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Abstract
For a bounded domain 2 C R" and p > n, Morrey’s inequality implies that there is
¢ > 0 such that

c||u||é’os/ |Dul? dx
Q

for each u belonging to the Sobolev space WO1 "7 (). We show that the ratio of any
two extremal functions is constant provided that 2 is convex. We also show with
concrete examples why this property fails to hold in general and verify that convexity
is not a necessary condition for a domain to have this feature. As a by product, we
obtain the uniqueness of an optimization problem involving the Green’s function for
the p-Laplacian.

Mathematics Subject Classification 35J60 - 35J70 - 35P30 - 39B62

1 Introduction

Suppose 2 C R" is a bounded domain and p > n. Morrey’s inequality for Wé P (Q)
functions # may be expressed as
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clull”, . 5/ \Dul” dx,
C P(Q) Q

where ¢ > 0 is a constant that is independent of u. In particular,

cllullé’off |Dul” dx. (1.1)
Q

Let us define

/|Du|pdx |
Ap i=inf { Je tue Wyt () )\ {0}

el

Observe that
Ay 2 s/ \Dul” dx (12)
Q

and that ¢ = A, is the largest constant such that (1.1) is valid. Furthermore, if there is
a function u € W(;’p(Q)\{O} such that equality holds in (1.1), then ¢ = A .

Definition A function u € WOl P (Q)\{0} is an extremal if equality holds in (1.2).

It is plain to see that any multiple of an extremal is also an extremal. Using routine
compactness arguments, it is not difficult to verify that extremal functions exist. We
will argue below that any extremal u satisfies the boundary value problem

—Apu :)Lp|u(x0)|p*2u(x0)8xo x e (13)

u=20 x € 092, '
which was derived by Ercole and Pereira in [9]. Here A, := div(|Dy |P~2Dy) is
the p-Laplacian, and xg is the unique point for which |u| is maximized in 2. Moreover,
using (1.3) we will be able to conclude that any extremal has a definite sign in 2. And
as the PDE in (1.3) is homogeneous, the optimal constant A, can be interpreted as
being an eigenvalue.

The primary goal of this work is to address the extent to which extremal functions
can be different. In particular, we would like to know if any two extremal functions
are necessarily multiples of one another. If they are, we consider the set of extremals
to be uniquely determined. For once one extremal is found, all others can be obtained
by scaling. We will argue that annuli never have this uniqueness property. We will
also exhibit star-shaped domains for which this uniqueness property fails. However,
we will see that if a planar domain has certain symmetry, then its extremals are one
dimensional.

Our main result is that convex domains always have the aforementioned uniqueness
property.

Theorem 1.1 Assume that Q C R" is open, convex and bounded. If u and v are
extremal, then u /v is constant throughout Q.
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Extremal functions for Morrey’s inequality in convex domains

We will also explain how Theorem 1.1 implies the following corollary involving the
Green’s function of the p-Laplacian in €2.

Corollary 1.2 Assume that 2 C R”" is open, convex and bounded. Suppose that G (-, y)
is the Green’s function of the p-Laplacian in Q withpole y € 2, thatis, G(-, y) satisfies

—Apw =35, x €Q

1.4
w=0 xeod. (1.4)

Then xq given in Eq. (1.3) is the unique point in 2 for which
G (x0,x0) =max {G(y,y) : y € 2}.

Part of our motivation was to extend a previous result of Talenti. He considered
extremal functions for the following inequality, which is also due to Morrey. For each
weakly differentiable function u : R" — R,

P _
I < <00, ) suppl 51 [ 1Dul d. 1.5)

Here c(n, p) is an explicit constant depending only on p and n, and |supp(u)| is the
Lebesgue measure of the support of u. Employing Schwarz symmetrization, Talenti
showed in [22] that if equality holds in (1.5) there are @ € R, r > 0 and xg € R” such
that

—n

p—n
a(rﬂ*l — |x — xo| P~ ), [x —xo| <r
u(x) =

0, |[x —xg| >r.

=

We remark that a quantitative version of this result has been established by Cianchi [5],
and we refer the reader to [4,8,21] for work on sharp constants of related inequalities.

Unfortunately, R” and balls are the only known domains for which the extremals
have such convenient characterizations. Nevertheless, in this paper, we believe that
we have taken significant steps in understanding precisely which domains have a one
dimensional collection of extremals. In Sect. 2, we will derive basic properties of
solutions of (1.3), and in Sect. 3, we consider the support function of an extremal.
In Sect. 5, we will provide examples of domains for which uniqueness fails; these
include annuli, bow tie and dumbbell shaped planar domains. In Sect. 4, we verify
Theorem 1.1, and in Sect. 6, we use Steiner symmetrization to exhibit some nonconvex
planar domains that have unique extremals.

