct+d C b a

We can see that under this SL(2,R) group action, the Cy and e~? field are actually
mixed up, and the same for the B, and C, fields. As we have mentioned in Chapter
1, R-R fields can couple to D-branes with various dimensions. A p-form field with
(p+1)-form field strength can couple electrically to a D(p—1)-brane and magnetically
to a D(7 — p)-brane. Hence the Cy can couple to a D3-brane both electrically and
magnetically, Cy can couple to a D1l-brane electrically and D5-brane magnetically.
Co can couple to a D7-brane magnetically and the “D(-1)-brane” electrically. The
D(-1)-brane in string theory is an instanton object.

Hence logically we will expect mixed objects in IIB string theory that are trans-
formed by the group action as well. Since Cy and B, couple to the D1 string and
fundamental F1 string respectively, there should exist a bound state with p copies of
F'1 strings and ¢ copies of D1 string, which is called a “(p, q)”-string. Since p,q € Z,
the symmetry group SL(2,R) is actually broken to the SL(2,Z) subgroup. Similarly,
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the axiodilaton 7 should magnetically couple to “(p, q) 7-branes”, which are SL(2, Z)

transformations of the D7-brane.

Notice that the 7-brane in 10D has similar properties to a cosmological string
in 4D. A loop around it cannot be continuously deformed to a trivial one. The
axiodilaton field 7 around that loop will be transformed under a monodromy action.
A heuristic argument is that the Dp-brane acts as a source term in the normal (9 — p)

spatial dimensions, and the field ® it sources will obey the Laplace’s equation:
A® = §(r), (2.1.11)

which leads to ® ~ 1/r"P for p < 7 and ® =~ Inr for p = 7. In a more careful
analysis[24], if we put the D7-brane in the 0,1,...,7 spacetime dimensions and use
the complex variable z = rg+ix9 to describe the two normal dimensions, the equation

of motion from the D7-brane action will give:
0;7(2,2) =0 (2.1.12)

which means that 7(z) is a holomorphic function in z. Furthermore, if the D7-brane
is located at z = 0: we have

j(r) 1)z (2.1.13)

where j(7) is the modular j-function with the expansion
§(7) = €727 4+ 744 + 196884e* ™7 + . . .. (2.1.14)

The form of 7(z) close to the D7-brane (2 = 0) is then

1
T(z) =~ %ln 2. (2.1.15)

From this equation, we can see that the axiodilaton 7 indeeds transform as 7 — 7+1
if we go around the D7-brane. Similarly, 7 can undergo a more general SL(2,7Z)

transformation around a (p, ¢)-brane. Notice that since the string coupling g, = e?,
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Figure 2-1: A 2-torus defined as a quotient of the complex plane, which stays the same if we
replace 7 by 7 4+ 1.

actually

g =y s, (2.1.16)
Us

Hence if we set Cy = 0 for simplicity, then an SL(2,Z) transformation 7 — —1/7
will transform g, to 1/g,. This means that in the presence of general (p, ¢) 7-branes,
weakly coupled IIB string theory can actually be transformed to a strongly coupled
theory if one go around these 7-branes. In the presence of mutiple separated (p,q)
7-brane configurations, there does not exist a single SL(2, Z) frame where all of them
can be transformed to D7-branes, and it is not clear which kinds of separate (p, ¢)-
brane configurations are self-consistent.

This problem gives birth to F-theory, which provides an elegant geometric solution.

2.1.2 F-theory and M /F-duality

The hint of a geometric structure behind SL(2,Z) monodromy comes from the fact
that SL(2,Z) is the modular group of a 2-torus. A 2-torus can be described as a
quotient of the complex plane if we identify z with z + 1 and 2 + 7 for any z € C;
see Figure 2-1. Now if we replace 7 by 7 + 1, the 2-torus is actually unchanged. If
we replace 7 by —1/7, then the 2-torus can be mapped to the original one after a
rotation and rescaling.

This suggests that we can put a 2-torus over each point on the compact manifold
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N——/ T2 —>X
= AN

V/

Figure 2-2: A elliptic fibered manifold X over the base B. A generic fiber will have the topology
of T? but the fiber may be singular over some subsets of B.

B in the IIB compactification, which gives a T fibration over B, see Figure 2-2. The
value of the axiodilaton 7 is identified with the parameter 7 (known as the complex
structure) of T2. For a fiber bundle, the fiber over any point p € B should be
homeomorphic. This is not required for a fibration, as the fiber could be singular
over some subsets of B. These singular fibers exactly correspond to the point where

T cannot be defined uniquely, i. e. the location of 7-branes.

In order for the low dimensional theory to preserve a part of supersymmetry, the
total space X is required to be Calabi-Yau. To understand this statement, we present

a common definition of F-theory starting from M-theory.

First, we consider M-theory on a complex d-dimensional manifold X, which give
rise to a supergravity theory in (11—2d)-dimensions. We take X to be a direct product
X = B xT?, and denote the two S! cycles of the T? by S;4 and S5, and their radius
R4 and Rp. Then we take the radii R4 — 0. Since the string coupling g; o< R4,
this leads to weakly coupling ITA superstring theory compactified on B x S;g. Now
we perform a T-duality in the S;p direction, which maps the ITA theory to a weakly
coupled IIB superstring theory on B x S}g, where S} has radius Ry = 1/Rp. Hence
if we shrink the radius Rg — 0, then the size of Sigz will grow to infinity and we will
get a supergravity in (10 — 2d) dimensions. Effectively, this is equivalent to a IIB

theory on compactified on B.
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Now, if we take X to be a T? fibration, this T-duality story still holds fiber by
fiber despite the fact that 7 varies over the base B. We have the following M /F-theory
duality that generally holds:

If the elliptic fibers of X are shrunk to be zero size, which leads to a usually
singular Calabi-Yau space X g, then M-theory on X, is dual to F-theory on Xpn,.

Because of the existence of singular fibers in X that correspond to multiple (p, q)
7-brane configurations, there usually does not exist a single SL(2,Z) transformation
that transform all the (p, ¢) 7-branes to D7 or O7-branes (Orientifold branes). Hence
we will often find that the resulting theory is not weakly coupled IIB even in the limit
vol(T?) — 0.

Now with the direct correspondence between M-theory and F-theory, we see that
the Calabi-Yau condition of X should be satisfied since the supersymmetry property

is directly transfered between theories that are dual to each other.

2.1.3 Gauge group and matter in F-theory

In the F-theory construction, the compact space is the singular one Xj;,,. To write
down the physical fields in the low energy effective theory, we should first analyze the
M-theory dual description on X where the fibers are not shrunk.

In M-theory, the fundamental object is the M2-brane that couples to a 3-form field
Cj electrically. As we have mentioned before, the complex codimension-one locus of
7-branes on B has singular fiber in X. These singular fiber is a union of multiple P!
(topologically 2-sphere) that are connected as an affine Dynkin diagram, as we will
explain in the next section. If we call these 2-sphere components I', ..., I, (excluding

the affine node), then the 1-form field

T

will correspond to U(1) gauge fields on the individual 7-branes.
Besides that, M2-brane wrapping different connected combinations of I'y,..., I,

will give rise to massive states in the M-theory description, with their mass pro-
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Figure 2-3: A singular fiber with the topology of As affine Dynkin diagram.

portional to the area of the wrapped 2-cycle. In the F-theory limit where I';s are
shrunk to zero size, these states become massless as well. The claim is that A;s and
the M2-brane wrapping states exactly correspond to the Cartan subalgebra and W-
bosons of a non-Abelian gauge group'. For example, if the affine dynkin diagram
is A, (see Figure 2-3), there are n Cartan generators and n(n + 1)/2 connected 2-
cycles I'; |41 . .. ['j. Taking account of two orientations, these will produce n(n+1)
W-bosons. Then we have exactly n? + 2n gauge bosons for SU(n + 1).

As we will see in the next section, all the simple Lie groups can be realized in this
way, including the exceptional ones.

Matter fields charged under these non-Abelian gauge groups are physically given
by open string modes between two stacks of 7-branes. Geometrically, this happens
at the complex codimension-two locus where additional 2-cycles appear in thé fiber.

Unlike the non-Abelian gauge groups, the Abelian gauge groups have a completely
different origin in F-theory. In the perturbative string theory, you will usually expect
that the gauge group from a stack of N D-branes is U(N). However, in the case of
D7-branes, this U(1) is broken by a world volume coupling term of the D7-brane[48].

In fact, the Abelian groups in F-theory come from global data of the elliptic
fibration: additional “rational sections” of the fibration. A section of a fibration
is constructed by picking a point in the fiber for each point on the base, and it is
topologically homeomorphic to the base. A rational section is a collection of “rational
points” of elliptic curves, as we will discuss in the next section. Since these sections

Sy are a real codimension-two subset of X, the Poincaré dual of them are 2-forms wy.

IThe affine node does not contribute to the gauge group. The reason is M2-brane wrapping the
affine node is identical to wrapping a generic smooth fiber T2, The state from wrapping generic
fiber corresponds to a KK (Kaluza-Klein) mode in the compactified theory.
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Now the U(1) gauge fields are given by the decomposition of the M-theory 3-form
field:
03=ZA[/\L01+.... (2.1.18)
I

The matter charged under Abelian gauge groups comes from M2-brane wrapping
additional 2-cycles over complex codimension-two locus on B as well, similar to the

non-Abelian case.

2.2 Basics of complex algebraic geometry

2.2.1 Divisor and line bundles

In this section, we will define the terminology from complex algebraic geometry that
will be used later, mostly using differential geometry language following [66].

The classical goal of algebraic geometry is to study the properties of algebraic
equations in different number fields, using geometric intuition and terminology.

An algebraic variety is the set of points that solve a number of algebraic equations
fi(z1,...,z,) = 0 in an ambient space parametrized by the variables zy,...,z,. In
this thesis, we always assume that the ambient space is complex projective space.
The reason for using the complex field is the properties of algebraic completeness and
the validity of fundamental theorem of algebra. For example, the algebraic equation
72 4+ 1 = 0 does not have a solution if z € R, but it has two solutions if z € C.

The projective space P" is a quotient of C**! by the identification (z1, xg, ..., Tnyi1) ~
(Az1, AZa, ..., ALp41) for A # 0. The point (x1,Z2,...,Zns1) = (0,0,...,0) is not in-
cluded in P". Similarly, a weighted projective space Pk1k2-kn is a quotient of C™™!
by the identification (z1,Ty,...,Znp1) ~ (A1zy, A22g .. Aent1z, 1)) for A # 0.

P™ can be considered as the “compactification” of C* where the points at infinity
are included. The advantage is that for example considering two linear equations
ax + by = c and az + by = d(c # d) in C2. These two complex lines do not intersect
each other since there is no common solution to them. However in P2, the well-

defined algebraic equations invariant under the rescaling (z,y,2) ~ (Az, Ay, A\z) are
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the homogeneous linear equations az +by = cz and ax+ by = dz. Then they intersect

.

at a point (z,y, z) = (b, a,0).

These homogeneous algebraic equations in P™ are called the projective varieties.
In general, a degree d hypersurface of P" is the solution to the following algebraic

equation:
n+1

Z Oal,az,u.,an+l H Igi =0 (2219)
i=1

a1+-+anp1=d

In projective space P", the Bezdut’s theorem says that n hypersurfaces of degree
dy,da, ..., d, always intersect at N = [, d; points, counting multiplicity. This fact
shows that it makes sense to put all the hypersurfaces in P* with the same degree
into one class, since they have similar properties. In general, they are called a divisor

class, which we will define as follows.

A Weyl divisor is a formal sum of hypersurfaces D; in M:
D= aD; (2.2.20)

where a; € Z. If a; > 0 for all 4, then it is called an effective divisor.

For a meromorphic function f on the complex manifold M, we can define a divisor

with f as the defining function as follows.

Suppose F' is the local defining equation of hypersurface D;, then we define
ordp,(G) of a holomorphic function G to be the maximal value of a such that we
can write G = F*H in locally near a point p € D;. For a holomorphic function, this
definition is independent of the point p. Now suppose that f can be written locally
as f = g/h where g and h are holomorphic functions that are relatively prime, then

we define

ordp,(f) = ordp,(g) — ordp,(h), (2.2.21)

and the associated divisor

D = ordp,(f)D:. (2.2.22)

We can see that the negative coefficient of D; actually means that the defining function
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f has poles on D;.

A very important fact about divisors is that they have a correspondence with
holomorphic line bundles on M, which are vector bundles of rank 1 where the fibers

are the vector space of holomorphic functions.

More precisely, for a holomorphic line bundle 7« : L — M onh M, we can find a
trivialization

Pq - LUa — U, xC (2223)

on each coordinate patch U, which together covers M. Ly, = m 'U,, which is a
subset of L. Now the line bundle is parametrized by the transition function g,z :

Uanu, — C* between different coordinate patches:

9ap(2) = (Pa 0 ©5")|L.- (2.2.24)

Since the line bundle is holomorphic, g,s is non-vanishing and statisfies

9ap98a = 1, 9ap9pydra = 1. (2.2.25)

The set of line bundles on M has a group structure called the Picard group Pic(M).
Suppose that the line bundles L and L' have transition functions {g.s} and {g,s}
respectively, then the group multiplication is given by the tensor product, L ® L'
with transition function {gasgss}. The inverse is given by the dual bundle: L* with

transition function { g;é}.

Now the map from divisors to line bundles is easy to define. Suppose that the
divisor D has non-zero meromorphic local defining equations { f,} in the local coordi-
nate patches {U,}. Then go = fo/fs gives the transition function of the associated
line bundle [D] that satisfies (2.2.25). Note that for two divisors D and D’ with
local defining functions {f,} and {f,}, the divisor D+ D’ defined by { fafa'} exactly
equals to the line bundle [D]®[D’]. Hence the map from the set of divisors to Pic(M)

is a homomorphism.

Moreover, if D = (f) is defined by a global meromorphic function f on M, then
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fa can be taken to be in the same form for any coordinate patch U,, and f,/fs = 1,
which means that the associated line bundle [D] = [(f)] is trivial. We can thus define
an equivalence relation D ~ D" if D = D" + (f), which is called linear equivalence.
After taking the quotient of the set of divisors by linear equivalence, we get the set of
divisor classes, which is completely isomorphic to the Picard group of line bundles.
In the later part of the discussion, we often do not distinguish between line bundle
and divisor class. For example, we also use the notation L+ L’ and —L to denote the
Picard group operation instead of L ® L' and L*. In this decription of Picard group
as a linear space, its rank rk(Pic(M)) is called Picard rank.

The divisor classes are also isomorphic to the set of real homology class H?"~2(M, Z)
for M with complex dimension n, and we can define intersection numbers of n divisors
Dy-Dy-----D, €Z.

The condition that a divisor is effective is equivalent to the existence of a global
holomorphic section of its associated line bundle. The set of holomorphic sections of
a line bundle L is denoted as O(L), which is a linear space usually refered to as the
linear system |L|. Its dimension is H°(M,O(L)), or simply written as H°(L) in the
later parts of the thesis.

Since the sum of two effective divisors is another effective divisor, the set of ef-
fective divisor classes form an integral cone in Z™®i(M)) “which is called the effective
cone. Similarly, the set of complex curves in H?(M,Z) forms the Mori cone of curves.
For complex surfaces,the effective cone is equivalent to the Mori cone.

Now we are going to introduce two of the most important line bundles that we

will always encounter later.
The first one is the canonical bundle K,;, which is defined by
dim(M)

Ku= N\ T, (2.2.26)

where T); is the holomorphic tangent bundle of M in usual (complex) differential
geometry and T}, is its dual (cotangent bundle). Its dual bundle —K); is called

anticanonical bundle. The canonical bundle encodes the curvature information of the
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manifold. If the manifold is Calabi-Yau, then its canonical bundle is trivial Ks ~ 0.

The second one is the normal bundle Np of a hypersurface D in M, defined by

Np = Tulp. V (2.2.27)
Tp

It is usually computed by the adjunction formula
Np = D|p. (2.2.28)

Another adjunction formula helps to compute the canonical bundle of the hyper-

surface D embedded in the manifold M:
Kp = Kulp + Np = (Ku + D)|p. (2.2.29)
As an example, for the complex projective space P", the canonical bundle is
KP")=—-(n+1)H, (2.2.30)

where H is corresponds to the hyperplane divisor class (hypersurface of degree 1).

The intersection number of n copies of H is
H" =1, (2.2.31)

and the intersection numbers among n divisors a1 H, axH, ..., a,H is then

f[(liH == ﬁai, (2232)
i=1

i=1

which gives an example of the Bezdéut’s theorem that we introduced earlier.

We can use the adjunction formula to compute the normal bundle of divisors in
IP™. For example, for the degree-(n+ 1) hypersurface D = (n+1)H, we have Kp ~ 0,
which means that D is Calabi-Yau. We have thus found a way to construct a series

of Calabi-Yau manifolds.

39



Another example is the computation of the genus of curves on P2. Since K (P?) =

—3H, the canonical class of the curve C = aH is given by
Kc=ala—3)H - H=a* - 3a. (2.2.33)

Since for a curve C, Ko = 2g — 2, we can compute its genus

a® - 3a
2

g= +1. (2.2.34)

For example, the degree 1 line and degree 2 conic on P? has genus g = 0, which are

called rational curves. The degree 3 cubic has genus g = 1, which is an elliptic curve.

2.2.2 Birational geometry

A fundamental problem in algebraic geometry is the classification of topologically
distinct manifolds. Since there are infinitely many of them, a more tractable approach
is to classify these manifolds up to a weaker equivalence called birational equivalence.

A rational map f : X — Y is a locally polynomial map from an open subset

U C X toY. X and Y are birationally equivalent if there exist rational maps
f: X —>Yand f7!:Y — X. For example,

2t 1—¢2
m:—— ==
1+2° Y 15xe

(2.2.35)

maps the line to the a circle 22 + y? = 1, despite that they have different topology.
A complex manifold of dimension n is called rational if it is birational equivalent
to P™.
A very important class of birational maps is the blow up map. Suppose that we
want to blow up a complex codimension-k subset U in a n-dimensional manifold X,

which is defined by local equations

Ty =2g=--=x,=0 (2.2.36)

40



in the local coordinate patch A D U, then we define the submanifold A e A x PF!

as

Here (yi,...,yx) are homogeneous projective coordinates of P*~!. We can define the
projection map 7 : A A by restricting to the z; components of (z;,y;). Then we
define the ezceptional divisor E to be the locus #~1(U). Note that E always have the
topology of a P*~! bundle over U from this definition. It is also easy to check that
the projection map

T:A—E—>A-U (2.2.38)

is an isomorphism. Hence we can define the blow up of X to be
Y =(X-0)JA | (2.2.39)
Since E is a new generator in the Picard group of Y, we have

rk(Pic(Y)) = rk(Pic(X)) + 1. (2.2.40)

The canonical line bundle of Y is related to Kx by
Ky =m.Kx + kE (2.2.41)

where 7, is the pullback map from Pic(X) to Pic(Y). In the later discussions, we

often omit this m,.

If U is contained in a divisor D C X with multiplicity m = multp(X), then after
the blow up, D will be transformed to

D'=D - mE, (2.2.42)

via a proper transformation.

The reversal operation of blow up is called blow down or contract the exceptional
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divisor E. For a complex surface, the exceptional divisor is always a P! and has
self-intersection (-1). Hence the only curves that can be contracted on a surface are
rational (-1)-curves.

The proper transformation of a divisor () has self-intersection number
D? = (D -mE)* = D*+m*E? = D* — m?, (2.2.43)

As an application, the birational classification of complex surfaces can be achieved
by blowing down the complex surface recursively until it cannot be blown down
anymore. This is called “minimal model program” of surfaces that is well established.
On the other hand, the similar program: “Mori program” of complex threefold is
highly complicated involving singularities[98]. We will use necessary results from

them in Chapter 3 and 4.

2.3 Mathematics of elliptic fibration

An elliptic curve is a complex one-dimensional manifold with the topology of T2.
There are two ways to describe it: the quotient of complex plane in Figure 2-1 and
the following hypersurface equation in an ambient space Y known as the Weierstrass
equation:

y? =23 4 frzt + g2b. (2.3.44)

Here (z,y, z) are coordinates of the complex weighted projective space P%3?!,

For a single elliptic curve, f and g are complex numbers. While for an elliptic
fibration 7 : X — B, f and g are polynomials in terms of local coordinates on B,
and they are called Weierstrass polynomials.

Apparently, the point (z,y,2z) = (1,1,0) is always a solution to (2.3.44), which
is called the zero point of the elliptic curve. In the case of an elliptic fibration, we
can pick this zero point for every p € B, which forms the “zero section” Z. In this
sense, if there is a Weierstrass equation then the elliptic fibration always has a global

section.
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Outside of the zero section, we can set z = 1 by rescaling, and simplify (2.3.44) to
vV=2+ fr+g, (2.3.45)

which is more commonly used in the later discussions.

Equation (2.3.45) is singular whenever A = 4f3 + 27g%> = 0 on B. We define this
quantity A as the Discriminant of the elliptic fibration and the subset I' € B where
A = 0 the discriminant locus. For a general elliptic fibration, it is known that the

canonical class of X is given by
Ky ~Kg+ E é[I‘i] (2.3.46)
- 12 '

where I';s are the irreducible components of the discriminant locus and §; = ordr, (A)[87].

Hence in order to have Kx ~ 0, we have
> &[0 = —12K5 (2.3.47)

or

A€ O(—-12Kp). (2.3.48)

Since A = 43 42742, it is required that f and g are holomorphic sections of line
bundles:
feO(—-4Kg), g € O(—6Kp). (2.3.49)

The Weierstrass model defined in this way is usually singular. For example, if

f ~ u?, g ~ u?, then the equation
v =23 + fouls + gou? (2.3.50)

is clearly singular at £ = y = u = 0. To get a valid M-theory description, we need
to resolve this singularity by blowing up the codimension-two locus x = y = u = 0.

The resolution process of such singular Weierstrass models have been extensively
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ord(f) | ord(g) | ord(A) | Kodaira’s fiber type Topology
>0 >0 0 Iy a smooth elliptic curve
0 0 1 I a nodal curve with a double point
0 0 n>2 I, affine A,,_;
>1 1 2 11 a cusp curve
1 >2 3 117 affine Al, two Pls intersect at a double point
> 2 2 4 v affine A, three Pls intersect at a triple point
2 3 6+n I affine 13,,.,.4
>3 4 8 1v> affine Eﬁ
3 >5 9 Iir- affine E7
>4 5 10 r affine Fjg

Table 2.1: Kodaira’s classification of elliptic fiber for the case of elliptic surfaces.

studied[53, 94, 51, 52]. A common description of the blow up process is by the

replacement,

r=Ex1, y=&y, u=Eu, (2.3.51)

where (z1,y;,u;) are projective coordinates of a P? and £ = 0 is the exceptional

divisor. The equation (2.3.50) is transformed to
yi€® = 236 + foulz€® + goue’. (2.3.52)
After the factor £2 is removed from this hypersurface equation, the equation
y; = 23 + foulzi€ + gous} (2.3.53)

is smooth because the locus z; = y; = u; = 0 was removed. This resolution is called a
crepant resolution since the canonical divisor of the hypersurface is unchanged. This
is because although we have blown up a codimension-two locus on X and modified

Kx by 2F following (2.2.41), this 2F term is removed from (2.3.52) to (2.3.53).

After this resolution, the elliptic fiber over © = 0 becomes a union of P!s in the form
of affine Dynkin diagram, as we have mentioned before. All the possible topological
types of these singular fibers for elliptic surfaces have been classified by Kodaira[87].
They can be computed systematically by “Tate’s algorithm” [119] according the order
of vanishing of f, g and A. We list them in Table 2.1.
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From the topology of the singular fibers, we can see that the gauge groups in
8D F-theory from elliptic K3 are ADE ones, i. e. SU(N), SO(2N), Es, E; and Eg.
For elliptic threefolds and fourfolds, the Kodaira’s classification still roughly holds
for singular fibers over codimension-one locus on the base. However, for some of the
Kodaira fiber types, the actual topology and gauge group in F-theory is determined
by additional information called “monodromy”[63].

For example, in the case of type IV singular fiber, as we described in (2.3.50).
After the resolution, if we look at the exceptional divisor £ = 0, the equation (2.3.53)
becomes

y: — goui = 0, (2.3.54)

now if g, is a complete square, then this exceptional divisor is reducible and the topol-
ogy of the singular fiber is /12, giving SU(3) gauge group. Otherwise, the topology is
A, and the gauge group is SU(2).

Similar thing happens for type I fiber, suppose that f and g have the following

series expansion near a divisor u = 0:

F=>fadt, g=> g, (2.3.55)
=2 1=3

then the criterion is about the cubic polynomial

M () = ¥° + farh + gs. (2.3.56)

If M(v) is completely irreducible, has two components or three components, then the
gauge group is Gg, SO(7) or SO(8) respectively.

For the case of type IV*, it is similar to type I'V. If g4 is a complete square, then
the gauge group is Fg, otherwise it is Fy. We write a complete list of the criteria for
gauge groups in Table 4.1.

In this thesis, we never allow the cases where ord(f) > 4 and ord(g) > 6. This
is called “codimension-one (4,6) singularity” and the singular Weierstrass model

cannot be resolved while preserving the Calabi-Yau property. Hence the F-theory
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ord(f) | ord(g) ord(A) M(y) Gauge group
0 0 2 I - SU(2)
0 0 n>3 I, P2 + (99/2f) |u=0 Sp|Z] or SU(n)
1 >2 3 111 - SU(2)
>2 2 4 A% Y2 — go SU(2) or SU(3)
>2 >3 6 I Y3+ fop + g3 G4 or SO(7) or SO(8)
2 3 n+1(n>3) | s | V2 + 382041(2uf/99)%u=0 | SO(4n — 3) or SO(4n — 2)
2 3 on+2(n>3) | La_s | ¥+ Aony2(2uf/99)?|u=0 SO(4n — 1) or SO(4n)
>3 4 8 A% P2 — go Fyor Eg
3 >5 9 IIr- - E;
>4 5 10 Ir- - Ex

Table 2.2: The list of the criteria for all the gauge groups in F-theory on a divisor
u = 0. M(%) is the “monodromy cover polynomial”. When M (%) is completely
irreducible, the gauge group is given by the leftmost one. When M (v)) is completely
reducible, the gauge group is given by the rightmost one.

low energy description does not have supersymmetry even at the compactification
scale. Although it is not proven, it is also possible that none of the geometries with
codimension-one (4,6) singularity can give a valid supergravity solution to the Ein-

stein equations.

Apart from the non-Abelian gauge groups, Abelian gauge group may appear if
the Weierstrass equation (2.3.44) has additional rational sections other than the zero
section (z,y, 2) = (1,1,0). That is, if there exists global holomorphic functions A, «
and b that satisfies

a? = X3+ fbt + gb°. (2.3.57)

These rational sections form the Mordell-Weil group MW (X) of the elliptic fibration,
which is highly non-trivial to compute. It is an additive group following the addition
of points on an elliptic curves. For two points (z1,¥;) and (x2, y2) on an elliptic curve

y? = 2® + fz + g, their addition (x3,y3) is computed as

) = Y2 — Y1
Iy — I

, T3 = A4 — Ty — T2, Y3 = )\(2131 — .733) — Y. (2358)

The doubling of (z1,y;) is given by the same formula with A = (327 + a)/(2v1), and
the inverse of a point is simply (z;, —y1). It is then obvious that the addition of two

rational sections is another rational section of the elliptic fibration.
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The rank of this additive group is called Mordell-Weil rank rk(MW (X)), which
quantify the number of U(1) gauge groups in the low energy effective theory.

For a “generic elliptic fibration”, we mean that f and g are generic holomorphic
sections of line bundles —4Kp and —6K g, such that A vanishes to the lowest order
on any divisor on B. In this case, the gauge groups are minimal for any possible
fibration over B, and they are called “non-Higgsable gauge groups” that characterize
the base geometry[101].

For example, any gauge group from I, fiber in Table 4.1 is not non-Higgsable.
Since if ord(f, g) = 0 and ord(A) > 1, f and g have to be non-generic polynomials for
A = 4f3+27g? vanishes to higher order at u = 0. The only possible Kodaira singular
fibers on a generic fibration are Iy, Iy, I, 11, IV I5, IV* III* and IT*, and the
only possible non-Higgsable gauge groups are SU(2), SU(3), Gs, SO(7), SO(8), Fy,
Eg, E7 and Eg.

2.4 Toric geometry

We have seen that the computation of holomorphic section of line bundles is crucial in
the F-theory applications. However, they are usually hard to write out for a general
complex manifold. Nonetheless, there exists a class of algebraic varieties called toric
variety, which is relatively simple[59, 36, 34]. They have been applied to a lot of
string geometry constructions, for example[95, 2, 56, 57], and we are also going to use
them in the later chapters.

The formal definition of toric variety is a complex algebraic variety X with a
complex torus T' = (C*)" dense in X, such that there exists an action of 7" on X
whose restriction to 7' C X is the complex multiplication.

