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SECTION I

INTROD UCTION

1, Purpese
. The objectives of this study ere:

a. to obtain a solution for the analysis of the stresses and dis=-
placements in thin-shallow spherical domes of constant thickness
wder symmetrical or unsymmetrical loading,

b. to demonstrate the application of this solution to the analysis of
shells subjected to symmetricai or unsymmetrical vertical losding
under various conditions of edge restraint, and

¢, te reduce the labor involved in the design of thin-shallew shells
subjected to symmetricel uniform vertical loading.

2, Historical Background

The problem of stress and displacement in spherical shells has been
studled by meny investigators,

In 1912, H. Reissner (1) starting with Love's squations of the general
theory of shells of eny shape gave the membrane solutions for the stats of
stress and displacement in a shell under symmetrical or wunsymmetrical leeding.
For a shell with constent thickness under the actien of a symmetricel system
of edge forces, he showed that the equations of equilibrium redﬁced to two
mutually symmetrical second order differential equations. He pointed out the
use of the asymptotic integration precedure of O, Blumenthal (2) in the solu-
tion of these differential equations, He showed that it was possible te
resolve the stress problem into a membrﬁne stress and displacement analysis

and a bending theory analysis for the determinatiom of the edge forces re-

(1) Refers to corresponding nuwbers in Bibliography




quired to satisfy the initial conditioms of restraint of the shell.

In 1913, E, Meissner (3) demonstrated that H. Reissner's symmetricel
differential equations could be solved exactly by a hypergeémetric sories,

In 1914, Meissner (4) showed for fhe case of a symmetrically loeded shell of
revolution with variable thiclmess, that two differential equations similar te
those for the spherical shell with constant thickness were obtained and were
solvable, provided the variation of shell thickness was teken in a certain
way. Gﬁléulations using Meissner's solution for a constant thickness spheri=-
cal shell were mede by L. Bolle (5) in 1915,

E. Schwerin (6), in 1919, using the work of H. Reissner amd E Meissner
gave the solution for the symmetrically loaded shell by combining the mem=
brene stress snalysis with the edge effects solution and theh applied his
results in two numerical examples., He assumed & hemisphere in both cases,

In the first example he considered the support to be hinged; in the second,
to be fixed., The spherical shell was stressed by a uniform rise in tempera=
turs in both cases, He then developed the solution for a shell unsymmetri-
cally loaded by wind pressure end then applied his results to two additional
numerical problems, For these he assumed the hemispheres of the first two
problems but now acted upon by an unsymmetrical wind pressure leeding.

P. Pasternak (7), in 1926, applied the method of finite difference equa=
tions to the soiution of H. Reissner's differsntial equations for the shell
symnetrically loaded at the edge. He determined the formulas for the influ-
ence coefficients for the determination of the edge displacements due to edge
forees or, conversely, the edge forces due to edge displacements.

J. W. Geckeler (8) in 1926, develo#ed en approximate solution for the

‘8shell symmetrieally loaded at the boundaries, Noting that the second deriva-

2,
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tives were greater than the first derivatives and these in turn were greater
than the functions themselves due to the exponential cheracter of the fume=-
tions et the boundaries, he neglected the functions and the first derivatives
in the differential equations for ﬁhe shell thue obtaining a simple approxi-
mate selﬁtion. These previous methods were unsuitable for the shallow dome
inasmuch as the hypergeometric series and asymptotic integration procedure
converge much too slowly as the dome becomes more shallow. Also, in the ap-
proximate metheds, the neglection of the function or its derivatives leads to
serious errors in the vicinlity of the pole,

In 1930, Geckeler (9) developed a Bessel funtion solution applicable te
the shellow spherical dome. He made a comparative study of his two previous
approximate solutions and his new Bessel function solution, In discussing
the degree of approzimation of his two approximate solutions he pointed out
their inapplicability to the case of the shallew dome. Geckeler obtained his
Bessel function solution for shallow domes by making the assumption that in
H. Reissner's basic differential equations for a symmetrically loaded shell
the cotangent # may be replaced by% fof small values of @, This becomes
more nearly correct as § approaches zero. The solution of the differential
equations for constant wall thickness and for symmetrical edge loading is
then obtained in the form of Bessel functions. Geckeler applied this solu=
tiens to the determination of the state of stress and displacement due to a
point loed et the pole. In so doing he was forced to arbitrarily disregard
part of the solution in order not to obtain infinite deflections. He demon=
strated the transformatien of his solution for the point load at the pole,
restrehed edges, into the solution for a circular flat plate under center

‘point load with fixed edges as the shallow dome approaches the limiting case
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of the flat plate. .

In 1935, A. Havers (10), developed an esymptotic method for the selution
of the differential equations for a spherical shell with constant thickness
subjected to an unsymmetrical boundary loading. He pointed out that this
method is not valid for the case of the shellow dome,

A. Ass Jakobsen (11), in 1937, considered the case of the dome supported
at various points along its edge using end simplifying the previous work of -
A, Havers.

In 1938, M. Hetény:l {(12) developed to completion an approximaete solutien
obtained in (1) by neglecting only the functions themselves in the differen=-
tial equations for a shell symmetrically loaded at the boundary. He’cényi made
o comparative study of Geckeler's first approximate solution, this approximate
solution and the exact hypergeometric series solution, by way of an example.
He carried out the numerical caleulations by the three methods for a shell
with fixed edges under a wniform radial loeding. Finally, the range of appli-
cability of the approzimate solutions was discussed and a scheme given bto
estimate the probable errors in these solutions. A comparison of the esti-
mated vefsus the actual percentaege errors in the numerical problem was made
for the meridional moments and hoop forces. Hetenyli pointed out the ineppli=-
cability of the two approximate solutions for the case of the shallow dome.

In 1943, E, Reissner (13) utilized the basic assumption of shallowness
of the shell end reduced the genmeral equations of the shallow spherical shell
té two differential equations of fourth order in terms of & stress function F
and the vertical deflection W, He indicated the form F and W would take in

the case of the msymmetrically loaded shell and carried out the selution

for the symmetrically leaded shell. He then applied it te the case of a con-
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centrated load at the pole.. The effects of the concentrated lead as a point
loading were studied as well as the effects of the concentrated load if dis-
tributed over a small area at the pole.

The present thesis is based upon this work of E. Reissner.

3. BSocepe of Thesis

The original work of this thesis properly commences with the solution
for wmsymmetrical loading of E, Reissner's basic differential equetions for
the shallow dome., However, for the sake of completeness, his development of
.the differential equations (13) is given nearly verbatim in Section II, His
development has been modified therein to include the effect of temperature,
Section III presents a solution of the differential equations suitable for
usymmetrical or symmetricel losding. Seotion IV gives the expressions for
the stress resultants and reeactions for unsymmetrical loeding. Section V

gives the expressions for the stress resultants and reactions for the symmaet~

rical case., BSection VI covers the gemeral problem of the determination of the

Sl

displacemehts with expressions for the unsymmetricel and symmetrical cases.
The applications of the results of Sections III, IV, V and VI are given

in Seections VII through XII, inclusive. Before summarizing the contents of

these sections the paramstér,gl, used throughout this thesis is now defined.

See Figure 1.
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x; = the helf-span of the dome
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= Poisson's ratio (taken equal to 0.2 for the

numerical work of this thesis)

6.

The results of Sections VII through XII, inclusive, ere now summarized

by section.




o

S S

. ‘,.“ s
VB R e

7.

Section VII., In this case the edges are fully restrained amd an uniferm

vertiecal load of intensity p is acting downward. The range of shells con-
sidered is given by O §§"§ 25,0, Direct, bemding, combined (direct end
bending) and maximum stress intensities have been computed, tabulated and
plotted in dimensionless form. Shearing stress intensities were éomputed' and
tabulated also, For the same renge of shells the vertical deflections at all
points of the shell have been plotted and the variation of the vertical de-
flection at the center has been investigated with respect to f,, the Bulge Ratie
and R. A numerical example illustrating the use of the tables and graphs of
this section is glven,

Section VIII, No surface load is acting and the edges are considered

to be loeded by an wniform edge moment Mg and an wniform horizontal edge force

Pe o The range of shells oonsidered is given by O §§'=<25.0. Influence

coefficients have been computed, tebulated end plotted for this range of

shells. These coefficients when multiplied by the edge moments anmd horizental

forces acting will yield the values of the horizontal edge displacement and

edge rotation due to that edge loading. Conversely, for a given edge horizomtal

displacement and rotation, the edge moments and thrusts may be determined,

A numerical example illustrating the use of these influence coefficients is given,
Section IX. This case is analogous to that of Section VIII. The influ-

ence coefficients were computed, tebulated and plotted for the determination

'of the horizontel displacement and rotation of the edge of a lantern opening

©OF center hole of e shell loaded by an uniform edge moment and edge horizontal

forse, The opening is measured by the parameter ’»(.= ”2(: where x _ is the
redius of opening or lantern cirele and £ is as given for g',. The range of

Spenings is given by O : M § 5.0, Due to the loscal effect of such an
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joner edge loading, the outer edge is caonsidered to be an infinite distance
away from the center of the shell, L |
Section X. This case illustrates en unsymmetricel hydros;tqti..gloadi”.gg

condition, edges fully restrained, for a shell measured by £ = 10.0. This
1aaﬂing_resolves _itself. into two parts; e uniform 1ogding _covered in Seetion_VII
and an unsy_mnetriea.l loading given 'by _Qqnatiqn (_208). ‘Thisvset;‘l.:ion gives the
stresses and verticel deflections for the loading covered by equation (208)__.
These_results s given in tebuler form, céxbined with the :esults for q "-“1_0,0
in S_ectien VII give the desired velues for the case of hydrostatic loeding.
The stresses end deflections are in dimensionless form.

~ Section XI, This is e numerical example to illustrete the techniques
involved in the solution of a Ysymme’rbriqal_ly loeded shell with & lentern
opening, reinforced et the immer end outer edges by rings. A uniform verti-
cel loading end = vertical lantern ring loeding are individually considered.
The results ere given in “tabular form.

Section XII., This case 1; apalogoqs j:q_tbose_o; Sgo*_t;_iqz_;q _VIII a.ndIX.

In this section the procedure is outlined for the determination of influence

cosfficients for the calculation of the horizental amd cirounferential dis=
plecements &and rotation of the outer edge due to unsymmetrical horizontel and
tapggnti;ﬂlA(cirogpfersntial) forces and unsymmetrical moments acting on the
outer edge. No values ere computed.

- The appendices include notes on Bessel functions and other miscellaneous
topies. -

4, Precision

Consideration of design and construction practice combined with the in-

‘accurascies inherent in materiels and sctual loadings render & precision greater




9.

then that of a slide-rule impractical. Accordingly, four significant figures
were maintained, except for small values of€ s for Sections VII through X
jpclusive. The numerical values of Section XI are given to 1 psf and 0.001
inches. It is noted that for very flat shells, g'zo, many significant
figures are required in the values of the Bessel functions to maintain thrée
or four significant figues in the results., This is due to the subtraction
of one quantity from another of equal magnitude, This presents no formidable
obstacle in practice due to the need to carry enly & few terms in the series
for the computation of the particular Bessel function when SL lzo.

5. Accuracy of Method.

The determination of the accuracy of this method of analysis is beyond

the scope of this thesis., It suffices to point out that whereas all other

methods, exeept thet of Geckeler's (9) Bessel function solution for shallow
domes, become more inaccurate as ‘the shell approeches the limiting case of a
flat plate, this method (and Geckeler'!s) become morse accurate by virtue of
the neture of the aaumpi:iona rede. It is likéwise felt that for the limiting
case covered by this thesis; namely, a shell wheée rise to span ratio is about
one-eighth (1/8), the approximate method used herein gives results as good
es any given by other methods.

6., Conelusions.

&. The rotationally symmetrie case of the thin shallew spherical shsll
is capable of practical solution without serious methematical difficulties.
The shell may be analyzed directly under loed with certein boundary conmli~
tions or may be considered as & combination of a shell in a menbrane state
upon whioh are superimposed the edge forces required to satisfy the initial

conditions of restraint.
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SECTTON IT_

The Basic Equations of Shell Theory for a Shallow Sphericsl Dome.

-1, The Equations of General Shell Theory (a)

Love's equations of the genersl theory are the starting point for the
derivetion of the simplified shell equations of this report. E. Reissner (13)
in e new derivations of these equations states them to be the following. The
notation of Reissmer's paper is employed. See Figure 2,

a. The Equations of Equilibrium for en Element of the Shell

C)o(zNH Qe Nz, o, a"(z °<r°(z )
c)tf, + cjé‘ +N,29€z N22 ==% f +Q—=* R, W

+ X X, P' = 0

9°<szz e, sz

éq 3«1 °(|°(2
.—)f, “)'fz +Nz;a{.| N 3§ + Q52 R.
+ X X3P = 0 | F (A)

_ J':’(2 Qt‘ 30(. Qs X, X2 o, X
Q{" | + ag.z Nu R, R L Nz2

toi X229 = 0O

Mz M
R, R,

+ Niz =Nz = © J

(2) The development of this section is based upon the work of E, Reigsner (13)

PP. 83-23, Reissner's demonstiation has been modified to include the effects
of temperature
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(b) Direct Stress Resultents and (¢) Bending Stress
Surface Load Intensities A Resultants

Figure 2, Ceneral Shell Theory Notation
(from E, Reissner (13) )
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o Xz M2 + de, Mzz _M“_:%_;_‘_v + Mz 3‘;1 3
2 )

—oX, X Q 5, =0

. [ (A)

dx, Mzl _ g, 2%z L0, 25
Stoov5e Mgy TR,

— o(, C(z_CQ, =0

b. The Stress Resultent Strain Relations

The expressions given by E. Relssner (13) have been modified to in-
clude the effects of e temperature distribution assumed to vary linearly
across the thicknéss of the shell, See Figure 3. An increese in tem-
perature is positive. These temperature effects manifest themselves in
the expressions for direct stress and bending stress onlye The develop=
ment of the temperature terms is to be féund on page 204, Timoshenko's
"Theory of Elasticity", MeGraw-Eill, New York, 1934 and on page 54, |
Timoghenko's "Theory of Plates and Shells", MoGraw-Hill, New York, 1940C.

13 is the coefficient of thermal ezpansion;
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Middle Surface
aTu ATm

AT, , ATy are functions of position, (f',_, §'z)
and are temperature changes. An increase in
temperature is positive.

(a) Temperature Distribution at Shell Surfaces

ATu

aT )
t
A 2
~ ATm +
X
2
AT .

ATm= ATat4aTe
R

(b) Temperature Distribution over Thiclmess ¢
of Shell,

Figure 3. Notation for Temperature Effects.



The stress resultent strain relations are

N = E(€7+Vv E ) =Bt aTm
Niz = Nai =Gt 05"

=g v eE) —ptaTm
Mu = D[(Kuﬂsz)— _ﬁ%nrl(ATu 7))
Miz= Mz = & V)DT
Mz2 =D[<K2+VK,>-‘P(_LI_+V) (aTu _ 4T.Q>]

where

__Et’®
S

14,

(B)
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end where the strains are given in terms of the displacements as follows

el LU L Us O | w |
Ewd,a, +0(,0(1r>§'z T R, \
E"___l__ 2 + U, 90(7. w
7\«—0(135': d‘dzag' Rl
232&(.9_1. % 9 u')
12~ I, \ X, + xy ‘)fz (o(,
~ L c)U,! Uz O \. | ( )
Kl - °<' C)gl +d,0(z c){:l C
L, U %
Ka= a7 38, Y 2 5%,
Sxe d (Uz) e O /U
Tﬁ"(l 3§ °<z)+°‘z Qfl(%.)
. Y | dw . '-H_E—J.Q_ui
DR T MR TRIg

The basic essumptions made in the derivation of eguatioms (A), (B)

and (C) were

l. The thickness of the shell is small compered to the radii of
curvature of its middle surface,

2., The stress components normal to the middle surface are small
compared with the other stress components and may be neglected
in the stress-strain relations,

3. The normals of the undeformed middle surface are deformed into
the normels of the deformed middle surface,

4, The displacements ere so small that the equilibrium conditions

- for deformed elements are the same as if the elements were not

defermed,
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2. Reduction of the Equations of the General Theory to the Eguations for a

Shallow Spherical Dome,

Considering a spherical shell, the following choice of coordinates is
convenient., See Figure 4.
F_i':)( )the redial distence of the points of the shell from the axis of
the shell. |
ﬁz =4>,} the angular coordinate ofbthe points of the shell,

The equetion of the shell surface may be written in the form

z:=yYR=x* —(R-h)
The radil of curvature of the shell are
Rl = RZ' R

The assumption of shallowness of the shell is expressed by the following

order of magnitude relation

dz _ _ X —_— _ X — dz
dx =y R2-x2 R 7 d X
Figure 4 ahéws, as may be verified by direct caleculation, that except

<< |

for negligibly smell quentities the terms and oocurring in equa’ci_ens
(&) to (C) are given by
<y =] ; oy = X

' with these values foro(,and X,and with the specialized notetien

Niy = Nxx ; N2z

11

N4>¢ ) Niz= N2y = qu;

1

Mu=Mxx ;) Mzz= M¢sd ; Miz = Mzi = Mxo

i

Qi =Qx ) Q2 Q¢ s Pi=Px)Pz=pp, 9= P




&
X
z
q..
_/ Xu .
(a) Dimensions of Dome,
—< \\
w —\Td’é ™ —
r BN w
] \\\ \\+}>
~ Mé¢ Mxx
~_ N\
~
¢ Nrx
N¢¢ T
Q4 Qx

(b) Stress-Resultant Notations,

Figure 4. Key to Notation
(from E, Reissner (13) )

17.
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the equilibrium equations (A) reduce to

Nxx aN —
-‘2—(5;—-)+—51—;‘i—N¢¢+%Qx+XPX = o

(1a,b)

‘)g‘:"“”l+ DaN;d’ + Nxp + 2 Qp+xPp=0

e+ 53— (ot Frerpeo

| 9§M*Q+%‘Z"i— Mps —XQx = O \ (za,b,c)
%}{‘1‘!—@+%"%¢+Mx¢-xa¢=o )

It may be noted that when R = oG equations (1) become those of the theory
of generalized plene stress while equations (2) become those of the theory of
bending of flaf. plates. |

The known treatments of the two separate limiting cases are used, in
what follows, as guldes towards & procedure applicable when the iritilal cur=-
vature of the shell couples the two systems of equatiens (1) and (2).

Next; it is necessary to reduce equations (C) for the components of
strain to their form which 1s eppropriate for the shallow spherical dome.

Writing for the meridionel and eircumferential displacement components

u = u , Uz:V

and ochenging slightly the notetien for the components of direct strain, there

follews for the components of direct strain



Ex:b%)%+% )

Loy ,u w
5% TX TR i (3abe)
Yoo (V) U

’
For the gquantities ({, and uz’ occurring in the components of bending

strain follows

(4a,b)

considering the fact that fer shallow shells the deflecticns W, when it
oceurs at all, will presumably be large compared with U amd V equations
(4a, b) may be simplified te
’ Jw / | Jw
FRET CARR 71 (4e,d)

Introducing equetions (4c, d) into the expressions for the bending strain

components and meking again use of the assumption leading from equations

(4a, b) to equations (4c, 4) there follows for the bending strains

Ke == 3):: \
d dw |
K¢ :—?La_;i-?iaqsz ’ (Sa,b,c)
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It may be noted thet these are the same expressions as those of the
theory of flat pletes., This conforms with previcusly lmown results for the
buckling theory of eirculer cylindrical shells where during buckling the

' waves subdivide the circular shell into independent shallow panels.
| In terms of the strains of equetions (3) end (5) the stress resultent

strain relations are now (see Figure 4)

Nie = BL (6x+vE4) = ptaTm
Ngg = ”,z(ap +VEX) — ptaTm Y (Babc)
Nx¢=Gt¥xp J
MxxzD[(KxWKaga)-ﬁ(”V)(AT —ATz)] )

Moo= D[(K¢+ka)-ﬁ('—.*t'i(47—u - AT.Q)] - (7a,b, c)
Mxp= LLLDT )

3. Reductions of Equations (1) to (7) to a System of Two Simultaneous Equa-

tions for a Stress Function F and the Deflection W,

To accomplish thie reduction the observation is first made that, pre-
sumebly, the vertical shear force terms in equations (1) are negligibly small.
- Proceeding on this essumption (which may be justified in any given case at
the end by substituting in equations (1) the vertical shears obtained en the
basis of neglecting them in equations (1) and by compering the order of their
magnitude with the order of magnitude of the other terms eccurring in equa~-

tions (1) ) =equations (1) reduce to the equations of the theory of generalized
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plane stress.

Dg(xer)+ éaN(;é —N‘P‘b +XPx =0

(8a,b)

()g(xNL«b)_'_ aaN‘;tb + NXCP +xp¢ = o0

As is khown from the theory of plene stress, equetions (8) may be satis=-
fied by expressing the three stress resultents in terms of a stress function,
This representetion will be used here for the case only that the loed terms

Px and P¢ are deriveble from a leoad potential,

ng‘gil ) P4>»=—‘xl‘§§'- (9)

Evidently,QQ vanishes when vertical loads P only are ascting,

The representetion in terms of the stress fumetion F is

Nog = e t+ i } ('Oa,b,c)

X
Nx p=- D) ( | OF J
ox UX 9#
It mey be verified directly that equations (10) are in sgreement with

equations {8) and (9), for eny choice of the function F.

A differential equation for the F function is obtained from the relevent

equation of compatibility. To avoid reconverting to Cartesian coordinates,use
may be made of the equations of competibility in oylindrical coordinates. Of

the equations of competibility (16) the following one is used
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2 (P ®) ® 2

D%, D6 . D [vedEs O%x Vg )

PrE ~X 3% *32()‘ JX ) T IxId (”)
®  Ju ® v |

® L ' (12)

N NA
XX‘P XCT)_(-(X +X&¢ J

Bquation (11) is epplied to equations (3) for the direct shell strains which,
exeept for terms containing the deflection W, ere identicel with equations (12),

Hence intreducing equations (3) into equation (11) thers follows

c)zfx | Dw & x Ow 29&
ac,sz"ﬁaw"xa TR T ax("
L /u2dw) _ 3(x¥xs)
2 5x (52) = %D (13

The terms involving W may be combined te

2 2
X/ L dw W _ X 2
R xzc)¢1*xax"'ax)“ R VW (14

where V is the symbol for the Laplace operator. Equation (13) may now be

written

l >* 9 & dEx 2 &

Py X 9x +c))( (x

P(xX;
aixa b 4 VW (15

In equetion (15) introduce the strains in terms of the stress resultents,

writing equations (6) in the form



Ex :‘{TIE (Nxx‘VN@?) + £ aTm )
64, :_ELE—[N(P¢~VN;(;() + P aTm ?‘ (’6 a,b,c)
qu’:i:LG— Nx¢ J

substituting equations (16) in equation (15) and using the representation of
the stress resultents by equations (10) there is obteined an equation con-
necting stress function F and deflection W. The calculations need not actually
be carried out inasmuch es the result for R = oG, that is, the value of the
left hand side of the transformed equation (15) is known from the theory of
plene stress (where it is derived by the use of Cartesian coordinates).

The resultent fundamental equation is

VVIF+(-)vin = tEvi ~tEBVeTm  (i7)

To obtain a second differential equation involving W end F introduce,

following the example of plate~bending theory, the moment equilibrium con-

ditions (2b) and 2¢) into the vertical force equilibrium condition (2a),

() c)(XMxQ_ M ¢ __
X\ ox 59—~ Mé¢)

(J(XMJ) d Mé¢ +Mx4>)

¢
— 2 (Nxx + Ngg) + xp = o (19
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Introducse :I.ntb equetions (18) the values of Mxx, M,J# and Mx;f from equetions

(7) end (5). The result is

- szv'zw _,_Df__tﬁ‘_"'_"z VZ-(ATu - ATL)

—-é—(Nxx+ Ngg)+ P =o© (19)

Into equation (19) introduce the velues of Nxx and Ngg from equations (10).

With a slight chenge in notatiom we have as & final result

DY+ L ViF= p- 22 ,f(ff,)vz(aru—au) @9

Equations (17) and (20) ere the two fundemental differential equations for &

thin shallow spherical dome.

To calculate the stresses and deflections of the dome it is necessary
to obtain the solutions of equations (17) and (20) end to fit them to the
preseribed boundery conditions. This task is materielly helped by the
fact that both equations involve only the Laplace operater V% Thus it is,

for instence, possible to have solutions of the form

Wn(x) Sin :<P
{ . ¢ (Zla,b>
Fr = Fn (%) {g'o'; :i

where the functions Wm (x) and Fn (x) ere expressible in terms of Bessel

Wa

functions, By combining terms with different velues of n, solutions can be

obtained for unsymmetrical loadings, Before proceeding with the soluticn of

equations (17) and (20) the main results obteined so far may be summarized

as follows
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4, Resume of Basic Formulas for Shallow Spherical Domes.

a, Differential Equations

VY E-Ev (v ~tEBVaTm (17)

DYV w+=VF=p-2E— ,fﬁtv)v‘(ATu—Ap) (20)

b, Direct Stress Resultants

_L_“)F \ aF
N""*Xaerx aqﬂ—-*_'n~ )
2
N¢d = 3; + N {f (1oab,)
- _9 (1 2E
N¥¢ =" 5x (x bry )
= peEoSE o RSy

c. Bending Stress Resultants

Mx == D[axz—r V(% 9w+—_c)561) 3
+ __'_____.,B(H-V) (ATu “AIT-Q)] |

MM:“D-{%?-I- ‘zg(;;,+l/aw | &(Zlc,d,e) R

+ LY “*‘”)(An - aTo)]

M"‘P" (- V)Dc)x(x ¢ J
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SECTION IIT

The Solution of the Shell Equations

1, Integration of the Differential Equations

From equation (17)

VZF~1REw :%§—(|-\f)ﬂ—t5p4Tm (22)

2
where é is a solution of V é: O so that

n=e .
n ~-n :

$ =Ac+Bolnx+ S (AnX"+BnX )Cos n¢ @3)

n=l
‘It is to be noted that terms in sin n,J similar to the terms in cos np’
are possible solutions for § but are not relevent to the work of this thesis
and accordingly are not included.
' 2
- Substituting / F from equatien (22) in equatiem (20) we have

DVVw+ R,_w P~ Eé-ﬁt_‘_f)n_,_tagﬂ'm

_tks -
T4 “(aTu An) (24)
Dividing through by D and introducing a new symbol

tE _ 2G-VIYLE _ 12(-v?) _ |

R*~ Et3R2 ~ t2R* ~ gt

- VR
- 1/412(l~v’-) (25)

equation (24) mé.y be written as
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202 g _(+v) tEBaTm
vvw+£4w - P ——R_()_+-—-——-—R
2 2
-%z—(‘.%%ku-m)]*% @9

The solution of equation (26) may be considered as composed of three

e W= Wh+Wwp - P (7)

where Wh is the solutien of the homogeneous equation

VZVZUJh + 24 Wh =0 (28)

and where WP is a perticuler integral of the equation

VIVZUJP-bﬁwP :—é— P_g.%‘_fl_n__'_ ‘L‘E£4Tm

tee \
AJu-2 (ZS)
T i2(-v) v) V Tu T‘Q)]
The sclution of equation (29) depends upon the loading of the shell and
may often be found by inspection. The solutions of equation (28) are known

but the process by which they are obtained will be outlined,

To solve equation (28) take
Wh = Wn(X) Cos n¢ (30)

observing that

V’U)h - EVZW" (x)_— %; Whn (x)j Cos n¢ (3'd)
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2 2
ViV wh = [Vrwn ~V G Wn (9= vn ()

‘+-§‘-;wn(>c)] Cosné (3tb)

Substituting equations (30)and (31b) inte (28) we have

2 » 2 4
[V zvlw,, ()4)..\72_)12_i Wh (x) = -:—2 Vzu)n (x) + %wn (x)

-l—z;—;,_- Wn (x)] Cos n¢ = o (32)

Dividing through by cos nd and factoring the expression in the brackets, we

_[V+(£,_ x][v (2,.+ )]wn(x) o (33)
where =Y~/

Consider the solutions of

- [v- ]wn ()= o 34)

From Melachlan "Bessel Funotions for Engineers", Oxford Press, 1934, pp. 157,

168, 170 these are ‘
In (1/:_%-)2 bernﬁ' + ¢ loe«'.,? 1"“

(35a,b)

Kn(ﬁ%)zkcr‘nl + LkeL %

Introducing equations (35) into (34) and combining the reel and imaginary

perts there follows
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(V be "“""ber _‘elibel“'x‘)

+L(V becn"——" bec_ _éz ber, :2’:)

+ (Yker“""'_'(eru__e + :_kel.“"_)

+e (V Ke«.,\—‘ ";‘ l<ozc..,l 2 ‘Qz_ ker, _@) (36)

whence
(V ber‘ _' - xz_ ber,,. _eg_ be(‘n 1) - o ' (37‘1)
(VbeinE -2 bein % 'Z’- bernX) = o (37b)
(V)’Kern:z‘~-’ ker“,z ke«. l = o (370)

. 2

(v Ke_,‘m::— -;?;_ “Z vE kecu L) = o (37&)

X

end kei 7 .2 satisfies equation (28), the proof for ‘bern z: will be given,

To show that each one of the four fumctions ber

Operate on equation (37s) with

2 2 X 2 .2 2 .
VVben 4~V ber, & +vz&be¢,,1i-‘— = o (38)

Substituting equation (37a) to eliminate bei Lwe have
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2 2 22 n .2 X
v Vlbernﬁ‘-V*)?;_bern%—-—iVbernf

X
n X | X ,
+°;(1 bern-z’ +E; bernz = o0 (39q)_
or in more concise form
2 2 ) S
V'V berng +ZL; bern = © (395)

This is equation (28) with W, = berni'(‘. In similar feshion it cen be shown

that beini;_ , -kerni;' and keinf_- satisfy equation (28).

Thus the solution of the homogeneous equation (28) is

Wh :(Cm ber;,:z_ +Czn bec, :%' + C3n kern_.)d%

+Cyn kein 5 )Cos n¢ (40)

for a2ll wvalues of n.
To solve for F we substitute equations ( 27) and (40) into equatiom (22)

obtaining

2 E ,
VF= %[(Cm ber,\:g" tCznbec, "'_Z_ tCankerng

+Cyn kec, %)Cos ne + LUE]—(I-V)_O_- tEBoTm (4,)
F may be written as

F=Fh + Fpi + Fpiz (42)

where Fl‘l is the solution of

V' = o | | (43
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and has the same form as i;i » given by equation (23).

Fﬁ,_is a particular solutiom of
sz =& w —(¢~|r)_n_—tE,64Tm (44)
Plz R F o

and depends upon the loeding of the shell,

Fp, 15 & perticular solution of

2z tE
VFp: = ?(Cm ber.._%' tCanbec, % + C3n ker,‘f‘

+Cankeing )Cosn | (45)
Writing
Fer = (Rn ber,,% + Sn bei,ni-(- +VYn ker,\—__’é_—
. X
+Yn keing ) cos n¢ (40)

we have

V e -:(Vz" _):l:)[ Rnber. & + Snbei, 7

+ Vn ker.‘f- + Yn kec,, %) coS mﬂ

- TE .
= 'E-[(Cln ber, _% +Cznbec, i

+Can ker,% +C4n kelh%) CoS h ﬂ (4.7)
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using relations (37) and equating equals to equals, we have

'ZL{(—R“ bei,n zx_ +5:7 Ler,\f ~Vn ket,, % + Yn ker,‘_'g')

tE, .
= _E'(CM bern% + Cz2n bec, %—

+Canker,5 +Cyqn kein_a-’—‘-) _ (4.3)
whence ' ’

Rn =— ‘etEjCzn W

R
L%E
R

4 r
Vn = — —-R—"C4n

Sn=+

Cin
(4-9 a,b,c,cl)

L tE
Rf— C:m )

Substituting equations (49) into equation (46)

F 9—£%E(c ber, X = Cin bec, &
pil = R 2n ernde“ (n e«Cn—Q

Yn=+

+ C4n ke_r,.i;(‘ ~C3n kein‘_,é") Cosné CSO)

26 Swmmof Resultas,

With a slight modification in the form of the constants, from equations

(27), (23) and (40)




nze
w = Z_(Cln bernf' +Czan beé"% + C3n ker, ;le‘_"

n=0

t Cyn ke, %) Cos ”‘t "'Ao = Bo ln*z‘ + We

"’Z_:(C.fnz; + C7n—‘7,)Co$ n¢
where
z 2 | - _Qi_vz tEBaTm
il 5
tza~ V(AT“-‘H)]

From equations (42), (43), and (50)

_ N ALE

(~ Czn ber, 5 + Cin bec, 5 ~Can kern %
_ - x
+Cyn kel 5)Cosn¢ +do + bolny + Fpz

+Z(Ccn +Can—-—) Cos n¢

where

V'Fpa = S5 wp - (1-9) - tEPaTm

33,

651

(29

(52

(4
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3. Results for Rotational Symmetry without Radial S1it.