2 Properties of extremals

We now proceed to deriving some properties of extremal functions. These properties
will be crucial to our uniqueness study. First, we verify that extremal functions satisfy
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the boundary value problem (1.3). Then we will study the behavior of solutions of (1.3)
near their global maximum or minimum points. We also refer the reader to the recent
paper [9] by Ercole and Pereira, where they studied properties of extremal functions
in a wide class of inequalities that include (1.1). In particular, they obtained analogous
results to Corollaries 2.2 and 2.4 below.

Lemma 2.1 A functionu € Wol’p(Q) is extremal if and only if

/QIDMVF2 Du - D¢dx = A, max {lu(x)lpfzu(x)d)(x) tx € Q, lul)| = ||u||oo]

2.1)
forall ¢ € Wy'P ().

Proof 1. First let us establish the following identity
, llu + eplle — llullb
im
e—0t €

= pmax { w0l 2 u@P () x € D lu)| = lulo ). 22)

foru, ¢ € C(Q). For any xo such that |u(xp)| = ||u]lx»

1 » 1 »
» llu+ €edlloc = » lu(x0) + €9 (x0)|

\

1
= |t (x0) 17 4 € [u(x0) 1P~ u(x0)¢ (x0)

1
> llullZo + € lu(xo) 1”2 u(x0) (x0).

Therefore,

liminf 4t €lllo — llulld

> p lu(x0) P2 u(x0)¢ (xo),
e—0t

and so “>"" holds in (2.2).
Now choose a sequence of positive numbers (¢;) jen tending to O such that

p p
. lu + egllbe — llullb . |u+ €] 5 — llulles
lim sup = lim sup ,
e—0t € j—o0 €j

and select a sequence (x ) jen maximizing |u + € ¢| that converges to a maximizer
xo of |u|. Such sequences exist by the continuity of # and ¢, the compactness of
Q, and the inequalities |u(x) + €0 < |lu+€jplloo = lulx;) +€;d(x;)]. As
Rz %|z|P is continuously differentiable,

SI7 Zan? NN PN
fim sup | +61¢|}§o llullo < limsup lu(x)) +€jp(x))|” = |utx))|

j—o0 €j j—o00 €j
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Extremal functions for Morrey’s inequality in convex domains

= p lu(x0)|” ™2 u(x0) (x0)

< pmax{|u()” 2 u(x)$(x) : @) = llullso}-

We conclude “<” in (2.2).
2. Any extremal u € Wé’p(Q)\{O} satisfies

/ |Dul|? dx / |Du + e Do|? dx
= Y/ < Q

lullde  ~ llu + €gllt

3

p

for each ¢ € Wé’p(Q) and € > 0 sufficiently small. Exploiting (2.2)

| / |Du + eD¢|? dx / |Du|? dx
0< lim — | 22 — —
>0t pe lu + €pli llulloo

/ |Du|P~? Du - Dédx
_JQ

el

/|Du|pdx
_Je

MG max{|u ()7 2u () (x) 1 x € Q, [u(x)| = llullo)
Ulloo

1 p_2
= el |Du| Du - D¢pdx
Ul \Jo

—hp max{|u(0) P u(x)$(x) : x € Q, |u(x)| = ||u||oo}> .

Canceling the factor 1/ ||u||%, and replacing ¢ with —¢ gives (2.1).
3. Of course if (2.1) holds, we can choose ¢ = u to verify that u is extremal. O

Corollary 2.2 Each extremal function is everywhere positive or everywhere negative
in Q.

Proof Assume thatu € Wé P (©)\{0} is extremal. Then w := |u| is extremal, as well.
Moreover, (2.1) implies

/ |Dw|P~2 Dw - Depdx > 0
Q

for all ¢ > 0. Therefore, w is p-superharmonic, w > 0 and w|yq = 0. Since w
doesn’t vanish identically, w = |u| > O (Theorem 11.1 in [18]). Hence, u doesn’t
vanish in € and so u has a definite sign in 2. O

Observe that the lefthand side of (2.1) islinear in ¢, while the righthand side appears
to be nonlinear in ¢. We will argue that this forces the set {x € Q : |u(x)| = |||l o}
to be a singleton for any extremal function.
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R.Hynd, E. Lindgren

Proposition 2.3 Assume u is an extremal function. Then {x € Q : lu(x)| = |lu|ls} is
a singleton.