For example, P" is toric since we can take
T={z:2;#0(G=1,...,r+ 1)} CP (2.4.59)

and the action of 7" on X is just the cdmplex multiplication by z.
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For more general toric varieties, they are constructed according to discrete combi-
natoric data called toric fan. A toric fan ¥ is a collection of strongly convex polyhedral
cones 0 € N = Z". A k-dimensional strongly convex polyhedral cone generated by

vectors vy, vs, ..., v is the set

k
o ={)_awila; > 0}, (2.4.60)

which satisfies o [)(—o) = 0.
A toric fan ¥ always satisfies the following two conditions:
(1) each face of a cone o € ¥ is also a cone in X
(2) YVo1,02 € X, 01[02 € X.

We denote the set of k-dimensional cones in ¥ by (k). The set of 1-dimensional
rays X(1) are vy, ..., v, where n = |3(1)]. We use v; ; to denote the j-th component

of the vector v;, (j=1,...,7).

Now we can explicitly define the geometry of the toric variety Xy associated to ¥

as a quotient space of C".

For each v; € £(1), we assign a local coordinate x;. Then for any subset S C X(1)
that does not span a cone of 3, we define a linear space V(S) C C" to be the subspace
with z; = 0 for all v; € S. Now we define Z(X) to be the union of all the V(S) and

the toric variety Xy, will be defined as
Xy =(C"-Z(%))/G (2.4.61)

The group G is defined by the kernel of ¢ : (C*)* — (C*)":

¢: (@, zn) = ([[2 o &) (2.4.62)

Since the group G reduces a n-dimensional vector space to a r-dimensional one, we

see that Xy is indeed a r-dimensional toric variety.

Another way to think about toric variety is that each r-dimensional cone o € ¥(r)
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generated by vy, ..., v, corresponds to a coordinate patch where z; = 29 = -+ =z, =
0 can happen, but the other x; # 0. Then the whole Xy is glued together by these
coordinate patches.

A toric variety is smooth if and only if all the r-dimensional cones o € ¥(r) have
unit volume, or equivalently the matrix v; ; has determinant +1. Hence for a smooth

toric variety, the 1D ray v; always satisfy
ng<Ui,la Vi2y -+ Ui,r) = 1. (2463)

Another nice property of the toric fan of a smooth toric variety is that for any o €
¥(r), we can find a SL(r,Z) transformation to transform the generator of o to v; =
(1,0,0,...,0), v = (0,1,0,...,0),...,v, = (0,0,...,1).

A toric variety is compact if and only if | Jo = Z", or equivalently the 1D rays
Vi,...,U, Span Z’.

The subset of a toric varieties z; = z9 = --- = x;, = 0 corresponds to the cone
o € Y(k) generated by rays vi,...,v%. A toric divisor D; € X5 corresponds to the
1D ray v; whose local equation is z; = 0. A codimension-two locus D; (D, € X
corresponds to the 2D cone w;v; with local equation z; = z; = 0, etc. All these

subsets are G-invariant.

In fact, the Picard group and the effective cone of divisors of Xy, is generated by
these toric divisors (classes) D;. The Picard rank rk(Pic(Xy)) = n — r, because of

the following r linear equivalence relations between D;s:

> D=0, (j=1,...,7). (2.4.64)
=1

Similarly, the Mori cone of curves is generated by the toric curves given by cones
oeX(k-1).

The canonical divisor of a toric variety is given by

Kx,=-)Y_ D (2.4.65)
1=1
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For a compact toric variety, we can never have Kx, = 0 or X, is Calabi-Yau.

The intersection numbers between r toric divisors are computed as follows. For
smooth toric varieties, the intersection number between r distinct D;,..., D, is 1 if
v1,..., 0, are generators of the same r-dimensional cone, but 0 if otherwise. Actually,
if v; and v; are not contained in any cone o € 3(2) simultaneously, then any intersec-
tion number involving D; and D; vanishes, since from the definition z; and z; cannot
vanish simultaneously. The other intersection numbers involving self-intersections can

all be computed recursively using (2.4.64).

The blow up of toric variety along a (r—k)-dimensional toric subvariety Dy Ds . .. Dy
can be easily discribed by adding a new ray vg = Zle v; to the toric fan. The origi-
nal k-dimensional cone v1v5 . .. v; is subdivided into v1v, . .. Up_1VE, V1Vs . . . UVk_oUrVE,

.., VU3 ...UvE. Any higher dimensional cone including vyvs ... v, as a subcone is

also subdivided in this way.

One of the most important feature of toric varieties is that the holomorphic section
of line bundles on Xy is generated by monomials that correspond to points in the

dual lattice M = N* = Z’. For a line bundle
L= i a; D; (2.4.66)
i=1
in terms of the toric divisors, we define the polytope
L={ueM=7Z"V, (u,v;) > —a;}, (2.4.67)

where (u, v) is the Euclidean inner product on Z". Now a general holomorphic section

of L is written as

sL=Y ¢ ﬁ gluvite: (2.4.68)

uel i=1
where ¢, are complex coefficients. From the definition of £, one can easily see that

sr, indeed has no pole anywhere.
For the most important line bundles —4Kp and —6Kp in F-theory, they are
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(-1,-1,-1)

Figure 2-4: The toric fan of P3.

generated by monomials that correspond to points in the following two polytopes:
F={ueM=7Z[Nv;, (uuv;)— 4}, (2.4.69)

G={ueM=27Z"Vv;, (u,v)— 6}. (2.4.70)

The order of vanishing of f € O(—4Kp) and g € O(—6Kp) on a divisor D; is
then given by

ordp,(f) = Héijl;_l(’u,, v;) +4 , ordp,(g) = melél(u,fut) + 6, (2.4.71)

for the case of a generic fibration over B = Xy. They are crucial for the identification
of non-Higgsable gauge groups on D;.

To determine the actual gauge group, we also need the monodromy cover infor-
mation, see Table 4.1. For the case of type IV fiber, the gauge group is SU(3) if and
only if the g, coefficient only has one monomial that is a complete square. For the
case of type IV* fiber, the gauge group is Ej if and only if the g4 coefficient only has

one monomial that is a complete square.

As an simple example of toric variety, P" is given by a fan ¥ C Z" with 1D rays
v = (1,0,...,0), va = (0,1,...,0), v, = (0,0,...,1) and vp41 = (-1,-1,...,-1),
see Figure 2-4 for the case of P3. The set of n-dimensional cones are {vjva...vn,

VU3 . .- Upy1 sU2U3 . .- Un+1}-
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Because of the linear equivalence (2.4.64), all the divisors D, Dy, ..., Dy are

linearly equivalent to the degree 1 hypersurface H. The canonical divisor is then
K(P")=—-(n+1)H. (2.4.72)

The Picard group of P" is one dimensional and generated by the toric divisor H. Using
(2.4.67) and (2.4.68), we can see that the holomorphic section of the line bundle dH

is given by the points in the polytope

p(dH) = {u = (u1,...,un)|Vi,u; >0, ¥ w; < d}, (2.4.73)

i=1

where each of the point u gives the monomial
n n
my =z [, (2.4.74)
i=1

They are exactly the components of a homogeneous polynomial of degree d.
The line bundle —4Kpr and —6Kpn are 4(n+1)H and 6(n+ 1) H respectively. For
generic sections of these line bundles, f and g does not vanish on any codimension-1

locus and there is no non-Higgsable gauge group.
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Chapter 3

Classification of complex base

surfaces

3.1 6D F-theory and non-Higgsable clusters

F-theory compactified on an elliptic Calabi-Yau threefold has a low energy description
of 6D (1,0) supergravity. The massless particle spectrum includes supergravity mul-
tiplet, tensor multiplet, vector multiplet and hypermultiplet. The particle spectrum

of these supermultiplets can be found in Appendix A.

We usually denote the number of tensor multiplets, vector multiplets and hyper-

multiplets by 7', V and H respectively.

In six-dimensions, there exists pure gravitational anomaly since d = 2(mod 4)[4].
The anomaly comes from 1-loop rectangle diagram, and it can be cancelled by “gen-
eralized Green-Schwarz mechanism”[65, 117, 50, 54] including the tree level diagram

with a 2-form tensor field, see Figure 3-1.

Suppose that the gauge group of the 6D supergravity is a product of non-Abelian
groups G = [], Gk, and the field strength of G is F,. For a gauge group G, there
are charged hypermultiplets under representations R labeled by 1.
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R

N I

JJJJ .

Figure 3-1: A picture of Green-Schwarz mechanism in 6D. The wavy lines are graviton,
solid lines are fermions and the dased line is the 2-form tensor field.

The anomaly cancellation criterion is that the 8-form anomaly polynomial

1 5 1
Ii(R = ~—_(H — T — 4+ Z(trRY?| — —(9 — T)(trR?)?
s(R, F) 5760( V +29 273) [trR + 4( rR?) ] 128(9 Y(trR*)
1 -§ : 2 § : K 2
—% . TrFK— InxltrR'ItF"
1 | K K
+ 21 gﬁ TrE! — IE Titrps Fy — 615 A:E,’\(trRiF,f)(trRiFf)
(3.1.1)
can be factorized into
1
Ig = —&QaﬁX,?Xf (312)

In I3, 2% and z%* are the multiplicity of representations under R} and (Rf, R}). tr

and Tr denotes the trace under fundamental and adjoint representation respectively.

The matrix €2, is the symmetric metric of group SO(1,T), and X, is a four form

field in the vector representationof SO(1,7T), which has the component
a 1 a 2 2bg 2

The coefficients in X 4 is chosen as a normalization convention, the factors A\, are

given in Table 3.1.

From (3.1.1), (3.1.2) and (3.1.3), we can write down the following six anomaly
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group | SU(N)/SO(N)/Sp(N) | G2 | Fy/Fe | E7 | Eg
A 1 2 6 12 } 60

Table 3.1: The group theory numbers A for each simple Lie group.

cancellation equations:

273 = H -V +29T (3.1.4)

a-a = 9—T (3.1.5)

a-b, = Ay Z:c (3.1.6)
be b = ——)\2 (o Zx;m (3.1.7)
be by = A /\AZ "*A"AA(z#]) (3.1.8)
0 = B Zm?B”“ (3.1.9)

where A;, By and C} are group theory coefficients for a representation R; defined as

follows:

'DI"RIF12 = A[tI'F2 5 tI'RIF4 — BR(trF2)2 + CRtI'F4. (3110)
These coefficients can be found in the Appendix B of [83].

One can also include a number of Abelian group factors U(1);(i = 1,...,n) into
the game. Then I is modified and X has an additional term 2 26 FiFy[112].
The anomaly cancellation equations (3.1.4-3.1.9) will still hold, but there are four

additional anomaly cancellation equations:

1
a-by; = % ZJUIQI,iQI,j (3.1.11)
I
0 = Z T ETqr (3.1.12)
I
be-biy = Y @iAfariar; (3.1.13)
- _
bij - it + bk - bjt + bar - bjre = Z$IQI,iQI,jQI,lQI,l, (3.1.14)
I
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where gr; is U(1) charge under the group U(1);, x; is the multiplicity of such U(1)

presentation and Ej is the group theory coefficient defined as
trp, F3 = ErtrF>. (3.1.15)

In the geometric description of F-theory, the vectors a and b, are directly mapped
to divisor classes on the base surface S, and the dot product is exactly the intersection
number between divisors[92, 91].

For a given surface S generated by blowing up P? consecutively r times, a conve-
nient basis of Pic(.S) consists of the divisor class of the hyperplane H on the original
P? and the exceptional divisors Ey, Es, ..., E,. The intersection matrix on this basis

is given by the SO(1,T) metric
H-H=1,H E =0, EE; = -5, (3.1.16)

Hence the Picard rank is rk(Pic(S)) = r + 1.

More generally, the Hodge index theorem states that for any surface with rk(Pic(.S))
= 141, the signature of the intersection matrix is (1,7). When r > 1, there is always
a basis in which the intersection product takes the form (3.1.16); for r = 1, there are

surfaces where the intersection form has the structure of the matrix

01
U= (3.1.17)

10
The canonical divisor class of P? is Kp: = —3H, and after r blow-ups it is in the

form of
Ks=-3H+ ) E; (3.1.18)
i=1

Hence if we identify r = T and a = —Kj the anticanonical divisor of S, then we

directly verify the anomaly cancellation equation (3.1.5) from the expression of Kg
and (3.1.16), since Kg+- Kg =9 — 7.

We then identify b, with the curve C, where the gauge group G, lives on. Then
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the equations (3.1.5-3.1.9) are rewritten into equations of the intersection numbers of
divisors on S.

The order of vanishing of (f,g) on a curve C and the gauge group can be com-
puted using Zariski decomposition techniques[136]. The Zariski decomposition theo-
rem states that any effective divisor D on a rational surface S can be decomposed
into D = N+ P. N =) n;N; is the "negative part”, which is a non-negative linear
combination of negative rational curves (genus-0 curve with negative self-intersection)
N;, and the intersection matrix (/V;- N;) is negative definite. P is a ”nef” divisor which
means that for any curve C C S, P-C > 0.

The order of vanishing of f is then computed by the minimal integral value of a

in the Zariski decomposition

4K =aC + X (3.1.19)

such that X - C > 0.

Similarly, the order of vanishing of g is given by the minimal integral value of b in
6K =bC+ X (3.1.20)

such that X - C > 0.

The lowest order term in f or g on C is a single monomial if and only if C'- X =0
in (3.1.19) or (3.1.20) respectively, which helps to identify the monodromy cover
polynomials in Table 4.1.

For example, if C is a rational curve with self-intersection (-3) (refered to as (-
3)-curve) that does not intersect with any curve with self-intersection (-2) or lower,

then from the adjunction formula of curve on a surface
K.-C+C-C=2g9-2, : (3.1.21)

we see that —K -C = —1. Then take the dot product of equation (3.1.19,3.1.20) with
C, we see that the minimal values of @ and b are 2 in both of the cases. Moreover,

since C' - X = 0 in (3.1.20), we see that the g, coefficient in g is indeed a complete
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square of complex number. Hence the gauge group is SU(3) according to Table 4.1.

For other cases and configurations of intersecting curves, the analysis can be done
similarly. In general, we require that (f, g) does not vanish to order (4, 6) or higher on
curves and points on S. As we have said before, codimension-1 (4,6) locus indicates
the break down of a supersymmetric solution. The appearance of codimension-2 (4,6)
signify the existence of a (1,0) superconformal field theory at that point[39]. If we
blow up this point, mathematically we add an exceptional divisor into the Picard
group. Physically, this exceptional divisor gives a new tensor multiplet where the
vacuum expectation value of the scalar field in it is proportional to the volume of the
exceptional divisor. This corresponds to moving into the tensor branch of this (1,0)
SCFT and it no longer has conformal symmetry. In our purpose of classification of
supergravity theory, we exclude the existence of such (1,0) SCFT and always blow

up these codimension-2 (4,6) points.

With these constraints, the only possible local configurations of curves with (-2)
or lower curves are listed in Table 3.2, which are called non-Higgsable clusters[101].
The matter representations are computed by the anomaly cancellation equations
(3.1.6,3.1.7,3.1.8). The representation 356 means that the matter fields in the funda-

mental representations 56 of E; are half-hypermultiplets, which is pseudo-real[118].

Other configurations, such as two (-3)-curves intersecting each other, suffer from
the issue of codimension-two (4,6) singularity at the intersection point. If we blow
up this intersection point, each of the (-3)-curve C' is properly transformed to a (-
4)-curve, see (2.2.43), and the configuration is now (-4,-1,-4) with two non-Higgsable
SO(8) gauge groups, which is completely fine. On the other hand, the configuration (-
4,-1,-5) is not allowed and still needs to be blown up to get rid of codimension-two (4,6)
singularity. A complete list of allowed non-Higgsable clusters connected by (-1)-curves
can be found in [101]. Another simple analytic rule is the Eg ruleheckman2015atomic,
which states that the curve configuration (—m, —1, —n) has no codimension-two (4,6)
singularity if and only if the non-Higgsable gauge group G and Gg on the (-m) and
(-n)-curve satisfies

GL x Gg C Eg. (3.1.22)
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Cluster G rk(G) matter rep. V| Hcharged
(-12) Fg 8 - 248 0
(-8) E; 7 156 133 0
-7) E; 7 - 133 28
(-6) F 6 - 78 0
(-5) Fy 4 - 52 0
(-4) SO(8) 4 - 28 0

(-3, -2, -2) Gax SU(2) 3 (7+1,1.2) 17 8

(-3, -2) Gax SU(2) 3 (7+1,1.2) 17| 8

(-3) SU(3) 2 - 8 0
(-2, -3, -2) SU(2)xSO(7)xSU(2) 5 (1,8,2-2)+(3-2,8,1) | 27 16
(-2,-2,...,-2) no gauge group 0 - 0 0

Table 3.2: List of “non-Higgsable clusters” of irreducible effective divisors with self-intersection
(-2) or below, and corresponding contributions to the gauge algebra and matter content of the 6D
theory associated with F-theory compactifications on a generic elliptic fibration (with section) over
a base containing each cluster. The quantities V' and Hcharged denote the number of vector and
charged hypermultiplets. Non-Higgsable gauge group cannot appear on (-1) or higher curves.

If there exists a curve of (-13) or lower on S, then (f, g) will vanish to order (4, 6) or

higher on that curve, which is strictly forbidden.

The total number of vector multiplets equals to the sum of the contributions from
local non-Higgsable clusters in Table3.2 and the number of non-Higgsable U(1)s,
which will be discussed in detail in Chapter 5. Actually, we can compute the Hodge
numbers of the elliptic Calabi-Yau manifold X over S after the resolution using the
physical spectrum of the 6D (1,0) supergravity. h!(X) is calculated by the Shioda-
Tate-Wazir formula[132]

AMH(X) = AM(S) +1k(G) + 1, | (3.1.23)

where G includes both the non-Abelian and Abelian factors. The Hodge number
hY1(S) counts the dimension of the space of harmonic (1,1) form on S. From the

Poincaré duality, this space of harmonic (1,1) form is isomorphic to the Picard group

of divisor classes, hence h!1(S) =rk(Pic(S)).

h?1(X) characterizes the number of complex structure moduli of X, and it is
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related to the number of neutral hypermultiplets[54]
h*Y(X) = Hpeutrat — 1 (3.1.24)
Since H = Hyeutrai + Heharged, We can compute from (3.1.4):
Hpeutrat = 273 — 29T +V — H parged, (3.1.25)

hence

R*Y(X) =272 — 29T + V — H_harged, (3.1.26)

where Heparged is the number of hypermultiplets charged under non-Abelian or Abelian

groups.

3.2 Classification of toric and semi-toric base sur-

faces

A general classification theorem of base surfaces of elliptic Calabi-Yau threefold was
proven by Grassi[61], which states that S is either a rational surface or an Enriques
surface. An Enriques surface is a complex algebraic surface with h1!(S) = 10. There
is no curve with self-intersection (-3) or lower on an Enriques surface[13], so there is
no non-Higgsable gauge group. Along with the reason that Enriques surfaces are not
connected to the set of rational surfaces by birational equivalence, we do not consider
this class of bases in this thesis.

Then the only class is the rational surfaces, and it is known from the minimal
model program that all the smooth rational surfaces can be constructed by a series of
blow ups from P? or Hirzebruch surfaces F,(n > 0). The Hirzebruch surface is a P-
bundle over P! with a rational (—n)-curve. We show the curves on F" in Figure 3-2.
F and F' are the P! fibers, which are in the same divisor class. Sy and S, are two
different sections of the P!-bundle, with different self-intersection.

In the toric geometry language, the curves in Figure 3-2 are all toric divisors of
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Figure 3-2: Loop of irreducible effective curves on the Hirzebruch surface F,, corre-
sponding to irreducible toric divisors associated with rays in the toric fan. F' = F’
correspond to the same divisor class, and S = S + nF. The self-intersections of each
curve are labeled beside it.

(-1,-n)
F7

Figure 3-3: The toric fan of Hirzebruch surface F,

F,,. The toric fan ¥ of IF,, is shown in Figure 3-3. The self-intersections of the divisors
in Figure 3-3 can be simply read off by the following formula: if the toric divisor D;
has two neighbors D;_; and D;, 1, with toric ray v;_; and v;;1, then D? is computed
by

Vi1 + viy1 = — Dy (3.2.27)

This can be simply proven by the linear equivalence of divisors on a toric variety
(2.4.64). Since all the 2D cone in the toric fan of a smooth toric variety has unit
volume, we can always find a SL(2,Z) transformation that maps v;_1, v; and v to

(=1,—-n), (0,1) and (1,0) respectively. Then we have linear equivalence relation

—nDi 1+ D+ X =0, (3.2.28)
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where X is a linear combination of divisors that do not intersect D;. Then we take

the dot product of D; with the above equations, and get D? = n.

From (2.4.65), we can compute

—Ky, =25+ (n+2)F. (3.2.29)

To describe the Picard group of [F,,, we can choose the following set of generators
forn =2k + 1:
H-H=1,H-E=0, E-E=—1, (3.2.30)

and we have
S=—kH+(k+1)E,S=(k+1)H—-kE, F=F =H-E, (3.2.31)

which gives the correct intersection numbers.

For n = 2k, we can use the following generators (3.1.17):
P?=Q*=0, P.-Q=1, (3.2.32)

and

S=Q-kP,S=Q+kkP, F=F =P (3.2.33)

Since a curve with self-intersection (-13) or lower is not allowed, the only good
starting points to blow up are F,,(0 < n < 12), as the bases from blowing up F,(n >

13) will always contain a (-13) or lower curve.

Hence we can explicitly classify all the compact toric bases in 6D F-theory by
blowing up F,(0 < n < 12) recursively, which is done by Morrison and Taylor in
[105]. In the process, only blow up of toric points (intersection of two toric curves)
is allowed. This can be efficiently described by a “cyclic representation”, which is a

series of numbers ((my, ms, ..., m,)) denoting the self-intersection of the toric curves

62



Dy, ..., D, that are connected to each other in a cyclic way:

1 Gi-dl=ten-1
D;-D;(i # j) = _ (3.2.34)
0 otherwise

For example, the cyclic representation of F, is ((n,0, —n,0)), as one can see in Fig-

- ure 3-2 or Figure 3-3.

The cyclic representations ((mg, m3, ..., my,my)) and ((mp, my_1,...,my)) de-
note the same toric variety as ((my, ms, ..., my,)). The blow up of toric point Dy [ Di+1
on a toric variety ((mq, ..., Mk, Mg41, ..., My)) resultsin ((mq, ma, ..., mg—1, —1, My —
1,...,my,)), as the self-intersection numbers of the proper transformation of D and
Dy are decreased by one (2.2.43), and there is an exceptional (-1)-curve between

them after the blow up.

For example, we start from P? with the cyclic representation ((1,1,1)). If we blow
up any toric point on it, we always get ((1,0, —1,0)) up to cyclic permutation, which is
the cyclic representation of Fy. If we blow up Fy, we can either get ((1,—1,—1,—2,0))
or ((0,—1,—1,—1,0)). If we continue this procedure, we will encounter codimension-
two (4,6) point such as two (-3)-curves intersect each other. Whenever this happen, we
allow the blow up procedure to continue despite that these bases with codimension-
two (4,6) point are not counted in the final set of 6D F-theory bases, since this
codimension-two (4,6) point may be resolved by blowing it up. Finally, if we hit
a base with (—13)-curve, the recursion will not continue from here. The order of
vanishing of f and g on curves and points can be simply computed using the toric

polytope techniques: with the F and G polytopes (2.4.69, 2.4.70),

ordp,(f) = Héi;__l(’u,, v;) +4 , ordp,(g) = melél(u,v,) + 6, (3.2.35)

ordp,np,(f) = Hg;l(U, v; +v;) +8, ordp,np,(9) = Hgg(% v; +v;) +12. (3.2.36)
u ' u

In [105], they also includes the bases with -9/-10/-11 curves on it. Near such a curve

u = 0 with self-intersection p — 12(p = 1,2, 3), f vanishes to order 4 and g has the
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following local expansion

9 = gs(v)u’ + O(¢°), (3.2.37)

where gs(v) is a degree-p polynomial in v. Hence for a -9/-10/-11 curve, there exists
3/2/1 points on it where (f, g) vanishes to order (4,6). This problem can be simply
resolved by blowing up these points, which lead to p (-1)-curves intersecting a (-
12)-curve. Hence strictly speaking, the good bases without these (4,6) points are

non-toric, but they are still counted in [105].

We can make a program that blows up from P? and FF,(0 < n < 12) recursively
and visit all the possible blow up branches. A branch is thrown away if it reaches
a base with codimension-1 (4,6) singularity or a good base that has been recorded
before. In total, there are 61,539 distinct toric bases including the ones with -9/-10/-

11 curves. The maximal number of tensor multiplets is T' = 193 corresponding to

hY1(S) = 194.

An interesting common feature for bases with large h'!(.S) is the appearance
of curve chain (-12,-1,-2,-2,-3,-1,-5,-1,-3,—-2, -2, —1, —12), which is com-
monly denoted as (—12
— 12). In fact, this curve chain exactly comes from the resolution of two Eg surface

singularities intersecting each other at u=v = 0:
y? = 2% + vtz 4+ uPP, (3.2.38)

which is an important type of “conformal matter” in [39)].

To compute the Hodge numbers of the generic elliptic Calabi-Yau threefold X
over these bases, we use the Shioda-Tate-Wazir formula (3.1.23) to compute hA%!(X)
assuming there is no non-Higgsable U(1) gauge groups. We will generally prove that
there is no non-Higgsable U(1)s on any toric bases in Chapter 5. To compute h%!(X),
there are two different methods. First, we can use the anomaly cancellation formula
(h21lanomaly) with the non-Higgsable clusters on S, assuming there is no U(1) gauge

group. Secondly, we can directly count the number of complex structures in the
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following way[105]:
RPN X) =W — way + Nog — 1. (3.2.39)

W is the total number of Weierstrass moduli computed by the number of lattice

points in the polytopes (2.4.69,2.4.70):
W = |F|+ |G| (3.2.40)

It is substracted by the dimension wg,; of the automorphism group of S[33]. Denote

the polytope with vertices v;(i = 1,...,n) by A* and its dual polytope by A:

A={ueZ Vi, (u,v;) > —1}, (3.2.41)
then
Waut =2+ Y 17(©). (3.2.42)
1D edge ©€A

The sum is over 1D edges in A, and [*(©) counts the number of interior lattice points

on O (not including the two end points).

N_5 in (3.2.39) counts the additional complex structure moduli from (—2)-curves

that are not in any non-Higgsable cluster.

After checking all the 61,539 cases, the formula (3.2.39) and (3.1.26) exactly
matches each other, hence we have verified the assumption that there is no non-
Higgsable U(1).

The Hodge number pairs (h!'!, h%1) constructed in this way can all be found in
the Kreuzer-Skarke database[90]. The Kreuzer-Skarke database is a systematic clas-
sification of general Calabi-Yau threefolds as hypersurface in toric fourfold ambient
spaces. The toric ambient spaces are constructed by “reflexive polytopes” (A, A*),

which means that

(A*)* = A (3.2.43)

using the definition of dual polytope (3.2.41). The two Calabi-Yau threefolds embed-

ded in A and A* form a mirror symmetry pair where their A*! and h*! interchanges[14].
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Figure 3-4: The Hodge numbers from Kreuzer-Skarke database (black) and generic
elliptic threefolds over toric bases (red).

In total, there are 473,800,776 disctinct reflexive polytopes giving rise to 30,108 dis-
tinct Hodge pairs (h%!, h*!). We plot the Hodge numbers of the generic elliptic

threefolds over toric bases versus the Kreuzer-Skarke database in Figure 3-4.

As we can see, the datapoints with large h*!'(X) or A1 (X) typically matches,
which means that most of the Calabi-Yau threefolds with large h*!(X) or h*'(X)
are elliptically fibered. Especially, the Calabi-Yau threefold with the largest known
RY(X): (RM, R%Y) = (491,11) is elliptically fibered with the largest T = 193.
The mirror of this Calabi-Yau threefold is the one with the largest known h*!(X):
(R, h21) = (11,491), which is just the generic elliptic Calabi-Yau threefold over

Hirzebruch surface [Fys.

Apart from the toric bases, another class of 2D “semi-toric” bases have also been
classified [97]. Unlike the toric surfaces with an (C*)? action, a semi-toric surface only
has a single C* action on it. The typical geometric structure of a semi-toric surface
has two curves Dy and D, and a number of chains of rational curves between them,

see Figure 3-5. If there are less or equal than two chains between them, then the
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Figure 3-5: A picture of semi-toric surface.

geometry is reduced to a toric surface with a circle of curves.

The allowed blow up operations on this set of semi-toric surfaces are:
(1) blow up of points between two rational curves;
(2) blow up of a generic point on Dy or Dy, which adds a new chain of two (-1)-curves
between Dy or Dy

There are in total 162,404 distinct semi-toric surfaces including the toric surfaces
and the ones with -9/-10/-11 curves. We can also compare the Hodge number h%!(X)
from the anomaly formula (3.1.26) and a Weierstrass model calculation[97], which we
will not present the detail. Mismatch was found in some cases, indicating the existence

of non-Higgsable U(1)s. We will discuss this issue in more detail in Chapter 5.