Of particuler importance for the work that follows are the expressions
for W and F for the above case,

First, it will be shown that in the expression for W, eqﬁation (51)
Bo must be taken equal to zero for the case of rotational symmetry without
redial slit in the shell. Considering eguationm (22) it is seen that the term
ﬁoln X in equation (23) becomes in plane stress a cérd:ribu’cion %o the stress
function of the form B.X 1n X and it is known that a term of this form loads
to multi-valueé displacements V and must therafore be discarded for shells
without radial slit., The proof that follows is taken from E. Reissner (13).
Temperature effects are not considered.

For rotationally symmetric displacements

Sx du w

= dx + R
(.S'Sa,b)
E¢ = -i;- + %
€ x ;-F‘E'(N‘(X-VN‘PCP) |
| (5'4-a,b)
£¢ :ELE(N‘M" VNxx) | )
Ex :é&%*(wv}j;’i + (l-\f)_ﬂ.] )
| , 1F - (55'4,5)
€¢ = gg[VF-(1+) % 57 + (-] |

Substituting in equations (53) the value 015'-;—J from equation (22) and setting

these equations equal to equations (55)
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TRy [VF—i5§+(l V]
. = tE. Ez F- (:+v) T+ (I-V).{'L] (56a)
£ oon]
tE[VF (cw)-g- + (1-v) .N] (56b)
Cancelling the terms of both sides of equations (56)
.
el
SRR e 675)
Multiplying equstion (57b) by X and differentisting with respect to X
R R <)

Comparing equation (58) with equation (57a) indicates
§ = 42 (59)

Substituting in equation (59) the value off given by equation (23) indicates

~ the necessity of

B-= o @)
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We may now write the expressions for W and F for the case of rotational
symmotry without radial slit. Temperature effects are not considered.

From equations (51) and (60) for n = o

w = Cie ber% + Cz20 bet % + C3o ker%

+ Cso kel B~ Ao + Wp @)
where
vV wp+gwp =3[ p- %’Lﬂ—] (62)

From equation (52) noting that only derivatives of F are relevant

F = -‘g_Rt.E_(—-Czo ber:g"'FCro be_t'.:!(é‘fc‘;oker%

+ Cso kea;’g-) + boIng + Fpz 63
where
V%Fp,z = Ié::“w,o ~ (!‘V)_ﬂ— (649
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sEcTIon IV

Expressions for Stress Resultants and Resctions

Primes indicate differentiation with respect to g « The a.bbren;'iation

{ X 4 used.

1, Bending Moments

From equations (21c d)

@5' a,@

These may be written es

23
1 ow
MX)‘:*D[_V“’Q(‘ V) x 9)( _LifDCPL

(c6a,b)
M¢¢=‘D[\fvb‘!'("")(‘%j%(ui ‘z_ 94,2.):(

Using equations {(37) we have

ned
= 'zl_'zZ(CZn bern‘f =Cin bef:n f + Canker, f‘

= Cankei,§)Cosng +V'we @7)

Using equation (51) we have

' | n=oo ' i f
_|x_§i“_-’_ :Z‘TZ(CH’I bern ; + CZﬂ betns + Can Ker’n él
- n=o E'" 5 s

+ Ca4n Kei"s)c°3 n_¢ - i:?gz ‘f‘z;_'é‘ wF”

Zn(cmf Crn € " cosne (69




_).('_z.j_;’.{ =- —Z £ (Gn ber, f + Czn bec,, §' + Cankern §

+Can Kec, f)Cos né +£l§z ‘3);’:

+i;an(csn fn--lf- C-}n f-(n+2) Cos n¢
n=i

2. Torsional Moment

Mxe¢ =- (I~ V)Da‘) ;( 94’

_ Jw "
MX(P -("V)D[xlz 96# - )1 ;);:)J

Using equation (51) we have

or

)‘L 3—— -2 Z€2 (Cmbernf +Cznbec, § + Can Ker, €
+C4nKeLn§‘)5m né _'? LD‘%‘

Ketn&l ( a (-U'o
+C4 : Sinng¢ +,sz 99¢
nzoe 2 -(n+2)
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(e 9) :

(ZI e)

o)

(71)

)



3e Diieot Stress Resultants

by

- LoF L
Nxx“xa +X29(F1+-(L
Ne¢g = a + L
ox*
where we may write
- 2 __LQE___l__sz

From equations (42), (43) end (45)

z

VF =

n=
tE

bernf +Cznbeinf + C3n I-(er',.I .f‘

+ Cankein€)cosnd + v Fpz

From equatien (52)

1L oF _
X IxX

tEZ(Cm becnf ~Can beg.f_,_c Keé.n‘f

_ Keg§
Cqn gl Cos n¢ +£z€2 +£z{' FF:Z

2z nZ“':(Ccn fni' Cegn (n“)) Cosn¢

OF _ tE
- = Z (Cznber'f Clnbecnf+C4nker,.

KE ¢

~Cankeing)Cosnd + g Da?’f—

n=0oo

—Z%Zn Z(Cen.f n-%f- Csn f-(nﬂ)) Cosh¢

n={
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(toa,b)

73)

@

(75)

(7¢)



4, Shear Resultant, N_xé

or

From equation (52)
no

1 oF _ TE tE fz(Czn be.r € Cin becnf + C4n Kef‘n{i'

_cgn Kei,,E)S«'n ne + Zzi_fz cz)F:’r:z

-‘%.i:(Canmz'i- Csn f-(nﬂ))s"" n¢

LOF 'tE. bemf‘_ becns Kera€

_Canﬁe_‘!ﬁ)Sm n¢ + :l.€ 3(:55

(Ccn f Cen f-(wz)) Sinn¢

5, Shear Resultant Q_z

From equation (2b)

QX - (a(XMxx) + 33’(‘;45 M¢¢)

Substituting equations (5) and (7) into (80) we obtain

e Oy
Qe =-D 2%

This result is analogous to that obtained in plate theory,
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(lOc)-ﬂ

(77)

(79)



4],

From equation (67)

aa(z “’) - Z(Czn ber, £-Cin bein‘f +Canker, §

— Csn Kei,: f) Cosng + Z' (VZ)F) ' (82).

6o Shear Resultant, Qﬁ

From equation (Ze)‘
Q¢ (—M‘ﬁ <P + Mxg) (89
Substituting equations (5) and (7) into (83) we obtain

Qg :—D%%%‘i)- (84)

This result is anmlogous to that obtained in plate theory.

From equation (67)

2 n:w
()(V w) 22%;%(Cm bein f" Cznber‘nf"' Can kel:n 5

2
- —Can Ker‘hf) Sinng +£'§ ngwp) (85)
7. Horizontal Reaction
Ph = NxxCos ¢ + Qx Sin® =~ Nxx +%‘ Qx == Nxx (86)”

" It should be noted that this simplification is implied by the approxi-
mations made to establish all preceding results,

8, Vertical Reaction

Pv = Nxx Sin ¢~ Qx Cos ¢ = “E‘NK"" Qx €7
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Using equations (10a), (75), (78), (81) amnd (sz) we have

ZtEZg (Czn ber;,,{l Cinbei, f + Cyn Ker,, §

_ , 0%E d(pip) be
Cankec,,f)Cos ne + RZ OF P' +J€K§‘

Z[n I)Ccnf' +(n+l)Csnf (nﬂ)] Cos n ¢

(¢ 5 red) oA e

9, Tangential (Ciremnferential) Reaction

Mg = 2
Pe= g =~ Sc (% 5 (to9)

Nxd is given by equations (77), (78) and (79).
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SECTION V

Expressions for Stress Resultants and Reactions for the

Rotationally Symmetric Case,

Primes indicate differentiation with respect to f . The abbreviation

5.

{: :-Q’—(.- is used. Temperature effects are not considered,
1, Bending Moments,
From equations (66a, b)
- 2 I dw
Mxx = — DL—VW - (""')‘x" 27]
(89a,b)
M =~DEfVZJ+(a~v)-‘- dw
From equation (67)
2
Vw= Zlg(Cza berf‘C(obeif‘f' Cq0 Ker'g'
. 2 g
~ C3o0Ket f) +V Wwp (‘90)
From equation (68) and (60)
| dw _ ber' be:'§ Ker'
o !
l
Feeg®) rrg (4 ©)
Torsional Moment, Mx4

From equation (70)

Mxg¢ = O | (92)



3+ Direct Streas Resultants

From equations (10a, b) and (73)

- | dF
93q,b
Noo =V E-L9E L a
peEVET Y

From equation (74)

VZF 2%(00 ber € + Cz0bec§ + CsoKer ¢

+Cho kei§) + V'Fpa (4
From equation (75)
L dF _tE/ beléd . beré kel €
x‘AX“R(C"’:_‘ C°€ t a0
{' ! dFPlz
— C4q0 Ker )+£z€z ‘f'zz{ d€ (‘95)
4, Shear Resultant, prf
From equation (77)
Nicﬁ = o0 (96) "
5. Shear Resultent, Qx
From equafién (81)
2

dx &)




From equation (82)

dx

/

— C30 keé‘f) + :é—-(Vzwp)

6. Shear Resultant, _Qé

From equation (84)

Qe = O

7. Horizontal Reaction

From equation (86)

Ph =~ Nxx

8, Vertical Reaction

Fron equation (87)

X
Py = ] Nxx — Qx
From equation (88)

_ L%E dwiup) | dFez
PV - Rz dg +£R ds -

bo L€
+£R€+ RIL

9, Tengential Reaction

From equation (10c)

Pt = ©

dlww) _ | o Ciobal '
b £3(Czoberf"C|obeL€ + C4oKer {"
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(99)

(09)



SECTION VI

Exprossions for the Determination of the Displacements,

l. Meridional Displacement, U+

This quanti.ty 48 determined from

€x = 3‘;’*— =g (Nxx—\fN¢>¢) + paTm

Using equations (10) we have

| ‘>Ut =zE [V F- (t+\f) +(|—\f)n_:| +ﬁATm-———

Using equation (22) we have

e _ & (+v) O°F
OX ~ R tE ox*
Integrating we obtain
— L _{+v) IF
u*‘R[§d te ox + (9

where -F (4:) is a fuﬁction- of g .only

Noting that é is given as

. Nn=oo } .
| § :A.rf'Bo'nf‘ + Z(Csn:g—:' +C7n—'£—:)CoS n¢
n=|

end using oquation (52) we have in terms of f

| ut = Ao%{ +Bo_"g'—'(5:’nf-'§l) _(+v) IFpa2

tEL 0%
2 nzed fn —tn-)
+-§-Z(CJ" (n+)) —Cm$ (n-1) >Cosn¢>
n=(

(o)
(02
(09

(09

(05)



+ (l.:?’zZ(Cﬁ ber, £ ~Cin bei,', § +C4qn kern 3
nzo -

~Con kel £)Cos g~ (a2 +09

;;;_Z(cmf —Can§ ") Cosng

-2, Cireumferential Displacement, V

This quentity is determined from

- L oV U+ w
54’an¢+ t R

:%E(qu—\fox) + p2aTm

Using equations (10) we have

- ¥E [VF (”'V)(XL?E “

| +(ﬁ4Tm—?)X — U+t

Using equations (22) and (104) we have

3; -R ¢ - R ¢ dx - ggf 3¢E (¢

- Integrating we obtain

V=g Fxde-3 [[Edcds
-4 o8 — [F@®ds + 309

47'

(106)

(107)

(09

(109)

(19



3

where g (x) is a function of x only.

48.

Using equations (105) and (52) in equation (110) we have after carrying

out the indicated operatidns, in terms oi'él »

V= “+£2£ Z"(Clﬂ beénél _CZn bef'né + C3n Kec.néz.

& &

l:onﬁ‘ - __(+v) OFe2 pLE
T)sinne —gds T Y BTR

— C4qn

‘ (nl
lZ(CS”(n-H) +C7"‘Qa =1 )Smmp

%Z(Ccnf + Csn {-:- (et ) Sinn¢

'-fm) d + 9

3. Horizontal Displacement, Up

This quantity is determined from

- L9V _ Un L OV
£4 =5 +xa¢ x TX 3¢

whenceo

Up = u++—x—w

Using equa.tiens (106) and (51) we have in terms of

.Uh-MZ (Czn ber £ - Cmbecng + Cyn kef“n g

(l+v) OFge2
‘CanKeLnﬁ)Cosn‘f’*;;z 3&?

()

(||27)_

13)



+T%B(Cm bernf +Can bei.ns + C3an kern‘f
nso '

+C4n Keln {') Cos n ¢ +-‘£-§-(LUF - Bo) _ §l+\f2 bo

tELE
; n+( —-(n-1) .
Z [Cgf:) (;"_f) JCos né + £
&‘%Z(@nf ~Can§ ") cosne

4, Determinatien of the Funetiena ti) and 57(::)

These are detemmed from

= Nx¢
Ix¢ = &+
whers
- E
G = 2(1+v)

From equation (3c)

V)L QUs
x’“’""éx( ) X J¢
From equation (77)

| | OF é?’
X2 b X oK

Substituting equations (77) end (3¢) into equation (160), using equations

Nx¢ =

(104) and (110) we have, after simplificatien,

49,

(14)

D
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o= (R )-[Fde =X F B
—[/-d dé +~ a¢([§d)+é&’

\ _
—%(—,Q-f;-ff(tﬂ’)dc# +4 50 (i12)

Substituting equetion (105) into equation (115) amd carrying out the indice-

ted operat:lens we have

c) (&) am)
0= X j -3()4_

+ [f®dp (116

 or

X909 — 9.9 = ~K (i16b)

{<¢)'+[Fc¢)d¢=+K (169

with the solutions

?..(")ZK|X+K

(117 a,b)

f(¢)=Kz2Sin¢+Kzcos¢

in which kK, , K, , Ka and K are arbitrary consteants, to be determined from
the conditions of restraint,
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5, Expressions for Displecements, Rotationally Sy’nnnétrie Case,

a, Meridionsal Displecement, Ut

From equatien (106), using equation (60), we have
U+ -‘-—g'i%‘):g(Czo ber'€ —Cio bei'§ + C4oKer's —CzoKec 'f')

AolE  (+V)bs _ (+v) dFp2
YTR T tEZLE t_rzz2 de 18

b, Horizontal Displecement, Un

From equetion (114), using equatien (60), we have

Un = (Hp?l(czo ber'{"“c"’i’éilf +CqoKer ¢~ CaoKei')

| +£R§-(Clo ber—f +Cao vbei. £ +C30 ker‘fl +C4q0 ke': f')

_U+v dFe {32 (l. V?bo
wtg-EZ2 Asfz TR "UP"J:E_@E: (“9>
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SECTION V1T

Case I, Edges Fully Restrained. Uniform Vertical Loading of Intensity P,

The notation for this case is given in Figure 5.

s P=/nfens /'7")/ / wnl ¥ F/‘cjecfea’ Area
TERENNFERER TN RN RERED!

!
o«

Figure 5, Notation and Loading, Case I,

1. Expressions for W and F.

fhe leading"term -;— given in equation (62) is directly aﬁplieable , theo-
retically, to a uniform radial loading of intensity P.. However, it is consis=
tent and permissible as a result of our basic essumption of the shallowness
of the shell to consider the term P of equation (62) as equivelent to a wuni=-

form verticel loading of intensity P per unit of projected ares, The appro-

- ¥imetion approaches the exact as the dome becomes shallower,

We heve from before

W = Ciober § + Caobei £ + Cs0 kerg +Cqokel € — Ao+ wp (6 l)



where, from equation (62)

V,'V?E—UFV'F_‘Q'T“)P -+ _g’_ (P is acting dowaward) (29

elso

2
TE

(‘CZa ber§ + Ciobec§ ~CaoKers + Czoked g’)

+boIn € + Fpa | 63)
where, from equation (64)
o2 te '
| V Fpz2 = R Wpe (IZD

2, Evaluation of LUP and Fp 2

From equation (120) we find by inspection that

’ 4.
Wp = —PE& . (!27)

is a particular integral satisfying equation (120),.

From equatian (121) we find by integration thet

teL%P “
Fpa = + ————r IR X | (123a)

is the desired solution. Using equation (25) in equation (123a) we have

Fra =+ BE - Rf" £ (23b)
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3, Boundary Conmditions

See Figure 5.

. [ W is finite | (124)
at € : . . stresses are finite (l ZS')
ifo(Z&KQx) — © (126)
. r W -0 . ('27)

e dw
Togag )] &7° | (128)
o L U,=o0 4 (lZQ)

4, Equations for Determination of the Constants,.

Application of condition (124) to equation (61), noting that ker £
at §"= o is equal to infinity results in

C3o = © (139

Appiicatien of condition (125) to equations (93), (94) and (95) results in

bo = o (,3 ’)
Application of condition (128) using equations (81) and (97) noting that
1im (C4O€Ker'§')">°c4o , results in '
£>o -
Cso=0 : ' (I3Z)
Letting
G, = Ao— Who 033)

" and epplying condition (127) to equation (61) we have

0=Cio ber {J, +C20 bec f‘, = G'O (’349
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Applying condition (128) to equetion (61) we have

0= Cio ber ‘e, + Czo bei’{" @35)

Applying condition (129) to equation (119), using eguations (123b) end
(122) we have as the result

~C9RP = Cvo(bec'“‘f‘q- M)

2E¢ §‘,

t
— Cz0 (ber" = —lr'%:ifli) (136)
» !
Solution of equations (134), (135) and (136) suffice to determine the
three constents C,,, C,,, and C, « These constents have the dimension of #
length. To transform the constents to a dimensionless form the follewing

transformations are made

- 2E¢
K' - C(O( RZF
ke = Cao(2EE (137

2ET
k= Go (55

Using equations (137) end (37), equations (134), (135) end (136)

become

X}

K3 = Kiber ¢ + Kabec§, (138)

0 = K ber'{"i— Kz bet '{" ' (139)
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~(-v) = K ber{‘ (l+v)'°e"é]

) + K2 ﬁ)ecf +(1+v) bec é'] ('4°>

Solution of equations (138), (139) and (140) yleld K, , K, and K3 in

dimensionless forme

5. Reduced expressions for Wend F

Utilizing the sbove resulte and equations (137) we have

(””)w K ber & +Kabei § - K3 (4D
5 Similarly, using equations (137) and (123b), equation (63) reduces to
2% : 25 -
E= ZRP(_KZIDGF§J+KIEGL€+‘§—) (142)

6. Expressions for Stresses, Displacements and Reactions

Using the results of Section V, we have as follows

(1) Bending Stresses

_ 4+ 6Mxx _ — CD r—dt} v c'wjr
p -+ CMgg _ - CP T—! dw dwT

where the ambiguous minus end plus signs refer to the upper and lower
surfaces of the shell, respectively.

Now, noting that
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3

D .

lZ(! v , ('44)

2 ¢R | -
Viz2(~v¥

and using equatiens (144), (141) and (37) in equation (143) we obtain as

the final result

-k:’:;;) (xb = 17/(-’__—%—)— E-Ks(bei. £+ -v b;.rlg')
+ Kz(ber%l (1-v) === bec )] (459

%—)@,b = :7/(;_—.3;—;- E(, ((,-.,) b::ré - rbec‘{D
+K2((l~v) b?'f +Vber§'):l (’4\75)

(2) Direct Stresses

_ Nxx _ | dF
ﬁlc‘- t —fﬁlf d{'

_ Ne¢ _ | d°F
(6.d = t  ter df*

Using equations (142) and (37) in equation (146) we cbtein as the

(14¢q, b)

" final result .

. bec ber
(3% ﬁ'd—k'b{‘s ~ ff 1 (1474)
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) &?,s,a = ki (ber £ - 5"-; L

vkafbecs + 2 +1 ey

(3) Shear Stress

Tx=8=:-L dj‘;“’) =- o5 (Caober's-Cobei's)  (48)

Using equations (144) and (137) in equation (148) we obtain as the

final result

%(%) Tx (7_(#

(4) Vertical Displacement

(K}Bec f kzber{Q (H-Q)

'—;%PZ‘- W = Kiber§ +Kzbei § —Kjz (141)
(5) Horizontal Reaction
Po = (Nxx)g=g = ¢ (Frdg= (&)

where (0;4‘05':2‘, is the velue of d;(d at x = z__hg: f' .

(6) Vertical Reaction

. dF P2 S
Using equation (123b) in equation (151) we obtain
P, =+ .:@ﬁ. | | (152)

This same result may be obtained from the vertical statical equilibrium conditien.
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7. Calculation of K; , K, and K3

From equations (138), (139) end (140) by determinents we have

| ~ )Ee[,'é’, |
Ki=— ' +('_,V - (53
(+v r(b—e,{'r—g"):-(—b-%’—i)J+ber'{-',bei.f'-berf, bei's,
L\ < r
K, - -G-v) ber's, (154)
= (H'V) —(ber'i‘u)tl_ I:ei.' ! z + b t b . b “
(7)) ] bertbesdimberdbeis

~(-V)(ber'€bei & -beré bel's:)
Q+@[(ber k2 +(|°e° é")J"’ber g bei§,~berg bec §',

These can be rendered more concise by use of the polar form of the

Ks= (53)

Bessel functiocn., Using relationships given in Appendix A, equatiens (153),

(154) and (155) become

K, = +(1-v) bel £, (15¢)
=
" (;,)E.m M (£) - Mo(8,) Sin (9. B - )]
_ ~(-v) ber'€,
K, = l57)
oM, (f)[“ My (§)~ Mo (§,) Sin (61~ 6o~ )] (
/
+ (1=v) Mo (£) Sin (6,-6.~ D)
Ks= . (158
%‘?‘ Mt(f.)"‘Mo(f,)-S'ﬂcev‘GO‘%) )
Substitut’ion of the appropriate values from Table (A-1) bf-tﬁpﬁe’n&ix .A-inte
? equations (153), (154) and (155) or from Teble (A-5) of Appendix A inte equations

(156), (157) and (158) will yield the values for K, , K, and K, required for the
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determination of the state of stress and displacement. These values have
been computed and are tabulated in Table 1.

- 8, Determination of the Bending, Direct and Shear Stress Intemsitles.

These are obtained by substitution of the constent values for the perti-
nent value of f{ , tebulated in Teble 1, inte formulae (145), (147) and (149).
These stresses have been computed for {" = 0, 0.5, 1.0, 1.5, 2.0, 2.5, 3.0,
3.5, 4.0, 4.5, 5.0, 6.0, 7.0, 10.0, 15.0, 20.0 and 25.0. They are tebulated
jn the tebles of this section and except for the shearing stress intensity

have been plotted with respect teo X er-i—- on Graphs A, B, C and D. It is to

X
be noted that 0';( , a5 etc. are mult;plied by ;:)and the shearing stress T’
is miltiplied by 2 (-—)

The shearing stresses were not plotted inasmuch as they are of lower order
of magnitude than the direct and bending stresses., This is consistent with
the aessumption mede in the derivation of the theofy ard may be readily veri-
fied by a direct comparison of the numerical results found in the various
tables of this section.

9, Determinaticn of the Combined Bmdigiam Direct Stress Intensities at

the Upper and Lower Surfaces of the Dome.

These are obteined in the usual way by addition or substraction of the
bending and direct stress intensities given in the tables of this sectien.
These resultent combined values are tabulated herein. Likewise, as in Arti-
ecle 8 above they have been plotted with respect to X ori on Graphs E, F,
G and H. ' !

10, Maximum Tensile and Compressive Stress Intensities, Radial or Circum=

ferential Direction.

From the theory of elasticity, the radiasl end temgential planes are
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plenes of principal stress. A knowledge of the meximum stresses om these
planes and their lecation are obviously of first importance to a design
engineer in determining whether a proposed design will be stressed within
the alloweble stresses of the material used,

A study of the tables of comwbined stresses leads to tfxe compilation of
the maximum tensile and compressive stress intemsities, radisl or circum=
ferential direction, which are tabulated in Table 34 and plotted with respect
to {'l, on Graph I, The points at which the maximum stress values occur;
namely, the value of{ and the surface at which it acts, have been tabulated
elso in Table 34.

1l, Determinetion of the Vertical Displacements.

These ars obteined 5y substitution of the constent values found in
Table 1 for the pertinent value of {', s into formule (141). These results are

tabuleted in the tables of this section and ere plotted with respect to
X o £

——or ——on Graph J.
xf €|

12, Vertical Displacement at the Center of the Shell,

These values are obteined from the results of Article 1l above for the
value x -{' a O for the different boundary values and are plotted with
respeot to £ on Graph K. It is to be noted that We is multiplied by (_é_f.?-i)

P

It is desired to show the variation of the vertical deflesction at

the center, W, , with the redius of the shell, R, for given values of t and X,

'To do this we proceed as follows: let

()W = T G

where T represents the value of (-%‘f—})wc for a particular value of f‘ , ond is

Pound on Graph K. Using the relationship
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. 'V4-IZ.(I‘V2) X1
fETURR ®

in equation (a), we have

_ R*_ 6(v) X, - |
(FJue=ae T=Tgrg T ?

Similarly from equation (b)

2
R = YI120-v?) X, (J)

§* ¢t
For the values v = 0.2, t = 2", x, = 20°, eqﬁations(c) and (d) become
8
E — 1.99Ix10
(—P—; We = ‘9%: T feet (e)
t
8.139x10°

R = ———-27-2——— 'Fee‘l:' (‘F)

(_S)Wc and R have been tabulated in Teble 35 for values of {' ' ranging
E

from O to 25 using equations (e) and (f£) and Graph K.(-';)Wc is plotted
with respect to R on Graph K-a. ‘ }

For f'.equal to zero we have the case of the cirou'xls.r pla.te under unie
form lateral load with clamped ed'ggs . Using the formula for the center d_e-
flection for thig case given in Timoshenko "Thgory ofvqu.tes a:nd Shells'_',
MsGraw-Hill, 1940, page 60, we obtain(-Eﬁ)ch 6.22 x 105'. This value is
_approeched by the flat shell as § —>0.

It is also desj.red to show the variation of the vertical deflection
at the center, W, , with the Bulge Ratig,-::— s for a given ratio T’Z—‘-. To do
this we proceed as follows; substituting relationship (b) into equation (a)

we obbain
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() = Sex2 (2 o

From equation (B-7), Appendix B, we have

:-’3— = g'z
BR=¥ = i ()

For the values, v = 0.2,(%)- 120, equations (g) and (h) become

E _ 1.095x10° -
('tP We = .g': - T | ©
8.R.= % = o. :+73€ (J')

ti’)w and -7?— have been computed according to equations (i) and (j) end
are tabulated in Table 36. é_%)wc is plotted with respect -l:o—"L on Graph K-b,
The values of T were taken from Greph X, For {. = 0; namely, the case of
the flat plate, ( )Wc was determined by the formu.la given in Timoshenko
"Theory of Flates and Shells", McGraw=ilill, 1940, page 60.

13. The Limiting Case of the Flat Plate, £, = O, R mco.

For this oase the fundamental differential eqmtidns (17) and (20) resolve

themselves into the two well-lmown equations of plane stress and plate theorys

VV'F=o | (1594)
vvw =L (i59b)

- For an unloaded plate in plane stress equation (159a) leeds to the result
that all direct strgsse_s are zero, 'Equgtiqn_ (159b) leads to the seme results

for bending stresses end vertical deflections given by equations (62), (63)
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and (64) end Figure 29 on pp. 60-61 of Timoshenko "Theory of Plates and Shells",
MeGraw-Hill, New York, 1940.

14, Comments on the Graphs.

It is easily shc}wh that the menbrane stress condition for a spherical

shell of constant thickness loaded uniformly is given by

F) e =GB =1

(35) b = (35) b = 0

Furthermore, as shown in Appendix B, the parameter f, measures the

(160a,b)

curvature of the shell'_for & given span, increasing with inereasing curvature,
For a flat plate {' ) S O,

Graphs & through H, inclusive, verify the well-kmown shell actien for
as f, increases the area of the shell in a membrane stress condition increases.
Furthermore, the effect of the ‘edge restraint becomes more and more local
as ﬁ, increases,

It may be shown by an examination of the equations for their determina-

tion that at the outer edge the following holds true:

Mod = V0%d

(I_,.GO c, cl)

%’b = V-a;/b

This is borne out by the tebulated end plotted results.
The apparent discontinuity in the curve for maximum circumferential
‘tensile stress qﬁ Graph I is explained by Table 34 wherein.we note the poi.nt

of maximum stress changes ebruptly from the lower surface center to the upper
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surface outer edge.

Greph J illustrates a phenomene. common te Graphs & to H inclusive and
Gra.ph Je On Graph J, for exa.mple, we r notice tnef' z 3.0 curve intersecting
the {" = 10.0 curve gt_;-'- = 0,20 and as & result of such intersections we
find the ordinates at some point such as the center increasing to some maxi-
mum value as {, :lne‘rea.ses and then diminislﬂ.r_xg as {" continueg to incrsasse,
Thj.s is illustrate@ by Graph K. Ph.ysically,v for a_given X, t anl v we
wonld expect the ordinates for stresses anm disPIaeements (at a g:l.venl(') to
increase (or decrease on the other hand) with increaa:lngf thet isg, the {,
curves would not 1nters§ct._ _Tlf}e explanation is to be found in the dimension-

less form of‘ ordinate employed.

We may write for Graph J

e

where T is the value of the ordinate plotted on Graph J. ’Uing relation-

ship (b) in equation (k) we have

Flv=*% BT ¥

4-t3

or for given values of X,,tend v

(5)“’“‘5'. , e

If for a given point XI (such as the center) we were to plot the varia-
tion of <E> W with respect to f' or some equivalent parameter, we would flnd
that —) W would incresse (or deerease) continuously as the parameter in-
ecreases, This is illustrated by Grephs K-a and Kb, In G;-apth-l-a, (-g—) Weis

piotteé. with respect to R for a given t, %) and v. In Graph K—b,(t% We is
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t
nent to all the graphs of this section.

plotted with respect to-h-for given (i—’a.nd ve The above comments are pertie

15, Numerical Pro’o l_em

Given a shell »wi_th’the_fellowing data
th:lolcness t = 52 1nches

halfvs_p.an, x GQ.Q feot_.- 720 inches

1=
rise, h = 15.0 feet ‘180 inches o _ _
vertical loading =‘150:1bs'../sq, £t. (live + dead) dowrward
allowable compression = 1200 p.s.i. (concrete)
’gnowab;g tension = 0 p.s.i.

3 600 000 p.s.i.

E

To deternmine

(1) the meximum stresses _é.nd their location o
(2) the regions within which tension acts (end which requires
reinforcement ) -
(3) maximum deflection and its location
Solution o - | , ‘
R is found by the use of the formula R= ——'Z—%h_.to be 127 5

feet. From equation (30) and the definition f(: %’.
o-./ I~v2
{‘- 6 12 ( L-— 18.12 Say 18.]
29 x127.5 :
From Graph I for f._ 18.1 we find

-’-—"i-) (", mex = 0.565

- (&5 )rx;

-2 '42
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)o’{P)l = 0.115
- )ﬁ} max = -1;06

whence using Table 34»n9ting that PR <= 228 (in these tebles

and graphs, dowrward p is afssmngd‘ppsq.th‘e) we have

+ ﬁl'm = 228 x 0,565 = 130 p.s.i. tension at outer edge
‘ o of upper surface

~ (x, mex = =228 x 2,42

=550 p.s.i. compression at outer
edge of lower surface

+0"J, max = 228 x 0.115 = 26 p.s.i. tension at outer edge
! , - of upper surface

- max = =228 x 1,06 = =240 p.s.i. compression on the
[

B upper surface at
x e 1812-400 _ o
18.12
- 45,8 ft,

To determine the tensile regions use Graphs E, F, G and H,
From Graph E.

Upper Surface, Radial Direction

Tensions exists from the outer edge to a distance
inwerd given by (1-0.983) x 60 = 1.0 foot.
From Graph F.

Lower Surface, Radial Direction

No tension region
From Graph G.

Upper Surface, Circumferential Direction




Tension exists from the outer edge te-a distence
inwerd given by (1-0.987) x 60 = 0.8 feet,
From Graph He

Lower Surfece s Circumferentiel Directien

o No tension reg‘i‘on_s o o ' N
T. déte;mine the maximum deflection end its location we use
Graph Jo . ' .
From Graph J for f’ = 18,12 we estimate ‘ -
( 3 W= -0 925 at 0,775 x 60 = x = 46.,5! approz.
| R*P
That is

Wa=-127.5% 12 x 228 x 0,925 at x = 46.5" approx.
3,600,000 :

or W = =0,090 inches downwerd et x = 46,5' approx.