Proof Without any loss of generality, we may assume u > 0 and ||u||o, = 1. In view
of (2.1),
max {¢; + ¢} = max ¢; + max ¢, (2.3)
{u=1} {u=1} {u=1}

forany two ¢1, ¢2 € C2°(S2). Suppose that there are distinct points xj and x; for which
u(x1) = u(xz) = 1. In this case, there are balls Bs(x1), Bs(x2) C 2 that are disjoint
for some § > 0 small enough. We choose functions ¢; € C°(RQ), ¢ € C2°(2) that
are nonnegative, have maximum value 1, and are supported in Bs(x1) and Bs(x3),
respectively. It follows that

max {¢] + ¢} =1,
{u=1}

while maxy,—1) ¢; = 1 and max,—1) ¢> = 1. This contradicts (2.3). O

Corollary 2.4 Assume u is an extremal function. Then |u| attains its maximum value
uniquely at some x € 2. Moreover,

/ Dul?~2 Du - Depdx = hplu(x0)]P~u(x0)h (x0)
Q

foreach ¢ € Wol'p(Q). In particular, u is a weak solution of (1.3).

We note that any solution « of (1.3)is differentiable with a locally Holder continuous
gradientin Q\{xop}, see [10,15,23]. However, we show below that u is not differentiable
at xg.

Example 2.5 As we noted above, when Q = B,(xp), we have an explicit extremal
function e .
u(x):a(rl’j—lx—xdﬁ), x € B, (xo) (2.4)

for each a € R (See Fig. 1). Moreover, any extremal is of the form (2.4) for some
a € R; in particular, any ball has a one dimensional collection of extremal functions.
The corresponding optimal constant in (1.2) is

p =

/ |Du|? dx o1
Br (x0) = (p — n) " Pnw,.

lullé p—1

We can use the extremals for balls (2.4) to study the behavior of general extremals
near the points which maximize their absolute values. Note in particular, that the
family of extremals (2.4) are Holder continuous with exponent Z:'l' € (0, 1], which
is a slight improvement of the exponent % one has from the Sobolev embedding

Wé’p Q) ccC =3 (). We will first argue that solutions of (1.3), and in particular

@ Springer



Extremal functions for Morrey’s inequality in convex domains

Fig.1 Example 2.5 witha=1,p=4,n=2,r=1andxg =0

extremals, have exactly this type of continuity at their maximizing or minimizing
points.

Proposition 2.6 Assume u is a solution of (1.3) and that B, (xo) C Q2 C Bg(xg). Then

llull 0o llull o p=n
— X — xo[ P!

p—n
o X = xo| P71 < |u(x) —uxo)| < —=
Rr-1 rr=l

for each x € Q.

Proof Without loss of generality we may assume that # > 0 and u(xg) = 1. Define

1 p=n p=n
v(x) = — (r =T —|x —xolp—‘)
r T
p—n
=1- = [x — xg| P71
rr=l

for x € B,(xg). Observe that u and v are p-harmonic in B, (x9)\{xo}, u(x0) = v(xp)
and u > v on 9B, (xp). By weak comparison, u > v in B, (xg). That is

1

M
ux)>1——=Ix—xol7 ", x & Br(xg).

=

]

r

Since v(x) < Oforx ¢ B,(xp), the above inequality trivially holds for x € Q\ B, (xp).
Now set

1 p— p=n
W) = —p (RPT = x = x0l 1)
Rr-1
1 —
=1—-—=Ix —xo|rT
Rr-1
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Observe that u and w are p-harmonic in Q\{xo}, u(xg) = w(xp) and u < w on I
as 2 C Bg(xp). By weak comparison, # < w in Q. That is

p—n

ux) <1-— |[x —xo| 7T, x € Q.

p—n

Rr-1

m}

Corollary 2.7 Suppose that u is a non-zero solution of (1.3). Then u is not differentiable
at xg.

Proof First assume £—7 € (0, 1). By hypothesis, u(x) = u(xo) + Du(xp) - (x —
x0) + o(|x — x9|), as x — x¢. Choosing R so large that 2 C Br(xo), we have by the
previous proposition that

llt]] oo
—= |

Rr-1

p—n
x —xo| P71 = fu(x) —u(xo)| = [Du(xo)l lx — xo| + o (Ix — xol),

as x — xg. That is,

[l o !
p—n

= = 1Duxo)] +o(1).
Rr=T |x —xo| 77T

This inequality can not be true since ﬁ — € (0, 1). If % =1, then n = 1 and the
claim trivially holds since u is then of the form (2.4). O

We will now refine the above estimates to deduce the exact behavior of a solution
u of (1.3) near xo. The following proposition relies on the results of Kichenassamy
and Veron in [12].

Proposition 2.8 Assume that u is a solution of (1.3). Then
1

. lu(x) — u(xo)l p—1 Ap \ 7
m —— = llull oo ’
X=X p—n nwy

|x — xp| P~ T

and

. | Du(x) Ap \ 7!
lim ——5— = [lull L :
- no,

X—>xQ |x _ X0| = "

Here w,, is the Lebesgue measure of B1(0) C R”.