3.3 Classification of general non-toric bases

3.3.1 General strategy

Since the complete sets of toric and semi-toric base surfaces in 6D F-theory have been
completely classified, a natural idea is to classify the most general non-toric surfaces
from blowing up P? and F,. In the mathematical literature, the set of generalized
del Pezzo surfaces has been classified by Derenthal[43, 42]. A generalized del Pezzo
surface S is a generated by blowing up P? at r points. It is required to be weak Fano,
which means that —K - C > 0 for any curve C' C S. Equivalently, this means that
there is no (-3) or lower curve on S. The only negative rational curves are then (-2)

and (-1) curves, with no non-Abelian non-Higgsable gauge group. In constrast, the
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usual del Pezzo surface dP, is constructed by blow up P? at r generic points. As a
result, del Pezzo surface only contains (-1)-curves and it is Fano which means that
—K -C > 0 for any curve C C S.

On generalized del Pezzo surfaces, the configuration of (-2)-curves form a disjoint
sum of ADE type Dynkin diagrams with certain constraints[43]. The (-1)-curves are
all the rational curves that one can write down, which do not intersect any (-2)-curves
negatively. On del Pezzo surfaces, there is no (-2)-curve, and the set of (-1)-curves is
everything that one can write down.

From this observation, we should identify the rational curves with self-intersection
(-2) or lower after a blow up, and then compute the effective cone Eff(.S) from it.

The set of bases we are studying is the set of rational surfaces with rk(Pic(S)) =

ht1(S) > 3 and an effective anticanonical divisor —Kg. The first condition allows

the following lemma to be held [10]:

Lemma 1. For surfaces generated by blowing up F,, (n < 12), which have Picard rank
greater than 2, when the effective cone is polyhedral (i.e. generated by a finite set of
vectors), then the effective cone is generated by rational divisor classes with negative

self-intersection.

For P2, the effective cone is generated by the hyperplane divisor H with self-
intersection 1. For the Hirzebruch surfaces F,, with Picard rank 2, the effective cone

is simply generated by S and F' with

S-S=-n, F-S=1,F-F=0. (3.3.44)

Note that curves of negative self-intersection on a base surface that supports an
elliptic Calabi-Yau must always be rational. From (2.2.29), an irreducible curve of
negative self-intersection with g > 1 satisfies —K-C < C-C < 0. From this it follows
that —nK contains C at least n times. This means that (f, g) must vanish to at least
orders (4,6) over C' which is not allowed.

The effectiveness condition of — Ks ensures that —4 K¢ and —6K s has holomorphic

section, otherwise f and g will vanish identically on S. This class of surfaces is called
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anticanonical rational surfaces[96, 73].

With Lemma 1 to be held, we define Neg(S) as the set of irreducible negative
rational curves that generate Eff(S). Clearly for C, D € Neg(S), if C # D, then
C-D > 0. The subset of Neg(S) with (-2) or lower curve is called Sing(S), which cor-
responds to the non-Higgsable clusters in Table 3.2 as well as ADE type configurations
of (-2)-curves.

The dual cone of the effective cone is the nef cone Nef(.S), defined as:
Nef(S) = {D € Pic(S)|VC € Effi(S), D-C > 0}. (3.3.45)

The nef cone is a subcone of the effective cone, see Corollary I1.3 in [73] for example.

We always use the Picard group generators H, Fy,..., E, (3.1.16), and a divisor
class D = agH + Y _._, a,E, is denoted as a vector (ag, ai,...,ar).

We define the set of genus g, self-intersection k£ > 0 divisors C that intersect
non-negatively with every curve D € Neg(S) by €g4>0(S) C Nef(S). They are all
effective curves, as we mentioned before.

We also define € (5) = U, €4x(S5), and we always call the one-time blow up of S
to be 5.

With this set of notations, when we blow up a point that lies with multiplicity m
on a representative of an effective divisor class C and self-intersection k, there is a
new effective divisor class C' = (C, —m). Using the adjunction formula (2.2.29), the

following lemma holds:

Lemma 2. If one blows up a curve C' € €,x(S) at an m-point on S, the resulting

new effective curve on S is: C' = (C, ~m) € Cy_mz_m)/2k-m2(S").

This implies that blowing up a single point on a curve will not change its genus, but
blowing up an m-point on a curve will decrease the genus of the curve by (m?—m)/2.
Hence we cannot blow up a rational curve at a double point, otherwise the genus will
become negative.

On a given base S, the different ways of blowing it up can be classified as follows:
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(1) One can blow up a generic point p on S. Then all the elements C € Neg(S) are
transformed to C' = (C,0), because they are fixed and they will not pass through
a generic point p. The exceptional curve E' = (0,...,0,1) is an element in Neg(S’)
that is a generator of the new effective cone. The full Neg(S’) that generates Eff(S’)

contains other (-1)-curves as well, which will be computed later.

(2) One can choose to blow up a non-generic point, so that a set of curves Cy; €
Co k<o are blown up at a single point. The index 7 here just labels different curves
with the same genus. In the simplest cases, the point blown up lies only on a single
rational curve C of negative self-intersection, in which case the transformed curve is
C’" = (C, —1). The point blown up may also lie at an intersection point between a pair

of negative curves C, D, in which case both curves are transformed and C’ - D' = 0.

(3) There are also situations where a set of curves C;; € €; <3 are blown up
at a double point, Cy; € €35 are blown at a triple point, and so on. This will
produce new negative rational curves of self-intersection < —1 that must be included
in Sing(S’) We define the blow-up process to be a “special blow-up” when one or
more (-2) or lower curves are generated by blowing up positive curves at points with

multiplicity higher than 1.

(4) In some cases it may be possible to choose a non-generic point as in (2) that

lies at the intersection of more than two negative curves.

Cases (1) and (2) can be handled in a systematic fashion using the combinatorial
data of the effective cone. Case (3) and (4) are subtle and they may or may not give .
us new bases. In the specific regimes that we completely in Section3.3.3, they never

occur.

For the (-1)-curves in Neg(S’), we have the following proposition:

Proposition 1. The set € _1(S’) of rational (-1)-curves C = (a,b1,by,...,b;) €
Neg(S’) generated by the blow up method is the solution set to the following Diophan-
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tine equations:

a2—§t_:bi2 = —1
=1

3a+2r:b,- =1
i=1

(3.3.46)

with the additional requirement that the curve intersects non-negatively with all the

elements in Sing(S").

The two equations fix the self-intersection and the genus of C' by adjunction for-
mula (2.2.29)

To introduce the proof, we think about a divisor class D as a linear system |D)|
with dimension:

dim(|D|) = R(S, O(D)) — 1 (3.3.47)

For general (arbitrary genus) curves, we have[66]
r%(S,0(D)) > (D* -~ Ks - D)/2 +1, (3.3.48)

hence we have the following lemma:

Lemma 3. A negative divisor class on S is always rigid. For a non-negative effective

divisor class D on S, there ezists a representative D € |D| that passes through any

(D? — Kg - D)/2 points in S.

A point with multiplicity m is counted as m? points in this lemma.

For rational curves D, we have a stronger result [88]
dim(|D|) = max(D? + 1,0). (3.3.49)

Hence if the rational curve has negative self-intersection, then dim(|D|) = 0 and the
curve is cannot be deformed. If D is irreducible, then it is really a single “fixed”

curve.
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For example, consider the curves of self-intersection (—1) on a surface formed by
blowing up P? r times at pi,...,p,. The divisor classes of degree 1 rational curves
with self-intersection (—1) can be written as H — E; — E;, corresponding to the set
of lines that pass through the pairs of points p; and p; on the original P2. There is
a unique line that passes through two fixed points in the plane, hence the resulting
(—1)-curve is fixed. Similarly, the divisor class of degree 2 rational curves with self-
intersection (—1) can be written as 2H — E;— E; — E, — E;— E,,,, corresponding to the
set of conics that pass through five fixed points. We know this divisor is also rigid,
since there is a unique conic passing through five fixed points. However, the divisor
class of degree 1 rational curves with self-intersection 0, H — E;, corresponds to the
set of lines that pass through a particular point p;, and are free to rotate around p;.
In fact, such lines can pass through every point on P2.

Now we present the formal proof of Proposition 1:

Proof. We prove this by induction. First one can check the correctness of this state-
ment for P2 and [F,,. Then suppose this is true for a base S; we want to show this is

also true for any surface S’ that is generated by blowing up S once.

(i) All the curves C" € € _1(5’) satisfy the requirements in the proposition.

Obviously they satisfy the Diophantine equations. If C’ negatively intersects with
D’ € Sing(.9’), this means C' = D'+ F’ where F’ is some other effective divisor, hence
C’ is reducible and is not in Neg(S’).

(ii) All the irreducible rational (-1)-curves C” that satisfy the non-negative intersection
requirement in the proposition are elements of €, _1(.S"), and can be generated by the
blow-up process. We analyze the different types of solution to (3.3.46) separately.

(a) This is obviously true for the solution (0,...,0,1) since it is the exceptional
curve £’ € €, _1(S’) associated with the blowup S — S’, and none of the other curves
has a positive last entry.

(b) For all the solutions of the form C’ = (C,0), where we know that C' intersects
non-negatively with all the elements in Sing(.S), it follows by induction that C €

€o.—1(S). From the general characterization of the blow-up process described earlier,

72



C" = (C,0) is still in Eff(S), but it may be represented as a positive linear combination
of a lower self-intersection effective curve and the exceptional curve: ¢’ = (C, —m) +
m(0,1). When this happens, however, it means that C’ intersects negatively with
(C,—m) € Sing(S’), which contradicts the requirement in the proposition. Hence
C" = (C,0) is irreducible when it satisfies the requirement in proposition, and it is in
Co.-1(5").

(c) For all the solutions of the form C’ = (C,—m), m > 0, C is a genus (m? —
m)/2, self intersection m? — 1 divisor. In fact the solution to the equations (3.3.46)
automatically intersects non-negatively with any other solutions (see Theorem 2a in
[110]). Together with the assumption that C’ intersects non-negatively with all the
elements in Sing(S’), we can conclude that C” intersects non-negatively with any
other curve in Neg(S’). From this we can also know that C is nef hence is effective
on S. Then according to Lemma 3, C € €(n2_pm)/2m2-1(S) can be blown up at a
generic point with multiplicity m. These statements together guarantee that C’ is an

irreducible curve on S’. Hence any solution of the form C’ = (C,—=m), m > 0 that

satisfies the requirement in the proposition is in Neg(.S’). O

Now we need to generate the solutions to the Diophantine equations (3.3.46)
using a finite algorithm. In fact, all the solutions can be generated by a series of
“g-operations” acting on curves, which are defined as follows [110]:

For a curve in the form (a, by, by, ..., b,), one picks three numbers iy, 45,43 out of

{1,...,7}, then performs the following transformation:
a— a+d R bil — bil —d, biz — biz—d, b’is — bi3 -d, d= a+bi1 +b12+b13 (3350)

It can be explicitly checked that the two quantities a® —>_;_, b7 and 3a+ ) _;_; b; do
not change under this transformation.

In practice, one starts from some low-degree curves, such as all the degree 0 and
degree 1 rational (-1)-curves. Then one tries to perform all the g-operations on one

curve so that the degree is increased (d > 0 in (3.3.50) ). If the curve intersects

negatively with some element in Sing(S), then we cut this branch. This recursive
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algorithm is finite if Eff(.S) is finitely generated. We discuss more about the finiteness

of curves in section 6.

However, the set of (-1)-curves generated in this way may not be complete. For
a consistency check, we compute the dual cone of Neg(S) generated by the method
above, and check whether the generators (extremal rays) of this dual cone are non-
negative. If a generator is negative, we know it is a (-1)-curve in Neg(S) that was not
generated by the q-process. After adding all the (-1)-curves of this kind, we can get a

complete set of curves in Neg(5), with a dual cone that contains no negative curves.

3.3.2 The algorithm

Now we are ready to construct a finite recursive algorithm for generating general
bases, with specific prescriptions for dealing with the various potential complications

discussed in preceding sections.

(1) We start from a base S, with Picard rank r + 1 and a vector representation of

negative curves Neg(.S), Sing(S) € Neg(S). This data should always be finite.

(2) We construct all blowups of S in three possible ways: blow up the intersection
point of two curves C;, C; € Neg(.S), blow up a generic point on a curve C; € Neg(5),
or blow up a generic point on the plane. We do not consider blowups at points at
which three or more negative curves intersect. The special blow-ups are also excluded

in the current algorithm.
After this step we have the new Sing(S’).

(3) With this new Sing(S’), we use the g-process to generate the (-1)-curves on S’
In practice, we just start from all the curves of degree 0 and degree 1. If the number
of curves in this step reaches a certain large value, then the number of generators is
considered to be infinite and the base is discarded.

(4) Then we need to check if the degrees of vanishing of f € O(—4K),g €
O(—6K),A € O(—12K) are greater or equal than (4,6,12) on any of the divisors.

Practically, we use the method of Zariski decomposition, as in [101]. We decom-
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pose —nK as

k
—nK =3 aCi+Y (3.3.51)

=1

for n =4,6,12.

The integral coefficients a; indicate the orders of vanishing of —nK on the divisors
C;. And C;(1 < ¢ < k) are all the elements in Neg(S’). The residual part Y should
be an effective Q-divisor, which intersects non-negatively with all curves C;. We start
from a; = a; = --- = a; = 0, and examine Y - C; for every C;. If this quantity
is negative for C}, then we add a minimal value to a; that will make this quantity
non-negative and do the check again, until Y - C; > 0 for every C;. If in the process
any a; reaches a certain value (11 for n = 12), then the singularity is too bad to be

resolved. When this happens the process stops and the base is discarded.

If there is set of coefficients a; that pass the check, then we examine all the
intersection points of pairs of negative curves a; and a;. If the sum of coefficients

a; + a; > 10 for n = 12, then this intersection point needs to be blown up.

Furthermore, bases containing (-9),(-10),(-11)-curves are not good, since there are
always (4,6) points on these curves. Such points need to be blown up until the
curve of large negative self-intersection becomes a (-12)-curve. (Note that the points
blown up in this process could be generic points on these curves or points where they

intersect with other negative curves).

(5) If no additional points need to be blown up, then we compute the generators
of the dual cone of Neg(.S”). This is known to be a hard problem, the exact algorithm
is described in p.11 of [59]. If the vectors in Neg(S’) are d = r + 1 dimensional, then
one computes the normal vector u to each of the (d — 1)-dimensional facets. Then if
u or —u intersects non-negatively with all C' € Neg(.S’), then u or —u is a generator
of Nef(S’). Hence if n = |Neg(S’)|, then the computational complexity is at least
(,”,) = (7). This turns out to be the major computational difficulty in this program.

After all the generators of the dual cone of Neg(S’) are found, we check if all

the generators are non-negative. If not, we add the negative ones into Neg(S’). We

repeat the step (4)(5), and finally the dual cone of Neg(S’) will be free of negative
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generators, which means that the set Neg(S’) contains the complete set of (-1)-curves.

We then further check if —K = (3,—1,—1,..., —1) intersects non-negatively with
all the generators. If not, then —K is not in the effective cone hence the base is not

allowed.

(6) If the previous test is passed, then this base S’ is good. The next step is check-
ing if the intersection structure is isomorphic to one of the bases generated before.
The graph isomorphism problem is also known to be hard; it is not clear if there
exists a polynomial algorithm. In practice we used the “VFIlib” library developed by
Pasquale Foggia[55].

(7) If all the tests are passed, add this base to solution set and restart step (1)
using S’

The overall starting points are the bases with » = 2 that come from blowing up
F,, and which have no (-9),(-10),(-11) curves. We list their Neg(S) below (the Lh.s.

is the cyclic toric diagram for these bases S):

((0,0,-1,-1,-1)) :{(0,1,0),(0,0,1), (1, -1, -1)}

((1,-1,-1,-2,0)) :{(0,1,—1),(0,0,1), (1, -1, —1)}

((2,-1,-1,-3,0)) :{(-1,2,0),(0,0,1), (1,-1,-1)}

((3,-1,-1,-4,0)) {(-1,2,-1),(0,0,1), (1, -1, -1)}

((4, — 5,0)) :{(—2,3,0),(0,0,1),(1,-1,—1)} (3.3.52)

((5,-1,-1,-6,0)) :{(=2,3,-1),(0,0,1), (1, -1, - 1)}

((6,-1,-1,-7,0)) :{(-3,4,0),(0,0,1), (1, -1, 1)}

((7, - —8,0)) :{(=3,4,-1),(0,0,1), (1, -1, -1)}
((11,-1,-1,-12,0)) {(=5,6,—1),(0,0,1), (1, =1, —1)}

So P? and F,, are not counted in the solution set and they have to added in by

hand.

Using this algorithm, we can produce a finite list of possible bases in a specific

desired range. There are three possible sources of incompleteness or inaccuracy in
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such a list:
(i) Bases where the effective cone has an infinite number of generators, or a very

large number that exceeds the arbitrary cutoff in the code, will be missed.

For example, we consider a an r = 9 base S with

Sing(S) = {(1,-1,-1,-1,0,0,0,0,0,0),(1,0,0,0,—1,—1,—1,0,0,0),
(1,0,0,0,0,0,0, -1, -1, —1)} . (3.3.53)

This is a generalized del Pezzo surface with three (-2) curves. This surface clearly
satisfies the condition that — K is in the effective cone, since — K is the sum of the three
(-2) curves. We can prove that there are infinitely many (-1)-curves in the effective
cone: suppose that we pick an exceptional curve Cy = (0,1,0,0,0,0,0,0,0,0). Then
at step 1 we perform the g-operation with entries by, by, b;. At step 2 we perform
the g-operation with entries by, b5, bs. At step 3 we perform g-operation with entries
bs, bg, bg, and we infinitely repeat these three steps. The intersection product with
the three curves in Sing(S) is invariant during this process. The degree of the curve
at step 2n — 1 equals to n?. This means that the process will give arbitrarily high

degree curves, hence the number of (-1)-curves is infinite.

(ii) Bases that are produced by “special blowups” giving curves of self-intersection
-2 or below, or by blowing up points at the intersection of more than two negative

curves, will be missed by this algorithm.

(iii) On some bases, there are certain combinations of more than two negative
self-intersection curves that are forced to intersect at a common point. This is a part
of geometric information about S that is not encoded in the effective cone data. For

example, the two cases in Figure 3-6 will lead to different blow up results.

One particular situation of this type involves the 1,700 years old Pappus’s theorem.
For example, consider the configuration of Sing(S) with » = 9 in Table 3.3; the
corresponding geometrical picture is drawn in Figure 3-7. Note that in the last blow-
up at point %, lines gh, c¢f and bd are guaranteed to intersect at a single point, by

Pappus’s theorem.

77



Figure 3-6: Two geometric configurations with the same intersection structure and
vector representations of curves, but which can be blown up to give surfaces with
distinct intersection structure

curve [point a b ¢ d e f g h i
A I -1 -1 -1 0 0 0 0 0 O
B i o 0 0 -1 -1 -1 0 0 O
C 1 o 0o 0o 06 0 0 -1 -1 -1
D 1 -1 0 0 -1 0 0 -1 0 O
E 1 0O -1 0 0 -1 0 0 -1 0
F 1 o o -1 0 0 -1 0 0 -1
G 1 -1 0 0 0 0 -1 0 -1 0
H 1 o -1 0 -1 0 0 0 0 -1
| 1 o 0 -1 0 -1 0 -1 0 O

Table 3.3: A configuration of Sing(S), with 9 (—2)-curves that forms 3 groups of 3 curves that
intersect each other

Figure 3-7: The geometry of the blow-up points a,b,c,d,e, f,g,h,i, of the configuration
in Table 3.3. This is an example of Pappus’s theorem.
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There does not exist a complete framework to resolve this issue in every case, and

we want to avoid this problem as we can.

3.3.3 Results

Now we are going to present the results in two different regimes where the three

subtleties above does not bother us.

Classification of all bases with h'!(S) < 8

If A1(S) < 8 or r < 6, we can explicitly determine the set of all combinatorially
distinct effective cones. The smallest value of r where the issue arises that three neg-
ative curves may intersect each other is 6, where we can have A = (1, -1, —1,0,0,0,0),
B =(1,0,0,-1,-1,0,0), C = (1,0,0,0,0,—1,—1). Hence this subtlety will not af-
fect the classification of bases with » < 7 if we do not distinguish betweent the two
cases in Figure 3-6.

The problem of special blow-ups will neither appear, since the shortest vector
representation of a curve that comes from a special blow-up is (3,-1,-1,-1,-1,-1,-1,-1-
2). Moreover, the number of generators of the effective cone is finite for all surfaces
in this range. Hence the list of all bases with h}1(S) < 8 generated by our algorithm
is indeed complete.

In total there are 468 bases with 8 > h11(S) > 0. This includes the surfaces P? and
F, with n =0 ~ 8 or 12. Among these, 245 are non-toric and 177 are not included in
the semi-toric list in [97]. All previously identified toric and semi-toric bases appear
in the set generated by our algorithm, which gives a check on the correctness and
completeness of the result. It also generates all the generalized del Pezzo surfaces in
[43] within this range.

In the counting, we do not include the ones with -9/-10/-11 curves and they are
explicitly blown up to get (-12) curves.

We can compute h'!(X) and h%!(X) of generic elliptic Calabi-Yau threefolds over
these bases using (3.1.23) and (3.1.26), assuming that there is no non-Higgsable U(1).
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Figure 3-8: The Hodge numbers of the generic EFS (elliptically fibered with section) Calabi-Yau
threefolds over all smooth complex surface bases with h!(S) < 8 are represented by black dots.
The 6D theories that result from compactification on these CY3s have T < 7 tensor supermultiplets.
The Hodge numbers in the Kreuzer-Skarke database are represented by gray dots.

We plot these Hodge numbers in Figure 3-8.

Classification of all bases for elliptic Calabi-Yau threefolds with h*! > 150

Another set of bases that we can completely classify is the set of bases that support
elliptic Calabi-Yau threefolds X with A%!(X) > 150. This subset is relatively easy
to study, because it turns out that the difference between |Neg(S)| and rk(Pic(S5)) is
small, hence the dual cone problem is easier to solve. Also, the situations in which
three negative curves intersect each other or the dual of Neg(.S) contains a negative
curve never happen, nor does an infinite number of negative curves ever arise. The
only issue that could in principle make our list incomplete is the presence of special
blow-ups, which is related to the existence of higher degree curves. However, for
example, if we consider the bases from blowing up [Fys, the existence of the (-12)-
curve strictly constrains the possible form of curves on S. The curve (3,-1,-1,-1,-1,-1,-

1,-1,-2) will never appear since it intersects the (-12)-curve (-5,6,-1,...,0) negatively.

80



500

® @ Kreuzer-Skarke
. e Qur list

450 -
.
®

4004 %

. ®
® @
® L
] @
e
! I
0 50 100 150 200 250

bt
Figure 3-9: The Hodge numbers of all the EFS Calabi-Yau threefolds with h%! > 150 generated by

generic elliptic fibrations over smooth surfaces are represented by black dots. The Hodge numbers
in the Kreuzer-Skarke database are represented by gray dots.

The rational curve with degree d > 0 that intersects (-12)-curve non-negatively is the
one with form (6,—5,0,...). And the base giving maximal ~2%!(X) that contains a
negative curve in this form is the one constructed from blowing up Fi5 at 13 generic
points, with h2!(X) = 491 — 13 x 29 = 114 < 150. Similar analysis can be done for
the other cases, see Section 10.3 in [125] explicitly.

In total, our algorithm produces 6511 bases over which the generic elliptic Calabi-
Yau threefold has h%!(X) > 150. This set of bases includes P? and F,,, withn = 0 ~ 8
or 12. All the 3871 toric and toric + semi-toric bases identified in [105, 97] giving
threefolds with A%! > 150 can be found in our list (including ones generated from
blowing up -9/-10/-11 curves at generic points). Hence the number of new bases that
is not in the list of [97] is 2640.

We plot the Hodge numbers of the generic elliptic Calabi-Yau threefolds over this

set of bases in Figure 3-9. Generic elliptic fibrations over the 6511 distinct bases give

CY threefolds with 1278 distinct Hodge number pairs.

Among them, we have identified 15 bases that give rise to elliptic Calabi-Yau
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threefolds with Hodge numbers that are not in the Kreuzer-Skarke database. Their

Hodge numbers are:

(RM1 R21) = (29,299), (48, 270), (30,270), (59, 269), (41, 269), (70, 268),
(31,241), (31,241), (66, 240), (42, 240), (89, 239), (20,214),  (3.3.54)
(84,210), (149, 179), (104, 152) .

For example, the base giving (b1, h?!) = (29,299) can be constructed by blowing up

a generic point on the (-4)-curve of the toric base
((-12,-1,-2,—2,—3,~1,—4,—1,-3,—1,6,0)). (3.3.55)

Since they typically have large h?!(X), the number of Weierstrass moduli W > 12
and non-Higgsable U(1)s will not appear, see Chapter 5. Hence we have computed

the correct Hodge numbers.
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Chapter 4

Classification of complex base

threefolds

4.1 Calabi-Yau fourfolds and 4D F-theory

A Calabi-Yau fourfold X is a Ricci flat Kahler manifold with holonomy group SU(4).
The major topological invariants we are interested in are the Hodge numbers h?7(0 <
p,q < 4), which are the dimension of the linear space of harmonic (p, ¢)-form on X.
There is a unique holomorphic (4,0)-form Q on X, hence h*® = 1. Similarly, since
the (0, 0) form is just a complex number, we have h®° = 1. The Calabi-Yau condition
implies that h'® = A20 = K30 = 0, and the K'ahler condition ensures hP? = h9P.
Along with the Hodge duality relation h?? = h*P4~9 on a complex fourfold, the
Hodge diamond h?? of X always takes the following form (h?? is on the p-th row and

g-th column):

0 hl,l h2,1 h3,1
0 h2,1 h2,2 h2,1
0 h3,1 h2’1 hl’l

(4.1.1)

= o O O
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A corollary from Hirzebruch-Riemann-Roch index theorem gives us a relation between

these Hodge numbers[84]:
h*? = 2(22 4+ 2A" + 2R3 — B21). (4.1.2)

Hence there are only three indepedent Hodge numbers for a Calabi-Yau fourfold: h!:,
h%! k31 hbl counts the number of Kahler moduli T4 or the parameters that controls
the size of different cycles on X. h*! counts the number of complex structure moduli
24, Which is closely related to the number of Weierstrass monomials in the case of an

elliptic fourfold.

We have the Euler number

4 %

X(X) = 3 (1) YW

i=0 j=0

4.1.3
=4+ 2R 4 2h31 + B?? — 4p>! (4.1

=6(8 + AV + h¥! — A2,

Another useful topological number is the fourth betti number by = dim(H*(X)):

by = 2+ 2h>! 4+ h>?
: (4.1.4)
= 46 + 4h"' + 6R> — 20>

To get a feeling of the Hodge numbers of Calabi-Yau fourfolds systematically
generated in the literature, we plot the distribution of Hodge numbers for Calabi-
Yau hypersurfaces in 5D weighted projective spaces in Figure 4-1. Although a large
number of Calabi-Yau fourfolds lies in the region h!,h3' < 10,000, the maximal

value of h'! and h®! can be very high, up to 303,148.

These topological numbers are crucial for 4D F-theory on X because of the central
importance of the G4 flux. In the M-theory dual picture, the G4 flux is the field
strength of the C3 form field that couples to M2-branes. The G4 flux is integrally
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Figure 4-1: Distribution of Hodge numbers for Calabi-Yau fourfolds constructed as
hypersurfaces in weighted projective space using reflexive polytopes [89].
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quantized[135]:

Gy~ %)Q € HY(X,7). (4.1.5)

¢y is the second Chern class of X. Hence if ¢o(X)/2 ¢ H*(X,Z), then we cannot take
Gy = 0.
We can write down the low energy effective action of M-theory containing a higher

derivative term:

SMO(/dH(X) /_gR—%/G4/\*G4~—é/Cg/\G4/\G4+/Cg/\X8(R)

+ z M2, CS)

(4.1.6)
where Xg(R) is the 8-form[49]
Xo(R) = o | = 2 (trR?) 4+ = trR| = —(4py — p?) (4.1.7)
SV 2n)t |7 768 192 BET 7 ARG -

p1 and py are the first and second Pontryagin class of X (co(X) = 1pi(X)). The

crucial property of Xy is that

/X Xs(R) = %ZQ (4.1.8)

The final term in (4.1.6) is the coupling term of C3 with Npo copies of M2 branes
M?2;.

The equation of motion for C3 from (4.1.6) is
1
dxGy = §G4/\G4—X8(R)+;(5M2i. (419)

Integrating this equation over X, we arrive at the “tadpole cancellation equation”:

1
: /XG4 AGs+ Nagp = %4—)‘ (4.1.10)

Again, we see that if x(X)/24 is not integral, then there has to be a non-vanishing
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G4 flux in the background to make the theory self-consistent.

The set of possible quantized G4 flux is called the “flux vacua”, which represents

a large number of F-theory/string theory solutions on a single geometry[47, 41, 11].