Table 1., Constant Values K, , Eyand K, .
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g K, LY Ks

0.5 -1.9972 ~6,2427 x.107° -1,9991

1.0 -1,9539 -2,4531 x 10~ -1,9846

1.5 -1.7821 —-5,1253 x 10~ —-1,9272

240 -1.4153 —7.6101 x 107" | =1.8038

2.5 -9,1946 x 10" -8,6908 x 10~ -1.6342

3.0 -4,5415 x 10~ ~8.0972 z 10~' ~1,4684

345 -1,2100 x 10! —6.4935 x 10~ -1.3382

4.0 +7.2415 x 1072 -4.6221 x 10~ ~1.2453

4.5 +1.5986 x 10™" -2,9234 x 10~ -1.1801

540 +1.7890 x 10~' -1.5800 x 10~ -1.1330

6.0 +1,2328 x 10~ ~3.3311 x 1073 ~1.0676

7.0 +4,9865 x 10~2 +3.9681 x 1072 -1.0239
10.0 —-8,0848 x 1073 +3.0589 x 10~3 ~9.5006 x 10~
15.0 +2.9565 x 10-% +6.5856 x 107© —8.9673 x 10~
20,0 —8.9309 x 10~ ~3.8965 x 10~¢ —8.7136 x 10~
25,0 +2.1784 x 1077 | +2.2544 x 10°" -8.5651 x 10"
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5,: 0.5
v = 0,20

Table 2, Direct, Berding and Shear Stress Intensities, Vertical
Deflections,

g | (3% |3) G |(B) s |2) Gy |28 w |2G)
«0,0014 | =0.0014 | =0.0662 | =0.06862 | =0,.0019° 18]

1 =0,0014 | -0.0013 | -0,08592 | =0,0627 | =0,0017 | 40.0542
2 -0,0012 | -0,0009 | -0,0380 | -0,0521 | -0.0013 | 40,1084
N -0,0011 | =0,0005 | =0,0027 | -0,0344 | -0,0008 | 40,1627
4 =0,0009 | =0,0001 | 40,0468 | ~0,0097 | -0.0002 | 40.2159
5 =0,0007 | =0.C00Y | +0,1104 | 40,0221 o +0.2712

Nobe:- Bending stresses are given for the upper surface, For the lower
surface reverse the sign only.

In using thess values, downward p is positive,
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i,

v = 0.20

Table 3. Combined (Direct and Bending) Stress Intensities,

2F 2T (2T (2T
3 (7%) 7, F)ie |G e« |Gr X
0 -0,0676 40,0648 - =0,0676 40.0648
0.1 -0,0608 40,0578 =0,0640 40,0614
0.2 -0.0392 40,0368 -0,0530 40.0512
0.3 -0.0038 40.0016 -0.0349 40,0339
0.4 40,0459 -0,0477 -0,0098 +0.0096
0.5 40,1097 -0,1111 40,0220 -0,0222

In using thess velues, downward p is positive.

¥




Tebls 4,

Direst, Bending and Shear Stress Intensities,
Deflsetions,

= 1.0
v = 0.20

72,

Vertical

M

()

5%,

I |(3E) b

|B2) %

(3£ ﬁ’s"‘)w

.
P 7|

e o
20 o

HOOOOOOOOO0O
™

¢ @

s
' QO®M-INRU QK

=0,0230
-Q 00229
-0 00224
"’0 00217
=-0,0208
-0,0195
-0,0182
-0.0168
"O 50155
-0,0140
-0,0128

'-9 .0250
-O 00226
"0 00212
-0,0191
-0,0131
-0 40098
=-0,0070
=0 ,0040
"0 00024
"0 00026

=0,2602
-0,2533
"0 .252 6
-0,1980
-0 ° 1495
"Q 90871
-0,0108
40,0796
40,1840
40,3025
40,4351

: "'0 .2602 »

=0,2587
=0,2464
-0.22901
=0.2049
-0.1737
=0,1355
-0,0904
"000585
40,0208
+0.0870

=0 ,0307
=-0,0301
=-0,0254
"0 50217
=-0,0173
"0 00126

=0.0080

"0.004@
-0.0011
9]

0 -
40,0830
40,1061
40,1593
40.2126
40.2661
40,3198
4+0.3738
40.427€
+0.4817

| +0.5359

Notas:

surface reverse the sign mly,

In using these values, downward p is positive,

Bend ing ‘stresses are given for the upper ‘surface,

For the lower
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q, 2 1.0
v = 0.20
Teble 5, Combined (Direct and Berding) Stress Intensities.
€3 | [RE 2t 2¢

& | B« | GE)G | BE) s | (3F) %
0 =0, 2832 +0,2372 -C,2832 40,2372
0.1l -0,2762 40,2304 =0,2793 +0,.2342
0,2 =0,2550 40,2101 -0,2676 40.2252
0,3 =0,2197 $0,.,1762 =C,2482 $+0,2100
0.4 -0,1703 +0,1288 =0 ,2212 40,1886
0.6 =0,0290 =0,0074 -0,1454 +0.125%
0.7 40,0629 =-0,0064 =0,0974 40,0834
0.8 40.1687 =0,1993 -0,0423 +0.,0343
0.9 . 40.2885 =0,3165 $+0,0184 =0,0233 .
1.0 40,4223 =0.4479 +0,0845 =0,08986

In using these velues, downward p is pesitlve,
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£=1.5
V: 0,20
Table 6, Direct, Bending and Shear Stress Intensities, Vertical
Deflections.
£ t 2t (22 2EE 2 ft)Z
§ | () s 2054 | (Pe) b (PR)@I’ (Rz,o w | #E) 7%
O ~0,1090 | =0,1090 | -0.5436 | =0.54356 | =0,1451 0
0.1 =-0,1086 | -0.1080 | -0,5373 | -0,5405 | =0,1438 | +0,0484 |
0.2 | -0.,1077 | -0.,1051 | -0.,5184 | -0.5310 | -0,1400 40,0969
063 -0,1061 | -0.1005 | =0,4868 | -0,5153 | =0.1338 | +0.14E¢
0.4 -0,1040 | =0,0941 | -0,4425 | -0,4931 | -0,1253 | $0,1945
0.6 -0,0980 | =0,0774 | -0,3152 | -0.4296 | -0.,1028 | +0,2938
0.8 =0,0903 | ~0,0569 | =0.,1357 | -0.3402 | -0,0746 | 40,3950
1.0 -0,0816 | -0,0362 | 40,0974 | -0.,2243 | -0,0450 | $0.4988
1.1 ~0,0770 | =0,0269 | 40.2345 | -0,1562 | -0,0312 | +0.5511
1.2 -0,0725 | =0.0192 | 40.3857 | -0,0814 | -0,0189 | 40.6041
1.3 -0,0682 | ~0,0136 | 40.5505 | 40,0003 | =0.0091 | +0.6575
1.4 -0.0642 | =0,0109 | $0.7289 | 40.0888 | -0.,0024 | 49,7111
1.5 -0,0607 | -0.,0121 | 40,9220 | 40.1844 -0 +0.7648

Note: Bending stresses are given for the upper surface, For the lewer
Y surface reverse the sign only. ‘

In using these velues, dewmward p 1s positive,
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5.21.5
V= 0.20
Table 7., Combined (Direct and Bending) Stress Intensities,
2t 2% 2t

s | @5 @5 |3)% 695
0 =3 6526 40,4346 =0 ,65286 40,4348
0.1 =0,6459 40.4287 =-0,6485 40,4325
0.2 =0,6261 40,4107 =0 ,6361 $0.4259
Oed -0,5929 40,3807 -0,6158 40,4148
0.4 =0,5465 40,3385 =-0,5872 40,3990
0.6 =0,4132 40,2172 -0,5070 $0,3522
0.8 =0,2260 40,0454 =0,3971 40,2833
1.0 40,0158 =0,1790 =0 ,2605 . $+0,1881
1.1 40,1575 =0,3115 =-0,1831 +0,1293
1.2 40,3132 -0,4582 =0,1006 40,0622
1.3 40,4823 -0,6187 . =0,0133 -0,0139
1.4 40,6647 -0,7931 $0.0779 =0,0997
1.5 40,8613 -0,9827 +0,1723 =0,1965

In using these velues, downwayd p is positive,
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fl'-' 2.0
‘.'0.20
Teble 8, Direot, Bending and Shear Stress Intensitiss, Vertical
Deflections,
!
£a 2t 2% £ 2 [E)2

§ | (re) e |(Pe) 4| (%) e | (BD) dge |(258) « | 2E) 7
0 =0,2924 | =0,2924 | =~0,8072 | -0,8072 | -0,3885 4]
0.2 =0.2904 | =0,2866 | =0,7872 | =0,7972 | =0.,3809 | 40,0770
0.4 =0,2849 ( =0,2699 | =0,7267 | =0,7670 | =0,3586 | 40,1553
0.6 =0,2757 | =0.2434 | =0,6247 | =C,7162 | -0,3222 | 40,2359
0,8 ~0,2634 | -0,2086 | -0.4798 | =0,6443 | -0,2759 | 40,3198
1.0 =0,2485 | =0,1684 | =0.,2896 | ~0,5503 | -C,2207 | 40,4079
1.2 =0,2316 | =0,1259 | =0,0516 | -0,4334 | -0,1613 | 40,5005
1.4 | -0,2136 | -0.,0855 | 40,2359 | -C,.2924 | -0,1029 | 40.5976
1.5 =0,2044 | -0,0677 | 40,3995 | -0,2126 | =0,0759 | 40,6477
1.6 -0,1954 | -0,0524 | 40,5763 | =0,1263 | =0,0515 | 4C.6988
1.7 =0.1866 | =0,0402 | 40,7669 | =0, 0338 | =0,0307 | 40.75086
1.8 =0,1782 | =0,0323 | 40,9710 | $4C,0657 | =-0,0144 | 40,8029
1.9 =0,1705 | =0,0296 | 41,1893 | 40,1717 | -0,0038 | 40,8555
2,0 =0,1635 | -0,0327 | 41,421 40,2843 o 40,9081

Note: Bending stresses.ars given for the upper surface, For the lower

surface reverse the sign only.

In ueirg these values, downwerd p is positive,




= 2.0
2o

Teble 9, Combined (Direct and Bend ing) Stress Intensities.

~- 2 2t (2t | 2
¢ | (B)hr. |G m |G R ()%
0 -1.0996 40,5148 -1,0996 $0,5148
0.2 =1,0776 40,4968 -1,0838 40,5106
0.4 -1,0116 +0.4418 -1,0369 40,4971
C.6 =0,9004 40,3490 -0,9596 +0.4728
0.8 -0,7432 40.2164 -0.8529 40,4357
1.0 -0,5381 40,0411 -0,7187 40.3819
1.2 -0,2832 -0,1800 =0,55693 40,3075
1.4 +0,0223 -0,4495 =0.3779 40,2069
1.5 +0,1951 =0,6039 -0,2803 40,1449
1.6 4$0.3809 =0,77L7 =0,1787 40,0739
1..'7 +0.5805 "009555 -Ou0740 -0.0064
1.8 40,7928 =1.1492 40,0334 -0,0980
1.9 41,0188 -1,3598 40.1421 -0,2013
2.0 41,2575 =1,5845 40,2516 -0.3170

In using these values, downward p i positive,
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€F=2’5
Vs 0,20
Table 10. Direct, Bending end Shear Stress Intensities, Vertical
Deflactims,

(2T 2T (2T 2t 2ET 2 [t z
€ |(pr)fxd (PR) re (Bx) T, (3%) b (Rz,o)“’ F(R) Tx
0 -0,5403 | -0,5403 | -0.9218 | -0.,9218 | ~-0,7147 c
0.2 -0,5381 | =-0.5338 | =0,9088 | -0,9183 | ~0.7061 40,0501
C.4 -0,5317 | =0.5145 | -0.8693 | -0.8956 | -0.6803 $0,1017
0.6 | =~0.5210 | -0.4832 | -0.8020 | -0.8822 -0,6384 | 40,1560
0.8 | -0.5065 | -0.,4409 | -0,7054 | -0.8146 -0,5817 | 40.2143
1,0 -0,4884 | =0.3896 | -0.5766 | -0,7515 -0.5122 | 40,2777
1.2 ~0,4672 | =0,3314 | -0.4123 | -0,8718 -0.4328 | 40.3471
1.4 -0,4433 | -0,2692 | =0,2098 | ~0.5741 | -0.3468 40,4250
1.6 -0,4177 | =0.2069 | 40,0357 | -0.4569 -0,2587 | 40.5057
1.8 ~C,3909 | =0,1486 | $0.3271 | -0.3186 =0,1737 | 40,5951
2,0 | =0.3642 | -0,0996 | +0,6685 -0,1578 | =0.0980 | 40,6903
2,1 -0.3511 | -0.,0806 | $0.8585 | -0,0685 -0,0659 | 40.7397
2.2 -0,3385 | -0,0663 | +1.062 40,0269 | ~0,0382 | 40,7900
2.5 -0,3264 | =0,0575 | $1.278 40.1285 | -0,0182 | 40.8409
2.4 -0,3151 | -0.0553 | +1.510C 40.2365 | -0,0048 | 40.8922
2.5 -0,3048 | =0,0610 | +1.754 40,3509 0 40,9433

Notsi= Benling stresses ars given for the upper surface, For the lower
gurface reverse the sign only. )

In using these values, dewnward p 1s positive.



£z 2

0.20

TYe

Teble 11, Combined (Dirsct and Bending) Stress Intensities,

2L 2T 2t

g @) rma |G () .« @) 7%,
8) =1,4621 +0.5815 -1,4621 +O.5815
0,2 =1.4469 40,3707 =1,4491 $0,3815
0.4 =1,4010 +0.3376 «1,4101 +0.3811
0s6 =1,3230 40,2810 =1.3454 $40.3790
0.8 =).2119 40,1989 =] ,25855 - 40,3739
1.0 =1,0650 +0,0882 -1,1411 $0,.,3619
1.2 -0,8795 =0 ,0549 -1 ,0032 40,3404
1.4 =0,6531 -0,2335 -0,8433 +0,3049
1.6 =(,3820 -0 4534 -0,6638 +0,2500
1.8 -0,0638 =0,'7180 =0,4672 40.1700
2.0 $0,3043 =1,0327 =0,2574 40,0582
2.1 $+0.5074 -1,2096 =0,1491 -0,0121
2.2 +0,7235 =1 :4C05 -0,0394 -0 ,0932
23 $0.9516 =1 .6044 40,0710 =0,1860
2.4 $1,1949 -1 .8251 40,1812 =0,2918
20D $1.4492 =2 .,0588 40,2899 =0,4119

In using these values,

downward v is positive,
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é'ﬂ 5.0
V‘. 0'20
Tebls 12; Dirsct, Bending and Shear Stress Intensities, Vertical
Deflisctions,
£34 2t 2t 2¢ 2Et 2/£)2

& |(R) % (m)o;'d |FE) me |(5R) Tob C?z‘p' it P(R) Tx
0 -0,%729 | -0,7729 | -0,8588 | -0,.8588 | =1.0143 0
0,1 -0,7724 | -0,7714 | -0,8572 | -0.8580 | -1,0122 | $0,0124
0.2 -C,7709 | -0,7669 | -0,8524 | -0,8556 | =1,0062 | 40.0249
003 -007684 ) "Oo ’7595 “00844:2 "008516 -0.9961 +000577
0.4 -0,7649 | -0,7488 | -0,8327 | -0,8459 | =0,9820 | +0,0510
0.5 -0,7603 | -0,7353 | -0,8176 | =0.8383 | -0,9641 | +0.,0650
0.6 -0,7549 | -0,7191 | -0,7985 | -0.8289 | -0,9423 | 40,0798
0.7 -0,7484 | -0,7001 | -0,7752 | -0,8176 | -0,9168 | +0.0956
0,8 -0,7410 | -0,6782 | -0,7483 | -0,8045 | -0,8877 | 40,1124
0,9 =-0,7327 | -0,6540 | -0,7163 | -0,7890 | -0.8551 | +0.,1306
1.0 -0,7235 | -0,6273 (-0,6793 | -0,7712 | ~-0,8193 | +0,1501
1.2 -0,7026 | -0.5672 | -0,5883 | =0,7281 | -0,7385 | 40,1937 |
1.4 -0,6786 | =0,5004 | =0,4722 | =0.6737 | =0,6473 | +0,2442
1.6 -0,6518 | -0,4281 | -0,3264 | -0,6063 | -0,5483 | 40,3024
1.8 -0,6228 | -0,3532 | -0,1469 | =0,5242 | -0,4445 | 40,3685
2.0 -0,5921 | -0,2791 | 40,0713 | =0,4257 | =0,3397 | +0.4428
2.1 -0,5764 | -0,2436 | 40,1961 | -0,3697 | -0,2884 | +0.4829
2,2 -0,5605 | -0,2099 | 40,3321 | -0.3089 | -0,2387 | +0,5248
2,3 -0,5445 | -0,1784 | 40,4795 | -0,2430 | -0,1914 | 40,5686
2.4 -0,5287 | -0,1499 | 40.6399 | =0,1719 | -0,1471 | +0.6140
2,5 -0,5150 | -0.1254 | 40,8120 | -0,0953 | -0,1068 | +0,6608
2,6 -0.4977 | =-0,1083 | 40,9975 | -0,0133 | -0,0715 | +0,.7088
2.7 -0,4829 | -0,0907 | 41,196 +0,0747 | =0,0420 | +0,7578
2.8 -0,4687 | -0,0823 | +1.409 +0,1687 | -0,0195 | +0,8074
2,9 -0,4554 | =0.0810 | 41,634 +0,2686 | -0,0051 | $4C,8573
3.0 =-0,4430 | -0,0887 | +1,873 +0,3746 0 | +0,9070

Notos~

surface reverse ths sizn only,.

In using these values, downward p is positive,

Berding stresses are given for the upper surface,

For the lewer
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= 3.0

‘v = 0420

Table 13, Combined (Direct and Bending) Stress Intensities,

2t £ 2T ) 1= 2t
§ (,DR)V;,U (f’ﬁ)ﬁ,( (f’ﬁ)[f:d (P&) @Z
0 =1,6317 4+0,0859 -1,6317 40,0859
Qol -196296 +0.0848 -106294 +000866
0.2 -1,6233 +0.0815 -1,6225 +0,0887
0.3 -1.6126 4+0.0758 -1,6109 40,0923
0,4 -1.5976 40,0678 -1,5947 $40.0971
0,5 =1.5779 40,0573 - =1,5736 +0,1030
0,6 -1,5634 40,0436 =1.5480 +0,1098
0,7 =1 .5236 40,0268 -1.5177 40,1175
0.8 -1,4893 +0 ,0073 =-1,4827 40,1263
0.9 =1,4490 -0,0164 -1.4430 40,1350
1.0 -1.,4028 =0,0442 -1.3985 +0.1439
1.2 -1,2509 -0,1143 =1,2966 40,1606
1.4 -1.1508 -0,2064 -1.,1741 40,1733
1.6 -0,0782 -0,3254 -1,0344 +0,1782
1.8 =0,7697 =-0,4759 -0,8774 +0,1710
2.0 =-0,5208 -0,56634 -0,7048 40,1466
2.1 =-0.38035 -0,.7725 =0,6133 +0,1261
2.2 -0,2284 -0.8926 -0,5188 40,0290
263 -0,0650 =1,0240 -0,4214 40,0646
2.4 40,1112 -1,1686 -0,3218 40,0220
2.5 40,2990 =1,3250 =-0,2207 -0,0301
2.6 40,4998 =] .4952 -0,1186 -0,0920
2.7 40,7131 -1,6789 -0,0160 -0,.1654
2.8 40,9403 =1,8777 40,0864 =0,2510
2.9 +1.1786 =2.0894 +0.1876 -0.3496
3.0 +1.4300 -2.3160 +0,.2859 =0,4635

In usinrg thess veluss, dowrmard p ig,positive.
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g,a 3.5
VB 0020
Table 14, Dirsct, Bending and Shear Stress Intensities, Vertical
Deflsctions,
!
2% 2€ 2t 2 [t\2

2| ()R |(3) %4 | B8) 1 | GE) e |8 |#R)
0 =0,9395 | =0,9395 | -0.6887 | =0,6887 | =1.2172 €]
0.3 -0.,93589 | -0,9286 | -0,6848 | =0,6868 | =1,2026 | 40,0104
C.6 =0,9249 | -0,8959 | -0.6713 | -0.8802 | -1.1520| 40,0244
0.9 -0.9068 | =0.8420 | -0.6440 | -0,6675 | -1,0871 | 40,0455
1.2 -0,8818 | =0,7682 | =0,8951 | =0,6456 | =0,9882 | 40,0770
1.5 -0,8502 | -0,6763 | -0.5149 | =0,8107 | =-0,8647 | 40,1220
1.8 =0,8125 | =0,5699 | =0,3907 | =0.5578 | =0,7206 | 40.1832
2.1 =0.7696 | =0,4540 | =0,2076 | =0,4813 | -0.,5618 | 40,2828
2.4 =0.7228 | -0.3364 | 40,0487 | -0,3749 | =0,3975 | 40,3811
2.7 =0,6737 | -0,2283 | 40,3970 | -0,2320 | -0.,2402 | 40.4782
300 -0.6247 "001459 +008486 -000462 -001068 +0.6111
5 .1 "O 06089 -0 01245 +1 .0243 +O 00261 -0 .0’713 +Gaﬁ582
3.2 =0,5935 | =0,1103 | +1.2129 | 40,1039 | =0.0418 | 40,7081
363 -0,5787 | =-0,1025 | +1.415 40,1875 | =0,0194 | 40,7546
3.4 -0,5647 | -0.,1022 | 41.6301 | 40,2767 | -0,0051 | 40,8034
365 -0,5515 | ~0,1103 | 4$1.8588 | $0.3717 0 40,8520

Noto:~ Bending stresses are given for the upper surfasce, For the lowsr

surface reverse the sign only.

In using thess values, dewrwerd p is positivse,




Table 15, Cowbined (Direct and Bending) Stress Intensities.

22) 2t) i~ |(2T 2%)

£ | E)%e |G |G % ()%
0 -1.6282 -0.2508 -1.6282 . =0.2508
0.3 - =1,6207 -0.2511 =-1.6154 =0.2418
0.6 -1,5962 =0.,2536 -1.5761 -0.2187
0.9 - =1,5508 -0.2628 -1.5095 =-0.1745
102 ’ -1.4769 -0.2867 -1.4158 -0a1226
1.5 - =1.3651 =0,3383 -1.2870 -0,0656
1.8 -1.2032 -0,4218 =1.1277 -0.0121
2,1 =0,9772 -0.,5620 -0,9353 40,0273
2.4 =0,8731 -Q,7725 -0,7113 +0.0385
2,7 -0.2767 -1.0707 =0,4603 40.003%7
3.0 +0.2239 =1,4733 -0.1901 =0,0977
3ol +0.4154 =1,6332 -0,0982 =0,1504
32 +0,6194 -1.8064 =0,0064 =0,2142
S ed +0,8363 =1,9937 4+0.0850 -0,2900
34 +1.0654 -2,1948 +0.1745 =063789
DeD +1,3070 -2.4100 +0.2614 -0,4820

In uzsing thess wvalues, downward p 1s posltive,
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g, = 4.0
v e 0,20
Table 16. Direot, Bending and Shear Stress Intensities, Vertisal
Deflections, :
Z3x 2t 2¢ Za4 2Et Z.f-%

¢ f&)"x_fd () %5 |(F) &b |7 ) B8 [(350)« | 2R
0 =1,0362 | =1,0362 | =0,4902 | -0,4902 | =1.3177 0
0,2 | =1.0351 | =1,0327 | =0,4913 | =0.4908 } -1.3131 | =0.0038
0,4 =] ,0316 | =1,0223 | =0.,494) | =0.4922 | -1.,29902 | =Q.,0069
06 | =1.,0258 | =1,0049 | =0.,4980 | =0,4943 | =1.,2760 | =0,0084
08 "'1 00176 ’0 09804 -005021 -0 04967 '1 02453 "0 00077
1,0 | =1.,0072 | =0,9488 | =0,5048 | =0,4988 | =1.2012 | =-0.0039
1.2 | =0.,9943 | =0.9100 | =0.5040 | =0.4998 | =1,1496 | +0,0037
1.6 | =0,9614 | =0,8111 | =0.4826 | =0,4949 | =1,0179 | 4C.0335
2,0 | =0,9192 | =0,6858 | =0.,4137 | -0,4727 | -0,8503 | 40,0877
2.4 | =0.8684 | ~0.5395 | =0.2668 | =C.4213 | =0.6533 | +0.,1715
2.8 | =0,8103 | -0,3842 | ~0,0062 | =0.,3269 | =0.4398 | $¢.2883
3,0 | =0,7794 | =0.3090 | 40,1783 | =0,2589 | =0,3337 | 4+0,3592
3.1 | -0,7636 | ~0.2735 | 40,2861 | =C.2188 | -0.2824 | $0.3977
342 | =0,7478 | -0,2401 | 40,4049 | -0,1744 | -0.2330 | $0.4381
Bed | =0.7319 | =0.2091 | 40,5354 | =0,1254 | -0,1863 | $0,4802
3.4 | =0,7161 | =0.,1814 | $0.6778 | =0,0717 | -0,1429 | 40,5239
3,5 | =0,7005 | ~0,1578 | 40.8327 | -C,0130 | -C,1035 | 40,5680
3.6 | -0.,6851 | =0,1386 | $41.000 | 40,0508 | =C.0691 | +0,6153
3.7 | =0.6702 | -0.1251 | 41,181 | 40,1200 | -0,0405 | +0,6624
5.8 | =0.8557 | =0,1176 | $41,374 | 40,1944 | =0,.0188 | +0.7101
3.9 | -0.6419 | -0,1175 | $1.581 | +0.2745 | -0,0048 | +0.7580
4,0 | -0.6289 | -0.,1258 | +1.802 | $0.3603 0 40,8058

Note;- Bending atresses are given for the upper surface, For the lower
surfece reverse the sign omly,.

In using thess values, dowmmard p is positive,
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,: 4.0
V= 0020
7able 17, Combined (Dirsct and Bending) Stress Intensities,
2 N 22 2

§ (B e |G |GE)lhu |(35) G
(0] -1.5264 -0.5480 =-1.5284 =0 5460
0.2 -1,5264 =-0,5438 -1 ,5235 =0,5419
C.4 =1,8257 =0,5375 ~1 ,5145 =0 5301
0.6 =1 ,5238 -0,5278 -1,4992 =0,5106
0.8 -1,5197 =-0,5155 =1,4771 -0.483%7
1.0 -1.5120 =0,5024 -1,.44%6 =0 ,4500
1:2 =] ,4983 -0 ,4903 -1,4098 =0,4102
1.8 =1.4440 -0,4788 =1.3060 =0,3162
2.0 =1 .3329 -0,50865 =1,1585 ~C4,213%
2.4 .'1'1352 -0,6016" =-Q0,9608 =0,1182
2.8 =0,81865 -0,8041 =0,7111 =-0,0573
3.0 =0,6011 =0 , 9577 =-0.,5679 =-0,0501
Sad =0Q,4775 =1,0497 =0,4923 =Q,054%
3.2 =0 3429 -1.1527 =0,4145 =0, 065%
3.3 ~0,1965 =1.2673 -0,3345 -0,083%
3ok =0 ,0383 -1.3939 =0,2531 =0,109%
3.5 $0,1322 -1,.5332 -0.1708 =0,1448
3.6 40,3149 -1.6851 =0.0878 -0,1894
3.7 +0,5108 -1.8512 =0 ,0051 =C,2451
3.8 40,7183 =2 ,0297 40,0768 =0 ,3120
3.9 +0.,8301 =2 ,2229 40,1570 -0,3920
4.0 +1.1731 =2 ,4309 +0.,2345 =0,4861

In using thess values, dowmward p is positive,




€l= 4.5

V= 0.20
Table 18, Direet, Bending and Shear Stress Intensities, Vertisal
Defiections,
i
(2t 2t 2t REE _lét Z

& (m rd | (52) %4 |(38) b (ﬁ)@b 2l )
0 =1,0799 | =1.0799 | -C,3101 | =0,3101 | =1.3400
0.4 =1,0770 | -1.0711 | -0.31¢0 | -0,3145 | -1.3282 | -0 0167
0.8 -1.0681 | -1,0440 | -C,3434 | -0,.3271 | =1.2922 | -C.0298
1.2 =1,0528 | =0,9970 | =0.,3766 | -0.3451 | -1.2299 | -C.0344
1,6 =1.0307 | =C,90279 | =0.4072 | -0.3642 | «1.1387 | =0,0267
2,0 =1.0012 | -0,8347 | =0.,4180 | -0,3799 | =1.0160 | =0,0013
2.4 =0,9640 | -0,7173 | -0,3861 | =-0,3777 | =0.8614 | +0,04€69
2,8 =0,90181 | =0,5789 | =0.,2825 | =0,35623 | -C.6781 | $40.1230
3.2 =0.8672 | =0.4283 | -0.0738 | =0,2890 | =0.4755 | $+0.2306
3.8 ~0,8102 | =C.2821 | $0.2769 | =0,1733 | -C.2725 | $C 3709
4,0 =0,7513 | -0,1687 | +0.8036 | $0.0091 | =C.1001 | +0.5400
4.1 -0,7368 | ~0,1500 | 40.965€ | $C.0667 | -C.0668 | $0,.5857
4,2 =0,7227 | =C.1363 | 41.141 $0.1292 | -0,0392 | +0.6322
4,3 =0,7089 | =0.,1290 | 41.329 +0,1¢70 | =C,0182 | 4C,.8793
4.4 -0,6957 | -0,1288 | 41,531 +0,2704 | =C,0047 | +0.7266
4,5 -0,6832 | =0.,1366 | +1,745 +0.3491 0 +0. 7737

Note:~ Bending stresses are given for the upper surfase. For the lowsr

surface reverse the sign only,

In vsing these values, downward p is positive,



= 4,5
s' -1 0.20

Teble 19, Combined (Direct and Bending) Stress Intensities,

(22 L

C;R/)d;;u ‘)0;;2 qu) m@!
¢ =1,3900 -0,7698 =1,3900 -0,7698
0.4 = 05960 _o e‘7580 -1 05856 -0 e’7566
0.8 =1,4115 -0,724%7 =1,3711 =C, 7169
1.2 =1.4294 -0.6762 =1.3421 ~-0,8519
1.8 =1 ,4379 -0,62358 =-1,2921 =C.5637
2,0 -1.,4192 -0,5832 -1,2126 -0,4568
2.4 =1,3501 -0,8779 =0,.,3396
2.8 =1.2016 -0,6366 -0.9312 -0.,2266
3.2 -0.9410 «0,7934 =0 ,7173 =0.1393
3.6 -0,5333 -1,0871 -0,45854 -0.1088
4,0 40,0523 -1,5549 -0,1596 -0,1778
4,1 40,2288 =1,7024 -0,0833 =0,216%7
4,2 40,4183 =1.8637 =0,0071 =0,.,2655
4,3 40.6201 =2,.0379 40.0680 -0.3260
4.4 40,8383 -2.226%7 $C.1416 -0,5092
4,8 41,0618 -2 .,4282 $0.2125 =0 4887

In using these values, d ovmwerd p is positive,
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Table 20, Direct, Bending amd Shear Stress Intensities, Vertisal
Deflectlions,

- T

2t ‘ t 2t 2t ' REt 2 [t \%~

& (FE) Ox.d Tv‘fi) 0p.d (FE) Tg,b Fﬁ) Teb \(&7r) ¢ F"(R) Tx

0 -1,0894 | -1.0894 | -0,1676 | =0.1676 | =1.312 0

0.1 =1,0894 | -1,0892 | -0,1679 | -0.1682 | -1.312 -0,0049
092 "1:0891 -190883 -031688 -001701 "10510 -000097
0.3 =1,0886 | =1,0868 | =0.1704 | -0.1732 | =1,308 -0,0144
034 '100879 -100847 -0.1726 -001776 "10306 “0-0191
0.8 -1,0870 | -1,0819 | =0.1754 | =0,1832 | =1.302 -0,0236
0.6 -1,0858 | -1,0785 | -0,1788 | -0.1898 | -1,297 -0.0280
007 -100845 -100744 -001827 “001976 -10292 ‘000321
0.8 -1,0829 | -1,0696 | -0,1872 | -0,2065 | =1.285 -0,0360
0,9 -1,0811 | -1.0640 | -0,1922 | -0,2163 | -1,278 -0,0396
100 "leWl -1 '0576 -001977 -002269 "19 270 "0 30429
1.2 -1,0743 | -1,0421 | -0,2100 | -0,2505 | =1,249 -0.0484
1.6 =1,0613 | -0,9994 | -0.2383 | -0.3027 | -1,194 -0,05832
2.0 -1,0431 | -0.,9378 | -0,2683 | -0,3527 | -1.114 -0,0468
2.4 -1,0189 | -Q.85641 | -0,2943 | -0.3850 | =1.006 -0.0246
2.8 -0,2880 | -0,7467 | -0,3085 | -0.3788 | -0,.868 +0.,0183
5.2 -0,9499 | -0,6171 | -0,3012 | =0.3075 | -0,700 40,0870
3,6 =0,9049 | -0,4%717 | =-0,2604 | =0.1390 | -0.510 40,1857
4,0 -0,8542 | -0.,3249 | =0,1725 | 40,1618 | -0,312 40,3165
4,1 -0,8409 | -0,2907 | -0.1416 | 40,2618 | -C.265 40,3541
4,2 -0,8274 | -0,2581 | -0,1069 | +0.3727 | -0.219 +0.3935
4.4 -0.8002 | -0, 2011 | ~0.,0240 | $0.68301 | -0.134 +0.4772
4,5 -0, 7866 | =0,1%79 | 40,0243 | 40,7765 | =0,008 40,5212
4,6 -0,7732 | -0,1591 | 40,0774 | 40,9361 | -0.,065 +0,5664
4,7 -0,7889 | =0,1454 | 40,1354 | +1,108 -0,038 +0,6124
4,8 =0,7470 | =0,1377 | 40,1988 | +1.294 -0,018 +0.6591
4,9 -0.7546 | =0,1371 | 40,2669 | +1.492 =-0,005 40,7059
5,0 =0,7227 | -0,1444 | 40,3407 | 41,703 9 40,7526

Bending stresses are given for the upper surface, For the lower

surface reverss the sign only,

Notse:

In using these values, dovmward p is positive,
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Table 21, Combired (Direct and Bending) Stress Intensities.