Proof Without any loss of generality, we may assume that u is positive in €2 and that
u(xp) = 1. Recall that u is p-harmonic in 2\{xp}; and in view of Proposition 2.6, u
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satisfies0 < 1 —u(x) < Clx — x0|% in 2 for some constant C. This permits us to
use Theorem 1.1 and Remark 1.6 in [12] to conclude that there is y > 0 such that

. I —u(x)
L =t
% |x — x| P

5 |Du(x)|  (p—n
m p—n - y7

X—>x0 |x_x0|pfl—1 p—1

and

. Du(x) X — X0
lim + =0.
x=xo \ [Du(x)| ~ [x — xol
We may integrate by parts and exploit (2.7) to get

Ap :/ |Du|” dx
Q

lim |Du|? dx
r=0"JQ\B, (x0)

= lim div(u |Du|”~2 Du)dx
r=>0% JQ\B, (x0)
X — X
— lim | Dul?~2 Du - (— 0 )da
r—0% J3B, (x0) |x — xol

= lim u|Du|’"'do.
r=0%J9B, (xo)

(2.5)

(2.6)

2.7)

Here o is n — 1 dimensional Hausdorff measure. In view of (2.5), we actually have

Ap = lim |Du|”~! do.
r—>0t J¢
9By (x0)

Now we can apply (2.6). This limit gives

p—n

p—1
|Du(x)|P~! = (p — 1V> e —xol ="V + o),

as x — xp. By (2.8),

_ p-1 _
Ay = lim (p ”y) =D 4 o(1) | do = (1’ "
r=0% JoB.(xg) | \P — 1 p—1

which concludes the proof.

(2.8)

p—1
y) na)l’l’
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Remark 2.9 A function w € WO1 "7 (Q) that satisfies

—Apw =0, x e Q\{xo}
w=1, x=uxp 2.9)
w=0 xe€if

weakly is called a potential function. Observe that every extremal is a multiple of a
potential function but not vice versa. For instance, if 2 = B1(0), then w is an extremal
if and only if xo = 0.

The strong maximum principle for p-harmonic functions implies that 0 < w < 1
in Q\{xo}. In particular, w is uniquely maximized at x¢. Using similar arguments as
in the proof of Proposition 2.8, one can easily show that

—Apw = Ay,

in 2 where

A::/ |Dw|? dx.
Q

Therefore, the conclusion of Proposition 2.8 holds for w with A replacing A .

3 Support function of an extremal

Suppose now that €2 is convex and that u € WO1 "P(Q) is a positive extremal which
achieves its maximum at xo € 2. By Corollary 2.4, the results of Lewis [14] imply
that

—(x —x0) - Du (x) > 0 for x € Q\ {x0},
u is locally real analytic in Q\ {xo}, G.1)
{u > t} is convex for each t € R, and ’

{u = t} has positive Gaussian curvature for each 1 € (0, ||u||)-

By the implicit function theorem, it also follows that the level sets of u are smooth.
We define the support function of u as

h(g, 1) :=sup{x -&:x € Qux)>=1}. (3.2)

EeR" t €0, |lulls]- Fort € [0, ||ullo], 2 (-, t) is the usual support function of the
convex set {u > t}; if u(0) > ¢ and |€| = 1, h(&, t) represents the distance from the
origin to the hyperplane that supports {# > ¢} with outward normal &. It follows from
(3.1) and Theorem 4 of [7], h € C*(R"\{0} x (0, ||u|lo)) and ; < O.

Suppose u(xp) = ||u]l - Then for

Du(x)
| Du(x)|

x € Q\{xo}, &=-— , and t =u(x),
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we have

hE, t)=x-& h(&,t)=— , and Dgh(§, 1) =x.

1
| Du(x)]

See [16]. In particular, since & is the outward unit normal to the hypersurface {u = ¢}
at the point x, Dgh(&,t) is the inverse image of the Gauss map at x. Moreover, as
Dgh(é ,1)é = 0, the restriction of the linear transformation Dszh(é, t) : R" - R”

to £+ := {z € R" : z- & = 0} is the inverse of the second fundamental form of
{u = t} at the point x (see Section 2.5 of [20] for more on this point). In particular,
Dgh(é JB)lgL gL > elis positive definite and its eigenvalues are the reciprocals of
the principle curvatures of {u = t} at x.

Recall that —A ,u = 0in 2\ {xo}. Using this equation, Colesanti and Salani proved
(in Proposition 1 of [7]) that & satisfies

—1 —1
h [(Dgh@) ] (-1 ((nggl) Vih, - Veh; — hn) =0 (33

foreach [§] = 1andt € (0, lullo). Here Veh, := (I, —& ® §) D¢ h, is the projection
of the gradient of &, onto £--. Equation (3.3) will have an important role in our Proof
of Theorem 1.1.