There are a number of physical constraints on G4. The condition that the 4D low

energy theory has SO(3,1) Lorentz symmetry put the following constraints on G4[37]:

/ Gy = / Gy =0, (4.1.11)
ZN B; B; N B;

where Z is the zero section of the elliptic fibration X, which is isomorphic to the
base threefold B. B; are “vertical divisors” in X constructed from the fibration of
the base divisors. Z and B; are all complex threefolds, and their intersection locus is

a complex surface in the elliptic fourfold X over which we can integrate Gjy.

If we require that the low energy theory preserves N' = 1 supersymmetry, there
are D-term and F-term conditions involving Kahler moduli and complex structure

moduli on X.

The D-term condition can be written as
GyANJ =0¢€ HX,R), (4.1.12)

where J is the Kahler (1,1)-form of X.

The F-term condition is related to the superpotential in the 4D N = 1 theory,
which is the Gukov-Vafa-Witten superpotential[69]

W = / G4 N Q, (4.1.13)

b'e
where (2 is the unique holomorphic (4,0) form on X. The F-term conditions are[40]
W =0 (4.1.14)

and

D, W =0, (4.1.15)
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where D, is a covariant derivative in the space of complex structure moduli

D, =0, — &, In/ QAQ. (4.1.16)
X

These equations are crucial for the moduli stabilization, which is a procedure to
determine the actual value of these Kahler moduli and complex structure moduli. For
example, we need these information to actually compute the mass of massive particles
in an F-theory model. It is not entirely clear if a general G4 in the flux vacua will
lead supersymmetric solution satisfying the D-term and F-term conditions. We will
not consider these problems in detail in this thesis.

The space of G4 flux can be decomposed into a vertical part H‘Z,’z, a horizontal

part Hf; and a remaining part H}Qz’i,[[23, 131]:
HYX)=Hi(X)® H(X) ® Hyp(X). (4.1.17)
The vertical flux has the form of

Gi=) F'Aw (4.1.18)

where w; is the (1,1)-form that is Poincaré dual to the exceptional divisor E;(the
exceptional P! fibered over a base divisor with gauge group) in X. F" is a (1,1)-
form corresponding to the gauge flux on the 7-branes. The presence of vertical flux
will break the gauge group on the divisor to the commutant of the Cartan generator
corresponding to E;. For example, this provides a mechanism to break the GUT SU(5)
gauge group on a divisor to the standard model gauge group SU(3)xSU(2) x U(1)[46].
For this reason, the “non-Higgsable gauge groups” we compute in the 4D F-theory
are only geometrically non-Higgsable. They can be broken by the vertical G4 flux.
In constrast, the horizontal flux in Hj is the space of G4 flux that does not break
any of the gauge groups. The remaining part is the non-vertical G4 flux which breaks

the gauge group, which is argued to be non-significant for a general elliptic Calabi-Yau

fourfold[23].
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The massless spectrum of particles in the 4D N = 1 supergravity is not as con-
strained as the 6D case, since there is no pure gravitational anomaly in 4D. The

supermultiplets are a unique supergravity multiplet with graviton g,, and gravitino

«

>, a number of vector multiplets with a vector field A, and a gaugino x® and a

number of chiral multiplets with a scalar ¢ and a spinor ¥®. Similar to the 6D case,
there are charged chiral multiplets under gauge groups and neutral chiral multiplets.
The number of vector multiplets n, and chiral multiplets n, are related to the

topological number of X and B in the following way[67].

The total rank of the gauge group equals to
tk(G) = (RMY(X) — hMY(B) — 1) + h®'(B). (4.1.19)

The first part (hV1(X) — AV(B) — 1) is given by the Shioda-Tate-Wazir formula
(3.1.23). The second contribution h*1(B) corresponds to a number of U(1)s from the
decomposition of the R-R 4-form field C; in the 1IB description:

Ci=A AN (I=1,...,h*(B)), (4.1.20)

where w’!

are the harmonic (2,1)-forms on B. The complete set of geometric gauge
groups in 4D F-theory then has three components: the non-Abelian gauge groups
on divisors, the U(1) gauge groups from additional rational sections of the elliptic
fibration and the additional U(1)s from h?!(B).

The total number of chiral multiplets equals to
ne = h*(X) + ' (B) + (R**(X) — h*'(B)). (4.1.21)

h3'(X) counts the number of complex structure moduli of X, h11(B) counts the
number of Kahler moduli on B, which can be thought as the Hodge dual of the
tensor multiplets in the 4D theory. The last term (h?!(X) — h?1(B)) comes from the
“Wilson line scalars” used in M/F-theory duality[67].

The spectrum of charged chiral multiplets depends crucially on the G4 flux. Let
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us consider the localized matter on a curve C, which is the intersection of two divisors
D, and D, that carry gauge groups G; and G. Suppose that on the curve C, the ex-
ceptional divisor forms an affine Dynkin diagram of a larger group G D G X G5, then

the matter representations on C' is given by (R;, Rz) in the following decomposition:
adjc — (adjg,, 1) ® (1, adjg,) @ Z(Rl, Ry). (4.1.22)

Suppose that the G4 flux only contains the vertical parts (4.1.18), then the multiplicity

of chiral multiplets on C' is given by

N¢ = h°(C,[F] + %KC), (4.1.23)
and the multiplicity of anti-chiral multiplets is
N 1 1 o L
Ne=h'(C,[F] + QKC) = h’(C, §KC — [F]). (4.1.24)

[F] is a divisor class on the curve C that is Poincaré dual to the gauge flux (1,1)-form
in (4.1.18). The identity H'(C, [F] + $Kc¢) = H°(C,1Kc — [F]) is a result of Serré
duality[66] on a curve. The net chirality is then

1 1
x = WO(C,[F] + 5Ke) — h(C, [F] + 5 Ko) = / F (4.1.25)
c
Hence if we set all the G4 flux to be zero, there is no net chirality on any matter
curve. Since K¢ = —2 for rational curves with genus g = 0, there is no matter on

rational curves if G4 = 0. For more generic G4 fluxes, the computation of matter

spectrum is extremely involved, see [19, 20].

Besides the local matter fields, there are also charged matter on a divisor D car-
rying gauge group G. The chiral spectrum can be computed using an 8D topological

twisted Yang-Mills theory on the 7-brane world volume[15].

Another new feature in 4D F-theory is the Yukawa coupling term from the inter-

section of three divisors on B[15]. It does not exist in the 6D case. As a summary,
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we see that the 4D F-theory model contains all the different components of the real
world physics. The problem is then how to realize the standard model in a natural

way, and find out whether the standard model can be realized on a general geometry.

4.2 Classification of base geometry in 4D F-theory

In the regime of 4D F-theory, the traditional terminology of “string landscape” often
corresponds to the set of flux vacua on a given elliptic Calabi-Yau fourfold X. How-
ever, we want to increase the territory of this string landscape to a broader “string
geometric landscape” that includes all the possible geometries used in compactifica-
tion. The classification program of 4D F-theory solutions then has the following three

different layers:

e C(lassification of topologically distinct base threefolds B. Unlike the classifica-
tion of base surfaces, there does not exist a mathematical theorem about what
are the possible classes of base threefolds. Nonetheless, it was recently proved
that the family of base threefolds and elliptic Calabi-Yau fourfolds are finite up
to flops[44]. Flop is a birational map that is a combination of a blow up and
a blow down, see Figure 4-3. In practice, we can also try to generate a large
number of base threefolds connected to each other via blow up and blow down
and study the properties of these bases, such as the topological numbers and

the non-Higgsable gauge groups.

Physically, these blow up/down process corresponds to tensionless string tran-
sitions that changes the base geometry in the very early universe. These phys-
ical transitions can be thought of quantum tunneling between states in a huge
web|[31], although we do not know anything concrete about the quantum me-

chanical process or what is the energy of each eigenstate.

e Classification of different fibrations on a given base B. A non-generic fibration
will bring separated 7-branes together and give a larger gauge group than the

non-Higgsable phase. Since f and g are tuned, the number of complex structure
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moduli A%!(X) will decrease. This will decrease the total number of flux vacua
on the resulted geometry by a large exponential factor. For example, it was
shown in [22, 131] that tuning an additional SU(5) GUT group on P* will
suppress the total number of flux vacua by a factor of ~ 10~*%°. Following this
logic, we may argue that the GUT construction is unnatural in constrast to the
non-Higgsable phase. In this thesis, we only consider the generic fibration over

a given base.

e Analyze each flux vacuum corresponding to a specific G4, computing the particle

spectrum and stablize the K’ahler and complex structure moduli.

In this thesis, we only focus on the classification of base threefolds. Analogous to
the case of base surfaces, the set of rational threefolds that are birationally equivalent
to P2 is a good family to be explored. For simplicity, we will only consider the toric

threefolds due to the following three reasons:

e The crucial discrete data such as the effective cone and Mori cone are straight
forward to read out on a toric threefold. They are simply generated by the toric

divisors and toric curves. For a non-toric threefold, they are not so obvious.

e On a toric variety, the section of line bundles can be easily written out with the
points in the dual polytope (2.4.67). On a non-toric variety, we do not know how
to write down the section of —4K g and —6K g explicitly. So we do not know how
to compute the order of vanishing of (f, g) on divisors and curves. For non-toric
surfaces, we can compute them with Zariski decomposition. However, for non-
toric threefolds, the Zariski decomposition method will not provide sufficient

data to determine ord(f, g).

There exists formula to compute the coefficients f; and g in the expansion near

a divisor D; given by the local equation s = 0[107]:

F=3 fs* 9= g, (4.2.26)
k k
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using the normal bundle and canonical bundle of D;[107]:

fri € O(=4Kp, + (4 — k)Np, — Z $;Cij), (4.2.27)
gri € O(—6Kp, + (6 —k)Np, — > ,Cy). (4.2.28)
D; D, #

¢;,7; denotes the order of vanishing of f and g on D; that intersects D;. If
fri € O(Ck) and Cy, is ineffective for all k& < kg, then f vanishes to at least

order ko on D;. Similar statement holds for g.

However, it is not clear how to construct a definite algorithm to determine
ord(f, g) on all the divisors since the formula (4.2.27, 4.2.28) involves ord(f, g)
of the adjacent divisors as well. On the other hand, the non-adjacent divisors
may enhance the order of vanishing of (f,g) and they cannot be read off by
(4.2.27, 4.2.28).

The only possible ways to blow up a toric threefold is to blow up a toric curve
or a toric point, see Figure 4-2. More generally, one can blow up a curve on a
threefold to produce a non-toric threefold. However, the classification of non-
isomorphic irreducible curves on a threefold B is unknown, even if B = P3. So
we do not really know how many non-toric threefolds are connected to a given

threefold via a blow up/down.

The defining data for a smooth compact toric threefold is the set of rays ¥(1) =

{vi = (Vig,Viy,viz) € N = Z3} and the set of 3D cones X(3) = {0 = vv;ux}.

Denote n = |X(1)|, then we always have |2(3)] = 2n — 4. The set of toric curves

¥(2) = {vvj|30 € £(3) , v;v; C o} is completely determined by the data X(3).

There are two kinds of blow up operations on toric bases B: one can either blow

up a point that corresponds to a three-dimensional cone o = v;v;v; or blow up a toric

curve v;v;. In the first case, a new ray ¥ = v; + v; + v is introduced. The old three-

dimensional cone ¢ is removed, and three new three-dimensional cones ; = v;U;0,

Oy = VjuED, 63 = vv;0 are included. For the second case, a new ray o = v; + v; is
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Figure 4-2: Illustration of two different kinds of blow ups, viewed from above. The
left case corresponds to blowing up a point v;v;v;. The right case corresponds to
blowing up a curve v;v;.

introduced. Suppose that there are two old 3d cones o, = vv;u, and oo = vv;u;
that contain the toric curve v;v;. They are removed after the blow up. Four new 3d
cones 0, = VU0, 0y = VU0, 03 = VU0, 04 = v;u0 are included. Note that v;v; is
no longer a toric curve after the blow up. Similarly a blow down is described as the
contraction and removal of a ray. Given a ray v, it may or may not be contracted
depending on the neighboring rays. If there are only 3 neighboring rays v;, v;, vy and
they satisfy v = v; + v; + vi, then v can be contracted into a point. If there are
4 neighboring rays v;, vk, v;,v; (in cyclic order around the curve), if v = v; + v; or
v = v + v, then v can be contracted into toric curve v;v; or vy, respectively. For all

the other cases, the ray v cannot be contracted to get another smooth toric threefold.

When there are rays v;, v, vy, vy that satisfy the relation v; + v; = v + v;, and
there is a 2d cone v;v;, then there exists a “flop” operation, which is a combination

of a blow up and a blow down; see Figure 4-3.

The Weierstrass polynomial f ang g for a generic elliptic fibration over B is defined
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Figure 4-3: Tllustration of the flop process, which can happen when v; +v; = v + v;.

by the polytopes F and G as usual:
F = {u € Z*\Vu;, (u,v;) > —4}, (4.2.29)
G = {u € Z*|V;, (u,v;) > —6}, | (4.2.30)
The order of vanishing of f and g on a toric divisor ADi is

ordp,(f) = min({u, v;) + 4)|ue;,

(4.2.31)
ordp,(g) = min({u, v;) + 6)|ueg-
The order of vanishing of f and g on a toric curve D;D; is:
ordp,p,(f) = min({u, v; + v;) + 8)|uer,
DDg( ) (< ]> )I EF (4.2.32)

ordp,p; (9) = min({u, v; + v;) + 12)|ueg-

Note that ordp,p,(f,g) can be greater or equal to ordp,(f,g) + ordp,(f,g). This is
different from the case of 2d bases, where the order of vanishing on the intersection

point of two divisors is always the sum of the orders of vanishing on those two divisors.
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Similarly we can write down the order of vanishing of f, ¢ and A on the point

D;D; Dy

ordp,p,p,(f) = min({u,v; + v; + vi) + 12)|uer,
D:D; Dy ( (( i+ Uk) ) ue (4.2.33)

ordp,p;p,(9) = min((u, v; + v; + vg) + 18)|ueg-

We can compute the non-Higgsable gauge groups following the general procedure

in Chapter 2.

To exactly define the set of toric threefold bases we are going to classify, it is

important to clarify the following issues:
e Codimension-two (4,6) locus.

When (f,g,A) vanish to order (4,6,12) or higher over a codimension-two locus
on B, we can try to blow up these loci and lower the degree of vanishing of (f, g)
to be less than (4,6). If this blow-up process can be done without introducing a
codimension-one (4,6) locus in the process, then we call this base B a “resolvable
base”. In fact, the polynomials F and G are unchanged after this resolution process.
Since the points u that are removed in F/G polytopes after blowing a curve D;D;
are the ones satisfying (u, v; + v;) < —4/ — 6.

As we have discussed in Chapter 3, the appearance of such a codimension-two
(4,6) locus in 6D F-theory signify a (1,0) SCFT sector decoupled with gravity. In
4D F-theory, the correspondence between such codimension-two (4,6) loci and the
4D N = 1 SCFT is not clear. After the usual resolution process of the singular
Weierstrass model without blowing up the (4,6) curve on the base, there will be an
exceptional 4-cycle such that the fibration is no longer flat. Wrapping a D5 brane on
this 4-cycle will give us a 1D object in the IIB picture. Hence in the limit where this
exceptional 4-cycle is shrunk to zero volume, we will have a tensionless string when we
attempt to directly compactify F-theory over the base with a codimension-two (4,6)
locus. It is not clear whether these tensionless string object will cause any problem

in the 4D low energy effective theory, especially in the presence of non-zero G4 flux.

e Terminal singularities on the Calabi-Yau fourfold.
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Sometimes there are non-resolvable singularities on the CY 4-fold that cannot be
resolved to a smooth Calabi-Yau geometry, which has nothing to do with the (4, 6)
singularity. For example, we can write the Weierstrass equation in the following form

using local coordinates (s,t,u):
y? = 2% + (aps + art)x + (bos® + byst + byt?), (4.2.34)

where the coeflicients ag, a1, by, b1, by are generic functions of u. Then there will be
singularity over the ‘locus r =y =58 =1t =0. We cannot resolve this singularity
without changing the canonical class of the CY 4-fold. This type of terminal singu-
larity appears generically in the complex structure moduli space, but we treat these
singularities as acceptable ones. In a recent paper on elliptic CY 3-fold[9], these ter-
minal singularities are shown to be correspond to a finite number of neutral chiral
matter fields. The impact of these terminal singularities in CY 4-fold is still not
well-understood yet, but we expect that they will only alter the counting of the chiral
multiplets.

e Codimension-three (4,6) locus

It is also a commoh feature that f and g vanishes to order (4,6) or higher over
codimension-three locus in the base. They may lead to non-flat fibration in the
resolution process if there is only one gauge group involved [94, 26]. For example, if

there is an E7; gauge group on s = 0:

v =%+ (aps® +ayst + ... )+ (bps® + bysS +...), (4.2.35)
then there is a codimension-three (4,6) locus at ag = by = s = 0, which leads to
non-flat fiber at this point[94].

A clearer classification of codimension-three (4,6) locus and their physical conse-
quences should be done in further research, and we generally allow their appearance
if (f, g) does not vanish to order (8,12) or higher on this point.

Hence the allowed bases in this classification program are separated into two

different classes:
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(1) The resolvable bases with toric (4,6) curves, but they can be removed after
a finite number of blow ups along these toric curves. A practical criterion for the
resolvability is to check whether the origin (0,0, 0) lies on the boundary of G. If the
origin (0,0, 0) lies in the interior of G, then after the resolution process where all the
(4,6) curves are blown up, there will not be a codimension-one (4,6) locus on any
divisor. This follows because if there exists such a divisor corresponding to the ray v,
then all the points u € G satisfying (u,v) < 0 will vanish and the origin (0, 0, 0) lies
on the boundary plane (u,v) =0 of G.

(2) The good bases without any toric (4,6) curves. We allow the non-toric (4,6)
curves on divisors with Fg gauge group in parallel to the 6D F-theory case where
we allow the -9/-10/-11 curves in the counting of “toric” base surfaces. These non-
toric (4,6) curves can be easily blown up to get rid of these codimension-two (4,6)
singularity. We also have strictly good bases which are toric threefold bases without

any (4,6) curves at all.

The appearances of terminal singularities and codimension-three (4,6) points are

generally allowed in all of these classes.

For the generic elliptic fourfold X over a good base B, we can compute the Hodge

number h1!(X) using the Tate-Shioda-Wazir formula:

R (X) = hM(B) +1k(G) + 1 + N(blp), (4.2.36)

where G is the non-Abelian gauge groups on B. N (blp) is the number of additional
blow ups to resolve the codimension-two (4,6) singularity on divisors with Fg gauge
groups. If this codimension-two (4,6) locus is irreducible, then it contributes 1 to
N (blp). If it is reducible, then its contribution to N(blp) is the number of irreducible

components.

We can also estimate the Hodge number h*!(X) using an approximate Batyrev
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type formula [124]:

RPY(X) =2 A3 X)
= |Fl+l6l- Y re) -4+ > 1'(©:) - 1(9;).

©€A,dim ©=2 ©,€A,0; €A* ,dim(0;)=dim(©})=1
(4.2.37)

Here A* is the convex hull of {v;} and A is the dual polytope of A*, defined to be
A={ueRVve A", (uv)>-1}. (4.2.38)

The symbol © denotes 2d faces of A. ©; and ©} denote the 1d edges of the polytopes
A and A*. I'(-) counts the number of integral interior points on a face. This formula
is analogous to the formula (3.2.39) in the elliptic Calabi-Yau threefold case. Here
|F| + |G| counts the number of Weierstrass moduli, D gcp gime—z!'(©) + 3 is the
dimension of the automorphism group wg, of the base B, and the final term in
(4.2.37) is analogous to N_y. This formula was not proven, but we have checked that
it produces consistent results for many examples in [100].

Now we are going to present two different exploration results of the toric threefold

bases.

4.3 Random walk on the set of toric threefold bases

4.3.1 Methodology

In [124], we restricted ourselves to the set of strictly good toric bases, which means
that there is absolutely no (4,6) curves on the base. Under this constraint, we can
probe a connected set C of strictly good toric bases that include P3. We start with
starting point P2, and in each step of the random walk, the base may be blown up
or blown down to get another base. In the performance, each valid blow-up or blow-
down from a given base B € C is given an equal probability. Following a basic result

in graph theory, if we perform a random walk on a graph where each node V; has n;
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neighbors, and the neighbors are chosen uniformly on each step of the walk, we will

get a distribution of bases on nodes proportional to n;.

In practice, we randomly choose from the set of all the (6n—10) possible 3D cones,
2D cones, and rays at each step. Then we test the chosen move to see if it results in
an allowed base. For the cases of 3D cones, 2D cones and rays, they correspond to
blowing up a toric point, blowing up a toric curve and blowing down the toric divisor
respectively. If the tested step does not lead to an allowed base, we try again. After a
large number of steps, we expect a “thermal” distribution in which the probability of
each base B in the set C is proportional to n;, the number of valid neighbors to which
B is connected by a single blow up/down. Hence in order to compute the statistical
information using a uniform distribution on C, we need to weight each base by the
factor 1/n;. To reduce the computational complexity, we do not explicitly compute
n; for each base. We record the number t of attempts needed to identify an allowed
neighbor instead. Naively the number of allowed neighbors of a given base B should
be (6n—10)/(t), where (t) is the average number of tries needed to identify an allowed
neighbor over many trials on the base B. The weighting factor 1/n; can therefore be
estimated as (t)/(6n — 10), so we can get uniform statistics on C by weighting each

base with the factor t/(6n — 10).

This factor is not correct if different neighbors of one base are equivalent. For ex-
ample, consider a graph with only three nodes: P3, blpconeP? and blpcyrveP?. blpconeP?
and blpcureP® denote the bases that result from blowing up a 3D cone or a curve on

P3 respectively, which are explicitly defined below:

P? ;v = (1,0,0),v5 = (0,1,0),v3 = (0,0,1),v4 = (—1,—1,-1),

, 2(3) = {U1U2U3,0102U4,U1U3U4,02U3U4}
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blpcone]}])3 tU = (1’0’0)’02 = (Oa 110)71}3 = (anu 1)7’04 = (—17 —1: _1)aU5 = (1, 11 1)’
2(3) = {vlvzw, U1U3V4, VU304, V1V2VUs5, U1U3 Vs, 02U3U5}

(4.3.40)

blpcurvePS tUL = (17070)7U2 = (0’ 1?0)’?}3 = (0? 0, l)aU4 = (_17 —1, _1),7)5 = (11 170)7
2(3) = {U1U3U47 UaU3V4, U1VU3Vs, U1U4Us5, U2U3Us, Uszs}

(4.3.41)

There are four ways to get blpcoeP® and six ways to get blpeurveP® from blowing
up a cone or curve on P3| since there are 4 3d-cones and 6 2d-cones in the toric fan of
P?. This means that naively P? has 10 neighbors, and the base is weighted by 1/10.
Now, if we perform a random walk on this graph, the expected probability ratio is
p(]P’3) : p(blpeoneP?) : p(blpeurveP?) = 10 : 4 : 6. Then after we weight p(P?) by a
factor 1/10, the expected probability ratio becomes 1 : 4 : 6, which is still far from
uniform. To fix this problem, we compute the symmetry factor F' of each base, ‘which
is defined to be the order of the subgroup of the permutation group acting on the
toric divisors of the base that preserves the cone structure. For example, for the base
IP3, since all the four rays vy, ve, vs, v4 can be permuted arbitrarily without changing
the cone structure, F'(P?) = 24. For the base blp,,,.P3, the divisors corresponding to
v1, V2 and vz can be permuted, hence F(blp,,,.[P*) = 6. For the base blp,,, . [P?, there
are two symmetric divisor pairs: (vq, v2) and (vs,vy), hence F(blp, ..P?) = 4. After
we multiply those symmetry factors by the ratio 1 : 4 : 6, then we achieve a uniform

distribution. In general, if we use the proper weighting factor

t. F(B)

w(B) = (6n — 10)’

(4.3.42)

then this problem will not bother us.

For a general base with a large number of rays, the probability of having a non-
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Figure 4-4: The distribution of h%!(B) including weighting factors (4.3.42). Bold
black curve is the average distribution among the 100 runs, while the colored curves
are some example distributions from individual runs. The total number of samples
in each run is normalized to 100,000. '

trivial symmetry is negligible. Practically, the inclusion of symmetry factors only

affects the statistics of bases with a number of rays n < 10.

4.3.2 Unbounded random walk

We have recorded 100 independent random walk sequences (runs), each of which
starts from P? and has 100,000 bases in it. They are refered as “unbounded” runs to
distinguish them from the other runs with bounded h'!(B) described in Section4.3.3.
To compute the statistics of the each subregion of C probed by these runs, we remove
the first 1000 bases since they have atypically small h''!(B) and do not represent a
typical base in the middle of C.

The total distribution of h'!(B) is plotted in Figure 4-4 and compared to the

distributions for several individual runs.
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Figure 4-5: Average values of the (approximate) Hodge numbers for generic elliptic
Calabi-Yau fourfolds over the threefold bases encountered in each of the independent
random walk sequences.

We also plot the average Hodge numbers (h5!(X), h*!'(X)) of the generic elliptic
Calabi-Yau fourfolds X over the sets of bases B explored by the different random
walk sequences in Figure 4-5. FL?"I(X ) is the approximate Hodge number computed
by (4.2.37). These Hodge numbers locate at the corner close to the origin in the
Figure 4-1.

For the geometric non-Higgsable gauge groups, it turns out that essentially all
the bases found in the Monte Carlo runs had some divisors supporting non-Higgsable
gauge factors. The only exceptions were in the first few bases encountered in each

run. This is generally verified in [72, 71] as well.

For bases with h'!(B) between 40 and 100, the fraction of divisors on any base
that support a non-Higgsable gauge factor is roughly 35-40%.

We list the average numbers of times that each individual non-Higgsable gauge
group factor arises on a typical base in Table 4.1. SU(2);;; and SU(2);y denotes
the SU(2) non-Higgsable gauge group from type III and type IV Kodaira fiber type
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SU@)us SUR2)w | SU(Z) | SUG) | G

6.1 1.7 754+15]1364+16|20+£06|9.7+1.8
SO(7) SO(®) Fy Eq Er

4x10%+2%x107°[1.0+06| 2.8+1.1 {03+04|02+0.5

Table 4.1: Average number of times each non-Higgsable gauge group factor appears
on a base, with standard deviation computed among the 100 runs.

SU(2) SU(3) G, SO(7) SO(8) F, Es E;
99.999 + 0.001 | 83 £ 11 | 99.93 £0.07 | 0.0004 £ 0.002 | 59 £ 21 | 94 £ 21 | 26 + 31 | 18 £ 37

Table 4.2: Average percentage of bases with a specific gauge group factor, with
standard deviation computed among the 100 runs.

respectively. We also list the percentage of bases with a specific gauge group factor

in Table 4.2.

It turns out that the gauge factors SU(2) and G5 are mostly dominant. The
gauge factors F; and SU(3) also generally arise on a typical base, with an average
number of appearances higher than 1 in each case. For the other gauge group factors,
their appearance seems to characterize some “local feature” of the part of landscape
covered by a particular run. For example, in a particular run, a large percentage of
bases possess Eg gauge group but they are not common for the other runs.

Along with the observation in Figure 4-4 and Figure 4-5, we see that each runs
actually probe a local subregion of their own. Hence each of these random walk
sequence is not a good global approximation of the whole set C, and it really makes
sense to perform a number of different runs rather than record a single sequence with

a billion bases.

From these statistics, the SO(7) gauge group is the rarest and one should not
expect the appearance of SO(7) on a typical base.

Since we do not allow the bases with divisors having Fg and (4,6) curves on them,
we never encounter a base with Eg as they are effectively disconnected with C. This

phenomenon is not present in the other classes of bases.

For the pair of non-Higgsable gauge groups on adjacent divisors, the only possible
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SU(2)xSU(2) | SU(3)xSU(2) | SU(3)xSU(3) | GaxSU(2) | SO(7)xSU(2)
76+1.9 24+0.9 04+04 1443 0+0

Table 4.3: Average number of appearances of each gauge pair on a base, with standard
deviation computed among the 100 runs.

SU(2)xSU(2) | SU(3)xSU(2) | SU(3)xSU(3) | G2xSU(2) | SO(7)xSU(2)
98 L6 76 £ 14 98 £16 | 99.9+0.7 0+0

Table 4.4: Average percentage of bases with a specific gauge pair, with standard
deviation computed among the 100 runs.

configurations are [107]:

SU(2) x SU(2), SU(3) x SU(2), SU3) x SU(3), Gy x SU(2), SO(7) x SU(2)

(4.3.43)
This follows from the requirement that there is not a (4,6) singularity on the in-
tersection of the two divisors, along with monodromy conditions. Such gauge pairs
are naturally associated with codimension two singularities supporting (geometric)
matter that transforms as a field charged under both gauge factors in presence of a

non-vanishing G4 flux.

We have listed the average number of times each gauge pair arises on a typical
base in Table 4.3. We also list the percentage of bases with a specific gauge pair in

Table 4.4.