89,

£33 2T 2¢ 2t
(7) O | (F) 1o | () 5.« | (BE) 18,
=1,2570 =0,9218 =1,2570. -0,9218
-1.2576 -0,9212 -1.,2571 =0,9213
-1,2592 =0,8190 =-1.2571 =C,9185
0 -1.2618 -0,9154 -1,25%2 -0.9164
0.4 -1.26585 =0,9103 ~1,25873 -0,9121
0.5 "l 02702 "0 09038 "1 .25?5 -0 .9065
0.6 =1.2756 =C,8960 =1.2573 -C.898%7
0.7 -1.2821 -C,8869 =-1.2871 -0,801%7
008 "—02894 '008764 "1 02568 -0.8824
0.9 =1.29874 -0,.8648 =-1.,2562 -0.8718
1.0 =1,3060 -0,8522 -1.,2553 -0,8599
1.2 -1,3248 -C.8238 =1,2521 -0,.8321
1.6 =1,.,3640 -0,7586 =1.2377 -C,.7611
2.0 -1,3958 -0 ,6904 -1.,2061 ~0.6695
2.4 =1,4039 -C,6339 -1.1484 -0,5598
2.8 =-1,3668 ~-0,6002 -1.056582 =0,4382
502 -1 .25'74: "0.6424: -009185 "0.5159
5.6 =-1,0439 =0,7659 =0,.7321 =0.2113
4,0 -C.8024 -1,.0160 =0,4974 -0,1524
4,1 =0,5791 -1,1027 ~0 4323 ~0,1491
4,2 =0,4547 -1,2001 =0,3650 -0,1812
4,3 -0,3185 -1.3001 =0 2658 ~0,1604
4.4 -0,.1701 -1,4303 ~-0.2251 =0,1771
4.5 ~-0,0101 -1.5631 -0,1536 =0 ,2022
4.6 +0.1629 -1,7093 -0.0817 =C,2565
4,7 40,2481 -1.8679 -C,0100 -0,2808
4.8 4C.5470 =2,0410 4+C.08611 =0,3365
4,9 40,7574 -2 .2266 $+C.1298 -0,4040
5.0 40,9803 =2 ,428%7 40.1963 -0,48851

In using these values, downward p is.positive,
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Table 22, Direct, Bending and Shear Stress Intensities, Vertical
Deflsctions,

; (2T (2¢ 2t Fy

& (F’R)”;'d (%) % )b ﬁ—:)%b (f,r%‘ w %(%) Tx
0 -1.0615 | =1,0616 | =C.,0035 | =Q,0035 | -1.,1909 16}
043 -1,0616 | =1,0616 | =0,0075 | =C,0054 | =1,1508 | =C.0100
0.6 =1,0615 | ~1,0612 | =C,0192 | =0,0114 | -1.1903 | =0.0200
0.9 =1,0613 | =1.0601 | -0,0387 | -0,0212 | -1,1882 | =C.029¢
1.2 =1 ,0607 | =1,05%4 | =C.C659 | =0,0348 | -1,1857 | =C,0395
1.5 =1,06906 | =1,0521 | =-0,1002 | -0,0621 | -1,1%93 | -0,0485
1.8 =l 0576 | =1,0429 | =0,.141C | -0,0729 | =1,1681 | =0,058%
201 -100545 "l 90281 "O c1869 "O 00966 -l 01502 -0 00622
2.4 =] ,0499 | =1 .0059 | ~G,2359 | =C.1227 | =1,1234 | =0 ,.08650
2.7 =1,0434 | -0.9744 | =0.2844 | -0.,1499 | -1 .08583 | =C.0838
3.0 =1.0344 | ~-0,9318 | -0.3283 | -C,1768 | =1.,0339 | =£.,0581
5 .5 "‘l 30227 "'O ® 8766 -005614 PC’ .2015 "O 09669 ‘0 0049’?
SeH =1.0077 | =0.80%76 | =0,3758 | -0,2208 | -0,8829 | -0.0151
39 =-,9892 | =C.724%7 | -0.36186 | -0,.2318 | -C.7815 | 40.0228
4.2 =-0,967C | =0,6289 | =0.3071 | =0.,2304 | -0.6836 | 40,0752
4.5 -0,9410 | -0.5234 | -0,1¢88 | =0,2118 | -0.5320 | 40,1441
4,8 =0,9115 | -0,4133 | =C,0221 | =0.1705 | =0,3824 | 40,230%7
5.1 =0,8790 | =0.,3072 | $0.2384 | -0,10211 | ~-0.2538 | $40.335
5.2 «0,.,8677 | =C.2746 | $0.3465 | -0,0707 | =0.2100 | 40,3735
5.3 -C,8662 | =0.2444 | 40,4858 | =-0,0363 | -0,1882 | 40,4137
5.4 -0.8448 | =0,2171 | $0.5970 | 40,0022 | =C,1293 | 40.48E5
5.5 =0.8330 | =0,1933 | +0.7406 | 40,0451 | =C.0939 | 40,4988
5,6 -0,8214 | -0,1738 | $40.8965 | 40,0762 | -0.,0628 | $+C,.5430
8.7 -0,8099 | -0,1595 | +1.065 +0.,1261 | -C,03692 | 4+0.5882
5.8 =0,7986 | =0,1509 | +1.24%7 40,2015 | =0,0171 | 40.6341
5.9 -0,7876 | =C,1493 | +1.443 40,2632 | =C.0044 | 4C,.6802
6.0 =0.7770 | =C.1553 | +1.651 +0.3302 0 40,7263

Notes== Bend ing stresses are given for the upper surface.

surface reverse the sign only,

In using these values, dowrmard p is pesitivs,

For the lewer
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Teble 23, Combined (Direct amd Bending) Stress Intensities.
2t (_Zi 2% 2¥
,S (f’ﬂ)@” Pk) 0;,2 (fy{) @u (p,()@,Z
0 -1,0651 -1,0581 -1.0681 -1,0581
0,3 -1,0691 - =1,0541 -1,0670 -1.0562
C.6 -1,0807 -1,0423 -1.0726 -1,0498
0.9 =1,1000 -1,02286 -1.0813 -1.038¢
l.2 =1.1266 -0,9948 -1,0922 -1,0226
1.5 -1.1598 -0.9594 =1,1042 =1.0000
1.8 -1.1986 =(,9166 -1.1158 =0 ,9700
201 “1.2414’ ”008676 -191247 "0 .9315
2.4 -1 ,2858 -0.8140 -1,1286 =0,8832
2,7 -1,3278 =-0,7590 -1,1243 ~-0,8245
3,0 =1.3627 -0,7061 -1,1086 -0,7550
33 =-1.,3841 -0,86613 -1,0779 ~0,6753
3,6 =1 ,3835 -C,631¢ =-1.0284 -0,5868
3.9 -1,3508 -0,6276 =0,9568 -0,4929
4,2 -1,2741 -0.6599 -0,8583 -0,3985
4,5 -1.1399 -0,7421 -0,7352 =-0,31186
4,8 -0 ,9336 =0 ,8894 -0 .5838 -0.2428
5n1 "O a6406 "'1 011?4 =0 ¢4083 "002061
5.2 -0,.5212 -1.2142 -0 .3453 -0 ,.203¢
53 -0,3904 =1.3220 -0.2807 -0,.2081
5.4 =0,24"76 =1,4416 -0,.2149 =0,2193
5.5 -000924 -l 75‘736 ‘-001482 ‘0.2384
5.6 40,0751 =1,7179 =0,.0978 =0,2500
S.7 40,2551 -1.8749 -0.0334 -0,2856
5.8 40.4484 -2,0458 4005086 -0,3524
5.9 +0.6554 -2 02506 +031139 -0.4125
6.0 40,8740 -2 ,4280 4C.1749 -C,4855

In using these values, downward p iz positive,
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Table 24, Direct, Bernding and Shear Stress Intensities, Vertical
Deflecticns,

X

2t 2t 2t 2t LEE) i(t 2
g' (FE) Txd GﬁE)U%A 'Fﬁja;b (;R)U%b (gzp w p‘ﬁ) Tx

0 =1,0249 | -1,0249 | #0,0421 | 40,0421 | =1,0738 0
0.1 =-1,0250 | =1,0250 | 40,0419 | 40,0421 | =1.0739 | =0,0014
0.2 -1,0280 | =1,0252 | 40,0414 | 40,0417 | =1.0742 | =0.,002%
0.3 =1,0252 | -1,0256 | +0,0405 | 40,0413 | =1.0747 | -0,0041
0.4 ~-1,0265 | =1.,0261 | +0.0392 | 40,0407 | =1.0753 | -0,0055
0.5 -1,0255 | =1.0268 [ 40,0376 | 40,0399 | =1.0782 | ~0,0069
0.6 -1.0258 | =1,0275 | +0.0356 | 40,0389 | =1.,0772 | -0,0084
0.7 -1.0261 | -1.0284 | +0.,0332 | 40,0377 | =1,0784 | -0,0009
0.8 ~1.0265 | -1,0294 | 40,0304 | 40,0363 | =1.0798 | ~0,0115
0.9 -1,0269 [--1.,0305 | 40,0272 | 40,0347 | =1,0813 | -0,0131
1.0 -1,02873 | =1,0317 | 40.0236 | 40,0329 | -1.0829 | =0,0148
1.2 - =1.0282 | =1,0343 | 40,0148 | 40.0287 | =1,0864 | ~0,0184
1,6 ~-1,0304 | =1,0395 | =0,0087 | 40,0173 | =1,0938 | =0,0264
2,0 -1.0%26 | =1,0434 | -0,0413 | 40,0017 | -1,1000 | -0,0354
2,4 =-1,0345 | =1.,0437 | =0.0840 | -0.,0185 | =1.,1022 | -0,0450
2,8 -1.0855 [ =1.0373 | ~0,1365 | =0,0435 | =1,0967 | -0,0539
3.2 -1.0348 | =1,0204 | -0,1970 | -0,0729 | =1,0792 | -0,0604
5.6 '=1,0316 | =0,9889 | =0,2609 [ =0.1054 | =1,0444 | -0,0618
4,0 -1,0250 | -0,9382 | =0,3198 | =0,1385 | =0,9871 | =0,0542
4,5 -1,0104 [ -0,8422 | =0,23658 | =0,1745 | =0,8784 | -0,0253
5.0 -0,9871 | -0,7068 | =0,3442 | -0,1926 | =0,7178 | +0.,0350
.5 =0,9541 | =0.5376 [ ~0,2010 | =0.1753 | =0,5156 | 40,1369
6.0 -0,9118 | =0,3554 | 40,1301 | ~0,0999 | -0.2911 | 40,2873
6,1 ~0,9024 | =0,32090 | 40,2251 | =0,0756 | =0.2472 | 40,3232
6,2 -0,8027 | =0,2879 | 40,3309 | =0.,0479 | ~0.2046 | 40,3610
6.3 -0.8829 | -0,257% | 40,4481 | =0,0163 | -0,1641 | 40,4005
5,4 -0,8729 | =C,2294 | 40,5772 | 40,0192 | -0,1262 | 40,4415
8,5 -0,8628 | ~0,208 40,7184 | 40,0887 | =0.,0817 | 40,4840
6.6 -0.8527 | -0,1848 | 40,8723 | 40,1026 | -0,0614 | 40,5278
6,7 -0,8426 | =0,1696 | +1,039 40,1508 | =0,0361 | 40,5725
6.8 -0,8326 | =0,1602 | 41.219 40,2038 | =0,016% | 40,6178
6,9 -0,8228 | =0,1576 | 41,412 40,2612 | =0,00432 | 40,6635
7.0 -0.8134 | =0,1627 | 41.61%7 40,3235 0 $0,7091

Note:- Bending stresses ars given for the upper surface, For the ldwer
surface reverse the sign only.

In using these wvalues, downward p is positive,




Table 25, Combined (Direct and Bending) Stress Intensities.

93,

AT ¥t 2t 2T)

& (’FE‘ Ix« (P& Ix (PA‘ g« |(7%) 7%

-0,9828 ~=1,0670 -0,9828 =1,0670

-0,9831 -1,0669 =0,9829 =1,0671

-009856 -1c0664 -009855 -100669

=0,984%7 =1,0657 =0,9843 -1,066%
0 -0,9861 -1.0645 -0.0854 =-1,0668
0 -C,9879 -1.0631 -0,9869 -1 .066%7
0,8 -0,9902 -1,0614 -0,.9886 -1,0664
0.7 -0.9929 -1.0593 =0.9907 -1,0661
0.8 =0.9961 =1,0569 -C.9931 -1,068%
0.9 -0,9997 -1,0641 -0,9968 =-1.0652
1.0 =-1,005% -1 ,0509 -0,9988 -1.06486
1.2 -1,0134 -1.0430 -1.0056 =1.0830
1.6 -1,05391 -1.021% -1.0222 -1.05668
2.0 -1,0739 -0,9913 =-1,0417 -1,0451
2 04 "'1 01185 "’009505 "1.0622 -1.0252
2.8 =1.,1720 -0,8990 -1.0808 =-0,9938
3.2 -1.,2318 -0.8378 =-1.0933 =0,9475
3.6 -1,2925 -0,7707 -1.09453 -C.8835
4,0 -1,3448 -0, 7082 =1,0767 -C,.729%
4,5 -1,3762 -0,6446 -1,0167 -0,.6677
5 .0 "‘1 05?315 "O 06429 "O 08994 "O a5142
5.5 -1,18581 -0,7531 -0,7129 -0.3623
6.0 -0,7817 -1,0419 =0,4553 =-0,2555
6,1 -Q 8773 -1,127% -C.3965 =0,2453
8.2 -0,5618 -1.2236 =-0.,3358 ~0,2400
6.3 -0,4348 =1.,3310 -0.2736 -0,2410
6.4 -0,2959 =1,4501 -0,2102 -0.,2488
6.5 . -0,1444 -1,5812 =0,1463 -0,2637
€.6 }C.0196 -1.7250 -0.0822 -0.2874
6.7 +C.1064 -1.8816 -0.01Eesg =0,3204
6.8 +0,3864 -2,05186 40,0436 -0.3640
6,9 +0.5892 =2 ,2348 40,1036 -0,4188
760 +0.8036 -2 ,4304 +C.1608 -0.48862

In using these values, downward p is positive,
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Table 26, Direct, Bending and Shear Stress Intensitles, Vertical
Deflestions., .
. A (]
2t 2t 2t (2t 2Et 2 [t\%
& PR) 0xd PR) O;.A '(PR) Oxb (PR) (o.b (ETF w F(E) Tx
0 ~0.,9960 | =0,9960 | 40.0032 | +0.00&Z | -0,9420 0
0.1 -0.9960 | -0,9960 | 40.003% | 40,0033 | =0,9420 | +0,0002
0,2 -0.9960 | =0,9960 | 40,0024 | 40,0033 | =0,9420 | 40,0004
0.3 ~-0.9960 | -0,9960 | 40,0035 | 40,0034 | =0,9420 $+0.0007
0.4 -0,9960 | =0,9981 | 4#0.0037 | 40,0035 | =0.9421 [ +0,0009
0,5 -0.9960 | -0,9961 | 40,0040 | 40.0036 | =0.9422 | $+0.,0011
0.6 -0.9960 | -0,9962 | $0.,0043 | 40,0038 | -0.9425 | +0,0013
0,7 -0,9961 | -0.,9963 | +0,0046 | 40,0039 | -0,8424 | +0,0015
0+,8 -0,9961 | -0.,9964 | 40,0050 | 40,0041 | -0,9425 +0.,0017
0.9 -0,9961 | -0.9965 | +0.,0055 | 40,0044 =0.,9427 | 40,0019
1.0 -0,9962 | -0,0968 | 40,0060 | 40,0046 | -0.9429 | 40,0021
1.2 -0,9963% | =0,5970 | +0.0072 | 40,0052 | -0,9433 +0,0024
1.6 -0.,9966 | -0.9981 | +0.0100 | 40,0067 | =0.,9447 | 40,0030
2,0 -0,9970 | =0.,9998 | +0.0132 | 40,0084 | ~0,9470 | 40,0032
2.4 -0,9877 | -1.,0025 | +0,0183 | 40,0102 | -0,93203 40,0030
2.8 -0,9987 | =1,0062 | +0.0186 | 40,0119 | =0.9549 | 40,0020
9.2 -0,9999 | ~1.,0111.| +0.0193 | 40,0121 | =0,9611 | 40,0002
5,6 -1,0015 | -1,0172 | #0.0171 | 40.0134 | -0,9688 -0.0082¢
4,0 -1,0034 | =1,0244 | 40,0105 | 40,0122 [ =0.€778 ~-0,0074
4.5 -1,0062 | -1,0337 | -0,0067 | 40,0077 | -0,.9900 | =0.0152
5,0 -1,0094 | ~1,0413 | -0,0370 | -0,0014 | -1.0008 | -0,0855
5.5 -1,0125 | -1,0435 | -0.,0832 | -0.0164 | ~1,0060 | -0,0372
6,0 ~1,0148 | -1,0344 | =0,14565 | -0.0378 | =0,9992 -0,0481L
6,5 -1,01584 | =1,0066 | =0.2183 | =0,0651 | =0.98720 | -0.,0542
7.0 ~1,0129 | -0,9515 | -0.2924 | -0,0954 | ~0,9145 | -0.0492
75 -1.0060 | =0,8608 | -0,3413 | -0.1226 | -0.8169 | ~0,0246
8,0 ~0,9931 | =0.7302 | =0.3282 | =0,1863 | =0.6734 [ 40,0500
8.5 -0,9729 | -0.5639 | =0,1992 | =0.1210 .| -0.48692 | 40.1251
9.0 -0,9451 | =0,3815 | $0.,1125 | ~0.,05666 | =0.2767 | 40,2682
9.1 00,0387 | =0.,3485 | $#0.,2032 | -0,0358 | ~0.2362 | 40,3028
9.2 ~0,9221 | -0,2128 | +0.3046 | -0,0118 | =0,1950 | 40,3391
0.3 -0,9255 | ~0,2812 | +0,4174 | 40,0154 | =0.1566 | 40,3773
94 -0,0182 | -0.,2522 | +0.5419 | 40,0460 | =0.1205 | 40,4171
9.5 -0,9111 | -0.2268 | $0.6726 | 40,0803 | -0.,0877 | 40.4584
9.6 -0.0039 | =0,2048 | +0,8280 | 40,1184 | =-0.0588 | 40,5010
9.7 -0,8068 | =0,1879 | +0,99204 | 40,1604 | -0.0546 40,5446
9.8 -0,8893 | -0,1768 | +1,1658 | 40,2065 | ~0,0161 | 40,5890
9,9 -0,8820 | -0,1721 | #1.3544 | 40.2568 | =0,0042 | 40,6339
0 -0,8749 | -0,1750 | +1.,5564 | 40,3113 0 40,6738

Notesz= Bending‘stresses are given for the upper surfece, For the lower
surface reverse the sign only.

In uzing these valuss, dowrward p is positive.




98,

5'3 1909
v = 0.20
Table 27, Combined (Direct amd Bending) Stress Intensities,
2z (21 (2E 2¢

3 (m) Ix e P=) 7% PR) ¢« (7"75) 78, ¢
0 -0,9928 -0,9992 -0,9928 =0,9992
0.1 =0.,9927 -0,9993 =0,9927 -0,9993
0.2 -0,9926 =-0,9994 -0,9927 -0,9993
O -0,99256 =0,9995 -0,9926 -0,9994
004 -099923 "009997 '0 ;9926 -0.9996
V) 05 =0 .9920 "'1 00000 =0 .9925 "O 59997 ‘

© 066 =0e9917 ~1,0003 -0,8924 -1,0000
0.7 =0,99156 -1,00Q7 -0,9924 =1,0002
0.8 =0,9911 -1 ,0011 -0 ,92923 -1,0008
099 -0;9906 -'_'a_. 00016 -O 09921 '-1 00009
1.0 -0.9902 =-1,0022 -0,9920 -1,0012
1.2 =-0,9891 =1,0035 -0,9918 -1,0022
1.6 ~0,9866 -1,0066 =0,9914 -1,0048
2,0 -0,9838 -1l.0102 -0,9914 -1,0082
2 .4 "O .9814 -1 .0140 "009925 "10912?
2.8 -0,9801 -1,0173 -0,.9943 -1.0181
36l -0,9806 -1,.0192 -0,9980 -1,02842
5 06 "0 09844 -100186 -1 00038 "1 '0506
4,0 -0,9929 -1,0139 -1,0122 -1,0366
4,5 -1,0129 =0,9995 -1,0260 -1,0414
5,0 =1.,0464 -0,9724 =1.,0427 -1.,0399
545 =1,0957 =0,9293 =-1,0599 =1,0271
6.0 -1,1603 -0,8693 =1,0722 -0,99686
6.5 =1.2347 -0,7961 =1,0717 -0,9415
7.0 =1 ,3083 =0,7205 -1,0469 -0,8561
745 -1,3473 -0 ,664%7 =0,9834 -0,7382
8,0 -1,3213 ~-0,66492 -0,8665 =0,5939
8.5 =1,1721 -0,.7737 ~-0.6849 -0,4429
9.0 -0,.8326 -1,0576 -0,4381 =0 3249
Q.1 -0,7345 =-1.1419 -0,3823 =0,3107
9,2 -0.6275 =-1,2367 -0.3246 =0,3010
943 -0,5079 =-1,3427 =-0,2658 -0,2966
9.4 =0,3765 -1,4601 -0,2082 =-0,2982
865 =0,2325 -1,5897 -0,1463 =-0,3069
946 =-0,0759 -1.7319 -0.,0864 -0.3232
9,7 +0,0938 -1,8870 -0,0275 =0.5483
9.8 +0.2765 -2 ,0551 40,0297 =0 3833
9.9 4+0,4724 -2 .23564 40,0847 -0,4289

10,0 -2.4313 40.1363 -0,4863

+0.6815

In using these values, downward p is positive,




96,
’5' = 1500
V = 0020

In using these values, downwaxd p 1s positive,

Table 28, Direct, Bending and Shear Stress Intensities, Vertical
Deflisctions,

2t 2t 2t 2t 2Et AL
& |6 re B % ) ) 6o (80w [

0 -1.0001 | =1.0001 |. 0 0 -0,8970 o)

0.2 -1,0001 | -1,0001 0o 0 -0.89%70 0

0.4 -1.0001 | -1.0001 0 0 -0,8970 0

0,6 -1,0001 | -1,0001 0 0 -0,83970 0
0.8 -1,0001 | -1,0001 | -0.0001 0 -0.8970 | -0,0001
1.0 =1,0001 | -1.0001 | -0.0001 0 -0.,8970 | =0,0001
l.2 =-1,0001 | -1.0001 | -0.0001 | -0,0001 | =0,8970 | -0.0001
1.6 -1.,0001 | -1,0001 | =0,0003 | =0,0001 | =0,8970 | =0.0001
2.00 -100001 "1:0001 '010004 '000002 "008970 "900002
2.4 -1,0001 | -1,0000 | -0,0006 | -0,0003 | -0.,8969 | =0,0002
2.8 =-1,0001 | -0.9999 | -0,0007 | -0,0004 | -0,8968 | -0,0002
3.2 -1.0001 | -0,9998 | -0,0009 | -0,0005 | -0.8966 | =0,0001
3.6 -1,0000| -0,9996 [ -0,0009 | -0,0005 | =0,8963 | -0,0001
4.0 -1,0000 | -0,9993 | -0,0009 | =0,0006 | -0,8960 | +40.0001
4,5 =-0,9999 | -0,9989 | -0,0006 | -0,0005 | -0,8955 | $0,0003
5.0 -0,9997 | -0,9984 | 40,0002 | -0,0004 | -0,8949 | $0.0007
S5+5 =0,9996 | =0,9980 | 40,0016 0 -0.8944 | 40,0012
6.0 -0,9995 | =0,9979 | 40,0038 | 40,0007 | -0.8941 | 40,0017
6.5 -0,9994 | -0,9982 | 40,0067 | 40,0017 | =0.8943 | +0.0023
7.0 -0.,9993 | -0,9995 | 40,0103 | 40,0030 | -0,8955 | 40.0026
7¢5 -0,9994 | -1,0020 | 40.0140 | 40.0044 | -0.8982 | +0.,0024
8.0 -0,9997 | -1.0063 | +0.0166 | 40,0057 | -0,9027 | 40,0014
8,5 -1,0002 | -1,0125 | 40,0163 | 40.0064 | -0.2095 | =0,0011
9,0 -1.,0011 | -1.0206 | 40.0107 | +0.0058 | -0,9184 | -0,0056
9.5 -1.,0024 | =1.,0295 | -0,0036 | 40,0030 | -0.9287 | -0.,0124
10.0 -1,0040 | -1,0375 | -0.0301 | -0,0033 | -0,9381 | =0,0215
10.5 -1,0057 | -1,0407 | -0,0718 | -0,0140 | -0,9431 | -0.0323
11,0 -1,0072 | =1,0338 | =0.,1295 | =0,.0299 | =0,9377 | =0,0427
11.5 =-1,0079 | =1,0094 | -0,1997 | =0,0506 | =0,9140 | -0,0491
12.0 -1,0070 | -0,9586 | -0,2711 | -0,0737 | =0,8623 | -0,0454
12.5 =-1,0035 | =0,8730 | =0,3216 | =0,0943 | =0,773) | =0.,0235
13,0 -0,9962 | -0,7472 | -0,3144 | -0.1035 | -0,6400 | $0.0272
13,1 -0,9930 | -0,7172 | -0,3017 | -0.1028 | ~0,6081 | 40,0417
13,2 -0,9919 | -0,6858 | -0,2841 | -0,1010 | =0,5745 | 40,0579
13,3 -0.9895 | =0.6531 | -0,2610 | -0,0980 | -0,5393 | +0.,0758
13,4 -0,9869 | -0,6192 | =0.2320 | =-0,0938 | =0,5028 | +0.0956
13.5 -0,9840 | -0.,5842 | -0,1965 | -0,0876 | =0,4650 | +0.1172
13,6 -0,9809 | =0,5484 | -0,1539 | -0,0798 | -0.,4261 | +0,140%7
13,7 -0,9776 | -0,5120 | -0.1036 | -0,0703 | -0,3864 | 40,1662
13.8 -0,9741 | =0.4753 | -0.0449 | -0,0586 | -0,3462 | 40,1937
- 13,9 -0,9704 | -0,4386 | 40,0226 | -0,0448 | -0.,3058 | 40,2232
14,0 -0,9665 | =0,4023 | 40,0997 | -0,0285 | -0,2656 | +0.2546
14,1 -0,9624 | =0,3669 | 40,1868 | -0,0097 | -0,2260 | 40.2880
14,2 -0,9581 | -0,3327 | 40,2847 | +0,0118 | -0,1875 | 40.3234
14,3 -0,9536 | -0,3004_] 40,3938 | 40,0363 | «0,1507 | 40,3605

Nete:= Bernding stresses are givem for the upper surface, For the lower

surface reverse the sign only.




9?.

5,0

Teble 28, (cont,) Direct, Bending end Shear Stress Intensities. Verticsl
Deflections,
2t 2t 2t) ) 2Et) w s(i)f
& PR) d |(7E) fo.d |pr) It |(Br) Tob RZP plr) Tx
14,4 -0.9489 | -0.2705 |.+0,5146 | 40.0639 | -0.1162 | 40,3992
14,5 =0,944]1 | -0,2438 | 40,6477 | 40,0946 | -0.0846 | $0.4396
14,6 =-0.9393 | -0,2208 | +0.7935 | 40,1288 | -0,0568 | 40,4813
14,7 -0,9343 | -0,2025 | +0.9522 | 4+0,1665 | -0.0335 | 40.5241
l‘4o8 "039295 -0’1895 +10124:3 +002078 "000156 +0,5678
14,9 -0,9243 | -0,1830 | 41.3097 | 40,2523 | -0,0041 | 40.6120
15.0 =0.9194 | =0,1839 | 41.5087 | 40,3017 0 40,6563
Notes= Bending stresses are given for the upper surface, For the lower

surface reverss the sign only.

In using these values, dowrward p is positive,



g8,

V= 0.20

Table 29, Conbined {(Direct and Bending) Stress Intemsities,

B xa |BE) G

2t

- PrR) Tx.u
0 "l 00001
0,2 -1,0001
0.4 -1,0001
0.6 -1,0001
008 "l 00002
1.0 -1,0002
1.2 -1,0002
l .6 'l 00004
'2'90 “'l 00005
204 "1 00007
2.8 -1,0008
3.2 =-1,0010
366 =1 ,0009
4.0 "'1 00009
4,5 -1,0005
500 "009995
5.5 -0,9980
6.0 =0,9957
6.5 =0,9927
7.0 -039890
75 =0,9854
8,0 -0,9831
8.5 -0,9839
930 "O 09904
9,05 "l 00060
10,0 -1,0341
10,5 -1,0775
11,0 -1,1367
ll .5 "1 .2076
12.0 =-1.2781
12 05 "'1 05251
13,0 =-1,3106
13.1 -1,2947
15 02 ' -1 02760
15 95 -l 02505
13.4 -1,2189
13.5 -1,1805
- 13.6 =1,1348
13,7 =-1,0812
15 ,8 "1 90190
15 09 -0 09478
14,0 -0,8668
14 .1 -0‘7756
14.2 =0,6734

"1 000.01
"1 00001
-1,0001
-1,0000
-1 .OOOO
-1 ,0000
=0,9998
-0,9997
=0,9995
-O 09994
~0,9992
-0,9991
-0,9991
-0,9993
"0 .9999
'1 00012
-1,0033
-1 90061
-1,0096
-1,0134
-1,.0163
-1,0165
-1,0118
-0,9988
-0,9739
=0,933¢9
=-Q,8777
-0.8082
"O 07559
-0,6819
-0 '6818
"O 06913
"'0 07078
-Oa72 85
-0,7549
=0,8270
=0,8740
"O 09292
-0,9930
-1.,0662
-1,1492

=1,0003
-1,0003
"l 00001
-0.,9999
-0,9994
-Oa9988
"0.9980
-009972
-0,9965
-0,9965
-0,9976
-1,0008
"l 00061
=-1,0148
-1.0265
=1,0408
-1,0547
-1,0837
=-1.0600
-1.0323
-0.9673
-0.8507
-0.8200
-0,7868
-0,7511
-0,7128
"O .6718
-0.6282
‘035825
-005559
-0,4836
"O .4508
-0.,3766
"0.5209

(35) 7.1

"1 30001
=1,0001
-1.0001
-1.0001
=1,0001
-1.0001
"1 00000
-1,0000
-0,9999
-O 59997
-0,9995
=-0,9993
=0,9991
-0,9987
=-0,9984
-0 09980
-0,9980
=-0,9986
-0,9999
-1,0025
-1,0064
~ s uOlZO
"l 00189
-1 00264
"'1 00525
-1,0342
-1,0267
"1 00059

-0,9588

-0,.8849
-O 07787
=0.6437
-0,6144
-0,5848
-0 05551
-0,52586
-0,4966
-0 54686
=0,4417
-094167
"O .6938
-O 05768
-0,3572
-0,3445

in using these values, downwaxd p is positive,




&= 15.0
V- = 0.20

Teble 25, (Cont,) Ceonbined (Direct and Bending) Stress Intensities.