4 Convex domains
Throughout this section, we will assume that 2 C R” is a bounded convex domain.

We will also suppose that ug, u; € Wé’p (R2) are positive extremal functions which
satisfy

{uo(xo) = lluolloo = 1

up(xp) = uillee =1,
for some xp, x| € 2. We aim to show that
uo = uj. 4.1)

It is easy to see that Theorem 1.1 follows from (4.1).
For each p € (0, 1), we define the Minkowski combination of ug and u

p(2) := sup {min {ug(x), u1(»)} : 2 = (1 = p)x + py, x,y € Q|

7z € Q. We recall that ug and u; are quasiconcave. Using the definition above, it is
straightforward to verify

{up >t} =1 = p){uo >t} + p{us > 1}, 4.2)
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for each r € R. Here the addition is the usual Minkowski addition of convex sets. In
particular, u,, itself is quasiconcave.

The Minkowski combination was introduced in work of Borell in [1] when he
studied capacitary functions; although his work was motivated by the previous
papers of Lewis [14] and Gabriel [11]. We also were particularly inspired to uti-
lize the Minkowski combination after we became aware of the work of Colesanti and
Salani in [7], who verified a Brunn-Minkowski inequality for p-capacitary functions
(1 < p < n), and the work of Cardaliaguet and Tahraoui in [3] on the strict concavity
of the harmonic radius.

Along the way to proving (4.1), we will need some other useful properties of u,,.

Proposition 4.1 Define
xp = (1 = p)xog + pxi.

Then the following hold:

(@) up(xp) = |up|, =1.
(iii) u, € C®(Q\ {xp}) N C(R).
(iv) Foreach z € Q\ {xp}, there are x € Q\ {xo} and y € Q\ {x1} such that

z= (- p)x+py,
Up(2) = uo(x) = up (y),
Du,(z) _ Dup(x) _ Duy(y)
|Duy(z)|  [Duo(x)| — [Dui(y)|’

1 1 1
T 7 = 1_ + )
D, P Due)] TP 1Du )]

2 2 2
D up(z)g S (- D uo(X)3 p D ul(y)y
|Du,(2)| [Duo(x)| [Dui(y)|

We omit the proof of the above proposition. However, we remark that (i) and (ii)
are elementary; Theorem 4 of [7] and Theorem 1 of [14] together imply (ii7); and
(iv) follows from Sect. 2, [3] or Sect. 7 of [16]. Using these properties we will verify
that u, itself is an extremal for each p € (0, 1).

Lemma 4.2 u, is extremal.

Proof We first show that u, is p-subharmonic and integrate by parts to derive an
upper bound on the integral [, |Du,|?dz. Then we show that u, satisfies the limits
in Proposition 2.8 (that are also satisfied by every extremal function). Finally, we
combine the upper bound and limits to arrive at the desired conclusion.

1. Letz € Q\{x,}, and select x € Q\{xo} and y € Q\{x} such that

Y Du,(z) _ Dug(x) _ Dui(y)
" |Duy@)|  1Duo(x)l  [Dui(y)|
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and

D?u,(2) D?ug(x) D?u1(y)

= (1~ -
Dy )] Dy 1D ()P

Recall that such x, y exist by Proposition 4.1. We have

2 .
|Dup(z)|*(l’+1) Apuy(z) _—AL(Z)S (p— —Dlwz)e36
|Du,(2)| |Du,(2)|
D%u,(z)
=Up+(p—2 il A2y
( (p—2e®e) D)

Note that min{1, p — 1} > 0 is a lower bound on the eigenvalues of the matrix
I, + (p — 2)e ® e. Therefore,

—(p+1
| Dy (2)] (p+)Ap”p(Z)

D?up(x) D?u;(y) )
Duo)l? " 1Dur ()P

= (1= p) |Duo(x)|~P*Y Apug(x) + p |Duy ()|~ A puy (v)
={1—-p)-0+p-0

=0.