An interesting feature in the statistics is that for a typical base, the gauge pair
SU(3)xSU(2) appears more than once, and more than half of bases (~ 76%) support
at least one SU(3)xSU(2) gauge pair. Such a non-Higgsable gauge pair could act as
the non-Abelian part of the standard model gauge group in a non-GUT scenario [62].
It is not clear how to reproduce the standard model spectrum if a U(1) is tuned on

that base.
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4.3.3 Estimate the total number of bases in C

To estimate the total number of bases, we have carried out a sequence of runs in
which we have placed an artificial upper bound on the Picard number of the base. If
a base in the sequence hits this upper bound, then it can only be blown down in the

next step.

We have done 10 Monte Carlo runs of 30,000 steps each with upper bounds
hYY(B) < 5k + 2 for each k = 1,...,13. We again ignore the first 1000 bases in
all the statistical analyses. Using the appropriate weighting factors (4.3.42), this

gives an estimate of the distribution of bases in each bounded range of h'!(B).

To estimate the total number of bases in C we can combine the distributions from

the bounded runs. We define
N(h) = |{B € C:h"'(B) = h}|. (4.3.44)

We know that N(1) = 1 (from B = P3?), and it is not hard to determine that
N(2) = 27 (from P! x P?, 12 distinct nontrivial P! bundles over P? and 14 distinct

nontrivial P2 bundles over P!.

The P! bundles over P? are typically called “generalized Hirzebruch threefold” F,,

with the following toric data:

(1) ={v; = (1,0,0),v3 = (0,1,0),v3 = (0,0,1),v4 = (—1, -1, —n),vs = (0,0,—1)}
2(3) = {{711712113, U1715’03702U5U3,01021}4,?111)5@47@205@4}

(4.3.45)

The good generalized Hirzebruch threefold F;s with an Es gauge group and
no (4,6) curves is not connected to C. As a check on our methodology, the ratio
N(2)/N(1) = 27 is correctly reproduced to good accuracy by Monte Carlo runs with

a low bound on h.

We denote the number of bases with h'"'(B) = h encountered in the experiment

hb1(B) < m by Nj,(h). The numbers are geometrically averaged among multiple
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runs. Then the run at k = 1 gives an estimate of N(7), using the experimental ratio

N7(7)/N7(2) and the fact that N(2) = 27:

Nz (7)

N(7) = 27. Noo)

(4.3.46)

From the run at k = 2, we can use the experimental value N12(12)/N12(7) to estimate

N(12). Repeating this process we can give a rough estimate for

N7 (7)  Ni2(12) Ny () Niis(h)
M@~ Naal) X RpW =) Norah)

N(h) = 27 x (4.3.47)

where A’ = 2 (mod 5) and h — 5 < k' < h. Finally when h > 67, the proportion
of bases at each h is significant enough that we can employ the data from the 100

unbounded runs, and N(h) can be estimated by

Nunbounded (h)
Nunbounded (67) .

N(h) = N(67) - (4.3.48)

The resulting estimations of N(h) are graphed in Figure 4-6. We also plot
logo(N(h)) in Figure 4-7, with the standard deviation. It turns out that in the
region h < 35, the number of bases grows exponentially. In the region 35 < h < 60,
the exponential growth slows down. Finally the number of bases reaches a peak at

h = 82, as a base with larger h!'(B) typically has (4,6) curves.

Summing these approximate values, we have a very rough estimation

IC| = f:N (h) ~ 10%8+2, (4.3.49)

One possible explanation for the exponential growth of the number of bases with
h'1(B) is the existence of many flops (see Figure 4-3) on typical bases with large
hY1(B). Since a flop does not change the rays or the set of monomials, the geometric
non-Higgsable gauge groups of the associated F-theory compactification does not
change under a flop. Because v; +v; = vy + v;, f and g also vanish to the same order

on the toric curves v;v; and vyv;. Hence if By € C, and Bs can be related to By by a

107



N(h)

3.0x10" - o~
- R
2.5x10* r l;
l '
P .
2.0x10* - ‘ |
| |
1.5x10% i '\l
] } i
1.0x10* - ! .
] f !
. |
5.0x10" ’ .
. \
0.0 —_——— S — .H'."'—""-ﬁ
0 20 40 60 80 100 120
h=h"(B)

Figure 4-6: Rough estimation of the number of bases B € C with h''(B) = h
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Figure 4-7: Rough estimation of log,,(N(h)) with error bars, where N(h) is the

number of bases B € C with h*'(B) = h.
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Figure 4-8: Average number of possible flops on B as a function of h'(B). For
h''(B) > 67, the numbers are computed from the 100 unbounded runs. For the
lower values of h''}(B), they are computed from the bounded runs.

flop, then By € C always holds. However, since the set of curves changes after a flop,

the local matter spectrum on the curves will be different.

If there are n possible flops on a base B € C, and each flop is isolated, then there

are approximately 2" bases in C that can be related to B by a sequence of flops.

The average numbers of possible flops on bases with different h!(B) are plotted
in Figure 4-8. The number of flops grows almost linearly from h'!'(B) = 50 to
h'!(B) = 100. Comparing to Figure 4-7, we can see that even if we divide the total
number of bases for a given h''}(B) by 2", where n is the average number of possible
flops, the number of distinct triangulation types of bases still grows exponentially.
Hence there are still approximately 10%®/229 ~ 10%? distinct bases that cannot be

related by flops.
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4.4 Random blow up on the set of toric threefold

bases

4.4.1 Methodology

In the last section, we have studied the statistical information in a subset of strictly
good bases C with fairly small h''(B) < 120 and give rise to elliptic Calabi-Yau
fourfolds with h1*(X) < 200. This subset of bases could be very incomplete and do
not represent a a typical base in the whole set of good bases. For example, none
of them contains any Eg gauge group, but the appearance of Eg was argued to be
common in [71].

In the case of classifying toric base surfaces, we allow the appearance of (4,6)
points in the blow up process before they are blown up to a good base. If they are
not allowed, then a large number of good bases will be leaved out, including the
one giving rise to the elliptic Calabi-Yau threefold with the largest h!'! = 491. This
suggests that we should include resolvable bases with (4,6) curves in the classification

of threefold bases as well.

If we only focus on the resolvable bases, then we can apply the random walk
approach in a similar way. However, we want to generate good bases and estimate
their total number as well. Because the number of good bases is negligible comparing
to the vast number of resolvable bases, the possibility of finding a good base in a
random walk is almost zero.

Instead of a random walk, we start from a base, say a; = P3, and then randomly
generate a blow up sequence from it. Resolvable codimension-two singularities are
allowed throughout the process, including the (4,6) singularities on toric curves and
curves on Ejy divisors. The numbers of possible ways of blowing up and down from a
base a; are explicitly computed, which are called Noy(a;) and Niy(a;) respectively. At
each step in the blow-up process, we pick one of the N, possible blow ups, choosing
each with equal probability 1/Noys.

Nout(a;) can be evaluated by checking each possible blow up of toric curves and

110



Number of possible flops
30

25

20

i T T
0 20 40 60 80 100 120
h"'(B)

Figure 4-9: The blow up sequence as a probe of the set of resolvable bases. Different
blow up sequences are different branches starting from the same starting point and
end up with different end points.

points, and N;,(a;) is straight forward to read out because from the definition of
resolvable bases, any blow down of a resolvable base gives another resolvable base. In
the counting of Nyy(a;) and Ny, (a;), we only count the number of toric bases up to
an SL(3,7Z) transformation on the toric fan. Instead of using the symmetry factor ¢,
here we explicitly construct the bases after each possible blow up/downs and compare

them!.

Finally, this blow up sequence will end at an “end point” where there is no possible
blow up to another resolvable base. This end point has to be good from definition,
because there cannot be any toric (4,6) curve to be blown up, otherwise we can always
blow up this toric (4,6) curve to get a base with exactly the same sets of F and G.
The whole picture of the blow up sequence as a probe of the whole set of resolvable
bases is plotted in Figure 4-9.

To correctly take into account the unequal possibilities of entering each branch. we

'In the actual program, we only check the isomorphism among the bases after blow up/downs
for the base with A''! < 10, since the isomorphism between the resulting bases is nearly impossible
to happen for a general base with A1 > 10.
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introduce a dynamic weight for each node a, from the pathp =a; =+ a2 = -+ — a,:

D(p = a1 = ap) H Nou(a:) (4.4.50)

m az+1

We call the subscript 4 of node a; the “layer number” of a;. We claim that (4.4.50)
gives the correct weight of each node such that the weighted possibility of getting each
node a,, sums up to 1, under the assumption that the whole graph can be scanned by

moving up from one initial node a;.

We prove this by induction. Assume that this holds for all the nodes with layer

number less than or equal to &k — 1, so that

> D(p— ar1)Plp— ar1) =1 (4.4.51)

pP—ak—1

for all the nodes ai_; with layer number & — 1. Here the sum is over all the paths

leading to the node ay_1, and P(p — ax_1) is the probability of this path.

Now suppose that a node ay with layer number &k has my nodes ax—1,1, @k—1.2,- . . , Gk—1,m,

linked to it. Then the sum

Z D(p — ak)’P(p — ak)

p—ag

= Nout (ak—
= Z Z D(p — ak—l,q) . —t(M . P(p — ak)

q-l Pak_1,q Nin(ak)
Nout (ak 1 ) ]. (4 4 52)
_ D(p — — 1 ) N
Z Z (P = ak-1,4) - mi Plp = di1q) Nout (ak-1,9)

9=1 p—ag-1,4

Z D(p — ak_l,q)'P(p — ak_l,q)

Pk —1,q
=1.

Here we used the fact that D(p — ax) = D(p — ak-14) - &]\%%’— and P(p — ax) =

P — ak-14) T‘fm

The identity (4.4.51) simply holds for ¥ — 1 = 1, which completes the proof.
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From the dynamical weight factor, we can estimate the average of quantities across
the nodes on the same layer. For a given property f(ax) of a node in the graph, such
as the number of outgoing edges, we can determine the sum of f across all nodes on

the layer k as

S flaw) = (fla)Dk) = > fla)Dp— a)Plp—ar).  (44.53)

paths p=a1—an,

In particular, we can directly estimate the number of nodes at level £ in the graph

as

(p)
Noodes(K) = (1 D(k)) = @ > D k), (4.4.54)

where N(p) is the total number of sampling branches and D(p — k) is the weight
factor when a branch p reaches the layer k. If a branch never reaches layer k& then we

take D(p — k) = 0.

We can estimate the average of a quantity f(k) across all nodes ay, at level k by

dividing the total by the number of nodes

(f(k))p = %. (4.4.55)

This gives an alternative expression relating the total number of nodes in layer k

to the total number of nodes in layer £k — 1,

(Nout(k - 1)>D
(Nin(k)) D

Nnodes(k) == . Nnodes(k - 1) . (4456)

Following through the definitions shows that this estimate is precisely equivalent to

(4.4.54), even for a finite number of samples N (p).

Finally, we can compute the number of good bases Ngooa(k) out of the resolvable

bases, simply by multiplying the relative weight factor on Nyodes(k):

Zak is good D(p — ak)
> e, D(p — ak)

Ngood(k) = Nnodes(k;) X (4457)
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Figure 4-10: A typical graph where there are side branches entering the tree from the
starting point. The N, of the right node in the second layer should be 1 instead of
2, if we are interested in computing averages across the tree of nodes accessible from
only the left starting point.

To estimate this quantity with a finite set of runs, we can simply use (4.4.54), where
trajectories that do not reach a good base at level k contribute 0. This is equivalent
to simply averaging the sampled value of D(k) over the good bases at that level and

multiplying by the fraction of trajectories that reach a good base at level k.

There are several reasons that the methodology described so far leads to a sys-
tematic underestimate of the number of bases. One key issue is that we have assumed
in the analysis above that for each base a; that is reached from a sequence of blow
ups from the starting point a,, every acceptable blow-down of a; can also be reached
by a sequence of blow ups from a;. A problem arises, however, when the graph
looks like the one shown in Figure 4-10. If there are side branches entering the tree
from another starting point, the estimated number of nodes will be lower than the
correct one, since the measured (Nj,(k)) will be higher than its correct value when

considering only blow-ups of a;.

Because we are counting the number of bases one can get from blowing up the
starting point, one should only count the Ny, (ax) of a node for the blown down bases
bi_1 of a; that can be contracted to the starting point by a sequence of blow downs.

This new N/ (ay) is always smaller or equal than Ni,(ax).

We can try to make a simple estimate of N/ (ax) by checking for each possible
blow down whether the contracted ray is one of the rays on the starting point base

or not. If it is not one of them, then we can add it into an estimated value N/ (az),
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but otherwise we do not. The motivation for dropping these contractable rays is that
if we contract one of the rays on the starting point, then in general the base may
no longer contain a set of rays that are linearly equivalent to the set of rays on the
starting point by an SL(3,Z) transformation. It is possible, however, that after we
contract a ray that corresponds to a ray on the starting point, there may still exist
another configuration of the starting base somewhere else to which the base may
be contracted. Hence this estimated N/, (a) may be smaller than the actual value
N/,(ar). On the other hand, there can also be bases that still include the rays of the
starting point base a; but cannot be contracted to a, for other reasons; these will
cause N/, to overestimate N/,. As we see in the next section, the distinction between
Ny, and N}, amounts to a fairly minor difference in numerical results in the one-way
Monte Carlo computations, so this crude estimation does not detect any significant
under or overcounting due to a misestimation of N;,. On the other hand, as we
discuss in more detail in Section 4.4.4, it seems that there are many other starting
point bases possible at large h'"'(B) that are “dead ends” reached when we blow
down along random incoming edges of the Ny, possibilities for ay, so that both N,
and N/, are likely substantially over estimating the correct value N/, that would need

to be used to correctly determine the number of nodes in the graph.

Finally, there is another systematic error in this one-way Monte Carlo approach
that results in a smaller estimation of the total number of bases, even if there are
no additional starting points possible or additional edges entering the tree. While
in principle the estimate (4.4.54) gives an accurate estimate of the number of nodes
when carried out over many runs of the one-way Monte Carlo, this estimate may only
be accurate when enough runs are done to completely explore the set of possibilities,
which is practically impossible as the number of trajectories through the graph grows
exponentially in k. In practice, the most probable branches of the blow-up tree that we
enter are the ones with small weight factors, which lead to a small estimated number
of Nyodes and Ngooq. As an example, consider the red branch shown in Figure 4-11.
If we only do one random blow up sequence through this graph, then we have a 60%

possibility to enter this branch or the other two branches besides it. Applying (4.4.56)
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Figure 4-11: An example of a common branch in a random graph. Only from the
information of Ny, and N, along this branch, we get a substantially underestimated

total number of nodes in the top layer: 2—57

repeatedly along this path, we get that the estimation of the number of nodes in the
top layer is given by the weight factor D = 5/27 rather than 1. Thus, most of the
time a random blow-up algorithm on this graph would give an expected number of
nodes of < 0.2 at the top level. This is compensated by low-probability paths with
large weight; for example, the path along the left side of the graph has probability 0.1
but gives a weight factor D = 10/3. While indeed one can check that the expectation
value over all paths in this graph is indeed (D) = 1, in a larger graph, such as one
composed of many iterated copies of this graph, the distribution of D values becomes
highly asymmetric, and typical paths will give much lower values of D than the
idealized average. For a graph with regular fractal structure, D follows a lognormal
distribution and we can compensate this systematic error by hand. However, this is

not a proper approach to the actual experimental data.

4.4.2 Results about the end points

We have done 2,000 random blow up sequences starting from P*. We plot h*!'(X)
of a generic elliptic fourfold over the base B (see (4.2.37)) for some example blow
up sequences as a function of AM(B) in Figure 4-12. As we can see, the number of

Weierstrass moduli quickly drops to a very small number after about 50 blow ups.
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Figure 4-12: The change in #*!(X) as a function of A (B) for two random blow up
sequences. The number of Weierstrass moduli drops quickly.

Usually the first 20 bases encountered in a blow up sequence are “good” bases with-
out codimension-two (4, 6) loci. After this, all the sequences developed codimension-
two (4, 6) toric curves, which continue to dominate the base geometry until the

sequences terminate at an end point base that cannot be blown up further.

We list the unweighted number of good bases 744,4 €ncountered among the 2,000
runs at each layer k, with h'1(B) = k, in Table 4.5. For those values with h'!(B) <
20, the good bases are encountered near the beginning of the blow-up sequence, and
these are never terminal end point bases. The number of good bases decreases when
h'1(B) increases, since codimension-two (4,6) loci appear during the blow up process.
The remaining good bases arise as end points. These have very large h''(B) and are

concentrated at sporadic values of h1(B).

We observe that about a half of the end point bases ends up at h"'(B) = 1943,
2249, 2303 or 2591, which shoule not be a coincidence. It turns out that for all
the end point bases we found with each pecific value of h!(B), the non-Higgsable
gauge group contents are the same. For hl(B) = 1943, 2249, 2303 and 2591, the
gauge groups are ( = BEJ° % Fi' x G316 % SU(2)%4, P x F* x G2V x SU(2)*°,
E3 x FJ5 x G¥6 x SU(2)®" and E® x F}% x G2% x SU(2)*? respectively. This
general structure is a common feature of the end point bases, since f almost always

vanishes to degree 4 on every divisor (i.e. F = {(0,0,0)}), so that the most common

117



hl’l(B) Ngood hl’l(B) ngood hl’l (B) Ngood . hl’l(B) Ngood
1 2000 2 2000 3 2000 4 1900
) 1645 6 1259 7 846 8 945
9 283 10 129 11 48 12 26
13 13 14 8 15 4 16 1
1317 1 1727 17 1799 4 1882 1
1943 198 2015 41 2047 23 2057 139
2186 44 2199 10 2249 315 2303 306
2395 10 2399 31 2491 6 2591 205
2599 17 2623 64 2636 6 2661 29
2821 4 2824 16 2891 1 2915 2
2943 1 2961 21 2999 40 3037 9
3071 3 3086 112 3187 1 3247 2
3276 4 3295 2 3374 4 3401 4
3422 34 3498 3 3539 2 3599 2
3658 12 3686 95 3739 1 3741 2
3789 1 3811 3 3817 1 3887 27
3992 1 4049 4 4211 1 4274 1
4373 25 4375 3 4394 21 4468 4
4520 1 4741 1 4748 1 4913 5
4939 10 4946 1 5143 21 5356 1
5383 5) 5503 2 5522 1 5623 1
5878 1 5989 6 6143 2 6440 2
6784 1 6802 5) 6911 8 6945 1
7373 1 7498 2 7526 1 7909 7
8111 3 8230 1 8435 1 8938 1
8980 5) 8999 1 10124 3 11341 2
12631 1 - - - - - -

Table 4.5: The number of good bases encountered for each h''!(B) among the 2,000
runs, without counting the weight factor. Bases at small h1!(B) < 20 are not end
points, all bases with large h''*(B) > 1000 are end points of the algorithm.
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non-Higgsable gauge group factors will be SU(2), G3, Fy and Ej, corresponding to
the cases where g vanishes to order 2,3,4 and 5 respectively. The gauge groups SU(3)
and SO(8) also appear infrequently, when the monodromy conditions are satisfied: if
g vanishes to order 2 and g, is a complete square, then the gauge group is SU(3);
if g vanishes to order 3 and g3 is a complete cube, then the gauge group is SO(8).
Similarly, if g vanishes to order 4 and g4 is a complete square, then the gauge group
should be Fjg rather than Fj. It turns out that we never found an Eg in the scanning,
although it could appear in principle.

The family with an SU(3) gauge group contains the bases with hl! = 2999 and
gauge groups G = Egt x F}? x G332 x SU(3) x SU(2)%.

An empirical formula for the number of gauge group factors SU(2), G,, Fy and

Fg in terms of h!'(B) goes roughly as

htY(B) +1 h'Y(B) +1 hYY(B) +1 htY(B
NSU(Q) = |:_()—:| 7NG2 = |:_(—')-—] 7NF4 = [——(—)_:l ,NEB = |: (

6 9 24
(4.4.58)

While the non-Higgsable gauge groups appear to be quite uniform across end
points with common h!!(B), the non-Higgsable cluster structures on the bases with
the same h'1(B) are very different; this can be easily checked by looking at the
different total number of non-Higgsable clusters and their different sizes. These bases
also can have different convex hulls of the fan, hence they are not always related by
a series of flops.

A potentially very interesting discovery is that the Hodge numbers of the elliptic
Calabi-Yau fourfolds associated with end point bases at large 1 (X) seem to give the
mirror Hodge numbers to some simple Calabi-Yau fourfolds, which are constructed
as generic elliptically fibered Calabi-Yau fourfolds over bases with small h1'}(B). For
example, some of the bases with A1'(B) = 2303 give h"!(X) = 3878 and h*1(X) = 2.
Since a generic elliptic fibration over P3 gives an X with h'1(X) = 2 and R*!(X) =
3878, these look exactly like mirror Calabi-Yau fourfold pairs?. There are also other
bases with h!(B) = 2303 that give h1!(X) = 3877 and h*»'(X) = 4. They are

2The Hodge numbers of generic elliptic Calabi-Yau fourfolds are also computed in [100].
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rb1(B) (toric) gauge group RBL(X) | R31(X) | Mirror base
1943 E2 x F§! x G216 x SU(2)3% 3277 3 Fo
2015 E30 x F§t x G324 x SU(2)%% 3397 3 F)
2303 E3 x FY6 x G¥° x SU(2)%4 3878 2 P3
2591 E3® x FJ08 x G3%8 x SU(2)*%2 4358 3 F3
3086 E® x Fi? x G3*3 x SU(2)%13 5187 4 Fy
3686 E3* x F}% x 3% x SU(2)%15 6191 5 Fs
4373 E$* x FJ80 x SO(8) x G5¥ x SU(2)™ | 7341 7 Fe
5143 EP® x FP3 x G3"' x SU(2)858 8629 7 F;
5989 E§ x F2*9 x G5%* x SU(2)%% 10045 7 Fg
10124 EM5 x Ff23 x GA125 x SU(2)1683 16959 10 Fq2
11341 E62 x F{T x G121 x SU(2)1887 18994 12 Fi3
12631 E180 x )28 x G405 x SU(2)2108 21151 12 Fia

Table 4.6: A list of end point bases with the feature that the generic elliptic fibration
over the base gives a Calabi-Yau fourfold with interesting Hodge numbers. In these
cases the fourfolds seem to form mirror pairs with generic elliptic Calabi-Yau fourfolds
over simple “mirror bases” with small h!'(B). The hb!(B) listed in the first column
means the h11(B) of the toric base before the codimension-two (4,6) loci on divisors
with Fg are blown up.

also included in the dataset of Calabi-Yau fourfolds constructed as hypersurfaces in
weighted projective space using reflexive polytopes [89]. For the bases with h}(B) =
1943, the generic elliptic Calabi-Yau fourfold has h!*(X) = 3277 and h*!(X) = 3,
which exactly looks like the dual of a generic elliptic fibration over the generalized
Hirzebruch threefold ]FO, which is P; x P,. We list many of these interesting cases in
Table 4.6. In this table, the generalized Hirzebruch threefold [F,, is a P, bundle over
P, given by toric data (4.3.45).

It is hard to directly prove that these Calabi-Yau fourfolds with large hl'! are
actually the mirrors of the Calabi-Yau fourfolds with small h"* and large h*!, because
the Calabi-Yau fourfolds over specific threefold bases with large h'! are generally
hard to realize explicitly as‘hypersurfaces in reflexive polytopes. It is natural that
the Calabi-Yau fourfolds with the same Hodge numbers could be isomorphic to each

other. But it is still an open question how to check this isomorphism.
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Figure 4-13: Logarithm of the estimated number of resolvable bases NV, oqes as function
of K1 (B), from blowing up P3.

4.4.3 Estimating the total number of resolvable and good

bases

Given the results of the 2,000 one-way Monte Carlo runs starting from P?, we can
try to estimate the total number of resolvable and good bases that can be reached as
blow-ups of P? using (4.4.50), (4.4.54) and (4.4.57).

We plot the logarithm of the estimated number of resolvable bases and good bases
in Figure 4-13 and Figure 4-14 respectively. As one may expect, the number of re-
solvable bases varies smoothly. As we have discussed above, however, the distribution
of good bases consists of spikes. Because the weight factors typically has a large ex-
ponent and they vary in the exponent across different runs, the distribution of bases
is effectively dominated by a single (or a few) run for a given k.

We can see from the figure that when h'(B) > 5,000, the estimated number of
good bases with that h''(B) is significantly smaller than 1, even though we found
some good end point bases with much larger values of h'!}(B). Moreover, the esti-

mated number of resolvable bases is smaller than 1 at AY1(B) > 11,000. For example,
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Figure 4-14: Logarithm of the estimated number of good bases Ngooq as function of
htY(B), from blowing up P3.

for the base with biggest h'1(B) = 12,631, the total number of bases is estimated as
2.2 x 10721, This fact verifies that we have indeed underestimated the total number
of bases by a large exponential factor. Typically there are ~ 10® incoming edges for
the bases near the end points but only a few outgoing edges, hence the situation is

more extreme than Figure 4-11 shows.

Using the uncorrected Nj,(ax) in (4.4.50), the estimated total number of resolvable
bases is equal to 3.5 x 10'%%* and the estimated number of good bases equals to
3.0 x 10?3, If we use the corrected estimation N/ (a), then the total number of

011 and the number of good bases

resolvable bases is again estimated at to 3.5 x 1
is estimated at 9.1 x 10?*3. Hence from the experimental results, it seems that the
different definition between N/, (ax) and Ni,(ay) does not much affect the estimation,

so this mechanism does not capture the source of the underestimation.

As a cross-check, we also used other starting point bases with small h'!'(B), which
are the generalized Hirzebruch threefold Fy with h'!'(B) = 2 and a simple product

space P! x P! x P! with A"!(B) = 3. Similar to P, these bases do not have non-
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Figure 4-15: Logarithm of the estimated number of resolvable bases as function of
hb1(B) from blowing up P?, F, and P! x P! x P!,

Higgsable gauge groups. After 1,000 random blow up sequences starting from Fy, we
found a larger fraction of end point bases with large h»!(B) than when starting from
P?. For Fy, 1% of end points have h(B) > 10,000, while this percentage is 0.3% from
the starting point P?. The largest h''(B) we got is 20,341, and the non-Higgsable
gauge group on the resulting good endpoint base is EZ% x Ff50 x G3261 x S[J(2)3383,
We estimate the total number of resolvable bases from Fy at 1.24 x 103946 while the
total number of good bases is estimated at 1.10 x 10?**, using weight factors with
Nj,(ax). On the other hand, after 1,000 random blow up sequences from P! x P! x P!,
the total number of resolvable bases is estimated to be 1.43 x 10" and the total

number of good bases is estimated to be 1.80 x 1027,

We plot the distribution of resolvable bases and good bases from the three starting

points in Figures 4-15 and 4-16 respectively.

As another starting point with somewhat different structure, we have also tried
blowing up the generalized Hirzebruch threefold F;,, which has hY1(B) = 2 and
a non-Higgsable gauge group E;. After 100 random blow up sequences, the total
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Figure 4-16: Logarithm of the estimated number of good bases as function of h'(B)
from blowing up P3, Fy and P! x P! x P.

number of resolvable bases is estimated as 1.77 x 10?!3° while the total number of
good bases is estimated as 2.02 x 107. On the end points, the E; gauge group has
always disappeared since it is enhanced to Eg after a sequence of blow ups.

Despite the difference of the starting point bases, the discrete peaks of good bases
listed in Table 4.5 are universal, which shows that the set of resolvable bases is highly
connected. Even if we start with an exotic base By, which gives rise to the elliptic
Calabi-Yau fourfold with the largest h*! = 303, 148(see the next section), we still get
peaks such as h'!(B) = 7909 and 8980, which are present in Table 4.5.