2t 2t (_:,ti 2t

g (m) (x,u. (p—g) Tx,1 FR) @,u W) @,l
14,3 -0,5598 =1,3474 =0,2641 =0 3367
14 .4 =0,4343 =1,4635 =0,20866 =0 3344
14,5 =0,2964 =1,5918 =0,1492 =0,3384
14.6 =0,1458 =1,7328 -0,0920 =0 ,3498
14,7 40,0179 -1.8865 =0,03860 =0 ,3690
14.8 +0,1950 -2.0536 40,0183 =0,3973
14 a 9 +005854 "2 .2340 +0 00695 "0 04353
15.0 +0.5893 -2.4281 +0.1178 =0,48586

In using these values, downward p is pesitive,




100,
€l = 20.0
Vv = C.20

Table 30, Direct, Bending and Shear Stress Intensities, Verticsal
Deflections, ‘

B) e [E)%a B0)5e ()50 [555) | 30)'

A

o =1,0000 | -1.,0000 0 o -O;ggii 0
002 '0. Z
0.4 0 0 0 & -0.8714 A
0.6 -0,8714
0.8 -0,8714
1.0 =0,8714
1.2 -0,8713
1.6 -0.8713
2.0 -0,8713
204 "008714
2.8 -0,8714
3.2 -0,8714
3.6 -0,8714
4,0 v -0,8714
4.5 =1.0000 -0,8714
5.0 -1.0001 v -0,8714
5.5 -1.0001| o0 | |-o-emie Y
6,0 =1,0001 | -0.0001 T -0,8715 0
6.5 -1.0001 | -0,0002 0 -0,8715 | =0.0001
7.0 -1,0001 | =0,0003 | -0,0001 | -0.,8715 | -0,0001
7¢5 -1,0000 | =0,0005 | =0,0001 | =0.8714 | =0,0001
8,0 -0,9999 [ =0,0006 | -0,0002 | =0,8713 | -0,0001
8,5 -0,9997 | -0,0008 | =0,0005 | =0,8711 | =0,0001
9.0 \ -0,9994 | -0,0008 | -0,0003 | =0.,8708 | ~ , O
9.5 -1,0000 | =0,9991 | -0,0006 | =0,0003 | =0,8704 | 40.0002
10.0 -0,9999 | =0,9986 | 40,0001 | -0,0002 | -0,8699 | 40,0006
10,5 -0,9998 | -0.9983 | 40.0013 | 40,0001 | -0,.8694 | 40,0010
11.0 -0,9998 | -0,9981 | 40,0032 | 40,0006 | =0.8692 | 40,0015
11.5 | =0.9997 | =-0,9983 | 40,0058 | 40.0013.| =0,8694 | 40,0020
12,0 =0,9996 | -0,9994 | 40,0091 | 40,0023 | -0,8704 | 40,0023
12,5 -0,9997 | =1,0016 | 40,0126 | +0,0034 | =0.8727 | 40,0022
13.0 -0,2998 | =1.,0055 | 40,0152 | +0,0044 | -0,8767 | 40,0013
13,5 -1.0001 | -1,0114 | 40,0152 | 40,0049 | -0,8828 | =0.0010
14,0 =1,0007 | =1,0190 | 40,9103 | +0,0043 | -0.8910 | =0.0050
14,5 -1.0014 | =1.,0277 | =0,0028 | 40,0017 | -0,9005 | =0,0114
15,0 =1.0025 | «1,0355 | -0,0276 | -0,0038 | =0,9094 | =0.0200
'15.5 -1.,0036 | -1,0392 | =0,0672 | -0,0132 | =0.9141 | =0,0303
16,0 =1.0046 | =-1,0332 | =0,1226 | =0.,0272 | =0,9092 | =0,0404
16,5 .-1,0052 | -1,0102 | =-0,1907 | =0,0452 | -0.8868 | =0.0468
17,0 =-1,0047 | -0,9616 | -0,2610 | -0,0653 | =0,8376 | =0,0436
17.5 -1,0024 | -0.8784 | -0.,3119 | =0,0830 | =0,7522 | -0.0228
18,0 -0,9973 | -0.7552 | =0,3074 | -0.0898 | -0.6239 | 40.0260
18,1 =C,9959 | -0,725%7 | =0,2955 | =0,0888 | -0,5930 | 4C,0401
18,2 -0,9943 | =0,6948 | -0,2788 | -£,0868 | -0.5605 | 40,0558
18.3 -0,9926 | =0,662¢4 | -0.2568 | =0,0836 | =0.,5264 | 40,0733
Notes= Bending stresses are givem for the upper surface, For the lower
surfece reverse the sign only.

In using these values, downward p is positive,
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g' = 20.0
\r 8 0020
Table 30, (cont.) Direct, Bending and Shear Stress Intensities, Vertioal
Deflections.
2t 2t 2t 2f) =, |RE)w | 20)F
& &) md |(5R) G |Gr) IPR)-(,G:."’ (R"P) w PR T
18.4 -0.9907 | -0.6288 | =0,2290 | =0.0791 | =0,4909 | 40,0925
18,5 -0,9887 | =0,5941 | =0.1947 | -0.0732 | =0.4542 | 40,1136
18,6 =(0,9865 | =0.5586 | =CG,1535 | =0,0656 | =0.4164 | 40,1366
18.7 -0,9841 | =0,5224 | -0,1046 | =0,0563 | =0.3778 | 40,1615
18.8 -0,9815 | =0.485%7 | =0,04%76 | -0.0450 | -0.3386 | 46,1884
18,9 -0,9788 | =0,4491 | 40.0183 | =0,0317 | =0.,2993 | 40,2173
19,0 =0,9759 | =0.,4128 | 40,0937 | =0.0C161 | -0,2600 | 40,2482
19,1 -0,.9729 | =0,3771 | 40,1790 | 40,0019 | =0.2214 | 40,2811
19.2 -0,9697 | -0.,3427 | 40.2751 | 40.0224 | -C.1838 40.3158
19.3 =0,9664 | =0.3101 | 40,3823 | $0,0457 | =0.,1478 | 40,3524
19.4 | -0.9629 | -0.279%7 | 40,5013 | 40.0719 | -0.1140 | 40,3907
19.5 -0,9593 | -0.25624 | 40,6325 | $0,1011 | =0.0831 | +0.4305
19,86 -0,9557 | =0,2288 | 40,7764 | 40,1334 | =0.05E8 | $0.,4718
19.7 -0,9519 | =0,2096 | 40,9334 | +0.1691 | -G,0329 40,5142
19.8 -0,9481 | =0,1958 | 41.1037 | 40.2082 | =C.0153 | 4C.5578
19.9 -0,9443 | -0,1883 | 41.2876 | 40,2508 | =0,0040 | 40,6014
20,0 -0,9405 | -0,1881 | 41.4851 | $0.2970 0]

+0.6455

Note:- Bending stresses are given for the upper surface. For the lower
surface reverse the sign only.

In using these values, downward p is positive,
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V’=()20
Table 31, Combired (Direct and Bending) Strsss Intensities,
2t £ 2T (2t

& |@)ra |(#)0m0 |GE)rg« |(3E) e
0 -1,0000 —-1,0000 =1.0000 -1.0000
0.2 ) !
%4 A A A 4
006

0.8

1.0

1.2

1.6

2.0

2.4

2.8

3.2

3.6

4.0 Y Y
4,5 -1,0000 =-1,0000
5.0 A\ o -1.0001 -1,0001
5 05 -1 .0000 -1 .OGOO -l 00001 "1 .0001
6,0 =-1,0001 -0,9999 -1,0001 -1,0001
6.5 -1,0002 -0,9998 =-1,0001 =-1,0001
7.0 -1,0003 -0,9997 -1.,0002 =1 ,0000
7.5 "100005 -0.9995 '100001 -009999
8,0 -1,0006 =-0,9994 -1,0001 -0,9997
8,5 =-1,0008 -0,9992 =1.0000 -0,9994
9,0 =-1,0008 -0,9992 -0,9997 -0,9991
945 =1,0006 -0,9994 -0,9994 -0,9988
10,0 =0,9998 -1.,0000 =0,9988 =0,9984
10,5 =0,9985 -1,0011 -0,9982 -0,9984
11.0 =0,9966 -1.0030 -0,9975 =0,9987
11,5 -0,9939 -1,0055 =-0,9970 -0,9996
12,0 =-0,9905 -1,008% -0,9971 -1,001%7
12,5 -0,9871 -1,0123 -0.9982 =1,0050
13,0 =0,9846 -1,0150 -1,0011 =1.,0099
13 .5 =0,9849 -1,0151 =1 ,0065 -1.0163
14,0 -0,8904 -1,0110 =1,0147 -1,0233
14.5 =1,0042 -0,9986 -1.0260 -1,0294
15,0 «] 0301 =0,9749 -1,0393 =1,051%
1565 -1,0708 -0,9364 -1 ,05624 =1,0260
16,0 =1,1272 -0.8820 -1,0604 -1,0060
16.5 -1,1959 -0,8145 =-1,0554 -0,9650
17,0 =1,2657 =0,7437 =1,0269 -0 ,8963
1745 -1,3143 -0,6900 -0,9614 -0,7954
18,0 =1,3047 -0,6899 =0,8450 -0,6654




= 2000
s"z 0.20

103,

Pable 31. {Cont,) Combined (Direct ard Bending) Stress Intemsities,

KL 2T r A [2E. 2T

§ (7<) 1 (f’&)”‘;,l ' (FK)”‘?’:“ Ge) 1%,
18,1 -1,2914 =0,7004 -0,8145 -0,6369
18,2 =1,2731 =0,.7155 -Q,7816 -0,6080
18,3 -1,2494 =0,7558 -0,7460 -0,5788
18.4 =1,2197 =0,7617 =-0,'7079 -0,5497
18,5 -1,1834 =-0,7940 =0,6673 -0,5209
18.6 -1,1400 =0,8330 -0,6242 -0,4930
18,7 -1,088%7 -C,.8795 -C,.5787 -0,4661
18.8 -1,0291 -0,9339 =0,5307 ~0.4407
18,9 -0,9606 -C,9971 -0,4808 ~0,4174
19,0 -0,8822 -1,0696 =-0,4289 =0.,3967
1901 -0.7959 -1.1519 "0 03752 "O .3790
19.2 ~-0,6946 =-1,2448 =-0,3203 =0.3651
19,3 -0,5841 -1,3487 =0 .,2644 -0,3558
19.4 -C.,4616 -1.4642 -0,2078 -0.,3516
19.5 ~0.3268 -1,5918 -0,1513 =C,3558
19,6 =0,1793 -1,7321 -0,0954 -0,3622
19.7 =-0,0185 -1.8853 -0,0405 =0,3787
19 08 +0.1556 ‘2 ’0518 +000124 "0 34040
19,9 +0,3433 =2 2319 40,0625 -0,4391
20,0 40,5446 -2 4256 40,1089 -0,4851

In using these values, downward p is positive,
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surface reoverse the sign only,

In using these velues, downward p is positive,

| = 25,0
Vv = 0.20
Teble 32, Direct, Berding end Shesr Stress Intensities, Vertical
Deflectiomns,
t 2t 2t 2t 2Et Z
€ |&) s |(3R)G az) G (7)o ()@ |38
0 - =1,0000( =1.0000 0 0 -0,8565 0
0.4 ~
$ { } 4 } }
1.2
1'6
2,0
2'45
2.8
3.2
%.6
4’-’ & O
4,5
600
5.5
i 6.0
6,5
7.0
7¢5
8,0
8.5
9.0 { Y
9.5 / -0.8565
10,0 -1,0000 Y -0.8566
10.5 =1,0001 | - 0 -0.,8566 \ 4
11,0 -1,0001 | -0.0001 \J ~0,85686 0
11.5 -1.0001 | -0,0001 0 -0.8566 | -0,0001
12.0 -1.0001 | -0,0003 | =-0.,0001 | -0.8566 | =0,000L
12.5 -1,0000 | =0,0004 | =0.0001 | -0.8566 [ -0,.0001
15.0 -0,9999 | =0.,0006 | -0.0002 | =0,8565 | =0,0001
13.5 -0,9998 | =0,0007 | =0.,0002 | =0.8563 | =0,0001
14.0 \J -0,9%95 | -0.0007 | =0.0002 | =0.8560 | 40.0000
14.u -1,0000 | =0,9922 | =0,0005 | =0.0002 | =0,.8556 | 40,0002
15 -0,9999 | =0,9987 | 40,0000 | -0,0001 | -0.8552 | 40,0005
15,5 -0,9999 -o,wdjb 40.0011 | 40.0002 | =0.8548 | 40,0009
18,0 -0,9998 | -0,998 40,0029 | 40.0006 | -0.8545 | 40,0014
16,5 -0,9998 -0,9984 40.0054 | 40,0012 | =0.8547 | 40,0018
17,0 -0,9998 | -0,9994 | 40,0086 | 40,0020 | =0,.8556 | 40,0022
17.5 -0,9998 | =1,0015 | 40.0119 | 40,0029 | -0.8578 | 40.0021
18,0 -0,9999 | -1.0052 | 40,0145 | 40,0038 | =0.8616 | 40.0012
18.5 -1,0001 | =1.0108 | 40,0146 | 40,0042 -o 3874 | =0,0009
19.0 -1,0005 | -1,0182 | 40.0100 | 40,0036 L8751 | -0,0048
19.5 =1,0010 | =1,02587 | =0.0024 | 40,0011 -0.8842 -0,0109
po 0 -1,0018 | =1,0344 | -0,0263 | -0,0040 | =-0,8927 | =0.01%2
.5 -1,0026 | =1,0382 | -0,0647 | -0,0128 | -0,2573 | =0,0292
Note:= Bending stresses are given for the upper surra.ees For the lowsr
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€|= 5
v= 0.2
PTable 32, (eont,) Direct, Bernding and Shear Stress Intensities, Vertical
Defleoctiens, -

T L

2t 2t 2t 2Et 2 [t\*
& |(#) e |(R) % (P) =) G |(R8)w |#E) ™
21,0 ~1,0034 | =1,0327 [ -0,1188 | -0,0256 | -0,8926 | -0,0391
2leD -1.0039 | =1,0106 -O 1856 | =0,0424 | -0,8710 | =0.0454
22)0 "100056 _009652 o;..;uél —0.0609 “0:8252 '010426
22.5 -1,0018 | -0,8816 -O. 3062 | =0,0769 | =0,739 =-0,0225
25,0 ~0,9980 | =0,7599 | =0,3031 | ~0.,0823 | =0, uT/ﬂ +0,0254
23,1 -0,8969 | =0,7307 | -0,2917 | -0,0812 | -0.,5841 | 40.03%2
25.2 =0,2957 | =0.7001 | =0.2756 | =0,0790 | =0.5522 | 40,0546
25.3 ~-0,9943 | -0,6680 | -0,2542 | -0,0757 | =0,5187 | 40,0718
2344 =0,9920 | =0,6346 | =0,2270 | =0,0711 | =0,4839 | 40,0907
204D -0,9913 | =0,6001L | -0,1936 | -0,0652 | =0,4473 | 40,1115
25,6 -0,9895 | =0,5647 | =0.,1532 | =0,0577 | =0,4107 | +0,1342
23,7 =0,98%77 | =0,5286 | =0,1052 | =0,0485 | =0,3727 | 40.,158¢
25,8 -0,3887 | =0,4921 | =0,0490 | =0,0374 | =0.3342 | 40,1854
23,92 -0,9835 | =0,4555 | 40,0159 | =0.,0244 | -0,2954 | +0,2139
24,0 -0,9812 | -0,41281 | 40,0902 [ -0,0092 | =0,2568 | +0,2445
24,1 -0,9788 | =0,3834 | 40,1745 | 40,0084 | -0,2186 | 40,2770
24,2 =0,39763 | =~0,34890 | 40,2654 | 40,0284 | -0,1816 | 40,3114
24,3 -0,9736 | =0,3160 40,5”‘* 40,0510 | =0.1461 | 40,3476
24,4 =0,9700 | =0,2884 | 40,493 40,0764 | -0,1127 | 40,3856
24,5 -0,9680 | =0,2877 40,6234 40,1047 -O 0822 | +0,42562
24,6 =0,9651 | =0,2337 | 40.7662 | 40,1380 L0582 | 40,4662
24,7 =0,962% | =0,2141 | 40,9220 | 40,1706 —J 0326 | 40,5083
24,8 =0,9503 | =0,1998 [ +1.0913 | 40,2084 | -0.0162 | +0.56514
24,9 =0,9560 | =0,1918 | 41,2741 | 40,2485 | =0,0040+ 40,5951
25, ~05,8b2% | -0,1907 L4707 | 40,2941 0 40,6380

Note:- Bending stresses are given for the upper surface, For the lower

surface reverse the sign omly,

In using these values, dovnward p is pesitive,
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&,z 25.0
i 'r: 0,20
Table 33, Combined (Direct and Bending) Stress Intemsities.
' &4 __Zt) __I_I) (ll
5': (ﬁe Uy (f’,e Ox, ¢ (m @,u m,) 0%
0 =-1,0000 =1,0000 _J} =1,0000 =1 ,0000
ot A A A A
l.2
1.6
2'0
2,4
2.8
3.2
3.6
400
4,5
5.0
5'-5
6’0
6.5
7.0
7.5
8'0
8.5
9.0
2 | ! v '
10,0 ' -1.0000 =) ,0000
10.5 =1,0000 -1,.0000 -1.0001 =1,0001
11.0 =1,0001 «0,9999 =1.0001 - =1,0001
11.5 =1.0001 =0,9999 -1,0001 =1,0001
12,0 =1,0003 -0,99907 =-1,0002 -1,0000
12.5 =1,0004 =0,9996 -1.0001 =0,2999
13,0 =-1,0006 -0,9994 -1.0001 =0,299%7
13.5 =-1,.0007 =0,9993 -1,0000 ~0.2996
14,0 =-1,0007 -0.9993 -0,998%7 =0,9993
14,5 =1,0005 =0,9905 =-0,2994 =0,9980
15,0 =0,9999 -0.9999 =-0.9988 =-0,9986
15,5 -0.9988 - =1,0010 =-0,9982 =0,9986
- 16,0 -0,9969 =1.,002%7 =0,9976 =0,9988
16,5 =0.0044 =1.,0052 -0,9972 -0,9006
17.0 =0,9912 -1,0084 -0.9974 -1.,0014
17.5 -0.,9879 =-1,0117 -0,99286 =1,0044
18.0 -0,9854 =1,0144 -1.0014 =1.0090
18.5 -0,9855 =1,0147 -1,0066 =-1,0150
1900 ‘ -Oa9905 -100105 -100146 -100218
19.5 -1.,0034 -0,9986 -1,0256 -1.0278
20,0 -1,0281 - =0,9755 -1,0384 =1.0304
20.5 -1,0673 -0,9379 -1,0510 -1,0254

In using these values, dowrward p is resitive,
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€,= 2500
v = C.20
Table 33, (Cont.,) Combined (Direct and Bending) Stress Intensities,
2 r2¢ 2t 2¢
€ (FR) fx:u (m)@l (m @u 6%) %,2

21.0 -1,1222 -0,8846 -1,0883 -1,0071
21.5 ~-1,1895 -0,8183 -=1,05830 -C,9682
22,0 . =1.2587 -0,7485 -1.0241 -0.9023
22.5 ~-1.3080 -0,6956 -0,9585 -0,8047
23,0 =1,3011 -0.6949 -0,8422 -0.8776
23.1 -1.2886 -0,7052 -0,8119 =0,6495
23.2 -1.2713 -0,7201 -0,7791 -0,.6211

. 23,3 -1,2485 .=0,7401 -0,7437 -0.,5923

C 23.4 =-1,2199 =0, 7659 -0, 7057 -0,5635
23,5 -1,1849 -0,7977 -0,6653 =-0,5349
23.6 -1,1427 =0,8363 -0,6224 =0,5070
23.7 -1,0929 -0,8825 - -0,5771 -0,4801
25.8 =-1,0347 -0.,9367 -0,5295 -0,454%
23.9 -0,9676 -0,9994 -0,4799 -0,4311
24,0 -0,8910 -1.0714 -0,4283 =0.,4099
24,3 =-0,8043 -1,1533 -0,3750 -0.5918
24,2 -0, 7069 -1,2457 -0.,3205 =0,3773
24,3 -0.5981 -1,3491 -0,2650 =0,3670
24 .4 -0,4776 -1,4642 -0, 2090 -0,3618
24,5 =-0,3446 ~-1,5914 -0.1530 -0,3624
2416 “001989 "107515 -010977 '0’5697
24,7 -0,0403 -1,8843 -0,0435 =0,384%7
24,8 40,1320 -2,0506 40,0086 =-0,4082
24,9 $0.3181 -2,2301 +0.0579 -0,4411
25,0 40,5178 -2,4236 +0.1024 -0,4848

In using these values, downward p is positive,
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Values ard Lecation of Maximum Stresses.

108,

o~

Radia/- Tensile

Circumterentiaf-Teasrle

t.
(;‘R)ﬁ;,quSur'fﬂce ar ¢ , (%. 04 may|Surface | a¥ f
0.5 | 0.1097 | Upper | Outer Edge | 0.,0648 | Lower. 0.0
1,0 | 0.,4223 " " " 0.,2372 " 0.0
1.5 | 0.8613 n " " 0.4346 " 0.0
2.0 | 1.2575 n " " 0.5148 " 0,0
2.5 | 1.4492 " " n 0.3815 " 0.0
3.0 | 1,4300 " " " 0.2859 | Upper | Outer Ed%e
345 | 1,3070 " " " 0.2614 " "
4,0 | 1,1731 n " " 0.2345 " n "
4,5 | 1,0618 " " " 0.2125 " " "
5.0 | 0.9803 " " " 0.1963 " " "
6.0 | 0,8740 " " " 0,1749 " " N
7.0 | 0,8036 " " " 0.1608 " " "
10,0 | 0,6815 i " " 0.1363 " n "
15,0 | 0,5893 " n " 0,1178 " " "
20.0 | 0.5446 " " " 0,1089 " " "
25.0 | 0,5178 " " N 0.1034 " " "

In ueing these values, downward p is positive,
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Table 34, (Cont.) Values and Location of Maximum Stresses.

. . Circum¥erential
g Radial - Compressive Compressive
tolat
| (T,'E)o;,mdx Surface at {J (Fl%) @max Surface| af “z:‘

045 | =0,1111 | Lower | Outer Edge| =0,0676. |Upper 0.0
1.0 | =-0,4479 " " " =0.2832 " 0.0
1.5 | =0,9827 " " n =0,6526 " 0.0
2,0 | -1.5845 " nooom -1,0996 | 0.0
2,5 | =2.0588 " " " =1,4621 n 0.0
3,0 | -2.3160 " " " ~1.6317 n 0.0
3.5 | =2,4100 " n " -1.6282 " 0.0
4,0 | =2.4309 n ool 21,5264 n 0.0
4,5 | =2,4282 " u " -1,3900 " 0.0
5.0 | =2.,4257 " oo -1,2573 " 0.5
6.0 | =-2,4280 u " " =1,1286 n 2.4
7.0 | =2.4304 " " " -1,0943 n 3.6
10,0 | =2.4313 n " " ' =1,0722 " 6.0
15,0 | =2.4281 u " " -1,0637 " 11,0
20.0 | =2.4256 " " " =1 ,0604 " 16,0
25,0 | -2,4236 u " u ~1,0583 " 21,0

In using these velues, domward p is positive,
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‘ E
Table 35, Values of (p) W, and R for ¢ = 2 inches, x

| = 20 feet.
. T (% We m Feet R in Feet
0 0 =62,2 x 107 oo
0,8 =0,0019 =61,5 x 107 32560
1.0 =0.0307 61,1 x 10¥ 8139
1.5 -0,1451 =57.1 x 10° 3617
2.0 -0,3885 =43,4 x 10° 2035
2,5 =0.7147 =36.4 x 10% 1302
i 3.0 ~1,0143 =25,0 x 10¢ 904
‘ 345 -1,2172 =16.2 x 105 665
4,0 -1,3177 =10.3 x 10% 509
4.5 =1,3400 -6,50 x 10¢¥ 402
5.0 =1,3120 -4,19 x 10¥ 325
6.0 =1,1909 -1.83 x 107 226
7.0 =1,0738 =0.894 x 10¥ 166
10,9 =0,9420 ~0,188 x 10¢ . 81
15,0 =0,8970 =0,0353 x 10° 36
20.0 -0.8714 =0,0108 x 10¥ 20
25,0 \ ~0,8565 =0,00437 x 10° 13

In using these values, downward p is positive,
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Table 36. Values of (—E') We end b for Bt = 120
® -t-F o ,e r ‘< = ®
E -k
_g( T GP “e BR.= %
0 0 - =373 x 10 "o
0.5 =0.0019 -369 z 10° 0.036
1.0 -0,0307 =366 x 107 0,147
1.5 =0.1451 ~342 x 10° 0.332
2,0 -0,3885 =290 x 107 0.590
2.5 ~0.7147 =218 x 10* 0,921
3.0 -1.0143 -150 x 107 1.33
345 «1.2172 =57.2 x 10% 1.81
4.0 -1,3177 -61,8 x 10¥ 2.36
4.5 =1,3400 -39.0 x 107 2,98
5.0 ~1.3120 -25.2 x 10% 3.68
6.0 ~1.1909 ©11,0 x 107 5.31
7.0 -1,0738 =5.37 x 10% 7.22
10,0 ~0,9420 =1.13 x 10¥ 14,7
15,0 =0,8970 -0.212 x 10% _ 33.2
20.0 | =0.8714 -0.0648 x 10 59.0
25.0 | -0.8565 -0.0262 x 10 92,0

In using these values, downward p is positive.
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SECTION VIII

Case II. Outer Edge Effects., Uniform redial edge moment Mg end / or en

wifornm horizontal force Pr acting all along the ouber edge.

¥o surface loading (P = 0).

(1) Discussion

It is pessible to determine influence coefficients such that for a
known redial edge moment and / or a lkmown horizontal edge force we can deter-
mine the change of slope j—:" and / or the horlzontal displacement at the
outer edge due to these known forees,

Likewise,v it is possible to determine, by these same influence coeffi=
cients, the radial moment and the horizontal force acting at the outer edge
due to.s. known change of slope 5;“’- and a known horizontal displacement of
the outer edge.

This section deals with the determinstion of the above mentiomed in-

fluencse coefficlents.

We write
2 = QMg + Az Pe - (16])
Un = biMg + bz Pe (162)

b and 'bz are influence coceffisients and MEand PE. are &

whers &, 9‘1’ |2

‘wniform radial edge moment and a uniform horizontal edge force, respectively.
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2, Boundary Conditions.

See Figure 6.

Figure 6, Notation for Shell of Seotion VIII,

W = finite (lG:‘Q
el =° stresses are finite
' - Q o : '64'
£ = lim (21T Qx)»o ( )
x>0 (, 65)
W =0
L T M, = Mg (lGC)
€3: g, P, =P, (1e7)

(168)

3, Equations for the Determination of the Constants

We use the results of Case I in applying conditions (163), (164), (165),

!ioti.ng that WP and FP do no%t exist, and determine as before that

Cio=Cgo=2Co = 0O <169)
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Noting that CS, = A, aml epplying comdition (166) we have

o = Cio ber EJ, +Czobecd, - Go (l'?c)
From equations (89a), (90) and (91), eapplying conmdition (167) we have

—s-'g— Me = Cio (ber Hg‘, + ~'/-:b—;:r—g'—)

+ Cao (bei ' + -‘f—%—f(-) 7y
)
. From equations (86), (93a) and (95), applying condition (168) we have
b . '€ (
t"-"'{é' Pe =Ce ‘{j' L -Cz be; < (1 72)
i

4, Solutions fer C o amd Cae

Solution of equations (171) amd (172) by determinants, using equations
(37) gives es a result

._-..- ME ber{") +4 PEE’"{' ~ (-) bec. J
El-""(ber € bec f‘, ~ber's, bec'{',)— _E':._’%[ ber 2_1' f(bec 'f.)zJ
Cao = —%—zMg(b;i"gﬁ '{%‘P&Eec’. g +(1-v) ks_r_é'_'J
, ~€|-'-(ber§'| bet 'f'q - ber'f‘, bec {-‘,)-—Q{Z.% Bber'é)z*(bel:'f,)l]

The denominaters of the above equations may be simplified with the aid

Clo=

€

(i74)

‘of the polar forms of Bessel functions,

From Bessel fumction theory we may write in polar fom({see Appendix A)

(ber'f‘,) + (bee‘.’g‘,)z z M,z(f:) (,79
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berd bei'd, —ber'd bel§, = Me(€)M((§)Sin(61~6~TF)  (176)
where M,(f,),M'(f,),eo ({‘,)anc! 8,(§,) are tabulated functions to be

found in various references., (see Appendix A).

Using equations (175) end (176) equations (173) end (174) becoms

M (ber )+tE, Pg[beré (1-v) B &L bec ',

Cioz {77
_ﬂ_&.f_gtl_[v.oﬂgﬂ+M¢(f,)5m(9|‘9o 415)_] ' ( )
,Ql. ’bei'gu _R_' . ) ber's

Cros— D ME (252)+ 7 Pefbeié+ (-0 2547] (79

M, (%‘ Ef-() M.(f;)_,,_(v[ (F)Stn(el"9° 't)]

5, Determination of the 1nf1uence Coefficients a, and az for change of
dw
Slope I .

From equations (61) end (169) and differentiating with respect to x ,

we have (at{ f )

| Tj% :-Z'-(C,o ber'{',-!-Czobef«'E'u) ('79)

Substituting in equation (179) the values of C,o and C,, given by
equations (177) end (178) and noting further from Bessel function theory

in polar form (see Appendix A) that

ber ¢, ber' £ +becs, bec = Mo(%) M,(g‘) Cos (6)-60- -——) (IB()

we get as the result
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G, fr
M)+ B b Mt M) cos(or 0T (8
X B Ml(f‘ " Mf(fl o Sl-n 9,°eo‘~h:

Now comparing eguation (161) with equation (181) we have

4

3

)

.

_':"Q‘ M, ({',) (82_)
Q= :
Ma(§>8m(9( 00 1) - (1) 108 M(s,) —
—_—{ MO 5:'( oS 9('90-'-—
@3 e )m.(e,) 89

Mo(f)Sm(él 90‘2_—) (1-v) =3+~ g

6, Determination of the Influence Coefficients b, and bz for Horizonbtal

Displacement Uy

From equation (119) we have

Un = F[Co(beis,~rbei's,)]
- L[Cio(gbert-vber'd)] (194)

Using equations (37) equation (184) becomes

uh.‘. ;@R-f—‘"[—Clo{berf' -(Hrvj -LES‘:E’,.}
+Czo{bei.§|,+("“’) berf'}] | 08‘9

Substituting in equation (185) the values of G, and C,ogiven by equations

(177) and (178) and noting further from Bessel function theory in polar form




Un =

- 2.:
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(see Appendix A) that -

- Cer ¢) + (bei ¢) = M. (f) (18¢)
ve gob 88 bhe result
- —'%3ME £, Mo(2) M (£,) Cos (8100~ L) + 22 Pe 5, ‘M:(gu
Mi () [ Mo (£) Siin (6~ 8= ) = () M2 ]
22 Pe[UvIM(E,) ~ 26, Mo(£) M, (£) Sin (8- 60~ )]
Me (8)[Mo(£,) Sin (61-€0=) = (=1) -'-"-'-ffi
Now comparing equation (182) with equation (187) we have

- _’.gs_ f', Me(fc) Cos (61—60- i)

057

- b= RO (188)

MOCS,)SM (61 490-—) (l V) Mo(f':

Z [(-r)M(€) ~ 28 Ma(£)) Sin (61~ 0o- {T" )]
Ma ({,) Slv\ (9( o—-——) Cl ld ﬁ%fil
| ENRING
Mt(f)[Mo(f,)Sch Bo~—~ )-({-v) _’ﬂJ{_‘%ﬂJ

7. Application of the Influencs Coefficients,

(89

The influence coefficients given by equations (186), (187), (188) and
(189) have been computed with the use of the data given in Tables A=5 of
Appendix A, These results have been tabglated in Teble 37 and plotted with
rgspeet to f' on Graph L for a range of {" given by o é{" § 25,0, 1t is to be

observed that for small values of {, the precision offered by the graph is
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insufficient and one is edvised to use the tebulated values to plot these
coefficients to a more suitable scale for use,

The fundamental types of problems solved by these influence coefficients

are two in number; namely,

(1) Given the edge moment Mg and the edge horizontal force Pg (or Nxx),
to determine the horizmtal displacement and retation of the edge
induced by these forces,

(2) Given the horizontal displacemsnt and rotation of the edge, to
determine the edge moment M. and edge horizontal force Pg induced
by t}-lese‘ displacements,

The second type of problem is the one most likely to be encountered.,

It permits one to analyze a shell as a membrane, determine the displacements
at the boundary due to membrene action and then by the influence coefficients
to determine the edge moment amd horizontal edge force required te nullify
‘the membrane edge displacements to the extent required and thus satisfy the
original eonditiol‘asd.‘ restraint, Inasmuch as in a shell subjected to edge
restraint, the maximum tensile and compressive stresses most likely ococur in
& radial sénse at the outer edge, application of these influence coefficisnts
permits one to determine the radial stresses at the outer edge and hence for a
preliminary design to decide upon the feasibility of a partisular shell,

8, Numeriecal Exame_l_e;

To illustrate the technique employed in the use of the influence coeffi=
cients we will determine the edge moments and horizontal reaction in a shell
uder wmiform rediel loading with fixed edges by superposition upon the mem=-
brane stress condition of the edge moment and horizontal forecs calsulated by

influence coefficients as necessary to satisfy the restraint esonditions., These
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results will be compared with those obtained directly from the results of

Section VII.