Z(1n+(P—2)€®€)'((1—/J)

Consequently, —A,u, < 0in \{x,}.
2. The divergence theorem gives

/ div(u, |Du,;|pi2 Duy)dz
Q\By(xp)

- 7—X
:/ up|Dup‘p 2Dup-(— — L )da
3B, (x,) lz — xp

On the other hand, since u, is a positive p-subharmonic function in \{x,}

/ div(up|Dup‘p72Dup)dz=/ (upApup + |Duy|”)dz
Q\Br(xp) Q\Br(xp)

> / ]Dup\pdz.
Q\Br(xp)

Asu, <1,

/ |Du,|” dz < lim inf/ |Du, " do. (4.3)
Q 9B, (x,)

r—0+t
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3. Letw, beasolution of the PDE (2.9) with x, replacing xo. As u , is p-subharmonic,
uy(xp) =land uylye = 0, weak comparison implies u, < w,. This is a version
of Borell’s inequality; see [1,3]. In particular,

Wp(2) = up(z) = min {ug(x), u1(y)}, 4.4)

whenever z = (1 — p)x + py.
Now let z5 — x, with 2~ £ x, for all k € N sufficiently large. Set

for each k € N. Observe zX = (1 — p)x* + pyk and
‘Zk—xp‘ = ‘xk —x()’ = ‘yk—xl).

Setting A := fQ |[Dw,|?dz, we have from Proposition 2.8, Remark 2.9 and (4.4)
that

1
<p_1><x>p1 o 1—w,(H)
p—n nwy k—o00 |2k — Xp| 7T

{ L—uo(xb) 1 —ui(y%) }

< lim max
k—o00

p=n’ p=n
|xk — xo|P=T |yk — xq| 77!

_(p—1 Ap =
" \p—-n) \no, '

It follows that A = A ,. In view of (4.4), and since the sequence z

k was arbitrary,

1
lim 1 —uy(z) :<p—1)<)\_p)p1 @5)
Z—>Xp ’Z _xp|f,:']l p—n nwy

4. AgainletzF — x, with £ x, forall k € Nsufficiently large. By Proposition4.1,
there are x* € Q\{xo} and y* € Q\{x} such that z* = (1 — p)xk + pyk,

up () =wo (+*) =i (%), 4.6)

and

1 1 1
B + .
D, ]~ P Dueeh)] T D 0h)]

4.7
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Since u,(z¥) — 1, (4.6) implies that x* — x¢ and y* — x; as ug and u,
are uniquely maximized as these points, respectively. Combining this fact with
Proposition 2.8, (4.5) and again with (4.6) also gives

I Y I T
lim — = lim —/—— =1 4.8
e =]~ ke [ = -
By (4.7),
|Zk_xp‘%_l_(l_ )|Zk—xp %_l_}_ |Zk—xp G
Du, B pueed] T D b

p—n

Ik — x| =il ek — x| 7
=\ =xl] O el
[k — xo | Dug(xb)|

k_ = k_ 5=l
n |Z xp| p}y x1|
}yk—m’ |Du1(yk)| '

We can now employ the second limit in Proposition 2.8 and (4.8) to obtain

p=n -
-1 nwy

1
tim 2@ _ (LP)”I .
k—o00 |Zk B Xp| =1

k

And since z* was arbitrary,

e
lim M — (’\_1’) ot , (4.9)

T Xp |Z—Xp|%71 nwy

5. Using the upper bound (4.3) and the limits (4.5) and (4.9), we can proceed with
the same arguments as in the proof of Proposition 2.8 to conclude

/|Dup|pdz§1iminff 1Du, | do = 1.
Q 9B, (x,)

r—0+
O
In order to verify (4.1), we will employ the respective support functions g, /1, and

h, of ug, uy and u,; recall the support function of an extremal was defined in (3.2).
In particular, we note that the identity (4.2) implies

hy = (1 — p)ho + phy.
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Using this identity with the fact that kg, h1 and &, all satisfy Eq. (3.3), Colesanti and
Salani showed for each ¢t € (0, 1) there is C(z) > 0 such that

DZho(€.1) |ex = C(t)DFhi (5. 1) o (4.10)

and
dho(§,1) = C(1)d:h1(§, 1), 4.11)

for all || = 1 (see the proof of Theorem 1 in [7]).
As Dgho(g, NE = Dgho(g, NE = 0 e R”, it follows from (4.10) and the homo-
geneity of /g and /4 that
D:ho(&, 1) = C()DZh1 (&, 1),
for (§,1) € (R™"\{0}) x (0, 1). Upon integration we find
ho(§,1) = C(®)h1(§,1) +a(r) - & + b(1)

for some a(t) € R" and b(¢) € R. Since hg and i are homogeneous of degree one,
it must be that b(¢) = 0 for each t € (0, 1). Thus,

ho(§,1) = C(O)h1(§, 1) +a(r) - §.
Taking the time derivative of both sides of this equation gives
dho(€,1) = CO)dh1(5,1) + C' (O (E, 1) +d'(1) - &.
Comparing with (4.11) leads us to
C'(Hhi(&, 1) +d' (1) - & =0.