4.4.4 Global structure of the set of bases

As mentioned before, there are bases other than P? that cannot be contracted to
another smooth base. We know that F,(n > 1) provides another class of these starting
points, but the abundance of these starting points for larger h*!(B) is unknown. To
investigate this problem, we try to randomly blow down a typical good end point

base until it hit a base that cannot be contracted to another smooth base. It turns
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Vo (0,0,1) Vig (0,—5,-1) V39 (2,—1,3) v V48 (2,—1,4)
(1 (0,1,0) V17 (-3,-5,-2) V33 (1,-1,2) V49 (1,—1,4)
U (1,0»0) (2,3,1) V34 (-7,-9,-5) Uso (-137‘26,‘9)
U3 ('L'la'l) U1g (2,‘1,1) Uss (1’_173) Us1 (la'175)
V4 (1,1,1) V20 (3,3,1) (%13 (—1,-2,—1) VUs2 (—2,—7,—2)
(%1 (-1,—1,0) Va1 (3,4,1) V37 (—10,—13,-7) VUs3 (—10,—20,-7)
v | (-2-2-1) | e | (0,111) | vss | (-4,-10,-3) | wsa | (-8,-19,-6)
(%4 (0,-1,0) Va3 (0,2,—1) V39 (-3,—4,-2) VUss (-13,-25,-9)
Vs (-1,—3,-1) Vo4 (—6,—7,—4) V40 (-9,—11,—6) Usg (-17,—35,—12)
(%) (—1,0,—1) Vo5 (1,1,0) V41 (-7,—15,-5) Us7 (—4,—9,—3)
V10 (—2,—5,—2) Vo6 (1,-2,1) V49 (—3,-6,-2) Vs (—5,-13,—4)
V11 : (2,2,1) Vo7 (-1,-4,—1) V43 (—11,—25,—8) V59 (—11,-24,-8)
V12 (0,4,—1) V928 (2,1,0) V44 (—5,—6,—3) V60 (—14,—29,—]_0)
V13 (1,—1,1) Va9 (-1,—5,-2) V45 (—12,—29,-9) Vs1 (—15,—33,—11)
Vi4 (—3,—3,—2) V30 (2,—1,2) V46 (-—12,—15,-8)
Vis (—4,—5,—3) V31 (4,4,1) Va7 (-7,—16,—5)

U18

Table 4.7: The list of toric rays of the exotic starting point Bey.

out that we will hit a base with fairly large h''(B) = 50-200, even if we require
that the original rays on the starting point are never removed. These “exotic starting
points” have a complicated fan structure. Most of the rays in the fan have more than
four neighbors, hence this base is clearly neither a P! bundle over B, or a B, bundle
over P1. An exotic starting point base typically has a lot of toric curves where f
and g vanish to order (4,6) or higher. We explicitly present an example Be, with
h'1(Be) = 59, toric rays in Table 4.7 and the 3D cones in Table 4.8.

If we try to contract a P? divisor on By, for example the divisor corresponding to
the ray vg;, then the volume of the new 3D cone vsgvsgvgg is 2. Hence the resulting

base after the contraction is singular.

This observation suggests that there is a large number of such exotic starting
points, however at this point we neither have a good estimation of their total num-
bers or their general structures. If we want to extensively survey the set of resolvable
bases, then these starting points should be taken into account. Knowing the dis-
tribution of these exotic starting points would also potentially help in resolving the
underestimation issue. One possible approach would be to allow for singular bases, as

suggested by Mori theory. These exotic starting points could be blown down further
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(22,23,9) | (13,26,19) | (19,30,2) | (19,30,13) | (30,32,2) | (30,32,13)
(34,40,24) | (34,40,37) | (37,46,40) | (32,48,2) | (32,48,35) | (49,51,26)
(49,51,49) | (53,55,50) | (53,56,50) | (55,60,59) | (60,61,59) | (52,27,16)
(28,2,23) | (54,53,56) | (51,48,2) | (33,32,13) | (33,13,26) | (35,32,33)
(35,33,26) | (49,48,35) | (49,35,26) | (20,2,28) | (20,28,31) | (28,21,31)
(2,16,12) | (28,21,25) | (28,25,23) | (41,45,43) | (59,53,55) | (59,53,54)
(1,9,23) | (1,23,25) | (21,31,20) | (38,45,43) | (58,27,52) | (27,38,45)
(21,20,18) | (2,34,24) | (36,34,37) | (27,59,54) | (27,54,45) | (2,22,23)
(1,21,25) | (7,19,2) | (41,45,54) | (41,54,56) | (6,40,24) | (46,44,37)
(2,24,15) | (24,14,15) | (58,55,57) | (2,11,20) | (11,19,20) | (46,44,40)
(58,55,60) | (42,41,56) | (42,56,50) | (58,60,61) | (58,61,59) | (58,59,27)
(7,38,43) | (2,9,22) | (14,15,2) | (7,47,43) | (17,42,50) | (8,12,16)
(17,57,55) | (17,55,50) | (7,26,19) | (3,14,9) |(39,36,37) | (6,44,40)
(2,9,3) | (0,2,51) | (6,20,44) | (2,3,14) | (7,27,16) | (7,16,2)
(18,21,1) | (39,29,36) | (8,2,12) | (39,37,44) | (30,44,29) | (7,27,38)
(10,29,6) | (6,14,24) | (36,29,2) | (36,2,34) | (2,4,11) | (8,10,29)
(8,29,2) | (8,16,52) | (6,14,9) | (0,26,51) | (7,0,26) | (1,6,9)
(8,17,52) | (17,52,57) | (52,58,57) | (42,47,7) | (42,47,43) | (42,43,41)
(4,1,18) | (4,18,11) | (4,20) | (8,10,17) | (10,6,17) | (7,6,5)
(7,5,0) | (7,42,6) | (42,17,6) | (1,6,5) (1,5,0) (1,0,4)

Table 4.8: The list of 3D fans of the exotic starting point Be,. We use (i,7,k) to
denote the triple element set (v;, v;, vg).

126



by allowing the contraction of rays associated with divisors other than P?, giving

singular starting points.

For the set of good bases, it seems that they are isolated at disconnected “islands”
among the big “ocean” of connected set of resolvable bases. Apart from connected
component C and the end point bases we have discribed before, we can also construct a
good base by only blowing up a resolvable base at the (4,6) curves before they are fully
resolved. In this process, we can construct many good bases with h!(B) different
from the list in Table 4.5. They are called intermediate good bases (which we denote
by Bing), and their non-Higgsable gauge group structure is similar to the end points.
The number of each gauge group factor SU(2), Gs, F; and Eg can be approximated
by the formula (4.4.58). One qualitative difference between these intermediate good
bases and the end point bases is that the generic elliptic fourfold X over a base Bjy
typically has a larger h*'(X), since we prefer blowing up codimension-two (4,6) loci,
which does not reduce the number of Weierstrass monomials in f and g. For example,
we can get an X with h%1(X) = 7097 and h%!(X) = 1452. We plot a rough picture

of the set of resolvable bases and good bases in Figure 4-17

The intermediate bases are more sensitive to a small perturbation than the end
point bases. If we randomly blow down a base Bj, two times and then randomly
blow it back up two times, then in general we will get a base with codimension-
two (4,6) loci. On the other hand, if we blow down an end point base Be,q with
hY1(Beng) = 2623 two times and then randomly blow it up two times, we almost
always return to the exact same base that we started at. The reason is that we only
include the resolvable bases, which constrains the possible ways to blow up especially
near the end point. Even if we randomly blow it down 2400 times and then randomly
blow up 2400 times, we still always get another end point base with the same set of
rays as B but different cone structure! Hence one may expect that a family of end
point bases is much bigger than a family of intermediate bases, although it is not

clear how to compare these two classes in the overall graph.
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End points

/""' Intermediate base

Resolvable base

e

Figure 4-17: A rough picture of the set of toric threefold bases with red region as
the non-resolvable bases with codimension-1 (4,6) locus, grey region as the resolvable
bases and the blue region as the good bases. The black arrow on the right indicates the
direction of blow up. The good bases consist of the end point bases, the intermediate
bases and the bases in C that are connected to P?,
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4.5 The geometry with most flux vacua

We have got a rough idea of how does the set of resolvable and good bases look
like. In this section, we will present the geometry of the almost toric base threefold
Bpnax. The generic elliptic fibration over B, leads to a particular elliptic Calabi-
Yau fourfold M. with Ab! = 252, h*! = 0 and the largest known h3! = 303, 148,
which lies exactly at the upperleft corner of Figure 4-1. This Calabi-Yau fourfold was
originally identified in [84], but the base and fibration structure has not been written

down before.

The base By is itself formed as a B, bundle over P!, where B, is a toric surface
characterized by a closed cycle of toric divisors (curves, corresponding to rays in the
toric fan) with self-intersections 0, +6, -12//-11//-12//-12//-12/ /-12/ /-12/ /-12/ /-12,
where // denotes the sequence of self-intersections (-1, -2, -2, -3, -1, -5, -1, -3, -2, -2,
-1), as we have mentioned before. B, itself supports a generic elliptic Calabi-Yau
threefold that has Hodge numbers (251,251) [105, 121]. The toric fan of By has the

rays:

v = (—1,-12) (4.5.59)
vy = (0,1) (4.5.60)
vy = (1,6) (4.5.61)
(4.5.62)
Vgg = (O, -1) . (4563)
The rays vy, . . ., vgg are determined by the equation (3.2.27).
From the rays v; we can construct the toric fan for Bpax, With rays
we = (0,0,1) (4.5.64)
w; = (v,0), 1<:¢<99 (4.5.65)
wigop = (84,492, —1) = (12v15, —1), (4.5.66)
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where v15 corresponds to the curve in B, with self-intersection —11. The 3D cones
for Bmax are (wo, w;, wi,1) and (wigo, w;, wiy1), including the cyclic case (wo, wog, w1 )
and (w10, Weg, w;). This manifestly gives Bmax the structure of a B, bundle over P!,
where the toric projection onto the third axis corresponds to the fibration structure.
The “twist” in this bundle is characterized by the offset 12v;5 of the ray wigy. The
3D polytope containing the vertices w; is defined by the tetrahedron spanned by
Wp, W1, W2, W100-

The divisors carrying non-Higgsable gauge groups on Bpax are precisely the ones
associated with curves in B, that carry non-Higgsable gauge factors in the correspond-
ing 6d theory, where the —12 (and —11) curves carry Ejg factors, the —5 curves carry
F, factors, and the —3, —2, —2 sequences each carry G, x SU(2) products with bi-
fundamental matter. Thus, the geometrically non-Higgsable gauge group of a generic

elliptic fibration over Bpay is
Gmax = Eg X F48 x (Gy x SU(2))°. (4.5.67)

This group was originally associated with the elliptic Calabi-Yau fourfold M., in
[30] using the method of “tops,” which describe both Higgsable and non-Higgsable
gauge group factors.
To count the total number of flux vacua on M., we use a simple estimation
formula in [22, 23, 131] based on the tadpole cancellation (4.1.10)
x(X)

1
- < 2l 5.
2/XG4/\G4_ 51 (4.5.68)

Consider a fourfold X with @ = x(X)/24 and fourth Betti number by = dim(H*(X)).
Since a generic G4 flux is an element of H4(X,Z) + E%JQ, see (4.1.5), the problem of
counting vacua can be simplified to problem of counting the number of lattice points
in a by dimensional sphere of radius v/2Q. The assumption is that the metric of
Jx G4 A Gy is positive definite and can be normalized to an identity matrix. In the
case where h*! > hL1 A%l we have by =~ £ = 24Q, see (4.1.4). In particular, for
M max, the Euler character £ = 1,820,448 and by = 1,819, 942.
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In this regime, the volume of this high dimensional sphere is not a good approx-
imation. Instead, we are going to estimate the number of lattice points using the

method of [99, 40].

It was proved that the exact number of lattice points in this sphere equals to

1 [dt _
N(bs, Q) = 5= | —e ¥Z(1), (4.5.69)

where the contour is along the imaginary axis and passes the pole t = 0 on the left.

(Note that with these conventions the integral runs from ioco to —ioco.)
b
Z(t) =) ™= (Z et”2/2> = 95(0, e'/?)?, (4.5.70)
nezb nez

where 13 is the Jacobi theta function.

When b is large, this integration can be evaluated by saddle point approximation:
N(by, Q) = 5t (4.5.71)

where t, is the point where S(t) = —In(—t) — Qt + bln¥3(0, e¥/?) takes an extremal

value.

For our case @ = b/24, t, = —6.18 and
N(bg, Q) ~ 10359%¢ (4.5.72)

In the regime of h''' <« h®!, h%! = 0, the number of flux vacua is approximately

N(R>1Y) ~ 10%9%h>! (4.5.73)

Applying this analysis to M., the total number of flux vacua is estimated to be

of order 10272.000,

Note that we have not imposed the Lorentz invariance conditions (4.1.11) yet,

but they should not affect the order of magnitude by a large factor since h'}(B) <«
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R*Y(X), and there are only ~ 200 independent equations in (4.1.11). Another sub-
tlety is that the metric on G4 flux in the quadratic f x G4 A G4 may not be positive
definite[40]. The positive definiteness is guaranteed if the flux is self-dual: G4 = *Gj.
We can consider the subset of self-dual G4 flux as well, where the dimension of the
sphere becomes by /2, so that we need to evaluate N(bs/2, Q).

In this case the saddle point approximation gives ¢, = —4.61 and
N(by/2,Q) ~ 10%9%9, (4.5.74)

hence approximately

N'(h31) ~ 10074%0% (4.5.75)

Applying this formula to Mpyax, the total number of flux vacua~ 10224000,

To get a feeling of the dominance of this set of flux vacua comparing to other
geometry, we can compute the h¥1(X) on other B, bundles over P!. The second
largest h31(X) we can get is 299, 707. Plug this into (4.5.73), we see that the number
of flux vacua on this geometry is only a 107399 fraction of the flux vacua on M ax.
The other corners of the Figure 4-1 also contain much less flux vacua. For example, if
we take another limit where h'! > h3!, then from (4.1.4), we see that the dimension
of the ball by ~ 4h"!, which is much smaller than the maximal number for the case
of large h31.

Since this number 1027299 js much larger than the estimated total number of toric
bases in the last section, it is possible that the flux ensemble on M, dominates the
entire F-theory landscape if we assign each flux vacuum with equal weight. This
weighting assumption may not be physically correct since the detailed dynamics of
the early universe geometric transition are unknown.

If we assume that each flux vacuum solution across all the F-theory geometric
solutions carries equal weight, then it is natural to conclude that we live in a flux vac-
uum on this geometry My.x. Now the problem is to construct the standard model
on it. Since the non-Higgsable gauge groups are Eg, Fy and Gaox SU(2), it seems

that the most probable way to realize the standard model gauge group is to embed
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SU(3)xSU(2)xU(1) into a non-Higgsable Eg. Although we have Fy DSU(3)xSU(2)xU(1),
the matter representations from the branching rule are incorrect. It is also very hard
to tune a larger gauge group on By, since codimension-one or codimension-two (4,6)
singularity will usually arise.

Hence a possible scenario to realize the standard model gauge group is to introduce
four units of vertical flux in the form of (4.1.18) and breaks an Eg down to SU(5).
Then we need another Cartan flux to break down SU(5) into SU(3)xSU(2)xU(1).
The problem is that since there is no local matter curve on the Eg divisor D, we have
to use the bulk matter on the divisor D. However, it was argued in Appendix E of
[15] that the classical Yukawa coupling coefficient will vanish if D is a rational surface
with effective anticanonical divisor. This could suggest that we do not really live on

M uax, and the early universe thermodynamics disfavor M,.x despite of the largest

flux ensemble on it.
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Chapter 5

Bases with non-Higgsable U(1)s

5.1 Weierstrass models with additional rational sec-

tions

As we have briefly introduced in Section 2.3, the U(1) gauge groups in an F-theory
setup correspond to additional rational sections, which are global holomorphic func-
tions (A,a,b) that satisfy

a® = X+ fAb? 4 gb°. (5.1.1)

It is non-trivial to write out a Weierstrass model with such solutions z = A, y = «a,

z=0b.

A useful special form of such Weierstrass models is the Morrison-Park form[102]:

1 2

1 2 1
y? = 23+ (cre5 — gcg —b%co)w2t + (coch + —c5 — =c1cac3 — ngCOCQ + Zb%f)zﬁ. (5.1.2)

27273

In this chapter, we always denote the anticanonical divisor of B by —K. The coeffi-

cients b, cg, c1, ¢o and c3 in (5.1.2) are defined as holomorphic sections of line bundles
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L, —4K — 2L, -3K — L, —2K and —K + L on B respectively:

be O(L)
co € O(-4K — 2L)

¢ € O(=3K ~ L) (5.1.3)
Cy € O(—ZK)
cs€ O(-K+1L)

The rational section over B is then given by:
2 2.9 3, 22 L4
(z,y,2) = (A, o, b) = (c3 — gb Ca, —C3 + bcacs — '2—5 c1,b) (5.1.4)
Apparently

A€ O(=2K +2L)
(5.1.5)
a€ O(-3K +3L).

L is an effective bundle on B with holomorphic section b, which characterizes the
particular way of tuning the U(1). For some bases with non-Higgsable clusters of
high rank gauge groups, taking L = 0 may lead to non-minimal singularities in the
total space X that cannot be resolved [106]. We will discuss this issue explicitly for
B =Ty, in Section (5.2.2).

For ¢y and ¢, it is not clear whether their holomorphic sections exist. If the
line bundle —2K — L is effective, which is denoted by —2K — L > 0 or equivalently
L < —2K, then ¢y and ¢; both have holomorphic sections. If —2K — L is not effective,
we can just take cp = 0. In this special case, the discriminant of the Weierstrass form

(5.1.2) is

2 9
A = 1_Zb“c‘ll + b3S — §bzci‘czc3 — clciel + Acicl, (5.1.6)

which means that an SU(2) gauge group exists on the curve ¢; = 0.
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For the borderline case L = —2K, we have
co € O(—4K —2L) = O(0). (5.1.7)

Hence ¢ is a complex number in the Morrison-Park form (5.1.2). In this case, we

have another rational section apart from (5.1.4):

1 2 1
(r,y,2) = (ZC? - 50002, *gC? + 5000102 - 0303, Cé/z)» (5.1.8)

and the gauge group is U(1)x U(1).
In this paper, we generally use the weaker constraint —3K — L > 0, or L < —3K.
Note that this condition L < —3K cannot be further relaxed, otherwise ¢y = ¢; =

0, and the Weierstrass form (5.1.2) becomes

1 2
y? =1 — gcgmz‘l + ﬁcgzﬁ, (5.1.9)

which is globally singular over the base B.

To compute the charged matter under the U(1), a convenient way is to unHiggs

the U(1) to SU(2) by setting b = 0 in (5.1.2). Then the Morrison-Park form becomes

) 1 1

y? = 2%+ (c1c3 — gcg)xz‘1 + (coch + 2—703 - 5010203)26 (5.1.10)
with discriminant
A =4f3427¢° = c5(—cica + deocs + Acdes — 18cyeicacs + 27c2c3). (5.1.11)

We can see that A vanishes to order 2 on the divisor c3 = 0. From Table 4.1, there is
an SU(2) on c3 = 0. If we can compute the matter spectrum charged under the SU(2)
in this phase, we will derive the U(1) charged matter in the original Morrison-Park

form by a simple branching rule.

For example, if B is a complex surface, then the curve c3 = 0 belongs in the divisor
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class —K + L, which has self-intersection n and genus g:

—-K-L+ L?

n=K?-2K-L+L*, g=1+ 5

(5.1.12)

From the 6D anomaly cancellation equations (3.1.6,3.1.7,3.1.8), we can derive the

matter spectrum for SU(2) on such a curve[83):
matter = (6n + 16 — 169)2 + (g)3. (5.1.13)

After the SU(2) is broken to U(1), we have the branching rules 2 — (1) + (1),
2 — (2) +(0) + (—2). Hence we have in total n, charge-(+1) hypermultiplets and ns
charge-(£2) hypermultiplets:

ng=12K*—-8K-L—-4L* ny=L*-K- L. (5.1.14)
The total number of charged hypermultiplet equals to
Heharged = 11 +np = 12K? —9K - L — 3L (5.1.15)

These formula can be cross-checked by the U(1) anomaly cancellation formula (3.1.11,
3.1.14) as well: for the case with a single U(1) and no non-Abelian gauge groups, we
can assign

a=K y b]] = 2K +2L (5116)

Then the anomaly cancellation conditions involving n; U(1) charged hypermulti-

plets with charge g; are:

‘ (5.1.17)

If there are only U(1) charged hypermultiplets with ¢; = 1 and g, = £2, these
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equations become:

2
2K2—2K~L:%n1+§n2
1 16 (5.1.18)
AK? - 8K - L +4L* = 5711 + —3‘7’Lza

which exactly give the same result in (5.1.14).

The Calabi-Yau Morrison-Park form with sections (5.1.3) is by no mean the most
general form. It only gives the cases where the U(1) charge (of massless hypermul-
tiplet) |¢;| < 2. Various generalized forms have been written out[86, 103, 85, 115]
with higher U(1) charges. In fact, the Morrison-Park form does not even produce all
the U(1) models with charge |g;| < 2. As an example, if we take the base to be the
Hirzebruch surface Fy or equivalently P! x P!, with the effective divisor classes S and
E:

S’=F*=0, S5 -F=1, (5.1.19)

then the choice L = 25 + 7F is not allowed in (5.1.2), as L > —3K now. However,

we can use a non-UFD (unique factorization domain) construction in [115]:

1 1
f=aia; — —Z—ag — by, g= apa; — 3a1a2a3 + — 27 — §b2a0a2 + bzal, (5.1.20)
where

a; = ( 9 by + b(”""b> (5.1.21)

1 ¢
ag = Z (g)na + 2h (1)Mab + h 0)77b 6 (b(l) — b(g)b(z)) (5.1.22)

bt 2t ()7 t b(g)H?

4 Dlema + 2t + tay; n (2)¢2 b (5.1.23)

(5.1.24)
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¢ he)Ma + hiyMs

= - o+ A -~ 5.1.25
ay (AW)Na + Aoy + 51 77b ( )
P tNa + @M | byd® bayna + by
AR + , 5.1.26
RV T R 78 @) (5.1.26)
I n 7 n 2
oAy P hay &ty ¢ by
© = TRty > P teeman O
12 976 ny 8ny 8 un
(5.1.28)
where
b = by, + 2b0ynams + boyn; (5.1.29)
t = t@ms + 3t + 3ty + o) (5.1.30)

The parameters are holomorphic sections of different line bundles listed in Table 5.1.
Generally it is required that ¢,n,,n, # 0. Now the unHiggsing from U(1) to SU(2) is
given by the tuning

by = 282 » bay = —(Byna + Boym) 5 by = 280)7a- (5.1.31)

After this tuning, b = 0 and we have an SU(2) on the divisor t = 0. The crucial
difference here is that the divisor ¢ = 0 has triple point singularities at the locus
Ne = T = 0, which gives the rank-3 symmetric tensor representation 4 of SU(2).

After SU(2) is broken to U(1) again, we will get a number of charge-3 matter fields.

The matter multiplicity of U(1) charged hypermultiplets in this model is given by

ng=1Lg-Ly, ng=(—K+L)-L—6nz, n; =12(—K + L)*> — 81nz — 16n, (5.1.32)

For our specific case —K(Fg) = 25 +2F, L = 25 + 7F, we can take L, = 25
and Ly = 3S. Then there is no matter with U(1) charge +3, but we still get a valid

Weierstrass model that cannot be realized in the Morrison-Park form with sections

(5.1.3).
Note that the form of f and g in (5.1.20) is similar to (5.1.2), but the coefficients a;
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Parameter Line bundle Parameter | Line bundle
b L ta) —-K+L—-L,—2L,
t ~-K+ L te2) ~K+L—-2L, — L
Na L, t(3) —-K+L-3L,
b Lb h(o) —2K — 2Lb
b(o) L— 2Ly h(l) —2K — La - Lb
b1 L—-L,— L h2) —2K,5L,
b(g) L—-2L, )\(0) —-3K—-L— L,
[0) —K—-L+L,+ L, )\(1) -3K-L-1L,
t(o) K+ L-3L, fo —4K — 2L

Table 5.1: The parameters in the non-UFD model (5.1.20), which are holomorphic
sections of various line bundles on B.

are taken as rational functions rather than holomorphic functions. The most general
non-UFD formulation of Weierstrass form with U(1)s remains unknown.

In this thesis, we are still going to use the original Morrison-Park form with the
sections (5.1.3). Despite that the Morrison-Park form does not reproduce all the
F-theory U(1) models with matter fields |¢;| < 2, the following lemma should hold:

Lemma 4. Any F-theory U(1) model without any massless charged matter field can
be written in the Calabi-Yau Morrison-Park form (5.1.2) with sections (5.1.3).

Such a U(1) gauge field without massless charged matter field is called “non-
Higgsable U(1)”, and the Weierstrass model should be completely smooth if the base
is free of non-Higgsable gauge groups as well. As the discrepancy from the Morrison-
Park form comes from the singularity structure of the divisor ¢5 = 0 and b = 0 (see
(5.1.29,5.1.30)), there will not be any issue for a smooth geometry.

The appearance of non-Higgsable U(1)s is a property of the base geometry B, just
as the non-Higgsable non-Abelian gauge groups. If the generic Weierstrass model
over B can be written in the Morrison-Park form (5.1.2), then we do not need any
additional tuning to realize it.

The main focus of this chapter is to characterize the base geometry when non-
Higgsable U(1)s appear. We provide a non-complete proof that non-Higgsable U(1)
never appears on toric bases with any dimension. We are also going to construct some

examples of (non-toric) threefold bases with non-Higgsable U(1)s.
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5.2 Counting the Weierstrass moduli

Here we take our base manifold B to have d complex dimensions, and the generic
elliptic Calabi-Yau manifold X over it has d + 1 complex dimensions. Analogous to

(3.2.39), we expect that h%!(X) can be written as
AN (X) =W — Waut + Naw — 1. (5.2.33)

Here

W = h’(—4K) + h°(—-6K) (5.2.34)

is the number of Weierstrass moduli, or the total number of monomials in f and g.
Wayt 1s the dimension of the automorphism group of the base. N,w is other non-
Weierstrass contributions. For example, in the d = 2 case, N, = N_s, the number

of (-2)-curves on the base that are not in any non-Higgsable clusters, see (3.2.39).

Wayt is determined by the properties of the base B, so it does not change when
we tune a gauge group on B. N,y does change in some rare cases. Taking a d = 2
example, if the degree of vanishing of the discriminant A goes from 0 to some positive
number on a (-2)-curve, then this (-2)-curve is no longer counted in the term N_,

[82]. Hence after we have tuned a U(1) on B, the decrease in h%!(X) is generally
AR (X)) = —AW — AN,w. (5.2.35)

As the N,w term is usually small, we neglect them in the discussion here and only
consider the change in Weierstrass moduli. In the case of d = 2, we will never have a

non-zero AN,w from the rare case we presented before.

Now we want to count the number of independent Weierstrass moduli in the
Morrison-Park form (5.1.2). The problem is that the functions b, ¢y, ¢1, ¢z and c; are
not entirely independent. There may exist an infinitesimal transformation: b — b+db,

co — co+9dcg, ¢y — 1 +0¢q, cg —> ca+ dcg, €3 —> 3+ dc3 such that the rational points
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b%, o and f, g are invariant!. In fact, because of the relation (5.1.1):

w= gt T (5.2.36)

if biz, & and f are fixed, then g is also fixed. So we only need to guarantee the

invariance of E’\E, 35 and f.

The number of such infinitesimal transformations then gives number of redundant

variables in the Morrison-Park form, V,.

If we can compute this number N,, then the number of Weierstrass moduli in the

Morrison-Park form equals to
W' = h%(L)+h°(—4K —2L)+h°(-3K — L) + h°(—2K) +h°(~K + L) — N,. (5.2.37)

Comparing with (5.2.34), we see that the number of tuned Weierstrass moduli equals

to

W — W =h(—4K) + h°(—6K) — h®(L) — h®(—4K — 2L) — h°(-3K — L) — h°(—2K)
— h’(=K + L)+ N,.

(5.2.38)

We know that IV, > 1, since there is a trivial rescaling automorphism: b — tb,
c3 — teg, co — ¢y, ¢ — t7ler, ¢ = t72cy that keeps b%, %, [ and g invariant.

However, other transformations may exist as well.

Now we study the simplest case L = 0 first. Since we have already taken the

rescaling automorphism into account, we can set b = 1 for simplicity. The Morrison-

Park form is reduced to

1 2 1 2 1
y? =13+ (cre3 — gcg ~ co)xzt + (coch + ﬁcg — 3€16263 ~ 3C0C2 + Zcf)ZG. (5.2.39)

ISimilar redundancy issue also appears in the tuning of SU(7) gauge groupl[5].
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The rational section is

2 1
(z,9,2) = (A, o, b) = (c§ — 502, —cg + cocy — 501, 1).

If A = 0 under an infinitesimal transformation, then it is required that
dcy = 3c3dcs.

Plugging this equation into the requirement da = 0, we derive
dcp = 2c¢ydc3.

Then the explicit form of § f = 0 tells us

(SCO = Cl(SCg.

Now one can easily check that under

dcy = 3czdcs,
501 = 202603,

(SCO = 01(563,

g is indeed invariant.