-Data. See Figure a.

Figure a, Shell Data.

£ = 4/2(;-(/9 X = 7.0
Ve

Membrane Stresses and Displacements

Nxx = N¢g = —Eip—

Displacement imward is

A= ExX = ‘.E)%:"(Nxx”lf'NcM)

(@)

®

Using equations (a) amd (b) and substituting numerical data we have

A = =0.0436 feot (imward)

©
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For membrane stress condition
dw )
—— =0 (cl
dx Jx=%, )
From Table 37 for& = 7.0
2 L
Et (%)z a, = -9.3401 A
]
Bt ()T a, = 13.493
T2 r (e
B(t) (R')z b, =-13.493

+ L
» (X \2 - 7
E (R) b, = 36,089 J
Substituting numerical date in equations (e) we have
8, =-2.42x10"° )
-6
e, = 8,74 x 10

b, =—8.74 x 10” @ r G:)

-6
b?." 5.83 x 10 )

Substituting equetions (f) into equations (161) and (162) using equa=

tions (c) end (d) we have . ‘
, . e »
O-s =2.42 3 10 M_+8.74 3 10 P

+0,0436 = =8.74 x 1o'°ME+5.83 x 10'61>E (3.)

e mer ) (r)

Mg =+ 5,900 ft.=1bs./L. Fo

with solufien

For the positive directioms of Pg and Mg see Figure €,
We mey now compute the direct aml bending stresses at the upper surface
(or lower surfece) of the shell at the outer edge.

at upper surface

fb = +-&He= 13930 psi. (ia)
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d =+ G + 3

= —-2450+450 = -2000psc. (@@,

Dirsct Method (Section VII)

From Table (24), for g's 74Ce

at upper surface

Gb = + fz’f x1.617 = +3950 psc.

- _ PR .08 =~ 2000 psc.
ﬁ’c‘~ z'tx 34 2' P ¢

~ The egreement of results (i) with results (j) are within slide=rule

precision.
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lable 37, Influence Coefficients (Symmetrical Outer Edge Effects),

L O T ~ -
‘o, [eefgfa[ee@)s, [ @)
& |Et ( R)' |Et(E) a, | Et(E)"b, |E(R)'D,
o K¢ 0 0 0
0.5 =2 ,604 0.04794 -0,04794 0.2180
1.0 -5.166 0,3795" =0,3795 0.4678
2,0 -8,0526 28( -2.2802 1.553
3.0 -10.217 724 - w5,7241 5,547
4.0 -9.7872 a -7.9164 11.084
5.0 -9.5158 9.7425 -9.7425 17.806
740 -9.3401 ,49: -13,493 36,039
8.0 -9,2826 v D 62 =-15,363 47.088
9,0 ~9,2363 % =17,225 59,936
10,0 -9,1988 082 -19,083 74 .503
11.0 -9,1681 9& -20,938 90,213
12,0 -9,1425 22,789 -22,789 107.66
14,0 -2,1012 26,489 -26,.,489 147,15
15,0 -9,0850 28,338 -28.358 169,19 -
16,0 =9,0706 30.186 -30,186 192,98
17.0 -9.,0575 32,054 =352 ,054 217.88
18.0 -9.,0462 535,878 -53,878 244,55
19,0 -9.0356 35,726 -35.726 272,73
20,0 -9,0262 37.570 =37 4870 302 .48
21.0 -9,0181 39.414 =39.414 333,73
22.0 -9,0099 41,260 -41,260 366,50
25 00 -9 0024 43 0196 -43 016 400.83
24,0 -8,9968 44,952 -44 ,952 436,71
25,0 -8,9899 46 793 =-46,793 474,08
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- SECTION IX

Case III., Inner Tige Effects, Uniform radial edge moment Mg and / or an

uniform horizentel force Pg acting all aleng the edge of a

centrel hole. No Surface Loeding (P = o).

‘ (1) Discussion

This case is analogous to Case II. The stresses and dai‘lections_in the
shell due to a loeding elong the edge of a central hole decay so rapidly as

we proceed radially outwerd that we may treat the outer edge as being at

infinity.
We write
d
%— = A3 Mg +4a4 Pr (l9(_))
Uh = bs Me +byPr (lQD

where &35 8,45 b, end 'b40 ere influence coefficients end MFand ]PF are an ,
wiform redial edge moment and an uniform horizontal edge forece, respectively.

2, Bourd ary Conditions

See Figure 7.

e [0 (192)
at {l; °4 Ph:PF (193)
K \ Mxx= Mg ('94)

r Stresses vanisiz
et i 900 4 Deflections venish 095)

- ) { =00 -

| L (ATXR) = o (19¢)
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Fibgure 7. Notation for Shell of Sectiom IX,

It ia noted that cordition (196) is not required. However, it issimp-
ler to use (196) in lieu of (152).

3, HExpressions for W ard F

Noting that Wpanmd F p,2 &re zero and using the notation of equation (133),

we heve from equations (61) and (63)

w =Co ber§‘+czobgaf+caakerf' +Cqokec§f — Cso (‘97)

L%E
R

+ C3so keif) + bo In f 698)

F = (—Czo ,Dertf +Crobec§ - Cho Kef'f‘




125,

4, FEquations for thq Detemin&‘cion o:E' the constan‘bs.

Applying condition (195); namely, W (20) = 0, to equation (197) we obtain

the requirement

Cio = C20 2 Go = © (l99)

4pplying condition (196) to equation (99) noting thet

i, (255) — 3 b (2009

we obtain the requirement

bo = © (Zoob)

From equations (89&), (90) and (91), applying condition (194) we have

| " l/ ' ."' lf !
e gy o

From equations (86), (93a) and (95), epplying comdition (193) we have

?R—PF-TCao K;:'F"C4o"'<%,_r“’i. | (202')

. ’Equatﬂns (201) and (202) ars seen to be identical with equations (171)
and (172) if we replace ker" A ber" { eto. Likewise, expressions for j;
and Upwould be found to be similarly identical,

o Accomingly, the solutions for B3 8,, 'b and b4 may be obteined
directly from equations (182), (183), (188) and (189), respectively by re-

placing (see Appendix 4)
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§ With p 3

hﬁaéﬂ) UJFFLthJo(ff) } (?{CLQ)

M'@r) With N, (f‘*) ’ ete. J

The results follow .

5. Influence Coefficients a3 and a4 for change of slope j;u
L2
: = Nl
No (1) Sin (¢'"¢°'T)‘("") _ﬁﬁ.
.‘% # No'(”) Cos (¢l'¢o“$> (205)

Ne () Sin (= I1) - (1-v) 22

6, Influence Coefficients b3 and bg for Horizental Displeacement Uph

3
- E’%.y No (W) Cos <¢,‘¢o“zh)
Ne(F) Sin (04~ 1)~ (1= LD

(Zoe)

-tE VIN (-2 Na (BN, (1) Sin - - ) +HN (W]
N G [No (1) Sin (B-4. - L) - (1-1) 22 () ]

7. Application of 'l-,he Infiuence Coai‘fie:lents. ‘

(20'7)

The influence coefficients given by equations (204), (205) (206) and
(207) hgcve_been computed with the use of the data given in Table A-6 of '
Appendix A, These results have been tebulated in Table 38 and plotted with
respect to ’1 on Graph M for a range .of}l given by O :’A $ 5,0,

) The corments and applications cqye;'e_adlby_sveqtion‘VII; =7 are directly

a.ppliea‘blé to the use of the influence coefficients of this section.
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Teble 38, Influence Coefficients (Symmetriosl Inner Edge Effects).

n L 1 ]
)2 t\2 t\z 2
P et R as |Et(E) a. |Et(R) bs |E(£)%D,
£
0 : 0 o — ¢} 0
0.1 . 077443 0,0055693 =0,0055693 =0,065581
042 v 1.5112 1 - ©0.031906 =0,031908 =0,13394
03 T TR2.1881 0.083468 =0,083468 =0,20793
0.4 2,.7969 0,15915 =0,15915 -0,25008
0.5 : 3 23372 0.25586 =0,25586 =0,40357
0.6 33,8135 0.,37018 =0,37018 ~-0,48662
0.7 4,2321 0.49881 =0,49881 -0,60375
0.8 4,6001 0,63901 =0 ,63901 =0, 73462
0.9 4,9239 0,.78843 =-0,78843 =0,87998
1.0 5.2099 0.94523 -0,94523 =1,0401
1.2 5.6875 1.2752 =1.2752 =1 ,4058
l.4 6.0675 1.6204 =1 ,6204 =1.8331
1.6 6.,3743 1.,9753 =1,9753 =2 +322"7
1.8 6,6251 2,3366 =2 +3366 =2 8747
2.0 6.8339 2,7023 -2 .,7023 =3 ,4895
2.2 7.0096 3.0706 =3 ,0706 =4 ,1666
2.4 7.1584 3 .4405 =3 ,4405 -4 ,9058
2.6 7.2860 33,8117 =3 ,8117 =5,7075
2.8 73973 4,1841 -4,1841 -5,5716
3,0 7 +4942 4,5562 -4 ,5562 =7.,4976
3eb 7.6893 5.4884 -5.4884 =10,085
4,0 7.8369 6 .,4205 =6 ,4208 -13 ,059
4,5 79513 7.5516 =7.3516 =16,417
5.0 8.0445 8.2828 «8,2828 =20.163
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SEGTION X

Cage IV, Fdges fully restreined. Hydrostatic loading over entire surface

Yarying from zero to & maximum intensig P,

1, Discussion

This case may be analyzed a5 a combiration of en uniform loeding of
intensity p es given urder Case I amd an unsymmetrical loading with an in=

tensity of loading given by

P= PTX' Cos ¢ (208)

This treetment is shown by Figure 8, o

This cose is analyzed in this way for a shell with £ = 10.0. The
development that follows is for the determination of tl?aé stresses and dis=-
piglacements‘ due to thet part of the loading given by equetion (208).

2, Boundazrx Conditions,

See Figure 8.

-
Stresses

at o and

m
1]
o
A
»?
o
L,

Dgflecti ons

L are finite

( (219)
ot o ,L§5=° (211)

=28, | Wzo | (212)
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Figure 8&. Nobtatlon and Loeding for Shell of o
Section X. (For Meridien Plene deg).

- X . X N
X N 1
54;:%/@.@21/1 Pc.,4
P(1+cos
. Peds ¢ . . (i+cas$)
VU by e g9 b4
LP(tvca.rq,)

Figure 8b., Resolution of Hydrostatis Loading into
en Uniform Load end & Linearly Vary-
ing Loed, (Meridian Plane 4= 8°).
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i 3, Expressions for W and F

From equetion (51), n =1

W= (Cuber, § +Carbel, § + Csrker § + Caykei, &

-1
~Cs1§~Cqy/ & )Co‘sf,b+wp * (1,‘9
\ where Wp is given by

P
VVWF""_@.WF— D (215)

From equa'bion (52), nm1l

E- ,Z’L‘E_

( Caber, {J+Cube¢,{‘ Carker, § + C3rkec,§ )Co.v4>

+(Caf+Carf )Cosd +Fpn (21¢)

where Fp,2 is given by

V Fpa = - wr | (217)

4, Solutions for Wp and Fp, 2

By inspection of equation (215), considering (208), the pe.rticular

integrel is given by

pet L
» F D D x' C o
or g 2’8
40 @y
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It is easily verified that the solution of equation (217) using equetion
(218) is

4
tE L xa

ZRD [ X,

Fpz = Cos ¢ (194)

or using equation (25)

M

3 2 3
RP X Co S(P- R-zp iCoS‘P (leb)

Ff‘z 8 X, S _ 8 ,{l

5, Determination of the Eqﬁations for the Consteants.

Applying conditions (209) to equetions (214) end (216) we obteain
Ci3tr=Cqy=Cozs = Cgr = © ‘ (220)

~ Applying condition (210) to equation (214) using (220) we have after

division by cos g

P 4 - _
0=Cuber.§'+cztbuf C-rlfl + ; (220
Applying cordition (211) to equation (214) using (220} we heve after
multiplication by C{:ﬁ
| f 1 P——e—4 | )
o= Cn{,ben§2+C11{,bei,€’ ~Cs1 &, + 5 | (ZZZ)

- To evaluate the _constents X, Ey» Egend K ‘appearing in the displace-
ment equations (111), (114) end (117) we use condition (212) and symmetry to

" obtain the edditional conditions
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GT{¢_~} , Un= © | (2?3)

at ¢=0° , y=zo (2244)
at ¢ =0" | ~S)TV:_O (2249

 Substituting equation (117b) into equatien (114) using equation (220)
and applying condition (223) we have

K:L:‘0 | | 225)

Substituting equations (117) inmto equation (111) using equatioms (220)

and (225) and applying conditions (224) we have

K=K =0° (226)

The terms involving Kg and Cg) in equetions (111) and (114) ‘are functions
of cos @ only, These constents appear in the displecement equations only and

cen be combined into one constamt by the trensformation

+$§%Cc! K3 =§C9/ | | (227)

Applying condition (212) to equation (114) using equations (117b), (218),
(219b), (220), (225), (226), (227) and (25) we heve after multiplioatien by R

LCos <P
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—

0= Cul€rber €~ (bei ] + Car 7, beiy &+ (+1) bers)]
3
‘C:{—f’“‘csp'f-atE(S' 3lf)§' | 6225)

‘ Applylng condition (213) to equation (111) using equations (117), (21%b),

(220), (225), (226) and (227) we have after multiplication by £§ $
In

o= (1+v) Cy beis € ~— (1+1r) Cyy b?5+c 51—+ §‘, + Coy
Y (

StE (:w)g - @29

Equations (221), (222), (228) and (229) provide four equations for the

determination of the constants C, , C,,, Csjand Cg)s The eveluation of these
constents will pernit the determination of the state of stress and displace=
ment 11/1' the shell under investigation,

6o quationg for the Constante in Dimensionless Form.

3 To tm_ﬁqm the constants to the dimensionless form we use notation as

before; namely,

tE
o = R @)
(P%%;' Cu = Ku Czsoq)

%‘r)cz, = Kz (230)
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D
(E@T) Cst = Ksy (230c)
<P~—Q4' = K9I | | . (230({)

Using equations (230) in equations (221), (222), (228) and (229) we have

0= Kiben § +Kabel,§ ~Ksv €, + | @31)
0= K f{ bér‘,'fl,‘f'KZ(f‘,be.(:,’f’, —Kf(fl, +/ (‘2‘30

o b bty bbb ]

2
- 37,
—Ks-(“s“Ksr + (:3 2 £, | @3

- 2
0 Ky (H-lr) b? i —Kay (|+) "“’f" + K& j{"

+Kor + c'w) g , (234)

Equetions (231), (252), (233) end (254) constitute the solution for the

constants K, K,;, K end K, in dimensionless form.

7. Expressions for Stresses, Displecements and Reactions

Using the results of Sections IV and VI we heve

., Bend:lnﬁ Stresses

(;7.‘ b= 21/_ {K“B V) ber. _ beg' )-bez,g‘]
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+Ka2 [ G-y bu' be" f)+l>er, a} Cos ¢ (359)

) F_{K..[V)pen st i
+Kzl[(-lflf)‘(b.;"'{ - be;',_ ) +l/‘ber, gj} Cos ¢ (235;:)

b. Torsional Stresses

__2‘__:_ Tra ¢ = + sz-[K” ( ben's _ ber £

A+K (becL _ beuf)] Sin ¢ (236)

¢. Direct Stresses

631 (xd = ZB' (be-f-v _ beg, E’)+—K benf‘ benf’)
+ L ...] Cos ¢ <237Q)'
(FK) @J ZEK bec. bec'"f' +ber,’§D

.+K (benf’ b;ﬁ -f—b ')+<TE‘_]C os ¢ (2376)

d. Shearing Stress due to Nxg .

(—;Ri)’l;‘t = +2_E"(be{i;,'§' - b?:;{-‘ +Kz berf' beﬁf')
* ‘4“;7]5'." ¢ (238)




e. Shearinﬁ_strass due to Qx.

.%_(Rt)z’rx <+ _’4751/(2,_—:_-—:,—9' (Ku bei,ff’ - k2"‘l'b€".'f) Cos ¢

f. Shearing stress due to Q4.

2 /¥ % bel;§ berf) ¢
<= =+ + K Sin
P (R) 4— 3((-0 (K” §' A f ) ?

£e_Vertical Defleotion.

;f:)w -l(Kuberg"f'KszeL,{' Kﬂf‘+—)Cos¢

h, Horizontel Reaction,

f)h = dex' =t 0;;¢J

i. Tengential (circumferential) Reaction.

Pe = Nx¢ = Txe
e Vertical Reaction.

VER ( ben £ bec £ , ¢
2 LR pfiy bent i, beud g
P,V Vi2(1-y) P Kaf f', " f, 4

8. Evaluation of thelconstaxrts K, K21, Ksyand Kgje.

Cos ¢

‘Subtracting equation (232) from (231) we have

0= Ku (ber €= £ ber's) +Ka (beir ¢~ § bai,'5,)

136,

(239)
(249)

@41)

@42
@43

244)
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~ Mdding equation (233) to (234) we have

. K'(E«'bengf(,ﬂ,)be - (1) Lot becf',j

+Ka([§ bei, g, + (¥ ber,'f"—(lﬂr)_.—!_Lb;r <]
(Mf)f | (219

Substituting the values of the Bessel functicns for f 10,0 from the
tables in Appendix &, equations (245) emd (246) become
0 = +12.6140 E, -3.19594 K,
o | @47)
0.7 = =63.3103 K, +116,742 Kz_,
with solutiomn |
@49)
~ Substituting equations (248) into (232) and using the result in eguation
(234) we obtein
Keim +0 .0188059

Egyw -2.36273 [ - | @4—9)

9. Evaluation of the Stresses and Displacements,

Substitution of the constent values given by equations (248) and (249) into
the ezpresgiens for stresses and displecements given in &rt;iol_e 7 of this sec-
~ tlon will yield the desired velues for the leading gj.ven_ by equation (208)._
This has been done and the veluss tebulated in tables 39 ard 40, Thoss results
‘are for J = q° . Tg Qb'l?gi_p them for any other ;‘, these values are multiplied

by cos [ or sin J as required by the pertinent formula.
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To obtain the total stresses and displacements due to hydrostatic/,,lqad-
ing we need only combine the results given in tables 39 and 40 for the load=-
ing given by equetion (208) with the results for a symietrical loeding given
wder Cage I for§ = 10,0 in table 2. Tt mist be kept in mind that the

factors cos ;{ or sin l mst be taken into account in the' use of tables 39 and 404

/\\)



Teble 39, Direct and Bending Stress Intensities. Vertical Deflections,

£34 2€ 2¢ 2¢ 2EC ),y
g (P& O, d pk)%d A I b RZP
0 0 ¢ 0 — 0 0
0.5 0,0246 0.0737 =-0,0045 =-0,0022 0.0795
100 090492 0.1479 -0 Q0094 -0 00046 0.1595
1,5 0.0741 0.2232 -0,0150 =0,0073 0.,2408
2,0 0,0992 0,.3001 -€,0213 -0,0103 0.3241
2.5 0.1249 0.3794 -0.0274 =-0.0133 0,4103
3.0 0.1511 00,4617 -0.0316 =-0,0159 0.,5001
36 0,1781 0.5475 =-0,0302 =-0,0170 0.5940
5.0 0.2632 0.8162 0.0493 0,0046 0,8913
5.5 0.2920 0.8980 0.1206 0.0268 0,9831
6,0 0.3198 0,9634 0.2199 0.0590 1.,0576
6.5 0.3454 1.0002 0.3420 ~'0,1007 1,1012
7.0 0.3668 0.9937 0.4898 0.1482 1,0973
7e5 0.3818 0.9291 0.5683 0.,1925 1.0288
8.0 00,3881 0.7962 0.5789 0,2179 0,8834
8.5 0.3838 05970 0.4151 0.2005 0.6611
9.0 0.3681 0,3573 ~0,0348 0,1077 0.3870
g.1 0.3637 043092 -0,1702 0.0768 043307
9.3 0,3538 0.2183 =-0,4941 0.,0002 0.2224
9.5 0.3428 0,1404 ~0,8966 =0,0986 0.1258
9.8 0.3369 0.1088 =1.1290 ~0,1570 0,0847
9.7 0,3310 0.0839 =-1,3832 =0 42217 0,0501
9.8 043250 0.0669 =1,6599 =0,2930 0,0234
10,0 0,3134 0.,08627 -2,2822 -0 .4564 0
o o
Note:= The above values are for ﬁ'a 0 » For any other ¢ = ¢ ’
the ebove values are to be multiplied by cos g. Vealues of bending
stress are for the upper surface. For the lower surface reverse the
sign only. '
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Table 40, Shearing Stress Intensities.
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dl-;i- +o N)“P Alute +o M,\(q, . (t_)i‘ 2 -2:(1)2_.
£ @)™ |E)Ter | P& T [FEITy
¢ 0 : 0 -0,0033 ~0,0033
0.5 0.,0246 0,0011 -0,0035 0,0034
1.0 0,0492 0.0023 =~0,0040 0.0036
1.5 0,0741 0,0036 -0.0046 0,0038
2.0 0,0992 00050 -0,0049 0.,0041
2.5 0.1249 0.0066 ~0.0043 0.0042
3.0 0.1511 0.0079 -0,0022 0,0041
345 0.,1781 0.0090 ~00024 0.0035
4,0 0.2058 00,0091 0.,0103 0.0023
4,5 0.2343 0.0079 0.0223 0.0003
5.0 0,2632 0.0043 0,0384 -0,0027
5.5 0.2920 -0.0022 0.0576 =-0,0069
6.0 0.3198 -0,0125 0.0766 =0.,0119
6.5 0.3454 ~0,0269 0.0894 -0,0174
7.0 0.3668 -0,.0452 0.0863 -0,0226
75 0.3818 -0,0657 0,0536 -0,0260
8,0 0.3881 -0,0851 -0,0262 =0.0255
8.5 0.3838 -0.0978 =0,1716 -0,0185
9.0 0.3681 ~0.0956 ~0.,3980 -0,0021
9.1 0,3637 - =0,0924 ~0,4536 0.0026
9.2 0,3589 -0,0881 =0,5126 0.0078
9.3 0.,3538 ~0.0826 ~0.5749 0,0136
9 04 ’ 0 .5484 -0 00756 -0 .6403 0.0199
9.5 10,3428 =-0,0673 -0,7086 0.0268
9.7 0.3310 -0.0458 -0.,8530 0.0423
9.8 0.,3250 =0,0525 ~0,9283 0.0510.
9 09 0.3192 "0 .0172 -1 00051 0 00663

sin ¢

Note:~ The above values are for f = 0 . For any other £ = & °
the ebove values excluding that for Tx are to be multiplied by

'galues for 7% are to be multiplied by cos [
@) Tx#

due to lixd are for the top surface.
surface reverse the sign only.

Values of
For the lower
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SECTION XI

Case V, Lentern Opening. Relnforced by Rings et Innex;‘ end Outer Edges.

Symetriosl Vertical Loeding, &, = 10.0.

Two loedings will be investigated., Case & is for a concentrated loed
all along the lantern ring. Case B is for & uniform verticel loeding.

1. Diseussiqn

It is required thet the circumferential strain at the inner and outer
edges o:[" the shell be equal to the circumferential strain in the ring at
that edge. This is equivalent to therequirement thet the horizontel displece-
ment of the §hell et sn edge be equal to the radial displacement of the ring
| at that edge. It is assumed that only the steel in a tension ring is effec-
tive in carrying tensile stresses and thet the compression ring is wholly
conorete with the same modulus of elasticlty es thet of the conerete in

t}}e shell.

2. Determing.tﬁ.m of the Redial Displacement of & Ring due to an Uniform

Thrust ¥xx (per unit length) all slong the Circumferemce,

The notation is given in Figure: 9 below,

-

Area of Ring = A

Modulus of
Elestioity = E

Figure 9, Notation for Ring under Uniform Pressure.




142,

Tension in Ring

L

Cirecumferential Strein

T = NoxXi (250)
e

E¢
2

£¢X| = _N__AX_Z(E)iL ‘ (2‘5—77)

I
E

Redial Displacement

Siz;o_e our sign conventions give a positive displacement outward we
require, under the assumption thet the circumferential strains of the shell
and ring at an edge being equal, that

at the outer edge

2
Uh = - M—X—L 6253a)
A Es
at the inner edge
2
Up = + DNxxXe (2531)

Ao Ec

For the shallow dome, we use Nxx es the horizontel forces ecting upon

the ring inasmuch es the contrbution of the verticsl shear forces is negligible
and was so considered in the determiration of our horizontal reections in our
previous work.

Case A, Concentrated Loed all along the Lentern Ring.

- 8. Data, See Figure 10,




P= total load

MA,,EC

A, Eg

—

Figure 10, Notation for Case A.

o B 36_,__5q. ins,

Assumed Datea P = 1000 lbs. Total A
x, = 30 = 360" A, = 7.2 8q, ins.
Xg = 1,5t= 18" Es = SC X 106 PeSels
t =2 V = 0.2
Co@\r\;e& Date
X1 3 t X
l = - = 3¢ = L2 = 0.5
£, H L)
2 T
- Xiviz@-vY _ "
E g’zf = 2199.386
(

- Ect® o sai0Sin—ib
D= 26D x 10 in=lbs.
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4., Expressions for W end F

From equetion (61) noting thet Wez0

144,

W= Crober € + Caobel § + CzoKer§ + Caokei § = Ao (254)

From equation (63)
.
F= %_I_E_(_ Caober § + Clobe(— Cqoker § + Czoker E')

‘+bo’n§I

5, Boundary Conditions

(25%)

Inasmuch as the effects of a conoentrated loed decey very rapidly end

azv-ebnegli‘,gi‘b;l_.a a lshhor'b distance eway from the point of loeding, the problem

is simplified considersbly by considering the outer boundary in this case
as being at 00.

Hence, our boundery conditions are

Mx =0
X = X, )
17 =P
T ogep R Xo'N
Uy, = 2K
h AE
Stress end Displecements D
X =00 -
at ' vanish

~ Y\
1]

lim (2trx P, ) —P
X-» %0

Condition (257) ie valid in thet the shell is so flat at this point
that the contribution of Nxx to the vertical equilibrium reqguirement is

negligible.

(256)
(257)
(259)

259
(260
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The lantern ring is assumed to possess no-torsional resistance as given

by condition (256). The horizontal reaction is measured by Nxx due to the
extreme flatness of the shell at this point. This is expressed in condition
(258).

6+ Equations for Determination of the Constants.

Application of comdition (259) to equation (254), noting that ber £ and

bei €~> oo at {' - 00, requires that
Cro =‘ C0=Ao =0 (26')

Application of eamdition (256), using equations (89a), ($0), (91), (254)
and (261), results in

0=Cso E,_, Y ker! K +Kel K|+ Caqo (":‘V) Ket ' p— Kef}ﬂ (252-)

Application of condition (257), using equations (81), (97), (254) end

(261), results im
2

= CzoKei U ~Cqo Ker'p (263)

Application of condition (258), using equations (93a), (95), (255) and

(261), results in

7 KOt Ke( |
Caso Ao -H+\r) KerE{

~c“q%li+:+v L‘;f—’—‘ + Kec'/ﬂ

beR @+ 264
R e T (269
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Equations (261), (262), (263) and (264) provide the solution for the

six constants C,, 020, 630, 040, A end b,

7. Expressions for Stresses and Displacements

From Section V we have

(1) Bending Stresses

7

frp =+ EE

; 1/1/: { C30[(l V) ker £ + Ket f]

- C4o[(l-lf) Keg. =~ Ker {j} (265)

l l

+C4o[(l-\f)—'<—;,i+lf!<er {'] (266)

(2) Direc’c Stresses

-~ N
0;1‘:' - t’“‘

]
|m
l(\l
<«
Qo
x
)
>
o
A
-
x
(o]
=
M
+
-
[»]
N
~
(1)
J
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{
+ C40<Kei. ¢+ egr )] - "—‘——“_t;;{;_ (268)
(3) Shearing Stress
Q

= %R(;)%Em kec‘,‘f—CA,oKer'{j (269)

(4) Vertical Deflection

w = Cyo kerf’ + Cq0 ke.i. f (270)

8, Evaluation of the Constants C30, C40_ bo

Substitution of the pumerical values from page 143 and Table A=-2 into
equations (262), (263) end (264) 1leed to the following three equations in
Cqps Cqp8Bd Do o
+3.58326 Gy, +0+322780 Cyo .0
+0.333204 Cy, +1.81880 Cup = 0,165012 Qi q,b,c)
+0.610192 Cg, +8.67870 Oy =2.07418 % 16 °b, = 0
Solution of these equations gives
Cqp = 04092197

Cqo = =0,0083051 | (27 1)
= =3,8332 x 105

o’
o
]
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9, Determiﬁation of the Stresses and Displacements

Substitution of equetions (272) into the expressions (265) through (270)
inclusive will give the desired stresses snd vertical displs.céman'bs. This
hes been done and the results are tabulated in Table 41,

Case B, Uniform Vertical Load ing.

10, Data. BSee Figure 11, This differs from Figure 10 only in loading.

p=intensi ty/unit projected Areq
bbb il by tiev i dd il

& <A, E.
Xeo I

A, Es

Figure 11, Notation for Caese B,

Assumed ‘Da.i;.a P =30 pese.fs = =0,208333 p.s.i. A_ = 36 8gq, ins,

= - Q
]
§ = 10.0 Eo = 3.6 x 10 pes.i.
x, = 30' g 380" A, = 7.2 89, ins,
Xq = 1.5 5 18" Es = 30 x 19‘ PeS.i,

2" ‘ v

ct
1]
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Computed Data

l-—.ﬁ-:se"

1

.€|
}.( = —Eg = 0.5
o [} .
Rz X( szZ(l‘Vx) - 2(99-386
£t
Ect’ G
= =" _ = 2.5x10 mn-~lbs.
20~ * e
Es |
n:= _E: - 83-

11, Expressions fér Wand P
Noting that Wp end Fﬂz_are given by equations (122) and (123b), using

the notetion of equation (133) we have from equation (61) )

W= Ciober§ +Caobei ¢ +Caokerf + Chokel § — Go (273)

From equation (63)

F= —"%—E—(* Caober§ + Ciobec § ~ Cqo Kerg + Cao ket 5‘)

+ bo In E‘.‘FFP,Z (174)

12, Boundary Conditions
Bx 20 (275)
X =X,
at 2frK, Q2 0 2 7£)
=p Ukv=+ Xo Nix (177)
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| (é?B)

rw =0
et E :glq%%':o . (2.79)
T2 | g, = =X Nxx 2
L h A'Es- LBO)

| The lentern ring is essumed to possess no torsional resistance as ex=
presses by condition (275). The horizontal reaction et the edges is given

by Nxx due to the flatness of the dome, This is expressed by conditions (277)
end (280), At the outer edgt;, the support offered the edge is assumed to pre=
vent rotation of the ring. This is given in condition (279)., Comiition (276)
is similar to'condition (257) of Case A.

13, Equations for Determination of the Constants.

At x = x,, using equations (892), (90), (91) end (273) epplication of

ecordition (275) gives as & result

0= Cio [(;;V) ber'p +beiyj + Cao c;") bec'H— ber/-}]

+C30 —;fl Ker'pe +Kkei H] +Cq0 [.C‘F“d Kei‘/-¢~kerf"j (23{),

Applicetion of condition (276), using equations (81), (97) end (273)

gives as a result

0= Ceo bei‘f( - Ca0 ber'p +C30 kel - Cho ker'm (292)

Application of condition (277), using equations (93a), (123v), (95)

and (274) gives as & result
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wL (l-v')] _C_!ilf)_
[Ao E, 1;4 A Ttz
+ Cio [( KLt +l+v) beiK = ber/{t]

_Czo[ ’:’:tﬂw Lif#'i—bec/f]

+C3o[(--—- HHV ";‘ K —Ker/-(]
-—a{( £ &Hﬂa %L'f-‘ theip| (289

At x = %, using equations (273), condition (278) gives -

0 = Cieber f‘, + Qo bel § +Croker§, +Cyokel ¥ — Go (2 89

Application of condition (279) to equatien (273) gives

0z Ceo ber’f’, + Ciobed ‘f‘, + Go kef“f, +Cqokec 'fl, (28~5j

Applicatien of conditiom (280), using equations (93a), (95), (123b)

ard (27¢) gives

LR | 6] bR Tl _
2Ec [ & Ann ‘Ezg‘ tf, A,n
+er—_i,£f+l becf’ ~Ber§'j
{

e ﬁ!?_h,@éﬁﬁ rbeid]
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+C30 [( #"ef +l+v) kel & Kersﬂ

_C“[( f'.el‘.,.{w)%-’,'—& + Ke cf‘,] (28¢)

Solution of the six eguations (281) through (286), inclusive, provides
the values of C,, G, GM R 9“ s b, and @. use of which will determine the
state of stress end displecement in the shell under investigation.