Suppose that C’(zp) # 0 for some 7y € (0, 1). Then

I (€, 10) = [_C“(ig‘;)} &

This would imply the level set {u; = 1y} is the singleton {—a’(fy)/C'(t9)}, which is
not possible. Therefore, C’(t) = 0 for t € (0, 1) and thus a'(¢) - & = 0 for all &.
Consequently, a’(t) = 0 for ¢ € (0, 1). Since hg and & coincide at t = 0, C(z) = 1
and a(t) = O forall ¢t € [0, 1]. As aresult, ho = h and so {ug > t} = {u; > t} for
eacht € [0, 1] (Theorem 8.24 in [19]). This verifies (4.1).

Proof of Corollary 1.2 By Eq. (1.4) and inequality (1.2),
G(y,y) = /Q IDG (x, y)I” dx
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> A IGC &
> rpG(y, )P

Therefore, G(y, y) < A;l/ =D and equality holds if and only if G (-, y) is extremal.
Theorem 1.1 in turn implies that equality occurs if and only if y = xp. O

5 Nonuniqueness

We will now explain that uniqueness does not hold for general domains by providing
a few explicit examples. These instances include planar annuli, bow tie and dumbbell
shaped domains. The perceptive reader will also see how to construct other examples
from our remarks below.

Example 5.1 Define
Qe = {x eR" 111 < Ix]| <12},

for r1, r» > 0 with r; < r». As mentioned above, there is a positive extremal u that
achieves is maximum at a single point xo € €2,,,,,. Notice that for any n x n orthogonal
matrix O, v := u o O is a positive extremal and ||v]co = ||u|lo- Consequently, for
each yg € €, , with |yg| = |xol, there is a distinct positive extremal with supremum
norm equal to || # || 5. Thus, uniqueness of extremals does not hold for annuli as showed
in Fig. 2.

Fig.2 Q46 whenn =2
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Fig.3 €21/10

Example 5.2 Consider the “bow tie” domain in the plane
Q= {13 € R2: ol < ul+e lnl < 1},

for ¢ > 0. Note, in particular, that Q. is star-shaped with respect to the origin; see
Fig. 3. Let u. be a positive extremal for Q¢ with ||u¢||ooc = 1. If u¢ is unique, then it
must be that

ue(0,0) = 1. 5.1

This is due to the fact that the 2. and the p-Laplacian are invariant with respect to
reflection about the x| and x;, axes.

Let us assume (5.1) holds for each € > 0 and extend u. to be 0 outside of 2.
Notice that the resulting function, which we also denote as u., belongs to wlr (Rz).
Also note that since Q29 C Q¢

[ 1Ductrax = [ 1Ducl? dx = 2,00 < 3,90

Consequently, there is a decreasing sequence of positive numbers (¢;) jen tending to
0 and a continuous function uq : RZ — [0, 1] for which Ue; = U locally uniformly
on RZ. In view of (5.1),

up(0,0) = 1.
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Fig.4 Dumbbell-shaped domain for § = 1/5

On the other hand, u. (0, 2¢) = 0 for all ¢ > 0. Thus

up(0,0) = lim u;(0,2¢;) =0,
j—oo

which is a contradiction.

As a result, we conclude that there is some € > 0 such that u. does not achieve
its maximum value at (0, 0). For this value of €, Q. will have a least two positive
extremals with supremum norm equal to 1.

Example 5.3 The same ideas used in Example 5.2, can be used to show the dumbbell-
shaped domain

B1(=5,0) U ([-5,5] x [-8,8D) UB1(5,0) (0<d<1),

does not have unique extremals for some § > 0 chosen small enough. See Fig. 4.

6 Steiner symmetric domains

Theorem 1.1 implies that if a convex domain has some reflectional symmetry, then
we have additional information on the location of the maximum points of positive
extremals. More precisely, we can make the following observation.

Corollary 6.1 Assume Q2 C R" is a convex domain that is invariant with respect
to reflection across the hyperplanes {x eR":x; = 0} for j = 1,...,n. Then any
positive (negative) extremal achieves its maximum (minimum) value at 0 € R".

Proof Assume u € WO1 "7 (Q) is a positive extremal that achieves it maximum value at
z. As Q is invariant with respect to {x € R" : x; = 0}, the function

Ml(xlax2»~-~,xn) = u(_-xl’xZa "'7-xn)7 (-xlaxz’"'axn) € Qa

belongs to Wol’p(Q) and ||u|loc = llu1lloo. Moreover, it is routine to verify that u is
also a positive extremal that achieves it maximum at the reflection of z about the plane
{x € R" : x; = 0}. By Theorem 1.1, u; = u which forces z € {x € R" : x; = 0}.
Repeating this argument for j = 2,...,n, we find z € {x € R" : x; = 0} for
j=1,...,n. Asaresult,z = 0. O

We now seek to extend this observation. We will show below that certain symmetric
two dimensional domains have unique extremals without assuming the domains were
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convex to begin with. To this end, we employ Steiner symmetrization. In particular,
we will make use of the results by Cianchi and Fusco in [6] on the equality condition
in the Pdlya-Szeg6 inequality associated with Steiner symmetrization. We also use
special properties of the critical points of p-harmonic functions in two dimensions
due to Manfredi in [17].