(5.2.40)

(5.2.41)

(5.2.42)

(5.2.43)

(5.2.44)

This infinitesimal transformation is parametrized by an arbitrary section dcsz €

O(—K), which implies that the coefficient c3 is actually a dummy variable. Hence

the total number of redundant variables equals to
N, =1+ h°(—K).
We have thus derived the formula for (—AW) in the case of L = 0:

—AW;—o = h%(—6K) — h°(—3K) — h%(—2K).
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Now we study the more general case L > 0. Similarly, the infinitesimal transfor-
mations parametrized by dc; and 0b which leave 5’\7, %, f and g invariant are in the

following form:

_ 3czdc; 3c3ob

dcy = b2 K
2c900c3 c16b  2c9c30b
dcy = N (5.2.47)
Seo = 61(563 _ 010351) o 2C06b
0= T b b

However, they are rational functions rather than holomorphic functions. Hence these
infinitesimal transformations are not always legitimate. Nevertheless, we are guaran-

tced to have a subsct of infinitesimal transformations:
sb=0, b*|dcs, (5.2.48)

which indeed give holomorphic dcy, dc; and dcg. The condition b%|dcs tells us that
dcy = dcz/b? is a holomorphic section of the line bundle O(—K — L). Hence we obtain

a lower bound on N,:

N, >1+h’(-K - L). (5.2.49)

We have thus derived a lower bound for (—AW) for general L:

—~ AW >h°(—4K) + h*(—6K) — h°(L) — h°(—4K — 2L) — h°(=3K — L) — h°(—2K)
—h(—K+L)+h(-K - L) + 1.
(5.2.50)

For base point free line bundles L (there is no base point xo on which every section

s € O(L) satisfies s(zg) = 0), we claim that the above inequality is saturated, so we
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get the exact formula:

—AW =h’(~4K) + h(=6K) — h°(L) — h®(—4K — 2L) — h*(=3K — L) — h°(-2K)
~h(-K+L)+h(-K—-L)+1.
(5.2.51)

Because L has no base point, for generic sections c3 € O(—K + L) and b €
O(L), they do not share any common factors after these polynomials are factorized

to irreducible components (if they have). For dcy in (5.2.47) to be holomorphic:

3csbdes — 3ciob

602 = B3 )

(5.2.52)

it is required that db = tb where t is a complex number. But this form of §b is exactly

the trivial rescaling isomorphism, so we want to substract this component and set

6b=0. Now
363563

502 = b2 .

(5.2.53)

Because c3 does not share any common factor with b, the only possibility for dcs to

be holomorphic is b%|c3. Thus the only possible infinitesimal transformations keeping

5’\7, 3, f and g invariant are given by (5.2.48), and

N, =1+h(-K - L). (5.2.54)

5.2.1 The minimal tuning of U(1)

Now we have the following key conjecture:

Conjecture 1. The minimal value of —Ah%'(X) and —AW on a given base B when
a U(1) is tuned is given by the choice L = 0.

In the above statement, we have not taken into account the possible bad singular-
ities in the elliptic CY manifold X. If the choice L = 0 leads to (4,6) singularities of

f and g over some codimension 1 or 2 base locus, then this choice is not acceptable.
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Nonetheless, the acceptable values of —Ah%}(X) and —AW are still lower bounded
by (5.2.46).

We can construct a sufficient condition that implies the Conjecture 1 using formula

(5.2.51). We only need to check that the following inequality holds

h(—4K) + h°(—6K) — h°(L) — h°(—4K — 2L) — h°(=3K — L) — h°(—2K)
—h’(=K + L)+ k(=K — L) + 1 > h°(—=6K) — h°(=3K) — h°(—2K),
(5.2.55)

However, this type of inequalities are not studied in the mathematical literature,

hence we cannot formulate a rigorous proof to Conjecture (1).

For the class of generalized del Pezzo surfaces B without non-Higgsable non-
Abelian gauge groups, the Conjecture (1) can be explicitly checked by an anomaly

argument. Because of the gravitational anomaly cancellation
Hharged + Hreutral — V' = 273 — 297, (5.2.56)
after a U(1) is tuned, we get
—AR*(X) = —AHpeutral = AHcharged — 1. (5.2.57)

Here AHcharged = Heharged in (5.1.15) since there is no charged matter before the

tuning. In order to prove Conjecture (1) in this case, we only need to prove
Hcharged(L) 2 Hcharged(o) (5258)
for any L that satisfies —3K — L > 0, or equivalently

3K -L-L*>0. (5.2.59)
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We apply the Zariski decomposition of an effective divisor L in Section 3.1:
L=N+P, (5.2.60)

where P is a nef divisor and N is a linear combination of negative self-intersection

curves V;:

N =Y mN,. (5.2.61)

The intersection matrix (N; - N;) is negative definite, such that N? < 0.

Now

-3K-L—-L*=-3K-N~N?-3K-P— P2 (5.2.62)

Because — K is a nef divisor for generalized del Pezzo surfaces, —3K - N > 0. We also
have —N? > 0 from the negative definiteness of (N; - N;). The remaining two terms

can be written as

—3K-P—P*=(-3K—-L+N)-P. (5.2.63)

—3K — L + N is effective because —3K — L is effective, and we can conclude —3K -
P — P? > 0 because P is nef.

We thus proved that
~3K-L—L*>0. (5.2.64)

If there are charged hypermultiplets with charge +3 or higher, we denote the
numbers of hypermultiplets with charge k by nj. Then (5.1.18) is rewritten as:

1 2 1
2K2—2K-L=6n1+§n2+62k2nk

k29 (5.2.65)
1 1 o
4K2—8KL+4L2=§711+}3E712+§ E k4nk.
k>3
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Now

4 1
2 2 2 4

k>3 k>3

1 1
=LP-K-L+— kny—— k'ng..
ng +12; ng 122 g

k>3

(5.2.66)

and the total number of charged hypermultiplets is

5 1
Hcharged =T +n2+an = 12K2—9K-L—3L2—-ZZkQH,k+ZZk4nk+an.

k>3 k>3 k>3 k>3
(5.2.67)
Since
5 1 1
=D K D Kt = 7 ) KRR = B)ne > 0, (5.2.68)

k>3 k>3 k>3
the value of Hcpargea is strictly larger than (5.1.15) when there are some hypermulti-

plets with charge +3 or higher.

We hence finished the proof of Conjecture 1 for 2D bases without non-Higgsable

clusters.

5.2.2 6D F-theory examples

Now we check the formula (5.2.51) with some examples.

For the base P2, the tuning of a single was studied in Morrison and Park’s original
paper [102]. On P2, any effective line bundle can be written as L = nH, where H is
the hyperplane class.

The linear system |nH| is the vector space of degree-n homogeneous polynomials

in 3 variables (for n > 0), hence

n+1)(n+ 2).

W) = (5.2.69)

They are all base point free, hence we expect the exact formula (5.2.51) to hold.
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Now our formula (5.2.51) gives

—AW =h°(12H) + h°(18 H) — R°(nH) — h°((12 = 2n)H) — h°((9 — n)H) — h°(6 H)
—h((34+n)H) +Rh((3—n)H) + 1.
(5.2.70)

When n < 5, this expression can be reduced to
—AW = —AR* = 107 + 27n — 3n? (5.2.71)

Because of the appearance of a single U(1), AV = 1, and we know that the number

of charged hypermuliplets is

Henarged = AV — ARZL(X)
e (5.2.72)
=108 + 27n — 3n>.

From the anomaly computation (5.1.14), we get the numbers n;, ng of charged

hypermultiplets with U(1) charge +1 and +2:
(n1,m2) = (4(n +3)(9 — n),n(n + 3)). (5.2.73)
The total number of charged hypermultiplets

Hpargea = 108 + 27n — 3n? (5.2.74)

exactly coincides with our formula (5.2.70) when n < 5.

When n = 6 or L = 6H, from (5.2.70) we can compute —AW = —Ah>(X) =
160. From the anomaly cancellation, the total number of charged hypermultiplets is
H hargea = 162. Since L = —2K in this case, as we have mentioned, two U(1)s emerge

from this tuning: AV = 2. Hence we still get consistent result.

When n = 7 or 8, ¢y = 0. In these cases, an additional SU(2) gauge group

appears on the (irreducible) curve ¢; = 0. The total gauge groups in these cases are
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SU(2)xU(1), AV = 4,

The formula (5.2.70) for n = 7 and 8 gives —AW = —AR?*}(X) = 146 and
128 respectively. On the other hand, the number of charged hypermultiplets from
anomaly cancellation gives Heparged = 150 and 132 respectively. Hence our formula

(5.2.70) exactly gives the correct number of tuned moduli.

We can also check B = 15, where the Picard group is generated by .S and F"
S?— 12, F?=0, S-F=1. (5.2.75)
The anticanonical divisor is
—K(Fy3) = 25 + 14F, (5.2.76)

and the section of various line bundles can be read out with the toric geometry

methods in Section 2.4.

we denote the divisor S by s =0, and F by ¢ = 0. In the local coordinate patch
SF', where s,t can vanish and the other local coordinates z; are set to be 1, f and g

can be written as:

8 12{—40

Fo=>3" fit’s (5.2.77)

i=4 j=0
12 12i—60

g = Z Z gijt's". (5.2.78)

i=5 j=0

f and g vanish to order (4,5) on the curve S, which gives an Es gauge group. We can

explicitly count

h(—4K) = 165 , h°(—6K) = 344. (5.2.79)

The Hodge numbers of the generically fibered elliptic Calabi-Yau threefold X over
Flg are hl’l = ].1, }12’1 = 491.

Now we want to tune a U(1) on it. If we take L = 0, since h%(—2K) = 51,
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h°(—3K) = 100, then

—AW;—o = h°(-=6K) — h°(-3K) — h’(—2K) = 193. (5.2.80)

However, this choice of L is not allowed. The rational section (z,y,2) = (A, «,1)
has to obey
=N+ fA+g. (5.2.81)

Now since A € O(—2K), a € O(—3K), they can be written as

A= Z NSty o= Zaisi. (5.2.82)

Plugging these into (5.2.81), we can see that the only term of order s® is the term
g5,08°. Hence this tuning of U(1) requires that gs o = 0, which leads to (4,6) singularity

ons=0.

One way of tuning U(1) on F, is to take c5 € O(25). Since 25 = 25 + 24F =
—K + 10F, this corresponds to L = 10F. Now the equation (5.2.81) becomes

a® = X3+ fAb* 4 gbS. (5.2.83)

The functions A € O(—2K + 2L), a € O(—3K + 3L) can be written as

A= "As', a= > s’ (5.2.84)

The issue of (4,6) singularity no longer exists.

Now we can compute —AW using our formula (5.2.51). With A°(L) = 11,
hO(—4K —2L) = hO(8S+36F) = 76, K(—3K —L) = h°(65+32F) = 63, h°(—K+L) =
h°(2S + 24F) = 39 and h°(—K — L) = h°(4F) = 5, the result is

— ALY X) p=10F = 275. (5.2.85)
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On the other hand, —AHyeutral matches the anomaly cancellation computation

(5.1.14) as well.

5.3 Conditions on a base with a non-Higgsable

U(1)

Now we are going to investigate the conditions for a base to have a non-Higgsable
U(1). This means that we do not need to tune any complex structure moduli to
get the Morrison-Park form. Assuming Conjecturel holds, the equivalent conditon is

that the minimal value of —AW in the formula (5.2.46) is non-positive:
—~ AW,y = h°(-=6K) — h°(=3K) — h°(-2K) <0 (5.3.86)

This inequality imposes stringent constraint on the Newton polytopes A,, of O(—nK).
For toric bases, they are the polytopes defined by the set of lattice points:

A, = {p e Z%(p,v) > —n, Vi}. (5.3.87)

Note that A4 and Ag corresponds to F and G defined in (2.4.69) and (2.4.70) respec-

tively.

The notion of Newton polytopes can be generalized to arbitrary bases. For a
point p = (x1,Zs,...,24) in the Newton polytope A,, it corresponds to a monomial
my = o Hle B, where o and f3; are some non-zero functions. Hence the product
of two monomials is mapped to the vector sum of two points in Z?. For example, the
expression of f and g for a semi-toric base with non-Higgsable U(1)s in Section 5.4.2
can be written as (5.4.112). In that case, we can assign o = 7, 3; = 07}, and the

Newton polytopes for f and g are one-dimensional. Note that the origin in the Z¢

can be shifted.

We use the notation nP to denote the set of lattice points in the resized polytope
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enlarged by a factor n:
n
nP = {p|p = Zpi , Vp; € P}. (5.3.88)
i=1

The lattice points in nP correspond to the monomials m = []}_, m;, where m; € P.

|A| denotes the number of lattice points in the Newton polytope A.

We denote the dimension of the Newton polytope A, of O(—nK) by da,. Clearly
the dimension of any other A,(n < 6) is equal to or smaller than dss. We want to

prove the following proposition:

Proposition 2. For a base with a non-Higgsable U(1), the Newton polytopes A,(n <

6) are all one-dimensional. The number of lattice points in A, satisfies
|As) < 5,]A46| < 7. (5.3.89)
Note that regardless of d 49, d43 and d4g, we always have
|243| > 2|A3| — 1, |343] > 3|Az| — 2 (5.3.90)

Then since 243 C Ag and 34, C Ag,

—AWp—o = |Ag| — |A3| — |42]
> [243] — |As| — | A2 (5.3.91)
> |As| — |As| — 1

and

—AWir—o = [As| — |4s| — |4,
> [34;] — |As] — Ay (5.3.92)
> 2|Ay| — |As| - 2.
If —AWr—o < 0 so that non-Higgsable U(1)s appear, we have constraints on |Aj]
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AT 11 1 [2] 2 [3
4] 1| 2 [2] 3 |4
1A, 1211233345
4| | 2 | 3 [4] 5 |7

Table 5.2: The possible values of the number of lattice points in the Newton polytope
A, of O(—nK), when non-Higgsable U(1)s exist.

and |As:
|Az| = |A2] =1 <0, 2[Ag] ~ |43] =2 <0. (5.3.93)

The only possible values for (|As|, |As]) satisfying these inequalities are (1,1), (1,2),
(2,2), (2,3) and (3,4). We list the possible values of |Ag| for each of these cases in
Table 5.2.

Now we argue that the dimension of Newton polytopes A,, A3 and Ag cannot
be higher than 1. The statement is trivial for |Ag| = 2 because these polytopes
have at most 2 points. If |Ag| = 3, since |Ag| = 2|A43] — 1, |243] > 2|A3] — 1 and
|2A5] < |Ag| (see (5.3.90)), we know that |2A43] = 2|A3| — 1 and Ag coincides with the
polytope 2As. Because Az is one-dimensional, we conclude that dag = daz = 1. If
|Ag| = 4, since |Ag| = |342| = 3|Ay| — 2, Ag coincides with 34, and d g = das — 1. If
|Ag| = 5, similarly because |Ag| = |243| = 2|A3] — 1, Ag coincides with the polytope
2A;. We have argued that if da3 > 1, then |2A3| > 2|A3|. This does not happen
here, hence the polytopes A3z and Ag are one-dimensional. When |Ag| = 7, similarly
|As| = |2A3| = 2|As| — 1, then Ag coincides with the polytope 243 and they are both

one-dimensional.

For the values of | 44| in Table 5.2, they are enumerated by the following method:
we linearly transform the Newton polytopes A, integral points on line segments
[na,nb], a,b € Q,a < b. This SL(d,Q) linear transformation is always possible
because the Newton polytopes A, are one-dimensional. Then for each |A4g|, we can
try to find the pairs (a,b) that give all the possible value of |A,| with the correct
values of |A,| and |A3|. For |Ag| = 2, we can take (a,b) = (0,7) to get |Ay| = 2
and (a,b) = (0, é) to get |Ay] = 1. For |Ag| = 3, we can take (a,b) = (—i, %) to
get |Ag] = 3, (a,b) = (0, 3) to get |A4] = 2 and (a,b) = (3, 2) to get |A4| = 1. For
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|As| = 4, we can only take (a,b) = (0, 3) to get |A4| = 3. For |Ag¢| = 5, we can take
(a,b) = (0,3) to get |A4] = 4 and (a,b) = (0, 2) to get |A4| = 3. For |Ag| = 7, we can
only take (a,b) = (0,1) to get |A4] = 5.

Hence we have the proved the proposition.

This shows that the number of monomials in Ay and Ag are very small when
non-Higgsable U(1)s exist. Recall the formula for h%! (5.2.33), we expect the number
of complex structure moduli of the elliptic Calabi-Yau manifold over this base to be
small. In the 4D F-theory context, it means that the number of flux vacua is small.

Furthermore, the constraints on the Newton polytopes lead to the exclusion of

non-Higgsable U(1)s on any toric bases:

Proposition 3. For a resolvable (smooth compact) toric base in any dimension, the

Newton polytopes A, cannot satisfy Proposition 2.

A simple argument is that if the origin of the Newton polytope G = Ag lies on
the boundary of G, then there will be a (4,6) divisor with a toric ray perpendicular
to the boundary. If there is not such a (4,6) divisor, it will always emerge after we
resolved all the codimension-two (4,6) locus.

More precisely, for the case of 2D toric bases, we perform an SL(2,Z) transforma-
tion on the 2D toric fan, such that the monomials in g align along the y-axis. Now, we
observe that there always exists a ray (1,0) in the fan. Otherwise, the only possible
2D cone for a smooth 2D toric base near the positive z-axis consists of a ray (1, a)
and a ray (—b, —ab — 1), where a > 1,b > 0, see Figure 5-1.

If this is the case, suppose that (0,1) is in the Newton polytope Ag for g, which
means that there is no ray (x,y) in the fan with y < —6. Then from the structure
of the fan, we can see that (—1,1) is also in the polytope Ag. This is because the
other rays (z,y) with z > 0 all satisfy y > az, hence they cannot satisfy (z,y) -
(-1,1) = —z+y < —6. Then we conclude that Ag is not a one-dimensional polytope,
which contradicts our assumption. Hence (0,1) ¢ Ag. Similarly, we can exclude the
existence of all points (0,4 > 0) in Ag. However, this implies that g vanishes to order

6 on the divisor corresponding to the ray (—b, —ab — 1). Because A4 C Ag for toric
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Y

Figure 5-1: A fictional configuration of 2D toric base with monomials in ¢ aligned along the y-axis.
Suppose that there is no ray (1,0), then this is the only possibility up to a linecar transformation.

bases, this excludes all the points (0,5 > 0) in A4 as well. Hence (f,g) vanishes
to order (4,6) on the divisor corresponding to the ray (—b, —ab — 1), which is not

allowed.

Hence we conclude that a ray (1,0) has to exist in the fan. However, because A4
and Ag aligns along the y-axis, it means that (f,g) vanishes to order (4,6) on the

divisor corresponding to the ray (1,0). So this is not allowed, either.

Similar arguments can be applied to higher dimensional cases. For any smooth
compact toric bases, there has to be a ray perpendicular to the line on which f and
g aligns, but this will lead to (4,6) singularity on such a ray. If this ray does not
exist, then there will be (4,6) singularities over codimension-two locus on the base

that cannot be resolved by blowing up this locus.

We elaborate this statement for the case of toric threefold bases. We assume that
the Newton polytopes 4, and Ag lie on the z-axis, and the fan of the toric base has
no ray on the plane z = 0. Because the base is compact, there exists a 2D cone
v1vg in the fan such that v;, > 0 and vy, < 0 (v, and vy, are the z-components
of v; and vy respectively). Now we can analyze the degree of vanishing of (f,g) on
this codimension-two locus vv, for each of the cases in Table 5.2. For example, if
|A4| =5, [Ag| = 7, such that the points in A, are (0,0, —2) ~ (0,0,2) and the points

in Ag are (0,0,—3) ~ (0,0, 3), then we have constraints on v,, and vy,: 2 > v, > 1,
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-1 > vy, > —2. Now if v, = —v9, = 1 or v, = —v9, = 2, then it is easy to see
that the degree of vanishing of (f, g) on this curve v;vq is (8,12). We cannot resolve
this by blowing up the curve vivy, because the ray of the exceptional divisor will
lie on the plane z = 0, which contradicts our assumptions. If vy, = 2, vy, = -1
or v;, = 1, vy, = —2, then the degree of vanishing of (f, g) on this curve v;vy is
(6,9). If we try to resolve this by blowing up the curve v vq, then the exceptional
divisor corresponds to a ray vs = v; + vg with vs, = £1. Then the (4, 6) singularity
issues remains on the curve vyvz or viv3. Hence we cannot construct a good toric
threefold base with such Newton polytopes A4 and Ag. Similarly we can explicitly
apply this argument to all the other possible configurations of A4 and Ag, showing
that it is impossible to construct a toric threefold base with non-Higgsable U(1)s and
without any codimension-one or codimension-two (4,6) singularities. This argument
is independent of the dimension of the toric base, either.

This 1D feature of Weierstrass polynomials suggests that the bases with non-
Higgsable U(1) always have the structure of a fibration over P1.

We have the following conjecture:

Conjecture 2. Any n-dimensional base with non-Higgsable U(1) can be written as a
resolution of a Calabi-Yau (d—1)-fold fibration over P1. The generic fiber is a smooth
Calabi-You (d — 1)-fold.

The alignment of f € O(—4Kg) and g € O(—6Kp) on a line suggests that the
base B is either a fibration of F' = —Kp or a blow up of such a —Kp fibration. One
can understand this from an analogous toric setup. If we take B to be a Hirzebruch
surface F,,, which is a P! bundle over P! with toric fan in Figure 3-3. From (2.4.67), we
can see that any line bundle O(nF) on F, has an one-dimensional Newton polytope.
More generally, if we blow up [F,, and the O-curve F on [F,, remains, the line bundle

O(nF) still has an one-dimensional Newton polytope.

Now return to our case F' = — Kpg. From the adjunction formula, we can see that
the canonical class of the fiber F' = —Kp vanishes:
KF:(KB+F)IF=0, (5.3.94)
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hence the fiber F' is Calabi-Yau.

Additionally, the fiber F' should not self-intersect, hence we have

F-F=0. (5.3.95)

The elliptic Calabi-Yau (d+1)-fold X over this base B can be thought as resolution

of the fiber product space, constructed below.

Take a rational elliptic surface A with section
Ta:A— P (5.3.96)
and a Calabi-Yau (d — 1)-fold fibration B with section

g : B — P! (5.3.97)

Then the elliptic Calabi-Yau (d + 1)-fold X is the resolution of the fiber product

X = Axp B = {(u,v) € A x Blra(u) = m5(v)}. (5.3.98)

In the case of d = 2, this is the generalized Schoen construction of fiber products of
rational elliptic surfaces [104].

In the case of d = 3, the base B is a resolution of a K3 or T* fibration over P!.

Now we have an alternative interpretation of the relation between the fibration
structure of B and the 1D feature of Weierstrass polynomials from the pullback of f

and g over the elliptic surface A [104]:

fxi =7p(fa)

gxr = WE(QA)-

(5.3.99)

Here X’ is the Weierstrass model over the base B, which is possibly singular. A is
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the possibly singular Weierstrass model over P!. X’ and A are related by
X' = A xpm B={(@,v) € Ax Blng(@) = mpv)}. (5.3.100)

Hence the 1D property of Weierstrass polynomials fx- and gx+ over B is inherited

from the 1D property of f; and gj.

5.4 Examples of non-Higgsable U(1)s

5.4.1 A universal class

From Proposition 2, we need construct a base B where the Newton polytopes of
—4Kp and —6Kp are one-dimensional. In fact, there exists a simple universal class
of B satisfying this property. We start with a base By whose — K g, has no base point.
Then we construct the base B by blowing up the intersection locus D, [ D, where
D, and D, are two different representative of the divisor class —Kp,. We claim that
such a base satisfies the requirements of Proposition 2.

The reason is fairly simple. Denotes the equation of Dy and D, by F; = 0
and Fy = 0 respectively. After the blow up, only the terms in f with the form
FPFJ(p+q > 4) remain. Similarly only the terms in g with the form FFF{(p+q > 6)
remain. Since F} = 0 and F3 = 0 are already holomorphic section of the line bundle

—Kp,, the only possible form of f and g after the blow up is

4 6
F=Y RFF™, g=> gFF™ (5.4.101)
=0 i=0

where f; and g; are complex numbers. Indeed, f and g form one-dimensional Newton
polytopes F and G, and |F| =5, |G| =T.

As a more concrete example, if By = P?, —Kp, is the divisor class of cubics on
P2. Then the locus D; () D, is the collection of nine intersection points between two
different cubics on P2. If we blow up these nine points, we get a good base B for 6D F-

theory and non-Higgsable U(1)s. Since after the blow up we have (—=Kpg)-(—Kp) =0,
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Figure 5-2: The geometric configuration of generalized del Pezzo surface gd Py, with the negative
curves on it. Note that there are two copies of (-2)-curve clusters that correspond to degenerate
Kodaira fibers of type Ij.

we can think about B as a —Kp fibration. This implies that B is an elliptic rational
surface, which satisfies (5.3.94) and (5.3.95).

If By = P3, —Kp, = 4H which is a K3 hypersurface inside P>. The locus
D1 (D, = (4H)[\(4H) is then the intersection locus of two different smooth K3
hypersurfaces in P?. After blowing up (4H)(\(4H), we get a good base B for 4D
F-theory and non-Higgsable U(1)s that is a K3 fibration. Again (5.3.94) and (5.3.95)

are satisfied and we find an example for Conjecture 2.

More generally, from the adjunction formula

5.4.2 Semi-toric generalized Schoen constructions

More generally, we can explicitly compute the form of Weierstrass polynomials for
the semi-toric bases with non-Higgsable U(1)s constructed in [97], which are called
generalized Schoen constructions[104].

As the first example, we choose the base to be the semi-toric generalized del Pezzo
surface gdPys with A1 (gdPy,) = 10, T = 9 and the set of negative rational curves
in Figure 5-2.

Consider the general elliptic CY3 X over gdPys. In [97], it is computed that
RY(X) = h*1(X) = 19. There is a U(1)® abelian gauge group in the 6D low-
energy effective theory, which explains the rank of the gauge group (h'(X) =
h''(gdPys)+1k(G) + 1 = 19, rk(G) = 8). Using the anomaly cancellation in 6D:

273 -20T =H -V =h?}(X)+1-V. (5.4.102)
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(-2-1) (-11) (0,1) (1,1) (27D

Figure 5-3: A toric generalized dPs, with toric cyclic diagram (0, -2, -1, -2, -2, -2, -1, -2), and
the 2D toric rays shown on the left.

When T = 9, h>1(X) = 19, we get the correct number of vector multiplets V = 8.

To write down the set of monomials in f and g for a general elliptic fibration over

gd Py, we start with the 2D toric base with toric diagram in Figure 5-3.

We can compute the f and g with toric methods (2.4.69,2.4.70), and write down

the general expression of f and g in the patch (2, w) and (z, w):

7
f= mez’ 8- ’+wauz’ B w2t ’+w32f31z’ 8-t
=1

5
+,w4 121218 z+w5 lZIZIS 1+w6 21218 1+,w7 74z4z'4+w8 42:4'214.
'L ) 85

(5.4.103)

11 10
n2— ne— 2 n2— 3 na—
g= g goi2'z ’—I—wE g2 2w E 9222+ w E g2t 2*
i=1 i=2
9 8
+w § "g zzz 12— 1+w5§ :g 1212’,12 1+U} § :g zzz 12— 1+w7§ :g 1212112 %
i i=4

1=2

na— 9 na— 1 na— 11 6_/6
+ w® E 9221 Tt w E 9o 121 1+wOE 910 121 T+ wllgy 62°2

12 6.6
+ wg1262 2

(5.4.104)

In the above expressions, we have set all the local coordinates apart from 2’, z and
w to be 1. From now on, we generally work in the patch (z,w), so we set 2’ = 1.

To recover the dependence on 2/, one just needs to multiply the factor z"*~* to each
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2" term in f, and multiply 2/**7" to each 2* term in g. By the way, we will change
the definition of coefficients f;; and g;; very often, they only mean general random

complex numbers, for a generic fibration.

Now we blow up a point z = 1, w = 0, which is a generic point on the divisor

w = 0. After the blow up, we assign new coordinates z;, w; and &;:
z—1= (21 — 1)61 , W= w1§1 (54105)

The divisor w = 0 becomes a (-1)-curve w; = 0. & = 0 is the exceptional divisor of
this blow-up, and z; = 1 is a new (-1)-curve. We plug (5.4.105) into the expression
of f and g. Note that all the terms with £* in f vanish for m < 4, similarly all the
terms with &£]* in g vanish for m < 6. This impose constraints on the coefficients
fi; and g;;. Finally, we divide f by &}, and g by & after the process is done. The

resulting f can be written as:

4 4 5 5
f=(@ -1 Z foiz' + (21 = 1)%wy Z friz' + (21 = 1)} Z foi2' + (21 — Dy Z f3:2'
=0 i=1 i=2 =2

6 5 5
+wl Y faad i€y Y faidt H el foizt +wiE frazt + wiel faazt
1=3

1=2 1=3

(5.4.106)

g has similar structure, and we will not expand the details. Note that the divisor
z = 0 and the local patch (z,w) still exist. In the patch (z,w;), we can choose

&1 =1, so that z = 2;. Then it is easy to rewrite f as a function only of z and wj.

Then in the patch (z,w;), we blow up a point z = 2, w; = 0, which is a generic

point on divisor w; = 0. After the blow up, we assign new coordinates z,, wo and &;:

z—2= (22 - 2)&2 , W= U)2§2 (54107)

We draw the geometry of the base after this blow up in Figure 5-4.
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Figure 5-4: A semi-toric generalized dP;, which is constructed by blowing up two points on the
divisor w = 0 on the toric base given in Figure 5-3.

With a similar argument, after this blow up, f now takes the form of
f=(21— D%z — 2)* + fi(z1 — 1)3(22 — 2)%waz + (21 — 1)2(22 — 2)w? Z foid'
+ (21 — 1)(22 — 2) wgzzzfglz +w 22Zf41z + whé €28 mez

+ wiEres 2 Z foi2' + wigEs fr42* + wHELE; fa a2t

=0

(5.4.108)

g has the similar structure. Note that the shape of the Newton polytopes for f

and g has become a rhombus from a triangle.