14, Expressiors for Stresses and Displacements

From Sectvion V we heve

(1) Bending Stresszes

0%, :iéﬁmszf E{Cw[_v)berf tbei g:{
‘CzoEl~'r) b?f“"oerf‘ - Cu[{.-v) ";. e -I-ker.f]
-Cullin - kerd] } &
09,6~ +%_(=M z/‘.Tz ® [C"’[“'f) ber'¢ V‘)ecﬂ
+ CZOE"") b;‘ f'+|rl>er§j +C30(CY sz —vkei g}
+C4{( ) k? ! +Vk“§7 | | (288)
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(2) Direct Stresses

. N,
bei ber's kec §
.= Co - C
(G G2+ Cao |
- Ker'g' be RP
- Neg
O‘EIA - ¢

= —E—[Clo(berg‘— bei’f) + Cao (beig +b_‘ﬁ)

{

+ C3o (kerf ~ + C4o(ke §'+ Kerf)]

g T 2 @99

(3) Shearing Stress
a
T s —- |
E t 3-L lg
= L) Ciobei'§ ~ Caober

tlz(lfv’) R (R) [ £
+ Czo Kei'§f ~ Cqo ker‘{] | (29))

(¢) Vertiesl Deflection

W= Ciober ¢ +Caobeif +Crokerf +Caokei §~Go (292
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15, Bvaluaticn of the Constents Cio, C20, C30, C40, Do , 2nd G, .

Substitution of the numerical velues from pages 148 and 149 and Tables
A-1l and A-2 into equations (281) through (286) inclusive lead to the following

six equations in Ci,, C, ., C5,, q“, b, and @,

Cio C 20 Ca o C4o b o G o
+0,049994 ~0,599154 ~3,58326 =-0,322780 0 }
+0,249919 $0.0078121 +C,333204 $1,81980 0
+0,100618 -0,0281201 +0.610182 +8.67870 +2 .07418::10"G +0,0139968
) e T-(zs@
+51.1953 +135,309 =3,16597x10 41.,40914x10 9]
+138.840 +56.,3705 +1.29466310 4-3 .07524x10 ¢ =1.00000 o '

- ~5 -
=-284,976 «1,07958 -2,81653x10 4-3 «33208x10 ~2,54559x10 8 =0,895796

Solution of these equations gives
Cio = +C.003147156
Cap = -0.,00119075

€30 = 0000286207 | 294
~0.000479500 | , ( )

go

b, = 48500,

Cs, = 40,3698 )

It is to be noted that the above six constants could have been computed
rather closely by utilization of two sets of three equations rather than one
set of six equations, This is based upon the realization theat the effect of

the lantern opening is leoal as is the efflect of the outer boundary. Thus by

oonsidering the outer boundary at infinity we willobtain the velues ef three
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of the six constants.‘ Then considering the shell closed at the crown and the
outer boundery to be at x, , we obtain the values of the ether three constents,
This is tentamount to the superposition of two shells which together are
equivelent to the given shell,

16, Determination of the Stresses end Displecements.

Substitution of equations (294) into the expressions for stresses and
vortical displacement 1is néw mede. The results are tsbulated in Table 42,

17. Discussion of the Results.

The membrane displacement of the outer edge for this case would be in- -
ward, However, the results of Table 42 are oonsistent with e displacement
of the outer ring outward, Furthermeore, at the outer edge (g p{,d s +41)l pe.soi.
whereas ¢ x,d = =35 pesei. which seems strange. It seems reasonsble, however,
that as the shell displeces outward the 0x,d streéses should approach zero
a5 the condition of a free boundery (x,d = ©); i.e.. no ring, is attained.
It appears, then, for(f_ d = 0, that ﬂ'd should be a tensile stress greater .
then $+411 p.s.i. A ealeulatien based upon a closed shell with the outer
boundary conditions: W = O, j—‘;’: © end (x,d = O under the same vertical
loading g;a;ve ﬁ,d = $+641.2 p.s.i. at the outer edge. ‘The results appear
rationel and it is plausible that the outward displacement is dus to condi=

tion (279); namely, thet j—;": Oat x =X




Table 41, Dirsct, Bending ond Shear Stresses.
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Vertical Deflections,

Conocentrated Lentern Ring Loading. Case A.
(psc) | (esc) [(rsi) [(PS<) (in.) | (Bsc)
Ve -51 -62 _ 0 =255 -0,069 +4
1.0 -48 =31 +24 =101 -0,048 42
1.5 -39 -12 +40 - 47 ~0,031 +1
2,0 =30 6] 440 - 21 -C,.018 0
2.5 -23 + 8 +34 - 9 -0,010 0
3,45 -14 +12 +17 0 -0,001 0
4,0 =10 +11 411 + 1 +0,001 0
4,5 -8 +10 4+ 6 + 1 4+0.001 6]
6.0 -6 + 8 + 3 + 1 +C.001 0
5.5 -5 + 7 41 ) 40,001 ¢]
6.0 -4 + 5 0 €] 40,001 0
6.5 -4 + 4 -1 0 0 ¢]
7.0 -3 + 3 -1 (0] 0 0
7.5 -3 43 -1 0 0 0
8,0 -2 + 2 0 o] 0 0
845 -2 + 2 0 @] (0] 0
9.0 -2 4 2 0 0 0 6]
9.5 -2 4 2 0 o 0 0
10.0 -1 + 1 0 0 0 0

Bending stress velues are for the upper surfece only, For the lower surface,
reverse the sign. '

v p o m—— T =
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Table 42, Direet, Bemding end Shear Stresses, Vertical Deflections,
Uniform Loeding, Case B,

g . r;r.d @14 Gl.b 0-}- b o . w ) 7‘-!
(p.s.i) |(pst.) |(psi.) |(rs.c.) (in.) (psi.)
Q.5 -101 -122 - 0 + 6 ~0,366 0
1.0 =109 -115 + 3 + 4 ~-0.367 0
1.5 =111 -114 + 5 + 4 -036%7 0
2,0 =112 - «115 + 8 4 5 -0,369 0
2.5 =113 =117 4 11 4+ 7 =0,369 0
30 =114 =120 + 12 4 8 =0,373 0
36D =115 =125 + 11 + 9 =U,376 0
4,0 -11%7 -130 + 7 4+ 8 =0,.,381 0
4.5 -118 =136 - 4 + & =0,385 0
5.0 =120 -141 - 24 - 1 =0,390 0
5.5 | -122 -142 - 53 -1 | -0.392 -1
6.0 =124 =137 - 93 - 24 -C.389 -1
6.5 | -124 -119 -140 | - 41 -0.378 -1
- 7,0 -123 - 84 ~-186 - 61 -0.356 - 1
7.5 | -118 -26 | =217 - 78 -0.318 0
8,0 =110 + 57 . =209 - 87 =0,262 41
865 - 97 41635 =127 .Y = 77 | =0,189 4 2
9.0 - 80 +280 | 4 72 - - 38 ~0,108 4+ 5
9,1 - 75 +302° | 4129 - 23 -0,002 + 6
9.2 - 71 | 4323 4194 - 8 =0,076 + 7
9.3 - 67 4343 4266 + 10 ~-0.,061 + 7
9.4 - 62 | 4362 +345 4 29 =0,047 + 8
9,5 - 58 | 4378 +432 + 51 -0.034 + 9
2.6 - 53 | 4392 4528 + 75 =0,023 +10
9.7 - 49 | 4403 4631 $102 -0,013 . 410

9.8 - 44 +410 4743 4132 -0.006 +1
9.9 | -39 | 4413 863 $164 -0.002 +12
10,0 - 35 | 4411 992 {4198 , Q +13

Bending stress values are for the upper surface. only, For the lower surfece,
reverse the sign,
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SECTION XII

Case VI, Outer fdge Effects. Unsymmetrical Edge Losding.

l, Discussion

In»a menner analogous to that given in Case II for symmetricel edge
loading, it is pdssible to determine influence coefficients whereby any ‘
desired displacement of the edge ( i.e. ratetion, horizemtel displacement,
gireumferential displacement or 7ertica1 deflection) mey be evalueted for any
given unsymmetrical edge loading.

Having found these influence coefficients the converse of the sbove pro=-
blem may be solved; namely, for eny given edge displacement the ed ge .fforces
required may be determined, rigid-bely displacements being discounted.

In this section the prooedﬁre will be outlined end the fundamentel
equations developed. It is not considered feasible in a work of this scope
to compute numerical velues of the influence coefficients as was done for
the symnetrical case, dt_:;a to the extreme emount of lebor ix_rv'olved end the
lack of tebulated vallues of the 11"1?h order Bessel functions.

 For simplicity, the vertical edge deflection is assumed equal to zero.
F‘urthermrt;:, rigid-body displacements were not considered in this treatment
inasmuch as they do not effect the values of the influemse oeefficiénts.

Given the general 9dg9 loadings

M = ¥n eos nd
Fere Inpcos n,l
Pers Byrsin nd

where M, is the amplitude of the edge moment loeding

(23)

P,p is the amplitude of the edge radial horizontel loading

R
Por is the amplitude of the edge tangential load ing
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we may write

ow

3% = Gin Mg + Qz2n Peg + Qan PeT (296 2)
Unh = bin Me +ban Per +ban PeT (296")
V = Cin Mg+ Can Per +Can PeT (296'3)

This section concerns itself with the procedures involved in the deter-
nﬂ_.na.tion of the _influence coefficients a,, , D;ns Cpns etc.

2, Boundary Conditions

( Streseces
X =0 '
at _ _» and ‘
] (297)
{ =0 ‘Deflections
L are finite
( W =0 . -\
X .-_-—~:x| o ﬁ
at ‘ Mxx = Mg w M 008 n
i - g' Ph = PER=- Fgro0s lﬂ}{
s Pt’ ‘= PET-’ PnTSin n‘ J

5, Equetions for the Determination of the Constemts, 1 o 2

Application of conditions (297), using equetions (66a), (68), (69), (67),

(10e), (75) and (76), noting that Wy and Fplzdo not exist, leed to the re=

quirement thet,

C3n = C4.n: C7n = Can =0 (ZSS)
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Applicetion of condition (298a) to equetion (51) using equation (299)

leeds to the result, efter division by cos nd,

0z=Cin ber,‘ﬁg" + Canbec, f" ~-Csn§, " (300

Applicstion of condition (298b) to equetion (66a) using equations (299),

(68), (69) and (67) leads to the result, after division by ces ng,

- 2,
- V)DEM bern +7 ?T;L“bein {"-Vbein f’,)

+Czan|- be°"£'+ n'beinf: +ber;,§',+lrber,. {")

BRI/ g "
—-h(rhl) Csn fl j | (30')

Applicetion of condition (2980) to equation (88) using equations (299),

(10e.), (75) exnd (76) leads to the result, after division by cos ng,

.
Prg = [m(becn _n L?Z{'.)

('nflr r',.: { n—|
+C2n(n *be bes'{’) _n( )Cnf, (302)

Application of»conditien (298@) to equetion (10c) using equations (78),

(79) and (299) leads to the result, sfter division by sin nd,

_ tEn bein £ _ betn &
- Pnr= Cm( — )
O (o

l

(be{rnf. _ bera & f)] n(n ~1) Cen é""-z (303)
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Solution of the four equations (300), (301), (302)‘and (303) will ylela
the solution for €, , 02n . cm and C., in terms of ¥n, Png and PnT ., Sube

stitution of these values into the equations for -‘}i”— (qbtained by differen=

o

tiating equstion (61) ), U, (equeticn (114) ) and vxkequation (111) ) will
roesult in three equetions of the form given by equations (296). We need
only_equate the Qoeff:lqients of Mn, PnR end PnT to the respective symbols
&ins %2n s 83n » Pjq » otc. to obtain expressions for the influence coeffi-
oients, This is analogous to the procedure followed for symmetrical edge
loading given in Case II,

It is to vbe pointed out that the above four equetions for the constents

exist for n Z 2, The cese for n = 1 will now be disoussad.

4, Equetions for the Determimtion of the Constants, n = 1

An examinetion of the equations (61), (111) end (114) will disclose that
the four conmstents C » C2(» Cs1s Gelare required f(c;:; ';:heir determination,
However, substitution of n = 1 into equetions (300) ' (302) and (5_03) will
result in the disappearance of terms involving Cg| leaving four equetions in
three unknowns C, » Cyjamd Cs implying the ~existence of dependence among
two of the four equations and the necessity of & fourth comiition to deter=
mine this dependenoy. Examination of the problem will show that conditions
(298c) and (298d) are bound together by the condition that the summation of all
the horizontal edge forces aleng any horizontel axis must venish, That is s

' the condition of horizontal statical equilibrium is viclated for n = 1 unless
conditions (298¢) and (298d) ere so selected that the summetion of their
components along the axis p{_g o 1s egué.l.j.to zero. This will be shown satis=

fied if PnR e PnTfor n = 1. For n = 2 or more, conditions (298¢c) end (2984)
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each in themselves satisfy the requirement of statical equilibrium.

Thus forn = 1

Pir = PiT (304‘)

For a demonstration of this relationship see Appendix C,




Appendix A
Notes on Properties of the Bessel Functions
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References to McLachlan "Bessel Functions for Engineers'are given in

square brackets thus E ----- _:_l o
n=0

The following series representations hold E:. 16_5_\

4 8
£
berg‘ = |‘2=.42 -+ )."-4{6’:-8’- —_— e e e
be.f: ;2' €6 —._i_‘j—————-—— cee .
R A LV A L AT LI

kerg==(ln¢- d-llSS)ber{'+‘1{-beif

4 8
f { f 14+ L I
-1’-42('*?)'*'1?4%% 8 (H'?- *3 +4->

kei § 2~ (In §-0.115)bei ¢~ Ther ¢ + _f'_.

56
—,-11‘4_1.61(1+-{-+3)+
Aecordingly for small values off
4
berd =~ |- —&
ré§ | 4
2

. ¢ £°
bec s~ 4+ 6436

-

Ker§ = —In§¢ +o.9959+li£- §
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2

2
Kec z—’%,n {‘ --E_c"ﬁ(-ll\re—i— (A—?)

For large values of f the following relations hold acecrding to Gray-

Mathews "Bessel Functions™, London 1931, pp. 58 and 59

A
ez
ber § = ,.____Zfrf Cos ———-s_, —--—Er— @-9)

: Y .
bec Sf =R ;73;_?__.. Stn € _ ?P) @-l@
- %
ker§ = V e R Cos (ll"' fr) (A~(D

.Keifa -}7‘?— c-?rsm —l,._;+igr—) @-n)

For large velues of E the follewing more accurate relations hold ac-

cording to H. G, Sevidge, Fhil. Mag. V 6 (19) - 1910, P. 48 et seq.

ber ¢ = g oo f @

bec§ = V;ﬁ__{smﬁ | @-14)
i

ber's = - Cos cw @-/9

p n .
bel's = zefrg - Sih W (A-{F)
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where

“‘ri'*m‘s Tm%5~"’~;;4 SN G
Fr5 ¥ T e e 60
qi%“xvsis +rz:ri'§':’-+72_?%7"" @)
w:vi.;-!- ;r-l—aég +fgz+l-ﬁ£ﬁ"_§?---- @‘29

Values of ber § , bei ¢ , ber'f end bei'§ for O fg S 20.0 were taken
directly from Dwight's "Mathematical Tables" p. 214 et seq. and are tebu~
lated in Table A-l. Values of these functiens for 20.0X § S 25,0 were com=
puted with the aid of equations (A=13) to (A=16). The results are tabulated
in Table A~-1, Values of", F, N end Wused in these caleulations are tabulated
in Table A-4, '

Values of ker g , kei f . ker'f and keilf' for O §€ :<10.0 were taken

directly from Dwight's "Tables of Integrals and Other Methemeticel Data"
| pe 213 et seq, and are tabulated in Table A-2.
To calculate the second derivatives of these funetions we use equations

(42), n = 0, and thus we have
o - _(_. ‘' d_ . _
ber §‘~—-€berg‘ bec § (*-2)

bec '§= ~ ?" bei'd +ber§ 64-25)
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ker'd = - ;,Lker'z’- kel ¢ (A-23)
kec ¢ = - -—kec, lf_‘ + ker g 64-29

In general, in the main text of this work these relations were utilized
to express the formulee in terms of the functions emd their first derivaetives
only, .

n £ 0

The formilae for ber n§ s beig €, verp §, kein{' and their derivatives
are not given here inasmuch es they are not used in that form in this text.
They ere extremely long and cumbersome., See equations EZ), (53) p. 132.,
equations (185), (188), (187), (188) p. 169., equaticns (226) through (233)
PPe 171-172 for their formulae. Short tebles of these functions may be
found on ( ps 181 | for n = 1 to 5,

To compute ber { » bel, { . ber:e and bei:f for use in Case IV,
Hydrostatie Losding we have from -eque.tiens E‘LG), (48) p. 131

ber lr..(ber- ‘¢~ bei g’) | (4~29
bec,§ = .—yl-:-(ber'g‘ +bel ‘g’) @-ze)

- from equation 51 p, 132 , n =1

ber'§ == Fber g’--‘c{—(berg' +be£§") #-27)
( g ! 2

bec, €= --'i',—bec',f +-iv-?~(berg‘- beéQ @-2,8)
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_ ) | _
Values of ber, g_ » bei { ’ ber:{ mhei,; computed by equetions (A-25)
through (A=-28) are tebuleted in Table A-3.

Polar Form of the Bessel Functions

oo Tn(€0%) 2" Tn(£07) =ben §+i becn

IE. 122 et seq.| it is frequently sdventegeous to 6xpress the function in

terms of its modulus and phase,

Thus we have, see Figure A=1,

l
bein({) sl {
l

6n (%)
ber, (5)

3 . .
Figure A=l, Complex Representation of J;‘(;‘L)-‘- }730\ §l + ‘-be"n‘i

Mu(€) eié,,(f'): Tn (f’i%) @-29)

-N L 2 o
Mn(f)ca )-‘-2/(661:.{)1-@:6“{9 Co.ré.,(g*l-cvs'm@.,[t') @-39

where

M., (f) 27/(;&.‘. ff) ;'(Eeéu f) : @- 3l
beru (£)= M (£) Cos (%) @-32)




bei..(£) = Ma(€) Sin6 (<)

_ 4~ beca(E)
&a (f)- 7“"7 ber; [5)

In perbicular

berd = Mo[f)CO-°9°C€)
beif = Mo (f)s':" 90(9

- =1 c'f'
90(5)— an Z:—r—?—

- Similarly we write, see Figure A-2,

Kein (¢) (&

o, (€)
Kerh(g)

Figure A-2, Complex Representation of
—n d o
( Kh (€L’)=Kcr,,f+¢ Kec,\{

le¢s,
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i.-nkn (f‘t —;:) =Ker, £ +¢ Kec.'ng @-38)

= ]/(Ker.f) -’i@cén g‘)l {Co.r é. [Q-}- tSin P, (fj} @-39
¢ fa (€)

= Nn(d)e : f-49)
Na (€)= 7/(kea £)*+(keins) * @4
ger“(f): N.\[zj cos (.E') A-42)
Kecu(€)= Nu (€) sin ¢4 (4 @-4)

-4 ! Kee, (£) ' -
SURS—s et

In par’cieul.ar

ker § = No[ﬂ cos ¢. (%) | @'49
kei £z No(2) siné. (5 (A-4¢

-~ :
$ol$) = tun” KoL (447
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—

The following relations caen be obtained | pp. 170, 172

bert ¢ +heit g = Ma (9 48)

berd + bee¥ = Mo (£) #-49

Cer's) +(bei'd) = M (3) @59

ber £ bei ¢ ~bed ber'd = Me(§)M. () sin (8- 8- T2) o)

berfber'f+ beid beilf = Mo(2) M. (8) cos (6~ 0 ) @-5)

Ken § + Keild = Nu(®) @3

(cer's) +eei'd) =MD 59

ker§ kec § -~ kel d ker'; = No (€) N () :i" (%~ ¢~ 4f_£' A-s9
ker § xér'f + kel $kel's = Na (E) N, (z) cos (¢~ ¢o*4f9 (A-5¢)

Values of M (i), ¥, (i), 90 ( i ), 9' ( {') are tabulated in Table A=5,
Values of No (€), ¥, (§), B, (), #,({) ero tebulated in Table A-6.

In sclving problems by aid of ber, bei, ker, and kel functione, the note=-
tion to be used depends upon the type of problem, Sometimes it is convenient
to work in ber, bel and then ezpress the results in Me‘:anotation. Alse there
are cases where the use of Me‘anotation permits one to meanipulate the equations

mere easily.
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Tabls A=1, Valuss of the Bessel Functloms,
. ]

El' ber & bec & ber &

0 1,00000 - 0 0
0.1 1,00000 0.,002500 =0 ,0000625
0.2 0,99998 0,010000 =0 0005000
063 0,99987 0.022500 . =0 ,0016875
0.4 0.999680 0.,039998 =0 ,004000
0.5 0,99902 0.062493 =0,007812
0.8 0,99798 0.,089980 - =0,013498
0.7 0,99625 0,12245 =0,021433
0.8 0.,99360 0.,15989 =-0,031989
0.9 0.,98975 0,20227 =0,04553"7
1.0 0,98438 0.24957 =0,062446
1.2 0,96763 0.,35870 -0,10781
1.4 0.,94008 0.,488673 =0,17093
1.5 0,92107 0,55756 -0,21001
1.6 0.,89789 0,63273 ~-0,25454
1.8 0,83672 0.79526 -0,36118
2.0 0,75173 0.97229 =0,49307
2.1 0,89869 1.0654 =0,56006
2.2 0.83769 1,1610 =0,85200
2 0.56805 1.2585 «0,'74202
24 0.,48905 1.3575 =0,83920
2.5 0,39997 1.4572 =0,94358
2,6 0 30009 1.5569 =1,0551
2.7 0.18871 1.655%7 =1,1738
2.8 0.065112 1,7529 =1 ,2993
2.9 =0,071368 1.84%72 =1,4314
3.0 -0,22138 11,9376 -1.5698
3.2 =0,56438 2,1016 -1,8636
365 -1,1936 2.2832 =2 3361
306 =1,4353 2.3199 =2 4983
4,0 =2 .5634 2.2927 =3, 1347
4,1 =2,8843 2.,2309 =3,2818
4,2 =3,2195 2.1422 =3 44200
4,3 =3 ,5679 2,.,0236 =3 ,5465
4 04 -3 .9283 1 08726 -3 .6588
4,5 -4 ,2991 1.6860 -367537
4 06 "4 -6784 1.4610 -5 08280
4,7 «5,0639 1.,1946 =3 ,8782
4,8 =5.4531 0,883%66 =3 . 9006
4,9 =5 ,8429 0.,52515 -3 +,8911
5.0 =5,2301 0,11603 =3 48453
55 =7.9736 =2 ,7890 -2 ,9070
6.0 =3,8583 =7 3347 -0,29308
6.1 =3,8491 -8,4545 -Q.49429

o2 -8,7561 =0 .6437 13835
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Table A=l, (Cont.,) Values of the Bessel Functions.

, ber' be(’

E; b¢2é=(§’ -——-__éi ____fL_EL

: £ g
0 0 0] 0.50000
0,1 0.050000 =0,000625 0,50000
0,2 0,099999 =0,0025000 0.50000
0.3 0,14999 =C,0056250 0.49997
0.4 0.19997 =-0,010000 0,49992
045 0.24992 -0,015624 ; 0.49984
0.7 0.34956 =0,030619 0.,49937
0.8 0,39915 =0,039986 0,49894
0.9 0,44846 =0,050597 0,49829
1,0 0,49740 =0,062446 0.49740
1.2 0.59352 =~0,089842 0.49460
1.4 0.68601 =0,12209 0,49001
1.5 0,73025 «0,14001 0.48683
1.6 0,77274 . =0,15909 0,48296
1.8 0,85093 =0,20066 0,47274
2.0 0.91701 ‘ =0,24654 0,45850
2.1 0.,94418 =0,27098 0,44961
2,2 0.96681 -0,29636 - 0.43937
2,3 0.98361 =0,32262 0,42766
2.4 0.99443 =0454967 0.,41435
2.5 0,99827 =0,37743 0,39931
2.6 0.99426 =0,40581 0.38241
2,7 0.98149 =0,43474 0,36351
2.8 0,95897 =-0,46404 0,34249
2.9 0.92566 -0,49359 0,31919
3.0 0.,88048 =0,52327 0.29349
3.2 0,74992 =0.58238 . 023435
3.5 0,43530 -0,66746 0.12437
3.6 0,29366 -0,69397 0,081572
4,0 =0,49114 -0,78368 -0,12278
4,1 =-0,74817 -0,80044 -0,18248
4,2 -1,0319 =0,81429 =0.24569
4.3 -1 .3435 -0.824'77 -0.31240
4.4 -1,6833 =C,.83155 =-0.38257
4,5 -2,0526 -0,83418 =-0,45613
4,6 -2.4520 =0,83217 =0,53304
4,7 -2,8818 =0,82515 -0,61315
4,8 -3,3422 -0,81262 ~-0,69829
4,9 =3.8331 =0,79410 =C,78227
540 ~4,3541 =0,76906 -0,87082
545 =7 3729 -0,52855 =-1,3405
6.0 -10,846 » =0,048847 =1,8077
6,1 =11,547 0.081031 =1,8930
6.2 -12,235 0.22315 -1.9734




Table A=1, ({Cont.) Values of the Bessel Funotionms,

'3 ber & bec & ber'&

- 66D -8,5688 _ =10.901 25802
6 .4 -8.2762 ‘12 .225 3 04899
845 -7 .8669 -13.,607 4,7174
6.6 =-7.5287 -15.,047 6.,0675
6.7 -8,6492 -16.,538 7.5442
6.8 -5.8155 =-18,074 9.1510
6,9 -4,8146 -19,.644 10,891
7.0 -3 6329 =21,239 12,765
7.5 | . 5.4550 -29.116 24,130
B.5 43,956 -35.,298 53,442
9.0 73936 -24,713 65,601
2.1 80,576 -20.724 67.145
9.2 87,350 -=15,976 68,246
9.4 101,10 =-3.,9693 68,821
9.5 107.95 3.4106 68,132
9.6 114,70 11.787 66.674
9.7 121.26 21.218 64,353
9.8 127 .54 31,758 61.070
9.9 133 .43 43 .459 56.720

10,0 138.84 56,370 51,195

10.5 153,77 140,32 1.,9344

11.0 132.95 257 .21 -94,212

11.5 49,517 400,08 -250,37

12,0 =-128.51 546,95 =-472 57

12,5 =432 ,56 653 .56 ~-750.87

13,0 -882,65 646,64 -1047.3

15.1 ~990,17 622 .87 -1102.%

13 .2 -1103,1 589.42 -1154,8

133 -1221,0 - 545,22 =-1202,7

13 .4 =1543 .4 489,19 =1245,.3

13.5 -1469,.8 420,18 -1281,5

13 .6 -1599.5 337 .04 -1309.9

13 .7 -1731.5 238,57 -1329,2

15.9 =1998,7 =92,.,210 ~1333 49

14.0 =2131 .3 -160.94 -1316.1

14.1 -2261,3 -332,82 -1282,3

14.2 -2387.1 -526,02 -1230.7

14.3 -2506,8 -741 .65 -1159.1

14.4 -2618.2 -980.75 -1065 .4

' 14.5 -2719.1 -1244,3 -947 .37

14,6 -2806.8 -1633 .1 -802.69

-1847,9
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Table A=1 (Cont,) Values of the Bessel Funotlons.

o ber'f be('§
& bec § ~§
§ g

6.3 -12,.901 0.,37781 =-2.0478
6.4 -13.536 0,54530 -2,1150
645 -14.,129 0,72575 -2.1737
6.6 -14,670 0.91932 =2 42227
6.7 -15,146 1.1260 -2 .2606
6.8 =15,543 1.,3457 -2,2857
6.9 -15,847 1.5784 -2.2967
7.0 -16.041 1.8236 -2,2916
8.0 ~7.6605 4.7889 - =0,95754
845 8.2895 6.2873 0.,97524
9,0 36,299 7.2890 4.0332
9.1 43,583 7.3786 4.7893
9.2 51.460 7.4180 5.5935
9.3 59,936 7.4012 604447
9.4 69.012 7.3214 73417
9.5 78,684 7.1718 8.2825
9.6 88,940 6.9452 9.,2646
9.7 99.763 6.6543 10,285
9.8 111.12 6.2316 11,339
9.9 122.99 5,7293 12,423
10.0 135.31 5.1195 13,531
10,5 201.30 0.18423 19,171
11.0 264,12 -8.,5647 24,011
11.5 300,29 -21.771 26,112
12.0 272,67 -39.381 22,722
12,5 129.49 -60.070 10,359
13.0 -162,61 =80.562 -14.816
13,1 - -284 .38 -84.176 -21,708
13.2 -3586.45 =87 .485 =29,277
13.3 =-499,28 -90,.429 =37 +540
13.4 =623 .27 -92.933 -46,513
13.5 -758,77 -94,926 -56.205
13,6 -906,08 -96.315 ~-66.624
13.7 -1065.4 -97,022 =77,766
13.8 -1236,9 -96,.935 -39,630
13.9 -1420,5 -95.964 -102,19
14,0 -1616.1 -94,007 =115.44
. 14.1 =1823 .5 -90.943 =129.33
©14.2 -2042,3 -886.669 - =143.82
14.3 -2272.0 -81.056 -158.88
14.4 -2511.6 -73.986 -174 .42
14.5 -2760.4 -65.356 =190.37
14,6 -3016.9 -54.979 -206.64
14,7 -3279.,.9 -42.,786 -223,12




Table A=l, (Cont.) Values of the Bessel Functions.
, . '
£ ber & bec § ber ¢

14.8 -2931,6 -2189,2 =423 ,74
14 ‘09 -2962 .5 -2557 04 "184 056
15.0 =2967 .3 =-2852 .7 91,056
16.0 -659,50 -8190,7 5349 ,3
16.5 3110.8 =11094 9952,9
17,0 9484 ,5 -13087 15683
17,5 18849 -12619 21711
18,0 30962- -7454,3. . 26298
18, 33619 -5616.0 26807
18.2 36317 -3452 .4 27115
18.3 39034 -938.55 27189
18,5 44423 5241.,1 26492
18,6 47033 8956,4 25645
18,7 49539 13121 24411
18.8 51901 17757 22745
18.9 54072 22886 20602
19,0 56003 28527 17934
19,1 57640 34697 14691
16.2 58921 41409 10823
19.3 59782 48674 6279.0
19,.4 60152 56497 1006,0
19.5 59957 64879 =5048,2
19.6 59115 73816 -11935
19.7 57540 83297 =19706
19,8 55143 893303 -28411
19.9 51826 103810 -38095
20,0 47489 114780 -48803
20,5 6749.4 1%745%0 -118870
21,0 ~-=76155 233700 =217320
21.5 =214450 271420 -338580
22.0 =415520 253880 =-463870
22,5 =-572690 132730 =554480
23 .0 - =953540 -152740 -545340
23.1 =1007100 - =235330 =523700
23 .2 -1058000 -327610 -493430
233 «11054Q0 =430050 453600
23 .4 ~1148400 =-543070 =403190
23.5 =1185700 -667080 -341180
23.6 -1216200 =802370 -266510
23.7 =-12385600 «-949230 ~178080
23.8 - =1251300 =-1107800 -74'794
23,9 -1253000 =1278200 44480
24,0

=1241800

=1460400

180850
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7535 .4

(Cont,) Values of the Bessel Functions,
. e ber'g bet'
3 bei '€ 2er € bec’ §

» £ §
14,8 =354"7 .4 -28,.,631 __ -239,69
15,0 ~4087.8 6.0704 =272 ,52
16,0 -5999.5 334 .33 -374 ,97
16,5 =5303,9 603 .21 =321,45
17.0 -2155,5 922,53 =126,79
17.5 4774 ,9 1240,6 272,85
18,0 16841 1461.0 935,61
18.1 19968 1481,0 1103 .2
18.2 23345 1489,8 1282,7
18.3 26975 1485,7 1474 .0
18.4 30857 - 1467,0 1677 .0
18,5 34987 1432 ,0 1891.2
18.6 39360 1378.8 2116,1
18,7 43967 1305 .4 2351,2
18.8 48793 1209.8 2595 .4
18,9 53821 1090.1 2847.7
19,0 59029 943,89 3106,.8
19,1 64390 769.16 3371 .2
10,2 69871 563,70 3639,1
19.3 75433 325 .34 3908,.4
19.4 81030 51.856 4176.8
19,5 86609 -258,88 4441 .5
19,.6 92111 -608,93 4699 .5
19,7 97468 =1000,3 4947.6
19,8 102600 -1434,9 5181,.8
19,9 107430 ~1914,3 5398,5
20,0 111860 =-2440,2 5593 .0
20,5 123920 =5798.7 6044 ,9
21,0 105770 -10349 5036,8
21,5 33875 =15748 1575.6
22,0 «120190 =-21085 =5463 .4
22,5 -384900 -24643 -17107
23,0 =779080 ~23711 =33873
23 .1 =873550 -226'71 =3'7816
23 .2 =-972840 -2]1269 -41933
23 +3 =1076600 - - =19468 46208
23 .4 =1184500 =17230 -50621
23,5 =1296000 -14518 -55149
23,6 -1410400 =11293 =59763
23 .7 =1527000 =7514.1 =64431
23,8 =1644900 -3142,6 ~69114
23 .9 =1763100 i86l1.,.1 =73769
24,0 =1880300 ="78347

176,
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Table A-1, (Cont,) Values of the Bessel Functions,

'3 ber § bec § ber'§
24.1 =1216200 _ =-1654200 355420
24,2 -1174100 -1859300 509260
24.3 | ~=1113600 -2075300 703410
24 .4 =-1032700 =-25015600 918840
24.5 =~9291490 =2537100 1156500
24,6 -800660 - =2780900 1417100
24,7 -644940 =-3031700 - 1701300
24,8 -459580 =35288000 2009800
24,9 -242160 =3847700 2342800
25.0 8797 .6 =-3808800 2700500
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Tebls A-1, (Cont.) Values of the Bessel Functions.