Let us first briefly recall the notion of the Steiner symmetrization of a subset of R2.
For a given A C R? and a € R, we will denote A N {x; = a} as the intersection of A
with the vertical line x| = a. We also will write £™ for the outer Lebesgue measure
defined on all subsets of R” (m =1, 2).

Definition 6.2 Assume A C R?. The Steiner symmetrization of A with respect to the
X1 axis is

AT:kmmeR%un<%ﬂ@MwM=an}

A is said to be Steiner symmetric with respect to the x| axis if AT = A.

Now suppose u : R?> — [0, 00) is Lebesgue measurable. We can use the above
definition to provide the following rearrangement of u

o0
uj(x) :=/(; Xusryr()dt,  x € R2.

This function is called the Steiner rearrangement of u with respect to the x; axis.
Observe that
{uf >ty ={u>1}] 6.1)
for each ¢ > 0. Note also that u7(x1, -) and u(xy, -) have the same distribution for Ll
almost every x; € R.
Itis known thatif p € [1, 00), Q2 C R2 is a bounded domain and u € Wol’p(Q), then
uj € Wé "7 (). Moreover, if Q7] is Lebesgue measurable, the Polya-Szegi inequality

/ |Du’f|pdx§/ |Du|Pdx (6.2)
Qo Q

holds, see [2,6]. Cianchi and Fusco showed that if QT = Q and equality holds in (6.2),
then u} = u provided
L* ({uy, =0}) =0 (6.3)

(Theorem 2.2 in [6]). All of the above definitions and facts regarding Steiner sym-
metrization and rearrangements with respect to the x; axis have obvious counterparts
with respect to the x; axis.

Our main assertion regarding the uniqueness of extremals on Steiner symmetric
domains is as follows.

Proposition 6.3 Assume Q C R? is a bounded domain that is equal to its Steiner sym-
metrization with respect to the x| and x, axes. Then any positive (negative) extremal
achieves its maximum (minimum) value at 0 € R2.
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A

\

Fig.5 The domain {(x1, x2) € R?: |x1] 4+ 2|x2] < 1, 2]x1| + |x2| < 1}

\

Proof Assume u € Wol’p(Q) is a positive extremal with |u|l,o = u(z) = 1. In
view of (6.1), [[uflloc = 1, as well. By the Pélya-Szego inequality (6.2), we easily
conclude u} is extremal and [o |Duf|Pdx = [o|Du|Pdx. We now claim that u
satisfies (6.3). Once we verify this assertion, we would have u = u} which implies
u(xy, x2) = u(xy, —x2) for all (x1, x) € Q. As a result z belongs to the x; axis, and
very similarly we would have that z also belongs to the x5 axis. Therefore, z = 0 € R?.

Let us now show that any positive extremal u € WO1 P (Q) satisfies (6.3). Recall that
u is p-harmonic in Q\{z} and therefore, u € CIIOC(Q\{z}). By the results of Manfredi
in [17], we know the zeros of Du are isolated in ©2\{z}. Consequently, u is locally
real analytic in S := Q\ ({z} U {| Du| = 0}), which is an open set of full measure. In
particular, u,, is also locally real analytic in S. Therefore, if

L2 ({x € St ug(x) =0}) > 0,
then it must be that u,, = 0 in S; see section 3.1 of [13]. Since uy, is continuous in
©\{z}, it would then follow that u,, = 0 in Q\{z}, as well. However, this is clearly
not possible as the function

[0,00) 2t u(z+ter)

is positive at = 0 and vanishes for all # > 0 sufficiently large. As a result, (6.3) holds
and the assertion follows. O

See Figs. 5, 6 and 7 for Steiner symmetric, nonconvex domains €2 for which Propo-
sition 6.3 applies to. Figure 5 displays

{(x1,x2) € R 1 [x1] + 2 |x2] < 1,2 |x1] + |x2] < 1}
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Fig.6 The domain ([—3,3] x [—1, 1)) U ([—1, 1] x [=3,3])

Fig.7 The region bounded by the curve r = 10 + % cos(86)
Figure 6 shows

([=3,3]1 x [-1, 1D U ([—1, 1] x [=3, 3])
and Fig. 7 exhibits the region bounded by the curve

=10+ = (86)
r= %cos

given in polar coordinates.
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