Finally, to get the gd Py, we need to blow up the points z; = 1, & = 0 and z5 = 2,

& = 0. After the blow-ups, we introduce new coordinates 21, &}, (; and 25, &, (a:

a—1=( -0, & =80, (2-2)= (2, -2)C, & =& (5.4.109)

We draw the corresponding equations for the divisors on gd Py in Figure 5-5.

The requirement that {; and {, vanish to at least degree 4 in f puts additional
constraints on the coefficients in f. For example, the term fi(2; — 1)3(29 — 2)3wsqz
in (5.4.108) has to vanish, since there is no way to have (#¢3 in that term. Similar

things happen for g. After this analysis, we divide f by (#¢3 and g by ¢5¢§. The final
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Figure 5-5: The local equations of divisors on gdPy,;.

expressions for f and g on gdPyg are:

f=Ffolz1 — 1)}z — 2)" + fu(2} — 1)%(zh — 2)%w32€1€) + fa(z] — 1)%(2) — 2)*wi2€7
+ f3(2] — 1)(25 — 2)ws22EPEP + frwiz*etes
(5.4.110)

9= go(z1 — 1)%(25 — 2)° + g1 (2] — 1)°(2 — 2)°w32€1€) + go(2] — 1)*(2h — 2) wyz2EPEY
+ g3(2) — 1)°(25 — 2)°w32*EP€5 + ga(2] 1)2(25 — 2)2witetest
+ g5(2] — 1) (25 — 2)wi’2°EPEY + gowy2°&7
(5.4.111)

We can restore the dependence on 2’ by multiplying 2’®~™ "~P factors to each term
22 2P for f, and multiplying 2'2~™""=P factors to each term z™2["2P for g. The

final expressions of f and g are:

6
f= Zﬁ T g = gm' i, n = wizdE 6,1 = iz — 1)(25 — )25
i=0
(5.4.112)

Indeed, the monomials in f and g lie on a line. Moreover, the number of monomials

in f and g are respectively 5 and 7, which exactly saturates the bound (5.3.89).

Similarly, we can explicitly compute the form of f and g for the other semi-toric
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bases in [97] with non-Higgsable U(1)s. Generally semi-toric bases are generated
by blowing up Hirzebruch surfaces [F,,, in a way that the curves on it form chains
between two specific curves Dy and Dy, which correspond to the (—n)-curve S and
the (+n)-curve S in the original F,,. They are listed below, where ng and ne, denotes
the self-intersection number of Dy and D.,. The chains are connected to Dy at the
front, and to Do, at the end. Here 7, £ and x denote products of monomials, which

are different from the notations in (5.4.112) and will not be specified.
We also list the rational sections in form of (z,y,2) = (A, o, 1).
Mordell-Weil rank 7 = 8: ng = —2,ne = =2, T =9, AV =19, h%! = 19.
chain 1: (-2, -1, -2)
chain 2: (-2, -1, —2)
chain 3: (-2,-1,-2)
chain 4: (-2 —2)

o= fo&' + H€n+ L0 + fsén® + fan' (5.4.113)

g = 90+ €+ 926*n° + gsE%0° + 970" + gsEn° + gen®  (5.4.114)

A= €%+ Mén+ den’ (5.4.115)

a = af® + €+ ax¥n’ + asn’® (5.4.116)

Mordell-Weil rank r = 6: ng = —2,n, = —6, T = 13, hb! = 35, h>1 = 11.
chain 1: (-2,-1,-3,-1)
chain 2: (-2,-1,-3,-1)
chain 3: (-2,—-1,-3,-1)

chain 4: (-2,-1,-3,-1)

fo= fo&*n®+ h&n® + fon* (5.4.117)

9 = 9"+ 9i€n° + 926" + g360° + gun® (5.4.118)
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A= doén+ (5.4.119)

a = wfn+aén’ + agn® (5.4.120)

Mordell-Weil rank r = 6: ng = —1,ne = —2, T = 10, hb! = 24, R?! = 12.
chain 1: (-3, -1, -2, -2)
chain 2: (-3,-1,-2,-2)
chain 3: (=3, -1, -2, —2)

fo= fo&n® + fién® + for® (5.4.121)
9 = 9"+ 9:i8°0° + 92670° + g3&%1° + gan™® (5.4.122)
A= Xén+ At (5.4.123)
a = ol + arén® + aon’ (5.4.124)

Mordell-Weil rank 7 = 5: ng = —1,n. = —8, T = 16, h’! = 51, h>! = 3.
chain 1: (-3,-1,-2,-3,—-2, 1)
chain 2: (-3,-1,-2,-3,—-2,-1)

chain 3: (-3,-1,-2,-3,-2,-1)

fo= &' + 1€ (5.4.125)
g = 901"+ 9% + 92650 (5.4.126)
A = Aoénx (5.4.127)
a = agn’x + a&iny? (5.4.128)

Mordell-Weil rank r = 4: ng = —2,n. = —4, T = 13, ht! = 35, h2l = 11.
chain 1: (-2,-2,-1,-4,-1)
chain 2: (-2, -2,-1,—-4,-1)
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chain 3: (-2,-2,-1,—-4, 1)

fo= f&' + fi€n+ for (5.4.129)
g = o€+ q1&'n+ 0" + gan® (5.4.130)
A= A€+ A (5.4.131)
a = af+aén (5.4.132)

Mordell-Weil rank r = 4: ng = —6,ne = —6, T = 17, h""! = 51, h?! = 3.
chain 1: (-1,-3,-1,-3,-1)
chain 2: (-1,-3,-1,-3,-1)
chain 3: (-1,-3,-1,-3,-1)

chain 4: (-1,-3,-1,-3,-1)

fo= f&n’ (5.4.133)
9 = 90"+ 918’ + 92670’ (5.4.134)
A= Aén (5.4.135)
a = apf’n+ anén’ (5.4.136)

Mordell-Weil rank r = 4: ng = —1,ne = —5, T = 14, h®! = 40, h>! = 4.
chain 1: (—2,-1,-3,-1)
chain 2: (—4,-1,-2,-2,-3,-1)

chain 3: (—4,-1,-2,-2,-3,-1)

f o= f&*+ Hhen’ (5.4.137)

9 = g€+ g’ (5.4.138)
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A= A€? (5.4.139)

a = oot or &n (5.4.140)

Mordell-Weil rank r = 4: ng = —1,ne = —2, T = 11, A1 = 25, A>! = 13.
chain 1: (-2,-1,-2)

chain 2: (-4, -1,-2,-2,-2)

chain 3: (—4,-1,-2,-2,-2)

o= f&'+ hLen* + far* (5.4.141)
9 = 90+ 9i€"n* + 926" + gan® (5.4.142)
A= A&+’ (5.4.143)
a = o€+ én? or aptin + an? (5.4.144)

Mordell-Weil rank 7 = 3: ng = —4,ne = =8, T'= 19, ht!t = 62, h>! = 2.
chain 1: (=1, —4, —1, -2, -3, =2, —1)
chain 2: (—-1,—-4,-1,-2,-3,-2,—1)
chain 3: (-1, -4,-1,-2,-3,-2,-1)

fo= fo€+ fién’ (5:4.145)
g = 9& + 9’ (5.4.146)
A= Aot C(5.4.147)
a = apén (5.4.148)

Mordell-Weil rank 7 = 2: ng = —2,n, = —6, T = 18, h'! = 46, h*! = 10.
chain 1: (-2, -1,-3,-1)
chain 2: (-2,-2,-2,-1,-6,—1,-3,—1)
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chain 3: (-2,-2,-2,—-1, —6,

___1,

Mordell-Weil rank r = 2: ng = —5,ne = —6, T = 21, AV =61, A% = 1.

chain 1: (-1,-3,-1,-3,-1)

chain 2: (—1,-3,-2,—-2,—1,

chain 3: (-1,-3,-2,-2,—1,
f
g
A
a

Mordell-Weil rank r = 2: ny =

chain 1: (—2,—1,—2)

chain 2: (-3,-1, -2, -2)

—6,

~3,-1)

fo€* + 11671 (5.4.149)
90€% + g1&'n + 92670 (5.4.150)
= A&? (5.4.151)
= €’ + iy (5.4.152)

~1,-3,-1)

—6,—1,-3,—1)
= fo€*n? (5.4.153)
= go€* + g:&'° (5.4.154)
= Aoné (5.4.155)
= af + o€’ (5.4.156)

~1,n = ~2, T =12, "' = 24, h*' =12,

chain 3: (-6,-1,-2,-2,-2 -2 -2)
[ = foén+ fin' (5.4.157)
g9 = 9&+ gi&n® + g’ (5.4.158)
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A= Ao

a = oo+ amn

(5.4.159)
(5.4.160)

Mordell-Weil rank 7 = 1: ng = —2,ne = —3, T = 15, ht! = 34, h?! = 10.

chain 1: (-2,-1,-2)
chain 2: (-2,-2,-1,—4, 1)
chain 3: (-2,-2,-2,-2, -2, -1, -8, -1, —2)

f = féén+ fin'

g = go&n®+ gin®

a = oaon?
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(5.4.161)

(5.4.162)

(5.4.163)
(5.4.164)
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Chapter 6

Conclusions and outlook

Through this thesis, we have constructed a grand picture of the base classification
program of 6D and 4D F-theory. For the base surfaces used in 6D F-theory, one can
systematically blow up P? and F,, in all the possible ways. For the base threefolds,
the set of sta,rting points is not known. Nonetheless, we have still managed to probe
a subset of toric threefolds and generated a large number of sample bases. We will
summarize the findings and discuss their physical implications and future directions.
Classification of base surfaces While the classification of toric and semi-toric
base surfaces in 6D F-theory has been finished, the classification of general non-toric
surfaces is still inmmplete. We have constructed a finite algorithm in Section 3.3.1 to
systematically construct all the base surfaces from blowing up P? and F,,, but it may
not cover all the examples. A crucial geometric subtlety is the distinction between
three lines intersecting at a single point and three lines intersecting at three points,
see Figure 3-6. In an ekample of Pappus’s theorem, see Figure 3-7, the three lines are
forced to intersect at a single point. There is not a criterion to tell when does this
happen for a general geometric configuration. If we see three lines intersect each other
in the computation of intersection numbers, then this ambiguity will always arise and
we get two different base surfaces with the same intersection and cone structure. The
physics of 6D F-theory on these two base surfaces are different. Although the particle
spectra are identical in the non-Higgsable phase of the 6D low energy supergravity

theory, if we tune three SU(2) gauge groups on these three lines, the matter spectrum
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will be different. In the case of three lines intersecting at a single point, there will be
a rank-3 symmetric tensor representation 4 of SU(2) localized at this point. While in
the other case, there will only be fundamental representations 2 at the intersection
points. The tensionless string transition, which is the blow up of the base, also leads
to different bases and low energy physics for the two cases in Figure 3-6. Other
unresolved issues include the problem of infinite generators of the effective cone and

the “special blow ups” of cubic curve at a double point to get a (—2)-curve.

Apart from these subtleties, we have still managed to completely classify all the
bases with h'1(S) < 7 and the bases giving rise to elliptic Calabi-Yau threefolds with
h?1 > 150. In these regimes, it seems that the total number of non-toric bases are
on the same magnitude of the total number of toric bases. For the entire set of base
surfaces, we cannot give an estimation on the total number of bases, although it is

known that this number is finite[68].
The set of base threefolds

Because of our ignorance about the general properties of base threefolds that
support an elliptic Calabi-Yau fourfold, we restrict ourselves to the class of rational
threefolds. Just as in the classification program of the base surfaces, we start from
the subset of toric threefolds as a first step. It turns out that this subset is already
extremely huge and it has rich structure. To obtain a clearer picture, we have sepa-
rated the allowed bases in 4D F-theory into two classes: the resolvable bases and the
“good” bases. The resolvable bases have codimension-two (4,6) singularities, which
could give rise to 4D N/ = 1 SCFTs with 4D conformal matter in parallel to the
6D conformal matter in [39]. The good bases do not have codimension-two (4,6)
singularities, and should generally describe a 4D A = 1 supergravity model. For
the good bases, we still allow the appearance of codimension-three (4,6) singularities,
or points where (f, g) vanish to at least order (4,6) but not as high as (8,12). In
this case, we cannot blow up this point while not changing the number of complex
structure moduli or A3! of the elliptic Calabi-Yau fourfold. The physical implications
of these codimension-three points are not entirely clear. Although there could be

non-flat fibers after the resolution[94], they may not cause any problem in the 4D
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effective theory because of the G4 flux or other quantum effects[6]. Similarly, for the
cases of resolvable bases with codimension-two (4,6) singularities, it is also not clear
if the superconformal symmetry is actually unbroken. We will leave these important

physical questions to future research.

From our random walk and random blow up approaches, we can see the global set
of resolvable bases form a huge connected “ocean” while the good bases are isolated
“islands” in this ocean. A big island of good bases is the set of good bases connected
to IP® via a sequence of blow up/downs that only pass through good bases. If we take
the restriction where the good bases mean the strictly good toric bases without any
(4,6) curves, then we have estimated the total number of topologically distinct bases
in this subset C to be 10%®*2. The bases in C generally have no or a small number of
gauge groups with high rank, such as Fg and E;. However, a local pair SU(3)x SU(2)
is common on a typical base in C. It is not clear how to construct an actual standard
model particle spectrum on these bases using a non-GUT construction. The problem
comes from the tuning of U(1) on it, since a general tuning in Morrison-Park form
[102] may bring in codimension-two (4,6) singularity. This should be investigated in

a future project.

If we allow the appearance of non-toric (4,6) curves on a divisor that supports an
Eg gauge group, then we can have many more examples for toric good bases. Among
these good bases, there are the end point bases where any additional (toric) blow up
will lead to codimension-one (4,6) singularity. It seems that the h'1(B) of the end
point bases are concentrated at specific values, and the generic elliptic Calabi-Yau
fourfold over them have Hodge numbers that are mirrors of some simple Calabi-Yau
fourfolds. This may imply that the set of Hodge numbers for Calabi-Yau fourfolds
are highly constrained. The physical implication of this finding is not clear, since
the mirror symmetry of Calabi-Yau manifolds in the F-theory paradigm does not
correspond to any physical duality. Apart from the end point bases, there are also
intermediate bases which can still be blown up. However, they are more isolated since
we will generally get a resolvable base with toric (4,6) curves if they are randomly

blow up or down once.
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Unlike the classification of complex surfaces, we still have not obtained a com-
plete list of smooth starting point threefold bases, even for the toric case. From the
discovery of exotic starting points, it seems that there are a large number of resolv-
able bases with random structure that cannot be contracted to another smooth base.
If we really want to get a precise estimation of the total number of resolvable toric
bases, we need to count the number of these exotic starting points and correct the

underestimation in Section 4.4.3. The current estimation Nyesolvable ~ 10%%%0

seems
to be an imprecise lower bound. Similarly, we expect the calculated total number of

good bases Ngooqa ~ 10%°? has a large error which cannot even be estimated.

Of course, we should finally investigate the set of non-toric rational bases as well.
Since the total number of toric bases is not under control, it is even harder to say
anything about the non-toric bases. Nonetheless, it will be good if we can develop

some geometric tools and algorithms in parallel to the non-toric surface project.

Even more generally, we have not tried to relax the smoothness and compact-
ness conditions. As suggested by the minimal model program of complex threefolds,
adding singular threefolds can improve the connectivity of this graph. Physically, sin-
gular bases can describe an SCFT coupled to gravity in the 6D F-theory setups[38].
However, this has not been discussed for general singular 2D bases or any 3D bases.
For non-compact 2D bases, they could describe an SCFT decoupled to gravity if the
base is contractable[77]. It would be interesting if a similar classfication program of

non-compact threefold bases can be carried over to classify 4D N = 1 SCFTs.
Flux vacua and model building

Now we want to ask how many of these 4D F-theory models contain a subsector
of our standard model, if any of them does. To get a quantative result, we need to
enumerate the flux vacua associated to a single geometry and compute the particle
spectrum using (4.1.25) and other formula in [15, 19]. We also need to stablize
the K’ahler and complex structure moduli to fix the volume of different cycles of
the compact manifold, which correspond to energy scales in the 4D effective theory.
Since the F-term conditions (4.1.14) and (4.1.15) contain one more equation than

the number of complex structure moduli, we may expect that the supersymmetry is
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broken in the moduli stablization process. This could actually be good for the model
building because of the absence of low energy supersymmetry at LHC, but there have
not been many detailed constructions following this possibility. It is also interesting
to construct cosmology models under this setup.

The geometric structure is universal on many good bases we found, for example,
the end point bases, many intermediate bases and the base Bp.x which supports
the elliptic Calabi-Yau fourfold M., with the largest ensemble of flux vacua. The
non-Higgsable gauge groups are mostly SU(2), Ga, Fy and Ejg, and it is almost impos-
sible to tune the Weierstrass model to get a bigger gauge group without introducing
codimension-one or two (4,6) singularities. However, it is universally hard to con-
struct the standard model subsector on all these geometries. Since the tuning of
SU(5) is impossible, the only way to get an SU(5) GUT gauge group is by breaking
the non-Higgsable Fg with vertical G4 flux. However, the conventional local SU(5)
constructions[15, 16] do not work as there is no local matter curve on a divisor with Eg
gauge group. We do not know yet how to producé the desired chirality and Yukawa
coupling in the absence of matter curve. Another route is to use a non-GUT type
construction with a local SU(2)x SU(3) or breaking the SU(2)xGs. It is hard to get
a U(1) gauge group and the correct U(1) charges.

In the worst case scenario, it may be possible that the vast geometric landscape
we have discovered is unfavored and that nature chose an alternative or simpler
construction. Even if this is the case, we can still get some hints about the early
universe geometric transition process. Another type of questions to ask is:

Despite that we get a lot of solutions that do not describe our world, how many
of these solutions describe a physical universe with stars, large scale structure or
intellegent life.

For example, the QCD gauge group may be replaced by a G4, but the confinement
behavior still exists and we can still get a similar chemistry if the masses of quarks
have large enough gaps.

Swampland and string universality

As an potential application of the F-theory geometric classification program, we
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can find supergravity models which seem to be self-consistent but do not have any
F-theory/string theory realization. These low energy models are currently put into
the “swampland” where we need to either:

(1) find a UV completion;

(2) find a hidden inconsistency in the low energy theory;

(3) decides that the constraint is actually a UV constraint from string theory that
cannot be seen in the low energy theory.

The swampland problems involving U(1) gauge groups are particularly interesting.
Recently, it was discovered that there exists an anomaly free 6D (1,0) supergravity
spectrum with infinitely high U(1) charges[122]. If we take T = 0, a={3}, by; =
p? +pg+¢?, and the matter spectrum of the single U(1) to be 54 - (£p) + 54 - (£q) +
54-(+£p + q) for any p, g € Z, then the anomaly cancellation equations (3.1.11, 3.1.12)
are satisfied. From the finiteness of elliptic Calabi-Yau threefolds, apparently not all
of these U(1) charged spectrum can be realized in 6D F-theory.

Another type of swampland problem or quantum gravity constraint problem, the
weak gravity conjecture, has attracted a lot of attention recently([8]. It states that
gravity is always weaker than the electric magnetic force. More precisely, in the
weakest version of weak gravity conjecture, there always exists a U(1) charged particle
with mass m < gmy. The initial argument is based on the thought experiment that
a non-BPS extremal black hole must be able to decay into a smaller black hole. If
the weak gravity conjecture is not satisfied, then this decay is impossible. Various
versions of weak gravity have been tested on a number of string models[80, 79] and
applied to axion inflation cosmology[116, 78, 28, 12, 75]. It was also argued that if
a stronger weak gravity conjecture holds: the equality m = gm,, is satisfied if and
only if the theory is supersymmetric and such a particle is BPS, then the AdS/CFT
correspondence cannot be applied to a non-supersymmetric theory without higher
spin particles[111].

Our example of non-Higgsable U(1) models in Chapter 5 provide a test set for var-
ious different versions of weak gravity conjecture. It is uncommon for a string theory

model to have a U(1) gauge group but no massless charged matter. To compute the
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mass spectrum of massive charged matter, we need to explicitly compute the moduli
stabilization problem for different G4 flux. We expect that some of the weak gravity
conjectures may be ruled out, although the detailed calculation can be technically
hard.

Apart from the swampland problem for supergravity, we can also ask the similar
question for non-gravitational quantum field theory:

can every superconformal/supersymmetric field theory in a certain dimension be
realized in a string/F-theory setup?

There is not a good a priori reason for this to hold, since superconformal field
theories do not need any UV completion. However, we have seen that all the known
6D (2,0) SCFTs can be realized by compactifying type IIB superstring theory on a
K3 surface with ADE type singularity. One may ask this question for other classes
of theories, such as 6D (1,0), 4D N =2 and 4D N = 1 SCFTs as well [39, 76, 77].

In general, it is extremely hard to prove any string universality result, since we
do not know what is the global set of “theories” of a particular type. However, we
will learn the structure of quantum field theory/quantum gravity during the pursuit

of this principle.
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Appendix A

Notation for supersymmetry

In this appendix, we briefly explain the supersymmetry related terminologies used in

the thesis. For more details, one can read [58] and the appendix of [114], Volume 2.

The Clifford algebra in D real space-time dimensions are generated by d-dimensional

complex matrices y*(u =0,..., D — 1) that satisfies
AHAY A =2V T (A.0.1)

where n*¥ is the Minkowski metric in D dimensions and [ is the identity matrix.

The minimal dimension of the v matrices is d = 2lP/2), hence the untruncated
Dirac spinors in D dimensions have d = 2!P/2) complex components. The Clifford

algebra acts on a Dirac spinor, and the commutator

= = 20 (A0.2)

generates the Lorentz rotation.

For some D, the spinor representation can be truncated to shorter representations.

For even D = 2m, the matrix

Y41 = (=)™ 0m1 - YD1 (A.0.3)
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can take the following block diagonal form:

I 0
YD+1 = . (A.0.4)
0 —I

Hence we can introduce projection operators

1 1-
P, = t%ﬁ;;%:_égﬂ (A.0.5)

on the Dirac spinors to project them into left-handed and right-handed Weyl spinors

with real dimension 2™.

For dimensions D = 0,1, 2, 3,4(mod 8), we can take the Dirac spinor to be real,

which leads to a Magjorana spinor with real dimension 2lP/2 that satisfies

P = ° (A.0.6)

where 1€ is the charge conjugation acting on a spinor.

In dimensions D = 2(mod 8), the Weyl and Majorana conditions are compatible

with each other, and we can define a Majorana-Weyl spinor that is both chiral and

real, with real dimension 2P/2-1,

In dimensions D = 5,6, 7(mod 8), we cannot reduce the dimension of spinor rep-
resentation by the Majorana condition, but we can introduce a symplectic Majorana

condition that applies on an even number of spinors ¢'(i = 1,...,2k):
Pt = €7 (yp7)C. (A.0.7)
€% is the antisymmetric symplectic matrix with block diagonal form

0 -1
€= . (A.0.8)
I 0

In dimensions D = 6(mod 8), this symplectic Majorana condition is compatible with
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D | min. rep. | min. real components
2 MW 1
3 M 2
4 | Mor W 4
5 D(S) 8
6 | W(SW) 8
7 D(S) 16
8 | Mor W 16
9 M 16
10 MW 16
11 M 32

Table A.1: The minimal spinor representations in dimensions D = 2 ~ 11. M, W,
MW, D, S, SW denotes Majorana, Weyl, Majorana-Weyl, Dirac, symplectic Majorana
and symplectic Majorana-Weyl representations respectively. For the cases D = 5,6, 7,
we can choose to impose symplectic Majorana condition. Although it will not reduce
the number of spinor components, it is useful for understanding the supermultiplet
structure.

the Weyl condition.

We summarize the minimal number of real components and the spinor represen-

tations for D = 2 ~ 11 in Table A.1

The supersymmetry algebra is an extension of Poincaré algebra including of a
number of fermionic generators Q'(: = 1,...,N). These Qs are N copies of su-
percharges, which transforms in the minimal spinor representation in Table A.1 with
spinor indices a. In D = 0,1, 3(mod 4), we always use Majorana or Dirac spinors,
and use a single integer N to label the amount of supersymmetry in the theory. In
D = 2(mod 4), we use Weyl or Majorana-Weyl spinors, and use two integers (N, Ng)
to count the copies of left-handed and right-handed supercharges.

For example, theories with 32 supercharges include 11D N =1, 10D (1,1), (2,0),
9D N = 2 and 4D N = 8. 16 supercharges theories include 10D (1,0), 8D N =1,
6D (2,0), 5D N = 2 and 4D N = 4. 8 supercharges theories include 6D (1,0), 5D
N =1,4D N =2 and 3D N = 4. 4 supercharges theories include 4D N =1 and 3D
N =2.

The representations of supersymmetry algebra are usually called supermultiplets,

which are combinations of bosonic and fermionic fields that transform into each other
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with the action of supercharges. For massless particles with energy-momentum vector
" =(E,0,...,0,E), (A.0.9)

the states are labeled by the representation of the little group SO(D — 2), which is

the subgroup of the Lorentz group leaving p* invariant:

The usual terminology of “spin” often corresponds to the sum of these h;s.

The supermultiplets are constructed by starting with a state with representation
(h1,...,h|Dj2j-1), and then acting supercharges Q' on this state to reduce the helicity
hq by 1 (in a proper spinor representation). Since {Q[, Q};J} = 0, this procedure will
finally ends.

For example, in D = 4, there is only a single quantum number for the representa-
tions of the little group SO(2), which we called spin or helicity in the massless case. If
N =1, then this process will always terminate after one step. We have the following

supermultiplets:
e Supergravity multiplet with a spin-2 graviton g,, and a spin-3/2 gravitino %

e Rarita-Schwinger multiplet with a spin-3/2 rarita-schwinger field ¢* and a spin-

1 vector field A,
e Vector multiplet with a spin-1 gauge boson A, and a spin-1/2 gaugino x,
e Chiral multiplet with a spin-1/2 spinor 1, and a spin-0 complex scalar ¢

For N = 2, we have

e Supergravity multiplet with a spin-2 graviton, two gravitinos and a spin-1 vector

field

e Vector multiplet with a spin-1 gauge boson, two spin-1/2 gauginos and a spin-0

scalar
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e Hypermultiplet with a spin-1/2 spinor and two spin-0 complex scalars

For 5D N = 2 theory, we still only need one quantum number to label the repre-
sentation under the little group SO(3). The supermultiplets are the same as the 4D
N = 2 theory.

For 6D (1,0) theory, one should think that there exists two copies of left-handed
supercharges because of the existence of symplectic Majorana-Weyl spinor represen-
tation. Hence the action of supercharges @' will only end after two steps despite
the minimal supersymmetry. We need to quantum numbers (hi,hs) to label the
states under the little group SO(4), and the action of Qi reduces h; by 1/2. The

supermultiplets are

e Supergravity multiplet with a (1,1) graviton, a gravitino in (1/2, 1) and a tensor

field in representation (0, 1)

e Tensor multiplet with a rank-2 antisymmetric tensor in representation (1,0), a

spinor field in (3, 0) and a complex scalar field in (0,0)

) and a gaugino in (0, %).

e Vector multiplet with a gauge boson in (%, 5

1
2

e Hypermultiplet with a left-handed spinor in (1

5,0) and two complex scalars in
(0,0)

In D = 11, the only supermultiplet is the self-CPT-conjugate supergravity mul-
tiplet. In D > 11, every supermultiplet will contain a higher spin state, hence we
cannot have a supergravity theory in 12 or more space-time dimensions respecting
the super Poincaré algebra.

The supersymmetry algebra can also be extended to the superconformal algebra
including the bosonic dilation D, special conformal transformation K* and another set
of fermionic generators S¥*. A quantum field theory with superconformal symmetry
and no supergravity multiplets is called superconformal field theory (SCFT). The
scaling invariance can be broken by giving scalar fields a non-zero vacuum expectation

value (vev).
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For 6D (1,0) SCFT, if the scalar in the tensor multiplet has a non-zero vev, then
the superconformal symmetry is broken and the theory is deformed into the “tensor
branch” gauge theory. As we have mentioned in Section3.1, this corresponds to
blowing up a (4,6)-point on the base in the F-theory picture. On the other hand, if
the scalar in the hypermultiplet has a non-zero vev, then the theory is deformed into
the “Higgs branch”.

In 4D or 5D N = 2 SCFT, there is no tensor branch since the absence of tensor
multiplet. However, one can give the scalar in the vector multiplet a non-zero vev,
and deform the theory into the “Coulomb branch”. This deformation will break the
non-Abelian gauge group into the Abelian subgroup. Such a Coulomb branch does
not exist for 6D (1,0) SCFT. The Higgs branches are present for all these cases.

Finally, for 4D N = 1 SCFT, only the Higgs branch exists. This fact makes 4D
N =1 the hardest to study among all the SCFTs in dimension D > 4.
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