.t ber' { J bet ' f

g b el § g E . .
24,1 -1995300 : 13918 : - =B2792 .
24,2 -2106500 21044 -87044
24 .3 -2212100 28947 -91033
24 .4 -2310300 37658 =-94685
24,5 |  -2399000 47203 -97917
24,6 ' 57604 - =100640
24,7 68880 -102760
24.8 81040 ' '=104160
24,9 ' -2608100 94088 - =104740
25,0 -2609600 | 108020 . - -104380 .
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Table A=1,  (Cont.) Values of the Bessel Fsmeﬁ.ons,.

§ ber‘f bec § ' ber"g'—‘
1.1 0,97714 0,30173 =0,083082
1.3 0.,95543 0,42041 -0,13697
1.7 0.86997 C.71204 =0,50484
1.9 0,79752 0.88212 -0,42384
3.1 =0,38553 2.0228 -1,7141
Ded =0,756841 2.,1723 -2,0177
B4 -0,96804 2.235%4 =-2,1755
3.7 =1,6933 2,3413 -2 ,6608
3.9 -2 .2576 2.3300 -2 ,9807
5.1 -6,6107 ~0.,34666 =3,7589
5.2 -6,9803 -0,86584 =3 .6270
5.3 =7 3344 -1.4443 =3 04445
5.4 =7 .6674 =-2,.0845 =3,2064
5.6 -8,.,2466 -3.5597 -2,5410
5.7 -8.47%4 -4,5986 -2,1024
5.8 -8,.6644 -5,.3068 -1,5855
5,9 =-8,7937 -8 ,2854 -0,.98438




Table A=1, (Cont.) Values of the Bessel Functions,

’ e ber' be(’

3 bet € £ £
1,1 0,54581 -0,075529- 0.49619
1.3 0.64034 «=C,105636 0.4925%
1.7 0.81310 =0,17032 0.47829
3.1 0.82230 =-0,55294 0,28526
3 40 0.66214 ~0,61142 0,20065
3.4 0.,55769 ~-0.63985 0,16403
357 0,13149 -0.71914 0.0355638
5.8 -0,082827 -C,74268 -0,013823
3.9 -0,25965 -0,76428 -0,066577
501 "4.9046 "’0.‘7:5‘704 ) -0.95169
5.2 =5,4838 =0.69750 =1,0548
5.3 -5.0892 -0,64991 -1.1489
5.4 -8,7199 -0,59378 -1.,2444
5,7 -8,73386 -0,36884 -1,5322
5.8 -0.:.4333 =0,27336 -1.6264
599 -109159 "0016684 -107185




Table AQZ, Values of the Bessel Fumotioms.
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. e 1
f ker ¢ Ke( § Ker'f' Kel {‘
0 + ©O | =0 ,785398 - o0 : 0 .
0.1| 2.,4204%7 | =0.776851 -9,960986 0.,145975
0.2 1.,73314 | =0,758125 -4 ,92295 0.,222927
0,3 1.33722 | =0,733102 =3 21987 0274292
0.4] 1.,06262 | =0,703800 =2 35207 . 0.,309514
0.,5| 0,855906 =0,671582 =1,81980 0.333204
048] 0,693121 =0,637450 -] ,45654 0.348164
0,7| 0.,561378 =0,602176 =1,19094 0.358310
0,8 0.,452882 =0,566368 =(0,98%7335 0,.,359042
0.9| 0,362515 =0 ,530511 =0 ,825869 0357443
1,0 0,2867086 | =0,494995 =0 694604 0.352370
1.2| 0,168946 | =0.,426164 =0,494643 0.,3344%74
l.4| 0,0851260 =0 561665 =0 351055 0,309642
1.5 0.,0529349 _=0,331396 -0,294182 0.295608
1l.6| 0,0260299 =0,302566 =0,245115 0.280904
1l.8|=0,0146961 =0,249417% =06165942 | 0.250438
2+0]=0,0416645 | =0,202400 =0 ,1068601 - 0.219808
2.2=0,0583388 | =0,161431 =0 062337 0190114
2+4|-0,0673735 =0,126242 =-0,029712 0.16210%
2.5(=0,0696880 | =0e116696 =0 ,0169298 0.,148895
26| =0,0708257 | =0,0964429 ~0,0081358 0,136269
2.8|=0,0702963 | =0,0715707 0,0103990 0.1128%5
30| =0,0670292 =0,0511219 0.,0214762 0,0920431
3,2|-0,0619848 | -0,0345823 | 0.0283603 0.0737752
3.4 |=0,0558966 -0.,0214463 0,0320662 0.0579881
35| =0,0526393 =0,01800286 0.0329886 0.0509821
3+6|=0,0493156 -0,0112311 0.,0334087 0,0445394
3:8|=0,0426469 =-0,0034867 0,033040C0 0.0332480
4.,0|~-0,0361788 0.00219840 00314785 ' 0.,0239108
4,2]|-=0,0301076 0,00619361 0,0291324 0,0163137
4,4|=0,0245569 0,00882562 0,0263187 0,0102433
4,5|=0,0219999 0,00872092 0.0248145 0.00771643
4,6)|-0,0195950 0.0103789 0,0232791 0,00549226
4,8|-0,0152482 0.,0110974 0,0201939 0,00186478
5.0|=0,0115117 0.,01118%76 0,0171934 ~0,00081998
5.5|=0,00463216 | 0.0097;631 00105763 -0,00444016
6,0 -0.00065505:_ 0,00721649 0,00563171 -0,00522392
- 6.5 0,00127808 | 0,00472399 0.,00234900 =0 00460003
- 7,0| 0,00192202 - 0,00270036 0,000420510 | =0,00345951
75| 0,00185989 0,00126687 =0,000538787 | =-0,00229520
| 8.0] 0,00148583 0.000369584 | «0,000879724 | =0,00133631
85| 0,001038735 ~0,000114902 | =0,000874656 | -0,000646733
9,0 0.000637164 | -0,000319153 =0 .000711231 -0.009208079
< De5| 0,000333029 | =0,000355743 | =0,000504544 0,000034158
il®00 0,000129466 | -0,000307524 | ~0,000315597 0.,000140914




182,

Table A=3, Valuss of the Bessel Functions,
. p
§' ber, § bec, ¢ ber, '§' bec, ¢
0 o 0 = 0.353553 | 4+ 0,353553
0.5 = 0,182243 | ¢+ 0.171195| -~ 0,386120 | + 0.,319837
1,0 = 0,395868 | + 0.307557| - 0.476665 | + 0,212036
1,5 - 0,664865 | + 0367865 | - 0.,602308 | 4 0,011799
2,0 = 0,997078 | + 0.299775| - 0,720531 | - 0,305846
2,5 = 137310 | + 0,038668 | = 0,763963 | = 0,763031
3.0 - 1,73264 - 0.487454 | - 0,635995 | = 1.36414
3.5 - 1,95964 = 1.34404 | = 0,210603 | - 2,07449
4,0 - 1.86925 - 2.56382 |+ 0.658745 | - 2,79283
4,5 - 1,20282 - 4.10568 |4 2,11501 - 3,31973
5.0 + 0359777 | = 5,79791 | + 4.25133 - 3.32780
545 + 3415785 - 7.26902 | 4+ 7.,03614 - 2,34444
6.0 + 7.46220 - 7.87668 | 4+ 10,2065 + 0,23545
65 - $13.,3267 - 6.65532 | 4+ 13,1337 + 5.08242
7.0 420.3689 - 2,31717 | 4 14.6776 + 12,7807
7 oD 427.4822 + 6.64293 | 4 13,0664 + 23.5594
8,0 432 ,5069 + .21.6735 + 5.86638 + 36,8822
845 431,9274 4 43,6505 - -9,86427 4 50,8912
9,0 420,7192 4 72,0543 - 37,1080 + 61,7490
9,1 +16,6608 + 78,2964 - 44,1532 4 63,0259
9.2 $11,8699 + 84,6448 - 51,7589 + 63,8623
9,3 4 6.29017 + 91.0518 - 59,9296 + 64,1871
9.4 = 0,134871 | + 97.4626 - 68,6649 + 63,9243
9.5 - 746143 4103.814 - 77,9584 + 62,9927
946 -15,7448 4+110,0360 - 87,7977 + 61,3063
9,7 -25,0385 4116,.047 - 98,1627 + 58,7744
9.8 ~35,3939 4+121,759 =109,026 + 56,3010
9.9 -46,8590 4127,073 ~120.350 + 50,7865
10,0 =59.4776 +131,879 =132 ,087 + 45,1272




Teble A=3., (Cont.) Values of the Bessel Functions.
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’

: ber, § bec, § ber, ¢ bec, §
§ | e | T | Te | &
, g £ € &

0 - ©Co . + co = 0 - =}
0.5 ~0.728972 | +0.684780 | = 0.,772239 | +0,659673
1.0 -0.395868 | +0.307557 | = 0.476665 | +0.212037
1.5 -0.295496 | +0.163496 | = 0,401538 | #0,007866
2.0 -0,249270 | +0.074944 | ~- 0.360266 | -0.152923
245 -0.219696 | +0.006187 | =- 0,305586 | -0.505212
3.0 ~0.192516 | =-0.054162 | = 0,211998 | =0.454T12
345 -0.159971 | -0.,109718 | = 0.060172 | -0.592712
4.0 -0.116828 | -0.160239 | + 0.164686 | -0.698208
4.5 -0.059398 | -0.202750 | + 0.470008 | -0,737718
5.0 $0.014391 | -0.231916 | + 0.850266 | -0.665560
545 +0,104392 -0.,240298 | + 1.27930 -04426261
6.0 +0,207283 | ~-0.,218797 | 4 1.70109 $0.039242
645 $0,318425 | =-0.157522 | 4 2.02057 $0.781911
7«0 $0,415692 | -C.047289 | + 2.09679 +1.82581
7 o5 +0,488572 | +0.118097 | + 1,74218 +3.14126
8.0 +0.507920 | +0.338648 | + 0,785298 | +4.61028
845 +0.441902 | +0.604159 | - 1.16050 +5.98720
9.0 +0.255793 | +0.889559 | - 4.12311 $6.86000
9.1 40.201193 | $0.945496 | - 4.85200 $6.92592
9,2 $0.140240 | +1.00006 - 5.62597 +6.94155
9.5 $C,072727 | +1.05274 - 6.44405 16.90184
9.4 -0.001526 | +1.10302 - 7,30478 +6.80046
9.5 -0,082675 | +1.15029 - £.20614 +6.63082
9.6 -0,170842 | +1.19397 - 9.,14559 +6.58608
9.7 -0.266112 | +1,23336 -10.1199 +6.05921
9,8 -0.,368533 | +1.26779 ~11,1251 +5.64296
9.9 -0,478104 | +1.29635 -12,1565 +5,12995

10.0 -13,2087 44.51273

=0,594776

+1.,31879
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Table A-4. Values for the Computation of ber £, bei f‘ » ber'f and bei'fv
for 20,5 éE« s 25.0,

g o< B n w
20,5 14.50000 | 14.09852 14.48277 14.90178
21.0 14.85344 14.,45219 14.83663 15.25501
21,5 15.20690 14 .80585 15.19048 15.60825
22.0 15.56036 15.15950 15.54431 15.96150
22.5 15.91583 15.51315 15.898153 16.31477
23 .0 16.26730 15.86679 16.25194 16.66805
23.1 16.33799 15.93752 |  16.32270 16.73871
2% .2 16.40868 16.00825 | - 16.39346 16.80936
23.3 16.47938 | 16.07898 16.46422 16.88002
23 .4 16.55007 16.14970 16.53498 16.95068
23.5 16.62078 16.22043 16.60574 17.02134
23 .6 16.69146 16.29116 16.67649 17.09200
23 .7 16.76216 16.36189 16.74725 17.16266
23 .8 16.83285 16.43262 16.81801 17.23332
23.9 16.90355 16.50334 16.88877 17.30398
24.0 16.97424 16.57407 16.95952 17.37464
24.1 17.04494 16.64480 17.03028 17.44531
24.2 17.11563 16.71552 17.10104 17.51597
24.3 17.18633 16.78625 17.17179 17.58663
24.4 17.25702 16 .85698 17.24255 17.65729
24.5 1732772 16.92770 17.31330 17.72796
24.6 17.39842 | 16.99843 | 17.38406 17.79862
24,7 17.46911 17.06916 17.45481 17.86929
24.8 17.53081 17.13988 17.52556 17.93995
24.9 17.61051 17.21061 | 17.59632 18.01062
5.0 17.68120 17.28133 17.66707 18.08128
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Table A=5, Values of the Bessel Functions in Polar Form,
BB 6.(£) | &-& |
s Mo (;} M. (f} degrees | degrees Sin (8765 2:) Cos (66, %ﬂ
4] 1.0000 18] 0 | 920.000 1.00000 Q
0.1 1.,0000 0.05000 0.143{ 80,072 1.00000 | 0,00124
0.2 1.0000 0,.10000 0,573 | 90.286 0,99999 | 0.,00501
0.3 1.,0001 0415000 1.289 | 90,465 0.99990 0.,01438.
0.4 11,0004 0.,20001 2,291 91.146 0.99980 | 0,01988
0.5 1,0010 0.25004 3,579 91,790 0,99952 | 0,03122
0.6 | 1,0020 0.30010| 5,182 | 92.578 0.99899 | 0,04491
0.7 1,0037 0,35022 7.007 | 93,509 0,99813 | 0,06101
0.8 1.0064 0.40043 9.141 | 94.582 0.99683 | 0,07948
0.9 1.01¢C2 0.45077| 11.550 | 95,798 0.99497 | 0,10022
1,0 1.0155 0.50130| 14 .226 87,156 0.99239 | 0,12308
1.1 | 1.0227 0.55209| 17,160 98.655 0.98900 | 0,14790
1.2 1,0320 0.60323| 20.340 | 100,295 0,98468 | 0.,17442
1.3 1.0438 0.65482| 23.750 | 102,074 | 0.,97931 | 0.,20238
1.4 1,0586 0,70698| 27,373 | 103,991 0.97285 | 0.,23144
1.5 1,076% 0.75985| 31,188 | 106,045 0.96528 | 0,26123
1.6 1,0084 0,81358| 35,172 | 108.232 0.95661 | 0,2913%7
1.7 1.1242 0,86837| 39.299 | 110,551 0.,94694 | 0.32141
1.8 1.1544 0.,92441| 43.545 | 112,999 0.95639 | 0.350986
1.9 1.1892 0.,98192| 47.883 | 115,572 0.,92513 | 0,37964
2.0 1,2290 1,0412 52 .290 | 118,266 0.91338 | 0,40712
2.1 1,2741 1.1024 56,743 | 121,077 0.90133 | 0.,43313
2.2 1.3246 1,1659 61.221 | 124,001 0.88926 | 0.,45741
2.3 1.3808 1.2321 65,708 | 127,030 0,87733 | 0,4798¢9
2ed | 1l.4429 1.3012 70,188 | 130,161 0.886579 | 0,50040
2.5 1,51]) 1.3736 74,651 | 133,387 0,85478 | 0,51898
2,6 1.5855 1.4498 79,090 | 136,701 0,84443 | 0,535686
2.7 1,88665 1,5300 83,498 | 140,098 0.83485 | 0,55048
2.8 1,7541 1,8148 87,873 | 143,570 0.82607 | 0.5635%7
2.9 1.84886 1.7046 92,213 | 147,110 0,81812 | 0.57505
30 1,9502 1.7999 96,518 | 150,713 | 0.81101 | 0.58503
4,0 3,.4391 3.1729 |138.191 | 188,905 0,77399 0,63320
5.0 6.2312 5.8091 |178.933 | 228.551 0,761785 | 0.64788
6,0 11.801 10.850 [219.625 | 268.452 0.75273 | 0.65833
7.0 21.548 20.500 [260,294 | 308,510 0.74566 | 0,66633
8,0 40,818 39,070 500,920 | 348,693 0.74049 | 0.67207
9,0 77,957 74,974 | 341,518 28,957 0.73656 | 0,67638
10,0 149,85 144 .67 22,098 69.2758 0,73345 |} 0,67973
11.0 289,54 280,42 62 .665 | 109,631 0,73095 | 0.68243
12,0 | 561,84 545,59 103,222 | 150,015 0,72889 | ©0,68484
13 .0 1094 ,2 1064.92 |143,773 | 190,420 0.72713 | 0.68649
14,0 2137 .3 2084.2 [184.318 | 230,842 0,72566 | 0.68805
158.0 41886.1 4088.8 |224.859 | 271.276 0,72437 | ©0.,68%941
B217 .2 8038.0 |265,397 | 311.721 0.69058

0.72326
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Teble A=5, (Cont,) Values of the Bessel Functions in Polar Form.
' 6.« ({") 6, - -E ,
s Al M°(f) M, (f) degrees |degrees Sin(@ A °4I.9 C“(q‘@l;‘b‘)
17 .0 16163 15831.| 305.931 | 352.174 | 0.72228 | 0.,69160
18,0 31847 31229 346,463 32,635 | 0,72142 | 0.69249
19.0 62851 61693 26,994 73,101 | 0,72083 | 0,569331
20,0 124210 | 122040 87.522 | 113,572 | 0,71995 | 0.69403
21.0 245790 | 241690 108,049 | 154,048 | 0.71933 | 0,69467
22.,0°| .486940| 479190 148,575 | 194,527 0,71875 | ©.,69526
23.0 965710 | 950990 189,100 | 235,009 | 0,71824 0.69580
24,0 | 1917000|1889000 229.624 | 275.494 | 0,71776 0,69629
25,0 | 3808800 |3755400 270,147 0.,71733 | 0,696%74

315,981




Table A=8, Values of the Bessel Funections in Polsr Form,

187,

-224.182

42 .270

-0.66200

' ’ ¢ (£) | & (5)
€ 'NO(;) N, (f) | degrees | degrees 'S'"(¢'-¢°—4I) |C°s{¢"'¢°-4lr)
o o0 oo - 0,000[/225,000 0 =1,0000 |
0.1 | 2.5421 9.9620 = 17.7941224.160 | =0.,29161| =0,95654
0.2 1.,8917 |4.9280 |- 23.626|222,407 | =0.35890| ~0,9333%7
0.3 1.5250 5.2315 - 28,733|220,131 | ~0,40457(~0,91451
0.4 L.2746 |2.3723 -~ 33.517|217,503 | -0,43868| -0.89864
0.5 1,08794 |1.8501 - 38.,119|214.624 | -0,46550(|-0.88504
0.6 0.94188 | 1,4976 - 42,604|211,557 | -0.48726( ~0,87326
0,7 0,82326 | 1.,24310 [~ 47,008(208.344 | -0,50531| -0.86293
0.8 0.72517 | 1,06059 |= 51.,353|205,016 | -0,52054|=0,85383
0.9 0.64254 | 0,89990 |- 55.654|201,597 | -0.53362|~0,84572
1.0 | 0.57203 [0,77887 = 59.920(198.101 | ~0,54494|~0,83847
1.2 | 0.,45843 |0,59711 = 68,375|190,934 | ~0,56366|~0,82601
1.4 0.37155 0446810 |- 76,755|183,587 | =0,57845|-0,81571
1.6 0,30368 [0.,37281 |~ 85.083(176,108 | -0,59048|~0,80705
1.8 [ 0.24985 |0,30043 |= 93.372|168,529 | =0.60043|=-0,7996%7
2.0 0.20664 [0,24429 |-101.632(160,872 | ~0,60882|~0,79331
2e2 0.17165 |0,20007 |-~109.869(153,154 | -0.61598=0,78776
2.4 | 0.14309 (0,16481 |-118.088(145.386 | -0.62216(~-0.78289
2.6 0.,11966 [0,13641 |~126.293(137,578 | -0.62757 |-0,77856
2.8 0,100319(0,113353|~134.485|129,736 | ~0,63231 |-0.77471
3.0 | 0,084299])0,094515(~-142,668|121.866 | =0,63654 [~0,77124
3.5 | 0,055018|0,060724|~163.090(102,095 | -0.64526 [=0,76396
4,0 0.,036246|0,039530|=-183 .477| 82.220 | -0,65206|-0,75816
4.5 0,024052|0,025986| =203 ,.839| 62.272 | =0,65752 |-0,75343

-0.74951 |
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Appendix B
h
Relationship between f! and the Bulge Ratie 7 .

For a given span, measured by x, or f ) » We may measure the amount of

curvature by the use of the Bulge Ratie. See Figure B-1,

BR.= % G

&
h
Figure B=1, Notatiom.,
For aha.llew-démes |
2 .
=
h= R((-Co.se)a—gi—— , (B-2)
o0=--b o X | -
O=%r =~ % | -3
Using these reletionships in eguation (B=1) we heve
X 2
- {4 -
B.R.= 2% )
New
4 X
¢ = Koo 12(1-v?) X, @_5
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or

E'z:‘]//z(l-vy R);'»' (B*G)

From equations (B-4) and (B=6)

§|’1: 2V 12(1-vY @R) | | (3-_7)

or

g = 4 (B.R)z' | (B-8)

- +
where k is constant and is equal to2 VS("V?'

Thus for a given span x , f" is a meesure of the bulge ratio as given
by (B=8). An increase in f, irdicates an inerease in the bulge ratioc or a
decrease in the radius of curvature. A velue of {' ] O may indicete a flat

plate (bulge‘ ratio equal to zero) or that x, =0,
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Appendix C
Demonstration that Pjg = P,r, Equation (304),is Valid.

In the discussion on edge effects, unsymmetrical edge loading it was

: f
steted that:£ = 1, the tangential edge loading P, sin }b' end the horizontal

edge loading Pipcos £ must satisfy the requirement of statical equilibrium
and that this requires that

Pir = PiT (304)

The validity of this assertion will be shown in this section,

Let
Per 3 Pngp Cos né | (C‘Q

PET = PnT Sinn ¢ CC-._Z)

be the prescribed edge loedings where F,pis the amplitude of the edge horie
zontal rediel loading and F vis the amplitude of the edge tangential leeding
positive Pn g ects radially outward and positive Ppracts tangentially in
the direction of increasing ﬂf. “

Then the requirement for statical horizontel equilibrium is expressed

by summing the compenents parallel to the axis ¢ = Oo. Thus, see Figure C-1
amr 2

0= [PigCosnpcosdde— AT Sinng sinpdg c-3)

° o
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A

an Cos$ n¢ C-OS?

/
/
9

/ Par Sin ndSin¢

‘5¢:o,018°°

Figure C-1, Presorided Edge Loading Components in Direction # = 0°,

Now

2 afr
/cos ngcospde=[smngsinpdég (c-9

o o
and
© n= 2131415:." b

2
[_Co.cmfoo.scfc{¢: SO CC-.S)

Thus we see that for n = 2, 3, 4,--- @ each of the edge loadings as
given by each term in equation (C=3) satisfies the equilibrium condition.

For n = 1, equations (C=3) and (C-5) require that

Pie = Prr (o)

Our essertion has been validated.
To demonstrate the corollary that the edge stresses satisfy the condi-

tions of statical equilibrium we note from equations (86), (10a), (10c) and

(77)
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‘ OF Y
Ph:Nxx:}%-ax +):,_3:; | c-¢)
- ) -
P‘(':Nx¢: ] F_l aF @~7)

X*d¢  x o¢ox

Representing F by equation (21b)

Fos Faly) cosng @tb)

‘equations (C~6) and (C=7) beccme

(X
oz 2Rl cosng- DR (g cosnd €D
P.‘.—~—'Fn($)$lﬂn¢+' n C)F"(,QSlnHCf @~8)

The equation of statical horizental equilibrium is similar to that

given by equation (C-3) thus

f r) (x) Ofl cosng ca;qsgq,._f F,(,ﬁ casng cord dg
S (L Fn()‘) Sin ne Sm¢-=l¢-—-f"~ QF;'(K) .Sl'nnf-ﬂ'm{cw @~l0)

Using equatien (C=5) we have as before that for n = 2, 3, 4,---oQeach

type of stress satisfies the equilibrium condition by itself.
| For n = 1 using equation (C-5) we see equation (C-10) satisfied Ey any
function Fn (x).
In the sbove discussion it is assumed thet ne resultant horizontal leeding

of the shell area exists., Obviously, if & resultant horizontal loading exists,

the statical equilibrium condition as given by equatiem (304) mist be modified

R,
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to take this into account, We need-only satisfy the cond ition thet the sunm

" of the horizontal forees must equal zero for equilibrium,




()

(2)
(3)

(4)

(5)

(8)
(73
(8)
(9)
(10)

(11)

(12)
(13)

(14)
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ABSTRACT -

Mathematical Analysis of Stress and bigplaeament in Thin Shallow Spheriscal

Shells

I, Purposse.

The objectives of this study are

a, to obtain a solublion for the enalysis of the stresses and dis=~
élmements ia thin shallew spherical shells of constant th:l;ek-
ness under ayme;ri.eal or wnsymmetrical leading,

be to demonstrate the application of this soluti.oh to the ahaiysis
of shells subjected to symmetrical or unsymmetrical vertiscal
loading under vafious cond itions of edge restraint, and

¢s %o reduce the labor involved in design of fh:ln ahallow shells
subjected to symmetrisal uniferm vertical losding.

II, Historical Basckround.

Numerous investigators have studied the problenm of' the spherical thin
shell, F%% Reissner (1), in 1912, obtainsd the basic results for the rotational
symeﬁria case which constitubed the starbting point fer later studies, The
non=rotationally symmetrical case has been studisd by a number of investigators,
‘prinoipally by E. Schweria (2), A, Havers (3) and A. A. Jekobsen (4).

E. Reissner (5,6), in 1943, utilizing the basis assumption of the shal-
lowness of the shell, redused the general egquations of the shallow spherisal
shell to two differential equatioms of fourth order in terms of & stress func-

tion F end the vertical deflection w and carried out the solution for the rota =




tional symmetrioal case, —_—
This thesis is based upon the fundmmental researsh of E. Reissner,

III, Resulbs,

The original work of this thesis properly cormences with the solutiecm
for msymmetrical losding of E. Reissner's basic differential equations for
the shallow dome. However, for the sake of completeness, his development of
the differentlal equatioms (5,6) is given nearly verbatim., His development
has been modified thersin to inolude the sffect of temperature., A solution
of the di;fi‘grential equaticms suitable for symmetrical or unsymmetricel load-
ing is pr.esentéd. The functions F and w constituting the solution except for
'i;he partidule.r integral are corbinations of eler:aent,s.ry* functions and of
Bessel ftmc.tions with argument ﬁrepo_rtional te'/z_. The expressions for the
stross resultants, reactions and displacements for the symmetrical and umsym=
metricael are then given,

The applications of these theoretical resulis are given in six cases,
Before swmmerizing the contents of these cases, the parameter, f" s used
throughout this thesis is defined es

¢ 1/4 12(1-v¥ X:
' V¢R

the halfe-span of the shell

t = the thickness of the shall
R = the redius of the shesll

= Poisson's ratic (taken equal %o 0.2 for the numericel work of this

9
]

thesis)




Case I, In fhis 8838 the edges are fully restrained and an uniform
vertical losd of intensity p is acting downward, The renge of shells con=
sidered is given by O éfl s 25.0. Direct, bending, combined (direst and
bending) and maximum stress intensities heve been computed, tabulated and
plotted in dimensionless form, Shearing stress intensities were compubed
and tabulated mlso. For the same range of shells the vertiocal deflsctions
at all poinkts of the éhel} have been plotted ani the veriation of the verti-
cal deflection as the center has been investigated with respect te f', » the
Bulge Ratio and R. A numerical example illustrating the use of the tables
end graphs for this cese is given,

Case II, No surface load is acting and the edges are comsidersd te be
loaded by an uniform edge moment ME. and an wniform horizental edge force PE o
The range of shells considered is given by O §§'l f 25.0. Influence coeffi=
clents have been computed, tabulated smd plotted for this range of shells.
These coefficients when multiplied by the edge moments and horizontal forsss
asting will yield the values of the horizontal edgs displacement and edge
rotation dus to that edge lomding, Converssly, for a given edge horizontal
displacement and rotation,-the edze moments and thrusts mey be determined,
A numerical example illustrating the use of these influence coefficisnta
is given,

Case III, This case is analogous to that of Case II. The influence
coofficients were computed, tabulated emd plotted for the determinstion of
the horizontal displacement and rotation of the edge of a lantern opening
or eenter.hole of a shell loeded by an uniform edge moment and edge hori-

- zontal force, The opening is measured by the parameter F defined as
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U = Yiz(i-vd Xo __
- VER

where x, is the redius of opening or lantern circle and t, R and v are as

given above for the definitien of él + The rangs of openings is given by

0 §F :5.0. Due to the locel effect of such an inner edge loading, the
outer edge is considered teo be an infinite distance away from the center of
the shell.

Case IV, This case illustrstes en unsymetricel hydrostatie laaﬂing
condlition, edges fully restrained, for a shell measursd by {' = 10,0 The
stresses and the deflections are given in tables in dimensionless form,

Case V.b ‘This is e .numerieal example to iliustrate the technigues in-
volved in ’Gha'. solution of a symmstrically losded shell with & lantsrn open=
ing. , reinforced at the inner a.nd outer edges by rings. An mniferm vertie~
sal losding and a vertical lantern ring loading are individuslly considered.
The results are given in tebular form,

Cese VI, This is analogous to Cases II and III. In this cass the pro=
cedure is outlined for the determination of influencs coefficients for the
caloulation of the horizomtal and ciréumi‘erential displacements and rotation
of the mt!;ez: eilge due Yo unsymmebtrieal horizontal ami tangential (eiroum-
ferential) forces ani wmaymmetrical moments acting on the outer edge, No
values ars compubed,

IV, Comclusions.

1, The rotationally symmetric cass of the thin shallew spherical shell
is capable of practical solution without serious mathematical difficulties,
The shell may be aﬁnlysed directly under lesd with sertain boundary condie

tions or may be cousidered as a combination of @ shell in a membrane stete
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upen whish are superimposed the edge forces-required to satisfy the initial
cond itions of restra.inﬁ. |

2. The non-rotationally symmetric cass of the thin shalldw gpherical
shell is _oapabl«: of solution with the following qualifisations:

8, The determination of the partisular mt»sgra], which depends
upon the loading, réquj.rea censidqrabla study. The evaluation
of the partisular integral will, in general, present diffi=
oulty and recourse to numerissl integrution praeedurés my be
required, It is felt, howsever, that with thé advance in me-

| shanieal integration methods this difficulty can be overcome.
be ’H&Mﬂer values of the ber, bei, ker and kei funcitlens ars
reqtiired' for the non-rotationally symmetrical cass, The tab=
ulated values for these functions are inedequate and hensse
further numerical studiss of tﬁ;s sase will require mers ex~
tensive tables of these functions.

%, Though a study of the precision and acourascy of the methods of this
thesis was beyond the scope of this work, it is felt that the theorstical
results contained herein are appiioable to shells wholae ratie of height %o
‘base diameter is less than, say, 1/3. Also, the results will be applicable
te the péle region of much steeper shells, It is obvious from the naturs of
the agsumption of shallowness mede that as the shell appromches the flat
plate, the egquations yleld mors ascourate results, A_study of the precisiom
and accurasy of ths methods used herein 1is o‘bvioilsly necessary in future

ressarsh,
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